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1. Introduction

Fractional differential equations have been recently studied by mathematicians and scientists due
to the importance of fractional-order differential equations as a powerful tool for providing a full
description of the physical behavior of various systems and their memory and hereditary properties.
Several generalized formulations of fractional-order operators have been proposed and introduced into
various phenomena in natural science and engineering, chemistry, and physics (see [6,7,17,22,24]).
Recently, too many researchers have concentrated on the development of new fractional derivatives
and integrals which generalize previous ones in the literature. One of these new operators is the Hilfer
derivative which is introduced in 1999 by Hilfer [18]. We note that the Caputo fractional derivative
and the Riemann-Liouville deriva ve are particular cases for this new derivative.

The authors in [26] proved the existence of solutions for some stochastic differential problems
involving the Hilfer fractional derivative which is driven by fractional Brownian motion. Also, there
are several important papers dealing with the studies of different fractional operators, in this direction,
we can refer the interested readers to the monographs [1,2, 13-16,20,23] and references therein.
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Torres in [27], considered the following problem

{—@mﬂmﬂzﬂmm»semfx an
2(0) = «(T) = 0. '

Here, ;DY and (D¢ denote respectively the right and the left Riemann Liouville fractional derivatives.
Precisely, to prove that problem (1.1) has a nontrivial weak solution, the author used the well-known
Mountain Pass Theorem. We note that the variational approach is used for the first study of such a
problem by Jiao and Zhou [19]. Next, several published works were studied using different methods
like variational method, fixed points theorem method, iterative method, etc. We refer for instance to [2,
16,28-30]. Particularly, César [28] studied the following Dirichlet problem with mixed derivatives:

(1.2)

{ =D (p, (oDIE(s)) = k(s,£(s)), 5 € (0, T),
£0) = &T) =0,

where 0 < % < 6 < 1, p, denotes the p-Laplacian operator which is defined by p,(s) = |s|P~2s, and

k:[0,T] x R — Ris a function with Carathéodory type.

Since fractional calculus appear in many applications we cite for example, electrical circuits,
chemistry, viscoelasticity and electromagnetism, many researchers are concentrated on the
development of these operators. Recently, the fractional derivative with respect to another function is
extensively studied by several authors. Kilbas et al. [20, Chapter 2], introduced the y-Riemann
Liouville operators. Later, Almeida [3] introduced the y-Caputo operators. In 2018, Vanterler et
al. [10] introduced the -Hilfer fractional derivative. We noted that the y-Hilfer fractional derivative
is a more general operators in the sense that if /(s) = s, then we get the Riemann fractional derivative,
and if ¥(s) = In(s), then we get the Hadamar fractional derivative. Da Sousa et al. [8] extended and
developed other properties about the -fractional operators. Due to their importance and huge of
applications, there are several papers investigated problems involving these type of operators. Da
Sousa et al. [9], considered some y-Hilfer problem with p-Laplacian operator, by the use of the
variational approach, the authors proved that problem (1.2) admits multiple solutions. Very recently,
Da Sousa et al. [11] studied some problems involving the y-Hilfer fractional derivatives. Precisely,
they used the variational method approach in order to prove some existence results.

As far as we know, there are few works which discuss singular problems involving fractional
operators, especially those that include the y-Hilfer fractional derivative. In this direction, we will
study the following p-fractional boundary value problem with the y-Hilfer fractional derivative

{KW%#WwQMJWﬁWQwﬁﬂﬁﬁum=1ﬂ&dm+§% s€(0.7),

Iggré)—l);l//(o) — I;{(H—l);W(T) =0, (13)

where 4 > 0, ||.|| denotes the well known L”(a, b)-norm which is defined by

b ¥
Izl zrap) = (f |Z(S)|rds) X

1
I<—<p,and 0<O6< 1.
u

U, 6 are such that
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HZ)‘}’H’”” and HZ)“O;Q"” are defined in Definition 2.2, Ig&e—l);w and I?(G_l);w are given in Definition 2.1. The
Kirchhoff term K is defined on R by
K@) = a+ bt",

for some a € [1,00) and b € (1, 00).
In the rest of this work, we assume that the functions f, g are continuous on [0, 7] X R, moreover
for any s > 0 we have
g(y,s2) = s° 'g(v,2), forall (y,z) €[0,T]xR.

Also, we assume the following hypotheses:
(H;) Assume that p < ¢ < p* and for some C, > 0, we have

IG(s,2)| < Colel’, (1.4)

here G(s,z) = foz g(s, &)dé.
(Hy) f is a positive function in LT ([0, T1, (0, 00)).

Remark 1.1. Since the function g is positively homogenuous of degree 6 — 1 and G(s,0) = 0, the the
function G satisfies
G, s2) = S°G(y,2), forall (y,z) € [0,T]xXR.

If we differentiate the last equation with respect to s and taking s = 1, we get

728(y,2) = 6G(y,z) for all (y,z) € [0,T] X R.

We note that problem (1.3) is a nonlocal problem since it contain a Kirchhoff term k, and this make
a study of such problem more complicated and gives a higher difficulties in the manipulation of this
type of problems. Problems of type (1.3) are related to the problem investigated by Kirchhoff [21].
Precisley, Kirchhoff [21] studied the following problem

. (1.5)

2 2
0z (§0+5E)6Z

or ox*’

where ¢ and &, denote respectively the mass density and the initial tension, E is the Young modulus of
the material, the area of the cross section is denoted by 4 and ¢ is the average which is given by

1 T

s= L [ ]%
2T J,

dx

here 7" denotes the length of the string.

Recently, Kirchhoff type problems have been extensively studied by several authors, we cite for
example the works [4,12,31] and references therein.

Our main result of this paper is the following theorem.

Theorem 1.1. Assume that hypotheses (Hy) and (H,) are satisfied. Then problem (1.3) admits a
nontrivial weak solution provided that A € (0, Ay) for some positive constant Ay.
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2. Preliminaries and variational setting

In this part, we will give some lemmas and preliminaries on the fractional calculus, essentially,
we introduce the y-Hilfer fractional operators and present some properties which will be used in the
variational setting of our problem. We note that all results is this section can be found in [20,25]. In the
rest of this work, the Euler gamma function is denoted by I', u > 0, § > 0 and —c0 < a < b < o0. The
function ¥ : [a,b] — (0, o) is an increasing function with continuous derivative ¥’(s) # 0 on (a, b).
Finally, for a simplicity, we denote by d,(x) the following expression:

1 d
W' (x) dx’

Also for a given real number ¢ and p, we adopt the following notation

Ye(p) = Y(&) = Y(p).

Next, we begin by presenting the notion of fractional integral operators.

d¢ (x) =

Definition 2.1. ( /20,25]) Let z : [a, b] — R be an integrable function and assume that ¢ is of class C'.
We define respectively the left and right fractional integrals of a function z with respect to another
function ¢ as follows:

120 = f W OW0) 20,

and )
1
0.y ._ ’ 6-1
1,7 72(x) = ) fx W (OW(x0)" z(ndt.
Now, we give in the next definition the notion of y-Hilfer fractional derivative.

Definition 2.2. ( /8, 10]) Let z : [a, b] — R be an integrable function and assume that 0 < 8 < 1 and the
function i is of class C!. We define respectively the left and right sided y-Hilfer fractional derivatives

of order u and type 6 as follows:
HZ)ZLH,WZ(S) = IH(H—H)J/’ (dw(S))n I[(Jl—ﬁ)("‘#),ll’z(s)’

a+

and
HDZ,_H,WZ( S) = 9(71—/1) 4 (d (S)) Ié{—e)(ﬂ—#)slllz( S),
here 7 is an integer satisfying u € (n — 1, n].

We note that this new fractional derivative generalizes some other fractional derivatives in the
literature. Precisely, we give three cases in the following remark.

Remark 2.1. We have
(i) If O is very close to zero, then we get
Dila) = (dy) 1720,
and

Dyla(0) = (~dy@) 1" 2(),

where O, Y and Z)”b’fp are respectively the left and right y-Riemann-Liouville fractional derivatives
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(ii) If 6 is very close to one, then we get
D) = I (dy) 2(),
and

COMax) = I (~dy(w) 2(),

where CZ)Z Y and CZ)ZLH"” are respectively the left and right sided y-Caputo fractional derivatives
(iii) If 6 = u + 6(n — ), then we get

.05 6—H, 0,
TDpM ) = 1D (),
and

9, 6 3,
H'Z)Z— wZ(X) ,Ul//D W

z(x).

The principal result used in the variational formulation of integral equation is the integration by
parts. So in this direction, we give the following lemma:

Lemma 2.1. ( [9]) Assume that 0 < u < 1,0 < 0 < 1 and  ia a function of class C'. Let z : [a,b] — R,
be an absolutely countinous function. If the function & : [a, b] — R is of class C' with £(a) = &(b) = 0,

then we have
’ ’ £(s)
f "L (s)é(s)ds = f z(s);b’()"@”‘”( s ))

Remark 2.2. ([9,27])Ifr > 1 2 u >0, and q = 5, then we have:
(i) If z € L'(a, b), the Igiwz € L'(a, b), moreover

< W@y
T+ 1)

|| Z||L rap) < ”Z”L"(a,b)-

(ii) If % < u <1, then lim I’a‘ ;wz(t) = 0. So, IZ ;‘/'z is continuous on [a, b], moreover, we get
t—a

(@)

IIIZ;'//ZHOO < 1zll 2 (ab)»

T(w) ((u — 1)g + 1)

where L' (a, b) denotes the classique Lebesgue space and

Izllee = ess sup |z(s)l.

a<s<b
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3. Variational fromwork and proof of the main result

In this section, we will apply the min-max method in order to prove Theorem 1.1. So, we denoted
by E’;’H’w the closure of the set C°([0, T'], R) endowed with the norm

1
0,
el e = (Il 0.7y + 10D 2 )"
We collect from [27] that Eﬁ’e"/' is also defined as:

EA = £ [0,T] - R: D¢ € 12([0, T)), I3 "(0) = 1£"(T) = 0}.

Moreover, in the following remark, we collect some important properties about this space.
Remark 3.1. (See [9,27]) Assume that u € (0, 1] and 0 € [0, 1], then we have

(i) The space E’;’H’w is a separable Banach space which is also reflexive.
(ii) Assume further that either u > 11—7 orl—u> }U , then we get

< WrO)
F(u +

||Z)“+ Z”LP(O T)-

Izl 0,7) <

(iii) If <u andq = Ll then we have

(@)
T(w) ((u — 1)g + 1)

We note that, from Remark 3.1, we can endowed the space Eﬁ"/’ by the following norm:

llzlleo < ||DS+ el o)

,0,
Izl = 10Dt 2l oo

moreover we have

fo
el < — 7@ 12l 3.1)

L) (- Dg + 1)

Now, we are in a position to define the notion of solutions.

Definition 3.1. A function ¢ is said to be a weak solution for problem (1.3), if for every & € E’;’W’ we
have:

T T
K( fo "D o5 ds) fo WD e D) (1) o D )

T T
=4 fo g, p(&(D)dt + fo FDe (DE0)dr.

Let & € C7([0,T],R) and let ¢ be a solution of problem (1.3). Multplying the first equation in
system (1.3) by ¢ and integrating over [0, 7] we obtain

T T
K(llell?,) fo 1D (o, (DG (s))) Eds = A fo g(s, @(s)Eds + @M (3.2)

0

AIMS Mathematics Volume 8, Issue 7, 16308—16319.
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Using the Lemma 2.1, we have

" by o ' o 1 oyl gyt [ £65)
fo DL (py (M DR () £ s = fo pp(HDS‘%(s))w(s)HDg‘fw( w,(ss))ds. (3.3)

If for all s € [0, T] we have 7 Z)Sf”‘” ( 56) )

) Z)’gf wf(s) then Eq (3.2) can be rewritten as

lﬁ’(S)

T T
K(ligll;, ) fo po (" D5 e(9) "D s ds = A f §(s, p(s)Eds + &561

0 0

Now, if we take € = ¢ then we get

T T T
K(llel,) fo D g(s)| ds = 2 fo g(s.9(8)p(s)ds + f F($)0' 7 (s) ds.

0

From Remark 1.1, we can define the functional associate to problem (1.3), p, : E’;’H"/’ — R, as follows:

1~ T 1 T
palp) = =K(lgll},) - /lf G(t, o(t))dt — —— f FOle™ dt,
p 0 1=y Jo

where K(f) = [ K(s)ds.
It is not difficult to show that for all ¢ > 0, we have

~ t
K(t) > a, and K(?) > K(1). (3.4)
m+ 1
We note that p, is well defined, moreover, due to the singular term, it is not of class C!. So we can not
use the direct variational method to prove the existence of solutions. For this reason, we will apply the
min-max method. So, we begin by proving the following result.

Lemma 3.1. Under the hypotheses (Hy) and (Hy), if 6 < p?, then p, is coercive and bounded from
bellow on EZ’W.

Proof. Let ¢ € E’;’e"/’, then from Eqgs (1.4), (3.1), (3.4) hypothesis (H;) and the Holder inequality, we
obtain

1~ T 1 T
pite) = Kol -2 [ Gagondr- 1 [ sonewrar
p 0 l-vJo

\%

T
[ P K 4 _/lC t §dt
WKL) = G [ bt

1 T » i 0
_T( f If(t)lvwdt) ( f Iso(t)lf’dt)

+1
—llell,y, ——IIfII

I-y
p(m T Lo NS

b mp+1 (@)=
oG+ 1)||‘10|| - AC, T - B :
To(u) ((u — g + 1)

\%

\%

0
el
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T (1=y)(u-1)
——If Wr(@) gl

Lp+7 I(OT)FI Y(IJ) ((ll _ 1)6] + 1) Z

Since0 <1 -y <1<6<mp+ 1, then we see that p, is coercive and bounded from bellow on E‘,ﬁ’e’w.
This ends the proof of Lemma 3.1.

Lemma 3.2. Assume that hypotheses (Hy) and (Hy) hold. Then, there exists a nonnegative nontrivial
function ¢, € E’;’g’w such that p,(tpg) < 0, provided that t > 0 is small enough.

Proof. Let ¢o € C>([0,T]). Assume that for some bounded sub-intevals I, and [;, we
have Iy C supp(py) C I; € (0,7),0 < ¢y < 1inz; and ¢y = 1 in z,.

| r 1 T
paltey) = ;K(Hl‘(ﬁoﬂz,w)—ﬂféf G(S,‘Po)ds—ﬁtl_yf FSlpo(s)' ™ ds
0 - 0
at? , b . T
i L A f Gs, p0)d
P( ) 0
T
< tp(—||¢||pw 2| ||”<'"+“) : f FSlea(s)' ds
p " p( +1) -7 Jo
1=y | eyt [ Gy 0 pmsn) LT 1=y
<t —llell,, + ——=llell,, S®lpo(s) 7 ds
p " pm+1) 1-vJo
< 0, Ve (0,ym),
where

: { ﬁfoT (S)|900(S)|1‘7ds]
y =min| 1

> a P p(m+1)
;”‘pllﬂ’w p(m+1)||()0||

According to Lemma 3.1, we can define the following expression:

my = mf PA(M)
ueE’“

Moreover, from Lemma 3.2, we have m,; < 0.

Lemma 3.3. The functional p, attains it’s global minimizer in E. That is, there exists u, € Eg’g"/', such
that
paluy) =my <O0.

Proof. Let {u,} be a minimizing sequence of p,, which means that p;, — m, as n — oo. Since p, is
coercive, then {u,} is bounded in E. endeed, if not, up to a subsequence, we can assume that ||u,|| — oo.
Therefore, the coercivity of p,, implies that p,(u,) — oo, which is a contradicts. Hence, {u,} is bounded.
Therefore, there exist u,; € Eﬁ’“’w, and a subsequence still denoted by {u,} such that, as n tends to
infinity, we have
up — uy, weakly in Eﬁ’”"p,
{ u, — uy, in C([0, T],R).

AIMS Mathematics Volume 8, Issue 7, 16308—16319.
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Since {u,} is bounded in EZ"“/’, then, from the proof of Lemma 3.1, we have

T ] = Wr(@) e -
ff(t)lunllydtsTvyllfll ) o —luall, -
0

LT OD Py () (= g+ 1) T

So, from the absolutely continuity of ||f ||L#(0 - we deduce that

T
{f FOlun' ™ dt, n e N},
0

is equi-absolutely-continuous. Therefore, using Vitali’s convergence theorem (see [5]) and the fact
that [|u,|,, 1s bounded, we obtain

T T
lim f F(Olu,|"™ dt = f F(O)luy' ™ dt. (3.5)
= Jo 0

On the other hand, from (1.4), the continuity of the function G, and the dominated convergence theorem

we get
T T
lim G(t,u,)dt = f G(t,u,)dt. (3.6)
0

—00
n 0

Finally, combining Eqs (3.5), (3.6) and the weak lower semi-continuity of the norm, we deduce
my < p(uy) < Y}LH;PA(Mn) =m,.

Hence
paluy) = my <O0. (3.7)

This ends the proof of Lemma 3.3.
Now, we are in a position to prove the main result of this paper.

Proof of Theorem 1.1. From Lemma 3.3, we get the existence of a function u, which is a global
minimum for the functional p, in E’;(“/' So u, satisfies the following inequality:

O < p/l(u/l + t(p) _p/l(u/l)v v (ta (10) € (O’ OO) X E/;,a’w' (38)
So
0 < lim pa(uy + 1) _p/l(u/l).
t—0 t
Which yelds to

T T
K( f 1D uy(s)| ds) f oD ur ()P~ oD 1,y (1) oD (1) dt
0 0

T T
—A fo 8t u (Np(n)dt — fo fOu) @p(dt > 0.

AIMS Mathematics Volume 8, Issue 7, 16308—16319.
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The fact that ¢ is arbitrary in E’;"”w, implies that we can replace ¢ by —¢ in the last inequality, which
yields to

T T
K( f [y ds) f DD (P2 (D (1) o DI (1l
0 0

T T
-1 fo gt u (1)p(t)dt — fo FOu” (O¢(ndt = 0.

Therefore, from Definition 3.1, we can see that u, is a weak solution for problem (1.3). Moreover,
from Eq (3.7), we see that u, is nontrivial.
The proof of Theorem 1.1 is now completed.

4. Conclusions

This paper considers some classes of Kirchhoff problems involving the -Hilfer fractional derivative
and a singular nonlinearity. Our main tools are based on the combination of the variational method with
the min-max method. More precisely, some important properties of the associated functional energy
are proved in order to ensure the existence of a nontrivial weak solution. This study can be generalized
to similar problems involving the (k, y)-Hilfer derivative.
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