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1. Introduction

Let Q C R? be a bounded domain with smooth boundary Q. For any 7 € R, we consider the
following equation:

Uy — k(0)Au — Au, — e(t)Auy — fooo K (s)au(t — s)ds + f(u) = g(x), in QX (1,00),
u(x,t) = up(x, 1), wulx,t)=0uy(x,1), x€Q, <7, (1.1)
ulx,n) =0, xe€oQ, teR,

where u = u(x,t) : QX (1,00) — R is an unknown function, and u : Q X (—co, 7] — R is a given past
history of u, k(0), k(c0) > 0 and k’(s) < O for every s € R™, g(x) € L*2(Q). &(t) € C'(R) is a decreasing
bounded function with

lim &(t) = 0; (1.2)

t—+00
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especially, there exists a positive constant L such that

sup[le(®)| + |€'(?)]] < L. (1.3)
teR
The function f € C'(R), f(0) = 0, satisfies the conditions
IF/()l < C(A +]sf), VseR, (1.4)
and
llifninf& > -1y, VseR, (1.5)
S|—+00 S
where C is a positive constant, and A; is the first eigenvalue of A = —A with Dirichlet boundary value
condition.

Nonlinear evolution equations of this type arise as models of a vibration of a nonlinear elastic rod,
which are used to represent the propagation of lengthwise-waves in nonlinear elastic rods and ion-sonic
of space transformation by weak nonlinear effect; see for details [1-3].

Equation (1.1) becomes a strongly damped wave equation with a linear memory term when the
coeflicient function &(¢) = 0, and it was discussed clearly in [4] and the references therein. When &(7) =
g, Eq (1.1) becomes an autonomous evolution equation, and the long-time behavior of the solutions can
be well characterized by using the concept of global attractors under the framework of semigroups. In
this case, when u(s) = —k’(s) vanishes, Eq (1.1) reduces to the damped wave equation, which has been
extensively discussed by many authors. For instance, Xie and Zhong [5, 6] systematically investigated
the existence of global attractors for (1.1) on weak and strong Hilbert spaces, respectively. Based on the
global well-posedness results given in [7], Sun, Yang and Duan [8] constructed the uniformly
asymptotic regularity of solution with respect to & € [0, 1] for (1.1) when g € L*(Q) and g € H™'(Q),
respectively, and they also obtained the existence of exponential attractors as well as the upper-
semicontinuity of global attractors.

If &(7) is dependent on ¢, then Eq (1.1) becomes more complex and interesting. In this case, the long-
time behavior of the solutions for (1.1) can be well characterized by the concept of time-dependent
global attractors under the framework of processes, which have been discussed in [9-13]. Recently,
Ma, Wang and Liu [14] investigated the existence and regularity of the time-dependent attractors for
wave equations by using the operator decomposition technique along with compactness of translation
theorem, also they proved the asymptotic structure as in [13]. In [15], they verified the asymptotic
compactness of wave equations with nonlinear damping and linear memory by using the contractive
functions method which was introduced in [10].

For our problem, by using the method of contractive functions [10], Liu and Ma [16] have obtained
the existence of time-dependent global attractors of a nonlinear evolution equation with nonlinear
damping and u(s) = —k’(s) = 0 in (1.1). For problem (1.1), we first introduce a new variable that is
used to construct a relatively complicated triple solution space. Second, in order to prove compactness
and regularity we use the decomposition technique as in [14]. Finally, we also prove the asymptotic
structure of time-dependent global attractor as &(f) — 0 when ¢ — co.

The rest of this article is organized as follows: In the next section, we define some function set,
and we recall some basic definitions and abstract results. In Section 3, the existence and regularity of
time-dependent global attractor are obtained. Finally, in Section 4 we prove the asymptotic structure
of time-dependent global attractor.
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2. Preliminaries
As in [4], we introduce the new variable
n'(x,s) = u(x, 1) —u(x,t—s),

and differentiating the above equation, we get

m(s) = —15(s) + u (1), (2.1)
with
_o. . _9
nt - atn’ 77S - asn
For simplicity, we set u(s) = —k’(s) and k(co) = 1, where the memory component u satisfies the
following conditions:
ueC'®RHN Ll(R+),f u(s)ds = my < +00, VseR", (2.2)
0
w(s) < —pu(s) <0, VYseR" and some p > 0. (2.3)

Then, we can reformulate (1.1) as the following dynamical system:

g — A= Auy = &(O)duy — |77 p(s)arf(s)ds + fu) = gx), 24
M+ = '
with initial boundary conditions
ulx,) =0, xe€d, t=>r,
n'(x,s) =0, (x,5)€dQXR", 1>7, 2.5)
u(x,7) = uo(x), u(x,7) = uy(x), 7'(x,0) =0, x€Q, '
7(x,s) = n1°(x,5), (x,5)€ QxR
where
up(x) = ug(x, 7), u1(x) = Osuto(xX, D=1,
and
o = 1°(x, 8) = up(x, T) — up(x, T — 5).
Without loss of generality, set H = L*(Q) with inner product(-,-) and norm || - ||. For s € R* we

define the hierarchy of (compactly) nested Hilbert spaces
H* = D(A%), (w,v)s = (Aiw,A%v), IIwll; = lAZw]]

Especially, we have the embedding H**!' < H*. Also, we denote A = —A with domain D(A) =
H*(Q) N Hy(Q).

AIMS Mathematics Volume 8, Issue 7, 16208—-16227.
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For s € R*, let Lﬁ(R*; H?) be the family of Hilbert spaces of functions ¢ : R* — H*, endowed with
the inner product and norm, respectively,

(@1, 0200 =P P s = f u(s){p1(8), p2(8)msds,
0

lell? s = el s = f u()llg(s)li3ds.
0

We also need the spaces
H,(R*; H*) = {¢ : ¢(r), 0,p(r) € LL(R*; H')}.
Now, for t € R and s € R*, we introduce the following time-dependent spaces
H = H*' x "' x LR H™),

with norms

2 2 2 2 2 2
lzllzes = W, vo ' i = lludllyyy + VI + eOIVIG + 1710015

where the space H*! is endowed with the time-dependent norm ||v||? + e(®)|Iv|?, .

The symbol is always omitted whenever zero. In particular, the time-dependent phase space where
we settle the problem is

H, = H' x H} x L)(R*; H"),
endowed with the time-dependent product norms
llzll, = e v 'Yz, = Nl + I + e@IVIE + 711, -
Now we recall some basic definitions and abstract results that will help us to get our main results.

Definition 2.1. [9, 12] Let {X,};cr be a family of normed spaces. A process is a two parameter family
of mappings U(t,7) : X; = X, t > 7,1, 7 € R with properties

(i) U(t,7) = Id is the identity operator on X, , T € R;
(i) U@, )U(s,7) = U, 1), Vt=s>1,TER.

For every t € R, let X; be a family of normed spaces, and we define the R—ball of X, as follows:
B/(R) ={z € X, : llzllx, < R}.
We denote the Hausdorff semi-distance of two nonempty sets A, B C X, by

disty, (A, B) = supinf [lx - yllx,.

xeA e

Definition 2.2. /9, 12] A family € = {C,},cr of bounded sets C, C X, is called uniformly bounded if
there exists R > 0 such that C; C B,(R), Yt € R.
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16212

Definition 2.3. [9, 12] We say B = {B,},cr is a time-dependent absorbing set for the process U(t, 1), if
B, € B,(R) is uniformly bounded and there exist ty = ty(€) > 0 such that

U(taT)CT C Bh T 11y,

for every uniformly bounded family € = {C,},cr.
Definition 2.4. [9, 12] A family ] = {K,},er is called pullback attracting if it is uniformly bounded and

lim disty, (U (1, 7)Cr, K;) = 0,

for every uniformly bounded family € = {C,}cg.

Definition 2.5. [9, 12] The time-dependent global attractor is the smallest family W = {A,};er € K,
where K = {& = {K,};er : K; C X; compact, | pullback attracting}, i.e. A, C K;,Vt € R, for any element
K ={K}er € K

Definition 2.6. [12] The process U(t,7) is called

e closed if U(t,7) is a closed map for any pair of fixed times t > 7 ;
o T-closed for some T > 0 if U(t,t — T) is a closed map for all t.

Definition 2.7. [12] We say that N = {A,},cr is invariant if
Uit,A, = A, Vt>T1.

Remark 2.1. [12] If the time-dependent global attractor N exists, and the process U(t,T) is strongly
continuous (or norm-to-weak continuous, or closed, or T-closed), then U is invariant.

Theorem 2.1. [12] If U(t,7) is asymptotically compact, then there exists a unique time-dependent
attractor W = {A,;},er.-

If U(t,7) is a T-closed process for some T > 0 and possesses a time-dependent global attractor
A = {A;}ier, then W is invariant.

In order to prove the asymptotic structure of the time-dependent global attractors for the process
U(t, 1), we recall some results from [13, 14].
Here, we will focus on the case of a process U(t, 7) acting on a family of spaces {Z,},cr of the form

Zl = X X y[,
where X is a normed space, and {Y,};cr is a family of normed space, endowed with the product norm
1Ce, NI, = 1% + 1111,

Let I1, : Z, — X be the projection on the first component of Z; , that is, I1,(x,y) = x. Accordingly, if
C,cZ ,thenll,C,={xe X:(x,y) € C}. If € ={C,};cr, then I1€ = {I1,C,}cr.

Definition 2.8. [13, 4] Let W = {A,},cr be the time-dependent global attractor of U(t, 7). If U is
invariant, then A, = {z(t) € Z, : z CBT of U(t,1)}. Accordingly, we can write

A={z:t— z(t) € Z, withza CBT of U(t, 1)},

where 7 : t — (1) € Z, is a complete bounded trajectory CBT of U(t, 1) if
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sup,cp [12(0)llz, < o0 and z(t) = U(t, 7)z(7), ¥t > 7,7 € R.

Lemma 2.1. [13] Assume that, for any sequence z,, = (x,,y,) of a complete bounded trajectory (CBT)
of the process U(t,7) and any t, — oo , there exists a complete bounded trajectory (CBT) w of a
semigroup S (t) and s € R for which

1, (s + 2,) — w(S)llx — O,
as n — oo up to a subsequence. Then,

lim disty(II;A;,As) = 0,
[—o0

where A, is the global attractor in the phase space X for the autonomous system corresponding to the
non-autonomous system with the coefficient £(t) = 0.

Let F(u) = fou f(s)ds, and we can obtain the following lemma:

Lemma 2.2. [14] From dissipation condition (1.5), there exist two positive constants k, and k, and
for some 0 < v < 1 such that

(f),uy = =1 =)llull} = ki, Vu € Hy(Q), (2.6)

2F W), 1) > —(1 = W|ull} — ky,  Yu € Hy(Q). (2.7)

Lemma2.3. [I14]Let Y(t) : [1,00) = R* be an absolutely continuous function satisfying the inequality
d
EYU) +2eY(t) < h(H)Y (1) + k,

for some € > 0,k > 0 and where h : [1,00) — R* fulfills

f h(s)ds < m,

Y(1) < Y(1)e"e 0 4 ke e,

withm > 0. Then,

Within this article, we often use Holder and Young inequalities and denote positive constants by C,
which will change in different lines or even in the same line.

3. Existence of time-dependent global attractors

3.1. Well-posedness and time-dependent absorbing set

In order to obtain the well-posedness of the solution associated with (2.4)—(2.5), we first make a
priori estimates as follows:

Lemma 3.1. Assume that (1.2)—(1.5) and (2.2)—(2.3) hold, and then for any initial data z, = z(t) =
(ug, u1,no) € Br(Ry) C H,, there exists a constant R > 0, such that

WUt D)z(D)llg, <R, V7T <t
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Proof. Multiplying (2.4), with 2u, + 20u and integrating on €, we find that
d
Z Ul =+ eOllully + (1 + S)llully + 25Cus, ) + 268X Vuwr, Vi) + Il ()1 + 2(F (W), 1) = g, u))

+ 2w} + 261ull; — 26/lu,|* — 20&(t) + & E)llull; + 240", 1Yyt — 25f u(s){An'(s), u(t))ds
0
+ 26(f, uy — 26{g, u) = 26{£’(t)Vu,, Vu). (3.1
First, from condition (1.3), and by the Holder, Young and Poincaré inequalities, there holds

1
26" (O Vur, Vuy < 26LlJugllillully < Elluzllf + 267 L ull},

where [|ul|> > A,|lull>, Yu € H*X(Q).

Let
E@) =llull* + e@llufllT + (1 + S)lluell} + 26Cus, u) + 26&(6)(Vuy, Vus) + [l (s)II7,
+ 2(F(u), 1) — 2{g, u), (3.2)
and
3
1(7) 2(5 —26e(t) — & Ol + (26 = 26° L) [ull; = 26lluel > + 240", 7)1
_25 f " YA (s) u(D)d s + 25(f. 1) — 26(g. u). (3.3)
0
Then,
iE Hn+1(t) <0 3.4
7 O+ 1) <0. (3.4)

Integrating (3.4) from 7 to ¢, we have

E() < —f I(s)ds + E(7). (3.5)

Next, we estimate (3.2) and (3.3), respectively. By using (1.3), (2.7) and the Holder, Young, Poincaré
inequalities, it follows that

0
26\us, )] < 26 lugllluell < Slluas||* + /l—llullf,
1

26£(t)(Vuy, V)| < Se)l|u]I + ST,

y 2
2g, u)| < =|lull? + —||g|>.
(g, w)| < 2||u||1 /llvllgll
Then,

0 2
E@®) = (1 = &)lul + (g T L&) lullf + e(0)(1 = S)lludlly + ' (I, — (mllgll2 +k).  (3.6)
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Using (2.2), (2.3) there holds

2p
207 2 7|In’(s)||5,1 =l (DI},

and )
°° 26°m
26¢ f u(s)an' (s u@)] < SO, + TOHMH%.
0

Hence, from (2.6) and the condition (1.3), we get

3 , 26%m
1) 2 (5 = 208(0) = & O} + (26 - 26°L* - T“)Hun% — 26|l + gun’(s)Hi,l
+26(f, u) — 25(g, u)

1 , om, e
2 (5 —20e() — € O)llufll? +26(v = 6 = 6L* - TO)IIMII% + (4 = 268)lul” + Ellﬂ’(S)IIZ,l

1
— 26k; — — gl
YT llgll
1
> Se()lul; + ovilull; + Slludll* + gllnf(s)llﬁ,l - (gllgll2 + 26ky), (3.7)
1

where we have chosen 0 < ¢ small enough such that

1-6>06. g—i—m>

% omy Vv
A4 T4’

—26e(t) — € (1) > 6&(t), v—6 — 6L} — — > 3 A =25 >6.
P

| =

Let M, = min{¥, 6}, M, = min{6, v6, 5}, m; = %llgll2 +ky, my = 2171||g||2 + 26k, and then from (3.5) we
arrive at

2 2 2 2
Milllul™ + eOllully + llaally + 11 (I, 1 — m

<- j:(Mz[Iluz(r)ll2 + el DI + NI + 0" (DI} ,] = ma)dr + E(2).
Therefore, taking K, > X;—zz, we have
lu (DI + Ol O + NI + ' DI, < Ko, ¥ 1 = 1.
As aresult, if (u, u,, n) is the solution of the system, let 8, = |-, U(¢, 7)B;, where
B: = {(uo, u1,7°) € He = lur|* + e@llur |l + lluolly + 17° (I}, < Ko}

Then, B, is a bounded absorbing set for process {U(?, T)}s¢-
On the other hand, from the above discussion, there exists a positive constant R(Ry) > 0 such that
llull? + el * + e} + 11715, <R V=10 > 7,

w1l =

The proof is completed. O
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Lemma 3.2. Let the assumptions (1.2)—(1.5) and (2.2)—(2.3) hold, and then for any initial data z, =
2(1) = (o, u1, o) € Hy, on any interval [1,t] with t > 7, there exists a unique solution (u(t), u,(t), n'(s))
of the system (2.4)—(2.5) satisfying

u € C([r, 1] Hy(Q)). u, € C(I, 1] Hy( Q). ' € C(I7, 11 LAR*; Hy())).

Furthermore, let 7;(t) € H, be the initial data sugh th~at lz(Dlle, < Ro, (@ = 1,2), and z;(t) be the
solution of problem (2.4)—(2.5). Then, there exists C = C(Ry) > 0, such that

l21(1) = 22llgg, < e“ 1 (1) = 22(Dllge,, V1 > . (3.8)

Thus, the system (2.4)—(2.5) generates a strongly continuous process U(t, 1), where U(t,7) : H, —
H; acting as U(t, 7)z(t) = {u(t), u(t), n'(s)}, with the initial data z. = {ug, u;,no} € H-.

Proof. Based on Lemma 3.1, we can obtain the existence of a solution for problem (2.4)—(2.5) by using
the Faedo-Galerkin approximation method, and the degenerate coefficient function &(¢) in (2.4) is not
causing a new difficult. See for details [5,12,17].

Consequently, we only need to verify the estimate (3.8). For this purpose, we assume that z;(f) =
{ui(), uy (1), m:(s)}(i = 1,2) are the solutions of (2.4)—(2.5) with the corresponding initial data z;(r) =
{ud(7), u} (1), 1) (5)}(i = 1,2), and there exists Ry > 0 such that ||z;(7)lls, < Ro,i = 1,2. o

According to Lemma 3.1 we ensure that
WU, Dzi(Dllg, <R, i=1,2. (3.9)

Let z(¢) = {u(t), u,(1), 7' (s)} = U(t,7)z1(t) — U(t, T)z2(7), and then Z(?) satisfies the following equation:
T, 8- 8, - o087, - [ H()AT (s + fla) = fu) =0 (3.10)
0
Taking the inner product of (3.10) with 2z, in L*(Q), we get

d _ _ _ _ - _ .
E[HWHZ + [l + e} + 17151 — € Ol l} + 205 + 207 7
== 2(f(u1) = f(u2), uy). (3.11)

In line with (1.4), (3.9), Holder inequality, Young inequality and embedding Hé(Q) — L5(Q), it
follows that

=2(f(uy) = f(uz), ur) SCf(l + P + o [atlli | x
Q

2 2\ —
<C( + learlls + loeall7o) el 2o ot

2 2N 1
SC+ leag [l + Moo DI eell oeell

<Clluel]y[foe
<Cr(lall} + [l ]1*):; (3.12)
meanwhile, (2.2) and (2.3) mean
(Tt = ST G, (3.13)
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Together with (3.12) and (3.13), from (3.11) we deduce

d_ _ _ _ _ _ — —
E[Ilutll2 +|[all; + eIy + 17715 1 < Crl@llf + 1@l + ol (I ;-

So, according to the norm of (2.5), we can claim
d _ 0 =12
d—tllz(t)ll(H, < Cllz(D)lly,» (3.14)

where C = max{Cg, p}. Thus, by using the Gronwall lemma with (3.14), we conclude the result (3.8).

Remark 3.1. Based on the argument, there exists R such that B = {B,(R)},cr is a time-dependent
absorbing set for the process {U(t, T)};s. associated with (2.4) and (2.5), and for My(Ry) > O there
holds

sup {IU(1, D)zl +f e ()IITdy} < Mo, V7 € R. (3.15)

2r€B7(Ro)

Proof. Let 6 = 0 in equality (3.4), and we get that

d
E[Iluzll2 + e} + llell} + 117 (I, + 2(F (), 1) = 2g, )] + lu,(W)II} < O.
Integrating on [7, f] and using inequality (3.6), we have fT - ||ut(y)||%dy < My(> 0). Then, together with
Lemma 3.1, we conclude that (3.15) is true. O

3.2. Asymptotic compactness and time-dependent global attractor

In this section, we do as in [14]. We find a suitable decomposition of the process, which is the
sum of a decaying part and compact part. By a direct application of the abstract Theorem 2.1, we do
this strategy to show that the process is asymptotically compact, and then the existence of the time-
dependent global attractor is obtained.

For decomposition we write f = f, + fi, where fp, fi € C*(R) satisfy

If{w) < CA+ul™), 1<y<3, VueR, (3.16)

Ifo' )] < C(1 + [ul), Vu€eR, (3.17)

lim inf hW S . VueR, (3.18)
u|—o0 u

fo(0) = £5(0) =0, folwu >0, Yu eR. (3.19)

Let B = {B,(My)};cr be a time-dependent absorbing set. Then, for any z € B,(My) and fixed 7 € R, we
decompose the process U(t, T) as follows:

U(t, 1)z = {u(@®), u(0),7'(9)} = Up(t, 1)z + Ui (1, 1)z,

where

Uo (1, T)z = {v(0), vi(1), '(s)} and U, (1, 1)z = {w(D), wi(1), §'(5)},

AIMS Mathematics Volume 8, Issue 7, 16208—-16227.
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solve respectively the systems

Ve + Av+ Av, + e(DAv, + fooo U(HAL (s)ds + fo(v) =0,
{;t(s) = _42(5) + vl(t)a (320)

Vlsa = 0,v(x, T) = up(x), vi(x,7) = ui(x),
{laa = 0,2°(x, 8) = up(x) — up(x, T — ),

and
Wi + Aw + Aw; + () Awy + [ u()AE(s)ds + f(u) — fo(v) = g(x),

&i(s) = =&i(s) + wi(0), (3.21)

Wlaa = 0,w(x,7) = 0, w,(x,7) = 0,
é:tlﬁQ = 03 é:o(xa S) = 0

In the following lemma, the constant C > 0 depends only on B.

Lemma 3.3. If(1.2)-(1.5), (2.2)—(2.3) and (3.16)—(3.19) hold, then there exists 6 = 6(B) > 0 such
that

1Uo(t, D)z(D)llp, < Ce0. (3.22)
Proof. Repeating word by word the proof of Lemma 3.1 in the case of U(z, T), we can get the bound
U0, D)z(Dll4, < C. (3.23)

Multiplying Eq (3.20); by 2v, + 26v and integrating on €2, we find that
d
E(Ilvtll2 + eIVl + (1 + DIV + 26¢vi, vy + 268(t)Vv,, Vv) + I (91l | + 2(Fo(v), 1))

+2vill + 26IVIIF = 261vil> = 26e(t) + &' OV + 24", L + 25f0 H($)(AL'(5), v(D))ds

+25{fo, v) = 20(&’ (t)Av;, Av). (3.24)
Define
Eo(0) = |viIl* + eIV} + (1 + OIVIIT + 26¢v,, v) + 26e(t)(Vv;, Vv) + IIg”(S)IIfl,I + 2(Fo(v), 1),

where

%@=£ﬁ@w

Then, we get
%Eo(t) + 20V} + 26111 = 26IVIP = (26&() + & EDIVIF + 24", L
+20 f(;m U(AL (5), v(D))ds + 26{fy, v) = 26’ (1)Av;, Av). (3.25)
From (3.17) and (3.23), we have

1
U, D20y, < Eo(r) < CllU(t, D)z(D)l3,. (3.26)

AIMS Mathematics Volume 8, Issue 7, 16208—-16227.
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Therefore, by the same steps of the proof of Lemma 3.1, we deduce

d
—Eo(0) + 3llUs(1, )20l < 0.

Thus, combining with (3.26) and using the Gronwall lemma with the above, we complete the proof. O

Remark 3.2. Under the assumptions of Lemma 3.3, the following uniformly bounded holds:

sup[|U(t, D)z(D)lg, + [[Uo(t, T)z(D)llag, + 1U1(1, D2(D)l,] < C.

(3.27)

Lemma 3.4. If(1.2)«(1.5),(2.2)«(2.3) and (3.16)—(3.19) hold, then there exists M = M(B) > 0 such

that

where

U, Dz(Dllpe < M, Vi 2 7,

. 13—y
O<o < -, —}
(J'_mln{2 5 }

Proof. Multiplying Eq (3.21); by 2Aw, + 20A”w and integrating it over €, we get

dt

d /
—E\(0) + 2will} 1y + 261wl = 261wl — (268(2) + & Ol 41 + 24E' €N puors

o+1

+25f H(S)(AE (5), A7w())ds + 26(f (u) = fo(v) — g, A7w)
0
:268,(l‘)<AW,,AO—W> + 1L+ L+,

where

Ei(0) =0, D)zllge + Wiz, + 26(ws, A7w) + 26e()(Aw,, A7w)

+2(f(w) — fo(v) — g, A7w) + C,
I = 2L fo(w) = foOD)]u, A%w),
L = 2(fo(w, A%w),
I = 2(f{ (wu,, A%w).

Now, by using (1.3), (3.17), (3.27) and the embedding inequality (o < ‘TT“), we have

AIMS Mathematics

2(f@) = fow), A%7w) <2 f ) — foWIIIATw|
< CllA7w|

o+l

< CllA™= w]|

1
2(g, A%w) < 2llglllA7wIl < CligI® + ZIIWII2

o+1°

(3.28)

(3.29)
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Then, using the Holder, Young inequalities, we get

0
26¢w;, A7w) < 26lwillo Wl < 26]IwilI% + —IIWII(ZT;

()

266(t)(Aw;, A7w) < 26@willoWlle < = IWlls,y + 2L W

Choose ¢ small enough and C > 0 large enough, and we can obtain
1
S, 02Dl < Ev(®) < 20U (1, D)2(0)llgye + 2C. (3.30)

Hence, exploiting (3.17), (3.27) and some Sobolev embeddings H'*" — L ™5, H=" < L% , and
3p—6
the continuous embedding H R iR LP(Q) (p > 2), we have

I < Cf(l + lul + V]) - W] - |u] - [A7wldx
Q

< C(L A lutllzs + 1Wlze) - Wl s - lleadll - AW o
LT LT+ S5

< CQA A+ lully + 1) - 1w - el
2

6 2 c 2
< Clludliwlly,, < 7l iy + =l il

o+1 o+1

—Ei(1) + Cllu|PIWIIZ,

o+1»

Izscmanwnanﬁ) will o - AW o

2
< C(Wlh + VD - lwill - AWl -

2
< CIIVII1 AWwille - [Wler1 + CIVIT - lIwlle - IWlle-ia

_”Wt” + C(VIE + VI - lIwl;

o+l

[\9)

Also, by using (3.16), we have

I < Cf(l + (w1 |u || AT wldx
Q

1
< Cllall” gy, el NATWIL s+ Cllal - [|A7w|
L2(I1-0)

L1+20
2
< el - i3, + C.

In addition, (2.2) and (2.3) mean

2E EDpars1 = PUE O s
and

25f H(s)AE'(5), A7w(D))d's < ||§(S)||,m+1+ || [
0

As a consequence, we can write (3.29) as

d 0
7210+ 0E(0) + T <o Ey (1) + Cllu| 2w,y + CAWIE + IMIDIWIZ,, + C.
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We can see that for 0 < ¢ small enough,
, A 0
T =(1 - &'(1) = 36wz, + (31 - 36 - E)Ilwzllfr + (g = OMEN 11

o+1

2m 6>
+ (68 =L — I, — 262w, ATw) — 28%()(Aw,, A7w) > 0.
P
According to (3.24) and taking ¢ small enough, we get
iE )+ éE ) <qgt)Ei(t)+C
dr! 1) = q 1 ,

where g(1) = C(llu|l* + VI + [IVII}). Remark 3.1 and Lemma 3.3 imply that

fT ) q(y)dy < C.
Now, applying Lemma 2.3, we get
E\0) < CE\(n)e i "+ C<C.
Together with (3.22), the proof is completed. O
Especially, taking o = %, we directly get

U, (2, T)Z(T)Ilﬂl <C. (3.31)

The proof is similar the above estimation, here we omit it.

Remark 3.3. In order to obtain a compact subset of H,, we also need the compactness of the memory
term which is verified and proved in Lemma 3.6 in [14].

Theorem 3.1. Assume that (1.2)—(1.5), (2.2)—(2.3), (3.16)—(3.19) hold. The process U(t,7) : H, — H;
generated by problem (2.4)—(2.5) has an invariant time-dependent global attractor W = {A,}cr.

Proof. Denote the closure of C, in LZ(R*, Hé (Q)) by C,. According to Lemma 3.4 and Remark 3.3, we
consider the family & = {K,},cr, Wwhere

1 1. =
K ={(u,u) € 7 X HT™ lullosr + eOlldlosr + ludle < M} x C, € H,.

Applying the compact embedding H”*' x H”*! < H,(Q)x H(Q), together with the compactness of C,
in Lﬁ(R*, Hé(Q)), we know that K, is compact in H;; since the injection constant M is independent of
t, the set K is uniformly bounded. Finally, by Theorem 2.1 and Lemmas 3.1, 3.3 and 3.4, we conclude
that there exists a unique time-dependent global attractor A = {A,},cr, Furthermore, from the strong
continuity of the process state in Lemma 3.2 and from Remark 2.1, the 2 is invariant. O
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3.3. Regularity of time-dependent global attractor

The main result of this subsection is to prove A, is bounded in 7{}. Fix 7 € R, and for z € A, we
decompose again the process U(t, 7)z into the sum U,(¢, 7)z + Us(t, T)z, where

Ua(t, )z = {v(®), vi(0), {' ()} and Us(t, 1)z = {w(0), w,(1), €'(5)},
solve respectively the systems

Vi + AV + Av, + 2(DAV, + [ ()AL (s)ds = 0,
Z1(s) = =Z1(s) + vi(0), (3.32)
Us(1,T)z(t) = (ug, u1, ),

and
Wy + Aw + Aw, + g(1)Awy, + fooo H(AE (s)ds + f(u) = g(x),

E(s) = —=€4(s) + wi(D), (3.33)
Us(t,7)z(t) = 0.

As a particular case of Lemma 3.3, we learn that
U1, D)z(D)llgy, < Ce™ ™, Vi > 7. (3.34)
Lemma 3.5. If (1.2)—(1.5), (2.2)—(2.3), (3.16)—(3.19) hold, then there exists M, = M;(N) > O such that
NUs(t, D)zllyg < My, Vi1

Proof. Multiplying equation of (3.33); by 2Aw, + 26Aw and integrating it over €, using (3.33), we get
i 2 2 2 2 2 2 2 2 2 t gt
tha(t) + 2|will; = 26lwill7 + 26lwll; — ('(2) + 26e(@)lIwill; + 2¢&", Edu

+ 20 f‘x’ U(SHAE (s), Aw(D))ds — 26{g, Aw)
0
= 20" (1)(Aw,;, Aw) — 2{f(u), Aw,) — 26{f(u), Aw), (3.35)

where
E;5(1r) = ||Us(t, T)lei,l + OlWI5 + 20¢w;, Aw) + 20&()(Aw,, Aw) — 2(g, Aw) + C,

and

2, EDun = PIE O3

2
2 fo UK ), Aw)ds < ZIEGIE, +

2
00
[Iwl2.
P

Choose 6 > 0 small enough and C > 0 large enough, and then we can obtain
1
U3, 1)z, < Es(n) < 201U, 1)z, + 2C. (3.36)
4 ; !

By some calculation as in Lemma 3.4 and taking ¢ small enough, we deduce

a%E;(l) + 0E5(1t) < =2(f (), Aw,) — 26(f(u), Aw) + 6C.
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1
We know from (3.31) that A, is bounded in H,’. Consequently, exploiting some Sobolev embeddings
3p—6 1 1
HY < LP(p >2), HY < LY (Q), HY < L'%(Q), there holds

< C(1+ llull}) < C,

T

LF@ll = I @A ull < IIf @)l liAZull,

SO

=2(f (), Aw;) — 26(f (u), Aw) < 2| f (@)l ([[wlly + lIwll)
< gE3(f) +C,

where C depends on 9, L. We finally get
d 0
—E;3() + E5(1) < C,
7 3(0) > 3() <

and then applying the Gronwall lemma and calling (3.36) we get the result. O

Theorem 3.2. Assume that (1.2)—(1.5), (2.2)~(2.3), (3.16)~(3.19) hold. Then A, is bounded in H],
with a bound independent of t.

Proof. From (3.34) and Lemma 3.5, for all 7 € R, it yields

lim dist(U(t, )AL, K) = 0,
where

K! ={zeH :|llyg < My},

Since U is invariant, this means
dist,(A,,K/) = 0.

Hence, A, € K! = K, and we get that A, is bounded in ! with a bound independent of € R. O

Lemma 3.6. Foranyt € R,z = (u,u;,n") € A,, there exists a positive constant C, such that
supfllu I} + llull; + e@Olludll3 + 17115, + f llu:(Wi3dy} < C. (3.37)
>7 T

Proof. Similar to the proof of Remark 3.1, we can easily get the result. O
4. Asymptotic structure of the time-dependent attractor

In this section we investigate the relationship between the time-dependent global attractor of U(¢, T)
for problem (2.4) and the global attractor of the limit equation formally corresponding to (2.4) when
t — +oo. If &(t) = 0 in (2.4), we can obtain the following wave equation:

Uy — AU — Al — fooo,u(s)Ant(s)ds + fuw)y=gx), xeQ, >0,

l/t(.x, O) = MO(X), ut(-x’ O) = ul(X), X € Q’ ’
M|6Q =0, x€edQ.
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Within our assumptions on Sections 1 and 2, it is well known that Eq (4.1) generates a strongly
continuous semigroup {S (1)}>o acting on the space Hj(Q) x L*(Q) x L3(R*, H}()) associated with
the problem (4.1), such that S (£){ug, u, o} = {u(t), u,(¢), 7'(s)} is the solution of (4.1), where {uo, u;, 1o}
is the initial data of (4.1). Furthermore, {S (¢)};>0 admits the (classical) global attractor A, in the space
of Hj(Q) x L*(Q) x L;(R*, Hj(Q)). See [4,17] for details.

Also, we know that, for any fixed s € R,

A ={w(s) : w CBT of S},

where w : R — Hy(Q) X L*(Q) x Ly(R*, Hy(Q)) is called a CBT of S (1).
Next, we establish the asymptotic closeness of the time-dependent global attractor A = {A,},cg of
the process generated by (2.4) and the global attractor A, of the semigroup {S (¢)},-0 generated by (4.1).
That is, we can obtain the following result.

Theorem 4.1. Under the assumptions (1.2)—(1.5), (2.2)~(2.3), (3.16)—(3.19), the following limits holds

llm diStH(lJ(Q)XL%Q)XL&(R*’,H&(Q))(HIA[’ Aoo) = O. (4.2)

t—o00

To prove (4.2), we need to prove the following Lemma which is based on Lemma 4.1.

Lemma 4.1. For any sequence z,, = (i, 0un, 17,,) of CBT for the process U(t, ) and any t, — oo, there
exists a CBT y = (w, w;, &) of the semigroup S (t) such that, for every T > 0,

sup |lu,(t + £,) —w(®ll; — O, 4.3)
te[-T,T]
sup ||0,un(t +1,) —wi(D)ll — 0, 4.4)
1e[-T,T]
and
sup I, (s) = & (|1 — 0, 4.5)
1e[~T,T]

as n — oo, up to a subsequence.

Proof. From (3.37), for every T > 0, u,(- + 1,) is bounded in L*(-T, T, H*) N W'2(-T, T, H)(Q)),
and du,(- + t,) is bounded in L¥(-T,T,H") N L*(-T,T,H}(Q)) N W'(=T,T,H(Q)). Then by
direct application of Corollary 5 in [18] show that (u,(- + t,), d,u,(- + t,)) is relatively compact in
C([-T,T], Hé(Q) X L2(Q)). O

In addition, by Remark 3.3 and together with (3.37), we know that the sequence nft"(s) is bounded
in the space L*(=T, T; L;(R*, H*) N H,(R*, H}(Q))), so 1, (s) is relatively compact in C([-T, T],
L’(R*, Hy())). Hence there exists a function

WO W E() =yt RXR X (R, RY) = HY(Q) x LAQ) x L2(RY, H}(Q),

such that
U (- + 1) > w(),  Ou(- +1,) = wi (),  7.7"(s) = E(s),
hold.
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In particular, y = (w, w;, £'(s)) € C(RXRX(R,R¥), Hj(Q) x L*(Q) X LA(R*, H}(Q))). Also, recalling
(3.36), we have

SU]IE ||)’(f)||H(1)(Q)xL2(Q)><L§(R+,H5(Q)) <C. (4.6)
1S
We are left to show that y solves (4.1). Define

V(1) = uy(t + 1,), 8(1) = (1 + 1,), E,(5) = 11" (s);

then, we write Eq (2.4) of (v,(¢), 0,v,,, €. (s)) in the form
Ouvn = AV = DO, — EA(DAD v, — [ p()AE(s)ds + f(v,) = g,
0&L + 0,E, = 0.

We first prove that the sequence &,(¢)Ad,v, converges to zero in the distributional sense. Indeed, for
every fixed 7 > 0 and every smooth H-valued function ¢ supported on (-7,7) , we have

T

T T
f En(D(AB vy, p(D))dt = — f En(D)(AB,vy, p(1))dt — f E,(D(AO vy, p(1))dl.

T -T =T

Then, exploiting (3.37) again, we get

T T
| f En(D(ADy v, @(1))d1] < ¢ f Ven() Ve (DI AV, ||t
-T -T

vo [ el Ve DIIAS v, ||dt
=T Vgn(t)

T
SCf Veu(0) Ve (DNOvall2dt
-T

T
e, (0|
+C Ve DNOvall2dt

=T Vgn(t)
T T ’
le, ()
<C f Ve (dt + C ————dt
-T - Ve, (t)
< CT sup e, (1) + C(Neu(=T) = Ve (1)),
te[-T.,T]
where the constant C > 0 also depends on ¢. Since
lim[ sup &,(1)] =0,
n=0 te[-T.T]
we reach the desired conclusion
T
lim E,(){AD,Vv,, p(1))dt = 0.
n—oo | o

Now, taking into account (1.4), for every 7" > 0, we have the convergence

Av, + f(vy) = Aaw + f(w),
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in the topology of L¥(=T,T; H™") for every T > 0. At the same time, the convergences
Oyvn(t) — 0,8V, (1) = wy(t) — Aw(1), az‘f;(s) - atft(s)»

hold (up to subsequence) in the distributional sense. Therefore, we end up with the equality

Wi — AW — Aw; = f i H()AE (s)ds + f(w) = g(x),
0

which together with (4.6), proves that y(¢) is a CBT of the semigroup S (7).

Proof. Proof of Theorem 4.1. According to Lemma 4.1, for our problem, we can apply Lemma 2.1
with X = HJj(Q) x LA(R*, H)(Q)), Y, = H(Q), the latter space endowed with the norm || - [ly, =

Ve®|| - |li + || - ||. Combining with Lemma 2.1, the result here should include the convergence of u, in
the space L*(Q2), namely, (4.4). Consequently, we complete the proof of Theorem 4.1. O

5. Conclusions

Based on the theory of time-dependent attractor in time-dependent space, we discussed the
asymptotic compactness for the nonlinear evolution equation with linear memory. By the method
of operator decomposition, which overcoming the difficulty caused by the degenerate coefficient and
memory term, and then the regularity and asymptotic structure of the time-dependent attractor are also
proved, that means the combination for time-dependent attractor with the global attractor of the limit
wave equation when the coeflicient (f) — 0 as t — oo.
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