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Discrete Approximations and Necessary Optimality Conditions for
Functional-Differential Inclusions of Neutral Type

Boris Mordukhovich and Lianwen Wang

Abstract— This paper deals with necessary optimality con-
ditions for optimal control systems governed by constrained
functional-differential inclusions of neutral type. While some
results are available for smooth control systems governed by
neutral functional-differential equations, we are not familiar
with any results for neutral functional-differential inclusions,
even with smooth cost functionals in the absence of endpoint
constraints. Developing the method of discrete approximations
and employing advanced tools of generalized differentiation,
we conduct a variational analysis of neutral functional-
differential inclusions and obtain new necessary optimality
conditions of both Euler-Lagrange and Hamiltonian types.

I. INTRODUCTION

This paper concems the study of optimal control prob-
lems for the so-called neutral functional-differential inclu-
sions, which contain time-delays in both state and velocity
variables. Such inclusions belong to the broad class of
hereditary systems known also as systems with memory
or aftereffect. They have been investigated in the form of
controlled functional-differential equations being important
for various practical applications, particularly to problems
of automatic control, economic dynamics, medeling of
ecological, biological, and chemical processes, etc.; see
examples and discussions in [2], [3], [8], [11], [12], [15]
and their references.

In this paper we consider the following dynamic opti-
mization (generalized optimal control) problem {P), which
is to minimize

b
Jlz] := e(z(a), 2(b)) +/ flz(t),=(t = A),t)dt (1)

over feasible arcs # : [0 — A,b] — IR", which are
continuous on [z — A, a) and {a, b] (with a possible jump at
t = a) and such that the combination z(t) — Az(t — A)
is absolutely continuous on [a,b], satisfying the neutral
functional-differential inclusion

S [x(t) — Az(t - A))

€ F(z(t),z{t — A),1) ae te€a,b], (2)
z(t) =c(t), t€la—A4,a)
with the endpoint constraints
(z(a),z(B)) € Q C R, 3)
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We always assume that F' : R™ xJR™ x [a,b] = R™ is a set-
valued mapping of closed graph,  is a closed set, A > 0
is a constant delay, and A is a constant n x n matrix. Note
that the neutral-type operator in the left-hand side of (2) is
given in the Hale form [8]

For nondelayed systems governed by differential inclu-
sions (A = 0, A = 0) necessary optimality conditions have
been studied intensively during recent years; see [4], [9],
[17], {25], [26], [27], [29] and the references therein. Some
results are known for delay-differential (or differential-
difference) inclusions corresponding to A = 0 in (2); see
(31, [63, [13], [191, [20].

Observe that neutral-type systems are essentially different
from their counterparts with A = 0. In particular, it is weil
known that an analog of the Pontryagin maximum principle

does not generally hold for neutral systems, even in the

classical smooth framework with no convexity assumptions.
In a sense, neutraltype systems combine properties of
continuous-time and discrete-time control systems; indeed,

they can be treated as discrete-time systems regarding

velocity variables. On the other hand, neutral systems have
some similarities with the so-called hybrid and algebraic-
differential equations important in engineering control ap-
plications.

In this paper we derive necessary optimality conditions
for the neutral-type control problem (P) under natural
assumptions on its initial data involving nonsmooth func-
tions and nonconvex sets. These conditions are obtained in
exiended Euler-Lagrange and Hamiltonian forms involving
advanced generalized differential constructions of varia-
tional analysis.

Our approach is based on the method of discrete approx-
imations, in the line developed in [15], [17] for nonde-
layed differential inclusions and in [19], [20] for delay-
differential systems with A = 0. This method, which
is certainly of independent interest from both qualitative
and numerical viewpoints, allows us to construct a well-
posed parametric family of optimal control problems for
approximating systems governed by discrete-time analogs
of neutral functional-differential inclusions. A crucial issue
is to establish stability of such approximations that ensures
an appropriate strong convergence of optimal solutions,
Convergence analysis of this methed and its application
to necessary optimality conditions for neutral systems are
essentially more involved in comparison with the cases of
differential and delay-differential inclusions.

The approximating discrete-time control problems can be
reduced to special problems of nonsmooth programming



with an increasing number of geomstric constraints that
may have empty interiors. To handle such problems, we use
suitable generalized differential tools of variational analysis
satisfying a comprehensive calculus that allows us to derive
general necessary optimality conditions for finite-difference
analogs of neutral functional-differential inclusions. Then
passing to the Iimit from well-posed discrete approxima-
tions with the strong convergence of optimal solutions
and employing generalized differential calculus, we obtain
necessary optimality conditions for (P).

The rest of the paper is organized as follows. In Sec-
tion II we show that some combination built upon a given
admissible trajectory of the neutral inclusion (2) can be
strongly approximated by the corresponding combination
built upon admissible trajectories of discrete-time systems.
The convergence analysis is conducted in Section III for
a sequence of well-posed discrete approximations to (P)
involving an appropriate perturbation of the endpoint con-
straints (3) that is consistent with the step of discretization.
The required strong convergenice of optimal solutions is
established under an intringic property of (P) called relax-
ation stability. Section IV contains the basic constructions
and required material on generalized differentiation needed
for performing a variational analysis of discrete-titne and
continuous-time optimal control problems in the subsequent
sections. These constructions and calculus rules are used
in Section V for deriving general necessary optimality
conditions for nonconvex discrete-time inclusions arising
in discrete approximations of (P). The main resulis on
the extended Euler-Lagrange and Hamiltonian conditions
for neutral functional-differential inclusions are derived in
Section VI via passing to the limit from discrete approxi-
mations.

Our notation s basically standard. The transposed matrix
of A is denoted by A*. IB is always the closed unit ball
of IR™. haus{§2;,{s) is denoted the Hausdorfl distance
between two compact sets £2; and {; in R". Given
a multifunction F; X = Y between finite-dimensional
spaces, the Painlevé-Kuratowski upper/outer limit of F(z)
as z — 7 is defined by

Limsup,_ ., F(z) = {y€Y|Iz— 2 I -y
with y € F(zi) forall ke IV},

where IV stands for the collection of all natural numbers.
We refer the reader to [17] and [24] for additional material.
The full version of this paper appears in [21].

II. DISCRETE APPROXIMATIONS OF NEUTRAL
INCLUSIONS

This section concerns the study of discrete approxima-
tions of an arbirary admissible trajectory to the neutral
functional-differential inclusion (2). Let Z(t) be an admis-
sible trajectory in (P), ie., it is continuous on [a — A, a)
and [a, b} (with a possible jump at t = @), the combination
z{t) — Az(t — A) is absolutely continuous on [a, b], and (2)
is satisfied. Note that the endpoint constraints (3) may not

hold for Z(t); if they do hold, Z(¢) is feasible to (P). The
following standing assumptions are imposed throughout the
paper:

(H1) There are an open set I/ ¢ IR™ and two positive
numbers £y and myp such that Z(¢) € U for all t €
[a — A, b}, the sets F'(z,y,t) are closed, and

F(z,y,t) CmplB,
F(z1,51,1) C Flzg, ., t) + €p(|z — 22| + |11 — ) B

for all (z,y), (z1,11), (z2,y2) €V x U and ¢ € [a,b).

(H2) F(x,y,t) is Hausdorff continuous for ae ¢ € [a,}]

uniformly in (z,y) e U x U.

(H3) The function ¢(t) is continuous on [a — A, a}.
Following [7], we consider the so-called averaged mod-

ulus of continuity for the multifunction F(x,y,t) with

{z,y) € U x U and ¢ € {a,b] that is defined by

b
T(F;h) :=/ a(FitR) dt,

where o(F;1,h) := sup {#(F; z.y.t.h)| (z.y) € U x U}
with
V(F;x,y,t,h) = sup {haus(F'(x,y,¢1), F(z,y,t2)} :
(t1>t2) € [t - h’/2!t + h/2] n [a!b]}

It is proved in [7] that 7(F;h) — 0 as h — 0 under the
assumption (H2).

To construct a sequence of discrete approximations of the
given neutral-differential inclusion, we replace the deriva-
tive in (2) by the Euler finite difference

dlz(t) — Az{t — A))/dt
m [w{t + h) — Az(t + h — A) — «(t) + Azt — A)]/h.
For any N € IV we consider the step of discretization
hy = A/N and define the discrete partition ¢; := a+jhn
as j = —N, ...,k and {4, := b, where % is a natural num-
ber determined from a + khny < b < a4+ (k+ Dhy. Then

the corresponding neutral functional-difference inclusions
associated with (2) are given by

(i) — Azp(tin — A) € zni{ty)
—AIN(tj - A) + hNF(.'L‘N(tj),ZN(tJ' - A),tj}
for =0,...,k;
forj=-N, ..., -1

(4)
T (t;) = eft;)

A collection of vectors {xn{t;)| 7 = —=N,... .k + 1}
satisfying (4) is a discrete trajectory and the correspond-
ing collection {[zn(t;41) — Azn{tjy1 — A) —zn(E;) +
Axp(t; — A)fhy :3=0,..., k) is a combined discrete
velocity for (4). We consider extensions zpy(f) of discrete
trajectories to the continuous-time interval |o — A, 8] de-
fined piecewise-linearly on [a,b] and piecewise-constantly,
continuously from the right on [a — A, a). We also define
piecewise-constant extensions of combined discrete veloci-
ties on [a, b} by wn(t) = [zn(t41) — Axn(tjs — A) -
.’L‘N(tj)+A£L'N(tj-A)]/hN, te [tj,tj+1), i=0,...k



Let W?[a,b! be a standard Sobolev space of absolutely
continuous functions x: (e,b] — IR™ with the norm

b 1
Jat s = mex o) + ([ laoPar) ™

The following theorsm establishes a strong approximation
of any admissible trajectory for the given neutral functional-
differential inclusion by corresponding solutions to discrete
approximations {4).

Theorem 1. Let E(t) be an admissible trajectory for (2)
under hypotheses (H1)-(H3). Then there is a sequence
{zn(t;) | § = =N,....k + 1}, of solutions to (4) such
that zn(tg) = Z(a) for all N € IN, the extended discrete
trajectories zn(t), o — & £t £ b, converge uniformly
fo (t) on la — A,b), and their extended combinations
zn(ty — Azp(t — A) converge to T(t) — AZ(f — A) in
the Wl2.porm on [a,b] as N — oo. In particular, some
subsequence of {dlzn(t) — Azy(t — A))/dt} converges
pointwisely to d[Z(t) — AZ(t — A))/dt for ae t € [a,b)].

Proof. Following [17], we first find a sequence {wn ()}
such that wy(t) is constant in the interval [t;,£;4,) and
wn(t) — d[z(t) — AZ(t — A))/dt strongly in L![a, b]. Using
this sequence, we construct the desired discrete trajectories
{zn} via the proximal algorithm. Finally we show that the
extended discrete trajectories zy(t), ¢ — A <t < b, have
all the properties listed in the theorem.

III. STRONG CONVERGENCE OF DISCRETE QPTIMAL
SOLUTIONS

In this section we construct a sequence of well-posed
discrete approximations of the problem (P) such that opti-
mal solutions to discrete approximation problems strongly
converge, in the sense described below, to a given optimal
solution Z(t) to (P).

Given Z(t), a — A < t < b, take its approximation zpy(t)
from Theorem 1 and denote ny = |zy{fe+1) — T(b)}. For
any natural number N we consider the following discrete-
time dynamic optimization problem ({Py), which is to
minimize

Inlen] = elen (to) o (tes1)) + fzn (to) — 2(a)|?
k

thy Y flanlt;) zalt; — A), ;)
F=0

&
+)
j=0""%
~Azn(ti-n) — Tn(t) + Azn(tion)hn | dt

subject to the dynamic consiraints governed by neutral
functional-difference inclusions (4), the endpoint constraints

(en(to), 2w (frk+1)) € Qn =0+ gy B, {(5)

which are 7n-perturbations of the original endpoint con-
siraints (3), and the auxiliary constraints

lzn(t;) -2t Se, J=1,....k+1, (6)

tj+1

%[:E(t) ~ AZ(t - A)] - [ow(tsen)

:)

with some & > 0. The latter auxiliary constraints are needed
to guarantee the existence of optimal solutions in (Py ) and
can be ignored in the derivation of necessary optimality
conditions; see below.

In what follows we select's > 0 in (6) such that Z(¢) +

eBB C U forall t € fa— A,b and take sufficiently large
N ensuring that v < &. Note that problems (Ppy) have
feasible solutions, since the trajectories zn from Theorem 1
satisfy all the constraints (4}, (5), and (6). Therefore, by
the classical Weierstrass theorem in finite dimensions, each
(Pp) admits an optimal solution Zx (£} under the following
agsumption imposed in addition to {H1)-(H3).
(H4) o is continuous on U x U, f(z,y,1) is continuous for
a.e. t € [e,b] uniformly in (x,y) € U x U and continuous
on U x U uniformly in ¢ € [a, b}, and §2 is locally closed
around (Z(a), Z(b)).

To prove the strong convergence of optimal solutions to
(Pn), we need to involve an important intrinsic property
of (P) called the relaxation stability. Following the line
originated by Jack Warga in optimal controf theory (see
[28] and its references), we consider the relaxed problem
(R) of minimizing the cost functional {1) on admissible
trajectories of the convexified neutral functional-differential
inclusion

Liz(t) - Ax(t — A)]
€ co F(z(t),z(t — A),t), ae.t € {a, b}, (N
z(t) =c(t), tela— A a)

with the endpoint constraints (3). Any admissible trajectory
for (7} is called a relaxed trajectory for (2).

Definition 2: Problem (P) is said to be stable with
respect to relaxation if

inf (P) = inf (R).

This property, which obvicusly holds under the convexity
assumption on the sets F(r,y,t), goes far beyond the
convexity. General sufficient conditions for the relaxation
stability of the neutral-type problem (FP) follows from
[i1]. We also refer the reader to [1], [17], [19], [28] for
more detailed discussions on the validity of the relaxation
stability.

Now we are ready to establish the following strong
convergence theorem for optimal solutions to discrete
approximations, which makes a bridge between optimal
control problems governed by neutral functional-differential
and functional-difference inclusions. '

Theorem 3: Let T(t) be an optimal solution to problem
(P), which is assumed to be stable with respect to
relaxation. Suppose also that hypotheses (H1)—(H4) hold.
Then any sequence {In(t)}, N € IN, of optimal solutions
to (Py) extended to to the continuous interval [0 — A
converges uniformly to Z(t) on [a — A, b), and the sequence
of their combinations Tn(t) — Azn(t — A) converges



to T(t)— AT(t—A) in the W2.norm on [a,b] as N — oo
Proof. Since the trajectories zp built in Theorem ! are

feasible solutions to (Pn), one has Jy{Zny] < Jnlzn].
Noting that Jy[2x] — JiE| as N — oo, we conclude that

limsup Jy[En] £ J[Z).
N—oo

Then we show, following the line in [17] and employing
the relaxation stability of (), that

|.'Z‘N(a) —:‘E(CLJIZ +/ l [:EN

——[.'.: (¢) — AZ(t - A

A.Z‘N (t - AJ]

\ dt — 0
as N — oo, which completes the proof of the theorem.

IV. TOOLS OF GENERALIZED DIFFERENTIATION

Observe that problems (Py) are essentially nonsmooth,
even in the case of smooth functions ¢ and f in the cost
functional and the absence of endpoint constraints. The
main source of nonsmoothness comes from the increasing
number of geometric constraints in (4), which reflect the
discrete dynamics and may have empty interiors. To conduct
a variational analysis of such problems, we use appropriate
tools of -generalized differentiation introduced in [14] and
then developed and applied in many publications; see, in
particular, the books [15], [24] for detailed treatments and
further references.

Recall the the basic/limiting normal cone to the set Q C
IR™ at the point E € 0 is

N(%9) := Limsup N(z: ), (8)
#—I, N
and where
N(z:0) = {z* € IR”‘ lim sup "z —_a:) < 0} 9
z—E, el ;-‘E - :t‘l

is the cone of Fréchet (or regular) normals to £ at z. For
convex sets {2 both cones N(&; Q) and N(&; Q) reduce to
the normal cone of convex analysis. Note that the basic
normal cone (8) is often nonconvex while satisfying a
comprehensive calculus, in contrast to (9).

Given an extended-real-valued function ¢: R™ — IR :=
[—co, oc] finite at Z, the subdifferential of ¢ at 7 is defined
geometrically

Bp(z) = {2" € R"| (&*,~1) € N((Z,2(z)); epi0) } (10)

via basic normals to the epigraph epi ¢ = {{z,u) €
R > p(x)}.

Given a set-valued mapping F: JR™ = IR™ with the
graph gph F' := {(z,¥) € R" x R™| y € F(z)}, the
coderivative D*F(Z,g}: R™ = R"™ of F at (,§) €
gph F is defined by

D*F(z,
= {z* € B (z",

Py

—y*) € N((Z,7);gph F)}. (11)

The following two results are crucial in what follows. The
first one gives a complete coderivative characterization of
the classical local Lipschitzian property of multifunctions
imposed in our standing assumption (HI1); cf [16,
Theorem 5.11] and [24, Theorem 9.40].

Proposition 4; Let F: R™ 33 R™ be a closed-graph
multifunction locally bounded around . Then the following
conditions are equivalent:

(i) F is locally Lipschitzian around T.
(i) There exist a neighborhood U of T and a number £ > 0
such that

sup{|z*| : z* € D" F(z,y){y*)}
<y, Yrxel y€Flx), y* € R™.

The next result taken from [13, Corollary 7.5] pro-
vides necessary optimality conditions for a general problem
(M P) of nonsmooth mathematical programming with many
geometric constraints:

minimize ¢o(z) subject to
¢‘J(z)301 j=1,---,7',

gi(z)=0, Fi=0,....m,
ZEAJ', j=0,...,l

where ¢;: RY — IR, g;: R? — R", and A; C R%.

Proposition 5; Let £ be an optimal solution to {MP).
Assume that all ¢; are Lipschitz continuous, that g; are
continuously differentiable, and that A\; are locally closed
near Z. Then there exist real numbers {u;] 7 =0,....r}
as well as vectors {y; € IR"| j = 0,...,m} and {z; €

RY §=0,...,1}, n t all zero, such that
g =0 for j=0,....1 (12)
Hi#i(Z) =0 for j=1,....r, (13)
z; EN(ZAj) for §=0,...,L (14)

I r m
=Yz € 0( 3w )(B) + Y Va8 ws. (19)
s : s

For applications in this paper we need the following
modifications of the basic constructions (8), (10), and (11)
for sets, functions, and set-valued mappings depending on
a parameter { from a topological space T' (in our case

= [CL, b])

Given (1: T =2 R™ and 7 € Q({), we define the extended
normal cone to (%) at T by

N(z:;Q(f)) = Limsup N{z; Q1))

() 2 (Le)

(16)

For ¢: R™ x T' — R finite at (i,%) and for F: R™ x
T = R™ with § € F(Z,1), the extended subdifferential of
@ at (Z,1) and the extended coderivative of ¥ at {Z,7,1)



with respect to x are given, respectively, by

Bop(®,1) := {z" € B*| (=", 1)

€ N((z,0(z.1);epi(-, 1)) } (17)
and, whenever y* € IR™, by
DrF{(z,5,D(y*) := {z* € R"| (a*,—y")
€ N((z,5); goh F(-, 1))} (18)

Note that the sets (16)—(18) may be bigger in some sit-
uations than the corresponding sets N(F;§U1Y), Op0(Z, 1),
and D*F(%,5,)(y*), where the latter two sets stand for
the subdifferential (10) of (-, 1) at ¥ and the coderivative
{11} of F(.,©) at (%, §.1), respectively. Efficient conditions
ensuring equalmes for these sets are discussed in [17], [18],
[20].

It is not hard to check that the extended constructions
(16)—{18) are robust with respect to their variables, which
is important for performing limiting procedures in what
follows. In particular,

Nz D)= Limsup N(z;Q(2).

e B (E2)

V. NECESSARY OPTIMALITY CONDITIONS FOR
DISCRETE APPROXIMATIONS

This section concems necessary optimality conditions
for discrete approximation problems (Pp). We derive such
conditions in the extended Euler-Lagrange form by reducing
(P ) to nonsmooth mathematical programs and employing
generalized differential calculus for the basic constructions
(8), (10), and (11).

Let us reduce the dynamic optimization problem (Py)}
for each N € IV to the mathematical programming problem
{M P) considered in Section IV with the decision vector

A ) IRn(2k+3)

N N N N _N
=2y ,z], . The, Yy L U] -
and the following data:

dolz ) = W(xu ,sz+1) ﬁﬂo _j(a)|2

+h'NZf _—,vv_-,-Nl }

& tiv1
+Z ft Wl — dz() -

Ax(t — A))/dt|? dt,

j=0* "t
qb.?(z) =|T\;N—i(tj)|—51 J=1l..,k+1,
Aji= (=l of) | o) € Fal =l .15},
i=0,...k

Ak+1 = {(Iﬂg’, Ca

op ) | (a2l ) € Qnl,
gi{z) =z, o

- Azl -zl + Azl — Ayl
j=0,...,k.

where 593” = c(t;) for § < 0.

Let sV =(al,..., 2z}, %f,....5) be an optimal solu-
tion to (M P). Applying Proposition 5, we find real numbers
,u?' and vectors 27 € RM2543) for 5 =0,...,k+1 as well

as vectors ¥} € IR® for j = 0,...,k, not all zero, such
that conditions (12)-(15) are satisfied.

Takmg z = (.’BOJ, TR, UGG VR €
N(zV:Aj) for J = 0,...,k, we observe that all but one
components of z; are zero and the remaining one satisfies

(2552 n,j1v5) € N((Z], Y gph (- £5))

for 7 = ., k. Similarly, the condition
N(Z¥; Agy1) is equivalent to

N
_N)

L%
e+l €

* =N N .
(Tok+11Th+1.k+1) € N((Zg 1 Ty 1): )

with all the other components of z;,, equal to zero.
Employing Theorem 2 on the convergence of discrete
approximations, we have ¢;{zV) < 0forj=1,...,k +1
whenever N is sufficiently large. Thus ,uj-" = () for these
indexes due to the complementary slackness conditions
(13). Let AN := uf' > 0. Therefore, Propesition 5 is
equivalent to the following relationships:

—Z00 —ZoN = L0kt
= AVul + AV + AV byl
+2AN (2N — B{a)) — ) — A* (YN, —UN),
—T5; = TiieN
= ANl + Aol + ol -l
—AT (U1 = Ui, k=N,
~ T N+1k—N+1
= z\Nthi"_NH + w{cva - '!P;':r_NH + A*wiiv’
~aj; = ANhyoV
-9, j=k-N+2,..k

i=1,...

N
+'d)j_1
" _ \N, N N
—Tpgr e = AT Uy F Y

— \NgN N "
—vi; =AY —hndy, =000k

with the notation
(ug ,um) € do(zy L‘L ),
CARCARS YR {EAR VR N

gy = _2 /tm(d{;-c(t) —lA';r(t — &))/dt - ) e
I s 7 '

Based on the above relationships, we arrive at the
following necessary optimality conditions for discrete-
time problems (Py), where f;{:,)) = f(,t;) and
Fj(',') = F('!'atj)'

Theorem 6: Let 2 be an optimal solution to problem
(Pn). Assume that the sets §) and gph F; are closed and
that the functions @ and f; are Lipschitz continuous around
the poinis (Z§) ,Z}y,,) and ( Tl N w ). respectively, for all
i=0,...,k Thenthereex:st)\N>0 p?r(jﬁ R
N+ 1) and qJ (§=—N,...,k + 1), not all zero, such
that

p} =0, j=k+2,... k+N+1, (19)



a¥ =0, j=k—N+1,....k+1, (20)
w8 + i, —pih) € AVORES B
+N((:‘f6vaj£v+1);QN)1
(1PN, = PN/, 1Ry — Qi nl/ B,
—)‘N%N/hN + PJ+1 + QJ+1) (22)

AV (afi(zl 2} n). 0)
+N((zY ; ,.'I,'J N T )gphFJ) i=0,...,k

with the notaiion

«, N * N
PjN = pf - AN, QBN = ‘1}\’—*4 i+ns

N Py
_1 = [(Ij+1 -

-'f;v) + A(ﬂf?’—N - ﬂfj‘v—NH)]/hN-
Proof Most of the proof has been actually done above,
and we just need to change notation in the relationships

formulated right before the theorem. Let first
forj=1,...,k +1,

Y
f)’N: i-1
4 0 forj=k+2,....k+ N+ 1

7 AWl Lot n/hnfor j=0,.. .k
4 0, forj=k-N+1,...,k+1,

- N,

and then define g’ for j = —N, ...,k +1 by the recurrent

formula
xp N N -~
QJN = Qﬁ.1 - AMG vt Gan) — th}&*
and let
pg = ANl + g —of
pi =P —qf forj=1,.. k+N+1,

It is easy to check that all the relationships (19)~(22} hold.

Corollary 7: In addition to the assumptions of Theo-

rem 3, suppose that the mapping F; is bounded and

Lipschztz continuous around (ZY .Y ) for each j =

k. Then conditions AN >0 and (19)(22) hold with
(A ’pk+1) # 0, ie, one can let

A2+ e P =1
Proof If AN = 0, then (22) together with (19) and (20)
imply that
(PkN+1 - PkN _Q’f,cv—N
hy ' hy

Assuming now that p;’f_,_l =0, we get

) c D*Fk(iﬁkN,j?’_Nu {’J?’)(_pkN+1)‘

N
P “-n N _

(h—;’_hN__) € D*Fi (2] . 2{_ . 91 )(0),

which implies pY = ¢ 5 = 0. Repeating the above

procedure, we arrive at contradiction with the nontriviality

assertion in Theorem 6.

VI. OPTIMALITY CONDITIONS FOR
FUNCTIONAL-DIFFERENTIAL INCLUSIONS

In this section we obtain the main results of the paper
providing necessary optimality conditions for the original
dynamic optimization problem (P) in both extended Euler-
Lagrange and Hamiltonian forms involving generalized
differential constructions of Section IV. Our major theorem
establishes the following conditions of the Euler-Lagrange
type derived by the limiting procedure from discrete
approximations.

Theorem 8: Let E(t) be an optimal solution to problem
(P) under hypotheses (H1)-(H4}, where p and f(-,-,t) are
assumed to be Lipschitz continuous instead of the plain
continuity. Suppose also that (P) is stable with respect to
relaxation. Then there exist a number A > 0 and continuous
Sfunctions p: [a,b+A] — R™ and ¢: [a— A, b] — R™ such

that p(t) — A*p(t+ A) and g(t— A)— A*q(t} are absolutely
continuous on [a, b] and the following conditions hold:
At Ip(B)] =1, (23)
p{t) =0 for t€ (bb+ 4] (24)
gdt) =0 for te (b— A, (25)
{pla) + gla), —p(b)) € AIp(Z(a), Z(b))
+N((Z(a), 2(0)): ), {26)
(d[p(t) - A* {t + A)]/dt,
dlg(t — A) — A*q(t ] Jdt) € co{{u.w,
p(0) + 4(0) e A{Bf(w(t) Be-8).0.0% oo
N((2(t), z(t - A),d[z(t) — AZ(t — A)]/de);

gph F(t))} ae t€[eb]

Proof. In what follows we use the notation ™(t), p™v{(t),
gVt — A), PY¥(t), and QV(t — A) for piecewise linear
extensions of the corresponding discrete functions on [a, b];
PN(t) and QN (t — A) are the piecewise constant deriva-
tives. First we estimate (PM(#),Q%(t — A)) when N is
sufficient large. Using (19) and (20}, we derive from (22)
that

N N
(Pj+1 -7 — AN, O Nl OGN _ AN
b hN j=N:
—»\No;"/hwpw) € N((@Y 2y, 5y goh Fy)

with some (19 ~) e af;(zV 3 ,:zj N
Forj=k - N + 2....,k + N + 1, by definition of the
coderivative (11) and Proposition 4, we have

N
PR1=P N N Gy ~ 9w v
|( hy - hw AT - N)I
SEFIANQ?/hN_pj_;.l‘-



Since 1(193 .n} IS Ef due to the Lipschitz continuity of
[ with modulus £;, we derive from the above that

(¥, a8 )| < 2rl6F | + (€r + Dhn ity
+{erhn + D1, 0wl
< expllr (b~ a)](1 + £5{¢r + 1) /r + Lrun),

which implies the uniform boundedness of {(p’ ,qJ N
j=k—N+2,...,k+N+1} and hence of (p"(t),¢" (¢ -
A)) on [b- A,b].

Next we consider j =k —2N +2,...
from (22} that

.k +1 and derive

N N
‘(Pj.n _PJ /\N,lgN Q‘J N+l " Gi-N AN N )|
hn h.N i-N
< £F|AN3§V/hN Pj+1 - Qﬂ-ﬂ
+’ (A*pﬁNH —Aplly Atqll, - A*%N)l
hn ’ hy .
This implies due to Proposition 4 and the uniform bound-

edness of pfY, ;v and gl by some constant & > 0 for such
7 that

|(p§"+1-r’; Mg, Gintl 9N N )
hN hN =N
< E7F|/\Nﬁj‘v/hN - Pj+1 Q'j+1| +a/hy.

Therefore

ey, gl p )l < Lrl0F | + (£r + 1)hn s
+{€rhn + VP 6 vyl + Lrhy + 1)a
< expllr(b—a)|(1 +{¢s +a)(€p + 1)/ + €run)

for j = k— 2N +2,...,k + 1. This shows that ;p"-‘r and
qJ  are uniformly bounded for j=k— 2N-§-2 k +1,
and hence the sequence{p™(t},q™(t — A)} is umfm-mly
bounded on [b—2A,b— A). Repeatmg the above procedure,
we conclude that both sequences {p™ (£),¢™ (¢ — A)} and
{P¥(#),QN(t — A)} are uniformly bounded on the whole
mterval [a, b].

Next we estimate (PY (¢}, Q" (t—A)) on [a, b]. (22) and
Proposition 4 yield, for t; <t < t;4q with j =0,...,k,
that

[(PY(2), QN (¢ — A))|
— |(PJ+1 P QJ N4l ™ Q_-;V—N)I
by ' hy

< Lpl8f | + Lrlpflyl + rlgfhy | + €5

Thus the sequence {PN(t), QN (t — A)} is weakly com-
pact in L![a,b]. We find two absolutely continuous func-
tions P(t) and Q(t — A) on [a,b] such that PY(t) —

PH,QY(t — A) — Q(t — A) weakly in L'[a,b] and
PY(t) — P(t), Q¥ — &) — @t = A) uniformly
on [a,b] as N - oo Since pV(t) and gV (t — A) are
uniformly bounded on [z, b + A, they surely converge to

some functions p(t) and g(t — A) weakly in L'[a, b + A].
Thus, p(t), g(t) satisfy (24) and

P(t) = p(t) — A*p(t + A),
Qt - A) = q{t — A) — A%qg(t).

Note that p(¢) and g(t) are continuous on [2,b + A and
[a — A, b], respectively. Conditions (23) and (26} follow by
passing to the limit from (7) and (21), respectively, taking
into account the robustness of the basic subdifferential (10)
and the normal cone (8).

To justify the Euler-Lagrange inclusion (27), we rewrite
the discrete Euler-Lagrange inclusion (22} in the form

(BN (8),QN (t - A))
€ {(u,w}] (w,w,p" (t541) + q¥ (tj11) — AVON fhy)
€ AV (8F(Z(t;), 2(t; — A), 1), 0)
+H(N(E 2, 0 )i gph Fy)}

for t € [t;,8541] with § = 0,...,k. By the classical
Mazur theorem there is a sequence of convex combinations
of the functions (P¥(¢),QN(t — A)) that converges to
(P(t),Q(t — A)) for ae. t € [a,b]. Passing the limit in
above inclusion, we arrive at (27) and complete the proof
of the theorem.

Observe that for the Mayer problem (Pas), which is (1)
(3) with f = 0, the generalized Euler-Lagrange inclusions
{(27) is equivalently expressed in terms of the extended
coderivative (18) with respect to the first two variables of
F = F(z,y,t), ie, in the form

(& 1p(t) ~ "3l + A)] Slgle - ) = Ag(0)
€ co Dy, F(a(t ) ‘(t —A), (28)
dz(t) — AzZ{t — A)]/dt, t)(-p(?) ~ ¢(t))

for a.e. t € [a,b].

It turns out that the extended Euler-Lagrange inclusion
obtained above implies, under the relaxation stability of the
original problems, two other principal optimality conditions
expressed in terms of the Hamiltonian function built upon
the mapping F in (2). The first condition called the extended
Hamiltonian inclusion is given below in terms of a partial
convexification of the basic subdifferential (10} for the
Hamiltonian function, The second one is an analog of
the classical Pontryagin maximum principle for neutral
functional-differential inclusions. Recall that an analog of
the maximum principle does not generally hold even in
the case of optimal control problems governed by smooth
functional-differential equations of neutral type.

The following relationships between the extended Euler-
Lagrange and Hamiltonian inclusions are based on Rock-
afellar’s dualization theorem {23] that concerns subgradients
of abstract Lagrangian and Hamiltonian associated with
set-valued mappings regardless the dynamics in (2). For
simplicity we consider the case of the Mayer problem (Pas)
for autonomous functional-differential inclusions of neutral



type. Then the Hamiltonian fiunction for F in (2) is defined
by

H(z,y,p) :==sup {(p,v)| v € F(z,)}.

Corollary 9: Let Z(-) be an opiimal solution to
the Mayer problem (Ppr) for the autonomous neutral
SJunctional-differential inclusion (2) under the assumptions
of Theorem 4. Then there exist a number X\ > 0 and contin-
uous functions p: o, b+A] - R" and q: fa— A, b - R
such that p(t} — A*p(t + A) and q(t — A) — A*q(t) are
absolutely continuous on la,b] and, besides (23)-(27), we
have the following:
the extended Hamiltonian inclusion

(Lipte) - ap(t + )], late - )~ 4"g(0)])

€ co {(u,w) | {(~u, ~w, d[@(t) - A#(t - A)/dt) @9
€ 8H (z(t), 2(t — &), p(t) + ¢(t))}
and the maximum condition
(p(t) +q(t), £[E(t) — Az(t — A)])
= H(z(t),&(t — &), p(t) + (1)} (30)

" for a.et € [a,b]. Moreover, if F is convex-valued around
(E(2),Z(t — A)), then (29} is equivalent to the Euler-
Lagrange inclusion

(S0(e) — 48+ A)L, Tlatt - &) - 4°(0)])
. € coD*F(z(t), (t — A),

d[z(t) — AZ(t — A)l/dt)(—p(t) — q(t))

Jor a.e t € [a,b], which automarically implies the maximum
condition {30) in this case.

(3D

Proof’ Since (Pyy) is stable with respect to relaxation, F(f)
is an optimal solution to the relaxed problem {Rps) whose
only difference from (FPas) is that the neutral functional-
differential inclusion (2) is replaced by its convexification
(7). By Theorem 8 the optimal solution Z{t) satisfies
conditions (23)~+27) and the relaxed counterpart of (28),
which is the same as (31) in this case with F replaced by
co F'. According to [23, Theorem 3.3} one has

co {(u,v)| (u,w,p) € N((x,y,v); gph(co F)}
= co { (v, w)| (—u, ~w,v) € dHg(z,y,p)}.

where Hp stands for the Hamiltonian (29) of the relaxed
system. It is easy to check that Hp = H. Thus the extended
Euler-Lagrange inclusion for the relaxed system implies the
extended Hamiltonian inclusion (29), which surely vields
the maximum cendition (30). When F is convex-valued,
(29) and (31) are equivalent due to the mentioned result of
[23]. This completes the proof of the corollary.

REFERENCES

{1] J.-P. AUBIN and A. CELLINA, Diﬂéreﬁ!ia! Inciusions, Springer-
Verlag, Berlin. 1984,

[2]

[31
[4]

[3]

[6]

71
[8]
(%

{10

[t
[12]
[13]
[14]

(15]

[16]

i

(18]

£19]

{201

{21]
[22]

(23]

(24]
{25]

[26]

27
[28]

[29]

H. T. BANKS and A. MANITIUS, Applications of abstract varia-
tional theory to hereditary systems—a survey, [EEE Trans. Automnat.
Control, 19 (1974), pp. 524-533.

R. BELLMAN and K. L. COOKE, Differential-Difference Eguations,
Academic Press, New York, 1963.

F.H. CLARKE, YU. 8. LEDYAEV, R. J. STERN and I, R. WOLEN.
SKl1, Nonsmooth Analysis and Conirol Theary, Spinger-Verlag, New
York, 1998.

F. H. CLARKE and G. G. WATKINS, Necessary conditions, conirol-
lability and the value function for diffferential-difference inclusions,
Nonlinear Anal, 10 (1986), pp. 1155-1179.

F. H.  CLARKE and P. R, WOLENSKI, Necessary conditions for
Sfunctional differential inclusions, Appl. Math. Optim., 34 (1996), pp.
34-5t.

A. L. DONTCHEV and E. M. FARHL, Error estimates for discretized
differential inclusions, Computing, 41 (1989), pp. 349-358.

J. HALE, Theory of Functional Differential Equations, Springer-
Verlag, New York, 1977.

A. D. IOFFE, Euler-Lagrange and Hamiltonian formalisms in dy-
namic optimization, Trans. Amer. Math. Soc., 349 (1997), pp. 2871-
2900. .

G. A. KENT, 4 maximum ptinciple for optimal control problems
with neutral functional differential systems, Bull. Amer. Math. Soc.,
77 (1971).

M. KISIELEWICZ, Differential Inclusions and Optimal Control,
Kluwer, Dordrecht, The Netherlands, 1991,

V. B. KOLMANQVSKII and L. E, SHAIKHET, Control of Systems
with Aftereffect, Acedemic Press, New York, 1996.

L. I, MINCHENKQO, Necessary aptimality conditions for differentini—
difference inclusions, Nonlinear Anal., 35 {1999), pp. 307-322.

B. 5. MORDUKHOVICH, Maximum principle in problems of time
optimal control with nonsmooth constraints, J. Appl. Math. Mech.,
40 (1976), pp. 960-969.

B. §. MORDUKHOQVICH, Approximation Methods in Problems of
Optimization and Control, Nauka, Moscow, 1988; 2nd edition to
appear in Wiley, New York.

B. 5. MORDUKHOVICH, Complete characterization of openness.
metric regularity, and Lipschitzian properties of multifunctions,
Trans. Amer. Math. Soc., 340 (1993), pp. 1-35.

B. 5. MORDUKHOVICH, Discrete approximations and refined
Euler-Lagrange conditions for nomconvex differential inclusions,
SIAM J. Control Optim., 33 (1995), pp. 882-915.

B. 5. MORDUKHOVICH, J. 8. TREIMAN and Q. J. ZHU. 4n
extended extremal principle with applications to multiobjective opti-
mizatfon, preprint, 2002,

B. 8. MORDUKHOVICH and R. TRUBNIK, Siabifity of dis-
crete approximation and necessary optimality conditions for delay-
differential inclusions, Ann. Oper. Res., 101 (2001), pp. 149.170.
B. 5. MORDUKHOVICH and L. WANG, Optimal contro! of con-
strained delay-differential inclusions with multivalued initial condi-
tiors, Control and Cybemnetics, 32 (2003), No 3.

B. S. MORDUKHOVICH and L. WANG, Optimal control of neutral
Junctional-differential inclusions, SIAM J. Control Optim., to appear,
B. 5. MORDUKHOVICH and L. WANG, Optimal control af hered-
itary differential inclusions, In: Proc 4lst IEEE Conference on
Decision and Control, Las Vegas, NV, Dec 2002, 11071112

R. T. ROCKAELLAR, Eguivalent subgradient versions of Hamilto-
nian and Euler-Lagrange conditions in variational analysis, S1AM
J. Control .Optim,, 34 (1996), pp. 1300-1314.

R. T. ROCKAFELLAR and R. J.-B. WETS, lariational Analysis,
Springer-Verlag, Berlin, 1998.

G. V. SMIRNOQV, Introduction to the Theory of Differential Inclu-
sions, American Mathematical Society, Providence, RI, 2002.

H. J. SUSSMANN, New theories of set-valued differentials and new
versions of the maximum principle in optimal control theory. in
Nonlinear Control in the Year 2000, A. Isidori et al., eds., Springer-
Verlag, Berlin, 2000, pp. 487472,

R. B. VINTER, Optima! Contrel, Birkhduser, Boston, 2000.

J. WARGA, Optimal Control of Differential and Functional Equa-
tions, Academic Press, Newe York, 1972,

Q. ). ZHU, Hamilionian necessary conditions for a multiobjective
optimal control problem with endpoint constraints, SIAM 1. Control
Optim., 39 (2000}, pp. 97-112.



	Wayne State University
	1-1-2004
	Discrete Approximations and Necessary Optimality Conditions for Functional-Differential Inclusions of Neutral Type
	Boris S. Mordukhovich
	Lianwen Wang
	Recommended Citation





