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We study the quantum walks of two interacting spin-1 bosons. We derive an exact solution for the time-
dependent wave function, which describes the two-particle dynamics governed by the one-dimensional spin-1
Bose-Hubbard model. We show that propagation dynamics in real space and mixing dynamics in spin space are
correlated via the spin-dependent interaction in this system. The spin-mixing dynamics has two characteristic
frequencies in the limit of large spin-dependent interactions. One of the characteristic frequencies is determined
by the energy difference between two bound states, and the other frequency relates to the cotunneling process of a
pair of spin-1 bosons. Furthermore, we numerically analyze the growth of the spin correlations in quantum walks.
We find that long-range spin correlations emerge showing a clear dependence on the sign of the spin-dependent
interaction and the initial state.
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I. INTRODUCTION

Classical random walks play an important role in random-
ized algorithms that have been developed to achieve superior
performance when solving various hard problems in computer
science [1]. It is thus quite natural that quantum walks (QWs)
[2–5], which are the quantum mechanical counterparts of
classical random walks, become a powerful tool for building
quantum algorithms, providing versatile applications such
as quantum search algorithms [6,7] and universal quantum
computation [8–10]. Two theoretical QW models have al-
ready been proposed: the discrete-time QW [11,12] and the
continuous-time QW [13]. In discrete-time QWs, the dynamics
of a walker is determined by flipping the coin state via a
unitary operator at each discrete step. On the other hand, in
continuous-time QWs, a walker evolves continuously on the
basis of the Schrödinger equation without flipping any coin
states. These two models have revealed the unique features of
QWs. A walker generates a coherent superposition state as a
result of multiple interferences and propagates ballistically,
showing a bimodal profile of the probability distribution,
which is in sharp contrast to classical random walks.

Implementations of QWs have been reported in a series of
experiments using magnetic resonance, trapped ions, trapped
neutral atoms, and some photonic systems [14]. In particular, in
recent years, continuous-time QWs including two walkers (i.e.,
two indistiguishable particles) have been attracting consider-
able attention [15–18]. Experiments with an array of coupled
nanophotonic waveguides showed that nontrivial correlations
emerge in the QW dynamics of two identical photons as
a consequence of Hanbury-Brown–Twiss interference [16].
In Ref. [17], Lahini et al. precisely analyzed how such
correlations are modified in the presence of interactions
between the walkers. Using the Bose-Hubbard (BH) model
as a basis, they revealed that the dynamical evolution of two
walkers changes greatly depending on both the interaction
strengths and the initial state. This study sheds light on another
important role of QWs, as a fundamental building block of
quantum simulators for many-body dynamics [19,20].

*tokura.yasuhiro.ft@u.tsukuba.ac.jp

Quite recently, the continuous-time QWs of two interacting
particles were demonstrated using bosonic ultracold atoms in
a one-dimensional (1D) optical lattice [18]. In this experiment,
the high controllability of interatomic interactions is a great
advantage when we investigate the dependence of particle
correlations on the interaction strengths. Furthermore, the
advanced technique provided by a quantum gas microscope
[21,22] allows us to access directly the dynamics of QWs by
resolving each atom over lattice sites [18,23]. The measured
data quantitatively agree with theoretical calculations based
on the BH model. These features convince us that ultracold
atoms can offer a promising platform on which we develop
quantum simulations via multiparticle QWs.

We further expect that ultracold atoms will advance the
study of QWs to the unexplored region where walkers contain
internal degrees of freedom. The atom manipulation technique
currently provides us with the multicomponent many-body
system referred to as a spinor Bose gas [24–29]. It is known
that this system exhibits diverse and complex quantum phases
caused by the interplay between interactions and spin degrees
of freedom [30–40]. In particular, the spin-1 bosonic atom
system has been intensively studied as the simplest spinor
Bose gas. The spin-dependent interaction of spin-1 atoms
generates transitions among the spin states that preserve the z

component of the total spin [41]. This phenomenon is called
spin-mixing dynamics and has been observed using a spin-1
Bose-Einstein condensate in a single optical trap [42–44] and
also in an optical lattice [45–48]. Therefore, the QWs of spin-1
bosons present an intriguing problem, namely, clarification of
the dynamical evolution of walkers that are interfering and
interacting and mixing of spins under conditions where the
total energy and total spins are both conserved.

In this paper, we study a continuous-time QW including
two spin-1 bosons trapped in a 1D optical lattice. We focus
mainly on spin-mixing dynamics, which is one of the most
intriguing features of spin-1 systems. Furthermore, spin
correlations as well as spatial correlations [17] can be studied
with this model. Exploring the evolution of spin correlations
helps further our understanding of the dynamics involving
spins in spin-1 lattice systems.

This paper is organized as follows. In Sec. II, we introduce
the spin-1 BH model and explain the spin-mixing dynamics in
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a single-site system. In Sec. III, we derive the exact solution of
the two-particle dynamics governed by the spin-1 BH model.
Using the results in Sec. III, we discuss the spin-mixing
dynamics in quantum walks in Sec. IV. The dependence on the
interaction strength is discussed in detail. In Sec. V, we explain
how the spin-dependent interaction affects the evolution of
spin correlations. Finally, we conclude the text in Sec. VI.
In the Appendix, we derive the spin-mixing dynamics in an
alternative way based on the effective Hamiltonian.

II. MODEL

We consider spin-1 bosons in a 1D optical lattice. These
atoms are well described by the spin-1 BH Hamiltonian,

Ĥ = ĤJ + ĤU0 + ĤU2 , (1)

ĤJ = −J
∑

i,α=0,±1

(b̂†i+1,αb̂i,α + H.c.), (2)

ĤU0 = U0

2

∑
i

n̂i(n̂i − 1), (3)

ĤU2 = U2

2

∑
i

(
F̂

2
i − 2n̂i

)
, (4)

where b̂
†
i,α (b̂i,α) is the bosonic creation (annihilation) operator

at the ith site with the hyperfine spin state α(=0,±1),
and n̂i = ∑

α=0,±1 b̂
†
i,αb̂i,α is the corresponding local number

operator. F̂i denotes the hyperfine spin operator at the ith
site defined in terms of 3×3 spin-1 matrices Fx,y,z as
F̂ x

i = ∑
α,β b̂

†
i,α(Fx)α,β b̂i,β , etc. ĤJ , ĤU0 , and ĤU2 represent

the nearest-neighbor hopping, spin-independent interactions,
and spin-dependent interactions, respectively. ĤU2 induces a
transition among states, which preserves the z component of
the total spin

∑
i F̂

z
i . The spin dependence of the interactions

arises from the difference between the scattering lengths for the
total spins F = 0 and F = 2. To obtain an exact analysis, we
restrict the discussion to a two-particle system. Furthermore,
we set � and the lattice constant at unity throughout this paper.

It is useful in relation to our later discussions of quantum
walks that we briefly explain the dynamics of two interacting
spin-1 bosons localized at a certain single site with only ĤU0

and ĤU2 (i.e., J = 0). In the absence of an external magnetic
field, we can discuss the intriguing spin-mixing dynamics
without loss of generality in a limited case where the quantum
state of spin-1 bosons is given by the superposition of two spin
states with the same z component of the total spin, i.e., mF = 0.
Such states are |F = 0,mF = 0〉 = ((b̂†0)2 − 2b̂

†
1b̂

†
−1)|0〉/√6

and |F = 2,mF = 0〉 = ((b̂†0)2 + b̂
†
1b̂

†
−1)|0〉/√3, and the cor-

responding eigenenergies are EF=0 = −2U2 and EF=2 = U2,
respectively [49,50]. The time evolution of the quantum
mechanical average of an operator Ô is evaluated via state
|ψ(t)〉 at time t :

〈Ô〉t = 〈ψ(t)|Ô|ψ(t)〉,
=

∑
F,F ′

ei(EF −EF ′ )t
∑

mF ,m′
F

[〈F,mF |Ô|F ′,m′
F 〉

× 〈ψ(0)|F,mF 〉〈F ′,m′
F |ψ(0)〉]. (5)
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FIG. 1. Spin-mixing dynamics in the single-site system (J = 0).
Solid and dashed lines represent the populations as a function of time
in the spin state α = 0 and the sum of the populations in spin states
α = ±1, respectively.

Let us consider a case where two atoms stay in the
hyperfine spin state of α = 0 at the initial time t = 0: |ψ(0)〉=
(b̂†0)2/

√
2|0〉= √

1/3|F = 0,mF = 0〉+√
2/3 |F = 2,mF = 0〉.

Using Eq. (5), we obtain the average number of atoms in the
hyperfine spin state α = 0,±1 at time t :

〈N̂0〉t = 10 + 8 cos(3U2t)

9
, (6)

〈N̂1〉t = 4 − 4 cos(3U2t)

9
= 〈N̂−1〉t . (7)

Figure 1 shows the time evolution of the spin-state populations
calculated from Eqs. (6) and (7). The spin-mixing dynamics
emerges owing to the ĤU2 term in the Hamiltonian. The
oscillation frequency 3U2(=EF=2 − EF=0) corresponds to the
energy difference between the two states that we consider here.

In the following sections, we show how such regular
spin-mixing dynamics is modified by the intersite hopping
processes (J �= 0).

III. EXACT SOLUTION

In this section, we analyze the quantum dynamics of two
spin-1 bosons based on the Hamiltonian in Eq. (1). We derive
the time-dependent wave function exactly by employing the
method developed by Deuchert et al. in Ref. [51].

The hopping of spin-1 atoms does not change their internal
spin states; i.e., the two states |F = 0,mF = 0〉 and |F =
2,mF = 0〉 are not connected to each other via the hopping
process. This allows us to straightforwardly generalize the
bases |F,mF 〉 in the single-site system to the bases in the
lattice system:

|ψ−2U2〉i,j = 1√
6

[b̂†i,0b̂
†
j,0 − b̂

†
i,1b̂

†
j,−1 − b̂

†
i,−1b̂

†
j,1]|0〉, (8)

|ψU2〉i,j = 1√
3

[
b̂
†
i,0b̂

†
j,0 + b̂

†
i,1b̂

†
j,−1 + b̂

†
i,−1b̂

†
j,1

2

]
|0〉. (9)

Here the orthonormality is satisfied such that i,j 〈ψλ|ψλ′ 〉k,� =
δλ,λ′ (δi,kδj,� + δi,�δj,k)/2, where λ and λ′ take −2U2 or U2.
These bases also span all the eigenstates of the Hamiltonian
in Eq. (1). Furthermore, in each spanned space represented
by the quantum number λ = −2U2 or U2, the Hamiltonian
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becomes equivalent to the spinless BH Hamiltonian ĤJ + ĤU0

by replacing U0 with U0 − 2U2 for Eq. (8) and with U0 + U2

for Eq. (9). This means that the dynamics of two interacting
spin-1 bosons is essentially identical to that of spinless bosons,
which greatly simplifies the theoretical treatment. Since the
two-particle dynamics governed by the spinless BH model
is exactly solvable by introducing center-of-mass coordinates
R = (i + j )/2 and relative coordinates r = i − j [51], we
can calculate the exact dynamics for the spin-1 BH model.
The eigenenergies and eigenstates in each space specified
by λ consist of scattering states and bound states. Hence the
Schrödinger equations are written as

Ĥ
∣∣�B

λ,K

〉 = EB
λ,K

∣∣�B
λ,K

〉
,

Ĥ
∣∣�S

λ,K,k

〉 = ES
K,k

∣∣�S
λ,K,k

〉
, (10)

where K and k represent the center-of-mass and the relative
quasimomenta, respectively. We obtain the eigenenergies and
eigenstates

EB
λ,K = sgn(U0 + λ)

√
(U0 + λ)2 + 16J 2[cos(K/2)]2, (11)

∣∣ψB
λ,K

〉 =
∑
R,r

′ 1√
2π

eiKR

√|Uλ,K |(
U2

λ,K + 1
)1/4

× [
Uλ,K − sgn(U0 + λ)

√
U2

λ,K + 1
]|r|

× |ψλ〉R+r/2,R−r/2 (12)

for bound states and

ES
K,k = −4J cos(K/2) cos(k), (13)

∣∣ψS
λ,K,k

〉 =
∑
R,r

′
1√
2π

eiKR√
π

(
1 + U2

λ,K

sin2(k)

)
×

[
cos(kr) + Uλ,K

sin(k)
sin(k|r|)

]
|ψλ〉R+r/2,R−r/2

(14)

for scattering states. Here we employ the abbreviations
JK = 2J cos(K/2), Uλ,K = (U0 + λ)/2JK , and

∑
R,r

′ =∑
R∈Z

∑
r∈2Z +∑

R∈Z+1/2

∑
r∈2Z+1. Note that the energies of

the scattering states are independent of interactions. Figure 2
illustrates the energy spectra as a function of the center-of-mass
quasimomentum K . The band of bound states is split into two
depending on the spin-dependent interaction U2 and located
above the continuum of scattering states when U0/J > 0 and
U0 > 2U2. If we take U2/U0 = 1/2 or −1, one of the bands
disappears.

Eigenstates satisfy the following orthonormality relations:

〈
ψB

λ′,K ′
∣∣ψB

λ,K

〉 = δλ,λ′δ(K − K ′), (15)〈
ψS

λ′,K ′,k′
∣∣ψS

λ,K,k

〉 = δλ,λ′δ(K − K ′)δ(k − k′), (16)〈
ψS

λ′,K ′,k′
∣∣ψB

λ,K

〉 = 0. (17)

− 3 − 2 − 1 0 1 2 3

0

5

10

Quasimomentum K

En
er
gy
�u
ni
ts
of
J�

FIG. 2. Energy spectra for U2/U0 = 0.3 and U0/J = 10 as a
function of the center-of-mass quasimomentum K . Thick solid and
dashed lines correspond to the energy bands for bound states with F =
2 and F = 0, respectively. The bundle of thin solid lines represents
the scattering continuum. The energy is defined in units of J .

Now the initial state at time t = 0 is generally written as a
superposition of eigenstates Eqs. (8) and (9),

|�(0)〉 =
∑

λ

∫ π

−π

dK

[
aλ,K

∣∣ψB
λ,K

〉 + ∫ π

0
dkbλ,K,k

∣∣ψS
λ,K,k

〉]
,

(18)

where the coefficients aλ,K and bλ,K,k satisfy the proper
normalization condition

〈�(0)|�(0)〉 =
∑

λ

∫ π

−π

dK

[
|aλ,K |2 +

∫ π

0
dk|bλ,K,k|2

]

= 1. (19)

When two atoms are initially located at the same site, the
normalized number of atoms in the bound states of the
subspace λ [first term of Eq. (19)] becomes

NB,λ =
∫ π

−π

dK|aλ,K |2 = cλ

2

π

U0 + λ

EB
λ,0

G

(
16J 2

EB
λ,0

2

)
. (20)

Here, G(m) = ∫ π/2
0

1√
1−m sin2 θ

dθ represents the complete ellip-
tic function of the first kind and cλ is the normalized number
of atoms in the subspace λ, which is determined by the choice

3 2 1 0 1 2 3
0.0
0.1
0.2
0.3
0.4
0.5
0.6

U2 J

N
B,
Λ,
N
S,
Λ

FIG. 3. Normalized number of bound states and scattering states
in each space spanned by Eqs. (8) and (9) as a function of the spin-
dependent interaction. Thick and thin lines represent the normalized
number of atoms in bound states and scattering states, respectively.
Solid and dashed lines correspond to the indices λ = U2 and
λ = −2U2, respectively. We assume a condition where two α = 0
atoms occupy the same site and we choose U0/J = 1.
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of the initial state. If we start from two α = 0 atoms at the
same site, cU2 = 2/3 and c−2U2 = 1/3. Figure 3 shows the
normalized number of bound states and scattering states in
each space with respect to the spin-dependent interaction.
Because of Eq. (19), the normalized number of atoms in the
scattering states of the subspace λ becomes NS,λ = cλ − NB,λ.
Clearly, the normalized number of atoms in the bound states,
Eq. (20), increases with the absolute value of the interaction in
each space. This is natural because the bound states are created
by the interaction.

By definition, the state at time t is straightforwardly given
by

|�(t)〉 =
∑

λ

∫ π

−π

dK

[
aλ,KeiEB

λ,K t
∣∣ψB

λ,K

〉

+
∫ π

0
dkbλ,K,ke

iES
K,k t

∣∣ψS
λ,K,k

〉]

≡
∑
i,j

∑
λ

�λ(i,j,t)|ψλ〉i,j . (21)

This result enables us to calculate any physical quantities of
the two-particle dynamics governed by the spin-1 BH model.

IV. SPIN-MIXING DYNAMICS IN QUANTUM WALKS

In this section, we discuss the spin-mixing dynamics in
QWs. We show in detail that the intersite hopping of atoms
in the lattice system greatly changes the simple oscillation
behavior of spin-mixing dynamics discussed in Sec. II.

A. Analytical results

The spin-mixing dynamics is described by the total number
of atoms in a hyperfine state α. The quantum mechanical
average at time t (〈·〉t = 〈�(t)| · |�(t)〉) of the corresponding
operator N̂α = ∑

i b̂
†
i,αb̂i,α is calculated to be

〈N̂0〉t = 2

3

∑
i,j

(∣∣�−2U2 (i,j,t)
∣∣2 + 2

∣∣�U2 (i,j,t)
∣∣2

+ 2
√

2Re
[
�∗

−2U2
(i,j,t)�U2 (i,j,t)

])
, (22)

〈N̂1〉t = 1

3

∑
i,j

(
2
∣∣�−2U2 (i,j,t)

∣∣2 + ∣∣�U2 (i,j,t)
∣∣2

− 2
√

2Re
[
�∗

−2U2
(i,j,t)�U2 (i,j,t)

]) = 〈N̂−1〉t . (23)

The function defined in Eq. (21) can be expressed using the
initial state |ψ(0)〉

�λ(i,j,t) ≡
∑
i ′,j ′

i ′,j ′ 〈ψλ|�(0)〉Wλ
i,j ;i ′,j ′ (t), (24)

where

Wλ
R,r;R′,r ′ (t)

=
∫ π

−π

dK

2π
eiK(R−R′)[wB

λ,K (r,r ′,t) + wS
λ,K (r,r ′,t)

]
, (25)

is a matrix element of the time evolution operator in the
space λ. Here, we introduce R′ = (i ′ + j ′)/2 and r ′ = i ′ − j ′.
wB

λ,K (r,r ′,t) and wS
λ,K (r,r ′,t) correspond to the contributions

of bound states and scattering states, respectively. The explicit
formulas of these functions are

wB
λ,K (r,r ′,t) = |Uλ,K |√

1 + U2
λ,K

e−iEB
λ,K t

× [
Uλ,K − sgn(U0 + λ)

√
U2

λ,K + 1
]|r|+|r ′|

,

(26)

wS
λ,K (r,r ′,t) =

∫ π

0

dk

π
e−iES

K,k t
fλ,K (r)fλ,K (r ′)

1 + U2
λ,K

sin2(k)

, (27)

with

fλ,K (n) = cos(kn) + Uλ,K

sin(k)
sin(k|n|). (28)

When two atoms in the hyperfine state α = 0 are initially
located at the origin of a 1D lattice, the projection of this initial
state onto each space is given by

i ′,j ′
〈
ψU2

∣∣�(0)
〉 =

√
2

3
δi ′,0δj ′,0, (29)

i ′,j ′
〈
ψ−2U2

∣∣�(0)
〉 = 1√

3
δi ′,0δj ′,0. (30)

Hence the total number of α = 0 atoms at time t becomes

〈N̂0〉t = 1

9

(
10 + 8

∑
R,r

′Re
[
W

−2U2
R,r;0,0

∗(t)WU2
R,r;0,0(t)

])

≡ 1

9
[10 + 8(XB(t) + XS + XBS(t))]. (31)

From Eq. (25), the matrix element W is the sum of the
contributions of the bound states [Eq. (26)] and scattering
states [Eq. (27)]. We can thus separate the time-dependent
term of 〈N̂0〉t into three parts: the product of the contribution
of the bound states, XB , the product of the contribution
of the scattering states, XS , and the interference between
the contributions of the bound and scattering states, XBS .
Specifically,

XB(t) = (U0 − 2U2)(U0 + U2)

2U0 − U2

∫ π

−π

dK

2π

EB
−2U2,K

+ EB
U2,K

EB
−2U2,K

EB
U2,K

cos
[(

EB
−2U2,K

− EB
U2,K

)
t
]
, (32)

XS = 1 − 2

π

1

2U0 − U2

[
(U0 + U2)2

EB
U2,0

G

(
16J 2

EB
U2,0

2

)
+ (U0 − 2U2)2

EB
−2U2,0

G

(
16J 2

EB
−2U2,0

2

)]
, (33)

XBS(t) = 3U2

∫ π

−π

dK

2π

∫ π

0

dk

π

[
AK,k(U0 − 2U2)

1 + U2
U2 ,K

sin2(k)

− AK,k(U0 + U2)

1 + U2
−2U2 ,K

sin2(k)

]
, (34)
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FIG. 4. Interaction dependence of XB , XS , and XBS at t = 0. (a) U2/U0 = 0.3. Solid and dashed lines represent XB and XS , respectively.
(b) Interference term XBS(0) for three U2/U0 values. Solid, dot-dashed, and dashed lines correspond to U2/U0 = 0.3, 1, and 5, respectively.

with

AK,k(λ) = U0 + λ

EB
λ,K

(
U0 + λ − EB

λ,K

)
cos

[(
EB

λ,K − ES
K,k

)
t
]

16J 2[cos(K/2)]2 + (
U0 + λ + ES

K,k

)(
U0 + λ − EB

λ,K

) . (35)

Here the function G(m) represents the complete elliptic
integral of the first kind. The time-independent nature of XS

comes from the interaction independence of the energy of the
scattering states. XS is calculated via the product of w∗

−2U2,K

and wU2,K , and its time dependence is determined by the dif-
ference between the energies in the exponential part included
in the wλ,K function. However, ES

K,k in Eq. (13) clearly shows
that this energy difference vanishes and therefore XS becomes
independent of time. Regarding XB and XBS , it is difficult to
derive their expressions as a function of time t by analytically
dealing with the integrals with respect to quasimomenta in Eqs.
(32) and (34). Instead, at t = 0, we can perform the integrals
and obtain the following useful expressions:

XB(0) = 2

π

(U0 + U2)(U0 − 2U2)

2U0 − U2

×
[

1

EB
U2,0

G

(
16J 2

EB
U2,0

2

)
+ 1

EB
−2U2,0

G

(
16J 2

EB
−2U2,0

2

)]
,

(36)

XBS(0) =− 2

π

3U2

2U0 − U2

[
U0 − 2U2

EB
−2U2,0

G

(
16J 2

EB
−2U2,0

2

)

− U0 + U2

EB
U2,0

G

(
16J 2

EB
U2,0

2

)]
. (37)

Then we can immediately find XB(0) + XS + XBS(0) = 1,
which is consistent with the choice of the initial condition. A
similar calculation shows

〈N̂1〉t = 1
9 [4 − 4(XB(t) + XS + XBS(t))]

= 〈N̂−1〉t . (38)

We note that Eq. (31) [Eq. (38)] has the same form as Eq. (6)
[Eq. (7)] because the constant term comes from the norm of the
wave functions in each space, which does not change with time.

B. Numerical results

We carried out numerical calculations to reveal the proper-
ties of the spin-mixing dynamics in a lattice system. Although
the ratio U2/U0 is rather low in experiments such as 23Na
(positive) and 87Rb (negative), i.e., less than a few percent,
here we choose U2/U0 = 0.3 to demonstrate the effect of
spin-dependent interactions more clearly. Figure 4 shows
XB , XS , and XBS at the initial time t = 0 as a function of
the normalized interaction strength U0/J . In Fig. 4(a), the
contribution of the bound states XB(0) gradually increases
with the interaction, while the contribution of the scattering
states XS decreases with the interaction. This reflects the fact
that the interaction reduces the number of particles in the
scattering states [see Eq. (14)]. Since the energy of the initially
localized state must be conserved, the interaction suppresses
the dissociation of the pair [52]. On the other hand, the
interference term XBS(0) exhibits a nonmonotonic dependence
on the interaction, reaching a maximum at around U0/J ∼ 1
[see Fig. 4(b)]. However, XBS(t) rapidly decreases with time
as shown in Fig. 5. This characteristic time dependence can
be interpreted by considering the evolution of the bound and
scattering states. The wave functions of the scattering states
spread over the lattice with time, while the wave functions of
the bound states remain localized. The overlaps between these
two kinds of states decrease with time. Hence we neglect XBS

in the following discussion.
Next we analyze the spin-mixing dynamics based on

Eqs. (31) and (38). Figure 6 shows the time evolution of the
total number of atoms in the hyperfine state α corresponding
to four U2/J values. We see that the spin-mixing dynamics
is highly sensitive to the interactions. For a large U2/J , there
are two distinct frequencies and the amplitude of the slower
oscillation gradually decreases with time. We elucidate the
dependence of the two frequencies on the interactions from the
results of a spectral analysis: the higher frequency ωhigh coin-
cides with the characteristic frequency of spin mixing in the
single-site system 3U2 and the lower frequency ωlow is reduced
as the interaction decreases. For a low U2/J with the fixed ratio
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FIG. 5. Time dependence of the interference term XBS . We
choose three sets of interactions U0 and U2 in the vicinity of the
maximum point of XBS(0) in Fig. 4(b). Solid, dot-dashed, and dashed
lines correspond to (U0/J,U2/U0) = (1,0.3), (2,1), and (0.5,5),
respectively.

U2/U0 = 0.3, the spin-mixing dynamics is highly suppressed.
This behavior stems from the fact that the coefficient of XB(t)
becomes small in the vicinity of U0 − 2U2 = 0 or U0 + U2 =
0. In these situations, the number of atoms in the bound states
decreases. Moreover, the reduction in the frequencies ωhigh

and ωlow [see Fig. 7(b)] around U2 = 0 makes it difficult to
observe the spin mixing. Finally, all results discussed in this
section are completely applicable when the U0 sign changes
while the ratio U2/U0 is maintained, because of the symmetry
of the dynamics governed by the 1D spinless BH model [51].

C. Discussion

Here, we reveal why two frequencies appear in the spin-
mixing dynamics by taking the limits of both U0 + U2 � 4J

and U0 − 2U2 � 4J . In these limits, XB(t) becomes

XB(t) � J0(2εt) cos[(3U2 − 2ε)t], (39)

where Jn(x) denotes the Bessel function of the first kind.
ε = JU0−2U2 − JU0+U2 is related to the cotunneling process,
namely, the simultaneous hopping of two particles at the
same site to an adjacent site. JU ≡ 2J 2/U is the effective
hopping of the cotunneling process in the large interaction
limit, U/J � 1 [53]. Using the addition theorem of the
Bessel function, Jm(x − y) = ∑∞

n=−∞ Jn(x)Jn−m(y), with
|x| > |y|, the factor J0(2εt) can be rewritten as

J0(2εt) =
∑

n

Jn

(
2JU0−2U2 t

)
Jn

(
2JU0+U2 t

)
,

=
∑

n

ψ∗
JU0−2U2

(n,t)ψJU0+U2
(n,t). (40)

Here, ψJ (n,t) = i|n|J|n|(2J t) is the wave function of the
continuous-time QW (dynamics of a single particle initially
located at the origin, governed by HJ ) at the nth site at time t

[54]. Hence, one can say that the Bessel function in Eq. (39)
represents the overlap of the bound-state wave functions in
different bands. In the limit of U0/J → ∞, ε becomes 0
and thus the Bessel function becomes 1. Since XS and XBS

disappear in this limit, Eq. (31) [Eq. (38)] coincides with
Eq. (6) [Eq. (7)]. Note that Eq. (39) can also be derived by using
the effective Hamiltonian for bound states (see the Appendix).

Since Eq. (39) is the product of periodic and quasiperiodic
functions, the frequencies of the spin-mixing dynamics are
determined by the sum and the difference between the
frequencies of each function. The sum ω+ = [(3U2 − 2ε) +
2ε] = 3U2 is identical to the frequency in a single-site system
[see Eqs. (6) and (7)]. Because the approximation in Eq. (39)
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FIG. 6. Spin-mixing dynamics in a 1D optical lattice for four U2/J values under the condition U2/U0 = 0.3: (a) U2/J = 6, (b) U2/J = 3,
(c) U2/J = 1.5, and (d) U2/J = 0.3. Solid and dashed lines represent populations in spin state α = 0 and the sum of the populations in spin
states α = ±1, respectively.
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FIG. 7. (a) Time dependence of the bound-state term XB (t). Interactions are U0/J = 10 and U2/U0 = 0.3. Envelope functions plotted by
dashed lines correspond to ±J0(ε ′t). (b) Three characteristic frequencies of spin-mixing dynamics as a function of U0: ωlow (circle), ω−(ε)
(dashed line), and ω−(ε ′) (solid line).

cannot be established for U/J ∼ 1, the difference ω−(ε) =
[(3U2 − 2ε) − 2ε] = 3U2 − 4ε does not coincide with ωlow,
which is the lower frequency calculated from the spin-mixing
dynamics [see the dashed line and circles in Fig. 7(b)]. Since
4JU coincides with the bandwidth of the bound states in the
large-interaction limit, we consider the exact bandwidth of the
bound states 4J ′

U = U − sgn(U )
√

U 2 + 16J 2, instead of 4JU .
Then ε becomes

ε′ = ∣∣J ′
U0−2U2

− J ′
U0+U2

∣∣. (41)

Substituting ε′ for ω−, ω−(ε′) coincides with ωlow [see the solid
line and circles in Fig. 7(b)]. As shown in Fig. 7(a), ±J0(2ε′t)
well describes the envelope function of XB(t). Surprisingly,
ω+ is always correct even for small interactions (compared
with ωhigh).

V. EMERGENCE OF LONG-RANGE SPIN CORRELATIONS

Quantum correlations in the 1D bosonic two-particle QW
are discussed in Refs. [17,18] on the basis of the spinless BH
model. It has been clarified that the time evolution of the two-
particle correlation depends strongly on both the interaction
strength and the initial condition of the QWs. When two bosons
are initially localized at the same site, the relative motion is
suppressed with increases in interactions. In contrast, when
two bosons are initially located at adjacent sites, the relative
motion is enhanced as the interaction increases. These dynam-
ical properties can be understood by noting the energy conser-
vation of the system. Let us consider a case where two bosons
are localized at the same site. The repulsive (attractive) inter-
action makes the energy of this boson pair higher (lower) than
the energy of the other states. The two bosons therefore tend
to maintain their localized states to conserve energy [52]. For
the same reason, the spatially separated bosons rarely occupy
the same site, leading to the enhancement of relative motion.

In the spin-1 boson system, we observed the similar two-
particle correlations mentioned above. Thus we focus on the
evolution of two-particle spin correlations given by 〈F̂z,i F̂z,j 〉t .
To elucidate the role of spin-dependent interaction, we choose
the initial state, which does not have nonlocal spin correlations
(i �= j ) for U2 = 0. This state corresponds to the superposition
of a parallel spin state and an antiparallel spin state with an
equal ratio, ∣∣�θ

i,j (0)
〉 = Ai,j B̂

†
i (θ )B̂†

j (θ )|0〉, (42)

where Ai,j ≡ 1/(
√

4 + 2δi,j ) is a normalization factor and

B̂
†
j (θ ) ≡ b̂

†
j,1 + eiθ b̂

†
j,−1 is a corresponding creation operator

with an arbitrary angle θ . From Eqs. (8) and (9), and also
by introducing the spin states |↑↑〉i,j ≡ b̂

†
i,1b̂

†
j,1|0〉/√2 and

|↓↓〉i,j ≡ b̂
†
i,−1b̂

†
j,−1|0〉/√2, we can rewrite the initial state in

a more informative way:

∣∣�θ
i,j (0)

〉 =
√

2Ai,j

[
|↑↑〉i,j + e2iθ |↓↓〉i,j +

√
2

3
eiθ |ψU2〉i,j

− 2√
3
eiθ

∣∣ψ−2U2

〉
i,j

]
. (43)

Here |↑↑〉i,j ,|↓↓〉i,j and |ψU2〉i,j correspond to the three basis
states of the total spin F = 2 states with an interaction energy
of U0 + U2, and they give the positive spin correlations. On
the other hand, |ψ−2U2〉i,j is the basis of the F = 0 state with
an interaction energy of U0 − 2U2, and it gives negative spin
correlations. All these four states evolve separately over time
while keeping their spin states as discussed in Sec. III. There-
fore, the time dependence of two-particle spin correlations is
determined by the quantum-mechanical superposition of spins
during dynamical evolution in QWs. Under the condition of
a finite U2, we can expect the emergence of nonlocal spin
correlations owing to the difference in interaction energy
mentioned above.

Figure 8 shows simulation results for spin correlations at
t = 5/J calculated with U0/J = 2 and θ = 0. We further as-
sume the spin-dependent interaction U2 = 0.3U0 in Figs. 8(a)
and 8(c) and U2 = −0.3U0 in Figs. 8(b) and 8(d). We find
that the long-range spin correlations depend strongly on the
sign of U2 and the initial states, which is a characteristic of
two-particle QWs of interacting spin-1 bosons.

First, we consider a case where two spin-1 bosons are ini-
tially localized at the origin |�0

0,0(0)〉. Long-range spin correla-
tions (|i − j | � 1) are negative for U2/U0 > 0 [see Fig. 8(a)]
and positive for U2/U0 < 0 [see Fig. 8(b)]. We can understand
this property as follows. The interaction greatly suppresses
the relative motion of two spin-1 bosons for this initial state,
which is similar to the spinless case. On the other hand, a spin-
dependent interaction decreases the whole interaction energy
and then enhances the relative motions for the F = 0 (F = 2)
states when U2/U0 > 0 (U2/U0 < 0). Correspondingly, long-
range spin correlations become negative (positive).
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FIG. 8. Two-particle spin correlations at t = 5/J calculated with U0/J = 2 and θ = 0. The vertical and horizontal axes represent the lattice
site indices. (a), (b) Spin correlations starting from the initial state |�0

0,0(0)〉 where two spin-1 bosons are placed at the origin. (c), (d) Spin
correlations for the initial state |�0

0,1(0)〉 where two bosons are placed at the origin and at the first site. We assume a positive U2/U0 in (a) and
(c) and a negative U2/U0 in (b) and (d).

Next, we start from the spatially separated initial state
|�0

0,1(0)〉, i.e., each spin-1 boson is initially located at the origin
and the first site. Long-range spin correlations become positive
for U2/U0 > 0 [see Fig. 8(c)] and negative for U2/U0 < 0 [see
Fig. 8(d)]. For this type of initial state, the interaction enhances
relative motions. By noting the spin-dependent interaction,
the relative motions of F = 2 (F = 0) states are relatively
enhanced for U2/U0 > 0 (U2/U0 < 0), leading to positive
(negative) long-range spin correlations.

Note that two-particle spin correlations do not show any
dependence on the angle θ . Therefore, we show the results for
θ = 0 only.

VI. CONCLUSION

In this work, we have studied the QWs of interacting spin-1
bosons on the basis of the 1D spin-1 BH model. We derive
an exact expression for the time-dependent wave function
by extending the method developed in Ref. [51] to a case
including the spin degrees of freedom. Using this expression,
the spin-mixing dynamics in QWs is discussed in detail both
analytically and numerically. We show that the spin-mixing
dynamics is characterized by two frequencies in the limit of
large spin-dependent interaction. One of the two frequencies
is determined by the energy difference between two bound

states and coincides with the characteristic frequency of the
spin-mixing dynamics in a single-site system. The other
frequency is related to the cotunneling process, which is the
simultaneous hopping of a pair of atoms between lattice sites.
These properties indicate that the dynamics in the spin space
is strongly correlated with the dynamical evolution in real
space via spin-dependent interactions. We find that the spin-
mixing amplitude is suppressed in the vicinity of interactions
satisfying U0 − 2U2 = 0 or U0 + U2 = 0 because the number
of spin-1 bosons in bound states is greatly reduced there.

We also numerically investigate two-particle spin corre-
lations in the present system. Long-range spin-correlations
emerge and the signs of the spin correlations can be controlled
by changing the sign of the spin-dependent interaction and/or
the initial condition. This owes to the fact that the spin-
dependent interaction effectively shifts the spin-independent
interaction in accordance with the subspace specified by the
total spin F = 0 or F = 2.

Experiments with ultracold atoms have been making rapid
progress in recent years. The results presented here will be
demonstrated experimentally in the near-future. An interesting
idea for future work is to extend the present study to a
case including quadratic Zeeman effects, which are induced
by magnetic fields [55] or microwaves [47], and examine
how the spin-mixing dynamics is modified. Although we
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focus on a system of interacting spin-1 bosons in this paper,
generalization to other spinful boson systems can be realized
by performing similar calculations. On the other hand, from the
viewpoint of two-particle dynamics, spin mixing is a universal
phenomenon in various spinful systems except for spin-1/2.
It might be another intriguing problem to study spin-mixing
dynamics in fermionic systems and determine the qualitative
difference between bosons and fermions.

Our study paves the way for exploring continuous-time
QWs including the internal degrees of freedom. This opens up
the possibility of searching novel algorithmic applications of
QWs by utilizing spin degrees of freedom. Furthermore, the
nontrivial QW dynamics in combination with spin mixing that
we elucidate in this paper will offer a clue to understanding the
equilibration or thermalization processes in spinful systems.
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APPENDIX: THE EFFECTIVE HAMILTONIAN

Here we derive Eq. (39) in an alternative way. We intro-
duce the following effective Hamiltonian, which describes a

strongly correlated boson pair in the bound state,

Ĥ B
eff=JU

∑
j

(R̂†
j R̂j+1 + H.c.) + (U + 2JU )

∑
j

R̂
†
j R̂j , (A1)

where JU is the cotunneling amplitude, and R̂j = (b̂j )2/
√

2
represents the annihilation operator of a boson pair at the
j th site. Note that in deriving Eq. (A1) we should retain
the constant energy shift, which explicitly depends on the
interaction strength. On the basis of this Hamiltonian, we
obtain the dynamical evolution of the atom pair that is initially
located at the origin:

�B
U (R,r,t) � δr,0e

−iUt/�e−2iJU t i−RJR(2JU t). (A2)

This is the wave function of single-particle continuous-time
QWs. Then it is straightforward to derive

XB(t) =
∑
R,r

′Re
[
�B

U0−2U2

∗(R,r,t)�B
U0+U2

(R,r,t)
]

� J0(2εt) cos[(3U2 − 2ε)t]. (A3)
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