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AVERAGE TREE SOLUTION AND CORE FOR COOPERATIVE GAMES
WITH GRAPH STRUCTURE

AYUMI IGARASHI AND YOSHITSUGU YAMAMOTO

ABSTRACT. This paper considers cooperative transferable utility games with graph structure,
called graph games. A graph structure restricts the set of possible coalitions of players, so that
players are able to cooperate only if they are connected in the graph. Recently the average tree
solution has been proposed for arbitrary graph games by Herings et al. The average tree solution
is the average of some specific marginal contribution vectors, and was shown to belong to the core
if the game exhibits link-convexity. In this paper the main focus is placed on the relationship
between the core and the average tree solution, and the following results were obtained. Firstly,
it was shown that some marginal contribution vectors do not belong to the core even though the
game is link-convex. Secondly, an alternative condition to link-convexity was given. Thirdly, it
was proven that for cycle-complete graph games the average tree solution is an element of the

core if the game is link-convex.

1. INTRODUCTION

In many settings of cooperative games players gain more benefits by cooperating rather than
by acting on their own. A subgroup of players is called a coalition and the total profit they
can obtain from cooperation is called its worth. If the players are able to divide the worth of a
coalition(transferable utility), there arises a question of how to allocate the worth to each player.
A classical set-valued solution is the core, the set of payoff vectors which satisfy the following
conditions. First, the worth of the whole set of players (the grand coalition) is distributed among

the players (efficiency),

in =v(N).

ieEN

Next, no coalition receives less than its worth (non-domination),

> wi>w(S), forall §CN withS#0.
€S

If a payoff vector is an element of the core, no coalitions can do better than that by their own.
Thus, the payoff vector prevents the collapse of the grand coalition. The core, however, has two
possible problems: it might be empty, and it might contain many elements. To overcome this
problem, several single-valued solutions have been introduced.

The Shapley value is the most well-known single-valued solution, see Shapley [10]. At the
Shapley value each player is promised the average of all his marginal contributions to any coalition
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that he joins. The Shapley value is an element of the core if the game exhibits convexity. However, it
is not always true that any coalition S can form and achieve worth v(.S). In many cases cooperation
among players rely on their communication structure.

We study cooperative games with limited communication structure represented by an undirected
graph. These so-called graph games were introduced by Myerson [8]. A group of players is only
able to cooperate if they are connected in the graph. The best known single-valued solution for
such games is the Myerson value, which is characterized by efficiency and fairness. The Myerson
value coincides with the Shapley value when the underlying graph is complete. Van den Nouweland
and Borm [7] showed that the Myerson value lies in the core if the game exhibits convexity and
the underlying graph is cycle-complete.

Herings et al. [5] proposed the average tree solution on the class of cycle-free graph games.
The average tree solution is the average of marginal contribution vectors over a set of rooted
spanning trees. Herings et al. proved that the corresponding solution is in the core if the game
exhibits superadditivity, while the Myerson value or the position value may not. The condition of
superadditivity was relaxed to a weaker one by Talman and Yamamoto [12].

In Herings et al. [6] the average tree solution was generalized for the class of arbitrary graph
games. They constructed a specific set of rooted spanning trees, called admissible spanning trees.
The generalized average tree solution coincides with the Shapley value when the underlying graph
is complete and with the average tree solution as defined by Herings et al. [5] when the underly-
ing graph is cycle-free. They also introduced the notion of link-convexity for graph games. For
games with complete graph, link-convexity coincides with convexity, but in general the condition
is weaker than convexity. For games with a cycle-free graph, link-convexity is even weaker than
superadditivity. Herings et al. also claimed that the average tree solution is in the core if the game
is link-convex. Baron et al. [1] defined the average tree solution with respect to trees constructed
by Depth First Search (DFS) and Breadth First Search (BFS). When the underlying graph is
complete, the average tree solution with respect to DFS trees coincides with the Shapley value and
the solution with respect to BFS trees yields the equal surplus division.

In this paper we discuss the relationship between the core and the average tree solution. We first
show that some link-convex graph games have some marginal vectors not in the core. Secondly,
we refine link-convexity to the condition that ensures the average tree solution belongs to the core
in arbitrary graph games. Thirdly, we prove that for the class of cycle-complete graph games
satisfying link-convexity the average tree solution is an element of the core.

This paper is organized as follows. Section 2 is a preliminary section on games with graph
structure. Section 3 introduces the average tree solution for arbitrary games with graph structure.

Section 4 relates the average tree solutions to the core. Section 5 gives some conclusions.



2. TU-GAMES WITH COMMUNICATION STRUCTURE

We consider cooperative transferable utility games with graph structure, called graph games
introduced by Myerosn [8]. A graph game is represented by a triple (N, v, L) where N is a set
of n players, v : 2V — R a characteristic function that assigns the worth to coalitions, and
L C{{i,j}|i+# j,i,j € N} is a collection of communication links between players. The pair
(N, L) is called an undirected graph with N the set of nodes, being the players of the game, and
L the collection of edges (links) between the nodes. In case L = {{i,j} | i # j,i,j € N} the
game {N,v, L} is said to have full communication structure and is simply denoted by (N,v). A
payoff vector x € R™ is an n-dimensional vector giving payoff z; to player ¢ € N. For simplicity
we denote z(S) =Y, cgx; for S € 2%,

Next we give several notations for an undirected graph. For a graph (N, L) and a subset K C N,

the set L(K) is given by
LK) ={{ij}eL|ije K}

A sequence of different nodes P = {i1,42,...,4y,} is a path from 4y to i,, in the graph (K, L(K))
if {ig, i1} € L(K) for all k € {1,2,...,m — 1}. The path P is denoted by i1 ~f %, where
i1 ~ in stands for a path in (N,L). Two nodes i,j € N are connected in (K, L(K)) if either
i = j or there exists a path i ~x j. For a path P = {i1,492,...,4,,} the number, m — 1, is said
to be the length of P. A path between iy and 4, is shortest if the length is minimal among all
paths connecting i1 to i,,. A graph (IV, L) is connected if any two nodes i,j € N are connected
in (N,L). A subset of nodes K C N is said to be a connected subset of N when the subgraph
(K, L(K)) is connected. The collection of all connected subsets of K in (K, L(K)) is denoted by
Cl(K), ie., CI(K) :={S | S C K is a connected subset of K }. A subset K’ of K is called a
connected component of (K, L(K)) if K’ is maximally connected, that is, K’ is connected but the
set K" U {j} is not connected for any j € K \ K’. The collection of all connected components of

(K, L(K)) is denoted by C*(K), i.e., C*(K) :={S | S C K is a connected component of K }. A

sequence of nodes {i1,ia,...,%m} is called a cycle in a graph (N, L) if
(i) m >3,
(ii) all nodes 41,12, ..., i, are different,
R ——
)

(iv) {ig,ikr1} € Lior k=1,2,...,m.

A graph is said to be a tree if it is connected and does not contain any cycle. A spanning tree of
(N, L) is a tree containing all the nodes N. A graph is said to be cycle-free when it does not contain
any cycle. A graph is said to be complete when any two of its nodes are connected by an edge. A
graph is said to be cycle-complete if the following holds: if {41,142, ...,4m, 41} is a cycle in the graph (N, L)
then {ig,ip} € L for all distinct k, h € {1,2,...,m}. Since a cycle-free graph does not contain any



cycle, they trivially satisfy the requirement of cycle-completeness. The class of complete graphs is
another class of graphs that are cycle-complete.

In this paper it is assumed without loss of generality that in a graph game (N,v, L), (N, L) is
always connected in the graph (N, L), i.e., N € C¥(N). We also assume that players of a coalition
S € 2V are able to cooperate only if all players of S can communicate directly or indirectly with
each other, i.e., S € C¥(N). For S € CL(N), the worth v(S) is the maximum amount of payoff a
coalition S can obtain for its players.

Superadditivity and convexity are defined below, referring the definitions in Talman and Ya-

mamoto [12]. Convexity of (N, v, L), however, is originally defined in this paper.

> (N,v) is superadditive if
v(S)+v(T) <v(SUT)
for all S,T € 2V satisfying SNT = 0.
> (N,v, L) is superadditive if
v(S)+u(T) <v(SUT)
for all S,T € C*(N) satyisfying SUT € C*(N) and SNT = 0.
> (N,v) is convex if
v(S)+v(T) <v(SUT)+v(SNT)
for all S,T € 2.
It is equivalent to
v(S) —v(SU{i}) < o(T) —o(TU{i})
for all S, T C N\ {i} satyisfying S C T.
> (N, v, L) is convex if
v(S)+v(T) <v(SUT)+v(SNT)
for all S, T € CL(N) satyisfying SUT € C*(N) and SNT € CH(N) U {0}.

For a graph game (N, v, L) a payoff vector x is said to be efficient if (N) = v(NN). The core,
denoted by Core(N,v, L), of a graph game (N, v, L) is the set of efficient payoff vectors that are

not dominated through any connected coalition,

Core(N,v, L) := {x € R" | 2(N) = v(N) and z(S) > v(S) forall S € C*(N)}.



The core of a game (N, v) with full communication is denoted by Core(N,v), i.e.,
Core(N,v) := {x € R" | z(N) = v(N) and z(S) > v(S) forall S €2V }.
Given a graph game (N, v, L), Myerson [8] defined the restricted game (N,v%) as
vl (9) = Z v(T), for S €2V,
TeCL(S)

Notice that the core of a graph game Core(N, v, L) equals the core Core(N,v%) of the restricted

game (N, v’) with full communication.

3. THE AVERAGE TREE SOLUTION

In this section we provide two definitions of the average tree solution, the solution given by
Herings et al. [6] and the solution constructed by Depth First Search algorithm. To describe the

average tree solution we first give some definitions of directed graph.

3.1. Definition of directed graph. A graph (N, A) is directed if A C N x N, i.e., Ais a set of
ordered pairs of nodes. An ordered pair of nodes is called an arc. For a graph (N, A) a sequence
{i1,42,...,im} is a directed path if (ig,ix41) € Afor all k € {1,2,...,m —1}. For AC N x N let
L(A) = {{i,5} | (1,7) € A}, i.e., undirected version of A. A directed graph (K,T) is said to be
a rooted tree if the undirected graph (K, L(T')) induced by T is a tree and each node has at most
one arc entering the node. Clearly, a rooted tree has exactly one node that no arc enters, which is
called the root, and there is a unique directed path from the root to every node. A rooted spanning
tree (N,T) is a rooted tree containing all the nodes N. For a given rooted spanning tree (N, T)

and a subset K C N, the set T'(K) is given by
T(K):={(,j)eT|ije K}

For a given rooted spanning tree (N, T), for each node i € N we define its sets of successors and

descendants as

suc’ (i) ={j € N | (i,j) € T},

des’ (i) = {j € N| j =i or there is a directed path from i to j in (N,T)},
respectively. A node j € N is said to be an ancestor of i € N if j = ¢ and there is a directed path
from j to .

3.2. Admissible coalitions. To generalize the average tree solution to the class of arbitrary graph

games, Herings et al. [6] consider a collection of admissible coalitions constructed as follows.

Definition 3.1 (Admissible Coalitions). For a graph (N, L), B = {B;, B, ..., B,} of n subsets

of N is a collection of admissible coalitions if it satisfies the following conditions:



(i) For all i € N, i € B;, and for some j € N, B; = N;
(ii) Foralli € N and K € C*(B; \ {i}), K = B; and {i,j} € L for some j € N.

Definition 3.2. For a graph (N, L), let B ={By, B, ..., B,} be a collection of admissible coali-
tions. Define the directed graph (N, T%) as

T8 :={(i,j) |i,j € N,B; € C*(Bi\ {i}) }.

According to Lemma 3.2 in Herings et al. [6] the above collection of admissible coalitions B has

the following property.

Lemma 3.3 ([6]). For a graph (N,L), let B = {B1,Ba,...,B,} be a collection of admissible

coalitions. Then, (N, TB) is a rooted spanning tree.

We denote the collection of the rooted spanning trees of Definition 3.2 by BAPM. Herings et

al. [6] defined their average tree solution with respect to the rooted spanning tree of BAPM,

Definition 3.4. For a graph game (N, v, L), the marginal contribution vector y? € R"™ corre-

sponding to T € BAPM is the vector of payoffs given by

(3.1) v =vB)- Y ), i€N.
KeC(B:\{i})

According to Herings et al. [6], the average tree solution is defined as follows.

Definition 3.5 (Herings et al. [6]). On the class of arbitrary graph games (N, v, L), the average

tree solution is defined by

~ 1
(3.2) Y= gaon] >y

TeBADM



3.3. Depth First Search Tree. Now we introduce a tree growing algorithm, called Depth First
Search(DFS), and define the average tree solution based on the collection of rooted spanning trees
constructed by DFS. We prove that the set BPFS of thus obtained rooted spanning trees is always
a subset of BAPM,

The psudocode of DFS is presented as follows.

Algorithm 1 Depth First Search

Input: a connected graph G = (N, L)
Output: a spanning tree of G with predecessor function p, and two time functions d and f

1 k+0,5«0

2: choose any node r (as root)

3 k+—k+1

4: colour r black

5: set d(r) ==k

6: add r to S

7. while S is nonempty do

8:  consider the top node 7 of S
9 k<k+1
10:  if 7 has an uncoloured neighbour j then
11: colour j black
12: set p(7) :=x and d(j) :== k
13: add j to the top of S
14: else
15: set f(i):=k
16: remove i from S
17:  end if

18: end while
19: return (p,d, f)

The DFS procedure computes the predecessor function p and two time functions, the discovery
time function d and the finishing time function f. The function p forms the subgraph (N,T),

where
T={(uv) |u=p(),veN\{rt}
Since it is assumed that (N, L) is connected, the resulting graph (N, T) is a rooted spanning tree,

called a depth first search tree (DFS tree for short). Several properties of DFS tree are given here.

Lemma 3.6. For a graph (N, L), let T € BP¥S and S € CL(N). Let vy be the first node discovered
by DFS in S. Then it follows that

(3.3) des™ (v) C desT (vy) for allv e S\ {vi}.

Proof. Tt holds from the construction of DFS tree. g

Theorem 3.7. For a graph (N, L), let BPY¥S be the collection of rooted spanning trees of (N, L)
constructed by DFS. Let BAPM be the collection of rooted spanning trees of Definition 3.2. Then it



follows that
BDFS C BADM.

Proof. Consider any T € BP¥S. We will prove that the collection of descendants for each node
i€ N, B={desT(1),des”(2),...,des”(n)}, satisfies the conditions (i) and (ii) of Definition 3.1.

From the definition of a descendant, i € des” (i) for all i € N. Since (N, T) is a rooted spanning
tree there exists a root r such that des” (1) = N. Hence, condition (i) is satisfied. Condition (ii) also
holds since for all i € N and K € CF(desT (i)\ {i}), there exists a node j € suc (i) such that K =
desT(j) and {i,j} € L. Thus concludes that B = {desT(1),des(2),...,desT(n)} is a collection
of admissible coalitions.

Now, let T' := { (i,7) | i,j € N,desT(j) € C*(desT (i) \ {i})}. Then it follows that T = T".
Therefore, T € BAPM, O

The average tree solution over a set of DF'S trees is defined as follows.

Definition 3.8. For a graph game (N, v, L), the marginal contribution vector 7 € R™ corre-

sponding to T' € BPFS is the vector of payoffs given by
(3.4) ! = v(des™ (i) — Z v(K), i€ N.
KeC(desT (i)\{})

Definition 3.9 (Average Tree Solution). On the class of arbitrary graph games (N, v, L), the

average tree solution constructed by DFS is given by

o "

TeBDYS

To distinguish from the average tree solution of Definition 3.5, the average tree solution con-

structed by DFS is denoted by .

4. AVERAGE TREE SOLUTIONS AND THE CORE

This section studies conditions for graph games such that average tree solutions belong to the
core. We first introduce link-convexity given by Herings et al. [6] and present an alternative
condition for arbitrary graph games to make the average tree solution be in the core. Next we
give the class of graph games such that link-convexity ensures that the average tree solution is an

element of the core.
4.1. Link-convexity.

Definition 4.1 (Link-convexity). (N,v, L) is link-convex if

(4.1) v(S)+o(T) <v(SUT) + Y o(K)
KeCL(SnT)

for all S,T € C*(N) that satisfy



(LC1) S\T € CE(N) and T\ S € CL(N)
(LC2) (S\T)U(T\S) € CL(N)
(LC3) N\ S e€CE(N)or N\T € CE(N).

It was shown in Herings et al. [6] that for games on a complete graph link-convexity and convexity
coincides with each other and that for games on a cycle-free graph link-convexity is even weaker
than superadditivity.

Concerning arbitrary graph games satisfying link-convexity the following is claimed in Herings

et al. [6].

Claim 4.2 (Herings et al. [6]). Let (N, v, L) be a link-convex game. Then, the average tree solution

Yy is an element of the core.

Herings et al. [6] proved Claim 4.2 by showing that all the marginal contribution vectors of

Definition 3.4 are in the core of the game, i.e.,
(4.2) yT € Core(N,v, L) for all T € BAPM,

From the above, y € Core(N, v, L) holds since the core is a convex set.

We give here an example of link-convex game and its marginal contribution vectors y? € R™.

Example 4.3. Counsider the graph game with N := {1,2,3,4,5} and L := {{1, 2}, {1,4},{2,3},{3,4},{4,5}}

in Figure 1. The characteristic function values are given by

v({1,4}) =1 o({1,2,4}
v({2,3}) =6 v({L,3,4}

{1} =0 ) ) v({1,2,3,4}) =10
{2} =0 ) )
v({3) =0 v({3,4}) =1 wv({1,4,5})
({4}) =0 ) )
{5h) =0 )=1 )
)

=1
=2 v({1,2,3,5})="7
=7 o({1,2,4,5}) =7
v({3,5}) = {2,3,4}) =9  w({1,3,4,5}) = 13
o({4,5)) =1 v({2,3,5}) =6 v({2,3,4,5}) =9
o({1,2)) =1 v({1,2,3}) =6 v({3,4,5}) =7 v({1,2,3,4,5}) =19

v

(
(
(
(
(
(

o({1,3) =0 v({1,5) =0 v({1,2,4}) =0 v({1,2,5}) =0
U({274}) =0 U({275}) =0 U({173v5}) =0 U({23475}) =0

It is a routine to see that this graph game is link-convex.



FIGURE 1. counter graph

Consider a tree T} = {(1,2),(2,3),(3,5),(5,4)} € BAPM in Figure 2. We obtain the corre-

sponding marginal contribution vector as follows.

gt = 0({1,2,3,4,5}) —v({2,3,4,5}) = 19— 9 = 10

ya' =v({2,3,4,5}) —v({3,4,5}) =9—-T=2

yst =v({3,4,5}) —v({4,5})) =7—-1=6

it =v({4}) =0

3 =v({4,5}) —v({4})) =1-0=1.
Then we have

y1({2,3,4)) = vl 4yl 4yl =246+ 0=8<v({2,3,4}) = 9.
It follows that
y™ ¢ Core(N,v, L).

Similarly let 75 := {(2,1), (1,4), (4,5), (5,3)} € BAPM in Figure 3 and the corresponding marginal
contribution vector is as follows.

v =v({1,3,4,5}) —v({3,4,5}) =13 -7=6

ya? =v({1,2,3,4,5}) —v({1,3,4,5}) =19 - 13 =6

ys* =v({3}) =0

yit =v({3,4,5)) —v({3,5}) =7-6=1

ys® = v({3,5}) —v({3}) =6 -0 =6.
Then we have

Yy ({2,3,4}) = vt +uyst s =6+0+1=7<v({2,3,4}) =9,

10



hence

y2 & Core(N, v, L).

These vectors are counter-examples to the statement (4.2).

Ficure 2. T FIGURE 3. T

4.2. Revised link-convexity. The next condition should replace to link-convexity for the average

tree solution to lie in the core.

Definition 4.4 (Revised link-convexity). (N, v, L) is revised link-convex if

(4.3) v(S)+u(T) <v(SUT)+ > v(K)
KeCL(SNT)

for all S,T € CE(N) that satisfy

(RL1) S\T € C¥(N)or T\ S € C*¥(N)

(RL2) SUT € C¥(N)

(RL3) N\ S € CE(N)or N\T € CE¥(N).

If S,T € CE(N) satisfy (LC1) and (LC2), these two sets also satisfy (RL2). Additionally, it is
clear that (RL1) is a weaker condition of (LC1) and (RL3) coincides with (LC3). Thus in general

revised link-convexity is a stronger condition than link-convexity.

Theorem 4.5. Let (N,v, L) be a revised link-convex game. Then, the average tree solution & is

an element of the core.

Proof. Since the core is a convex set, it suffices to prove that for every T € BPFS the marginal

vector &7 with respect to tree T € BPFS is an element of the core, i.e.,
xT € Core(N,v,L) for all T € BP¥S,

Take any tree T' € BPFS and let 2 be the corresponding marginal contribution vector. We will
show that
z7(S) > w(S) forall S € CH(N),

11



from which it follows that 7 € Core(N,v, L). Take any S € C*(N). The subgraph (S, T(S)) has
components S1,Ss, ..., 5n, which are all rooted trees with roots ry,7s,...,7m. Let r1,79,... 1y

be indexed such that
(4.4) my < mg = des(rm,,) C des(rm,) or des(rm,,) Ndes(rm,) = 0.

For k=0,...,m, let D¥ := des(r;)Udes(ry) U---Udes(ry), with the convention that D° = (). For
k=0,...,m, those successors of Si in the tree T that liec outside S are denoted by 6(Sk) := {7 |
(4,3) € T,j € Sg,i & Sk} = {i1,i2,...,4 }. We write R := {r,r2,...,rp} and I := |, 6(Sk).
For a node ¢ € I we define A(i) := {r € R | des(r) C des(i) }, A*(i) := {r € R | des(r) C
des(i), B’ € R\ {r} s.t. des(r) C des(r') C des(i) }. Note that Ureaq) des(r) = U, eaxq) des(r).

For i € N we simply denote D; := des(i). Consider some k € {1,2,...,m} and suppose
§(Sk) # 0. Take any ip, € §(Sk) and the following two sets

U:=SuD*'uD;, UD;,U---UD;

Th—1

W = Dih

Then U, W € CL(N) and satisfy the following three conditions of Definition 4.4.

(RL1) WAU = Di, \ (Ureaq,) Pr) = Din \ (Ureaq,) Dr) € CH(N)
(RL2) UUW = SUD*'uD; UD;,U---UD;, ,UD;, €Ck(N)
(RL3) N\W =N\ D;, € CE(N).

Now it follows from revised link-convexity that for i, € {i1,i2,...,4},
U(S U Dki1 U (1)11 U Di2 U---u Dih,—l)) + U(Dih)

o(SUD*'UD;, UD;, U---UD;, ,UD;, )+ > v(D,)
reA*(ip)

By repeated application of this argument, it follows that

(4.5) v(SUDM )+ Y7 (D) <u(SUD+ Y Z

1€6(Sk) 1€6(Sk) reA*(

Notice that this formula (4.5) is also valid if 6(Sx) = 0, since S U D*¥~1 = SU S, U Dk =
SUD,, UDF! =S U D*. By repeated application of the last inequality (4.5), we see that

m m

(4.6) ) +> S vy <osuD™+Y ST N w

k=1i€5(S)) k=14i€8(S)) reA* (i)
Recall that r,, is the first node discovered by Depth First Search in S. From lemma 3.6, it
follows that
D.CD, foralreR\{r,}

12



Hence, every D,, for k =1,2,...m — 1 appears exactly once in the right-hand side, i.e.,

D> 2 D uD) =3 u(Dy).

k=14i€5(Sy) reA* (i) k=1
Since v(S' U D™) = v(D,. ), we obtain

U(SUDm)+Z Z U(DT>ZZU<DTk)'
k=1i€5(Sk) reA*(i) k=1
Therefore,
48) & v(S)+ Y > w(Di) <Y v(Dy,)
k=1i€5(Sk) k=1

& (S <Y WDy,) -

k=1 i€5(Sk)

O

Corollary 4.6. Let (N,vl) be a conver game. Then, the average tree solution I is an element

of the core.

Proof. Let S,T € C*(N) satisfy the conditions (RL1)~(RL3) of revised link-convexity. Convexity
of (N,v*) implies that

vE(8) + oM (T) <ol (SUT) +0X(SNT)
& S +uT) <v(SUT) + > v(K).
KeCL(8NT)
Thus the game (N, v, L) is revised link-convex. It immediately follows from Theorem 4.5 that the

average tree solution is an element of the core. 0

4.3. Cycle-complete graph. As we have seen in the previous section, for arbitrary graph games
link-convexity is not a sufficient condition to make all the marginal contribution vectors lie in the
core. In this section we consider games on the class of cycle-complete graphs, which includes the
class of cycle-free and complete graphs. It will be proved that the marginal contribution vectors

belong to the core for arbitrary cycle-complete graph games satisfying link-convexity.

4.3.1. Convezity on cycle-complete graph games. Van den Nouweland and Borm [7] presented that
convexity of (N,v) is a necessary and sufficient condition for convexity of (N,v%). We prove
that convexity of (IV,v, L) is a necessary and sufficient condition for convexity of (N, vY) when the

underlying graph is cycle-complete, following the proof given by Van den Nouweland and Borm [7].

Theorem 4.7. Let (N, L) be a cycle-complete graph. (N,v,L) is a convex game if and only if

(N,vl) is convez.
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Proof. Suppose that (N, v, L) is convex. Let S, T € CL(N) be such that SUT € CL(N) and SNT €
CL(N)U {0}. Then, from convexity of (N, v, L), it holds that

o (8) +oH(T) < oH(SUT) + 0 (SN T)

< u(S)+v(T) <v(SUT)+v(SNT).

For the converse part, suppose (N, v%) is convex. Let i € N and S C T C N\ {i}. It suffices to
show that v&(S U {i}) — vL(S) < vl (T U {i}) — v (T), i.e.,
(4.7) YoouE) - Y wEK) < Y wE) - D w(K).

KeCL(Su{i}) KeCL(S) KeCL(Tu{i}) KeCL(T)

Now, let £ denote the set of connected components containing at least one node j with {4, j} € L,

ie.,
E={FEeCkS)|3jeEst {i,jleL},
and let E; := {i}UJgcg E. By definition, we have E; € CL(SU{i}), and for every E € CT(SU{i})
such that E # E; it holds that E € C(S). As a consequence, we obtain
Yoo wE) - Y wE) =v({iFu(l E) - u(E).
EcCL(Su{i}) EcCL(9) Eeg Ee&

Similarly, we have

Yo uB) = Y wE) =v({iu(lY F) - @),

FEC’L(TU{i}) FeéL(T) FeF FeF

where F := {F € CL(T) | 3j € F s.t. {i,j} € L'}. Hence, (4.7) is equivalent to
v({itu (U B) =D e®E) <o({idu(l F) = ) o(F).
Ee€ EeE FeF FeF

Next we will consider the relationship between the set £ and F. Since S C T, there exists a

unique F' € F with E C F, for all £ € £. Here, we will show that for each F' € F,
NEecEst. ECF, or fE € Est. ECFE.

Assume that there are E', E? € £(E! # E?) and F’ € F such that B! C F’ and E? C F'. Let
j1 € E' and j» € E? be such that {i,j;} € L and {i, jo} € L. Note that {j1,72} ¢ L since E' and
E? are connected components of S, respectively. Since ji,jo € F' € CA'L(T)7 there exists a path
j1 ~p+ ja. Since ¢ € T, there is a cycle from ¢ to ¢ over j; and js in (IV, L). However, since a graph
(N, L) is cycle-complete this should imply that {j1,j2} € L, which leads to a contradiction. Hence

we can number the elements of £ and F as follows:

SZ{El,EQ,...7ES} and]—':{Fl,Fg,...,Ft},
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where t > s and Ey C F, for all k € {1,2, ..., s}.

Now, we can use the properties of the game (N, v, L). For all k = s+1,s+2,...,t, F, € CF(N),
{iYU(U;—, Fn) € CH(N) and {i}U(U,,_, Fx) € C*(N). Moreover, (N, v, L) is superadditive when
(N, v, L) is convex. Superadditivity of the game (N, v, L) implies

t

(4.8) v({itu (| F) > v({i}u( UFh + Y ().

FeF h=s+1

Forall k=1,2,....,s

) )

Fy, € CE(N),

k
Fpn ({i} U( U Fp) U (| En)) = Bx € C*(N) and
h=1

k—1

RO oo B =ru F)u By e cEm).

h=k-+1 h=1 h=k h=1

Convexity of the game (IV,v, L) implies

v({i} U (| Fa) —v(F) = o({iy U (| Fn) U B = o(EY)
h=1 h=2

s k—1 s k
v({i} U ( U YU (U Ew) = v(Fi) = v({i} U( U U )) — v(Ey)
h=Fk h=1 =k+1 h=1
s—1
v({i} U FsU( UEh —v(Fs) > v({i} U( UEh — v(FEy).
h=1 h=1
Adding all these s inequalities, we obtain
(4.9) v({i} U (| Fn) =D v(Fn) =v{itu (| B) = > v(E).
h=1 h=1 EeE Ee€
Now, (4.8) and (4.9) readily imply (4.7). O

Theorem 4.8. Let (N, L) be a cycle-complete graph and let (N,v,L) be a convex game. Then

(N, v, L) is link-convez.

Proof. Let S, T € CF(N) satisfy (LC1)~(LC3) of Definition 4.1. When SNT = (), SUT =
(S\T)U(T\S) € CE(N). When SNT # 0, clearly SUT € CL(N) because S,T € C*(N). Now,
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assume that SNT ¢ CL(N), i.e.,
(4.10) Jiq,i2 € SN T such that Fpath iy ~gar ia.

Since iy,i3 € S € CE(N),

dpath i1 ~g 19
Let P° be the shortest path among the above paths. Since i1,iy € T € C*(N),
Elpath ’il ~T 2'2

Let PT be the shortest path among the above paths. By assumption (4.10), P° has at least one
node in S\ 7" and PT has at least one node in 7'\ S. Thus P and PT are different. Let p(iy,42)
denote the sum of the lengths of P¥ and PT. Let i},i5 € SN T be such that

p(it,i5) = min{ p(i1,i2) | i1,ia € SNT, B path iy ~sar is }.

For % and i3, the corresponding P° and P form a cycle. By the assumption that (N, L) is a
cycle-complete graph, there exists a edge between any two nodes in the cycle. Thus, {if,i3} € L,
which leads to a contradiction and we conclude that S NT € CY(N). Convexity of the game
(N, v, L) implies that v(S) +v(T) <v(SUT)+v(SNT)=v(SUT) + EKeC’L(SnT) v(K).

8

O

Theorem 4.9. Let (N, L) be a cycle-complete graph and let (N, v, L) be a link-convex game. Then,

the average tree solution X is an element of the core.

Proof. We will prove this theorem in a similar way to the proof of Theorem 4.5.
Take any tree T € BPFS and let 7 be the corresponding marginal vector. Take any S € C*(N),
and consider the subgraph (S, 7(S)). It has components S, Sa, ..., S, which are all rooted trees

with roots r1,79,...,7m. Let r1,7ro, ..., 7, be indexed such that
(4.11) my1 < ma = des(rm,) C des(rm,) or des(rm,) Ndes(rm,) = 0.
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For k=0,...,m, let D¥ := des(r;) Udes(ra) U- - -Udes(ry), with the convextion that D° = (). For
k=0,...,m, those successors of S in the tree T that lie outside S are denoted by 6(Sg) := {1 |
(4,7) € T,j € S,i & Sk} = {i1,i2,...,4 }. We write R := {r1,7r2,...,rp} and I := ], 6(Sk).
For a node i € I, we define A(i) := {r € R | des(r) C des(i) }, A*(i) := {r € R | des(r) C
des(i),fr" € R\ {r} s.t. des(r) C des(r') C des(i) }. Note that Ureaq) des(r) = U, cax ) des(r).
For i € N, we simply denote D; := des(4).

Consider some k € {1,2,...,m} and suppose 6(Sy) # 0. Take any i, € §(Sk) and consider the

following two sets

U:=SuD*'uD;, UDy, U---UD

ih—1
W .=D

ih*

We will show that U,W € C¥(N) satisfy (LC1)~(LC3) of Definition 4.1. From the proof of
Theorem 4.5, we obtain W\ U, N \ W € CL(N).

Next we will prove that
U\W e CH(N), (U\W)U (W \U) e CH(N).
First, we consider whether U \ W is connected or not. Since UNW = UTGA(ih) D,

U\W =U\(UnW)

=5 UDkilU(DilUDiQU"'UDihfl)\ U Dy

T‘EA(’i}L)
- U sv U DbDLumyub,u--uD, )\ | D,
pe{1,2,...,m} pe{1,2,....k—1} reA(ip)
(4.12) = J svu U D,, U(D; UDy U---UD;, ).
pe{1,2,....,m} pe{1,2,....k—1}
rpZA(in) rp €A (in)

By definition of S1,55,...,Sn,

S, C D,, and D, € C*(N) forallpe {1,2,...,m}

(4.13) = S, C D, and D, € CH(N) forallpe {1,2,...,k — 1}(r, & A(in)).
Since 7:lvi2a T 7ih—l € 6(‘576)7
(4.14) S,UD;, UD;,U---UD;, , € CL(N).

In addition, 7, & A(iy) implies

(4.15) Sk C

N
-
»

pe{l,2,....,m}
rpEA(in)
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In order to prove U \ W € CL(N), from (4.12)~(4.15), it suffices to show that

U s, ectm).
pe{l,2,....m}
rpZA(in)

Let S := Upeq1,2,....m} Sp- Since S1,Sa,...,Sn, € CL(N), in order to prove S e CL(N), it suffices
rpEA(in)
to show that ’

for all my,ma € {1,2,...,m} (Fpmy,Tmy & A(in), m1 # ma),

there exists a path i ~g j for any i € Sp,,,j € Si,-

Now consider two distinct indexes my,ma € {1,...,m} (Tmy, "ms & A(in), m1 # ma). Without
loss of generality we suppose that mg > my. From (4.11) we find that des(rp,,) and des(rp,)
satisfy

des(rm,) C des(rm,) or des(rm,, ) Ndes(rm,) = 0.

(I) When des(r.,,) C des(rm,), consider the following two cases.
(i) Suppose A7 € R\ {rm,,"m,} such that des(r,,,) C des(r) C des(rm,)-
Take any i1 € S,,,,i2 € Sp,. Since T is a rooted spanning tree of the graph (N, L),
(N,L(T)) is connected. Hence, there exists a path from i; € Sy, to iz € Sy, in
(N, L(T)), that is,
dpath i1 ~ io.

Let PT be the shortest path among the above paths. By i1,i2 € S € CL(N) it holds
that

Elpath ’il ~g ig

Let P¥ be the shortest path among the above paths. Since S,,, and S,,, are compo-
nents of (S, T(5)), PT has at least one node that lies outside S. Thus, PT is different
from PS. Let p(i1,iz) denote the sum of the lengths of P and PS determined by i,

and iy. Let i} € Sy, ,15 € Sy, be such that
p(’Lx{,’L;) = Inin{ p(i1,i2) | 1 € Sml,iQ S sz }

Meanwhile, by the assumption, #r € R\ {r,,,,7m,} such that des(r,,,) C des(r) C
des(Tpm,), PT does not contain any nodes in S other than those in S, ,, Sy,,. Therefore,
the corresponding PT and P for 4%, i3 form a cycle. By the assumption that (N, L)
is a cycle-complete graph, there is a edge between any two nodes in the cycle. Thus,

{i¥,i5} € L, which leads to S,,, U S,,, € CF(N).
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(ii) Suppose Ir € R\ {rum,, rm, } such that des(r,,,) C des(r) C des(rm,).
Let R* = {r € R | des(rm,) C des(r) C des(rm,)}. Assume that there is a node
r € R* such that r € A(4y), i.e., des(r) C des(i). By rm, & A(in), it holds that

des(ip) N des(ry,,) = 0 or des(in) C des(rm, ),
which implies
des(r) Ndes(ry,,) =0 or des(r) C des(ry,, ).
This contradicts the fact that r € R*. Hence, r & A(iy) for all r € R*. Therefore,

Sp C U Sy for all r, € R,
rq€ER
rq€A(in)

which implies

(4.16) U sc U s=9

TpER* rq€R
rqZA(in)
Next, let R* := {rz1),7r2)s > Tr(2) Y Ty = Tr(1)s Tma = Tr(zy) and let ro1), 7ri2), -+ Tr(z)

be indexed such that for ¢ = 2,3,..., 2,
des(rr(g—1)) € des(rx(g)) and Fr € R s.t. des(rrq—1)) C des(r) C des(rn(q)).
From the result of (i),

S us

Tr(q)

e CHN) forq=2,3,...,z

Tr(g—1)

Hence,

U Sp = U Sroipy € CH(N),
rpER* q=1
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and from (4.16) we obtain
dpathi~gj foralli€ Sy, j€ Sn,.

(II) When des(ry,,) Ndes(rm,) = 0, let a € N be the last common ancestor of r,,, and r,, in

(N,T). Let r' € R satisfy
|des(r')| = min{ |des(r)| | r € R,a € des(r) }.
Analogously, we obtain

I path i ~gr' forall i € Sy,
I path j~gr' forall j € Sp,.
Thus,
dpathi~gj foralli€ Sy, j€ Sn,.
Therefore S € CF(N), i.e., U\ W € C(N).
Now we obtain U \ W,W \ U € CF(N). From i, € §(Sy), there exists a node j € S;, C
U \ W such that {j,i} € L. Moreover, i, € W\ U. Thus (U \ W)U (W \ U) € CL(N).
Hence, U and W satisfy the following conditions of link-convexity.
(LC1) U\ W € C¥(N) and W\ U € CF(N)
(LC2) (U\W)uU (W \U) e CE(N)
(LC3) N\ W € CE(N).
Now link-convexity of the game implies that for all i, € {i1,42,...,4},
v(SUD* U (D;, UD;, U---UD;, ) +v(Dy,)

<v(SUDM'UD;, UD, U---UD;,  UD;)+ > u(Dy).

reA*(ip)
By repeated application of this argument, it follows that
(4.17) v(SUDM )+ Y (D) Su(SUD) + Y Z
i€8(Sk) 1€6(Sk) reA*(

Notice that this formula (4.17) is also valid if §(Sg) = 0, since S U D*! = SU S, U DF1 =
SUD,, UDF 1 =SU DF. Repeating the same argument in the proof of Theorem 4.5 completes
the proof. O

Corollary 4.10. Let (N, L) be a cycle-complete graph and let (N,v, L) be a convex game. Then,

the average tree solution & is an element of the core.

Proof. The corollary follows immediately from Theorem 4.8 and 4.9. d
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Corollary 4.11. Let (N, L) be a cycle-complete graph and let (N,v) be a convex game. Then, the

average tree solution & is an element of the core.

Proof. Convexity of the game (N,v) readily implies convexity of the game (N,v,L). Then, the

corollary follows immediately from Corollary 4.10. 0

5. CONCLUDING REMARKS

In this paper we have discussed the relationship between the core and the average tree solution.
We gave an alternative condition that should replace link-convexity for the average tree solution to
be an element of the core of arbitrary graph games. For the class of games with a cycle-complete
graph structure, we found that link-convexity guarantees that the average tree solution belongs to
the core. In general, revised link-convexity is weaker than convexity and link-convexity is weaker
than superadditivity for games with a cycle-free graph. Thus the average tree solution lies in
the core for a class of games such that the previous solutions such as the Myerson value and the
position value can be outside of the core. This result suggests that the average tree solution can

be more stable allocation rule compared to the others.
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