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Failure mechanisms of rock are intrinsically intertwined with heterogeneity and natural fracture. However, the effects of
heterogeneity on the failure of rock with natural cracks are still far from clear. By simultaneously considering rock
heterogeneity and natural fractures, this paper investigated the effects of heterogeneity on the failure of rock with a single
initial crack under uniaxial compressions. The RFPA method with consideration of materials properties heterogeneity was
employed, and numerical models with different crack angles were developed. The stress-strain curve, crack development,
failure pattern, and AE characteristics were obtained. The numerical results were also compared with experimental results.
Further, the effects of initial crack angle and heterogeneity on the strength, failure pattern, and acoustic emission (AE)
characteristics were investigated by parametric studies. It has been found that, for a small homogeneity, rock failure is
dominated by numerous microcracks within the crack bands that are smeared from the initial crack tips to the loading ends.
Rock failure is dominated by macrocracks propagated from the initial crack tips to the loading ends for a large homogeneity. A
logarithmic function is proposed to describe the relationship between the uniaxial compressive strength and the homogeneity.
The AE characteristics and overall damage evolution are also significantly affected by the heterogeneity.

1. Introduction

Rock failure involves multiscale, nonlinearity, and uncer-
tainties, which is one of the most critical engineering chal-
lenges [1–6]. Due to long-term geological activities, rock
composition and structure are very complex and heteroge-
neous in fine scales [7–10]. For example, there are numerous
microcracks, multiple minerals, interfaces between minerals,
and voids in rock matrix. Moreover, natural fractures that
widely exist in rock masses significantly affect the deforma-
tion and failure of rock [11]. The resulting dangerous disas-
ters have a great impact on the safe and stable operation of
the engineering rock mass [12–14]. Therefore, it is necessary
to consider natural fractures and heterogeneity for under-
standing and predicting rock failure.

In the past decades, considerable research has been car-
ried out to investigate the effect of natural fracture on rock
failure and analyze the mechanism of fracture propagation

[15–17]. The most common method is perhaps the uniaxial
compressive tests of rock with initial cracks. Yang and Jing
[18] carried out uniaxial compressive tests of brittle sand-
stone with a single initial crack and found that the uniaxial
compressive strength, Young’s modulus, and peak axial
strain of sandstone samples with preexisting single fissure
were closely related to the fissure length and fissure angle.
Zhao et al. [19] investigated the cracking and stress-strain
behavior of rock-like material containing two initial cracks
under uniaxial compression and found local tensile strain
concentration below or above the preexisting flaw tip caused
wing or antiwing cracks, while the local compressive strain
concentration near the flaw tip was related to the shear
crack. Further, Yang et al. carried out uniaxial compressive
tests of rock with more complex initial cracks (e.g., three
cracks [20] and two oval cracks [21]). Qifeng et al. [22]
employed the digital image correlation (DIC) technique to
investigate the failure process of granite with a single crack
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and found that the lowest strength occurred when the angle
between loading direction and the crack was 60°. However, it
is difficult to make an initial crack in rock preciously, and
the experimental cost is high. Moreover, it has been found
that the heterogeneity of rock has an important influence
on the failure characteristics and mechanical responses of
rock [23]. It is almost impossible to control the heterogene-
ity of rock in the experiment; thus, the experimental method
is hard to be used for investigating the effect of heterogeneity
on the failure with initial cracks.

With the rapid development of computer technology,
numerical methods have been widely used in the study of
rock failure [24–27]. Therefore, in light of the limitation of
the experimental method on the failure of heterogeneous
rock with initial crack, the numerical method has brought
considerable advantages. Ma et al. [12] developed a one-
dimensional radial three-phase flow model of water–rock–
silt to investigate hydraulic characteristics of fault rock
during the water–silt inrush. Wang et al. [11] employed par-
ticle flow code (PFC2D) to simulate the failure of rock with
hole, single crack, and multiple cracks. They found most
cracks appeared after peak strength, and different shapes,
the number of defects, and the relative defect positions sig-
nificantly affected crack initiation, propagation, and coales-
cence. Xi et al. [28] modeled the fracture propagation
process of rock with a single crack by the extended finite ele-
ment method (XFEM) and found the crack propagation
speed was affected by the initial crack angle. Liu et al. [29]
considered the heterogeneity of rock as particle sizes in
PFC and modeled the failure of rock with different heteroge-
neity. Tang et al. [30] developed a rock failure process anal-
ysis method (RFPA) to model rock failure considering rock
heterogeneity as Weibull distribution. Li et al. [31] employed
RFPA to simulate borehole failure under different stress con-
ditions. Kong et al. [32] implemented Weibull distribution
of rock properties into FLAC3D and modeled tunnel stabil-
ity in a coal mine. Zhang et al. [33] modeled rock fracture by
Voronoi cells and combined finite and discrete element
method (FDEM). Mondal et al. [34] developed a finite ele-
ment method by Python and considered the heterogeneity
of materials properties as Weibull distribution for modeling
rock failure affected by heterogeneity. However, the effects of
rock heterogeneity on the failure of rock with initial crack
are rarely to be investigated. The failure mechanisms,
including the strength, failure pattern, and acoustic emis-
sions (AE) characteristics of heterogeneous rock with initial
crack, are still far from clear.

This paper attempts to investigate the effect of heteroge-
neity on the failure of rock with a single crack under uniaxial
compressions. The RFPA method with consideration of
material property heterogeneity is employed, and rock with
different crack angles is modeled. The stress-strain curve,
crack development, failure pattern, and AE characteristics
are obtained. The numerical results are compared with
experimental results. Further, the effects of initial crack angle
and heterogeneity on the strength, failure pattern, and AE
characteristics are investigated by parametric studies.
Finally, the overall damage evolution of rock affected by het-
erogeneity is discussed.

2. Methodology

2.1. Basic Description of Numerical Method. RFPA developed
by Tang has been widely used to model rock failure under
complex loading conditions [35–37]. In this study, RFPA2D
was employed to simulate the uniaxial compressive tests of
rock with an initial crack. A basic principle for the numerical
method is considering heterogeneous distributions of rock
mechanical parameters. The mechanical parameters includ-
ing strength and elastic modulus can be described by
Weibull distribution function [38], which is expressed as
follows:

φ αð Þ = m
α0

⋅
α

α0

� �m−1
⋅ exp −

α

α0

� �m� �
, ð1Þ

where φ(α) is the probability density function of the
mechanical parameter α, α0 is the average value for the
mechanical parameter, and m is the shape of the distribu-
tion which defines the homogeneity of rock.

The cumulative distribution function of the mechanical
parameter can thus be expressed as follows:

P αð Þ = 1 − exp −
α

α0

� �m� �
, ð2Þ

where P ðαÞ is the cumulative distribution function.
The larger the homogeneity parameter m is, the more

homogeneous the rock is [39]. Taking α0 = 200 as an exam-
ple, Figure 1 illustrates the probability density function and
cumulative distribution function of rock for different values
of m. It can be seen that, the larger the m is, the mechanical
parameter is more focused on its average value. The smaller
the m is, the larger the randomness of the parameter is and
the more heterogeneity the material is. Therefore, the
assumption of Weilbull failure theory in RFPA provides a
flexible method for investigating materials heterogeneity on
rock failure.

The damage law is based on the linear elastic damage
theory [40]:

σ = Eε = E0ε 1 −Dð Þ, ð3Þ

where σ is the stress, E is the elastic modulus with damage,
E0 is the initial elastic modulus, ε is the strain, and D is the
damage value.

The damage evolution by tensile strain is expressed as
follows [41]:

D =

0 ε < εt0,

1 − f tr
E0ε

εt0 ≤ ε ≤ εtu,

1 ε > εtu,

8>>><
>>>:

ð4Þ

where εt0 is the critical strain to damage initiation, f tr is the
residual strength, and εtu is the critical failure strain to com-
plete failure.
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The damage evolution by compressive strain can be
expressed as follows [41]:

D =
0 ε < εc0,

1 − σrc
E0ε

ε ≥ εc0,

8<
: ð5Þ

where εc0 is the critical compressive strain to damage initia-
tion, and σrc is the residual uniaxial compressive strength.

The overall damage is the maximum value between com-
pressive and tensile strains. Further, the overall damage of
the numerical model can be expressed as the ratio of failed
elements number to total elements number N , i.e.,

Dm = NAE
N

, ð6Þ

where Dm is the overall damage of the numerical model, and
NAE is the number of failed elements which are also
recorded as the acoustic emission events. The energy release
during element failure can be calculated as follows [42]:

W i =
1
2E σ21 + σ23 − 2νσ1σ3

� �
V , ð7Þ

whereWi is the energy release amount for element number i;
σ1 and σ3 are the maximum and minimum principal stress,
respectively. ν is Poisson’s ratio; V is the element volume.

2.2. Numerical Model. A worked example for rock with
dimensions of 50mm × 100mm is developed. The initial
crack has a length of 20mm. The incline angle between the
crack and loading direction is 45°. Figure 2 shows the dimen-

sions of the model and the numerical model in RFPA. There
are 20,000 square elements in total with the size of 0.5mm.
The color represents the value of the mechanical parameter.
The homogeneity parameter m is 3.0 in the model.
Figure 2(c) shows the heterogeneity for the elements in the
model. The loading is controlled by a displacement rate of
0.005mm per step. To investigate the effects of heterogeneity
on the failure of rock, the homogeneity m is set as 1, 1.5, 3.0,
5.0, 10, 15, 20, 30, 50, and 70, respectively. All the basic
mechanical parameters are given in Table 1.

3. Results and Verification

3.1. Failure Process of Rock. Typical stress, strain, and crack
developments are first discussed by a worked example for
β = 45° and m = 3. Figure 3 illustrates the stress-strain curve
and cracks development process. It can be found that, with
the strain increasing, the stress first almost linearly increases
then suddenly drops after the peak stress. The compressive
strength is 37.69MPa. The difference between the simulated
strength of the specimen and the mean strength of elements
is caused by rock heterogeneity and the initial crack. Two
macrocracks propagate from the initial crack tips due to
stress concentrations at the stress about half of the peak
stress (point B). And the macrocracks propagate to the
direction of the axial load from point B to point C. During
about 84% of peak stress to peak stress, secondary antiwing
cracks appear from the initial crack tip to the loading direc-
tion. Therefore, the initial crack dominates the crack loca-
tion and patterns of rock.

3.2. Stress-Strain Curves and Failure Patterns for Rock with
Different Homogeneity. Figure 4 illustrates the stress-strain
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Figure 1: Probability density function and cumulative distribution function of rock parameter for different values of homogeneity.
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curves for rock with the crack angle 45° and homogeneity 1-
30. It can be found that, for the homogeneity 1 and 1.5, with
the increasing of strain, the axial stress first linearly
increases, and then nonlinearly increases until peak stress.
However, for the homogeneity 3-30, the axial stress almost
linearly increases until the peak stress with the strain
increasing. After the peak stress, there is a sudden drop of
stress, which indicates the brittle failure of rock. Further,
the critical strain to peak stress is similar for a small homo-
geneity in the range of 1-3. But for the homogeneity larger
than 3, the larger the homogeneity is, the larger the critical
strain to peak stress is. Figure 5 shows the failure patterns
for rock with the crack angle 45° and homogeneity 1-30. It
can be seen that the failure patterns are significantly changed
by the homogeneity. For the homogeneity 1-5, there are not
only dominated macrocracks but only numerous micro-
cracks in the failed rock. The dominated macrocracks are
antiwing cracks, secondary cracks, and wing cracks for rock
with the homogeneity 1-5. However, for the homogeneity
larger than 5, there are only two wing cracks which cause
rock failure. The dominated cracks are all connected by the
initial crack. Therefore, the failure pattern of rock is con-
trolled by the initial crack and significantly affected by the
homogeneity. For a small homogeneity, the failure of rock
is dominated by numerous microcracks within the crack
bands that are smeared from the initial crack tips to the
loading ends. For a large homogeneity, the failure of rock
is dominated by macrocracks propagated from the initial
crack tip to the loading direction.

3.3. Verification. To verify the numerical method, the failure
patterns and strengths for rock with different crack angles
from numerical simulations are compared with those from
previous experiments conducted by the authors [22]. Gran-
ite specimens with different crack angles were prepared for
uniaxial compressive tests in [22]. The specimens were cubes
thus can be modeled through a two-dimensional plan strain
model. The dimensions of the model were the same as those
in experiments, i.e., 50mm × 100mm. Granite is a typical
heterogeneous rock which is determined as homogeneity
10 by trial and error. The crack angles were 0°, 30°, 45°,
60°, and 90°. The parameters are given in Table 1, and the
homogeneity is 10. Figure 6 shows the uniaxial compressive
strengths as a function of crack angle from experiments and
numerical simulations. It can be seen that the predicted
strengths for different crack angles from numerical simula-
tions have a good agreement with those from experiments.
For the crack angle varying from 0 to 90°, the compressive
strength first decreases then increases. The lowest strength
occurs for the specimen with the crack angle 60°. This is
because the crack initiation at the crack tip for crack angle
60° is more prone to occur. The uniaxial compressive
strength for specimen with initial crack angle 0 is the high-
est. Figure 7 shows the failure patterns for different crack
angles from numerical and experimental results. It can be
found that the crack patterns from numerical results are
generally consistent with experimental results. For the spec-
imen with initial crack angle 0, a straight crack initials from
the initial crack tip and propagates to the loading end. This
is because the initial crack would be opened under axial
compressive stress. The crack patterns for the initial crack
angle 30-60° are relatively simple. However, the crack pat-
terns for the initial crack angle 90° are relatively complex
because the initial crack would be closed under axial com-
pressive stress. The complex failure patterns for the initial
crack angle 90° lead to a significant difference of strength
between numerical and experimental results. Through com-
prehensive comparisons of strengths and failure patterns for
different angles, it can be concluded that the employed
numerical method is reliable.

Table 1: The basic mechanical parameters in the models.

Parameter Value

Homogeneity 1, 1.5, 3.0, 5.0, 10, 15, 20, 30, 50, 70

Young’s modulus (GPa) 17.525

Poisson’s ratio 0.3

Frictional angle (°) 42.7

Mean strength (MPa) 240

(a) Dimensions

RFPA2D

2a

𝛽

(b) Numerical model

Enlarged view

(c) Heterogeneity

W = 50 mm

H
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m

Figure 2: Numerical model for the crack angle 45°.
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4. Analysis and Discussion

4.1. Effects of Heterogeneity on Rock Strength. To further
investigate the effects of heterogeneity on rock strength, the
uniaxial compressive strengths of rock models with the ini-
tial crack angle 45° are plotted in Figure 8. It can be found
that, with the increasing of homogeneity, the uniaxial com-
pressive strength firstly increases then keeps almost constant
after the homogeneity larger than 30. The uniaxial compres-
sive strength for m larger than 30 is about 4.58 times of that
for m = 1. Thus, the heterogeneity has a strong influence on
the strength of rock with the initial crack. Further, a loga-
rithmic function is proposed to describe the relationship
between the uniaxial compressive strength and the homoge-

neity. The function is obtained through nonlinear fitting as
follows:

σc = 19:63359 + 17:83294 ln m−0:03876ð Þ m ≤ 30ð Þ R2 = 0:9785
� �

,
ð8Þ

where σc is the uniaxial compressive strength.
It can be seen from Figure 8 that, form smaller than 30, the

logarithmic function can well describe the relationship between
the uniaxial compressive strength and the homogeneity.

4.2. Effects of Heterogeneity on AE Characteristics. Acoustic
emission (AE) is the phenomenon of elastic waves in solids
that occurs when a material undergoes irreversible changes
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in its internal structure. The generation, nucleation, and
propagation of cracks in rock during the loading process will
emit energy outward as elastic waves [43]. The AE character-
istics are crucial for understanding rock failure [44, 45]. In

RFPA, the AE counts are defined as the number of failed ele-
ments during a step increment, and the accumulated AE
counts is the total number of failed elements. Figure 9 illus-
trates the AE counts and accumulated AE counts during the
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Figure 5: Failure patterns for rock models with different values of homogeneity.
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Figure 6: Comparisons of uniaxial compressive strengths between numerical and experimental results [22].
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uniaxial compressive loading for rock with the crack angle
45° for different values of homogeneity. According to the
AE counts in Figure 9, the deformation and failure processes
of rock with the initial crack can be divided into four stages:
(1) no AE events (before point A), (2) AE growth (AB), (3)
AE quiet (BC), and (4) AE burst (CD). During the initial
loading stage, the stress is too low to fracture rock thus there
is no AE events. With the stress increasing, the concentrated

stress around the initial crack tip reaches the failure stress,
and AE events start to accumulate. Further, during the AE
quiet stage, there is no element failure because most ele-
ments with weak properties have failed. When the stress
continues to increase, AE burst occurs due to the stress is
over most elements in the crack bands. After the AE burst,
the stress of rock is the postpeak stage. The homogeneity
has significant effects on the duration of AE stages. For a

Numerical simulation of damage characteristics of single fracture specimens

Physical test damage characteristics of single fracture specimens
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Figure 7: Comparisons of failure patterns between numerical and experimental results [22].
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small homogeneity (1 ≤m ≤ 5), the AE quiet almost disap-
pears because the high heterogeneity causes random failure
of different elements. For a large homogeneity (10 ≤m ≤ 30),

the AE quiet stage lasts a long period. This is because most
elements with weak properties in the crack band has been
failed, and more energy is required to fail elements with
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homogeneous strong properties. The larger the homogeneity
is, the AE counts are more concentrated at a certain strain
range, and the failure of rock is more brittle.

4.3. Effects of Heterogeneity on Overall Damage Evolution.
Figure 10 illustrates the overall damage evolution of rock
as a function of strain. The overall damage value is normal-
ized as 0-1 for comparison. It can be seen that the overall
damage values for rock with different homogeneities are
about 0 before the strain 0.0005. With the strain increasing,
the overall damage gradually increases until 1. Moreover, the
smaller the homogeneity is, the overall damage starts to
increase earlier but the increased slope is smaller. The larger
the homogeneity is, the increase of overall damage is later
but faster. Further, there is a flat stage of overall damage
curve for homogeneity 5-30, which represents the AE quiet
stage. Therefore, the homogeneity significantly affects the
overall damage of rock with initial crack. The failure of rock
with initial crack and high homogeneity is staged.

5. Conclusions

This paper investigated the failure of rock with an initial
crack under uniaxial compressions by a numerical method
considering the heterogeneity of rock. The effects of homo-
geneity and crack angle on rock failure were discussed by
parametric studies. The numerical results were compared
with previous experimental results. The AE characteristics
and overall damage evolution were investigated for different
homogeneity of rock. Some conclusions can be drawn as
follows:

(1) The homogeneity significantly affects the failure of
rock with an initial crack. For a small homogeneity,

the failure of rock is dominated by numerous micro-
cracks within the crack bands that are smeared from
the initial crack tips to the loading ends. For a large
homogeneity, the failure of rock is dominated by
macrocracks propagated from the initial crack tips
to the loading ends

(2) With the increasing of homogeneity, the uniaxial
compressive strength firstly increases then keeps
almost constant after the homogeneity larger than
30. The uniaxial compressive strength for m larger
than 30 is about 4.58 times of that for m = 1. A log-
arithmic function can be used to describe the rela-
tionship between the uniaxial compressive strength
and the homogeneity

(3) The prepeak deformation and failure processes of
rock with the initial crack can be divided into four
stages: no AE events, AE growth, AE quiet, and AE
burst. For a small homogeneity (1 ≤m ≤ 5), the AE
quiet almost disappears because the high heteroge-
neity causes random failure of different elements.
For a large homogeneity (10 ≤m ≤ 30), the AE quiet
stage lasts a long period

(4) The smaller the homogeneity is, the overall damage
starts to increase earlier but the increased slope is
smaller. The larger the homogeneity is, the increase
of overall damage is later but faster

Data Availability

The data supporting these study’s findings are available from
the authors upon reasonable request.
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