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1. Introduction

Derivatives of integer orders are the particular form of fractional order derivatives. When the
notation % was presented by Leibniz at the end of 17 century for n order derivative, L’Hospital
asked from him can we take n = %? Leibniz replied “this is an apparent Paradox, from which one
day useful consequences will be drawn”, and this was the origin of fractional derivatives Riemann-
Liouville derivative was originated after the great contributions of mathematicians Fourier and Laplace,
and due to this notion of fractional derivative the fractional calculus was developed. After that,
researchers showed interest in fractional calculus [4-9, 13, 17-20, 28]. Fractional derivatives are
universal operators, which cover different physical phenomena and areas of mathematical modeling
such as: control theory [26], dynamical process [24], electro-chemistry [16], image and signal
processing [22], mathematical biology [21], etc.
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The existence of solutions is the basic subject for the investigation of the fractional differential
equations. Numerous mathematicians worked on the existence of solutions for different Boundary
Value Problems, Using different fixed point theorems (see [23,29,32]). In [2] Ahmad et al. studied
the existence of coupled fractional differential equations involving a p-Laplacian operator by applying
fixed point theorems. In [11, 12], the authors got theoretical results related to fractional differential
equations with p-Laplacian operator (p-LO).

It can be easily observed that obtaining the exact solution of non linear models is a tough and
challenging task, to overcome the difficulty, a lot of approximation methods were established. Hyers-
Ulam Stability (HUS ) can predict the gap between exactness and approximations of the solutions. This
notion was initiated (in 1940) by Ulam [25] and further extended by Hyers to abstract spaces, after one
year. Recent results shows that different models with different boundary conditions are investigated
for HUS [3,15,30,31].

Mohammed et al. [ 14], explored the existence and uniqueness of solution of a model which involves
the Caputo-Katugampola fractional derivative:

DX, D} @) = A, [ D} m(@)) + flo, (0) D w(0)) = 0, 0 € oo, T,
@(oo) + Bi(T) = Ci [ gi(s,@(s), D} w(s))ds,

@ (00) + By (T) = G [ g(s, w(s),¢ D} w(5))ds,

(D} @(00) = @0, (6, D} @) = @,

where “D” is a Caputo fractional derivative of order 8 € (1,2), °D*, y € (0,1) and °D**, « € (1,2),
p > 0 are Caputo-Katugampola fractional derivative, ¢,, p > 1 is a p-LO.

Hira et al. [27], investigated the existence, uniqueness and HU stability of solutions to nonlinear
coupled FDEs:

DY (L, (‘D}lw(0))) = Ai(0)@(0) + Do, @(0), Dfj. (L,(“ D} w(0)))),

DR (L,(‘Dy(0))) = Ax(@)w(0) + P(o, D (L, (‘DL @ (0))), w(0)), 0 € T,
‘Dyi@(0)) = w(0) = @”(0) = 0,

@' (T) = C, fOT 105, @(),S DL (L, (“ DY w(s)))),

‘Dg:w(0)) = w(0) = w”(0) = 0,

W' (T) = C, fOT 2(5,° DL(L, (DS a(s))), w()),

(1.1)

where2 < @; <3,0< B, <1, n;, vi >0, ¥; € L[O, T], and "Dgi and CDg’; are the Caputo derivatives
of order ; and B;, i = 1,2, respectively. L,(s) = |s|P~2s is a p-LO, where % + fj = 1, and L, denotes
inverse of p-Laplacian. A; : 7 — R are closed bounded linear operators for any p € 7 = [0,T], and
D,V g : T XRXR—->R, (k=1,2) are continuous functions i = 1,2. C, € R"™", (k = 1,2).

In [12], Lu et al. investigated the nonlinear fractional BV P with p-Laplacian operator

DF.[9,D% X(@)] = F(a, X(@)), 0<a <1,
X0)=X0)=X'(1) =0,
DZ.X(0) = D& X(1)) = 0,
where Z € (2,3], and 8 € (1,2]. D%, D? represents the standard Riemann-Liouville fractional
derivatives.
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In [2], Ahmad et al. investigated the system:

‘D4[9,D%X(a)] + Ki(a)F (@, X(),* DZ*[9,(D’Y(@)]) = 0, « €]0, 1],
‘D%[9,D®Y(@)] + Ka(@)Fy(a," D% [9,D®X ()], Y(a)) = 0, a €]0, 1],
([ﬁpDBX(a)])l - ([ﬁp(DﬂY(a)])t =0, i=0m-1,

I2X0) = I"%Y(0) =0, k=2,m,
D°(X(1)) = D°(Y(1)) = 0,

where ‘D and D® respectively denotes the Caputo and Riemann-Liouville FD of order Z and B,
m—-1<2Z,2Z,,8<mme{4,5,...},and 1 < <2, K{(-), K5(-) are linear and bounded operators
on R.

Zhang et al. [33], studied the existence of

‘D?9,(‘D*X(a)) + F(a,* D*X(@)) = 0, a € (0, 1),

(ﬁ,,(“DZX(O))) = 9,(‘DEX(1) =0, i=1,2,....m—1=T,m—1,

1 1
X(0)+ X'(0) = f S1(@X(w)dw +a, X(1)+X'(1) = f SH»(w)X(w)dw + b,
0 0

X/0)=0, j=2,n-1,

where Z and B are the orders of Caputo fractional derivatives “D< and ¢D® respectively.
Following [33], in this article, we present existence and stability analysis of the model of the form

‘D®19,(‘D% X()) - Fi(a, D" X(a),*D"Y(a)) = 0, a < (0,1),
‘D%9,(‘DZ)Y(a) — Fa(a, “D"' X(a),* D" Y(a)) = 0, a € (0,1),

(ﬁp(CDZ‘X(O)))Z =9,(‘DF'X(1)) =0, i=1,m-1,
(ﬁ,,("DZz Y(O)))l = 9,(‘DEY(1) =0, i=Tm—1,
1 1
X(0)+ X'(0) = f S (@)X (w)dw + f H|(w)dw,
0 0 (1.2)
1 1
X(H)+X'(1) = f SH(w)X(w)dw + f Hy(w)dw,
0 0
1 1
Y(0)+Y'(0) = f Ss3(w)Y(w)dw + f Hsy(w)dw,
0 0

1 1
Y(H)+Y' ()= f Sy(w)Y(w)dw + f Hy(w)dw,
0 0
X/0)=0, Y(0)=0, j=2,n-1,

where l <m—-1<8B; B, <m; 1 <n—-1<Z;Z,<n,Z-B1,2,-B, > 1,2Z; Z>; By, and B, be the
orders of Caputo fractional derivatives *D<', D%2, <D?' and °D®? respectively, and 0 < y;,y, < 1. The
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p-Laplacian operator is represented by ¢, and is defined as ¢ ,(@) = |@|’ @, p > 1, 19;1 =1, ]lj + ézl.
S1,8,,53,54 € C(0,1],R"), Fy, and F, are appropriate functions. Hj,H,,Hs;,H,; € C([0, 1],R") are
perturbation functions.
€) 0 < [ H(@)dw < [ B@do < 2 [ Hi@)do < +0,0 < Si(@) < Sx(@) < 25,(@), 0 <
I S1@)d, [} Sx@)dw < 1,0 < S3(a) < Sa(a) <253(), 0 < [ Sy(@)dw, [, Si@)dw< 1.
The remaining manuscript is as follows: Section 2 contains basic definitions, auxiliary lemmas and
related theorems. In Section 3, we present the existence theory for the problem (1.2) and gives some
related properties of Green function. In Section 4, we obtain at least three positive solutions of coupled

system (1.2) by using the Avery-Peterson fixed point theorem. Section 5 contains HU type stability
results, and Section 6 provide an example to authenticate the theoretical result.

2. Preliminaries

Here, we are presenting an important literature concerning the Caputo fractional derivatives and
integral, which gives us help throughout this article, for the details, reader should study [1, 10].
Definition 2.1. Let X € L'([0, T, R*) be a function. Then the Z order fractional integral is defined by

1

IZX(’ZD') = ﬁ

f (@ - @) ' X(@)dw a>0, Z>0,
0
on the condition that the integral on right side exists, where I is the Euler Gamma function, defined as
o = f e da.
0

Definition 2.2. Let X : [0,T] — R be a function. Then the Z > order fractional derivative is defined
as

‘D<X(a) = ﬁ foa(a - o)X (w)dw,

on the condition that the integral on the right side exists, and [ L] denote the integer part of a real
number Z, where n = 1 + [Z].

Definition 2.3. Let X : [0, T] — R be a function. Then the Z order sequential fractional derivative is
defined as:
D%*X(e) = D*'D%D% ... D% X(a),

where Z = (Z1,Z» Zs, ..., Zw) is any multi-index, and the operator D< can either be Riemann-
Liouville or Caputo or any other kind of integro-differential operator.

Lemma 2.1. For any Z > 0, the Caputo FDE ‘D<X(@) = 0 has a solution of the form

X(@)=ey+ea+ eHdt + -+ e, ",
wheree; € R,i=0,n—1,andn =1+ [Z].
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Lemma 2.2. For any Z > 0, we have

I2(CD%X(@)) = X(a) + ey + e + e20* + - - - + e, 1",

wheree; e R,i=0,n—1,andn=1+[Z].
Lemma 2.3. [33] LetF; € C([0,1],R), and 1 <m —1 < B <m. Then

DPw(a)=-Fi(@), O<a<l, 2.0
w(1) = W'(0) = 0, i=1,m-1, ’
has a solution (unique)
1
w(a@) = f Kg, (o, w)F | (w)dw,
0
where - -
_ 1-o) ' +(@-2)", 0<w<a<l,
Kg (o, @) = R { (1 - @B, O<a<w<l (2.2)
Let

1 1 1 1
Mg, :fo S1(@)dw, Mg, :fo wS |(w)dw, MSZZJ; S (w)dw, M;Z:fo wS(w)dw,

1 1 1 1

Mg, :f Si(@)dw, My, = f wSs(w)dw, Ms, = f Sy(w)dw, Mg, = f wS 4(w)dw,

0 0 0 0
( ) (2 - a/)65] + (Q - 1)6S1552(2MS2 — Mgz)
@) = ,
n 1= 65,05,(2Ms, — My )M} — Ms,)
) 27 s 055, = M) + (@ = 3,
@) = ,
T 55,65, Ms, — M )(Mj, — Ms,)

(2.3)

(2.4)

1 1
Vi(o) =2 -a) f H(m)dw + (@ - 1) f H,(w)dw
0 0
1 1 1
+ f [nl(a/)Sl(w) + nz(a)Sz(w)] X [(2 - w)f H,(6)d6 + (w — 1)f H2(9)d9]dw, (2.5)
0 0 0
1 1
Ya(a) =2 - a) f H(w)dw + (o - 1) f Hy(w)dw
0 0

1 1 1
+ f [n3(a)S3(w)+n4(a)S4(w)]x[(Z—w) f Hy(0)d6 + (@ — 1) f H4(9)d9]dw. 2.6)
0 0 0

From (€,), we know for a € (0, 1),

28 1(a@) > SH(a) > aS,(a) > aS (@),
2855(a) > S4(a) > aS4(a) > aS;s(a),

and
1 1 1
1> f SH(w)dw > f wS(w)dw > f @S |(w)dw > 0,
0 0 0
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1 1 1
1> f Syr(w)dw > f S1(w)dw > f wS |(w)dw > 0,
0 0 0
1 1 1
1> f Si(w)dw > f wS y(w)dw > f wS;(w)dw > 0,
0 0 0
1 1 1
1> f Sy(w)dw > f S3(w)dw > f wSs(w)dw > 0,
0 0 0
1 1 1 1
f 28 (w)dw > f S»(w)dw, f 2wS |(w)dw > f @S »(w)dw,
0 0 0 0

1 1 1 1
f S3(w)dw > f Ss(w)dw, f 2wS 3(w)dw > f wS y(w)dw.
0 0 0 0
Implies

1> Ms, > Mg, > Mg >0, 1>Ms,>Mg >Mg >0, 2Ms, > Ms,, 2Mg > Mg, (2.7)
1> Mg, > M§4 > Mé} >0, 1>Ms, >Ms, > Mg3 >0, 2Ms, > Ms,, 2M§3 > M§4. (2.8)

3. Existence of solutions

For our results we need an assumption and the lemma.
(€,) 65: =1-2Ms, + Mg #0, 6;; =1+ Ms,— M, #0 and 6s,65,2Ms, — Mg (Mg — Ms,) # 1.
Lemma 3.1. Let (€,) hold, n—1 < Z; <nandh, : J — R are is an appropriate function. The BV P:
‘D%X(@) —hi(@) =0, ac(0,1),

1 1
X(0)+ X'(0) = f S () X(w)dw + f H(w)dw,
0 0

1 1 (31)
X(H+X'(1) = f SH(w)X(w)dw + f H)(w)dw,
0 0
X(0)=0, j=2,n—1,
has solution(unique) of the form
1
X(a) = f Gz (o, w)h(w)dw + ¥ (), (3.2)
0
where
G.Z] (Q’, 'ZD') = Gl(a/a w) + GZ(a/’ W), (33)
1l (ol - -2 2+ (@-w)@!, 0<wm<a<l,
Glem =51z { (Zi - o)1 - o)1 - &), 0<azw<t,  OY
and
1 1
Galar, @) = mi(@) f 510G (@, 0)d6) + (@) f $2(0)G(w, 0)do). (3.5)
0 0
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Proof. Consider
‘D% X(@) = hi(@). (3.6)

Using Lemma 2.2, we get

1
I'(Zy)

Using boundary conditions of (3.1), we get

X(a) = f (@ — @) "h(w)do + ey + era+ -+ e, (3.7
0

1

1 1
ey =2 f H|(w)dw — f Hy(w)dw + 2 f S (@) X(w)dw
0 0 0

1 1 1 Z-1 1 1 Z-2

— f(; SH(w) X (w)dw + rZy L (1 - @) hi(@)dw + [Z.-Dn fo (1 — ) hi(w)dw,
1 1 1 1

e =— f H(w)dw + f H,(w)dw — f S (@) X(w)dw + f SH(w)X(w)dw
0 0 0 0

1 1 Z1-1 1 1 Z1-2

— Iz fo (1 —@)*'" " h(w)dw — [z, -D fo (1 — @) “h(w)dw,

ande; = e3 =--- = ¢, = 0. Putting ¢’s in (3.7) and

1 1 1
X(a) =(2 - a/)f S1(@X(w)dw + (a — 1)[ Sr(@mX(w)dw + (2 — oz)f H(w)dw
0 0 0

-«

I'Zi -1

1-«

I'(Zy)
f (@ — @)% 'h(w)dw
0

1 1 1
+@-1) f Hy(w)dw + f (1 — @)% hy(w)do + f (1 — @)% %h)(w)dw
0 0 0

1
I'(Zy)

1 1 1
= f Gila,mh(w)dw + (2 - a) f Si1(@X(w)dw + (a—1) f SH(w) X (w)dw
0 0 0

+

1 1
+(2 - a)f H(m)dw + (a - l)f H,(w)dw
0 0

1 1 1
= f Gila,m)h(w)do + (2 -a)As, + (- 1)Ag, + (2 - a/)f Hi(w)dw + (@ — l)f H,(w)dw,
0 0 0

(3.8)
where G (e, @) is given in (3.4), As, = [ §1(@)X(@)dw and As, = [ S2(@)X(@)dw.
In view of (3.8), we get
S (@)X (@) =5, (@) fo G @ (@) + (2 - A, S 1(@) + (@~ DAs,S (@)
+2-a)S (@) fo H(@)dw + (@ - DS (@) fo (@), (3.9)

Integrating (3.9) from O to 1, we obtain
1
Ag, = f S1(@)X(w)dw
0
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1 1 1
- f Sl(w)( f Gl(w,e)h(e)de)dw+(2ﬂsl—ﬂsz) f S \(@)dw + (As,
0 0 0
1 1 1 1 1
—ﬂsl)f wSl(w)dw+2f Sl(w)f H1(9)d0dw—f wSl(w)f H,(0)d0dw
0 0 0 0 0
1 1 1 1
e f Hy(0)d6d — f S (@) f Hy(0)d6dw
0 0 0 0
1 1

:f Sl(w)(f Gl(w, 0)h1(0)d9)dw + (2ﬂ51 - ﬂSz)MSl + (ﬂSz - ﬂSI)Mél
0 0

1 1 1 1
+2f Sl(w)f H1(¢9)d9dw—f wSl(w)f H,(6)db0dw
0 0 0 0
1 1 1 1
+f wSl(w)f H2(0)d9dw—f Sl(w)f H,(0)dOdw.
0 0 0 0

Implies that
1 1
A, =55, f Sl(w)( f Gl(w,e)hl(e)dé’)dw+651ﬂ52(M§1 _ M)
0 0

1 1 1 1
+2631f Sl(w)f Hl(Q)dOdw—(SSlf wSl(w)f H,(0)d0dw (3.10)
0 0 0 0

1 1 1 1
+ 651f wSl(w)f H,(0)dOdw — 651f Sl(w)f H,(0)dbdw.
0 0 0 0

Similarly, we obtain
As, = fo l S»(@)X(w)dw
- fo lSg(w)( fo l G\(w, G)hl(e)de)dw+ QAs, — As,) fo 1Sz(w)dw+(.?l52 ~ As,) fo 1 @S, (w)dw
+2 fo lSz(w) fo 1 H,(0)d0dw — fo 1 @S (@) fo 1 H,(0)d0dw
+ Olwsz(w) ﬁ | H(6)d0dw — fo 1Sz(w) fo 1 H,(0)d0dw
I I

:f SZ(W)(f Gl(w, 0)h1(9)d0)dw + (Zﬂsl - ﬂsz)Msz + (ﬂsz - ﬂsl)Mgz
0 0

1 1 1 1
+2f Sz(w)f H1(9)d9dw—f wSz(w)f H,(0)d0dw
0 0 0 0

1 1 1 1
+ f @S (@) f H,(0)dOdw — f S (@) f H,(0)dbdw.
0 0 0 0

Implies that
1 1
As, =05, f Sz(w)(f G (@, Q)hl(e)de)dw + 05, As,2Ms, — My,)
0 0
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1 1 1 1
+ 205, f So(w@) f H,(0)d0dw — 65, f @S (@) f H,(6)d0dw
0 0 0 0

1 1 1 1
+ 65, f @S () f H,(0)d0dw — s, f S (@) f H,(0)d0dw. (3.11)
0 0 0 0
From (3.10) and (3.12), we get
A 551 f (@) f ' G, O (e)de)d
= () () w
1T — 65,65,2Ms, — )(M' Msl) ‘ e
1—551552(2M52 (M' "My @ ), 6@ om@eejic

551 f

+ — [(2 - @) f H,(6)d6
1 = 65,05,2Ms, — My )(M§, — Ms,) Jy 0o

05,05,(Mg — Ms,)

I- 6316S2(2MS2 - M_/S‘Z)(M_g‘l - MSI)

1
+ (@ — 1)f H,(6)dO]S | (w)dw + (3.12)
0

1 1 1
f (2 - @) f H;(6)d6 + (w - 1) f H,(0)do]S »(w)dw
0 0 0

and
551552(2M52
1= 65,05,2Ms, - M ~Ms,) f S1(@) f 1(w’9)h1(9)d9)dw
(552 1
1—5515s2(2Ms2 My )(My, Ms,)f Z(W)f 1(w,9)h1(9)d9)dw
05,05,2Ms, — My)

+1—551652(2MS2 My )M Msl)f [(2 - w)f H1(9)d0+(w—1)fH2(9)d9 (@)do

As,

Js,
+ [ 65,05.2M5, — My )(M; — M) fo [(2 - w)fo H(0)dO + (w — l)f(; Hy(0)dO]S »(w)dw.
(3.13)
Putting (3.12) and (3.13) in (3.8), we get
1 1 1
X(a) :f Gila,mh(w)dw + (2 - a)f H(w)dw + (a — 1)f H(w)dw (3.14)
0 0 0
(2 — a)égl + (a — 1)6S|552(2M52 — Mgz) 1 1
AT Ayl Sl(w)(fo G\(w, 9)h1(0)d0)dw

(2 — @)ds,65,(Mg, — Ms,) + (@ — 1)ds,
1= 05,05,(2Ms, — My )(My — Ms,)
(2 = )5, + (a - 1)5s,55,(2Ms, — M)

1 —65,65,2Ms, — Mg (Mg — Ms,) Jo
(2 — @)ds,65,(M, M51)+(a— 1)és,
1 = 85,05,(2Ms, — M )M — Ms,)

1 1
Sz(w)( f Gi(w, H)hl(e)dé’)dw
0

1 1 1
[(2 - w)f H,(6)dO + (w — l)f H,(0)d0]S | (w)dw

f[(Z w)f H1(0)d0+(w—l)f H,(6)do]S »(w)dw.
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From (2.3) and (2.4), we can write (3.14) as
1 1 1
X(a) = f G(a,mh(w)dw + (2 - a/)f H(w)dw + (a — l)f H,(w)dw
¢ 1 1 ‘ 1 ’ 1
+ f m(a)( f S (0)G, (. w)dé))hl(w)dw + f nz(a)( f S2(0)G, (6. w)d@)hl(w)dw
0 0 0 0
1 1 1
+ f (@2 - o) f H,(0)d0 + (@ — 1) f H,(0)d61S |(w)dw
0 0 0
1 1 1
+ f m(a)[(2 - w)f H,(6)dO + (w — l)f H,(68)dO]S »(w)dw
0 0 0
1 1 1
= f Gila,mh(w)do + (2 - a) f Hi(@)dw + (@ — 1) f H,(w)dw
0 ) ) 0 | 0
¥ f [m(a)( f 5 1(OG1 (0, )6 (@) + () f $2(0)G1 (0, )6 ()
0 0 0
1 1
+ (@3 (@) + @S @)@ - @) fo H(0)d0 + (@ — 1) fo H2<0>d0)]dw
1 1
= f G (a, w)h|(w)dw + f Gy(a, m)h(w)dw + ¥ (@)
0 0

1
= f GZI(Q’, W)hl(zﬂ-)dw + lﬁl(a’)
0

O
Lemma 3.2. The coupled BV P (1.2) is equivalent to the following system of integral equations
1 1
X(a) = || Gz,(a.@)0( [, Kg,(w,0)F (6, D' X(6), DY (0))db)dw + 1 (a), (3.15)
1 1 .
Y(a) = || Gz,(a, @)0( [, Ks,(@,0)F (6, D' X(6), D Y(0))db)dw + yr(a),

where G (o, w) and K (a, @) are given by (3.3) and (2.2).

Proof. Using Lemmas 2.3 and 3.1, set w(a@) = ﬂp(DZIX(a)) and hi(a) = Fi(a, D" X(a), DY (@)), and
we have

1 1
X(a) = f Gz (a, w)ﬁq(f Kg, (w,0)F (6, D' X(0), DY (0))dO)dw + ().
0 0
Similarly, we can set w(a) = 191,,(DZz Y(@)) and hy(a) = F2(a, D' X(a), D2 Y(a)), we obtain

1 1
Y(a) = f G z,(a, @)0( f K, (@, 0)F 20, D" X(6), DY (0))dO)dw + ().
0 0

On the other hand, if (X, ) satisfy (3.15), we can easily prove that (X, Y) satisfy the pair of boundary
value problem (1.2). Hence, the proof is completed. O
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Lemma 3.3. We use Gz(o,w) = (Gz (o, ®w),Gz,(a,w)) and Kg(a, w) = (Kg,(a, @), Kg, (@, @)) as
the Green’s functions of the proposed system (1.2) having the following properties:

(I) Kg(a, @) > 0 is continuous for all o, w € [0, 1];

D) Kg(a,w) < Kg(s, @) forall a, @ € [0, 1];

1 !
(M) [ Ky (0. @)dw = 352 < 7l forall a, @ € [0, 1];

! _ 1o 1 i
Iy Ky, @)dw = 3555 < g for all @, @ € [0,1];

(AV) Gz(a, @) = 0 is continuous for all o, w € [0, 1];

(V) ¥(a) = W), ¥2(@)) 2 0 for all a € [0, 1];

Proof. The proofs of (1) and (/1) can be seen in [33].
(I11) For a € [0, 1], we have

a® 1

s, +1) = '8, + 1)

1 ) 1
fKgl(oz,w)dw:f)((l—w)gl‘l+(a/—w)3'_1)dw+f(l—w)Bl_ldw:
0 0 y

Also,

By 1

1 Y ! -«
_ _ Bz—l _ 82—1 — 82_1 —
fo Kg, (o, w)dw _fo ((1 @) + (- @) )dw+£ (1-w)” dw = I& 1) < &+ 1)

(1V) Firstly, from (3.4), one get G (o, @) > 0, a, @ € [0, 1], and from (€,), 6 > 0 and G(a, @) > O,
we have

o) OO M)
o 1-065,05,2Ms, - MMy —Ms) Jo 2
N —05,05,(Mg, — Ms,) + b5,

1 —65,65,2Ms, — Mg ) (Mg — Ms,)

1
f S,(0)G (6, @)do
0
1
=5 f 55,85,[(2Ms, — My, — 6518 1(8) — (M§, — Ms, + 6518 2(6)]G (6, @)d6 > 0.
0

Thus G, (@, @) is a increasing on a € [0, 1].
Utilizing (3.5), we get

1 1
Gaer, @) G0, @) =m(0)( f Sl(e)Gl(e,w)de)w(m( f S2<9>Gl(e,w>d9)
0 0

1
1
2 f (11(0)S1(6) + 12(0) 55 1(0))G1 (6, w)do
0

1
- f (m(0) + ’7250))51(9)@(9, @)d8 > 0.
0

So that Gz, (@, @w) > 0. Similarly Gz, (e, @) > 0. Hence, Gz(a, @) > 0.
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(V) From (€,) and (2.5), we know
1 1 1 1 1
V(@) = - f H(@)dw + f Hy(@)dw + 17 (@) f s 1(w)((2 _ @) f H,(0)d6 + (@ - 1) f H2(9)d9)dw
0 0 0 0 0

1 1 1
@) f S2(w)((2 _ ) f H,(6)d6 + (@ — 1) f Hz(Q)dG)dw >0, aclo.1].
0 0 0

Thus ¢ (@), is increasing on « € [0, 1].
From (2.5), we have

1 1
vn(@) 2y1(0) = 2 f H(w)dw - f Hy(w)dw
0 0

1 1 1
+ f (m(O)Sl(w) + nz(O)Sz(w))(Q _ @) f H,(0)d0 + (w — 1) f HZ(H)dG)dw >0, aelo1].
0 0 0

Similarly ¢ (@) > 0, and hence ¥ (@) > 0. O

Lemma 3.4. For k € (0, %), let
m[g)li] Gz, (a,w) < G0, w) + Go(1, @),
ae

m[g)lc] Gz, (o, @) < G3(0,@) + Gu4(1, @),

min Gz, (a, @) > pz,(G1(0, @) + Go(1, @)),

a€[0.«

min GZz(af @) > pz,(G5(0, @) + Gy4(1, @)),

a€[0,«]

M M, M My,

l 3
and pz, = .
Z, = 1+Ms4+M§3—MS3

where pz, = m

Proof. First Step. We need to get

1
n%ln]Gl(oz ,@) > (1 -xG(0,w) > 3 m[ax G (a, ). (3.16)

For w < a, where w € [0, 1) and « € [0, «], we have

<, )M =~(Zi -~ - +(Z - De-a)*? <0

which implies that G(«, @) is decreasing function monotonically with respect to « € [@, k], so that
Gi(e. @) < Gi(s,@) = (Z1 - @)1 - @) <(Zi - @)1 - @) = G0, )

and

Gio,w) (Zi-ol-a)(1-o)% %+ (@-w)?!
G0, w) (Z, - o)1 — w)21-2
(a— w)ZI‘l

(Zi —o)(1 —@)4 2

=l-a+
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>1l-«a
>1—-—«k> l
P K 2
Now if w > a and « € [0, ],
8G,
N(Z, )M = ~(Z - -@)@2 <0,

which implies that G (a, @) is a monotone decreasing function with respect to @ € [0, @] and « € [0, «],
so that

Gi(a,w) < G(0,@) = (Z, - @)1 —w)%?

and

Gie,@) _(Zi-@)( -a)1-@)F
G0, @) (Z, - @)1 - w22

1
=l-a>1-k> =
a =z K>2

Thus, (3.16) is satisfied.
Similarly, we get

1
min Gs(a, w) > (1 — k¥)G3(0,w) > = max Gs3(a, @). (3.17)
ae[0.4] 2 a€l0,1]
Step 2. We prove
rr%(l)n Gy(a, @) > pz,G:(l, @) = pz, m[g)li] Gr(a, @). (3.18)
a€c a€l0,

From Lemma 3.3, we know that G,(a, @) is increasing for « € [0, 1], in such a way that

rr%(l)n Gr(a, @) = G2(0, w), max Gr(a, @) = Go(1, w).
aE a€l0,

By (€,) and (2.7), we have

G0, @) Jy (m(0)S1(6) + 1:(0)S 6))G1 (6, w)d

G20.@) [ (,(1)$1(6) + 1:(1)S 2(6))G1 (6, )
_ b Gm©S2(6) + m(0)S ()G (0. w)de
T AmDS260) + (1S 20)G1 (6, w)d6
~Gm(O) + () [} $2(0)G1(0, )

1
Gm(D) +m(D) [ S20)G1(6, @)d6
_ 2My, - M,
1 +M52 +M~;1 _MS]
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=Pz
Obviously, pz, > 0, and
1 Mg - Mg, 1_MSI+3M§1—M52—2M§2—1<0
P T ST Mg, + My —Ms, 2 2(1+ My, + M, — Ms,) '

Thus 0 < pz, < 3 and (3.18) is satisfied.
By the same procedure,

rr%(l)n Gi(a, @) 2 pz,G4(l, @) = pz, m[g)li] G4(a, @). (3.19)
ae a€l0,

Finally, from (3.16) and (3.18), we can easily show that the following results hold:
m[(a)lx] Gz (o, @) < rn[ax Gia, @)+ m[%x Gr(a, @)
ae
= G1(0, w) + Go(1, w),

and

min Gz (o, @) > min G (o, w) + min G,(a, @)
a€l0,«] a€l0,«] a€[0,k]

=G0, @) + pz,G2(1, @)
> pz,(G1(0,w) + Go(1, @)

> pz, max Gz, (o, @).
a€l0,1]

Similarly, from (3.17) and (3.19), we can also easily show that

m[glx Gz, (o, w) < G3(0,w) + G4(1, @),
€

and

min Gz, (@, @) > pz, max Gz, (a, ).
a€[0,k] a€l0,

Lemma 3.5. If (€)) is satisfied, then y(a) holds the following properties:
(D Y1(@) < ¢i(1) = maxeep,n Y1(@) and Yo(a) < Yr(1) = maxgepo 1y Y2(@);

(IT) mingep ¥1(@) > pz, MaxXqepo,1 ¥1(@) and mingeoq Y2(@) > pz, MaxXyeo,1) Yo (a@).

Proof. Using Lemma 3.3 and (2.5), implies ¢ (@) is increasing on a € [0, 1], and thus
1 1
min (@) = ¢1(0) =2 f Hi(w)dw - f Hy(w)dw
a€[0,] 0 0
1 1 1
+ f (15 1@ + O @)@ - @) f H (0)d0 + (@ - 1) f Ho(0)d0)d,
0 0 0
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max ¢ (a) = ¢i(1)

a€l0,1]
1 1 1 1
- f H, () + f (118 1@) + mS2@))(@ - @) f H,(0)d0 + (a7 — 1) f a(0)do)deo
0 0 0 0

and

Y1(0)
(1)

2 [ Hy(@)dw — [ H(@)dw + [ (m(O)S (@) + nz(O)Sg(w))((Z ~@) [ H(0)d+ (@ - 1) [ H2(0)d6)dw

[ Hy@)do + [ (m(l)Sl(w) + nz(l)sz(w))((z — o) [ HOdI+ (@ - 1) [ H2(9)d9)dw
(3.20)

2 [ H(@)dw — [, H(@)dw + [ (%m(O)Sz(w) + nz(O)SQ(w))((Z ~@) [ H(0)d0+ (@ - 1) [ HQ(H)dH)dw

| i@ + [} (s S2@) + ()5 2@))(@ = @) [ 1i(@d0 + (@ = 1) [} 100 )de

2 | i@ - [ B+ (3m(0) + m(O) [ S22 - @) [ B(@d0 + (@~ 1) [ 100

[ Hy(@)do + (%m(l) " nz(l)) I Sz(w)((2 —o) [ mOdo+ (@ - 1) [ Hz(e)da)dw
(3.21)
Setting H,(0) = 2H;(0) and H;(1) = 0, then (3.20) implies

no) | 2Mg, - M,
lﬁl(l) 1 '|'MS2 +M§1 —Msl

=pz-
Also,

Y2(0)
(D) =7

Thus,
Yi(a) < (1) = C{g{g}]wl(a), arg(l)g]wl(a) > pz, max (@),

Yo(a) < (1) = Jmax Ua(a), Jmin Uo(a) > pz, max Vo).

4. Major findings

Suppose that ¢; and u, be nonnegative convex and continuous functionals on @, y3 be nonnegative
concave and continuous functional on ® and w4 be a nonnegative continuous functional on ©.
For M, M», M5, M, > 0, let us introduce the convex sets:

O, M) ={(X,Y) € @ : ;11 (X, Y) < My},
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®(/J17ﬂ3;M3’M1) = {(X7 Y) € @ : M3 S/l:i(X, Y)7 /l](X? Y) < Ml}’
O(u1, po, u3; Mz, My, My) ={(X,Y) € O : M3 < 1i3(X, Y), i12(X, Y) < Mo, i(X, Y) < My},

and a closed set
®(l’ll’/~l4;M4’ Ml) = {(Xa Y) €0: M4 < M4(X9 Y)’ IJI(X7 Y) < Ml}

Lemma 4.1. Let O be a cone in a real Banach space . Let u; and u, be nonnegative continuous convex
functionals on O, us be nonnegative continuous concave functional on ® and u4 be a nonnegative
continuous functionals on O satisfying us(A(X,Y)) < Aus(X,Y) for 0 < A < 1, such that for some
positive numbers N and M,,

(X, Y) < (X, Y), |I(X, DIl < N (X, Y), 4.1

forall (X,Y) € O(u, M,). Suppose

T : ®(ﬂl9Ml) - ®(/11’M1)

is completely continuous and there exist positive numbers M,, M5 and M, with My < M3 such that
(€3) (X, Y) € O(uy, o, u3; M3, My, My) @ pu3(X, Y) > M3} # 0 and u3(X, Y) > M
Jor (X,Y) € O(uy, po, u3; Mz, M, My);
(€y) : u3(T (X, Y)) > M; for (X, Y) € O(uy, uz; M3, My) with pip(T (X, Y)) > My;
(65) . (O, 0) ¢ @(/.11,/.14;M4, Ml) and /J4(T(X, Y)) < M4 fO}" (X, Y) € @(/Jl,/J4;M4,M1) with
Ha(X,Y) = M.
Then, T has at least three fixed points (X1, Y1), (X3, Y2), (X3, Y3) € O(uy, My) such that

mX;,Y) <My, j=1,2,3; us(Xy, Y1) > Mz, My < u3(Xa, Y2), ua(Xs, Ys) < M3, pus(Xs,Yr) < My.

Let y = {(X,Y) € C([0, 1], R) X C([0, 1], R)} be endowed with the norm ||(X, Y)|| = maXaeo,1; [(X, Y)I,
then y is a Banach space.
We define a set ® C y by

O ={X.Y)ex: X(@)Y(@) 20, min(X,¥)(@)2p max (X, Y)@)

For (X,Y),(X,Y) € ® and vy, v, > 0, it is easy to obtain that v;(X, Y)(@) + v»(X, Y)(@) > 0, and
min (v,(X, ¥)(@) + v2(X, Y)(@)} = min {v,(X, Y)(@)} + min {v»(X, Y)(a)}
a€[0,k] a€[0,k] a€l0,«]
> p max (X, (@)} +p m[gf]{vz(i Y)(@))
= p( max {v;(X, Y)(@)} + max (X, Y)(@)})
€[0,1] a€l0,1]
> p max (71X, Y)(@) + (X, Y)(@)).

Thus, for (X, Y),(X,Y) € ® and vi,v> > 0, vi(X, Y)(@) +(X, Y)(@) € ©. And if (X, Y) € ©, (X, Y) # 0,
it can be seen that —(X, Y) ¢ ©. Thus, ® is a cone in y.
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Let 7 : ® — y be an operator, i.e., 7 = (71, 7>), defined by
1 1
T1(X, Y)(@) = f Gz (o, @) ( | Kg (@, 0)F (6,D"X(0), DY (0))d0)dw + (),
0 0
1 1
T2X, Y)(@) = f Gz (a,@)9( | Kg, (@, 0F2(6, D" X(6), DY (0))d6)dw + yrr(a).
0 0

Lemma 4.2. If (C€,) is true, then 7 : ® — O is a completely continuous operator.

Proof. For (X,Y) € O, it is easy to know that 7 is a continuous operator, and 7 (X, Y)(a@) > 0.
By (3.15), we have

n%(i)n] T1(X, Y)(@)

a€[0,k]

1 1
— min f Gz, (., @)D, f Kz, (@, 6)F (6, D" X(6), D" Y (6))d6)dew + min (@)
0 0 a€l0,k

1
f min Gz, (e, w)ﬁq(f Kg, (@, 0)F (6, D" X(0), D*Y(0))d)dw + rrhi)n] ()
0 0 a€l0,k

a€l0,k]
1
f 0z rr%m Gz (a, w)ﬁq(f Kg, (@, 0)F (6, D" X(0), D*Y(0))db)dw + pz, rr%(i)n] ()
ac 0 a€[0,k

> pz, max 71(X, Y) ().
€l0,1]

Similarly, for min,epoq 72(X, Y)(@) > pz, max,eo,1; 72(X, Y)(@). So, T(®) C O.

Set ®, € ® be bounded, i.e., 3 a constant 7 > 0 in such a way that ||(X, Y)|| < 7, for every
(X,Y) € O,. Let My = max,epo.1),x.0) IF1 (@, D" X(a), DY ())| > 0
and Ny = maXxeo,1),x.v) IF2(a, D" X(a), D?Y(a))| > 0. For (X, Y) € O, from Lemmas 3.3 and 3.4, we
have

M,

(B, +1) )

1
7( KBI (@, O)F (6, D' X(6), D*Y(0))d6) < 9 (Mof Kg (@,0)dd) < 9,(
and

1 1
73X, V)@ =| f Gz, (@, @), f K, (@, 0)F (6, D" X(6), D" Y (0))d6)dw + 1 ()|
0 0

1
M,
< f |Gzl(a,w)|ﬁq(r(8 )dW+|w1(a)|

<V (=F—— )f Gz (o, m)dw + (1)

F(Bl + 1)

S Y )f (G, @) + Gaa, @))d@ + ¢ (1) := M. (4.2)

F(Bl
Similarly,

No

(B, + 1))

9,( f Kg,(w, 0)F (6, D" X(6), DY (6))d6) < 9,(Ny f K, (1w, 0)d6) < 9,(
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and

1 1
72X, Y) ()| =| f Gz, (a, @)d,( f Kg, (@, 0)F,(0, D' X(0), DY (0))dO)dw + yr(a))

f G20, M (g M + (@)

F(B
0
_ﬂq(m)‘fo‘ GZz(a’ ID')d’ZD' + lﬁz(l)

N, 1
_ﬂq(r(T(:_l))‘foV (G3(C¥, ZD') + G4(CZ, w))dw + 1702(1) = N()]. (43)

So that 7(X,Y) < max{My,, Ny}, which implies 7 (0;) is uniformly bounded. Next, we will show
that 7 (0,) is equicontinuous. Since Gz(a, @), Y(a) are continuous on [0, 1] X [0, 1], it is uniformly
continuous on [0, 1] X [0, 1]. Thus, for any € > 0, there exists a constant ¢; > 0, such that

Gz, (a1, @) = Gz,(@2, @) < ———5—
419(1(F(Bl+1))

Wi(ar) — ¥i(ar)l < 4_1’
for a;, a; € [0, 1] with |a; — az| < ¢;. Therefore,

177X, Y)(a) = Ti(X, Y)(@2)]

1 1
=| f Gz (a1, @)d( f Kg, (@, OF (6, D" X(0), DY (0))d0)dw + Y (a1) (4.4)
0 0
1 1
- f Gz (a2, @)Ty( f Kg, (@, 0)F (6, D" X(6), DY (6))dO)dw + Y1 (a2)|
0 0

1 1
< f |Gz, (a1, @) — Gz, (a2, @)|F,( f Kg, (@, 0)F (0, D" X(0), D*Y(0))d0)dw
0 0

+ [ (ay) — ¢1(0/2)|

< € 9,( )+ S
q(r<3 +1)) F(B +1) 4
:g 4.5)
Similarly
IT2(X, (@) = Ta(X, V(@) < 5. (4.6)
Combining (4.4) and (4.6), we obtain
T (X, Y)(a1) =T (X, ")) < e
Implies, 7 (0O,) is equicontinuous.
Thus Arzela-Ascoli Theorem implies that 7 is a completely continuous operator.
m]
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Define the functionals

then u; and p, are continuous nonnegative convex functionals, u3 is a continuous nonnegative concave
functional, y4 is a continuous nonnegative functional, and

pIUZ(X’ Y) < /-13(X9 Y) < MZ(X9 Y) = /14(X, Y), ||(X9 Y)H < N/-ll(X’ Y)

Thus, (4.1) in Lemma 4.1 is fulfilled.
Let

1 1
I = f Gz,(0,@) - Gz, (1, @)9,( f Kg,(w, 0)do)dw,
0 0
1 K
L= f G2,(0,@) - Gz,(1, @)9,( f Ky, (@, 0)do)dw,
0 0
1 1
I3 :f GZ,(O,w)—GZ,(l,w)ﬁq(f Kg, (w,0)db)dw,
0 0

1 K
Iy = f Gz,0,@) -Gz (1, w)ﬁq(f Kg,(w,0)d0)dw.
0 0

Theorem 4.1. Let (§) is true, and 3 constants My, M3, My > (1) with My, < M3 < pM, min % and

M, = % in such a way that
(C6) Fi(a, X, Y) < 8,(*540) and Fy(a, X, Y) < 9,(FF22), (@, X, Y) € [0, 1] x [0, My] X [0, My];

M3— 1 M3—, 1
(©) Fi(a, X, Y) > 9,(2rzhd ;’Zzllf“ Yy and Fy(@, X, Y) > 0,2tz ;’ZZ;ZZ”

) (@.X,Y) € [0,k] X [M3, 7] %
[O’Ml]a

(Cs) Fi(a, X, Y) < §,(*542) and F5(a, X, Y) < 9,(FF22), (@, X, Y) € [0, 1] X [0, Ma] X [0, My].
Then, (1.2) has at least three positive solutions (X1, Y1), (X2, Y2), (X3, Y3) satisfying
(X3, YOIl < My (i = 1,2, 3), 4.7)

min [|(X;, Y1) (@)|| £ M3, M, < min ||(X,, Y2)(@),

a€[0,«] a€[0,]

max [|(Xa, Y2)(@)|| < M3, max [|(X3, Y3)(a)|| < Mj. (4.8)

a€l0,1] a€l0,1]
Proof. Obviously, the fixed points of 7 are equivalent to the solutions of (1.2). For (X, Y) € m,
we get

wmX,Y) =X, V)| < M,

thus

max |(X, Y)| < M,
€[0,1]
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and then
0<X,Y) < M,.

By (), we have

1 1
max |77(X, Y)(@)| £ max f Gz (a, w)ﬁq(f Kg, (@, 0)F (6, D" X(6), DY (0))d0)dw + max ¢ (@)
a€l0,1] €011 Jo 0 €[0,1]

1 1
< f (G1(0, @) = Go(1, @)y ( f Kg, (@, 0)F (0, D" X(0), D Y(6))dO)dw + yr1(1)
0 0
1 M 1
Sf(Gl(O,W)—Gz(l,W))ﬁq(ﬁp(l—ll)f Ky, (@, 0)d0)dw + (1)
0 0

My -y (D) [ 1
:%1() f (G1(0,@) = Ga(1, @), ( f Kz, (@, 0)d6)dw + (1)
0 0
= M].
Similarly,

max |7>(X, Y)(a)| < M.
a€[0,1]

So,

(T (X, 1) = [T (X, V)l = Jmax 17X, Y)(@)] < M.

Thus, 7 : O(uy, M) — O(u, My).
For (X, Y) = 52, (X, Y)(@) € O(uy, a, p3; M3, Mo, M), p3(52) > Ms, we get

p

{(X,Y) € Oy, uo, 33 Mz, My, My) = us(X,Y) > Ms} # 0.

For (X, Y)(@) € O(uy, ua, u3; Mz, M», My), we know that M3 < (X, Y)(a) £ M, = % for a € [0, «].
In view of (€;),

Ha(TI(X,Y) = min (73X, V)(@)

1 1
> min f Gz, (o, @), f Kz, (@, 6)F (6, D" X(6), D"*Y(6))d6)dw + min 4 (@)
0 0 a€[0,«

a€[0,«]
! « M; — 1
Zfle(Gl(O,W)—Gz(l,W))ﬂq(f Kzgl(w,Q)ﬂp(w)d@dW+P21W1(1)
0 0

lel3
M; — pz, ¥ (1)

K 1
) f (G1(0, @) - Ga(1, @) f K, (@, 0)d0)dw + pz,4n (1)
Z43 0 0

=Pz ﬂp(
= M;.
Similarly,

(72X, Y)) > Ms.
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So, iz3(7(X,Y)) > M; for all (X,Y)(@) € O(uy, uz, u3; M3, My, My). Hence, (€;5) of Lemma 4.1 is
fulfilled.
By (4.7), for all (X,Y) € O(uy, us; M3, My) with ;1o (7 (X, Y)) > M, = %, one get

M
MxT@J%>pMé=n;§=M5

Implies (€,) of Lemma 4.1 is true.

As /14(0, 0) =0< My, thus O ¢ @(,U],,U4; My, M]) If (X, Y) S @(/11,/14; My, M]) with ,ll4(X, Y) = M,,
we deduced (X, Y) < M;. Thus, maX,ep,1)(X, Y)(@) = My and 0 < (X, Y)(@) < M.

Using (Cg), we get

(T (X, Y)) = Jmax 1T1(X, Y)(a)|

1 1
< 21[(1)1}] f Gz, (o, @)d,( f Kg, (@, 0)F (0, D' X(0), DY (0))d0)dw + rr1[%>1(]¢1(a)
acts 0 0 a€[0,

1 K M, — 1
<\fo‘pZI(Gl(O’w)_GZ(l’w))ﬂq(\fo‘ KBl(w,H)ﬁp(%l())dG)dw+lpl(l)

= M“_Twl(l) j;K(Gl(O, @) — Gy(1, @) ( j(;l Kg, (@, 0)db)dw + (1)
= M,.
Similarly,
(72X, Y)) < My.

So, iz3(7(X,Y)) < M; for all (X,Y) (@) € O(u,uq; My, My). Therefore, the condition (€4) of
Lemma 4.1 hold.

To sum up, all the conditions of Lemma 4.1 are verified, and it was noticed that (X;, Y;)(a) >¢(0)> 0.
Hence, the coupled system (1.2) has at least three positive solutions (X1, Y1), (X3, Y>2), (X3, Y3) satisfying
(4.7) and (4.8). O

5. Stability results
Definition 5.1. The system (1.2) is HU stable if there exist nz, z, = max{nz,,nz,} > 0 in such a way

that, for € = max{ez,,ez,} > 0 and for any (X, Y) € x satisfying

{lDBl 9,(D%' X(@)) + F1(a, D" X(a), D*Y(a))| < £7,, a€[0,1],

B Z (5.1
|D™29,(D*)Y () + Fy(a, D' X(a), D*Y(@))| < £z,, a€[0,1],

| (5(\, ?) € y satisfying (1.2) such that

(X, Y) = (X, V| < nz,2,8, @€ [0,1].

Definition 5.2. The coupled implicit FDEs (1.2) is GHU stable if there exist ® € C(Ig:r , £+) with
®(0) = 0 such that, for any solution (X,Y) € y of inequality (5.1), there exists a solution (X,Y) € y of

(1.2) fulfilling e
I(X,Y)—(X,Y)|| < De), a€]0,1].
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Let¥Y2, 2, = max{¥z,,¥Yz,} € C([0, 1], R), and Ty, Wy, = max{ﬂq;Zl ,ﬂ\yzz} > 0.

Definition 5.3. The coupled system of implicit FDEs (1.2) is said to be HUR stable with respect to
Yz,.z, if there exists constants my, w_, such that, for some € > 0 and for any solution (X, Y) € x of the
inequality

\D®'9,(D' X(a)) + Fi(a, D" X(a), D" Y(@))| < ¥z,(@)ez,, a€]0,1], 52)
ID®9,(D%)Y (@) + Fy(a, D" X(a), D" Y(a))| < ¥z,(@)ez,, a € [0,1], '
there exists (X,Y) € x satisfying (1.2) in such a way that
IX.Y) - XV < my, v, Wz, 2,6 @ €[0,1]. (5.3)

Definition 5.4. The system (1.2) is said to be HUR stable with respect to ¥ z, z, if there exists constants
Ty, wz, such that, for any approximate solution (X,Y) € x of inequality (5.2), there exists a solution

(X,Y) € y of (1.2) fulfilling
IX.Y) = XD < 7y, v, Pz, z,(@), @ €0,1]. (54)

Remark 5.1. We say that (X,Y) € x is a solution of the system of inequalities (5.1) if there exist
Sfunctions Ay, Ay € C([0, 1], R) depending upon X, Y, respectively, such that

D
|Af(a)| < €Z» |Ag(a,)| < €7, € [05 1]9

ID
{DBI 9,(D% X(@)) + F1(a, D" X(a), DY (a)) = Ax(),

D®*9,(D?)Y (@) + Fa(a, D" X(a), DY (@)) = Ag(a).
Lemma 5.1. Under the assumptions given in Remark 5.1, the solution (X, Y) € x of coupled system

D?19,(D% X(a)) + Fi(a, D" X(a), D"*Y(a)) = As(a), @€ ][0,1],
D®29,(D%)Y(a) + Fa(a, D" X(a), D Y(@)) = Ag(a), a € (0,1),

(ﬂp(DZ'X(O)))i = 9,(DZX(1)) =0, i=TLm—1,

(ﬁp(DZZY(O)))l =9, (DZY(1)) =0, i=T,m—1,

1

!
X(0) + X'(0) = f S (@)X (@)dw + f Hy(@)dw, X(1)+X'(1)
0 0 (5.5)

1 1
= f SH(w)X(w)dw + f H,(w)dw,
0 0
1 1
Y(0)+Y'(0) = f Ss(@)Y(w)dw + f Hy(w)dw, Y(1)+Y'(1)
0 0

1 1
=f S4(w)Y(w)dw+f Hy(w)dw,
0 0
X/(0)=0, Y(0)=0, j=2,n-1,
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satisfies the system of inequalities

1 1
X(@) - f G @9y | K (@.0F (6, D" X(6). DP Y@)do)dw — g (@)] < 9, (e2,) 20— 1)
0 0 9,(Mo)

1 1 ~
¥(a) - f G0, @0, [ Kay(w@, 0F -6, D" X(6), D Y(@)d6)dw — ()] < B(ez,) 2t 2D
0 0 14(No)
Proof. In light of Lemma 3.2, a solution of the coupled system (5.1) is
X@) = [ Gz (@), [ K, (@, 0F (6, D" X(6), D"Y(0))d6)dw
~ [ Gz (@@ [} Ka, (@, O)A(O)dO)dw + (@), 56
Y@) = [ Gz, @)0,( [ Ks,(@,6)F6, D" X(6),D"Y())d6)dw '
— [ Gz, @), [ Ks,(@.0)A0)dO)dw + (@),
Using (4.2) in (5.6), we have
1 1
X (a)— f Gz (o, m)0,( f Kg, (@, 0)F (0, D' X(0), DY (0))d6)dw — ¢ ()|
0 0
1 1 Mo — 1
< ﬁ Gz, (o, @)|Fy(e7, fo |Kg, (@, 0)|dO)dw < ﬂq(ezl)?;quol)().
Similarly, using (4.3) in (5.6), we get
| 1 Y X(0), D Nor = (1)
|Y(a) — Gz, (a, m)0,( Kg, (@, 0)F,(6, D' X(6), DY (0))dO)dw — yr(@)| < I (e2,)———.
0 0 14(No)
O

For the next result, we suppose the following condition.

(Cy) Let Ni,N»,51,52 € C(]0, 1], R), and there exists L, L,, L3, L, > 0 such that

IFi(a,Ni,S1) = Fi(a, N2, S2)| < LiINy — No| + Ly|S 1 = Sal,
IFao(a, N1, S1) — Fo(a, Na, So)| < L3Ny — No| + LylS 1 — Sl

Theorem 5.1. Suppose the condition (Cy) and Lemma 5.1 satisfies, then (1.2) is HU stable, if vivy —
VU3 = Uy — Uy > 0, where

q(r(31 71)F(1 71))

v =1-WMo —¢i1(1)) ,
ﬁ (F(31+1))
O q——
vy = (Moy — 1 (1)) —— 207
0 (F(Bl+1))
q(FB L31_(1 )
s = 1 — (Noy — (1)) ——2 0N

0 (F(Bz+l))

q(F(Bz Yz)r(l 72))

vg = (Noi — ¢a(1))
0 (r(32+1))
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Proof. Consider (X, Y) € y to be any solution of (5.5), and (5(\, ?) € y is a solution of the coupled
system (1.2), then we take

(X (@) - X())|

I 1
<|X(a) - f Gz (e, w)ﬂq(f Kg, (@, 0)F (6, D" X(0), DY (0))d0)dw — 1(a)
0 0
1 I
+ f Gz (a,@)d,( f Kg, (@, 0)F (6, D' X(0), D*Y(0))d0)dw
0 0

1 1
- f Gz (a, )9, ( f Ks, (@, 0)F (6, D' X(), DY (0))d6)dw|
0

M 1
Sﬁq(SZI)(;;q(—Mwol)() j(; Gz (a, w)ﬁq(f Kg (@, 0)F(6, D' X(6), D*Y(0))

—F1(6,D"'X(6), DY (0))|d6)dw

M, 1
gﬂq(sz,)‘gT‘[“)() f Gz, (a0, @)d,( f Kg, (@, 0)(L,D"'|X(60) — X(0)| + L,D"*|Y(6) — Y(0)))d6)dw
q 0
Vy(ez,) ’I(F(B L)Fl ) = q(rB L)zr(l ) =
<(Mor = i (D) 52 I X(@) - K@)+ —— o (@) - V@)
o(Mo) 0 (F(B +1)) ﬁq(r(zml)
implies that
il = il = vally = T < (Moy — v (1)) 2252 (5.7)
B 9,(Mo)’ '
Similarly, we have
— — 3, (Sz )
-Y| - — X|I € (Noy — (1)) ==, 5.8
wllv = Y| = wvsllu — X|| < (No1 — ¢2(1)) 3,(No) (5.8)
From (5.7) and (5.8), we get
— q(s
v —w || IX =X (Mo — (1)) 5 (Aj;)
<
- b2,
—U3 Us ||Y - Y” (NOI wZ( )) 9 (150)
implies
— By(e
IX - XI| s ) (Mo — t/n(l))w‘j;)
< (5.9)
I U v 79{;(8 )
1Y = Y| v4—3v2 FIUZ (No1 — ¥a(1)) ﬂq(i(f)
From system (5.9), we have
< ( Zl) Uy 61( Zz)
X-X| < M, 1)
I I < v4 —Uz( o1 — ¥ ( ))19 (Mo) Uz( — (1 ))ﬁ Vo)
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q(SZ] g (Noy — lﬁz(l))ﬂq(gZZ)

Iy -7 < ,
9 (Mo) Uy — Uy ?,(No)

(Mm Yi(1)

which implies that

J,(e Zz) ) V,(e2,)

IX = Xl + 1Y - Y| < (N01 l/’z(l))19 (No) _Uz(Nm — (1)) 3,(No)
U3 q( Zl) Uy q( Zl)
+ . Uz(Mm lﬁl(l)) (Mo) o Uz(Mm (1 ))19 (My)

_ v Noi—¢o(D) vy Noi—¢o(1) vz Mo —¢1 (1) vg  Mo—yi(1) _
If max{ﬂq(sz,),ﬂq(szz)} - ﬁq(gz) and vg—vy  94(No) + vg—vy  94(No) + vg—vy  9q(Mp) + w-vy 9(Mo)
vz, .z,, then

(X, Y) = (X, V)| < vz, 2,0,(£2).
Hence, system (1.2) is HU stable. Also, if
X, Y) = (X, VIl < vz, 2,D(3,(e2)),

with ®(0) = 0, then the solution of system (1.2) is GHU stable. O

Theorem 5.2. Suppose the conditions (€q) and Lemma 5.1 holds, then (1.2) is GHU stable, if viv, —
VU3 = vy — Uy > 0, where vy, vy, vz and vy is defined in Theorem 5.1.

Proof. By applying steps of Theorem 5.1, we can easily show that system (1.2) is GHU stable, by
using Definition 5.4. O

For the next theorem, we assume that

(€,p) dnon-decreasing functions wz, wg € C([0, 1], R") in such a way that
I%wz(a) < Lzwz(a)
and
Pivg(a) < Lewg(@),

where Lz, ng > 0.

Theorem 5.3. Suppose the conditions (), (€9) and Lemma 5.1 satisfies, then system (1.2) is HUR
stable if vivy — VU3 = vy — Uy > 0.

Proof. By applying steps of Theorem 5.1, we can easily show that system (1.2) is HUR stable, by
using Definition 5.3. O

Theorem 5.4. Suppose the conditions (&), (€9) and Lemma 5.1 holds, then system (1.2) is GHUR
stable if vivy — VU3 = vy — Uy > 0.

Proof. By applying steps of Theorem 5.1, we can easily show that system (1.2) is GHUR stable, by
using Definition 5.4. O
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6. Example

In this section, we demonstrate an example to illustrate the main results.
Example 6.1. Consider the following system of implicit FDE's:
D#95(D*X(@)) + Fi(a, D*X(@), D5Y(@)) = 0, a € (0,1),
D%ﬂ%(D?)Y(Q) +Fa(e, D2 X(@), D3 Y(a)) = 0, a € (0, 1),

(ﬁg(DZX(O))), = 9:(DIX(1)) = 0, (ﬁ%(D%‘) Y(O)))’ = 9:(D¥Y(1) = 0

1 1
X(0) + X'(0) = f (@ + DX(w)dw + f #,
0 0
1 1 6.1
X(1)+X’(1):f(3w2+w)X(w)dw+f w;ﬂ, (©-
0 0

1 1
Y(0) + Y'(0) = f Qw + WY (w)dw + f w;;w,
0

0
1 1
Y(1)+Y’(1):f(5w2+2w)Y(w)dw+f wdw,
0 0
X/ =Y/, where j=2,3.

Choosing M, = 25000, M5 = 65, M, = 3 and k = % Reminding yr\, Y from (2.5), (2.6) and pz,
and pz, from Lemma 3.4, we get

Yi1(1) = 1.87144, y»(1) = 2.32681, pz, = 0.046572 and pz, = 0.0097325.
In (6.1), we see that

Fi(a, D? X(a), D3 Y(a)) = tan(ﬁ) +D? X(a) + cos(D Y(a)),
sin(DzX(a)) — D3 Y()

Fa(e, D*X(e), DY (a)) = 0 :

which satisfies the following conditions:

(C) supFy(e, X, Y) ~ 246.534 < min ,(*22) ~ 291732,
supFa(a, X, Y) ~ 241492 < mind,(*12) ~ 284.618, (a,X,Y) € [0,1] x [0,25000] X

[0,25000]; ; 1
(€) infFi(a, X, Y) ~ 240.631 > 0P(L‘”'“) ~ 201.981 (@, X,Y) € [ ,;] x [65, %] x [0, 250001];
inf Fy(e, X, Y) ~ 271 > ,( 2zl "ZZ‘““)) ~ 201.843, (@, X, ¥) € [0, §] x [65, 2] x [0,25000];

(€s) supFa(e, X, ) ~ 198.938 < ¢ (M4 HohiD) ~ 243 861,
sup Fa(a, X, Y) ~ 183.861 < #,(*“52) ~ 202.991, (@, X, ¥) € [0, 1] x [0, 3] x [0, 25000].

Then, all assumptions of Theorem 4.1 are satisfied. Thus, BV P (6.1) has at least three positive solutions
(X1, Y1), (X2, Y2), (X3, Ya) satisfying

(X5, Yol < 25000 (i = 1,2,3),
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min |(X;, ¥1)| > 65, 3 < min |(X;, Y3)],
a€[0,k] a€[0,«]

max |(X,, Y>)| < 65, max |[(X3, Y3)| < 3.
a€0,1] a€[0,1]

For HUS, we found L, = L, = ﬁ, Ly =1L, = ﬁ, v ~ 0.02961, v, =~ 0.9721, v; ~ 0.03291 and

vy = 0.9948. Hence, by Theorem 5.1, we have v, — vy = 0.9948 — 0.0227 > 0.
7. Conclusions

In this paper, we considered an implicit coupled BV P of p-Laplacian FDE's (1.2), which involved
disturbing functions. The relating fractional order derivative is taken in Caputo sense. By using
the Avery-Peterson fixed point theorem for the proposed problem, we found at least three solutions,
under sufficient conditions. In addition, we presented four types of Ulam’s stability, i.e., Hyers-Ulam
stability, generalized Hyers-Ulam stability, Hyers-Ulam-Rassias stability and generalized Hyers-Ulam-
Rassias stability, for the coupled implicit fractional p-Laplacian system, and an example is provided to
authenticate the theoretical results.
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