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Local behavior of solutions of quasilinear elliptic

equations with coefficients in Morrey spaces

P. ZAMBONI

RIASSUNTO: In questa nota proviamo una disuguaglianza di Harnack per equazioni
quastlineari di tipo ellittico, estendendo i risultati contenuti in [6] e [5].

ABSTRACT: In this paper we prove a Harnack inequality for some quasilinear el-
liptic equations, extending the results in [6] and [5].

1 — Introduction

In his work [6] J. SERRIN extended the Harnack inequality to quasi-
linear equations of the form

(1.1) div A(z, u(z), Vu(x)) + B(z,u(x), Vu(z)) = 0.

In his paper Serrin assumes that the coefficients in the structure condi-
tions belong to appropriate L” spaces. Precisely his assumptions are

a = constant
b(z),e(z) € L™V
(x) € V-9

(1.2) o
d(x)’ f(l‘), g(x) c L”/(Pfs)
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where a,b,c,d, e, f and g are the coefficients in the structure conditions
given in (2.1) of the following section 2 and ¢ is a positive small number.

Recently RAKOTOSON and ZIEMER in [5] somewhat improved the
above mentioned result by Serrin. Indeed in Theorem 3.12 of [5] a Har-
nack inequality is proved for equation

div A(z,u(z), Vu(z)) + B(z, u(z), Vu(z)) = p
under the following assumptions
a = constant, c(z) € L2

) =d(z) =0
)

c [/ (r=1+2)

loc

=
8

(1.3) e(
f(ﬂ?) e Ln/(:DJre Ll,)\
)

8

We wish to point out that, because of the form of the L*° estimate
they get in Theorem 3.4, their constant is blowing up as the radius of
the ball, on which the inequality is considered, approaches zero. This in
particular makes it impossible to deduce Holder continuity of the local
solution from Harnack inequality.

Our aim in this note is to extend the validity of the Harnack inequal-
ity in both papers [6] and [5] weakening the assumptions in [6] and [5] and
obtaining the very same conclusion as in Serrin, i.e. an inequality with
constant independent of the radius of the ball. This is done in Theorem 2
in the following section 4.

As an obvious consequence we obtain the local Hoélder continuity of
solutions improving Theorem 3.7 in [5], Corollary 1 in [4] and our own
Theorem 3 in [7].

Essentially our hypotheses are done using everywhere the Morrey
space scale instead of the L” spaces and it can be shown by examples
that in this scale they are optimal in order to have the boundedness of
the local solutions.

A comparison between our assumptions and the above recalled ones
can be found in Remark 1 at the end of this paper.

About the technique we tried to follow as closely as possible the by
now classical work [6], i.e. we will use the Moser’s iteration technique.
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Clearly, because of the lack of high integrability of our coefficients,
many modifications are needed, which are pointed in the proof of the
theorems below. In particular we have to use on a regular basis Adams
inequality (see Lemma 1 below) instead of Holder plus Sobolev to estimate
products of coefficients times test functions. This we learnt from the
paper [5] and the later [4].

We did not give the details of the proof whenever it is essentially the
same as in Serrin only stressing the differences in treatment which lead
to the basic inequalities.

After this work was completed we heard by Professor Ziemer, whose
kindness we gratefully aknowledge, that G. Lieberman has recently ob-
tained a result similar to ours. In his work [3] G. LIEBERMAN proves
L estimate and Harnack principle for positive solutions of a quasilinear
second order equation. While the structure assumptions seem to be more
general, in some cases, than ours, the class of solutions he considers is
different. This because he is forced by the structure to assume a priori
the boundedness of the solutions. This, on the contrary, we prove in
Theorem 1 in this paper.

2 — Structure hypotheses and preliminary results
Let © be a bounded open subset of IR". Let
Alz,u,§) : @ x Rx R"—R"

and
B(z,u,§): QxR xR"—R

two continuous functions satisfying inequalities of the form

|A(z,u, &) < algP~" +DulP~" +e
(2.1) |B(z,u, )| < clé|Pt +dlu[r~" + f
5 ' A($7u7§) Z "5’;0 - d‘u|p -9

for a.e. z € Q, Vu € R, V¢ € R". Here p is a fixed number in ]1,n], a
is a positive constant and the functions b(x), ¢(x), d(z), e(x), f(x) and
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g(x) are such that

(2.2) c(x) € LP?

where A\=n—p+a, a > 0.
We recall that for ¢ € [1, 400, n €]0,n[, L?" = L*"() denotes the
classical Morrey space of the functions f € L(Q2) such that

1
sup— [ £y = 114y < +o0

zeQ p"7
p>0 B(z,p)NQ

where B(z, p) is the ball centered at x with radius p (whenever x is not
relevant we will write B,).
In the following two lemmas are vital

LEMMA 1 (Apawms [1]). Let u a nonnegative measure in R" such
that for all x € R" and 0 < r < 400, there is a constant M with the

property that p[B(x,r)] < Mr*, where \ = f(n —p), 1 <p<s<+o0
p
andp <n. Ifu e C*(R") then

1 1

s 1 p
</|u|sd,u) §C’M§</|Vu|pdx)p
R" R"

where C'= C(p, A\, n).

LEMMA 2 (Poincaré, JOHN-NIRENBERG [2]). Let Bx C R", u(z) €
H?(B;) and suppose that for all B, C B; there exists a constant K such

that
1/p
(/ \Vu\”d:v) < Krn=n)/p
B,

Then there exist two positive constants py and C depending on K,p,n

such that
(/epouda:> (/epouda:> < O|B;)?.
B-

T By
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A function u(z) is said to be a local solution of (1.1) in Q if u €
H)?(Q) and

loc

(2.3) /{A(aﬁ, u(z),Vu(z))Ve(z)+B(z, u(a:),Vu(x))np(a:)}dw =0

Ve Q).

Using Young’s inequality and Lemma 1 it is immediately seen that
(2.3) is meaningful.

3 — Local boundedness of solutions

The purpose of this section is to show that weak solutions of equation
(1.1) are locally bounded.

THEOREM 1. There exist a positive number rq, independent of u,
such that, if we assume that u(z) is a local solution of equation (1.1) in
Q, that conditions (2.1) and (2.2) hold and that B, and Bs, are balls with
the same center with By, CC §, then for r < ry we have

1/p
[ullzoe sy < Cr_n/p{( / ’UIpdl’> + hr"/p}
Bar

where

p=1 1 1
P 0 el p iy + 71 hons 7T + (gl )

PROOF. First we prove the theorem for the special case r = 1.
Set v = |u| + h, where h is a positive constant. From (2.1) we deduce

Az, u, §)] < alg]P~ + byfofr™
(3.1) | B(z,u, )| < cl¢P~" +dufofr
§- Az, u,§) = [§]F — dufol?

where by = b+ h'"Pe and d; =d + h'Pf + h7Pg.
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Thus, setting

1 1

h = (HeHﬁ,A;BQ 1 laiz) 77+ (lglliiss)?

we have that the norms of b; and d; are bounded,

(32) { lorll 2o xp, < I8l 2e sp, +1
il nmy < lldllxm, +2.

For fixed numbers ¢ > 1 and ¢ > h we consider the functions

04 if h<ov</
F(v) =

g o —(g—1)01 if (<
and
G(u) = signu[F(v)F'(v)"~" — qpflhﬁ] , —oo < U< ~+00

where 5 is such that pg=p+ 5 — 1.
As a test function in (2.3) we take

where 7(z) is a non negative smooth function with support in Bs.

Substituting ¢(x) in (2.3) and using the assumptions (3.1) we obtain,

as in [6],

/77”\Vw|pd:t < ap/!(Vn)an(Vwﬂpildx%—

Ba B

(3.3) +qp_lp/b1|(Vn)w||nw|p_ld$+
By

+ [ elmolln(vw) e+ (1 + P [ dilopds,

Bo Bg

where w = w(z) = F(v).
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We simplify (3.3) using Young’s inequality
o1 gy 1
abP™ < —¢ pap+<1—f)eb”, Ve>0
p p
obtaining

(3.5) /n Vwlrdz < Cy(p+ 1) {/\w Vi)l d:r—i—/\nw\pd,u}

where (] is a positive constant depending only on p and a and px denotes
the measure defined by

p

dp= (b +c +dy)da.
Noting that for 0 < p < +00 we have
ulB,] < Mp

where

1
M = |[b|2E=3) s, A+ lelDn sy + [l llixi,

using Lemma 1 we obtain

p/s
/Inwlpdu < (/\nw\sdu> [1(Bg)' 7P <
Boy Bs

(3.6)
< Cz(p,A,n)M{/!(Vn)w|pdx+/\(Vw)n\pdw}

where s is defined by (n —p)s/p = A.
Substituting (3.6) in (3.5) and assuming that

(3.7) Ci(p+ 1)CoM < 1

we obtain
(VW) o5,y < Cs(p, @)al[w(Vn)| o s,
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and by Sobolev inequality we have
(3.8) Il o (), < Caallw (V)| o5,

where C} is a constant depending only on p,a and n.
Now proceeding exactly as in [6] pp. 258-259, by the familiar iteration
procedure, we obtain

[ulloezy) < C{llullpr sy + P} -

This proves the theorem in the special case » = 1. The general case
r # 1 is obtained by dilation.

We note that, in this case, condition (3.7) yields the number rq in
the statement of the theorem, this is easily seen having in mind the way
in which the L”* norms in the “constant” M vary under dilation.

4 — Harnack’s inequality and the Holder continuity of solutions

THEOREM 2. There exists a number rq > 0, independent of u, such
that if assume that u(x) is a non negative local solution of equation (1.1)
and that conditions (2.1) and (2.2) hold, then for r < ry and Bs,. CC
we have

max u(z) < C{ min u(x) + h}

where

‘P»>\§B3r7 HdHl,/\;Bsr)
p—1 1 1

h= (TTQHer%L/\;BBT + 740‘”fHLA;Bsr)E + (raHg”lJ\;B:ar); :

C - C(p7n7a7 A7rr0) HbHP/(p—l),A;Bg,J ||C

PROOF. Also in this case we prove the theorem assuming r = 1.

Proceeding as in Theorem 1, setting v = |u| + h, we deduce the new
conditions (3.1) and (3.2) and then, taking as a test function in (2.3)
o(x) = nPv?, where n(z) is a non negative smooth function with support
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in B3 and B8 € IR, we obtain

/]Vv\”npvﬁ_ldzn < Ci(p,a)(1+ \ﬁ\_l){ / |Vn[PoP TP da+
B3

B3
+ /npvp+ﬁ—1d,u} )
B3

Here we may assume that v(z) > ¢ > 0. Otherwise we may replace
v by v 4+ ¢ and let € — 0 in the final result.
Setting

B vi(x) where pg=p+p5—-1 if f#1—p
w(z) = logv(z) if B=1-p

(4.1)

(4.1) yields

/17”|Vw|pdac < CylglP(1+ \B\l)p{ / |Vn|Pw?dz+

(4 2) B3 B3
—i—/n”w”du} if 8#1-—p
B3
(4.2) /77”|Vw|pd3: < Cl{/|V77|”dm+/n”d,u} if B=1-p.
B3

B3 B3

We consider first the (4.2)". Using Lemma 1 we have

(4.3) /np|Vw]pd:E < C’Q/|Vn\pd:l:
B3

B3

where C, is a positive constant depending on p,n,a, A, ||bllp/p—1),7:85
[ellpxims and [|d]|1 x5,

Let B;, be an arbitrary open ball contained in B, with the same
center. We choose 7n(z) so that n(x) =1in By, 0 <n < 1in B;\ B, and
|Vn| <3/h, h > 1.

From (4.3) we have

IVwlirs,) < Csht" /"
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where Cj3 is a positive constant depending on the same arguments of C,.
Thus, from Lemma 2, we have that there exist two positive constants
po and k depending on p,n and C3 such that

([oras) ( [ommas) <.

By By

Since w = logv we have

(4.4) ¢(po,2) < Ké(—po,2)

where, for any real number p #£ 0, we have

h) = </|U\pd:c>1/p

We consider now the (4.2). Using Lemma 1 and proceeding as in
Theorem 1 we have

@s)  [wvepds <GilaP (L1517 [ 1VaPerds

provided

_ 1
CilgP (1 + 181717 Co, A m) {11 150730 sy + llellbn g + ldallaim, } < 1

and using Sobolev inequality, (4.5) yields
(4.6) Il o ) < Calal @+ BN (V)] 1o,

where C} is a positive constant depending only on p,a and n.
Now following the pattern of [6] pp. 267-268 we have

¢(00,1) < C"9(p;, 2)
¢(—00,1) = C"¢(po, 2)

and
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where C’ and C” are two positive constants depending only on p,a and
n, and pj < po. Recalling (4.4) we obtain

where C' = C(p,n, a, A, ”pr/(P—l)J\;st |’0Hp,>\;337 HdHl,)\;Bs) that is

max u(z) < C{ r%iln u(x) + h}.

B,

The general case r # 1 follows again by dilation.
As in [6], using Harnack’s inequality, we deduce the following result

COROLLARY 1.  Let u(x) be a weak solution of equation (1.1). If
we assume that (2.1) and (2.2) hold, then u is locally Hélder continuous
on €.

REMARK 1 We wish to point out that it can be seen by simple ex-
amples that our assumptions (2.2) on the coefficients of the structure
conditions are sharp in the scale of Morrey spaces (for more details see
Remark 2 in [7]).

Furthermore, we wish to show that our hypotheses are more general
than those in [6] and, at least in some instances, than those in [5] and [4].

Indeed comparing (2.2) with (1.2) we have

I 9

n/(p—e) 1, n/(l—¢) 20N n/(p—1) p/(p—1),A
L ;Cé L L g L L g L .

While, with respect to [5] where it is assumed b = d = 0 we have
be LP/® DA g e L' and about e, f and g the comparison goes similarly
to the above with [6].

Similar considerations can be seen to hold with respect to [4].
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