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We reconsider constraints on the eigenvalue density of the Dirac operator in the chiral-symmetric phase

of two-flavor QCD at finite temperature. To avoid possible ultraviolet divergences, we work on a lattice,

employing the overlap Dirac operator, which ensures the exact ‘‘chiral’’ symmetry at finite lattice

spacings. Studying multipoint correlation functions in various channels and taking their thermodynamical

limit (and then taking the chiral limit), we obtain stronger constraints than those found in the previous

studies: both the eigenvalue density at the origin and its first and second derivatives vanish in the chiral

limit of two-flavor QCD. In addition, we show that the axial U(1) anomaly becomes invisible in

susceptibilities of scalar and pseudoscalar mesons, suggesting that the second-order chiral phase transition

with the Oð4Þ scaling is not realized in two-flavor QCD. Possible lattice artifacts when the nonchiral

lattice Dirac operator is employed are briefly discussed.

DOI: 10.1103/PhysRevD.86.114512 PACS numbers: 11.15.Ha, 11.10.Wx, 12.38.Gc

I. INTRODUCTION

TheQCDLagrangian withNf massless quarks is invariant

under SUðNfÞL � SUðNfÞR � Uð1ÞV � Uð1ÞA chiral rota-

tions. This symmetry, however, is broken in two different
ways: the SUðNfÞL � SUðNfÞR part is spontaneously broken
to SUðNfÞV in the QCD vacuum, while the Uð1ÞA part is

broken explicitly at the quantum level by the anomaly.
At a finite temperature T, it is widely believed that the

SUðNfÞL � SUðNfÞR chiral symmetry is recovered above

the (critical) temperature Tc � 150 MeV, and plenty of
evidence has been reported in the first-principle calculations
of lattice QCD. For the Uð1ÞA part, however, it remains an
open question if, how (much), and when the symmetry is
restored. We only know that the Uð1ÞA symmetry should be
recovered in the T ! 1 limit, where fermions eventually
decouple as the lowest Matsubara frequency goes to infinity,
so that the anomaly term cannot survive.

In particular, the question of whether the Uð1ÞA symme-
try is restored near Tc is of phenomenological importance.
For simplicity, let us consider the Nf ¼ 2 case. As Pisarski

and Wilczek [1] have discussed, the order of the phase
transition may depend on the fate of the Uð1ÞA symmetry:
if it remains to be broken at Tc, the chiral phase transition
can be second-order, while it is likely to be first-order when
the Uð1ÞA symmetry is also restored. Furthermore, the
particle spectrum with the presence or absence of the
Uð1ÞA symmetry is quite different [2]. A connection
between the restoration of Uð1ÞA symmetry and the gap
in the eigenvalue density of the Dirac operator near the
origin is also suggested [3].

In principle, the fate of the Uð1ÞA symmetry and related
issues can be investigated by numerical lattice QCD simu-
lations [4,5]. Such studies are, however, still not easy, since

both chiral and thermodynamical (the infinite volume)
limits are required. Currently, four simulations with differ-
ent quark actions are ongoing, but they have reported
different results. Two of them [6,7] have reported that
the eigenvalue density of the Dirac operator has no gap
at the origin and its quark-mass scaling is consistent with
the broken Uð1ÞA scenario. Another group [8] has also
reported no gap at the origin but they have found that small
eigenmodes, which mainly contribute to Uð1ÞA-breaking
correlation functions, are localized and uncorrelated,
suggesting that their contribution to the correlation func-
tions is negligible. A simulation with overlap quarks
[9], however, has reported the existence of a gap in the
Dirac eigenvalue density and a degeneracy of pion and eta
(-prime) meson correlators, which suggests the recovery of
Uð1ÞA symmetry.
In this paper, we address these problems again on a

lattice, but using an analytic method. For simplicity, we
concentrate on the Nf ¼ 2 case in this paper. We employ

the overlap Dirac operator [10,11], which ensures the exact
SUð2ÞL � SUð2ÞR symmetry [12] through the Ginsparg-
Wilson relation [13], but the Uð1ÞA symmetry is (correctly)
broken by the fermionic measure [14]. By using the spec-
tral decomposition of the multipoint correlation functions,
and assuming the restoration of the SUð2ÞL � SUð2ÞR
symmetry, we investigate if there are new constraints on
the Dirac eigenvalue density in addition to the manifest one
implied by the well-known Banks-Casher relation [15]. We
also investigate whether the effect of the Uð1ÞA symmetry
breaking disappears above Tc.
Since similar analytical investigations have been made

in previous studies, let us here revisit them and make clear
what is new in this paper. The first analysis based only on
QCDwas done by Cohen [16]. Assuming an absence of the
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zero-mode’s contribution, they concluded that all the dis-
connected contributions of the two-point functions in
the SUð2ÞL � SUð2ÞR-symmetric phase disappear in
the chiral limit. This means that the pion, sigma, delta,
and eta(-prime) meson correlators are all identical,
realizing the Uð1ÞA symmetry. In this work, we include

the zero-mode contribution explicitly to check whether or
not this conclusion survives.
In fact, Lee and Hatsuda [17] (see also a related work by

Evans et al. [18]) claimed that the zero-mode’s contribu-
tion does not vanish but keeps the disconnected contribu-
tion of the scalar channel nonzero:

lim
m!0

ðh �qðxÞqðxÞ �qðyÞqðyÞi � h �qðxÞT3qðxÞ �qðyÞT3qðyÞiÞ

¼ lim
m!0

R
d½A��¼�1e

�SYMdet0½ =Dþm�2 � 4 ��A
0 ðxÞ�A

0 ðxÞ ��A
0 ðyÞ�A

0 ðyÞ
Z

þOðmÞ; (1)

where q denotes the quark field and T3 is the third
generator of SU(2). On the rhs, Z is the partition function of
QCD, d½A��¼�1 denotes the gauge field integrals with a fixed
topological charge � ¼ �1, SYM denotes the gauge part
of the action, det0½ =Dþm� ¼ det½ =Dþm�=m is the (contin-
uum) fermion determinantwith the quarkmassm fromwhich
the zero-mode contribution is subtracted, and�A

0 is an eigen-
function for the zero-mode at a given configuration A.

The thermodynamical limit of Eq. (1) is, however, non-
trivial and subtle, as was pointed out by Cohen [3]. In fact,
we find that the rhs of Eq. (1) is at least anOð1=VÞ quantity.
Integrating Eq. (1) over x and then taking an average over
y, (which should be grater than the original lhs), one
immediately obtains

1

V

Z
d4y

Z
d4x½lhs of Eq:ð1Þ� ¼ C

4N2
�

V
! 0; V ! 1;

(2)

since both N� ¼ R
d4x ��A

0 ðxÞ�A
0 ðxÞ and C ¼ limm!0ðZ1 þ

Z�1Þ=m2Z (where Z�1 denotes the partition function in the
topological sector of � ¼ �1) are finite. In fact, our work
will show that not only Eq. (1) but also any contributions
from zero-modes of the Dirac operator are in general
Oð1=VÞ quantities, and thus disappear in the large-volume
limit. It is not difficult to intuitively understand our result.
In the large-volume limit that V ! 1, the number of the
fermion modes contributing to the denominator Z increases
(it is natural to assume it to be proportional to V), while
that of the numerator, where the bulk OðVÞ contributions
are canceled, is fixed to be Oð1Þ.

Two years later, Cohen [3] discussed a constraint on the
eigenvalue density of the QCD Dirac operator in the chiral
limit. Relating the scalar one-point function and pseudo-
scalar two-point functions in the chiral-symmetric phase,
he concluded that the eigenvalue density near zero,

�ð�Þ � j�j�; (3)

must have�> 1. In this paper, we examine up to four-point
correlation functions in more various channels, and obtain a
stronger constraint: �> 2. In the case of integer �, we
believe that our constraint that � is equal to or larger than 3
should be the strongest, since we know of a theory which

has both � ¼ 3 and unbroken SUð2ÞL � SUð2ÞR [and also
Uð1ÞA] chiral symmetries: two-flavor massless free quarks.
Although we perform no numerical analysis in our

study, we would like to discuss possible artifacts in lattice
QCD simulations. In our analysis, the fully recovered
SUð2ÞL � SUð2ÞR symmetry is crucial. We discuss pos-
sible modifications to our conclusions due to discretization
effects if a nonchiral quark action is employed in numerical
simulations. We also comment on finite-volume effects.
Our paper is organized as follows. In Sec. II, we explain

our setup, what we observe, and what we assume. The
constraints on the eigenvalue density with integer power at
the origin are given in Sec. III. In Sec. IV, we address a
question on the fate of the Uð1ÞA symmetry. In Sec. V, we
discuss possible systematic effects which may arise in
lattice QCD simulations. Section VI is devoted to a case
where the eigenvalue density has a fractional power at the
origin. A conclusion and discussion are given in Sec. VII.
Some useful formula and detailed calculations are col-
lected in two appendices.

II. LATTICE SETUP

A. Spectral decomposition of the overlap fermion

We consider Nf-flavor lattice QCD in a finite volume V,

with the (anti)periodic boundary condition in space(time).
The quark part of the action is given by

SF ¼ a4
X
x

½ �cDðAÞc þm �cFðDðAÞÞc �ðxÞ;

FðDÞ ¼ 1� Ra

2
D;

(4)

where c ¼ ðc 1; c 2; . . . c Nf
ÞT denotes the set of Nf fer-

mion fields with the degenerate mass m, a is the lattice
spacing, andDðAÞ is the overlap Dirac operator [10,11] for
a given gauge field A,

DðAÞ ¼ 1

Ra

0
@1þ DWðAÞ � 1=Raffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðDWðAÞ � 1=RaÞyðDWðAÞ � 1=RaÞ
q

1
A:

(5)
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Here DWðAÞ denotes the Wilson-Dirac operator for the
same gauge configuration A, and R is an arbitrary constant.
We have omitted the identity matrix 1Nf�Nf

for the flavor

indices for simplicity.
It is well-known that the overlap Dirac operator satisfies

the �5 hermiticity, DðAÞy ¼ �5DðAÞ�5, and the Ginsparg-
Wilson (GW) relation [13],

DðAÞ�5 þ �5DðAÞ ¼ aDðAÞR�5DðAÞ: (6)

With this relation, the action (4) in the m ! 0 limit is
exactly symmetric [12] under the lattice chiral rotation,

�ac ðxÞ ¼ i�Ta�5½ð1� RaDðAÞÞc �ðxÞ; (7)

�a
�c ðxÞ ¼ i� �c ðxÞTa�5; (8)

where � is an infinitesimal real parameter, Ta denotes
the generator of SUðNfÞ for a ¼ 1; 2; . . .N2

f � 1, and

T0ð¼ 1Nf�Nf
Þ denotes that for Uð1ÞA.

We now consider eigenvalues and eigenfunctions of
DðAÞ: DðAÞ�A

n ¼ �A
n�

A
n . The GW relation implies that

�A
n þ ��A

n ¼ aR ��A
n�

A
n; (9)

where �A
n and its complex conjugate ��A

n are in general
complex numbers and therefore ð�A

n ÞyDðAÞy ¼ ð�A
n Þy ��A

n .
Moreover, from the GW relation (6) and its consequence
(9) we have

DðAÞ�5�
A
n ¼ � �A

n

1� Ra�A
n

�5�
A
n ¼ ��A

n�5�
A
n: (10)

Since ð ��A
n��A

mÞð�A
n;�5�

A
mÞ¼0, eigenfunctions with com-

plex eigenvalues can be orthonormalized as ð�A
n;�

A
mÞ ¼

ð�5�
A
n; �5�

A
mÞ ¼ �nm, and ð�A

n; �5�
A
mÞ ¼ 0. Here an inner

product is defined as ðf; gÞ � a4
P

xf
yðxÞgðxÞ. For the real

eigenvalues �A
k ¼ 0 and �A

K ¼ 2=ðRaÞ, their eigenfunc-

tions can be chiral eigenstates, sinceDðAÞ and �5 commute
for these real modes. In the following, let us denote the
number of the left(right)-handed zero eigenmodes as
NLðNRÞ and that of the left(right)-handed �A

K ¼ 2=Ra
(doubler) eigenmodes as nLðnRÞ.

Thus the propagator of the massive overlap fermion (for
each flavor) can be expressed in terms of these eigenvalues
and eigenfunctions as

SAðx; yÞ ¼
X

fnjIm�A
n>0g

�
�A

n ðxÞ�A
n ðyÞy

fm�
A
n þm

þ �5�
A
n ðxÞ�A

n ðyÞy�5

fm ��A
n þm

�

þ XNA
RþL

k¼1

�A
k ðxÞ�A

k ðyÞy
m

þ XnARþL

K¼1

�A
KðxÞ�A

KðyÞy
2=ðRaÞ ;

(11)

where fm ¼ 1� Rma=2, NA
RþL ¼ NA

R þ NA
L is the total

number of zero-modes, and nARþL ¼ nAR þ nAL is the total
number of doubler modes.

A measure for a given gauge field A can be also written
in terms of eigenvalues as

PmðAÞ ¼ e�SYMðAÞmNfN
A
RþLð�RÞNfn

A
RþL

� Y
Im�n>0

ðZ2
m
��A
n�

A
n þ m2ÞNf ; (12)

where SYMðAÞ is the gauge part of the action (whose
explicit form is not needed in this work), �R ¼ 2=ðRaÞ,
and Z2

m ¼ 1�m2=�2
R. Note that for even Nf, PmðAÞ is

positive definite and an even function of m.
It is important to note that all quantities which consist of

SAðx; yÞ and PmðAÞ are finite at V <1, m � 0 and a � 0.
We then carefully take the V ! 1 and m ! 0 limits
without worrying about possible ultraviolet (UV) diver-
gences, until we eventually take the continuum limit.

B. Chiral Ward-Takahashi identities on the lattice

Now let us study the quantum aspects of the symmetry,
performing the functional integral of an operator O over
the quark fields,

hOiF �
Z

dc d �cOe�SF : (13)

The global lattice chiral rotation (7) gives the integrated
Ward-Takahashi identity (WTI),

hð�a0J0 � �aSFÞOþ �aOiF ¼ 0; (14)

where J0 is the contribution from the chiral anomaly, or the
Jacobian of the measure,

J0 ¼ �2iNfa
4
X
x

X
N¼n;k;K

�A
NðxÞy�5

�
1� R

2
aD

�
�A

NðxÞ

¼ �2iNf �QðAÞ; (15)

where QðAÞ ¼ NA
R � NA

L is the index of the overlap Dirac
operator [14], which gives an appropriate definition of the
topological charge for the given gauge configuration A.
In this paper, we consider the (volume integrals of)

scalar and pseudoscalar density operators

Sa ¼ a4
X
x

½ �cTaðFðDðAÞÞc �ðxÞ; (16)

Pa ¼ a4
X
x

½ �cTai�5ðFðDðAÞÞc �ðxÞ; (17)

and their correlations. These two operators are transformed
as

�bSa ¼ 2
X
c

dcabPc; �bPa ¼ �2
X
c

dcabSc; (18)

where fTa; Tbg ¼ 2
P

cd
c
abTc. In particular, in the Nf ¼ 2

case, we have
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�bSa ¼ 2�abP0; �bPa ¼ �2�abS0 ðfor a; b ¼ 1; 2; 3Þ; (19)

�0Sa ¼ �aS0 ¼ 2Pa; �0Pa ¼ �aP0 ¼ �2Sa ðfor a ¼ 0; 1; 2; 3Þ; (20)

where we have adopted the normalization ðTaÞ2 ¼ 12�2

without summation on a. It is now obvious that our mass
term in the action (4) can be simply expressed bymS0, and
its transformation is �aSF ¼ 2mPa.

C. Basic properties and assumptions

In this subsection, we explicitly give the basic properties
and assumptions used in this paper.

If the SUð2ÞL � SUð2ÞR chiral symmetry is restored at
T > Tc, we should have

lim
m!0

lim
V!1h�aOim ¼ 0 ðfor a � 0Þ (21)

for an arbitrary operator O, where an average over gauge
fields is defined by

hOðAÞim ¼ 1

Z

Z
DAPmðAÞOðAÞ; Z ¼

Z
DAPmðAÞ:

(22)

Here we have included the subscript m to remind the
readers of the m dependence.

In the following analysis, we will normalize the operator
O (by multiplying 1=Vk with an integer k) so that
limV!1h�aOi is well-defined. Note that PmðAÞ is positive
for even Nf, and

R
DAPmðAÞ=Z ¼ 1.

In our analysis, we assume that the vacuum expectation
values of them-independent observableOðAÞ is an analytic
function ofm2 if the chiral symmetry is restored. Therefore
if OðAÞ is m-independent and positive for all A, and is
shown to satisfy

lim
m!0

1

mk
hOðAÞl0im ¼ 0 (23)

with a non-negative integer k and a positive integer l0, we
can write

hOðAÞl0im ¼ m2ð½k=2�þ1Þ Z DAP̂ðm2; AÞOðAÞl0 ; (24)

where ½c� is the largest integer not larger than c, P̂ð0;AÞ�0

for 9A and
R
DAP̂ðm2; AÞOðAÞl0 is non-negative and

assumed to be finite in the large-volume limit. In other
words, the leading m dependence arises from the contri-

bution of configurations which satisfy P̂ð0; AÞ � 0.
Under the above assumption, it is easy to see that

hOðAÞlim ¼ m2ð½k=2�þ1Þ Z DAP̂ðm2; AÞOðAÞl

¼ Oðm2ð½k=2�þ1ÞÞ (25)

for an arbitrary positive integer l, as long asR
DAP̂ðm2; AÞOðAÞl is finite, since OðAÞl0 and OðAÞl are

both positive and therefore share the same support in the
configuration space.
More generally, if a set of non-negative m-independent

functions OiðAÞ satisfies hOiðAÞim ¼ Oðm2niÞ with non-
negative integers ni (i ¼ 1; 2; 3; . . . k), it is easy to see that

�Yk
i

OiðAÞ
�
m
¼ Oðm2nmaxÞ; (26)

where nmax ¼ maxðn1; n2; . . . ; nkÞ.
If a non-negative O0 and an arbitrary operator O1 are

m-independent and satisfy

hO0im ¼ Oðm2n0Þ; hO1im ¼ Oðm2n1Þ; (27)

we then have

hO0O1im ¼ m2n0
Z

DAO0ðAÞO1ðAÞfP̂þðm2; AÞ
þ P̂�ðm2; AÞg

¼ Oðm2n0Þ; (28)

irrespective of values of n0 and n1, where P̂ðm2; AÞ ¼
P̂þðm2; AÞ þ P̂�ðm2; AÞ and

O1ðAÞPðm2; AÞ ¼
8><
>:
O1ðAÞPþðm2; AÞ; O1ðAÞ> 0;

O1ðAÞP�ðm2; AÞ; O1ðAÞ< 0;

0; O1ðAÞ ¼ 0:

(29)

As will be seen later, we have

lim
m!0

lim
V!1

1

mV
hNA

RþLim ¼ 0 (30)

as a constraint from the chiral symmetry restoration. This
leads to

lim
V!1

1

V
hNA

RþLim ¼ Oðm2Þ: (31)

This condition is, however, much weaker than the naive
expectation that the configuration A, which gives NA

RþL ¼
OðVÞ, has theweightPmðAÞ / mNfOðVÞ and therefore ismuch
more suppressed in the large-volume limit.We do not assume
such a highly suppressed weight PmðAÞ in this paper. As will
be shown later, however, we can further prove that

lim
V!1

1

V
hNA

RþLim ¼ 0 (32)

for small enough m, using our weaker assumption, Eq. (24).
Note that analyticity in m2 for physical observables and

its consequence (24) do not hold at T < Tc, where the
chiral symmetry is spontaneously broken. For example,
the topological charge QðAÞ is expected to satisfy
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lim
V!1

1

V
hQðAÞ2im ¼ m�

Nf

þOðm2Þ; (33)

where � is the chiral condensate. The odd power of m
reflects the nonanalyticity of the QCD partition function at
m ¼ 0.

In the following analysis, the thermodynamical limit of
the eigenvalue density for a given configuration A,

�Að�Þ ¼ lim
V!1

1

V

X
nðIm�A

n>0Þ
�ð��

ffiffiffiffiffiffiffiffiffiffiffiffi
��A
n�

A
n

q
Þ; (34)

plays a crucial role. Since the temperature of the system is
fully controlled by PmðAÞ, the eigenvalue density �Að�Þ
itself is not sensitive to the temperature.1 It is also notable

that
R�R

0 d��ð�Þ is finite on the lattice. Therefore, �Að�Þ is
positive semidefinite for arbitrary choices of � and A.2

Although the original eigenvalue spectrum at finite V is
a sum of delta functions, we expect that such a spiky
feature is smeared out in the thermodynamical limit, and
that �Að�Þ becomes a smooth function. We here further
assume that �Að�Þ can be analytically expanded around
� ¼ 03:

�Að�Þ ¼ X1
n¼0

�A
n

�n

n!
: (35)

An arbitrarily small convergence radius of this expansion,
denoted by 	, works well for our later discussion where we
take the massless limit. As is well-known and will be seen
later, the Banks-Casher relation [15], limm!0h�A

0 im � 0,
implies the spontaneous breaking of the chiral symmetry.

III. CONSTRAINTS FROM THE
SUð2ÞL � SUð2ÞR RESTORATION

In the following analysis, we concentrate on the case with
Nf ¼ 2. In this section, we derive the constraints on the

eigenvalue density of the Dirac operator in the SUð2ÞL �
SUð2ÞR chiral-symmetric phase at finite temperature.

A. WTIs for scalar and pseudoscalar operators

Let us consider a product of the scalar and pseudoscalar
operators defined in Eqs. (16) and (17),

On1;n2;n3;n4 ¼ Pn1
a Sn2a Pn3

0 Sn40 ; (36)

where a represents a nonsinglet index (a ¼ 1, 2, 3). Here
and in the following, a summation over a is not taken, and
we explicitly use ‘‘0’’ for the singlet operators.
Nontrivial WTIs are obtained from the set

OðNÞ
a �

�
On1;n2;n3;n4 jn1 þ n2 ¼ odd; n1 þ n3 ¼ odd;

X
i

ni ¼ N

	
; (37)

which requires the operator to be a nonsinglet and parity-
odd. More explicitly, we have at T > Tc

lim
m!0

lim
V!1

1

Vk
h�aOn1;n2;n3;n4im ¼ 0

for On1;n2;n3;n4 2 OðNÞ
a ; (38)

where

�aOn1;n2;n3;n4 ¼�2n1On1�1;n2;n3;n4þ1þ 2n2On1;n2�1;n3þ1;n4

� 2n3On1;n2þ1;n3�1;n4 þ 2n4On1þ1;n2;n3;n4�1:

(39)

Note that the fermion integrals are performed before the
gauge integrals: hOim ¼ hhOiFim, but we have omitted
h� � �iF for notational simplicity. Here the minimum power
k which makes the V ! 1 limit finite depends on the
choice of On1;n2;n3;n4 . For further details, such as a relation

of n1, n2, n3, and n4 to k, see Appendix A 5.

B. Constraints at N ¼ 1

At N ¼ 1, there is only one operator, O1000 ¼ Pa in

OðN¼1Þ
a , which gives

�aPa ¼ �2S0: (40)

Using the decomposition in Eq. (11), and the normalization
conditions ð�A

n;�
A
mÞ ¼ ð�5�

A
n; �5�

A
mÞ ¼ �nm, the thermo-

dynamical limit of the functional integral for S0 is
expressed as

lim
V!1

1

V
h�S0im¼ lim

V!1
Nf

V

�
NA

RþL

m
þ X

nðIm�A
n>0Þ

2m

Z2
m
��A
n�

A
n þm2

�
�
1�

��A
n�

A
n

�2
R

��
m

¼ lim
V!1

Nf

mV
hNA

RþLimþNfhI1im; (41)

where

I1 ¼ m
Z �R

0
d��Að�Þ 2g0ð�2Þ

Z2
m�

2 þm2
; g0ðxÞ ¼ 1� x

�2
R

:

(42)

In the chiral limit m ! 0, only the vicinity of � ¼ 0
contributes to the integral, since

1The gauge configuration average h�Að�Þim does, of course, de-
pend on the temperature.

2Strictly speaking, �Að�Þ has a logarithmic divergence in the
continuum limit, which can be absorbed by multiplying the
quark mass m.

3More precisely, we here assume that configurations which do
not have the expansion (35) are measure-zero in the path integral
with PmðAÞ. This assumption excludes a possibility that
h�Að�Þim has a fractional power such that h�Að�Þim � �� with
noninteger � at small �. We consider the fractional case later in
Sec. VI.
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Z �R

	
d��Að�Þ 2g0ð�2Þ

Z2
m�

2 þm2
(43)

is finite for arbitrarily small but positive 	, and thus,
does not contribute to I1 in the limit. Expanding �Að�Þ
for � < 	, [see Eq. (35)], it is not difficult to obtain (see
Appendix A 3)

I1 ¼ m
Z 	

0
d��A

0

2g0ð�2Þ
Z2
m�

2 þm2
þOðmÞ ¼ 
�A

0 þOðmÞ:

(44)

As an exercise, let us consider the T < Tc case, where
the chiral symmetry is spontaneously broken. Assuming
that limV!1hNA

RþLim=V ! 0,4 the famous Banks-Casher
relation [15] is reproduced:

lim
m!0

lim
V!1

1

NfV
h�S0im ¼ 
 lim

m!0
h�A

0 imð¼ 
 lim
m!0

h�Að0ÞimÞ

� 0: (45)

On the other hand, in the chiral-symmetric phase
T > Tc, we require

lim
m!0

lim
V!1

1

V
h�S0im

¼ lim
m!0

lim
V!1

Nf

mV
hNA

RþLim þ Nf lim
m!0

hI1im
¼ 0: (46)

Since both NA
RþL and I1 are positive, it is equivalent to

separately require the following two constraints:

lim
V!1

Nf

V
hNA

RþLim ¼ Oðm2Þ; h�A
0 im ¼ Oðm2Þ: (47)

Using Eqs. (26) and (28), h�A
0 im ¼ Oðm2Þ implies hI21im ¼

Oðm2Þ, which will be useful in the analysis below.

C. Contribution from zero-modes at general N

Before extending our analysis to higher N, let us discuss
the fate of the zero-mode contribution at general N. For

this purpose we consider an operator O1;0;0;N�1 2 OðNÞ
a ,

whose nonsinglet chiral WTI requires

lim
m!0

lim
V!1ð�hO0;0;0;NimþðN�1ÞhO2;0;0;N�2imÞ¼0: (48)

Its dominant contribution at large volume is

� 1

VN hðS0ÞNim ¼ �NN
f

��
ð�1Þ

�
NA

RþL

mV
þ I1

�	
N
�
m

þOðV�1Þ; (49)

and, therefore, from the positivity of NA
RþL and I1,

lim
V!1

hðNA
RþLÞNim
VN ¼

�
OðmNþ2Þ ðfor even NÞ;
OðmNþ1Þ ðfor odd NÞ: (50)

Since this holds for arbitrary N, and NA
RþL does not

explicitly depend on m, we conclude that

lim
V!1

hNA
RþLim
V

¼ 0 (51)

at small but nonzero m.
This result implies that any zero-mode’s contributions

to an arbitrary local operator is measure-zero in the
thermodynamical limit, as we have already seen (for ex-
ample, in Sec. I) [17]. Therefore, we hereafter set
limV!1hNA

RþLim=V ¼ 0 even at small but nonzero m.

D. Constraints at N ¼ 2

We next consider theN ¼ 2 case. In this case, twoWTIs

from O1001 and O0110 2 OðN¼1Þ
a require that the so-called

(nonsinglet) chiral susceptibilities,

���
¼ 1

V2
hS20�P2

aim; �
��¼ 1

V
hP2

0�S2aim; (52)

vanish in the V ! 1 andm ! 0 limits at T > Tc. The first
one, ���
, has already been examined in the previous
subsection.
In a similar way to the N ¼ 1 case, �
�� can be

expressed in terms of eigenvalues as

lim
V!1�


�� ¼ lim
V!1

�
� N2

f

m2V
QðAÞ2

�
m
þ Nf

��
I1
m
þ I2

��
m
;

(53)

where I2 is defined by

I2 ¼ 2
Z �R

0
d��Að�Þm

2g20ð�2Þ � �2g0ð�2Þ
ðZ2

m�
2 þm2Þ2

¼
�
2

	
þ 2	

�2
R

�
�A
0 þ

�
2þ 	2

�2
R

� log
	2

m2

�
�A
1 þOð1Þ: (54)

Noting that

I1
m
þ I2 ¼ 2mI3 ¼ 4m2

Z 	

0
d��Að�Þ g20ð�2Þ

ðZ2
m�

2 þm2Þ2
¼ �A

0




m
þ 2�A

1 þOðmÞ (55)

for an arbitrarily small (positive) parameter 	, and expand-
ing �Að�Þ around � ¼ 0, we obtain a condition in the chiral
limit that

4In chiral perturbation theory, one can confirm that
hjQðAÞjim=V is an Oð1= ffiffiffiffi

V
p Þ quantity (even when m is finite).

Since the minimum of NA
RþL is equal to jQðAÞj in the topological

sector of QðAÞ, it is natural to assume that hNA
RþLim=V is also

Oð1= ffiffiffiffi
V

p Þ. Moreover, using the fact that there is no massless pole
in the nonsinglet scalar correlator hSaSai in the chiral limit, one
can show that hNA

RþLim=V ¼ Oðm2Þ.
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lim
m!0

lim
V!1�
�� ¼ Nf lim

m!0

�
� lim

V!1
NfhQðAÞ2im

m2V

þ 


m
h�A

0 im þ 2h�A
1 im þOðmÞ

�
: (56)

Since we already know that h�A
0 im ¼ Oðm2Þ, this condition

leads to

lim
V!1

NfhQðAÞ2im
m2V

¼ 2h�A
1 im þOðm2Þ: (57)

Note that there should be noOðmÞ term in Eq. (57) accord-
ing to the analyticity in m2. Therefore the OðmÞ term can
not be cancelled in Eq. (56) at nonzero m.

E. Constraints at N ¼ 3

From the WTIs at N ¼ 3, except the one considered in
Sec. III C, the four quantities

�1 ¼ hO0201im
V2

¼ N2
fhI1I2im þOð1=VÞ;

�2 ¼ hO1110im
V

¼ �Nf

�
Nf

QðAÞ2
m3V

� 2I3

�
m
þOð1=VÞ;

�3 ¼ hO0021im
V2

¼ �N2
f

�
I1

�
I1
m
� NfQðAÞ2

m2V

��
m
þOð1=VÞ;

�4 ¼ hO2001im
V2

¼ �N2
f

m
hI21im þOð1=VÞ; (58)

should vanish after taking the V ! 1 and m ! 0 limits.
Here I3 (and its asymptotic form near the chiral limit) is
given by

I3 ¼ 2m
Z 	

0
d��Að�Þ g20ð�2Þ

ðZ2
m�

2 þm2Þ2

¼
�



2m2
� 3


4�2
R

�
�A
0 þ �A

1

m
þ 


4
�A
2 þOðmÞ: (59)

Substituting the explicit form of I1 and I2, the result (47)
in the previous subsection and our assumptions in Eqs. (26)
and (28) give

hI1I2im ¼ OðmÞ; hðI1Þ2im ¼ Oðm2Þ; (60)

so that �1 and �4 automatically vanish in the V ! 1 and
m ! 0 limits. Using the same assumptions and the result
(57) the following relations can also be shown:

hQðAÞ2I1im
m2V

¼ 

hQðAÞ2�A

0 im
m2V

þOðmÞ; (61)

Nf

hQðAÞ2im
m3V

¼ 2
h�A

1 im
m

þOðmÞ: (62)

The two remaining nontrivial conditions are

lim
m!0

lim
V!1�2 ¼ �
Nf lim

m!0

�h�A
0 im
m2

þ h�A
2 im
2

�
¼ 0; (63)

lim
m!0

lim
V!1�3 ¼ 
N3

f lim
m!0

lim
V!1

hQðAÞ2�A
0 im

m2V
¼ 0: (64)

From the first condition, we obtain a constraint:

h�A
0 im ¼ �m2 h�A

2 im
2

þOðm4Þ: (65)

Moreover, since h�A
0 im is positive [which is required by the

positivity of h�Að0Þim], h�A
2 im must be negative for smallm.

The condition for �3 leads to

lim
V!1

hQðAÞ2�A
0 im

m2V
¼ Oðm2Þ: (66)

This condition does not necessarily give a stronger con-
straint than hQðAÞ2im ¼ Oðm2VÞ and h�A

0 im ¼ Oðm2Þ,
since it only requires that a set of gauge configurations
that satisfies both QðAÞ2 � 0 and �A

0 � 0 has a weight

m4P̂ðA;m2Þ þOðm6Þ.

F. Constraints at N ¼ 4

The eight WTIs at N ¼ 4 give seven independent con-
straints:

hO4000 �O0004im ! 0; hO4000 � 3O2002im ! 0;

hO0400 �O0040im ! 0; hO0400 � 3O0220im ! 0;

hO2020 �O0202im ! 0; hO2200 �O0022im ! 0;

h2O1111 �O0202 þO0022im ! 0; (67)

where the V ! 1 and m ! 0 limits are abbreviated by the
arrows. The OðV4Þ contribution from S40 in the first equa-

tion has already been considered.
At OðV3Þ, there are three conditions:

lim
V!1

1

V3
hP2

aS
2
0im ¼ N3

f

hI31im
m

! 0; (68)

lim
V!1

1

V3
hS2aS20im ¼ �N3

fhI21I2im ! 0; (69)

lim
V!1

1

V3
hP2

0S
2
0im ¼ N3

f

�
I21

�
I1
m
� NfQðAÞ2

m2V

	�
m
! 0: (70)

It is not difficult to confirm that all of them are automati-
cally satisfied, since

hIn1 im ¼ hf
�A
0 þOðmÞgnim ¼ Oðm2Þ (71)

for any integer n � 2 from h�A
0 im ¼ Oðm2Þ, and

hI21QðAÞ2im
m2V

¼ hf
�A
0 þOðmÞg2QðAÞ2im

m2V
¼ Oðm2Þ (72)

from Eq. (66) together with the assumption (28) for
remaining cross terms. Namely, these three give no addi-
tional constraint.
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At OðV2Þ we have
1

V2
hS4a � P4

0im ! 0;
1

V2
hS4a � 3S2aP

2
0im ! 0;

1

V2
hP2

aðP2
0 � S2aÞ � 2PaSaP0S0im ! 0:

(73)

After a little algebra using the formulas in Appendices A 2
and A 5, the first condition becomes

3N2
fhðI2 þ I1=mÞðI2 � I1=mÞim þ 6N3

f

m3V
hQðAÞ2I1im

� N4
f

m4V2
hQðAÞ4im ! 0: (74)

Using

I2 � I1
m

¼ �A
0

�
� 


m þ 4
	 þ 4	

�2
R

�
þ �A

1

�
2þ 2	2

�2
R

� 4 log	
m

�

þOð1Þ; (75)

Eq. (55) and hð�A
0 Þnim ¼ Oðm2Þ, we can show that the first

term in Eq. (74) is at most logarithmically divergent in the
limit m ! 0. Note that the second term is also logarithmi-
cally divergent due to cross contributions from the OðmÞ
terms in I1 (Appendix A 3) and Eq. (57). Therefore, in
order to satisfy Eq. (74), the last term should not be power
divergent and should at least fulfill

lim
V!1

1

V2
hQðAÞ4im ¼ Oðm4Þ; (76)

which leads to

lim
V!1

1

Vk
hQðAÞ2kim ¼ Oðm4Þ (77)

for an arbitrary positive integer k. Combining this with
Eq. (57), we obtain a constraint on the spectral density,

h�A
1 im ¼ Oðm2Þ; (78)

so that Eq. (74) now becomes

�3N2
f


2

m2
hð�A

0 Þ2im � N4
f

m4V2
hQðAÞ4im ! 0: (79)

Since both terms are negative semidefinite, this WTI
requires

hð�A
0 Þkim ¼ Oðm4Þ; lim

V!1
1

Vl
hQðAÞ2lim ¼ Oðm6Þ (80)

for arbitrary positive integers k and l. The first condition
also gives

h�A
2 im ¼ Oðm2Þ (81)

from Eq. (65).
The last constraint, Eq. (81), can be obtained through a

different argument. From Eq. (78), the eigenvalue density
near the chiral limit becomes

h�Að�Þim ¼ h�A
2 im

�2

2
þOð�3Þ þOðm2Þ: (82)

The positivity of h�Að�Þim implies h�A
2 im � 0 near m ¼ 0,

but this contradicts the positivity of h�A
0 im in Eq. (65)

unless h�A
2 im ¼ Oðm2Þ, and thus h�A

0 im ¼ Oðm4Þ.
It is now easy to see that the second and third conditions

in Eq. (73) are automatically satisfied: the second one gives

6N2
fmhI2I3im � 3N3

f

m2V
hI2QðAÞ2im ¼ Oðm2Þ þOðm4Þ;

(83)

while the third one is evaluated as

6N2
fhI1I3im � 3N3

f

m3V
hI1QðAÞ2im ¼ Oðm2Þ þOðm3Þ: (84)

G. Special constraints at general N

In this subsection, we consider a special type of opera-

tor: O0;1;ð4k�1Þ;0 2 OðN¼4kÞ
a at a general positive integer k,

whose nonsinglet WTI gives the condition

lim
m!0

hð4k� 1ÞS2aP4k�2
0 � P4k

0 im ¼ 0: (85)

At the leading order of V (V2k in this case), the above
condition corresponds to

�ð4k� 1Þ Nf

V2k�1
hI2P4k�2

0 im � 1

V2k
hP4k

0 im ! 0 (86)

in the chiral limit. From the results in Appendices A 2 and
A 5,

hP4k
0 iF
V2k

¼ X2k
n¼0

4kC2nð2n� 1Þ!!
��N2

fQðAÞ2
m2V

�
2k�n

�
NfI1
m

�
n

þOðV�1Þ;
(87)

where we have used the definition ð�1Þ!! ¼ 1. The non-
singlet WTI is expressed by

� ð4k� 1Þ X
2k�1

n¼0
4k�2C2nð2n� 1Þ!!

���N2
fQðAÞ2
m2V

�
2k�1�n

�
�
NfI1
m

�
n
NfI2

�
m
� X2k

n¼0
4kC2nð2n� 1Þ!!

�
���N2

fQðAÞ2
m2V

�
2k�n

�
NfI1
m

�
n
�
m
! 0: (88)

From the above condition(s), we would like to induc-
tively prove that

hQ2lim
Vl

¼ Oðm4kþ2Þ; hð�A
0 Þlim ¼ Oðm2kþ2Þ (89)

holds for arbitrary positive integers l and k.

AOKI, FUKAYA, AND TANIGUCHI PHYSICAL REVIEW D 86, 114512 (2012)

114512-8



Suppose

hQ2lim
Vl

¼ Oðm4k�2Þ; hð�A
0 Þlim ¼ Oðm2kÞ (90)

is obtained from the WTI at N ¼ 4k� 4 (this is true for
k ¼ 2). The constraint above is then reduced to

�
�
ð4k� 1Þ!!

�
NfI1
m

�
2k�1

NfðI2 þ I1=mÞ

þ
��N2

fQðAÞ2
m2V

�
2k þ ð4k� 1Þ

�
��N2

fQðAÞ2
m2V

�
2k�1

NfðI2 þ 2kI1=mÞ
�
m
! 0; (91)

where only those terms with n ¼ 0, 2k� 1 in the first
summation and n ¼ 0, 1, 2k in the second summation
remain. While the first and third terms are finite and
linearly divergent in the m ! 0 limit, the second term is
seen to be quadratically divergent from Eq. (90) as

�N4k
f

m4k

hQðAÞ4kim
V2k

¼ Oðm�2Þ: (92)

In order for the WTI to be satisfied, the quadratic diver-
gence should be absent, so that hQðAÞ2l=Vlim ¼ Oðm4kÞ
for an arbitrary positive integer l, thanks to Eq. (25).

Using this result the third term disappears faster than the
others and the WTI becomes

� ð4k� 1Þ!!N2k�1
f

hð
�A
0 Þ2kim

m2k
� N4k

f

m4k

hQðAÞ4kim
V2k

! 0:

(93)

Note here that both terms are negative semidefinite and
therefore each term must vanish in the chiral limit. This
completes the proof for Eq. (89).

Since k can be arbitrarily large, we now have another
stronger constraint on the zero-mode’s contribution,

lim
V!1

hQðAÞ2im
V

¼ 0; (94)

and on that of the spectral density,

h�A
0 im ¼ 0; (95)

which hold even at small but nonzero m.

H. Short summary of the constraints

Here we summarize the constraints obtained in this
section. For the eigenvalue density, we have

h�A
0 im¼0; h�A

1 im¼Oðm2Þ; h�A
2 im¼Oðm2Þ; (96)

at a small but nonzero m. Namely, the eigenvalue density
must have the form

lim
m!0

h�Að�Þim ¼ h�A
3 i0

�3

3!
þOð�4Þ: (97)

We believe that this new condition is not only stronger than
those found in previous works, but that it is also the
strongest, since we know that the Nf ¼ 2 massless free

quark theory has h�A
3 i0 � 0, keeping the exact chiral

SUð2ÞL � SUð2ÞR [and Uð1ÞA] symmetry. Therefore, it is
very likely that we will not find any additional information
from N � 5 correlation functions.
For the discrete zero-modes, we have obtained

lim
V!1

1

Vk
hðNA

RþLÞkim¼0; lim
V!1

1

Vk
hQðAÞ2kim¼0; (98)

for an arbitrary positive integer k at a small but nonzerom.
These zero-modes give no contribution to the correlation
functions we are considering.

IV. FATE OF THE Uð1ÞA ANOMALY

In this section, we discuss how the constraints in the
SUð2ÞL � SUð2ÞR-symmetric phase, obtained in the pre-
vious section, affect the Uð1ÞA-breaking correlators. Here
we consider a set of (pseudoscalar singlet) operators,

OðNÞ
0 �

�
On1;n2;n3;n4 jn1 þ n2 ¼ even; n1 þ n3

¼ odd;
X
i

ni ¼ N

	
; (99)

and its chiral Uð1ÞA rotation,

�0On1;n2;n3;n4

¼ �2n1On1�1;n2þ1;n3;n4 þ 2n2On1þ1;n2�1;n3;n4

� 2n3On1;n2;n3�1;n4þ1 þ 2n4On1;n2;n3þ1;n4�1: (100)

For later convenience, let us also define a set of (scalar
singlet) operators,

OðNÞ �
�
On1;n2;n3;n4 jn1 þ n2 ¼ even; n1 þ n3

¼ even;
X
i

ni ¼ N

	
: (101)

As QCD keeps the vector-like SUð2ÞV symmetry and the
parity symmetry, any operator with a nonzero expectation

value must be a member ofOðNÞ. Note that we have already
introduced the set of pseudoscalar nonsinglet operators

OðNÞ
a in Eq. (37).
Since the Uð1ÞA transformation is anomalous, the expec-

tation value of the variation h�0Oim is nonzero [as shown
by the WTI; see Eq. (15)],

lim
m!0

h�0Oim ¼ 2iNf lim
m!0

hQðAÞOim; (102)

and the Uð1ÞA symmetry is broken.
It is, however, still possible to have zeros on both sides

of Eq. (102). If this is the case, the Uð1ÞA anomaly is
invisible. In fact, we show below that the constraints
obtained in the previous section are strong enough to
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suppress the variation h�0Oim for O 2 OðNÞ
0 to be zero in

the large-volume V ! 1 and chiralm ! 0 limits. Namely,
the Uð1ÞA symmetry must be restored, at least, for the

operator set OðNÞ
0 .

A. Odd-N case

For the odd-N cases, we can show a relation for the

number of operators jOðNÞ
a j ¼ jOðNÞ

0 j ¼ jOðNÞj, where jAj
denotes the number of independent operators in A.
See Appendix B for the details.

As the exact chiral SUð2ÞL � SUð2ÞR symmetry requires

jOðNÞ
a j-independent WTIs in the chiral limit to be zero,

lim
m!0

h�aOiim ¼ lim
m!0

XjOðNÞj

j¼1

MijhOjim ¼ 0;

Oi 2OðNÞ
a ; Oj 2OðNÞ;

(103)

where the matrix M is specified by the WTI that one
considers. Since the chiral transformation keeps the inde-
pendence of the operator, it can be proved that detM � 0,5

and the WTI requires

lim
m!0

hOiim ¼ 0 for any Oi 2 OðNÞ; (104)

or equivalently, that there is no operator in OðNÞ, �aO
ðNÞ
a ,

and �0O
ðNÞ
0 which has a nonzero expectation value in the

SUð2ÞL � SUð2ÞR-symmetric phase.

Since the Uð1ÞA variation of any operator in OðNÞ
0 is an

element of OðNÞ, we can conclude that

lim
m!0

h�0Oim ¼ 0 for any O 2 OðNÞ
0 : (105)

Without referring to any specific constraints obtained in the
previous section, we can thus show that the Uð1ÞA breaking
is invisible for these operators.

B. N ¼ 2, 4, and 6

For even N, the situation is not so simple as for the odd
N’s (see Appendix B for the details). We need to examine
the WTIs explicitly.

At N ¼ 2, there remains one nontrivial susceptibility,
but one can immediately show that it should vanish:

�
�
 ¼ 1

V
hP2

a � P2
0im ¼ lim

V!1
N2

f

m2V
hQðAÞ2im ¼ 0; (106)

for small but nonzero m, thanks to Eq. (94). Noting that
P2
a � P2

0 ¼ ðP2
a � S20Þ þ ðS20 � S2aÞ þ ðS2a � P2

0Þ, we can

also show that

���� ¼ 1

V2
hS2a � S20im ¼ Oð1=VÞ þOðm2Þ: (107)

Since the lhs of Eq. (107) is the (double) volume average of
the lhs of Eq. (1), this provides another proof that the
Uð1ÞA-breaking effect in Ref. [17] cannot survive in the
thermodynamical limit.
At N ¼ 4, there are two nontrivial susceptibilities:

�5¼hO0022�O2002im; �6¼hO0022�O0220im: (108)

Neglecting NA
RþL=V and QðAÞ2=V terms and using the

constraint on I1 obtained in the previous section, both of
them disappear as

lim
m!0

lim
V!1

�5

V3
¼ � lim

m!0
lim
V!1N3

f

�
NfQðAÞ2
m2V

�
NA

RþL

mV
þ I1

�
2
�
m

¼ 0; (109)

lim
m!0

lim
V!1

�6

V3
¼ lim

m!0
lim
V!1

N3
f

m

��
NA

RþL

mV
þ I1

�
2

�
�
NA

RþL

mV
þ I1 �

NfQðAÞ2
mV

��
m

¼ lim
m!0

N3
f

m
hI31im ¼ 0: (110)

At N ¼ 6, we have four nontrivial susceptibilities:

�7¼hO0024�O2004im; �8¼hO2040�O0204im; (111)

�9¼hO0420�O0042im; �10¼hO0042�O0024im: (112)

In the large-volume limit, they behave as

lim
V!1

�7

V5
¼ 0; (113)

lim
V!1

�8

V5
¼ N5

fhI2I41im ¼ Oðm4Þ; (114)

lim
V!1

�9

V4
¼ �N4

f

m2
hI41im ¼ Oðm2Þ; (115)

lim
V!1

�10

V5
¼ �N5

f

m
hI51im ¼ Oðm4Þ; (116)

all of which vanish after the chiral limit is taken.
We thus conclude that the Uð1ÞA symmetry breaking is

not viable for at least N 	 6.

C. General even N

In order to consider the general N case, let us look at the
rhs of Eq. (102). Namely, if we can show that

lim
m!0

lim
V!1

1

Vk
hQðAÞOim ¼ 0 (117)

5If detM ¼ 0, we can construct a chiral-invariant operator
from a linear combination of operators in OðNÞ

a . Since all opera-
tors inOðNÞ

a have odd numbers of the index a, however, no chiral-
invariant operator should exist in OðNÞ

a .
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with some appropriate power of k, we can prove that the lhs
of Eq. (102) also vanishes. In the analysis below, we divide
ON

0 into two classes: one with ðn1;n2;n3Þ¼ðeven;even;oddÞ,
and another with ðn1; n2; n3Þ ¼ ðodd; odd; evenÞ.

For the former class, or more explicitly in the case of
ðn1; n2; n3Þ ¼ ð2k1; 2k2; 2k3 þ 1Þ, the leading contribution
in �0On1;n2;n3;n4 comes from �n3On1;n2;n3�1;n4þ1, whose

leading contribution in V has OðVkÞ with k ¼ k1 þ k2 þ
k3 þ n4 þ 1 (see Appendix A 5). Therefore, we have

iNf

Vk
hQðAÞOn1;n2;n3;n4im
’ Nkþ1

f n3ð2k1 � 1Þ!!ð2k2 � 1Þ!!ð2k3 � 1Þ!!

�
�
Nf

Q2

mV

�
I1
m

�
k1þk3ð�I2Þk2ð�I1Þn4

�
m

(118)

in the large-volume limit, where zero-mode contributions
are neglected except for the first term. According to the
property (98) and the assumption (28), the rhs indeed
vanishes in the V ! 1 limit at small but nonzero m. In
the case with ðn1; n2; n3Þ ¼ ðodd; odd; evenÞ, a similar
analysis gives the same conclusion.

We conclude that, for the class of operators we have
considered in this paper, the Uð1ÞA-breaking effects are
invisible in the thermodynamical limit.

D. Possible phase diagrams including the strange quark

Although we have so far only discussed theNf ¼ 2 case,

it is interesting to consider possible phase diagrams includ-
ing the dynamical strange quark. (In this subsection, let us
denote the up and down quark mass bymud and the strange
quark mass by ms.)

Assuming that the Uð1ÞA symmetry is still broken above
the critical temperature, a phase diagram like the left panel
of Fig. 1 is often shown in the literature. The quenched
limit (mud ¼ ms ¼ 1) and the SU(3)-symmetric chiral
limit (mud ¼ ms ¼ 0) are both expected to be in the first-
order transition regions, while the physical point is located
in the middle crossover region. The critical curve around

the SU(3) limit has an endpoint at a finite value ofms, from
which a second-order transition line [withOð4Þ scaling [1]]
is extended to the Nf ¼ 2 (ms ¼ 1) limit.

Our new results may suggest a different diagram. Since
the Uð1ÞA anomaly effects are invisible, the chiral phase
transition could be first-order. Then, as shown in the right
panel of Fig. 1, one should have a critical value of the up
and down quark mass (let us denote this by mcr

ud) from

which the critical curve may be extended to the finite ms

region and even connected to the curve around the first-
order transition region near ms ¼ 0.
Since our study is limited to the Nf ¼ 2 case only, the

above scenario is just one example of many possible dia-
grams. As pointed out in Refs. [19–21], the second-order
transition is also possible. But even in this case, itsUð2ÞL 

Uð2ÞR=Uð2ÞV universality class is different from the con-
ventional Oð4Þ class.
Our simple analysis in theNf ¼ 2 theory thus suggests a

richer structure in the QCD phase diagram. It is particu-
larly interesting for lattice QCD studies to investigate the
existence of mcr

ud, which may also be the boundary of the

region where Eq. (98) holds.6

V. POSSIBLE ARTIFACTS IN LATTICE QCD

In the previous sections, we have investigated the sym-
metry restoration for T > Tc, fully relying on the exact
chiral SUð2ÞL � SUð2ÞR symmetry and taking the thermo-
dynamical limit V ! 1. However, numerical lattice QCD
simulations must be performed on a finite volume, some-
times employing fermion actions which explicitly break
the chiral symmetry. In this section, we would like to
briefly address possible systematic effects of not having
these two key properties.
First, we discuss the explicit breaking of the chiral

SUð2ÞL � SUð2ÞR symmetry. In order to characterize its vio-
lation, let us introduce a mass parameter mbreak. Since mbreak

FIG. 1 (color online). Possible phase diagrams including the strange quark. Left: A conventional diagramwith the second-order scenario in
thems ! 1 limit. Right:Apossible diagramwith thefirst-order scenariowhere the critical curve is smoothly connected to the smallms region.

6Namely, the number of the exact zero-modes could be an
order parameter.
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should disappear in the continuum limit, it is natural to assume
mbreak ��2

QCDa, where �QCD is the QCD scale. At finite

temperature T, we also have a possibility of mbreak � T2a or
mbreak ��QCDTa. But it is unlikely that the lattice artifacts

grow with T, since they are naively expected to be milder in
the weakly coupled region at higher temperature. We also
neglect the possibility of mbreak � T2

ca since Tc is not essen-
tially different from�QCD.

If one employs improved Wilson-type actions or
staggered-type actions, it may be reduced to Oða2Þ:
mbreak ��3

QCDa
2. For the domain-wall fermion action, as

an approximation of the overlap fermion action, the sup-
pression of the discretization effects could be stronger.
In this case, the so-called residual mass, mres, is a good
estimate for mbreak. For this reason, we have introduced a
rather abstract parameter, mbreak, to treat the conditions
with different actions in a uniform manner.

Now the discussion is simple. By losing the required
exact chiral symmetry, every result in the previous sections
should be, in principle, modified by the effects of mbreak

unless some special cancellation mechanism occurs. The
condition h�A

0 im ¼ 0 may be the only exception, as it is a

definition of the symmetry restoration.
Namely, instead of Eqs. (97), we should have

h�Að�Þim ¼ �mbreak�QCD�þ �mbreak�
2 þ ðh�A

3 i0
þ �mbreak=�QCDÞ�

3

3!
þ � � � ; (119)

where �;�; �; . . . are unknown dimensionless Oð1Þ coef-
ficients. Similarly, hNRþLim=V, hQðAÞ2im=V, �
�
, and so
on should not be zero, but rather OðmbreakÞ. Note that there
is no reason for the Uð1ÞA symmetry to get restored as long
as the chiral symmetry is explicitly broken by the quark
action at finite lattice spacings.

Next, let us discuss the finite-volume effects. Even in the
continuum limit, it is possible to obtain different results
from what we have shown in this paper. It is good to
remember that Eq. (1) is an example of the Uð1ÞA breaking
in the continuum theory as a finite-volume effect. The
recovery of the Uð1ÞA symmetry is not as strong as the
other symmetries—under which the Lagrangian is strictly
constrained—but rather is a consequence from QCD dy-
namics, which is manifest only in the thermodynamical
limit.

Above the critical temperature, the long-range physics
of the system would be characterized by the correlation
length �, or the inverse of some screening mass, which
diverges at Tc if the phase transition is of second order
while remaining finite for the first-order transition.

It is then natural to assume that a lattice QCD simulation

has finite-volume effects as functions of �=V1=4. It is also
important to note that, unlike the truly local quantity, whose

finite-volume effects are exponential � expð�V1=4=�Þ, the
susceptibilities considered in this paper are volume-averaged

quantities, so that any finite-volume effect is expected to be a

power function of �=V1=4. A careful estimate for the ther-
modynamical limit is thus required, in particular, for tem-
peratures near Tc, where � could become larger.

VI. EIGENVALUE DENSITY WITH
FRACTIONAL POWER

So far, we have assumed that �Að�Þ is analytic around
� ¼ 0, and have used the expansion in Eq. (35). In this
section, let us extend our analysis to a nonanalytic case
where

�Að�Þ ¼ cA��; (120)

with a fractional power � for � < 	, where cA is an
A-dependent constant. Since limm!0h�Að0Þim ¼ 0 in the
SUð2ÞL � SUð2ÞR-symmetric phase, � should be positive
as long as hcAim ¼ Oð1Þ. It is still true in this case that only
the vicinity of � ¼ 0 contributes to the WTIs. We thus can
neglect additional terms with higher-order fractional
powers, even if they exist in the bulk region of � � 	.
In this case, I1, I2, and I3 are expressed as

I1 ¼ cA½m�ðd1 þOðm2ÞÞ þmðe1 þOðm2ÞÞ�; (121)

I1
m

þ I2 ¼ 2mI3 ¼ cA½m��1ðd2 þOðm2ÞÞ
þm2ðe2 þOðm2Þ�Þ; (122)

where the di’s and ei’s are given by

d1 ¼ 
 sec

�
�


2

�
; d2 ¼ ð1� �Þ
 sec

�
�


2

�
; (123)

and

e1 ¼
Z �R

	
d��Að�Þ 2g0ð�2Þ

Z2
m�

2 þm2

þ 	��1
�ð��1

2 Þ � 	2

�2
R

�ð�þ1
2 Þ2

�ð�þ3
2 Þ

�ð�þ1
2 Þ ; (124)

e2 ¼
Z �R

	
d��Að�Þ 4g20ð�2Þ

ðZ2
m�

2 þm2Þ2 þ 	��3
ð�þ 3Þ�ð��1

2 Þ
2ð�� 3Þ�ð�þ5

2 Þ

�
�
ð�þ 1Þð�� 1Þ � 2

	2

�2
R

ð�þ 1Þð�� 3Þ

þ 	4

�4
R

ð�� 1Þð�� 3Þ
�
; (125)

with the UV cutoff �R and the IR cutoff 	. Note that the
di’s and ei’s are all finite.

AOKI, FUKAYA, AND TANIGUCHI PHYSICAL REVIEW D 86, 114512 (2012)

114512-12



A. 0 < � < 1

We first consider the case with � < 1. With the above
expressions for the Ii’s, let us reexamine the WTIs given in
the previous sections.

For hSN0 im=VN with an arbitrary N, the WTI requires

lim
m!0

lim
V!1

��
NA

RþL

mV
þ I1

	
N
�
m
¼ 0; (126)

where the positivity of each term implies

lim
V!1

hNA
RþLim
V

¼ 0 (127)

at small m, and

lim
m!0

mN�dN1 hðcAÞNim ¼ 0; (128)

which is automatically satisfied for positive �.
At N ¼ 2, we have

�
I1
m
þ I2 �

NfQðAÞ2
m2V

�
m
¼ d2m

��1hcAim � NfhQðAÞ2im
m2V

! 0: (129)

Taking into account the fact that both cA and Q2 are mass-
independent and their expectation value should be written
as an even power of mass, both terms in Eq. (129) should
vanish separately, which leads to

hcAim ¼ Oðm2Þ; hQðAÞ2im
V

¼ Oðm4Þ: (130)

At N ¼ 3, it is not difficult to see that all the nontrivial
conditions are automatically satisfied with the above
constraints.

At N ¼ 4 there remains one nontrivial WTI:

h6mI3ðI2 � I1=mÞim þ 6NfhI1QðAÞ2im
m3V

� N2
fhQðAÞ4im
m4V2

! 0: (131)

Since the first two terms vanish in the chiral limit, we
obtain a new constraint that

lim
V!1

hQðAÞ2im
V

¼ Oðm6Þ: (132)

Let us finally consider the WTI from ON¼4k
a ¼

O0;1;ð4k�1Þ;0, as before. In a way very similar to that in

Sec. III G, we can show that

lim
V!1

hQðAÞ2im
V

¼ 0; (133)

hcAim ¼ 0; (134)

even at nonzero m. This means that the Dirac eigenvalue
density with a fractional power, Eq. (120), is incompatible
with the SUð2ÞL � SUð2ÞR chiral symmetry restoration for
0<�< 1.

B. 1 < � < 2

Next, let us consider 1<�< 2. Our strategy is the same
as in the previous subsection, except that the leading term
is not Oðm�Þ, but rather is OðmÞ in I1.
Up to N ¼ 4, one can easily confirm that most of

the conditions are automatically satisfied for 1< �< 2,
keeping the constraints on the zero-mode contribution
[Eqs. (127) and (133)] unchanged. The only nontrivial
WTI appears at N ¼ 3:

lim
V!1

hO1110im
V

¼ 2NfhI3im ¼ 2Nfd3m
��2hcAim þOðmÞ

¼ 0; (135)

which leads to a constraint,

hcAim ¼ Oðm2Þ: (136)

Namely, the fractional power � < 2 cannot survive in the
chiral limit.

C. 2 < � < 3

In this case, all the conditions from the WTIs are auto-
matically satisfied up to N ¼ 6 as long as Eqs. (127) and
(133) are satisfied. We thus have no constraint on hcAi.
However, it is important to note that excluding � 	 2 in

the chiral limit is enough to achieve all of the
Uð1ÞA-symmetric identities in Sec. IV. As discussed in
Sec. IVC, the zero-mode’s contribution plays a more
important role than bulk contributions from nonzero
modes.

VII. SUMMARYAND DISCUSSION

In this paper, we have investigated the eigenvalue
density �Að�Þ of the Dirac operator in the chiral SUð2ÞL �
SUð2ÞR-symmetric phase at finite temperature. In order to
avoid possible ultraviolet divergences, we have worked
analytically on a lattice, employing the overlap Dirac
operator, which ensures the exact chiral symmetry at finite
lattice spacings.
From the various WTIs of the scalar and pseudoscalar

operators, we have shown that a behavior such as
h�Að�Þim / �� for small � cannot survive in the chiral
limit for � 	 2. If h�Að�Þim is analytical around � ¼ 0,
this means that it should start with a cubic term, as is the
case with the free quark theory. Moreover, we have found a
strong suppression on the zero-mode’s contributions in the
thermodynamical limit. As shown in Eq. (98), they dis-
appear even with a small but finite m. It is worth mention-
ing that the use of the overlap fermion is crucial for
obtaining the results in this paper since only this fermion
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formulation can preserve the exact chiral symmetry with a
nonperturbative cutoff, which makes our arguments more
rigorous.

The obtained constraints on the Dirac spectrum are
strong enough for all of the Uð1ÞA-breaking effects among
correlation functions of scalar and pseudoscalar operators
considered in this paper to vanish in the limits of V ! 1
and m ! 0. Namely, there is no remnant of the Uð1ÞA
anomaly above the critical temperature, at least in these
correlation functions.

This does not contradict the apparently opposite results
about the Uð1ÞA restoration in previous works. As we have
shown in Sec. I, their Uð1ÞA-breaking parts cannot survive
in the thermodynamical limit (V ! 1), but they could be
finite on a finite box, which may be a part of the difficulties
of numerical lattice QCD simulations.

We only use a part of the chiral Ward-Takahashi identi-
ties to derive the constraints in this paper, which are there-
fore necessary conditions to be fulfilled if the chiral
symmetry is restored. Our results strongly rely on analy-
ticity in m2 for m-independent observables and its conse-
quence (24). If our results are shown to be incorrect by
some numerical simulations, these assumptions must also
be violated in the simulations.

One of the most important consequence of our study is
that, since the Uð1ÞA anomaly effect disappears in scalar
and pseudoscalar sectors at Tc, the chiral phase transition
for two-flavor QCD is likely to be of first order [1] or of
second order in the Uð2ÞL 
 Uð2ÞR=Uð2ÞV universality
class [19–21], contrary to the expectation that the chiral
phase transition of two-flavor QCD belongs to the Oð4Þ
universality class.
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APPENDIX A: USEFUL FORMULAS

1. Quark contractions for the (pseudo) scalar operator

Here we give a contraction formula for the (pseudo)
scalar operators when we integrate out the fermion fields:

hS0iF ¼ �Nftr~SA; hP0iF ¼ �iNftr�5
~SA;

hS2aiF ¼ �Nftr~S
2
A; hP2

aiF ¼ Nftrð�5
~SAÞ2;

hS20iF ¼ �Nftr~S
2
A þ ðNftr ~SAÞ2;

hP2
0iF ¼ Nftrð�5

~SAÞ2 � ðNftr�5
~SAÞ2;

hS0P0iF ¼ �iNftr�5
~S2A þ iN2

ftr
~SAtr�5

~SA;

hSaPaiF ¼ �iNftr�5
~S2A;

(A1)

where ~SAðx; yÞ � FðDÞSAðx; yÞ.

2. Trace of fermion propagators

Here we give useful formulas for the trace of fermion
propagators in a form of the eigenvalue decomposition.
Let us first define SnA as

~SnA �
Z

d4x1d
4x2 . . . d

4xn ~SAðx1; x2Þ~SAðx2; x3Þ . . . ~SAðxn; x1Þ

¼
Z Yn

i¼1

d4xi ~SAðxi; xiþ1Þ; ðxnþ1 ¼ x1Þ: (A2)

Inserting the eigenvalue decomposition for the fermion
propagator (11), we obtain

1

V
tr~SA ¼ NA

RþL

mV
þ I1;

1

V
tr ~S2A ¼ NA

RþL

m2V
þ I2; (A3)

1

V
trð�5

~SAÞ2 ¼ NA
RþL

m2V
þ I1

m
;

1

V
tr�5

~SA�5
~S2A ¼ NA

RþL

m3V
þ I3;

(A4)

1ffiffiffiffi
V

p tr�5
~SA ¼ QðAÞ

m
ffiffiffiffi
V

p ;
1ffiffiffiffi
V

p tr�5
~S2A ¼ QðAÞ

m2
ffiffiffiffi
V

p ; (A5)

where Ii (i ¼ 1, 2, 3) are expressed in terms of the eigen-
value density in the large-volume limit as

I2k�1 ¼ m
Z �R

0
d��Að�Þ 2gk0ð�2Þ

ðZ2
m�

2 þm2Þk ; (A6)

g0ð�2Þ ¼ 1� �2

�2
R

; Z2
m ¼ 1� m2

�2
R

; (A7)

I2 ¼ � I1
m
þ 2mI3: (A8)

3. Various integrals of eigenvalue density

The above Ii’s are evaluated by expanding the eigen-
value density as Eq. (35). In evaluating I2k�1 it may be
better to rewrite I2k�1 ¼ I	2k�1 þOðmÞ, where

I	2k�1 ¼
mR

Z2k�1
m

Z 	

0
d��Að�Þ 2gk0ð�2Þ

ð�2 þm2
RÞk

(A9)
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by using mR ¼ m=Zm. The expansion is given by

I	2k�1 ¼
X1
n¼0

�A
nI

ðnÞ
2k�1; (A10)

with the expansion coefficient

IðnÞ2k�1 ¼
1

Z2k�1
m

Z 	

0
d�

�n

n!

2mRg
k
0ð�2Þ

ð�2 þm2
RÞk

: (A11)

At n > 2k� 1 the leading term in m is given by

I
ðnÞleading
2k�1 ¼ 2mR

Z 	

0

�n�2k

n!

�
1� �2

�2
R

�
k
: (A12)

The explicit form of the coefficient is given as follows
for a few k and n:

Ið0Þ1 ¼ 2

Zm

��
1þm2

R

�2
R

�
tan�1

�
	

mR

�
�mR	

�2
R

�
; (A13)

Ið1Þ1 ¼ mR

Zm

��
1þm2

R

�2
R

�
log

�
	2

m2
R

þ 1

�
� 	2

�2
R

�
; (A14)

Ið2Þ1 ¼ mR

Zm

�
	

�
1þ 3m2

R � 	2

3�2
R

�

�mR

�
1þm2

R

�2
R

�
tan�1

�
	

mR

��
; (A15)

Ið0Þ3 ¼ 1

Z3
mm

2
R

��
1� 3

m2
R

�2
R

��
1þm2

R

�2
R

�
tan�1

�
	

mR

�

þ mR	

m2
R þ 	2

�
1þm2

R

�2
R

�
2 þ 2m3

R	

�4
R

�
; (A16)

Ið1Þ3 ¼ mR

Z3
m

�
	2

m2
Rð	2 þm2

RÞ
�
1þm2

R

�2
R

�
2 þ 	2

�4
R

þ 2

�2
R

�
1þm2

R

�2
R

�
log

�
m2

R

	2 þm2
R

��
; (A17)

Ið2Þ3 ¼ 1

2Z3
m

��
1þm2

R

�2
R

��
1þ 5

m2
R

�2
R

�
tan�1

�
	

mR

�

þ 2mR	
3

3�4
R

�mR	

�2
R

�
1þm2

R

�2
R

��
4þ�2

R þm2
R

	2 þm2
R

��
;

(A18)

Ið3Þ3 ¼ mR

6Z3
m

��
1þm2

R

�2
R

��
1þ 3

m2
R

�2
R

�
log

�
	2

m2
R

þ 1

�

þ 	4

2�4
R

� 	2

�2
R

�
1þm2

R

�2
R

��
2þ�2

R þm2
R

	2 þm2
R

��
: (A19)

According to the equality the coefficient for I2 is given by

Ið0Þ2 ¼
2	

�
ð�2

Rþm2
RÞ2

	2þm2
R

þ2m2
Rþ�2

R

�
�6mRð�2

Rþm2
RÞtan�1ð 	

mR
Þ

�4
RZ

2
m

;

(A20)

Ið1Þ2 ¼
	2
�
2ð�2

Rþm2
RÞ2

	2þm2
R

þ 2m2
R þ�2

R

�
� ð�2

R þ 4m2
RÞð�2

R þm2
RÞ log

�
	2

m2
R

þ 1

�

�4
RZ

2
m

; (A21)

Ið2Þ2 ¼ 1

3�4
RZ

2
m

�
3mRð�2

Rþm2
RÞð2�2

Rþ5m2
RÞtan�1

�
	

mR

�
�	

�
3ð�2

Rþm2
RÞ
�
�2

Rþ4m2
Rþm2

R

�2
Rþm2

R

	2þm2
R

	
�	2ð�2

Rþ2m2
RÞ
��

:

(A22)

4. Integrals of eigenvalue density with fractional power

If we consider the fractional power for the eigenvalue density with � > 0, the eigenvalue integral

Ið�Þ2k�1 ¼
mR

Z2k�1
m

Z 	

0
d��� 2gk0ð�2Þ

ð�2 þm2
RÞk

(A23)

is given in terms of the hypergeometric function as

Ið�Þ1 ¼
2	�þ1

�
ð�þ 3Þ2F1

�
1; �þ1

2 ; �þ3
2 ;� 	2

m2
R

�
� 	2

�2
R

ð�þ 1Þ2F1

�
1; �þ3

2 ; �þ5
2 ;� 	2

m2
R

��

ð�þ 1Þð�þ 3ÞZmmR

; (A24)
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Ið�Þ3 ¼ 	�þ1
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;
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;
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; (A25)

where 2F1 is the Gaussian hypergeometric function given by

2F1ð�;�; �; zÞ ¼
�ð�Þ

�ð�Þ�ð�Þ
X1
n¼1

�ð�þ nÞ�ð�þ nÞ
�ð�þ nÞ

zn

n!
: (A26)

Performing an expansion for mR=	 � 1 we have

Ið�Þ1 ¼ mR

	

	�
�
�ð��1
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; (A27)

Ið�Þ3 ¼ ð�þ 3Þ	��2�ð��1
2 ÞðmR

	 Þ
4ð�� 3ÞZ3
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��
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: (A28)

5. General correlation functions in the
large-volume limit

Here we consider the leading volume scaling of the
general correlation functions made of Sa ’s and Pa’s.

At the given order N ¼ 2ðk1 þ k2 þ k3Þ þ n4, there
are two types of parity-even and chiral-symmetric
operators:

O N
1 ¼ O2k1;2k2;2k3;n4 ; ON

2 ¼ O2k1þ1;2k2þ1;2k3þ1;n4�3:

(A29)

ForON
1 , the integration over the fermion fields in the large-

volume limit is given by

hON
1 iF ’ hP2k1

a iFhS2k2a iFhP2k3
0 iFhS0in4F

� hP2
aik1F hS2aik2F hP2

0ik3F hS0in4F ; (A30)

where each hOiF gives an OðVÞ contribution. An overall
constant coming from combinatorial factors is omitted here
and hereafter. Therefore the leading contribution is
OðVk1þk2þk3þn4Þ for ON

1 .

Similarly, we have

hON
2 iF � hPaSaiFhP2

aik1F hS2aik2F hP2k3þ1
0 iFhS0in4�3

F ; (A31)

where

hP2k3þ1
0 iF � hP0iFhP2k3

0 iF � hP0iFhP2
0ik3F : (A32)

Since hPaSaiF and hP0iF are proportional to QðAÞ and are

therefore Oð ffiffiffiffi
V

p Þ, the leading volume dependence ofON
2 is

OðVk1þk2þk3þn4�2Þ.

APPENDIX B: STRUCTURE OF
WARD-TAKAHASHI IDENTITIES

FOR SCALAR AND PSEUDOSCALAR
OPERATORS

In this appendix, we summarize the general structures of
WTIs among the scalar and pseudoscalar operators,
On1;n2;n3;n4 ¼ Pn1

a Sn2a Pn3
0 Sn40 .

In this paper, we study the relation between three op-
erator sets:

OðNÞ
a �

�
On1;n2;n3;n4 jn1 þ n2 ¼ odd; n1 þ n3

¼ odd;
X
i

ni ¼ N

	
; (B1)

OðNÞ
0 �

�
On1;n2;n3;n4 jn1 þ n2 ¼ even; n1 þ n3

¼ odd;
X
i

ni ¼ N

	
; (B2)
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OðNÞ �
�
On1;n2;n3;n4 jn1 þ n2 ¼ even; n1 þ n3

¼ even;
X
i

ni ¼ N

	
: (B3)

Note that only the OðNÞ can have a nonzero expectation
value in QCD with two degenerate quarks.

Since

�aO
ðNÞ
a � f�aOjO 2 OðNÞ

a g 2 OðNÞ;

�0O
ðNÞ
0 � f�0OjO 2 OðNÞ

0 g 2 OðNÞ;
(B4)

the goal of this paper is to understand constraints from the

SUð2ÞL � SUð2ÞR symmetry restoration, h�aO
ðNÞ
a i ¼ 0,

and to examine whether �0O
ðNÞ
0 can have a nonzero

expectation value, which would mean that the Uð1ÞA is
still broken. For simplicity, hereafter we denote n ¼
ðn1n2n3n4Þ instead of On1;n2;n3;n4 to represent an operator.

1. WTIs at odd N

As shown in Sec. IV, we can show that h�0O
ðNÞ
0 i ¼ 0 if

h�aO
ðNÞ
a i ¼ 0 when N is odd. This follows from the fact

that jOðNÞ
a j ¼ jOðNÞ

0 j ¼ jOðNÞj, where jOj means a number

of independent operators inO. Here we give a proof for this
equality for general odd N ¼ 2kþ 1.

At k ¼ 0, we have only one operator for each set: nA ¼
ð1000Þ for OðNÞ

a , nB ¼ ð0010Þ for OðNÞ
0 , and nC ¼ ð0001Þ

for OðNÞ. Thus, jOðNÞ
a j ¼ jOðNÞ

0 j ¼ jOðNÞj ¼ 1 for k ¼ 0.
At k ¼ 1, we can create the operators by adding to the

above nXðX ¼ A; B; CÞ a pair of the same operators,
namely, adding 2 to one element of nX. Since each nX
has four elements, we have four operators for each set.
We should, however, note that there is one additional

type of operator for each set: �nA ¼ ð0111Þ 2 OðNÞ
a , �nB ¼

ð1101Þ 2 OðNÞ
0 , and �nC ¼ ð1110Þ 2 OðNÞ. Therefore,

jOðNÞ
a j ¼ jOðNÞ

0 j ¼ jOðNÞj ¼ 5 in total. For example, we

have (1002), (1020), (1200), (3000), and (0111) in OðNÞ
a .

In fact, every operator at higher k can be generated by
adding 2 to one element of nX k times or adding 2 to one
element of �nX k� 1 times. A number of independent
operators at a given k, therefore, is obtained by selecting
k (or k� 1) numbers from 1, 2, 3, 4, which is kþ3C3

(kþ2C3). In total, we have

kþ3C3 þ kþ2C3 ¼
ðkþ 2Þðkþ 1Þð2kþ 3Þ

3!
(B5)

for each set. This completes the proof for jOðNÞ
a j ¼

jOðNÞ
0 j ¼ jOðNÞj at an arbitrary odd number N.

2. WTIs at even N

We next consider the case with N ¼ 2k. We have
nAðnBÞ ¼ 0110ð0011Þ and �nAð �nBÞ ¼ 1001ð1100Þ at k ¼ 1

forOðNÞ
a (OðNÞ

0 ), while nC ¼ 0000 at k ¼ 0 and �nC ¼ 1111

at k ¼ 2 forOðNÞ. As before, it is easy to count a number of
independent operators for each case. There are 2� ðkþ2C3Þ
operators forOðNÞ

a andOðNÞ
0 , while there are kþ3C3 þ kþ1C3

for OðNÞ. From this, it is easy to see that

jOðNÞj � jOðNÞ
a;0 j ¼ kþ3C3 þ kþ1C3 � 2� ðkþ2C3Þ

¼ ðkþ 1Þ> 0; (B6)

which means that jOðNÞj> jOðNÞ
a j ¼ jOðNÞ

0 j at N ¼ 2k.

Therefore, �aO
ðNÞ
0 ¼ 0 is not equivalent to �0O

ðNÞ
0 ¼ 0.

3. Explicit WTIs at small N ¼ 2k

a. k ¼ 1

In this case, the two nonsinglet WTIs are given by

ð0020Þ � ð0200Þ ¼ 0; ð2000Þ � ð0002Þ ¼ 0; (B7)

while the singlet ones give

�0ð0011Þ ¼ ð0020Þ � ð0002Þ; (B8)

�0ð1100Þ ¼ ð2000Þ � ð0200Þ ¼ ð0002Þ � ð0020Þ
¼ ��0ð0011Þ: (B9)

Therefore, one nontrivial Uð1ÞA rotation can remain. For
simplicity, we omit the bracket of hðn1n2n3n4Þi here.

b. k ¼ 2

In this case, eight nonsinglet WTIs read

ð2020Þ � ð2200Þ � 2ð1111Þ ¼ 0;

ð4000Þ � 3ð2002Þ ¼ 0; (B10)

ð2200Þ � ð0202Þ þ 2ð1111Þ ¼ 0;

3ð0220Þ � ð0400Þ ¼ 0; (B11)

ð2020Þ � ð0022Þ � 2ð1111Þ ¼ 0;

ð0040Þ � 3ð0220Þ ¼ 0; (B12)

ð0022Þ � ð0202Þ þ 2ð1111Þ ¼ 0;

3ð2002Þ � ð0004Þ ¼ 0; (B13)

which can be reduced to

ð4000Þ ¼ ð0004Þ ¼ 3ð2002Þ;
ð0400Þ ¼ ð0040Þ ¼ 3ð0220Þ;

(B14)

ð2020Þ ¼ ð0202Þ; ð2200Þ ¼ ð0022Þ;
2ð1111Þ ¼ ð0202Þ � ð0022Þ:

(B15)

Note that these are symmetric under n1 $ n4, n2 $ n3.
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Using the above conditions, we have two independent
quantities,

ð0022Þ � ð2002Þ; ð0022Þ � ð0220Þ; (B16)

with which to examine the Uð1ÞA chiral symmetry.

c. k ¼ 3

We have 20 WTIs from the nonsinglet chiral symmetry:

ð4020Þ � ð4200Þ � 4ð3111Þ ¼ 0;

ð6000Þ � 5ð4002Þ ¼ 0;
(B17)

ð2400Þ � ð0402Þ þ 4ð1311Þ ¼ 0;

ð0600Þ � 5ð0420Þ ¼ 0;
(B18)

3ð2220Þ � ð2400Þ � 2ð1311Þ ¼ 0;

ð4200Þ � 3ð2202Þ þ 2ð3111Þ ¼ 0;
(B19)

ð2040Þ � 3ð2220Þ � 2ð1131Þ ¼ 0;

ð4020Þ � 3ð2022Þ � 2ð3111Þ ¼ 0;
(B20)

plus equations derived from the above by n1 $ n4, n2 $
n3, and

ð2022Þ � ð2202Þ � 2ð1113Þ þ 2ð3111Þ ¼ 0;

3ð4002Þ � 3ð2004Þ ¼ 0;
(B21)

ð2220Þ � ð0222Þ þ 2ð1131Þ � 2ð1311Þ ¼ 0;

3ð0240Þ � 3ð0420Þ ¼ 0:
(B22)

The above conditions are summarized as

ð4002Þ ¼ ð2004Þ; ð0240Þ ¼ ð0420Þ;
ð4020Þ ¼ ð0204Þ; ð4200Þ ¼ ð0024Þ;
ð2400Þ ¼ ð0042Þ; ð0402Þ ¼ ð2040Þ;
ð6000Þ ¼ ð0006Þ ¼ 5ð2004Þ;
ð0600Þ ¼ ð0060Þ ¼ 5ð0420Þ;
6ð2220Þ ¼ 6ð0222Þ ¼ ð0042Þ þ ð2040Þ;
6ð2202Þ ¼ 6ð2022Þ ¼ ð0204Þ þ ð0024Þ;
4ð3111Þ ¼ 4ð1113Þ ¼ ð0204Þ � ð0024Þ;
4ð1311Þ ¼ 4ð1131Þ ¼ ð2040Þ � ð0042Þ:

(B23)

In this case, there remain four nontrivial chiral Uð1ÞA
rotations:

ð0024Þ � ð2004Þ; ð2040Þ � ð0204Þ;
ð0420Þ � ð0042Þ; ð0042Þ � ð0024Þ: (B24)
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