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OPTIMAL CONTROL OF SEMILINEAR EVOLUTION INCLUSIONS
VIA DISCRETE APPROXIMATIONS!
by
Boris S. Mordukhovich and Dong Wang
Department of Mathematics, Wayne State University, Detroit, MI 48202
boris@math.wayne.edu, dwang@math.wayne.edu

Dedicated to Czeslaw Olech

Abstract: This paper studies a Mayer type optimal control problem with general
endpoint constraints for semilinear unbounded evolution inclusions in reflexive and separable
Banach spaces. First, we construct a sequence of discrete approximations to the original
optimal control problem for evolution inclusions and prove that optimal solutions to discrete
approximation problems uniformly converge to a given optimal solution for the original
continuous-time problem. Then, based on advanced tools of generalized differentiation,
we derive necessary optimality conditions for discrete-time problems under fairly general
assumptions. Combining these results with recent achievements of variational analysis in
infinite-dimensional spaces, we establish new necessary optimality conditions for constrained
continuous-time evolution inclusions by passing to the limit from discrete approximations.

Keywords: optimal control, variational analysis, generalized differentiation, semilinear
evoiution inclusions, discrete approximations, necessary optimality conditions.

1 Introduction

Let X be a reflexive and separable Banach space, and let F': X x {a,b] = X be a set-valued
mapping. The primary object of this paper is the following Mayer-type problem (P) for
semilinear evolution inclusions with general endpoint constraints:

minimize J[z] := @(z(b)) (1.1)
over mild continuous trajectories z: [a,b] — X for the semilinear evolution inclusion
z(t) € Az(t) + F(z(t),t), =z(a)=zoe X (1.2)
subject to the endpoint constraint
z(b) e Q C X, (1.3)

where A: X — X is an unbounded generator of the Cp-semigroup {e4!] ¢ > 0} and where
1 ¢ X is a closed set. A special case of F(z,t) = f(z,U,t) with a control set U relates

!This research was partly supported by the National Science Foundation under grant DMS-0304989 and
by the Australian Research Council under grant DP-0451168.



(1.2) to semilinear control evolution eguations considered in PDE control theory for smooth
data; see, e.g., the books by Fattorini [6] and Li and Yong {10] with their references and
comprehensive discussions.

Optimal control problems governed by differential inclusions with finite-dimensional
state spaces X = IR" (when there is no need to single out the linear term in (1.2)} have been
intensively studied in many publications, mostly from the viewpoint of deriving necessary
optimality conditions; see Clarke [3], Ioffe [9], Loewen and Rockafellar [11], Mordukhovich
(12], Smirnov [18], Vinter {20], and the references therein. )

Differential/evolution inclusions in infinite dimensions are essentially more involved and
require new tools for their analysis, even in the case when A is a bounded operator (or
A =0) and F is a compact-valued mapping; see Tolstonogov [19] and Mordukhovich [13, 14]
regarding various results for such inclusions. However, the above boundedness/compactness
assumptions are quite restrictive for a number of important applications, especially to dy-
namic systems governed by partial differential equations and inclusions.

Although semilinear models of type (1.2) with control representations F{xz,t) = f{z,U,t)
involving smooth functions f(-,u,¢) have been studied in the literature in connection with
optimal control problems for partial differential equations (see the references above), the
inclusion models {1.2) have not drawn much attention. Let us mention the paper by
Frankowska {7], where semilinear inclusions (1.2} were studied from the viewpoint of re-
laxation/convexification results and reachable set propertieé. We are not familiar with any
work on necessary optimality conditions for semilinear evolution inclusions or even semilin-
ear evolution equations with nonsmooth dynamics. Our previous results were announced
in Mordukhovich and Wang [16] for problem () involving autonomous inclusions (1.2).

The primary goal of this paper is to extend the method of discrete approzimations devel-
oped by Mordukhovich [12, 13, 14] for optimal control systems governed by bounded/compact
differential inclusions. The unboundedness of the operator A in (1.2) is a principal issue for
applications to coutrol problems for partial differential equations and inclusions. First we
establish well-posedness/stability of discrete approximations in the sense of the uniform con-
vergence of their optimal solutions to the reference optimal solution for the original problem.
Based on the advanced tools of variational analysis and generalized differentiation, we de-
rive necessary optimality conditions for discrete-time problems and then, by passing to the
limit from discrete approximations, obtain necessary conditions of the Fuler-Lagrange type
for the original problem (P).

The rest of the paper is organized as follows. Section 2 is devoted to the construction and
justification of a well-posed discrete approzimation for the original continuous-time problem.
We first establish, under fairly general assumptions, that any mild continuous trajectory for
(1.2) can be strongly approximated, in the C([a, b]; X)-norm, by feasible trajectories of the
corresponding discrete inclusions that are piecewise linearly extended to the continuous-
time interval [a,b]. This allows us to justify the uniform convergence of optimal solutions
for discrete approximation problems to given optimsl solution for problem (P}, thus making
a bridge between discrete-time and continuous-time dynamic optimization problems.



In Section 3 we briefly review basic tools of generalized differentiation in variational anal-
ysis needed for deriving necessary optimality conditions in discrete approximation problems
and then establishing, by passing to the limit, adequate necessary conditions for optimality
of the given solution to (P).

Section 4 is devoted to necessary optimality conditions for the discrete-time problems
appeared in our discrete approximation procedure. We pay the main attention to “fuzazy”
optimality conditions that are more convenient and less restrictive for passing to the limit.

In Section 5 we develop the limiting procedure to establish necessary optimality con-
ditions for the original continuous-time problem (P) by passing to the limit from discrete
approximations. In this way we obtain new conditions in the extended Euler-Logrange form
involving mild solutions to a certain adjoint evolution inclusion.

2 Discrete approximations

The main goal of this section is to construct a well-posed sequence of discrete approximation
problems to the continuous-time optimal control problem () under consideration. To
achieve this goal, we obtain also some other results on discrete approximations that are
certainly of independent interest.

We begin with clarifying the definition of mild solutions to the evolution inclusion (1.2),
where A is an unbounded generator of the Cp-semigroup {e#| ¢+ > 0}. A continuous
trajectory/arc z: [a,b] — X is a mild solution to (1.2) if there is a Bochner integrable
mapping v € L!([a, b]; X) such that

t
z(t) = edli-alg +/ eAt=9)y(s)ds for all ¢ € [a,b]

. (2.1)
with o(t) € F(z(t),t) ae te&|a,b]

In contrast to strong solutions for differential inclusions, we do not require the a.e. Fréchet
differentiability of feasible arcs (which is not realistic for unbounded operators A) and actu-
ally replace (1.2) by the integral inclusion (2.1) considered in the space C{[a, b]; X).

In what follows we always assume that the Banach space X is reflezive and separable
and that A generates a compact Cy-semigroup e* on X. We also suppose that A generates
3 semigroup of contractions on X, which does not restrict the generality. Indeed, given a
Banach space X with the original norm | - || and an arbitrary Cg-semigroup {e”¥| ¢ > 0} on
X with ||e?|| < M, let us renorm X by

llz]l = sup ||le* ]|
>0

and observe that |z|| < ||z]; € M|lz| for each = € X. In addition one has

”eAtwlll = sup ”eAreAt
>0

z|| < sup [le"z|| = [l2l1,

20
which shows that {e4f] ¢ > 0} is a contraction semigroup on (X, ||-||1). It is easy to conclude
that {e4?| ¢ > 0} is a Cy-semigroup on the renormed space (X, ||+ [|1); see, e.g., the book by
Ahmed [1] for more details.



Fix an arbitrary mild trajectory Z(-) for the original inclusion (1.2} and impose the
following standing assumptions on the set-valued mapping F:

(H1) There are an open set U C X and positive numbers £p, s such that Z(t) € U as
t € [a,b] and the sets F(z,t) are compact and convex for all z € U and almost all
t € [a,b]. Moreover, one has

F(z,t) c mpB, (z,t)eU x[a,b], and (2.2)
Fz1,t) C Fza,t) + p||lzy — zo|| B, 21,22 €U, t€ a, b, {2.3)
where IB stands for the closed unit ball of the space in question.
(H2) F(z,-) is Hausdorff continuous for a.e. ¢t € [a, b] uniformly in z € U.

Note that (2.3) signifies the local Lipschitz continuity of F{:,t) around Z(¢). To clarify
the meaning of (H2), consider the so-called averaged modulus of continuity T(F, h) for F(z, )
in ¢t € [a,b] when z € U defined by

b
T(F; h) :=f o(F;t,h)dt, (2.4)
a
where o(F;t, h) := sup{w(F;z,t, h)| z € U}, where
w(F;z,t,h) :==sup {haus(F(m,tl),F(m,tz))| t1 o € [t — A/2,t+ R/2] N a,bl},

and where haus(-, -} stands for the Hausdoril distance between compact sets. It is proved by
Dontchev and Farkhi [5] that if F'(z, ) is Hausdorff continuous for a.e. ¢ € [a, b] uniformly
ingz e U, then »(F;h) - 0as h — 0.

Observe that the convez-valuedness assumption on F{z,t) in (H1) is imposed for sim-
plicity; it can be replaced by the so-called relazation stability and can be actually dropped
at all in some settings; cf. Mordukhovich [12, 13, 14] with A = 0 as well as Theorem 2.1
stated below in the general case. Note also thaf, everywhere except Theorem 2.1, we need
the validity of assumptions (H1) and (H2) around a given eptimal solution £(-) to (P). In
fact, the global optimality of Z(:) can be replaced by its local strong optimality, i.e., relative
to a C({a, b]; X )-neighborhood.

Qur first step is to build well-posed discrete approzimations of the integral system (2.1),
i.e., for mild solutions of the initial inclusion (1.2) without taking into account the minimiz-
ing functional (1.1) and the endpoint constraint (1.3) in the original Mayer problem (P).
For any natural number N € IN := {1,2,...} consider the grid/partition

b—
Tn = {tj =tg +th| j=0,... ,N} with tg =a, ty = b, and stepsize hy := Na.
The sequence of discrete inclusions approximating (2.1) is constructed as follows:
TN (tie1) € eMNan(ty) + hne™ F(an(t;), t) (2.5)
with 7=0,...,N -1 and zy(t) = 0. '

4



Denote by zn(t), a <t < b, piecewise linear extensions of discrete trajectories zy(t;) for
(2.5) to the continuous-time interval [a, b]. The following result ensures, under the standing
assumptions made, the uniform approximation of an arbitrary mild trajectory for (1.2) by
a sequence of extended trajectories for the discrete inclusions (2.5).

Theorem 2.1 (uniform approximation of mild trajectories). Let Z(-) be an arbitrary
mild trajectory for (1.2), i.e., satisfy the integral inclusion (2.1) under all the assumptions in
(H1) and (H2) except the convez-valuedness of F'(z,t). Then there is a sequence of extended
discrete trajectories zy(-) for (2.5) that converges to z(-) in the norm of C([e,b]; X).

Proof. Without loss of generality, assume in what follows that the operator A generates
a Cy-semigroup {e*!] t > 0} of contractions on X. TLet {wn(-)}, N = 1,2,... be an
arbitrary sequence of functions in [a, b] such that wy(-) are constant on [¢;,t;41) for every
j=0,...,N—1 and wy(t) converge to some v(t) € F(z(t),t) as N — oo in the norm
of L%([a,b]; X). Such a sequence always exists because of the density of step-functions in
L%([a,b]; X). It is easy to see that

t t
wa(s)ds —>/ v(s)ds as N — oo uniformly on [a, b
a a

Then by the boundedness assumption in (2.2} and by the triangle inequality one gets

|

In the arguments and estimates below we use the numerical sequence

i
[ wn(s) ds“ < mpg(t —~a) whenever f € [a,b] and N — oo. (2.6)
a

En = “ f:(v(t) —wy () dtH —0as N - c0. (2.7)

Define the sequence of discrete functions {yn(t;)l j =0,..., N} by

{ uv(ti1) = e yn(ty) + hetun () 28
with j=0,...,N—1 and yn(ts) = zo.
Note that the functions
yn(t) 1= ey 4 ft Aty (s)ds, t € [a,b), (2.9)
a
are piecewise linear extensions of (2.8) on the interval [a, ] satisfying
llyw(t) — Z(¢)|| < €n whenever t € [a,b]. (2.10)

The latter implies that yn(t) € U for all ¢t € [o, 8] if NV is sufficiently large. To proceed with
the estimates below, observe that the Lipschitz condition (2.3) is clearly equivalent to

dist(w, F(z1,t)) < dist(w, F(zq,t))+€r|z1—z2|| whenever w € X, z1,22 € U, and i € [q,b]



Furthermore, for any w,z € X and t1,¢; € [a, b} one has
dist{w, F(x,t1)) < dist(w, F(z,t2)) + haus(F(z,t1), F(z,t2)).

Now using the average modulus of continuity (2.4), we get

N-1 51
v: = Z hydist(wi (t5), F(yn(t;),t5)) = ftj dist(wn (£5), F(yn(ts), £5)) dt
=0 3

< Z_f:"“ dist(wn (), F(yn (t;), 1)) di + 7(F; hy).

Since wyv(t) are constants on [t;, £541), it follows from (2.3), (2.6), (2.10), and the contraction
property of the Cp-semigroup {e4¢| t > 0} that

dist(wn (t;), Flyn(t;), 1)) < dist(wn(e), Flyun (£),£) + £rlyn (t5) — eADyn ()|
+epmp(t — t4)

for all ¢ € [t7,¢541), and that

dist(wn (¢), Fyn(8),8)) < dist(wn(t), F(a(t), £)) + Lrllyn () — 2(0)]
< fww (€) — (@)l + €rén

for a.e. t € [a,b]. Thus one has
(v <y = [1 + lF(b — G)] En +lpfn + -%—(b - ﬂ)meFhN + T(F; hN)

2.11)

: tin (

with Oy = Z/tj Ny (£5) — et Wyn(t;)|dt — 0 as N - oo.
7

Observe that the discrete functions (2.8) are not trajectories for (2.5) because the inclusions
wn(t;) € Fyn(t;),t;) are not generally guaranteed for all § =0,...,N — 1. Now we use
wy(t;) to define trojectories for (2.5), which are close to yn(t;) and have the convergence
property stated in this theorem.

Let us construct the desirable trajectories {Zny(¢;)| j =0,..., N } by using the following
prozimal algorithm:

zn{to) = z0, qn(t;) € Flzn{t;), 1),
lgw (t;) — wn ()| = dist(wn(t;), Flzn(t), t5)), (2.12)
o (tiv1) = eM™an(t;) + hved™an(ty), 7=0,...,N -1

Then the piecewise linear extensions of zx(t;), 7 =0,..., N, are given by

¢
zy(t) = At~z +/ eAt=3gn(s)ds, t€|a,b].

a

Now following the scheme of proving Theorem 2.1 in Mordukhovich [12] and adapting it to
the case under consideration involving semilinear evolution inclusions in infinite-dimensional



spaces, we show that the extensions zn(t), t € [a,b], of the above discrete trajectories
converge to z(t) in the norm of C(la, b]; X}. This completes the proof of the theorem. A

Next suppose that Z(-) is an optéimal solution to (P) and construct a sequence of opti-
mization problems {Py) for discrete inclusions (2.5) in such a way that optimal solutions to
(Pn) strongly (in the norm of C([a,b]; X)) converge to Z(-) as N — oo. Imposing assump-
tions (H1) and (H2) along Z{.) and using Theorem 2.1, we approximate Z(-) by discrete
trajectories {Zn(¢;}| 7 =0,..., N} and compute the numerical sequence

NN = Yy €Xp [Ep(b— a,)] +£én 10 as N — oo, (2.13)

where £ and -y are defined in (2.7) and (2.11), respectively. Define a sequence of discrete
approximation problems (Py), VN ¢ IN, as follows: minimize

N-1

Inlzn] = plan(®) + Ay Y len(tiys) — 2] (2.14)
i=0

subject to the discrete-time inclusions (2.5) and the perturbed endpoint constraints
zn(b) € Qn = Q+nnvB. (2.15)

Note that nonzero perturbations ny in (2.15) of the original endpoint constraint (1.3) are
crucial for the validity of the next result, which makes a bridge between the continuous-time
and discrete-time optimization problems under consideration.

Theorem 2.2 (uniform convergence of discrete optimal solutions). Let Z(:) be an
optirnal solution to problem (P), and let the sequence {ny} be constructed in (2.13). In
addition to the standing assumptions on A and F', suppose that the cost function ¢ is lower
sernicontinuous on U and continuous at T(b) and that the constraint set Q is locally closed
around this point. Then for each N € IN the discrete-time optimization problem (Py)
admits an optimal solution. Furthermore, any sequence {Zn(t)}, t € [a,b], of extended
optimal solutions for (Pyn) converges to T(-) strongly in C{[a,b]; X) as N — cc.

Proof. It follows from the proof of Theorem 2.1 and the choice of nx in (2.13) and (2.15)
that the discrete trajectories {zn(t;)] 7 = 0,..., N} constructed in Theorem 2.1 for the
given optimal solution Z(-) to (P) are feasible solutions to (Py) for all N € IN sufficiently
large. Then the classical Welerstrass theorem ensures the existence of optimal solutions
En() = @n(to), Zn(t1),...,En{tn)) to (Py) with Zx(fg) = zp for such N under the
assumptions made. Let us prove that for eny sequence of optimal solutions Zn({-) to (Py)
we have the inequality

limsup Jy[Zy] < JE (2.16)

N—oo
To accomplish this, it suffices to show that

N~-1

Inlzn] = @(zn (b)) + Ay Z lzn(tisr) — Z@)|* — J[7] = o(Z(b)) as N —oo (2.17)
=0



for the sequence of discrete trajectories zy () approximating Z(-) due to Theorem 2.1.
Since zn(b) — Z(b), the convergence p(xy (b)) — w(Z(b)) as N — oo follows directly
from the continuity of ¢ at Z(b). To justify (2.17), it remains showing that

N-1

hy Y lew(tian) — 2@ -0 as N - oo,
§=0

The latter follows from the estimate
[zn(tis1) — (i) <y L0 as N — oo,

which can be distilled from the proof of Theorem 2.1; ef. Mordukhovich [12].
To proceed further, observe that the piecewise linear extensions of the optimal solutions
Zn(-} to (Py) admit the integral representation

t
Zn(t) = el )ag + f eMtyy(s)ds, a<t<h,

with some vy(t) € F(En(t),t) ae. t € [a,b] for all N € IV. Let us prove that Zy(t) — Z(t)
uniformly on [a,b]. Assuming the contrary, we have without loss of generality that
= i Tn(t) — Z(t .
¢:= Him max iZw(t) — 2()[| > 0
Now following the scheme in the proof of Theorem 2.7 from Frankowska [7], we find a mild
solution Z(-) to (1.2) such that Ty (t) — Z(¢} uniformly on [a,b]. Since

N-1

b
b 3 [Ew(tie) =507 < [ G di=Eo—a)

=0 a

for all NV sufficiently large, we get from (2.14) and (2.16) that
J[E] < p@®) +E(b—a) < lklrninf Jn[Ew] £ limsup Jy[Zn] < J(Z].
—ea N—ea

The latter contradicts the optimality of Z(-) in the original problem (P). Hence ¢ = 0,
which completes the proof of the theorem. _ FaAY

3 Tools of generalized differentiation

This section contains some preliminary material on generalized differentiation widely used
in the variational analysis of evolution inclusions conducted in what follows. We refer the
reader to the book by Mordukhovich [14] for more details, discussions, and the extensive
bibliography; a finite-dimensional counterpart of the generalized differential theory is avail-
able in the book by Rockafellar and Wets [17]. Since the standing framework of the paper
confines ourselves to reflexive and separable Banach spaces, we present formulations of the
main constructions and results holding in this setting. Note however that all the results



presented in this section hold true in the (essentially more general) framework of Asplund
spaces, while some of them are valid in other (even arbitrary) Banach space settings under
appropriate modifications of definitions.
Given © C X, define the (limiting, basic) normal cone to £ at Z € Q by

N(T; Q) = Limsup]v(x; 0), (3.1)

o _

T
where “Limsup” signifies the sequential Painlevé-Kuratowski upper/outer limit of a set-
valued mapping from X to X* in the norm topology of X and the weak*(==weak) topology

of X*, where z 5 7 means that z — Z with z € Q, and where V (z; ?) stands for the
prenormal (or Fréchet normal) cone to £ at z € 2 given by

N(z; Q) := {ﬂ:* e X*

bmsup £ 2 o 0} (3.2)
S =l

via the classical upper limit “limsup” for scalar functions.
Given a set-valued mapping F: X =2 ¥ and a point (Z,§) € gph ¥, define the coderiva-
tive of F' at (%,7) as a positive homogeneous mapping D*F(Z,7): ¥* = X~ with
D*E(z,5)(y") = {z* € X*| (", —y") € N((Z,5);eph F) }. (3.3)
If F is single-valued and C" around & (or merely strictly differentiable at this point), then
D'F(z)(y*) = {VF(z)"y*} forany y* € Y™,

i.e., the coderivative (3.3) is an appropriate extension of the classical adjoint derivative
operator to nonsmooth and set-valued mappings. Note that (3.3) can be equivalently rep-
resented in the limiting form

3 sequences (zx,yx) 2 (%,9), (a},90) 2 (2*,97)

DF(z,5)(y") = {s” € X*
with x} € ﬁ*F{wk,yk)(yZ), ke IN},

where w signifies the weak convergence on X*, IV :== {1,2,.. .}, and where
DrF(z,9)(s") = {=" € X*| (¢",~y") € N((2,9);gPh F)} (39)

stands for the Fréchet coderivative of F at (Z,7) € gph F. Using (3.4), we have the following
characterization of the classical local Lipschitzien property of compact-valued multifunc-
tions: F' is locally Lipschitzian around Z € dom F with modulus Zg if and only if there is
7 > 0 such that

sup { 2| | «* € D*F(z,4)(y")} < Lrlly*| (3.3)

whenever z € £+ 0B, y € F(z), and y* € Y™,
Given an extended-real-valued function ¢: X — IR := (~0c0,00} at  with ©(Z) < oo,
the (limiting) subdifferential of ¢ at T is defined by

Op(Z) = Lim sup 5(p(m), (3.6)

@
T

9



where © -5 & means that z — Z with ¢(z) — ©(Z), and where H(z) stands for the Fréchet
subdifferential of ¢ at = defined by

limin¢ P —P@) Z @hu—a) o}. (3.7)

73 e — =l

—~

dp(z) = {sc* e X*

The subgradient set (3.7) is widely used in the theory of viscosity solutions to nonlinear
partial differential equations under the name of “viscosity subdifferential.” Observe that

N(%0) = 86(z;0) end N(z;0Q) = d6(z;Q),

where 4(+; ) stands for the indicator function of Q defined by d(z; Q) = 0 for z € £ and
5(z; Q) = oo otherwise.

The above normal cones, subdifferentials, and coderivatives enjoy comprehensive calcu-
lus rules: in fuzzy/approrimate forms for Fréchet-like constructions (3.2), (3.4}, (3.7), and
in ezact/pointwise forms for their limiting counterparts. The driving force for these calculi
is the usage of certain variational principles, or extremal principles in the geometric frame-
work, which are at the very heart of variational analysis. We formulate the fuzzy rule for
Fréchet subgradients of semi-Lipschitzian sums used in what follows, where IB* stands for
the closed unit ball of X*: given any £ > 0, one has the inclusion

5(1{91 + 902)(513') - U{ ggol(ml) + 5(,02(2’:2)' ;e T+elB,

loi(z;) — @i(Z) < e, 1=1, 2} + g3 (3.8)

provided that ; is Lipschitz continuous around Z while g is finite at Z and lower semi-
continuous around this point.

Besides calculus rules for generalized differentiation that are equally important in finite
and infinite dimensions, major ingredients of infinite-dimensional variational analysis are
“normal compactness” properties of sets, set-valued mappings, and extended-real-valued
functions that are automatic in finite dimensions while playing a crucial role in many aspects
in infinite-dimensional analysis, especially those related to passing to the limit. In this paper
we employ only one of such properties needed for closed sets. This property called sequential
normal compaciness (SNC) is defined as follows: ! € X is SNC at & € 2 if for any sequences
of (xk, z}) € X x X* satisfying

T — I with 2, € Q and mZEﬁ(mk,Q) as ke IV

one has the implication 7}, LZ0= flafll — 0 as & — co. When §} is convex with rif) # 0,
its SNC property is eguivalent to 2 being of finite codimension; the latter is widely used in
optimal contro! of partial differential equations; ¢f. Fattorini [6] and Li and Yong {10].
Finally, let us mention an extension of the limiting normal cone (3.1) to the case of
moving (parameter-dependent} sets useful in the study of nonautonomous objects. Given

a moving set £1: T =2 X on a topological space of parameters, define the extended normal
cone to (Z) at & € Q(f) by

N(E QD) := Limsup N(z;Q(8).

(=)*F E,2)

10



Furthermore, () is said to be normally semicontinuous at (&,17) if N(Z; Q(})) = N(Z;Q()).
The latter property holds not only for parameter-independent sets Q(f) = © but in much
more general settings; see, e.g., Bounkhel and Thibault [2] and Mordukhovich [12, 14].

4 Optimality conditions for discrete approximations

The primary objecﬁive of this section is to obtain necessary conditions for optimal solutions
to the discrete approximation problems (Py) governed by difference evolution inclusions
in infinite-dimensional spaces. We reduce these dynamic optimization problems to “non-
dynamic” problems (M Py) of mathematical programming with operator and many geomet-
ric constraints. To conduct a variational analysis of problems (M Py) and then of (Py), we
employ the tools and caleulus rules of generalized differentiation discussed in Section 3. The
main attention is paid to “fuzzy” results derived under minimal assumptions. They happen
to be more convenient for furnishing limiting procedures to establish necessary optimality
conditions in the original problem (P) developed in Section 5.
Fix N € IN and cousider a “long” vector z € X2¥+1 defined by

2= @bl el el o) = @V ) 2N (), 2V )y () -y (),
with 2 = zN (tg) = xo, where the discrete “mild derivative” vectors yu::-V are given by

N Ay o N

N _ Fi1 € i .
Y = Ll d a5 7=0,..., N -1
! hy

For each N € IN consider the following problem of mathematical programming (M Py):
minimize the cost function

N-1
do(z) = p(aN) + b Y e af +hnyl —2(2)) (4.1)
§=0
subject to the constraints
gi{z) = mﬂ_l - eAhN:cj - hNy;-V =0 for j=0,...,N -1, (4.2)
Aj o= {(af, 2, ... uN_))| v € eV () 1)} for j=0,...,N—1, (43)
Ay = {(=z ... yyN—1)| = € Qn}. (4.4)

Note that constraints (4.2) are of the operator type, while constraints (4.3) and (4.4} are
geometric the number of which is increasing as N — co. It is easy to see that each problem
(M Py) defined in (4.1)-(4.4) is equivalent to the discrete approximation problem (Py)
given in (2.5), (2.14), and (2.15) as N € IN. Denote

N
9(2) = (go(2), g1(2), - . gn-1(2)) and A= [T Ay
=0

The next fuzzy intersection rule for the sets A; is implied by the general result in Mor-
dukhovich [14, Lemma 3.1] due to the automatic fulfillment of the “fuzzy qualification
condition” therein that follows from the specific structure of (4.3) and (4.4).
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Lemma 4.1 (fuzzy intersection rule). Let 2¥ = (z0,7%,..., 2N, 3,...,TN_,) be an
optimal solution to problem (MPy). Assume that the sets £ and gph F(-,t;) are locally
closed. Then for any € > 0 and Z € 2Y + eB we have

N(Z A) € N(z0; Ao) + N(zi;81) + -+ N(2w; Ay) + B
with some z; € A;N(Z4+elB) asj=0,...,N.

The following theorem gives necessary optimality conditions of a fuzzy Legrunge mul-
tiplier type for the infinite-dimensional mathematical programming problems (M Py} with
operator and many geometric constraints.

Theorem 4.2 (fuzzy Lagrange multiplier rule). Letz" = (zg, z{,..., 2N, 5, - ,GN_1)
be an optimal solution to problem (M Py} as N € IN. Assume that the cost function ¢g is
locally Lipschitzian and that the sets Q and gph F'(-, ;) are locally closed around V. Then
for any € > 0 there are o number pg 2 0 and adjoint vectors 't,b;-‘ eX* asj=0,..., N-1
and z; € (X *YNHL gg 5 == (,..., N satisfying the relationships

z € N(Zj;Aj) with some 2z € A;N(ZY +eB) as j=0,...,N, (4.5)
N R N-1
=75 € podgo(Z0) + > Vg (ZYY} +eB* with some %, Z€ 2" +eB  (4.6)
and the nontriviality condition
N-1
po+ Y llwsl > 1. (4.7)
§=0

Proof. By the above construction and notation made, each zV is an optimal solution to
the optimization problem

minimize ¢o(z) subject to g{z) =0 and z €A,

where the index “N” is omitted for simplicity.
Assume first that 2V is & regular point for ¢g relative to A, i.e., there are @ > 0 and a
neighborhood U of #V such that

dist(z; Q) < af|do(z) — ¢o(z™)|| forall z€ AN,

where @ = {2 € A} ¢o(2) = ¢o(Z")} and where dist{-; Q) stands for the distance function.
Then by the reduction theorem from Ioffe [8], 2V is a local solution to the following problem:

minimize ¢g(z) + p/lg(z)|| subject to z€ A
for all > 0 sufliciently large. This easily implies that
0€ 8[go(") + wllg( )l +8(; )] 2"). (4.8)
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Picking any ¢ > 0 and applying the fuzzy sum rule (3.8) to (4.8) and then the intersection
rule of Lemma 4.1 to the set A, we find (z;, 2}) satisfying (4.5) as well as %y, 7 € 2N +eBB,
Zg € 5@50(2'0), and 1})}‘ € X* satisfying

k-1 k
0eFH+ Y V@)W + > 2 +elB".
7=0 3=0
Thus we arrive at (4.5)-(4.7) with gg = 1 in the regular case.

Consider next the remaining case, which implies that the mapping gp := g+A(+; A) is not
metrically reqular around zV in the conventional sense; here A(z; A) stands for the indicator
mapping of A defined by A(z;A) = 0if z € A and A(z;A) = ) otherwise. Applying the
coderivative criterion of metric regularity from Mordukhovich and Shao {15, Theorem 5.6],
for any € > 0 we find Z € 2 + BB and ¥* = (43, ..., Vi) € (X*)¥ such that

0e Dga@®(y*) with ¥ > 1.
By Lemma 4.1 and elementary coderivative calculus involving a smooth mapping g, we have
0 € Da@W) =D{o0)+ AN = Va®'v' + NG A
C Y Vgi(E)d; + N(zo; Ao} + -+ + N(aw; Aw) + B
j=0

with some z; € A;jN(Z+eB) as j = 0,...,N. The latter implies (4.5)-(4.7) with pg =0
and thus completes the proof of the theorem. FAY

Based on the above necessary optimality conditions for problems of mathematical pro-
gramming, we now derive the following “fuzzy” necessary optimality conditions in the ex-
tended Fuler-Lagrange form for discrete approximations of the original problem.

Theorem 4.3 (fuzzy Euler-Lagrange conditions for discrete approximations).
Let Z¥() = (zo, 2}, ,ZN) be an optimal solution to problem (Py) with any fited N € IN.
Assume that the cost function @ is locally Lipschitzian and thot the sets § and gph F(-,t;),
i =0,...,N -1, are locally closed arcund Tyn(-). Then, given an arbitrary € > 0, there
exist o number AN > 0 and o discrete adjoint trajectory p"V(-) = (pf',....pR} € (X*)V
satisfying the following relations:

— the fuzzy Euler-Lagrange inclusion: there are (a:;v ,ij ) (Egv fj;v J € (i;v ,ﬂ?f ) +elB,
a,nda;‘ eB* forj=1,...,N —1 such that

A*hy N N
(e YPit1 — T

-~ — ANgl a3, pﬁl) € N((=l,ylV )i gph (M F (- ;)) -+ eIB* (4.9)

as §=1,...,N — 1, where the numbers 95-“' are defined by

oy = 2||eAh~§3’-" + AniY —f(t)”, j=1,...,N—1, (4.10)
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—the fuzzy transversality inclusion: there are mJNv, EJNV € I + e B such that
~ply € AV Bp(EN) + N (el ) + hye B, (4.11)

—the nontriviclity condition:

N
A3 21 forall N e IV. (4.12)
i=1

Proof. Apply Theorem 4.2 to the optimal solution

7:=3"= (.’110,5?’,...,ﬁ%,ﬁé\r,...,gﬁfl)
for problem (4.1)—(4.4) as N € IN, where zV = (mg,i‘{v,...,:ﬁ%) ig a given optimal so-
lution to (Py). According to this result, there are a real number pg > 0 and adjoint
vectors (¥, ..., ¥x-1) € (X*)V and 2 € (X*)?*1, j =0,..., N, satislying the extended
Lagrange-type relations (4.5)—(4.7). Taking into account the structure of A; in (4.3) and
(4.4), present 2} and the corresponding vectors z; from (4.5) as

e N N N N aN+H1 * __ * * * * *
2z = (L0, T4}, - s TNj1 Yo - - > YN—15) € X and 2§ = (20;, BT, TN Y0gr - -+ 1 YN —14)-

It is easy to derive from (4.3)-(4.5) the following relationships:

(%;,93;) € N((=f, vh); eph (" F (-, 1;))), (4.13)
w;;“j =y;-"j=0 otherwise, 7=0,...,N -1
TNy € ﬁ(mﬁN; Qn) and zly =¥y =0 otherwise (4.14)
with some zj—v € 7V 4 eIB. Further, by the structure of g; in (4.2) we observe that
N-1
Z Vg_?(z)*w; = (“ eA hN'lpa:'l/)a - eA hN"!)I: ‘- an*N_g - eA thibT\f__l’q'b?\T—l’ {4 15)

J=0
—hnUg, —hndt, ., —hati_)

for any z € X2N+1. Then applying the extended fuzzy Lagrange multiplier rule (4.6) with
the notation AY := po > 0 and then the fuzzy sum rule (3.8} for the cost function ¢y
in (4.1) with taking into account its specific structure as well as the above relationships
(4.13)~(4.15), we arrive at the inclusions

—ahy € —eMY 4 hyelB”, (4.16)

~a}; € hyNNOVB* £yt — e Myl 4 hyeB® for j=1,...,N—1,  (417)
~ziyy € VB + Yy + hwve B, (4.18)

~y5; € —hn¥} + hyeB* for j=0,...,N—1, (4.19)
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where the numbers 931." are defined in (4.10) with some (Z,7)) € (&} ,yN ) + eB for
j=1,...,N—1, and where

T € Bp(ZN) with some # € #N +eB.
Finally, by changing the notation in (4.13), (4.14), and (4.16)-(4.19) to

( j!yN)_(mjj)yjj) (SC;,y;) ( jj!yjj)!j'—' N a.nd p_y = 3 laj—'lz"-;N:
we arrive at (4.9), (4.11), and (4.12), which ends the proof of the theorem. A

The nontriviality condition (4.12) in Theorem 4.3 can be essentially improved under the
additional assumptions on F, which are parts of our standing hypotheses.

Corollary 4.4 {fuzzy Euler-Lagrange conditions with enhanced nontriviality).
In addition to the assumptions of Theorem 4.3, suppose that for each j=0,...,N —~ 1 the
multifunction F(-,t;) is compact-valued and Lipschitz continuous around EJ{,V . Then there
18 @ number v > ( independent of N and such that for some sequences of natural numbers
N — oo and positive numbers e | 0 there are multipliers AN and adjoint trajectories p™ ()
satisfying (4.9)-(4.11} with ¢ = e oand the enhanced nontriviality condition

MWt lpNll 27 as N — oo, (4.20)

Proof. It follows from the proof of Theorems 4.2 and 4.3 that either AV =1 or AV =0
for all N € IN. Tt remains to show that if A = 0, then ||p¥|| = ~ for some number ¥ > 0
and all N sufficiently large. To proceed, we first estimate ]|ij | via [ipX|l when AN = 0.
Indeed, in the latter case the Euler-Lagrange inclusion (4.9) can be written in terms of the
coderivative {3.4) as

A*hy N N
e *pia — By

hoy —eb € D*(eAhNF(-,tj))( T3 Yj )( pﬁ_i +sc;-‘) (4.21)

for all § = 0,...,N — 1, where b},cj € B*. Since {e*] ¢+ > 0} is a Cp-semigroup of
contractions, we have ||eA || < 1. Involving the coderivative characterization (3.5) of the

local Lipschitzian property for compact-valued multifunctions, we derive from (4.21) that

ol < lle™ Moy —pff — Awebl|| + e oY, — hyeb]]
<(1+ thF)llpJHII +hn(l+Lr)e (422)
EXp |Ltr0 — G D —a r)E|.
< exp [Lr(b — a)] [IpN]l + (b — a) (1 + £r)e]

Suppose that the nontriviality condition (4.20) does not hold along with (4.9) and (4.11)
in the case of AV = 0 under consideration. Take a sequence v | 0 as k¥ — co and choose
numbers N and g, such that

Ng = [1/%], ex <%, and |lp" ()l <
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for k € IN, where ] stands for the greatest integer less than or equal to the given real
number. By the adjoint trajectory estimate (4.22) we have

Ny
Z o™ ()l < Nyvkexp [£r(b — a)] + exNu(b — a)(1 + £F)
=1

< v, exp [Ep(b—— a)] +yb—a)(1+Lr) |0 as ke N,

which contradicts (4.12) with AY = 0. This completes the proof of the corollary. A

5 Optimality conditions for semilinear evolution inclusions

In this section we derive necessary optimality conditions for the original problem (P) gov-
erned by infinite-dimensional evolution inclusions by passing to the limit from those for the
discrete-time problems (Py) established in Section 4. Our limiting procedure is based on
the stability/convergence results for discrete approximations obtained in Section 2 and the
robust tools of generalized differentiation reviewed in Section 3. A crucial component of
the variational analysis developed in this section is justifying an appropriate convergence
of adjoint ares in the limiting procedure from discrete approximations. This is mainly
based on the above coderivative criterion for the local Lipschitzian property of set-valued
mappings. To furnish the limiting process, we keep in this section all the standing assump-
tions imposed in Section 2 with adding the following requirements on the cost function and
target/constraint set in (1.1) and (1.3) around the optimal endpoint under consideration:

(H3) The cost function ¢ is Lipschitz continuous around &(b) and the target set {1 is SNC
at this point.

Note that the Lipschitzian requirement on ¢ can be weakened to the lower semicontinuity
(with some change in the transversality condition; cf. Mordukhovich [12, 14]), while the
SNC requirement is very essential in infinite dimensions. It has been well recognized that
necessary optimality conditions of the Pontryagin maximum principle type do not hold even
in sitnple control problems for the heat equation with a singleton target set, which is never
SNC in infinite-dimensional spaces; cf. Fattorini [6] and Li and Yong [10].

To formulate the main result, consider the Hamilfonian function

H(z,p,t) :=sup {{p,v)| v € F(z,%)}, peX*

and form the argmazimum sets defined by
M(z,p,t):={ve F(a:,t)| {p,v) = H(z,p,t}}.

In what follows we use the (limiting) normal/coderivative/subdifferential constructions
of Section 3 with respect to all the variables but ¢.
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Theorem 5.1 (extended Euler-Lagrange conditions for semilinear evolution in-
clusions). Let Z(-) be an optimal solution to the continuous-time problem (P) under the
standing assumptions made. Then there exist a number A > 0 and a weakly continuous arc
p: [a,b] — X*, not both zero, satisfying:

—the extended Euler-Lagrange inclusion

t
p(t) € e t-tp(b) +f eA*(S't){u e X*
b

(wp(s)) € N((a(s),0);gph F(,5), -, )
v € M(Z,p, 3)}d3 for oll t € [a,b],

which is equivalent fo

p(t) € eA*(b“t)p(b) + ft eAi(S_t)D*F(:E(s), U)(—-p(s))‘ v € M(Z,p, s)} ds (56.2)
b

if gph F(-,t) is normally semicontinuous at (T(t),v) for all v € M(Z(t),p(t),t) and a.e.
t € [a,b], in particular, if F is autonomous;
—the Weierstrass-Pontryagin mazimum condition

(p(t}, Z(t)) = H(Z(),p(t),t) a.e. t€[ab] (5.3)
—the transversality condition
—p(b) € A9p(2(b)) + N (2(0); Q). (5.4)

Proof. Assume without loss of generality that the operator A generates a Cp-semigroup
{eA*| ¢ > 0} of contractions on X and build a sequence of discrete approximations (Py) for
(P), which approximates Z(-) in the sense of Theorem 2.2. Employing necessary conditions
of Corollary 4.4 for optimal solutions ZV () = (zg, 2, ..., Z¥) to (Pn), we find sequences of
numbers A > 0 and adjoint discrete trajectories p™ (-} = (pY, ..., p}}) satisfying conditions
(4.9)—(4.11) and (4.20) with some ey | 0 as N — oo. Obgerve that the nontriviality
condition (4.20) can be equivalently written as

A 4 eV ()] =1 for all N € IN, (5.5)

since the number v > 0 therein is independent of N. - We may always assume that AV
converge to some A > 0 as N — oo,

As usual, the notation z®(¢) and p" (¢} stand for the piecewise linear extensions of the
corresponding discrete functions on [a, ). From the proof of Theorem 4.3 and Corollary 4.4
we observe that the adjoint trajectories p (t) are uniformly bounded on [a, b]. Furthermore,
it follows from (4.9} that the functions

b
PY(0) = N0 ) = [ e 0N (5 ds (5.6)
are the piecewise linear extensions of p™ = (pV¥,...,pN) on [a,b], where
gty {ue x| (" (b)) € N(@N (1), ) 00 (AP F (- 13)) + enlB” }
(5.7)

+MVONB* for t € [tj,t541), F=0,...,N—1L
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1t follows from (5.7) and the coderivative criterion (3.5) that the functions g™ (-) are uni-
formly bounded in L2([a, ]; X), and hence they weakly converge to some g(-) € L?({a, b]; X).
By Theorem 2.2 we have that /¥ (t) — Z(¢) uniformly on [a,b], and hence fi‘j-V — 0 for all
j=1,...,N —1as N — co. Observe also that

Nlim eA"=tpN(p) = A" -t)p(8) and
—*CO

b b
lim [t eA*(S‘t)gN(s)ds=/t' e (5= g(s) ds,

N—co

(5.8)

since the Cp-semigroup {e??| t > 0} is compact, which implies the compactness of the one
{e4"t| t = 0}.-By (5.8) and the weak continuity of the Bochner integral as a linear operator
from L?([a,b]; X*) to X*, we get from (5.6) by passing to the limit as N — oo that the
adjoint arcs p™ (t) weakly converge for each ¢ € [a, 8] to some function p(t) € X*, which is
weakly continuous on [a,b]. Furthermore, (5.7) and the convexity of the sets F'(zn(t;),t;)
whenever § =0,...,N —1 imply that

gV (t) e {w € X*| (w, e (pN(t511) — enbiy)) € N((=V (t5), v} gph F(, 1)),
ve M(aV(t), e (o (¢141) — enbiy) &) |+ NOV B,

(5.9)

where w := u —enaj with some a};, by € IB*. Passing to the limit in (5.9) as N — co and
using the classical Mazur weak closure theorem, we arrive at
gt) €co{ ueX*| (un(t) € N((a(t), v)igph F(-,1)),
ve M@E®),p(0),1)} ae. tea,

(5.10)

where the closure operation for the convex hull in (5.10) can be omitted due to the reflexivity
of the space X. Then passing to the limit in (5.6) as N — co with taking into account (5.8)
and (5.10), we obtain the inclusion

(u,p(s)) € N((#(s),v);8Ph F (-, 8)),

t
p(t) € A" =0p(t) -+ f Ao fu e X"
b
vE M(Ez{s),p(s),s)} ds for all ¢ € [a,b],

where the convexity operation under the integral can be omitted due to the fundamental
Lyapunov-Aumann integration theorem in reflexive and separable Banach spaces (see, e.g.,
Diestel and Uhl [4] and Tolstonogov [19]) by the above compactness arguments involving
the compact semigroup {e4”| ¢ > 0}. Thus we have the extended Euler-Lagrange inclusion
(5.1), which automatically implies the maximum condition (5.3) as well as the coderivative
form (5.2) under the normal semicontinuity. The transversality condition (5.4) follows from
(4.11) by passing to the limit as N — co and taking into account the structure (2.15) of
the set Qpn with ny | 0.

It remains to justify the nontriviality condition (p(:), A} # 0 under the SNC assumption
imposed on the set Q at Z(b). Supposing the contrary, we have that p™¥ () 2 0 as N — cc.
Due to the fuzzy transversality condition (4.11) with pR;r = p"(b) and the convergence
MV — 0 and z§ — Z(b), the latter implies that ||p"(b)| — 0 as N — oo by the SNC
property of £ and the structure of Q. This contradicts the discrete nontriviality condition
(5.5) for large N € IN and completes the proof of the theorem. JAY
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