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1 | INTRODUCTION

The classical Prékopa-Leindler inequality [29, 32-34] states that, given two functions f, g €
LY(R";R,) and a parameter 4 € [0, 1], for any measurable function h : R” — R, which satisfies
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W= Dx +2y) > f)' g Vx,y R, @

it holds that

/W”(/[Rnf)l_l(/wgy @

(see also [5, 9, 15, 24, 30, 40] for several extensions and applications). Inequality (2) is commonly
considered as a “functional form” of the Brunn-Minkowski inequality for the n-dimensional vol-
ume. Indeed, when f and g are the characteristic functions of two measurable sets K and L in
R", the smallest function h satisfying inequality (1) (named A-supremal convolution of f and g)
agrees with the characteristic function of the set (1 — 1)K + AL. Thus, (2) yields the multiplicative
form of Brunn-Minkowski inequality

|(1 =K +AL| > [K|"7HL)*, ?3)

which is easily seen to be equivalent to the additive form, namely, to the (1 /x)-concavity of volume
under Minkowski addition.

It is well known that equality in (2) occurs if and only if f(x) = g(x + b) for a log-concave
function ¢ and a constant vector b (see [21]), and in (3) if and only if K and L are homothetic
convex bodies [38].

When these conditions are far from being satisfied, estimates (2) and (3) may be very rough.
This is one of the motivations for the investigation on one hand of quantitative versions of the
inequalities [3, 4, 12, 16, 23, 41], and on the other hand of possible different operations between
functions (in the analytic framework) or sets (in the geometric one), still allowing to bound
from below, respectively, the Lebesgue integral or the volume by the geometric mean of the
corresponding quantities.

In the functional setting, a new inequality of Prékopa-Leindler type has been recently obtained
in [1]: it is based on the idea of replacing the usual supremal convolution by a kind of geometric
supremal convolution, and still implies the Brunn-Minkowski inequality.

In the geometric setting, an inequality closely related to the classical Brunn—-Minkowski
inequality (3), which is actually widely open and is among the most relevant questions under study
in Convex Geometry, is the log-Brunn-Minkowski inequality: stated within the class of centrally
symmetric convex sets, the conjecture reads

[(1=2)-K +02- LI > IKI" L%, @)
where, denoting by hy and h; the support functions of K and L,
(A=2)-K+yA-L:= {x ER" ¢ x-E<hg®) h (8 VEe sn—l}.

Since the 0-Minkowski combination (1 — 1) - K +, 4 - L is contained into (1 — 1)K + AL, inequal-
ity (4) is clearly a strengthening of (3) (whose relevance is also related to the uniqueness of
the convex body with a prescribed cone volume measure, see [14]). Up to now, the log-Brunn-
Minkowski conjecture has been proved just in some special cases, including: planar bodies [14],
unconditional bodies [10, 19, 37], bodies with symmetries [13], and complex bodies [35]; local
versions have been studied in [17, 18, 27].
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To the best of our knowledge, no functional version of (4) has been proposed up to now.
There is just a related functional inequality, namely, the so-called multiplicative Prékopa-Leindler
inequality for functions on R” := (R )", which can be easily deduced from the classical one via
an exponential change of variables: given f, g € LI(R”;R,) and a parameter A € (0, 1), for any
measurable function h : IR’L — R, which satisfies

h(xI Y2, x4 > FO Mgyt VX, y RE, )

/Rﬁ " </R f>H</R¢ 9>A ©

(see[2,11, 39]). When f and g are the characteristic functions of two unconditional sets K and L,
the smallest function h satisfying (5) is the characteristic function of the product body

it holds that

K74 L} = {z ER" : Vi=1,..,n, |z|= |xi|1_’1|yi|’1 forsomex €K, y EL}.

Hence (6) gives |K'™*.L*| > |[K|'"*|L|*, and the log-Brunn-Minkowski inequality readily
follows since the product body is contained into the 0-sum (see [37, Lemma 4.1]).

In this paper, we present a different construction: it stems in the functional analytic setting,
where it yields a new inequality of Prékopa-Leindler type, and reflects in the geometric one, where
it yields a new concept of geometric mean of sets.

Given two nonnegative integrable functions f and g on R" and a parameter A € [0, 1], we intro-
duce anew function f % g, that we call geometric combination of f and g (in proportion 1), whose
Lebesgue integral is equal to the geometric mean of the integrals of f and g. As a straightforward
natural consequence, in order to have (2), it is sufficient that h is minorated almost everywhere
by f x; 9.

The reason why we can handle functions defined on the whole space R", and not merely on R}
as in the multiplicative Prékopa-Leindler inequality, is that the construction of f x; ¢ does not
involve the geometric mean of the variable’s components appearing in (5), but rather the geomet-
ric mean of intrinsically positive quantities associated with f and g. In one space dimension, such
positive quantities are precisely the absolutely continuous parts of the derivatives of the inverse
distribution functions of f and g; in higher dimensions, the same procedure can be iterated by
arguing along a prescribed family of linearly independent directions. In fact, the proof strategy
is essentially one-dimensional, and is of mass transportation type: it incorporates the use of dis-
tribution functions originally due to Barthe (see [28, Theorem 2.13]) with the construction of the
Knothe map ([26], see also [38, p. 372]).

Moving attention from functions to sets, when f and g are the characteristic functions of two
measurable sets K and L, their geometric combination agrees with the characteristic function of
a measurable set, denoted by K % L, such that

K %, LI = K" *ILI ()
To the best of our knowledge, this way of “geometrically combining” two sets so that the

equality (7) holds, is completely new. Actually, several attempts exist in the literature to define
some notion of geometric mean of sets, in particular, of convex bodies. Besides the 0-sum

85U801 7 SUoWILLOD BAIRR.D 3|qedlidde 8y} Aq pausenob afe sappiie YO ‘88N JOSa|n1 104 A%eIqIT3UIIUO /8|1 UO (SUOHIPUOO-PUe-SLULBYW0D" A3 | IM"AR.q 1BUI|UO//SAIY) SUORIPUOD PUe SW | 8U) 885 *[£202/70/S0] UO AiqiT8ul|uO A8]IM 81l eUeIL0D A Z6TZT YIL/ZTTT OT/I0p/L0d A3 1M Akeiqijeul|uo-0osyewpuo |//sdny wouj papeojumod ‘2 ‘€202 ‘Zr6LT0e



ON A GEOMETRIC COMBINATION OF FUNCTIONS RELATED TO PREKOPA-LEINDLER INEQUALITY | 485

mentioned above, let us recall the dual version of the 0-sum considered by Saroglou [36], the
classical notion of complex interpolation studied in Banach geometry [8], the Partial Differential
Equation approach introduced by Cordero-Erausquin and Klartag [20], and the nonstandard con-
struction proposed by V. Milman and Rotem [31]. A more detailed description about each of these
constructions, along with additional references, can be found in [31].

While in all these cases a major concern is getting a volume estimate for the geometric mean
body, from this point of view, the behavior of our geometric combination is of striking simplicity, as
the equality (7) holds. Thus, it is natural to wonder about possible relationships with the log-sum,
and particularly with the log-Brunn-Minkowski conjecture.

In this direction, we are able to show that when K and L are unconditional convex bodies, their
geometric combination K %, L with respect to the coordinate axes contains their 0-combination.
The same inclusion occurs for the class of convex bodies with n symmetries considered in [6, 7,
13], provided that one works with the natural family of directions suggested by the shapes of K and
L. Thus, both for unconditional bodies and for bodies with n symmetries, we obtain an alternative
proof of the log-Brunn-Minkowski inequality.

Getting farther-reaching implications of our approach in the log-Brunn-Minkowski conjecture
for wider classes of convex bodies remains an intriguing open question: though, in principle, we
are not fatally limited to deal with sets with special symmetries, in order to handle arbitrary sets,
the main difficulty seems to understand how to choose the directions and the primitives involved
in our construction.

The paper is organized as follows. In Section 2, we introduce the geometric combination of
functions and prove its integral property, for the sake of clarity first in one dimension (see Theo-
rem 8) and then in n-dimensions (see Theorem 18). In Section 3, we turn attention to the geometric
combination of centrally symmetric convex sets, and we show that this new operation seems to
satisfy some good properties: in Section 3.1, we establish the convexity preserving property (in
dimension n = 1, 2), and we exhibit some explicit examples of geometric combinations; in Sec-
tions 3.2 and 3.3, we deal, respectively, with unconditional convex bodies and convex bodies with
n symmetries and we show that, in such classes, the comparison with the 0-sum yields, via Theo-
rem 18, an alternative proof of the log-Brunn-Minkowski inequality. Finally, in Section 4, we give
a short list of related open problems.

2 | GEOMETRIC COMBINATION OF FUNCTIONS
2.1 | The one-dimensional case

Definition 1. Let f be a nonnegative, integrable function of one real variable, with strictly posi-
tive integral. The inverse distribution function (shortly i.d. function) of f is the generalized inverse
of the absolutely continuous nondecreasing function

1 pe
F(x) := — f®dte, x€ER, (8)
.
namely,

u(t)::inf{seR : /s f(x)dx>t/f}, te1).
—00 R
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Lemma 2. Let f and F be as in the above definition, and let u be the i.d. function of f. Then:

(i) u is finite valued, right continuous, and strictly increasing (possibly unbounded) in (0,1);
(i) F(u(t)) =t foreveryt € (0,1);
(iii) for £'-a.e. t € (0,1), u is differentiable at t, F is differentiable at u(t), and it holds that
F'(u(®))u'(t) = 1, or equivalently

Fu)'(t) = /f(x) dx for£L'-ae.t €(0,1). 9)
R

In particular, we have that f(u(t)) > 0 and u'(t) > 0 for L'-a.e. t € (0,1).

Proof. Statements (i)-(ii) follow from the basic properties of generalized inverse functions, see,
for instance, [22, Proposition 1]. The proof of statement (iii) can be achieved as follows. Since F
is (absolutely) continuous and nondecreasing, for every ¢ € (0, 1), the level set {F = t} is a closed
interval, and the family {t j} C (0,1) oflevelssuch thatI; := {F=t j} has positive length is at most
countable. We can decompose R as the disjoint union R = (|J il j)ULUN, where L is the set of
Lebesgue points of f in R\ Uj I;.Since |F(N)| = 0and |F(Uj I;)| = 0, we have that F(L) has full
measure in (0, 1); then, letting M C F(L) be the set of points of differentiability of u in F(L), also
M has full measure in (0,1). If t € M, then u is differentiable at ¢ and u(t) is a Lebesgue point of
f, so that F is differentiable at u(t); the relation F’(u(t)) u’(t) = 1 is now obtained from (ii), and
(9) follows as a direct consequence of the above analysis. O

Remark 3. We warn that, in general, the distributional derivative of an i.d. function may contain
jump and/or Cantor parts as in the two examples hereafter.

(i) Let
fx)= (1/2))([0,1]u[2,3](x) ) (10)

where y, denotes the characteristic function of a set A. The i.d. function u(t) equals 2t for
tef0,1/2)and 2t + 1 fort € [1/2,1].

(ii) Let
0 ifx<o,
fX)=F'(x), with F(x) =qu~'(x) ifo<x<2, (11)
1 ifx>2,

where u~! is the inverse of the function u : (0,1) — (0,2), u(t) :=t + C(t), C being the
Cantor function. By construction, the i.d. function of f is precisely the function u(¢).

Definition 4. Let u and v be the i.d. functions of two nonnegative, integrable functions with
strictly positive integrals on R, and let A € [0, 1]. We call a geometric primitive of (u, v) in proportion
A any primitive of (u’)!~*(v’)*, that is, any function of the form

t
w, (1) = / W ()M () ds+¢ withe €R.
1/2

In case ¢ = 0, we shall refer to the geometric primitive w; as the standard one.
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Remark 5. The above definition is well posed and it holds that

(1) w; € ACyy(0,1) with w/,(¢) > 0 for £'-a.e. t € (0,1);
(ii) w, admits a classical inverse, defined on the interval ranw;, := {w;(¢): t € (0, 1)}.

Indeed, from Lemma 2, we have that u/, v’ are strictly positive £!-a.e. and belong to LZIOC(O, 1).
Hence, as a consequence of Holder’s inequality, also (u/)!~*(v)* is in LIIOC(O, 1). This yields claim
(i), which, in turn, implies (ii).

Definition 6. Let f, g : R — R be nonnegative, integrable functions having strictly positive inte-
grals, with i.d. functions u, v, respectively. Let 1 € [0, 1], and let w; be a geometric primitive of
(u,v) in proportion 1. We call the function

(12)

1-1 A if x = , 0’1 ,
£y 900) = {éf(u(t» gy ifx =w©), t€(0,1)

otherwise ,

a geometric combination of (f, g) in proportion A.
In case the geometric primitive w; in (12) is chosen as standard one, we shall refer to f % g as
to the standard geometric combination of (f, ¢) in proportion A.

Remark 7. Thanks to Remark 5, the function f %, g is well defined and, denoting by ran w;, the
image of w,, it can be equivalently written as

13)

f@' N g ' () ifx € ranwy,
f*19(0) = { A A -
0 otherwise.
Clearly, the above expression identifies uniquely f x; g up to a translation in the variable x,
depending on the choice of the geometric primitive w;.

Theorem 8. Let f,g : R — R be nonnegative, integrable functions having strictly positive inte-
grals, let 1 € [0,1], and let f x; g be a geometric combination of (f, g) in proportion A according to
Definition 6. Then f % g is measurable and satisfies

Forgds = ( [ ooax) ([ oodx
R R R

Proof. In view of (13), to show that f %, g is measurable, since both f and g are measurable, it is
enough to show the following Lusin property (see, e.g., [25]): if N is a set of measure zero, each
of the two sets (uow;l)‘l(N ) and (Uowzl)‘l(N ) has measure zero. Focusing for instance on the
first one, we have

A

(uow; H™HN) = wyou ' (N) = wyoF(N)

with F as in (8). Since w; € AC},.(0,1) and F € AC(R), w;oF(N) has measure zero.
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We can now use the change of variable x = w,(¢) (see [42, Theorem 13.32]) to write
1
/f *x;9(x)dx = / fxi9(x)dx = / f*; g(w/l(t))wl’l(t) dt
R ran wy 0

- / ) g0y 1A () de.
0

Finally, using (9), we obtain

A

! A A A A =
1— 1e\1=4,,/ —
| ey aeayvotveta= ([ sewar) ([amax) g

Remark 9. An immediate consequence of Theorem 8 is the following Prékopa-Leindler-type
result: under the assumptions of Theorem 8 on f and g, if & is any integrable function such that

h(x) = f *; g(x) forae.x eR, (14)

we have
1

1-4
/Rh(x) dx > </Rf(x)dx> </R g(x) dx) , (15)

and equality holds in (15) if and only if equality holds in (14).

Remark 10. Notice that, in general, f %, ¢ and f %, ¢ do not coincide necessarily with (a trans-
lation of) f and g, respectively. Indeed, for A = 0 and 1 = 1, a geometric primitive w; of their
i.d. functions (u, v) does not necessarily coincide, up to a translation, with u and v, respectively.
For instance, referring to the examples given in Remark 3: if f is given by (10) (and g is arbitrary),
we have wy(t) = 2(t — %), and hence, f *, g = (1/2)x[o); if f is given by (11) (and g is arbitrary),
we have wy(t) = t and hence f %, g = (/5 X0

When the i.d. functions of f, g enjoy suitable regularity assumptions (which as we shall
see occurs for the characteristic functions of convex bodies, see Remark 26), the geometric
combination f %, g provides a continuous interpolation between f and g.

Proposition 11. Let f and g satisfy the same assumptions of Theorem 8. If in addition their
i.d. functions belong to AC,,.(0, 1), we have that:

(i) up to translations, f %, g = fand f %, g =g;
(ii) themap [0,1] 2 1 — f x, g is continuous in L*(R).

Proof. Let u,v be the i.d. functions of f, g, respectively. By assumption u,v € AC,.(0, 1), and
thus, statement (i) immediately follows from the equalities w, = u and w; = v.

Let us prove statement (ii). Let (4;) C [0, 1] be a sequence converging to 1 € [0,1], and let us
define

;0 1= F@O) Mgy, P = fu@) gy, e ©,D),

f *AJ- g = z,bjow/;1 onl; :=ran Wz, f *79 = 1,bow/_;1 onl :=ranuws,all functions vanishing oth-
} J

erwise.

85U801 7 SUoWILLOD BAIRR.D 3|qedlidde 8y} Aq pausenob afe sappiie YO ‘88N JOSa|n1 104 A%eIqIT3UIIUO /8|1 UO (SUOHIPUOO-PUe-SLULBYW0D" A3 | IM"AR.q 1BUI|UO//SAIY) SUORIPUOD PUe SW | 8U) 885 *[£202/70/S0] UO AiqiT8ul|uO A8]IM 81l eUeIL0D A Z6TZT YIL/ZTTT OT/I0p/L0d A3 1M Akeiqijeul|uo-0osyewpuo |//sdny wouj papeojumod ‘2 ‘€202 ‘Zr6LT0e



ON A GEOMETRIC COMBINATION OF FUNCTIONS RELATED TO PREKOPA-LEINDLER INEQUALITY 489

‘We claim that:

(a) lim; f x4, g(x) = f %, g(x),forae.x €1,
(b) limj—>+oo/}f */lj 9= /[f */Tg’ 1imj—>+oo /R\[f *}tj 9= 0.
Before proving this claim, let us show how the convergence of f x 2, 9t0 f*7gin LY(R) follows
from (a) and (b).
Specifically, from (a), the first equality in (b) and [42, Theorem 16.28], it follows that f % 49

converges to f %7 g in LY(I). On the other hand, from the second equality in (b), it follows that
f *;, g converges to 0 = fHxggin IR\ ).

Proof of (a). As a first step, let us show that if x € I, then x € I; for j large enough. Specifically,
it is enough to observe that, for every 1 € [0, 1],

1/2
ranw, = (—a,,b;), with a,l:=/ @', by = /(u)1 L,
0

and that, by Fatou’s lemma,

a- <liminfa, , b- <liminf b
A j=+oo /1 A j=+oo /I

Since, for a.e. t € (0,1), we have that lim P j(t) = (t), (a) will follow if we show that, for
every x € I, lim; w;_l(x) = w;(x). Given x €I, for j large enough let t; := w;_l(x). Let (t;,)
J J

be a subsequence converging to some 7 € [0, 1].
If r € (0,1), it holds that

t: T B B
Xx=w, (t. ) _ Jk (u/)l—/ljk (U’)/ljk N (u/)l—/l(vl)/l — w/T(T)’
UK 1/2 1/2

where the convergence holds since 0 < (v )1 A (€4 ) kgu' +0 e L1 (0 1). Hence, x = w—(f)
thatis, 7 = wz_l(x).
Assume now that 7 = 1. The sequence q;, := (u’)l_lfk (v’)’lfk X[1/2,; | converges a.e. in[1/2,1]
7k

togq ;=@ )l_z(v’ )I, hence, by Fatou’s Lemma we have that

1 1
b—=/ qsliminf/ q, =X,
A 1/2 k=+co J1/2 «

in contradiction with the assumption that x belongs to the open interval I = (—az, b7).
A similar argument shows that 7 # 0.
We have thus shown that every converging subsequence of w‘l(x) converges to w_l(x) hence,

the whole sequence converges to wzl(x).
Proof of (b). Since /R fand /R g are strictly positive, by Theorem 8, it holds that

[rone= ([0 () = (L) (L) = e oo
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Hence, it is enough to prove only the second equality in (b). From (16), (a) and Fatou’s lemma, we
have that

0 < limsup f*l_g=limsup</f*,1_g—/f*l_g></f*/—lg—/f*/—lg=0,
j=+oo JR\I g jo+oo R ! I g R T

so that the second equality in (b) follows. O

2.2 | The n-dimensional case

Let (z;,...,2,) be a family of linearly independent vectors in R" (a typical choice will be the
canonical basis (e, ..., e,) of R", cf. Section 3). For simplicity of notation, we do not indicate the
dependence of our construction on the family (z,, ..., z,), as it will remain fixed throughout this

section.

Definition 12. Given a nonnegative integrable function f on R" with strictly positive integral,
we call (zy, ..., z,,)-inverse distribution field (shortly i.d. field) of f the vector field

U(t) = uy ()2 + uy(ty, £5)25 + us(ty, b, 83)z3 + -+ + Uy (b, b, o 1,2,

defined for £L"-a.e. t = (t1,...,t,) € (0,1)" as follows:

* t; — uy(ty) is the i.d. function of the map

X, = / fx1zy + %325 + -+ + x,2,) dX, ... dX,, 5
Rn-1
« for £l-ae. t; €(0,1),t, = u,(t;,t,) is the i.d. function of the map
X, > / fu )z + %20 + - + x,2,)dxs ... dx, 5
R1—2

o for £ t-ae. (t, .., t,_q) € (0, 1)L t, = u,(ty,...,1,) is the i.d. function of the map
X, = fu(t)zy Fuy(t,8)zy + - Fuy (8 by ey b 1)Zq + X,2,)

Remark 13. The above definition is well posed and leads to a n-dimensional analog of the identity
(9). Indeed:

* the i.d. function #; — u;(t;) is well defined (because by assumption f has strictly positive
integral), and for Llae. t; € (0,1), it satisfies the equality

u;(tl)/ ] fu(t)zy + x,25 + -+ + X,2,) dx, ... dX,,
RA-

= / flqzy + - + x,2,) dxy ...dx,, < 1 f) .
Rn

Tz A AZy] S
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« for £l-a.e. t; € (0,1), the i.d. function t, — u,(t,,t,) is well defined (because by the previous
item the integral at the r.h.s. of the equality below is strictly positive), and for £!-a.e. t, € (0,1),
it satisfies

du,

a_(tl, t2)/ f(ul([l)Zl + uz(tl, tz)Zz + b + ann) dX3 .o dxn
t2 Rn—2

= e f(ul(tl)zl + XyZy + -+ xnzn) dx2 dxn
RA—

« for £ tae. (t1,...,t,_1) € (0,1)"71, the i.d. function t, — u,(t,...,t,_1,t,) is well defined
(because by the previous items, the integral at the r.h.s. of the equality below is strictly positive),
and for £1-a.e. t, € (0,1), it satisfies:

ou
?n(tl, tz, ceey tn)f(ul(tl)zl + uz([l, tZ)ZZ + b + un(tl, tz, cee g tl’l)Zl’l)
n

= /f(ul(tl)z1 +uy(ty, 8)z, + - + x,2,) dx,, .
R
Multiplying side by side the above equalities, we get by analogy with (9) the identity

n
Oy, B 1 " ;
fU@) g el f  forLtae.te(0,1). 17)

Definition 14. Let U and V be the (zy, ..., z,)-i.d. fields of two nonnegative integrable function
f and g with strictly positive integrals on R". We call (z,, ..., z,,)-geometric potential of (U, V) in
proportion A any vector field

Wi(t) = wl,l([l)zl + U)A’z(tl, tz)Zz + -+ w/l,n(tl’ .. tn)Zn

such that:

* t; & w; (t)) is a geometric primitive in proportion A of t; = u,(¢y), t; = vy(£);
« for£l-ae.t; € (0,1), 1, > w; ,(ty,t,) is a geometric primitive in proportion 1 of t, — u,(ty, t,),
ty P 0y(ty, 1);

« for£"tae. (ty,..,t,_1) € (0,1)" 1,1, > w; ,(t1,..., t,) is a geometric primitive in proportion
Aoft, = u,(ty, .. ty), t, = U, (t, e by

In case all the geometric primitives w; ; are the standard ones, namely, when
w(1/2) =0, wy(t,1/2)=0, .., wy(ty,..,t,_;,1/2)=0,
we shall refer to the geometric potential W as to the standard one.

Remark 15. By analogy with one-dimensional case, we have that
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(i) for £i~1-a.e. (t1,..,t;_1) € (0,1)'"1, the maps t; » w, ;(ty, ..., t;_1, ;) are in AC},.(0,1), with

aw/li aui 1-2 al)i 4
M (2 — 0 forLlaet; €(0,1); 18
at; <ati> <ati> g ortiaet €01 =

(ii) W, admits a classical inverse defined onran W, :={W,(¢) : t € (0,1)"}.

Definition 16. Let f,¢ : R" — R be nonnegative, integrable functions having strictly positive
integrals, with (z, ..., z,)-i.d. fields U, V, respectively. If W is a (zy, ..., z,,)-geometric potential
of (U, V) in proportion A, we call the function

19)

U Hg(vyt  ifx =W, t €(0,1)",
f*lg(x)::{g(()) gV @) ifx=W,(0), t€0,1)

otherwise,

a(zy,...,z,)-geometric combination of (f, g) in proportion A.
In case the geometric potential W in (19) is chosen as the standard one, we shall refer to f % ¢
as to the standard geometric combination of (f, ¢) in proportion A.

Remark 17. Again, by analogy with the one-dimensional case, denoting by ran W the image of
W, we have
WO g(V W () if x € ran W,
f %3 9(0) = {f A 2 o (20)
otherwise.

Notice that, in the present n-dimensional setting, the function W, is identified up to an additive
constant in the first component, up to a function of x; in the second component, up to a function
of x, in the third one, and so on, up to a function of (x;, ..., x,_; ) in the last component.

Theorem 18. Let f, g : R" — R be nonnegative, integrable functions having strictly positive inte-
grals. Let A € [0,1], and let f x; g be a (24, ..., 2, )-geometric combination of (f, g) in proportion A
according to Definition 16. Then f * g is measurable and satisfies

1-1 yl
/Rnf*/l g(x)dx = </Rnf(x)dx> </Rn g(x)dx> .

Proof. To show that f %, g is measurable, thanks to (20) it is enough to show that if N is Lebesgue
negligible, each of the two sets (UoW;l)_l(N ) and (VoW;l)_l(N ) has measure zero. Consider-
ing, for instance, the set (UoW;l)_l(N), we can write it as W,oU~!(N). Thus, we see that it is
Lebesgue negligible because U is the inverse distribution field of the integrable function f, and
the components of W, have the property that the maps t; — wj ; are locally absolutely continuous
(see Remark 15).

Let us compute the integral of f %, g. Let us define the function h(x) := f %, g(x;2; + =+ +
X,Z,), X € R", so that

/ fxigx)dx =|z; A - /\znl/ h(x)dx. (21
R" R
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In order to compute the integral of h, we perform n one-dimensional changes of variable. Pro-
ceeding as in the proof of Theorem 8, and recalling that, by Definition 16, h vanishes outside the
set{(wy 1(t7), s wy (L, .5 ) ¢ £ € (0, 1)}, we first use the change of variable x; = w; ;(¢;) (see
[42, Theorem 13.32]), obtaining

/h(x)dxz/ </ h(wm(tl),xz,...,xn)dxz...dxn)w/’“(tl)>dtl.
Rn 0,1) Rn-1 ’

Next, in the inner integral, we proceed with the change of variable x, = w; ,(¢;,t,), t, € (0, 1).
Finally, after the last change of variable x, = w, ,(t;,...,t,), t, € (0,1), using the family of
equalities (18), and recalling the Definition 16 of f x; g, we end up with

n 5w/1,-
h(x)dx =/ h(wy 1(ty), ., wy , (ty, ..., 1)) —=dt
/R" 1) A1\ A,n\t1 n 111 6tl-

n ou. 1-1 n Jv- A
= h(wy 1 (t1), e, Wy (Eys oon s £y)) (—l> <_l) dt
A,l)" A1\ A,n\*1 n 111 al’i ] En

i=1 l

_ 1-1 1 . oy, =z dy; 4
- /(0 OO0 ]:!(5) ]‘!(§> ar.

i= l

Finally, from (21) and in view of (17), we conclude that

1-1 A
Anf*a g(x)dx=( Rnf(x)dx> (/R g(x)dx> . -

3 | GEOMETRIC COMBINATION OF CONVEX BODIES

In this section, we focus attention on the geometric combination between the characteristic
functions of two nondegenerate, centrally symmetric, convex bodies K and L in R".

Below, we write for simplicity K %, L in place of yr x; x;; moreover, we refer to the i.d. func-
tion (or field) of the characteristic function yj as the i.d. function (or field) of K. Since we are
dealing with nondegenerate convex bodies, for simplicity of notation in the proofs, sometimes we
identify a convex body with its interior.

3.1 | Convexity preserving forn =1, 2
When K is a symmetric interval, K = [—a, a], its i.d. function is given by
u(t) =at -1) vt € (0,1). (22)

It is elementary to deduce the behavior of the geometric combination for intervals.
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Proposition 19. Let K and L be symmetric intervals, and A € [0, 1]. Then the standard geometric
combination K % L is itself a symmetric interval, precisely

In particular, the equality |K %, L| = |K |'=A|L|* given by Theorem 8 is equivalent to the one-
dimensional log-Brunn-Minkowski equality.

Proof. If u and v are the i.d. functions of K = [—a,a] and L = [-b, b], by (22) the standard
geometric primitive of (u, v) in proportion A is given by

w, (1) = a' bttt - 1).
Hence, the body K x; L, which is the image of w;, is given by
K%, L={wt) : t€(©0,D}=(—a*p*a'p?).

On the other hand, since the support functions of K and L are given, respectively, by hp(§) =
alé| and h; (&) = b|£], the log-Brunn-Minkowski sum (1 — 1)K +, AL is the interval with support
function hy(§)'~*h; (§) = a'~*b*|£|, namely, we have as well

(1-2)-K+9A-L=(-a""b* a'b?). O
When K is a centrally symmetric convex body in R?, setting
K, i={xe, : xje; + X6, EK},

the components (u;, u,) of the (e, e,)-i.d. field of K satisfy

* t; — uy(ty) is the i.d. function of the map x; — Hl(le), hence

K|

S el B for £l-ae.t; €(0,1);
Hl(Kul(H))

u;(tl) =

« for £l-ae. t; €(0,1),t, = u,(t;,t,) is the i.d. function of the map x, — yx

u1(11)(x2); hence,

ou,
E(tl, t2) = Hl(Kul(t])) for £L1-a.e. € (0, 1) .

As a consequence, we prove below that the standard geometric combination of centrally
symmetric planar convex bodies preserves convexity (and always produces an unconditional set).

Proposition 20. Let K and L be centrally symmetric convex bodies in R2, and let A € (0,1). Then
the standard (e, e,)-geometric combination K x; L is an unconditional convex body.

Proof. For brevity, we are going to denote by M the standard (e;, e,)-geometric combination K *;
L (where A is fixed in [0, 1]).
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To see that M is unconditional, recall that M is the image of the standard geometric potential
W, of the i.d. fields (U, V) of K and L. In view of the above expressions of u;(tl) and % (and of
2

their analog for the derivatives of the components of V'), we have

kN T a1
Wty ) = </% <J/K(S)> <}’L(S)> ds, yr(t) () <t2—§> Y(t;,1,) € (0,1)%,

where we have set for brevity

yr(ty) i= Hl(Kul(tl))a yi(ty) i= Hl(Lul(rl)) vt; € (0,1).
It readily follows that the components of W satisty, for every § € (0,1/2),

wﬂ,l(% +8)= _wl,l(% -9),

w5ty 3 +8) = —wy (3 —8) Vi, €(0,1),

which shows that M is unconditional.
We now turn attention to convexity. We claim that the convexity of a generic centrally
symmetric set K is related to the concavity of the corresponding function yf( as follows:

K convex = y; concave, (23)

K unconditional and )/12< concave = K convex. (24)

Specifically, setting ¥ (x;) := Hl(le), we have that: if K is convex, the map ¢y is concave;
vice versa, if { is concave and K is symmetric about the x;-axis (and hence unconditional since
it is assumed to be centrally symmetric), then K is convex.

In view of this observation, to obtain (23)—(24), it is enough to show that the concavity of ¢
is equivalent to the concavity of y12<. From the definition of the distribution function u,, we have
that

P (uy () (s) = |K], fora.e.s € (0,1).
Since yx(s) = P (u,(s)), squaring both sides and differentiating with respect to s gives
(72 () = 20 (P (upu] = 2|K [P (uy),

which shows that (yé)’ is nondecreasing if and only if ;bk is (recall indeed that u; is increasing).
Now, thanks to (23)-(24), and since we have already proved that M is unconditional, in order
to prove that M is convex, we are reduced to show that

y12< and yi concave — 712\/1 concave. (25)

We observe that, by the definition of M, it holds that y,, = y *y}. Then the validity of the impli-

cation (25) follows from the fact that the geometric mean of two nonnegative concave function is
still concave. For the sake of completeness, we enclose the elementary proof. Denoting by ¢ and
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1 the two functions, we have

o' (1 - 0)s + 6P (1 — O)s + 6t)
> (1 - 0)p(s) + 6p()) (A — O)y(s) + Op(1)*
> (1= 0)p(s) ™ P(s)* + Op(t) Ap(e)*,

where in the last line, we have exploited the inequality (x; + y;)'*(x, + y,)* > x}_’lxg1 + y}_lyg,
holding for nonnegative numbers x,;, X,, y;, ¥, (as it follows by adding the a.m.-g.m. inequality

applied separately to the pair (xlely], ﬁ) and to the pair (xl};lyl , ﬁ)). O

Below we give some explicit examples of geometric combinations in dimension 2.

Example 21 (Geometric combination of two rectangles). If K = Q(a;, a,) is the centrally sym-
metric rectangle with vertices at (+a;, +a,), with @; > 0, we have H'(K,, (;)) = 2a,, so that the
i.d. field of X is given by

U(ty, 1) = (a,(2t; — 1), a,(2t, — 1)) V(t;,1,) € (0,1).

If we take another rectangle L = Q(b;,b,) with i.d. field V, the standard (e;, e,)-geometric
potential of (U, V) in proportion 1 has components

Wy, 1) = (aj™b}2t, — 1), a}*b22t, - D), V(ty, 1) € (0,1).
Hence,

Q(ay, ay) %, Q(by, by) = Q(al b, albd).

Example 22 (Geometric combination of two parallelograms with parallel sides). By arguing as in
the previous example, it is immediate to obtain that the (z;, z,)-geometric combination in pro-
portion 4 of two parallelograms with sides parallel to the vectors (z;, z,), of lengths (2¢;, 2a;)
and (26, 3,), respectively, is still a parallelograms with sides parallel to (z;,z,), of lengths
(2012, 2014 ).

Example 23. Let us consider again two parallelograms with parallel sides, and let us determine
their (e;, e,)-geometric combination, for example, in proportion % Let us denote by P(a;, a,, b,)
the centrally symmetric parallelogram with two vertices at the points (a,,a,) and (b;, —a,),
with a; > b; > 0, a, > 0. Let us determine the standard (e, e,)-geometric combination of K :=
P(3,2,1)and L := P(4,1,3). Setting for brevity P := P(ay, a,, b; ), some elementary computations
give

iel 1 by
1 2a, if 2 Ss 2 a+b;
H (P, ()= 1
U] 28 (@ - b 202 s - L - 22))T i i <<
a,—b; 1 1 1 1 2 aytb 2 atby T
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FIGURE 1 The geometric combination of the two parallelograms in Example 23.

Thus, denoting by U = (u;, u,), V = (vy,0,) the i.d. fields of K and L, we have

4 if

s) := H'(K =
7k(8) Ky, (s) {8 — i

5 <
5 <

2
s) :=H'(L =
J/L() (vl(s)) {2 /—14 /_1—S 1f1—3$S<

Let us then compute the (e, e,)-geometric potential of (U, V) in proportlon , denoted as usual
by Wi(t;,t,). By Proposition 20, we already know that M is uncondltlonal S0 we can restrict
2

ourselves to determine one quarter of the boundary, which is found by computing W (¢;, 1), for
2

t € [%, 1]. From the above expressions of yx and y;, we find that it is given, for any ¢, € [%, 1],

by
(7KL N :
W%(tpl) = </% <m> ds, 5(71((’-‘1)7@01)) )
g 1
= <4ﬁ4é m dS, El,b(tl)) »
where
22 if3<s<3
) 1= (L) =141 — 5)3 if2<s< 2
414 1-9)7 if2 <s<1

Figure 1 represents the boundary of the geometric combination K %1 L, which is obtained in the
2

first quadrant by plotting the curve ¢, W1 (t,1) over [ 1] (composed by two line segments
and a positively curved arc), and in the other quadrants by reflection.

Example 24 (Geometric combination of two rhombi). If K = R(a;, a,) is the centrally symmetric
rhombus with one vertex at (a;,0) and another one at (0, a,), with a; > 0, we have Hl(Kul(S)) =
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FIGURE 2 The geometric combination of the square and the rhombus in Example 25.

2a,4/2s, so that the i.d. field of K is given by
Uty ty) = <a1<\/2t1 - 1) , ay\/26,2t, — 1)) V(ty,t,) € (0,1) .

If we take another rhombus L = R(b,, b,) with i.d. field V, and we choose, for instance, 1 = % the

standard (e;, e,)-geometric potential of (U, V) in proportion % has components

Wy 5ty 1) = <\/a1b1(\/E ~1), \/blbz\/E(th—l)), Yty 1) € (0,1)%.

Hence,
R(a;,ay) *1 R(by,by) = R(y/a a5, /b by).

Example 25 (Geometric combination of a rectangle and a rhombus). Using the same notation as
in Examples 21 and 24,ifK = Q(a;, a,) and L = R(b,, b,), the standard (e;, e, )-geometric potential
in proportion 1/2 has components

3

3 1
41 —f 32 1 1 !

Taking, for example, a; = a, = b; = b, = 1, one quarter of the boundary of Q(1,1) %1 R(1,1)
2
is the curve

namely, the graph of the function

2V2

_T(y3+1)’ ye[_l,o],

x(y) =

see Figure 2.
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3.2 | Unconditional convex bodies
When K is an unconditional convex body in R", setting
Kyfox, °= {(xi+1ei+1 +otxpe,) (e + o Xe + X e+ Xe,) € K},

the components (u,, ..., u,) of the (e, ..., e,)-i.d. field of K satisfy

* t; - uy(t;) is the i.d. function of the map x; — H”_I(le), hence

K]

— for £Ll-ae. t; €(0,1);
Hn_l(Kul(h)) l

u;(tl) =

« for £1-ae. t; €(0,1), t, = uy(ty, t,) is the id. function of the map x, = H" (K (1,)x,))
hence,

du H" (K, 1)

—2(t,,1,) = ()

for £'-ae.t, € (0,1);
51’2 Hn_z(Kul(tl),uz(tl,IQ))

e for £ 1ae. (ty,...,t,_1) € (0, 1)L, t, > u,(ty, ..., t,_1,t,) is the i.d. function of the map
Xp = Xy (t)e; + -+ +uy (8, _1)e, 1 + X,ey,); hence,

aun 1 1
?(tl’ wsly_1, tn) =H (Kul([l) ,,,,, Uy (f s [n—l)) for £-a.e. t, € 0,1).

n

Remark 26. Given an unconditional convex body K, the maps

n—i .
s—H (Kul(tl)s""ui—l(tl’""ti—l’s)) i=1,..,n,

are continuous and strictly positive on the interior of their support (which is an interval). Hence,
from their definition above, the components (i, ..., u,) of the (e, ..., e,,)-i.d. field of K satisfy

ti g ui(tl, vee y tl) (S LiplOC(O, 1) l = 1, e, n.

In view of Proposition 11, we infer that, given two unconditional convex body K and L, the map
A~ K x; L is a continuous interpolation in L' from K *, L = K to K %, L = L. In addition, for
n = 2, by Proposition 20, this interpolation is made up of convex bodies.

Proposition 27. Let K and L be unconditional convex bodies in R", and let A € [0,1]. Then the
standard (e, ..., e,)-geometric combination K *, L enjoys the following properties:

(i) it is an unconditional set;
(ii) it satisfies the inclusion

K*x;LC(1—-A1)-K+y1-L. (26)

In particular, the equality |K %, L| = |K |'=4|L|* given by Theorem 18 implies the log-Brunn-—
Minkowski inequality for unconditional convex bodies.
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Proof.

(i) Let us check, for every fixed i € {1, ..., n}, the implication
(X5 e s Xjpoes X)) EK K3 L = (X9, 00y =X}y e, X)) EK Ky L. (27)

By construction, K %, L agrees with the image of the standard geometric potential W, that
is,

K%, L= {(wl,l(tl),wl,z(tl,tz),...,wl,n(tl,...,tn)) Lt €0, 1)}.

From the expressions of " recalled at the beginning of Section 3.2, we see that, since K is
unconditional, the components u; of its i.d. field satisfy

du; o,
a—”t“(tl,...,ti_l,s) Gt =s)  fortlaese @), (28)
i

and similarly for the components v; of the i.d. field of L.
Then, for everyi =1,...,n,8 € (0, %) and tq,...,t;_; € (0,1), it holds that

348 du; dv;
1 _
w/l,i(tl’“"ti—l’z +6) = //2 3 (st 9)! Aa—t'l(tp---,ti_l,s)/l ds
L L

3+ o, v,
-1 A
/% 0 —(ty, s ti1, 1= 8)! a—tf(tl,...,ti_l,l—s) ds

1

1

3 du .

—/ 50 Lty sty 8 tl(tl,...,ti_l,s’)’lds’
3-8 i

= —wy(ty, st 3 — 6),
where the first and fourth equalities hold by definition of w ;, the third one by the change of
variable s’ = 1 — s, and the second one is due to the fact that the functions u; (and v;) satisfy

(28). This shows the implication (27).
(ii) In order to show the inclusion (26), it is enough to prove that

K, LCK'™. 1%, (29)
where
K'Y A= {(ilxlll_’llyll’l,...,ilxnll_’llynl’l) D (X X)) €KY (Uph s V) eL}.
Indeed, (26) will follow from (29) because K'™*-L*C(1—-21)-K+,1-L (see [37,
Lemma 4.1]).

Since we now know that both sets K x; L and K!
to show that

—4 . 4 are unconditional, we are reduced

(K *; L)NR" € (K" L*) nRY.
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Let us consider a generic element of (K %, L) N R”, which will be of the form

wW,@) = (wll,l(tl)’ w; oty 83)s e s Wy (s e s tn)) (30)

for some t = (t;,...,t,) with t; € (1/2,1) foreveryi =1, ..., n.
By applying Holder’s inequality with conjugate exponents ﬁ and %, we see that

0 S Wy ity ey £) S Uty e, )P0ty e 1) Vi=1,. 0. (31)
Since the vector

(ug (1) oy (0 uy (1, 1) 0, (8, )Y e Uy (b e £) R0, (e, 1))

belongs to (K'~* - L*) " R" and, since the sets K and L are convex (which implies K'~* - L*
convex as well), for every s = (s, ..., ,,) € (0,1)" the vector

(5101 (0 0, (0)M syun (81, 1) 0,8y, ) s Sy (B s £) 10, (8 e, 1))

belongs to (K'~* - L*) N R". Therefore, the inequalities (31) imply that the vector W,(t) in
(30) belongs to (K= - L*) N R .

3.3 | Convex bodies with n symmetries

The class of convex bodies with n symmetries has been considered in the literature on Convex
Geometry, in particular, to give a partial answer to some long-standing open questions such as
the Mahler conjecture [6, 7] and the log-Brunn-Minkowski conjecture [13].

Before giving the definition, let us recall first that a linear reflection is a map A € GL(n)
which acts identically into some (n — 1)-dimensional linear subspace H of R", and there exists
u € S"1\ H such that A(u) = —u. In particular, an orthogonal reflection is a linear reflection A
which belongs to O(n).

Now, given a family A;,...,A, of linear reflections in R", such that the corresponding
hyperplanes Hy, ..., H, satisty H; n --- N H,, = {0}, we set

Sym(Ay, ..., A,) ::{KQR” L AK =K Vi:l,...,n}.

To deal with the operation of geometric combination in the class Sym(A4,, ..., A,,), it is crucial
to choose an appropriate family of directions. This requires to fix some background from [13].

» If (A;,...,A,) are orthogonal reflections in R”, such that the corresponding hyperplanes
H,,..,H, satisfy H; n --- N H,, = {0}, we denote by C(4,, ..., A4,,) an n-dimensional simplicial
convex cone (namely, the positive hull of n linearly independent vectors) that is associated with
the closure of the group generated by (A ..., A,,) as in [13, Proposition 1]. If C is the positive hull
of wy, ..., w,, the linear subspaces generated by {w, ..., w,} \ w;, fori =1, ..., n, are called the
walls of C.

* If (A, ..., A,) are merely linear reflections in R”, such that the corresponding hyperplanes
H,,..,H, satisfy H, n --- N H,, = {0}, there exists a map ¥ € GL(n) such that Alf = PA P!
are orthogonal reflections through hyperplanes H {, ..., H) satisfying H { N - NH] ={0}(¥can
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be found as a map which sends the Lowner ellipsoid of K into the unit ball, see the proof of [13,
Theorem 2]).

We refer to [13] for more details, and we proceed to state the following.

Proposition 28. Let K and L be convex bodies in the class Sym(A,, ..., A,,), and let A € [0, 1]. Let
K %, L be their (z,, ..., z,)-geometric combination in proportion A, where the family (z,, ..., z,,) is
chosen as follows:

(a) if A; are orthogonal reflections, (z4, ..., z,) are the normals to the walls of the simplicial convex
cone C(Aq, ..., A,);

(b) if A; are merely linear reflections, denoting by ¥ a map in GL(n) such that Alf 1=WAY ! are
orthogonal reflections, (zy, ..., z,,) are the image through ¥~ of the normals to the walls of the
simplicial convex cone C(Al, ..., A)).

Then K x; L enjoys the following properties:

(i) it belongs to the class Sym(A,, ..., A,,);
(ii) it satisfies the inclusion

In particular, the equality |K %, L| = |K|'*~*|L|* given by Theorem 18 implies the log-Brunn—
Minkowski inequality in the class Sym(A;, ..., A,,).

Proof. Let us prove the statement first in case A; are orthogonal reflections and then in case they
are merely linear reflections.
- Case (a). (A; orthogonal reflections).

(i) In order to check that K x; L belongs to the class Sym(A,, ..., A,), let us write the sets K, L
and K %, L as

K = {ul([l)zl + u2(l’1, tz)Zz + -+ un(tl, ey tn)Zn . tl S (0, 1)} 5
L = {Ul(l’l)Zl + Uz(tl, tz)ZZ + .-+ U}’l(tl’ ey tn)Zn : tl S (0, 1)} N
K *l L = {wl,l(tl)zl + w/I,Z(tl’t2)ZZ + b + wl’n(tl, oo ,tn)Zn . tl E (O, 1)} )

where U = u;z; + -+ + u,z,, V =0,z; + -+ + v,z, are the (z,, ..., z,)-inverse distribution

fieldsofKand L,and W; = w; ,z; + --- + w; ,Z, is the standard geometric potential of (U, V)
in proportion A.
The fact that K and L belong to Sym(A4,, ..., A,,) can be expressed as the system of equalities
u;(ty, s ti_1,8) = —u(ty, .., ti_1,1 —5) Vs € (0,1),

(33)
Ui(tys s timg,8) = =U;(ts s iy, 1 — 8) Vs €(0,1).

Then, proceeding in the same way as in the first part of the proof of Proposition 27, we see
that the functions w; ; continue to satisfy the analogous equalities:

Wy i(tys s by, 8) = —wy i(ty, s by, 1 —5) Vs € (0,1), (34)

which implies that also K *, L belongs to Sym(A4,, ..., A,).

85U801 7 SUoWILLOD BAIRR.D 3|qedlidde 8y} Aq pausenob afe sappiie YO ‘88N JOSa|n1 104 A%eIqIT3UIIUO /8|1 UO (SUOHIPUOO-PUe-SLULBYW0D" A3 | IM"AR.q 1BUI|UO//SAIY) SUORIPUOD PUe SW | 8U) 885 *[£202/70/S0] UO AiqiT8ul|uO A8]IM 81l eUeIL0D A Z6TZT YIL/ZTTT OT/I0p/L0d A3 1M Akeiqijeul|uo-0osyewpuo |//sdny wouj papeojumod ‘2 ‘€202 ‘Zr6LT0e



ON A GEOMETRIC COMBINATION OF FUNCTIONS RELATED TO PREKOPA-LEINDLER INEQUALITY | 503

(ii) By statement (i) already proved, we know that K *; L belongs to Sym(A,, ..., A,,). Also, since
the 0-sum is linear covariant (i.e., A;(1 —4) - K +yA-L)) = (1 — 1) - A;(K) +o 4 - A;(L)), we
have that (1 — A1) - K +, 4 - L belongs to Sym(A,, ..., A,). Therefore, in order to prove the
inclusion (32), we are reduced to show that, denoting for brevity by C the simplicial convex
cone C(A;, ..., A,), it holds that

CNE*,; L)CCnNn((1—-2A1)-K+yA-L). (35)
In turn, to have (35) it is enough to show that
PCNE*; L) CO(CN((1—-1)-K+y4-L)),

where @ is a map in GL(n) with ®(z;) = e;, so that ® maps C into R’} (recall that (z,, ..., z,)
denote the normals to the walls of C).

Since K and L are invariant under the closure of the group generated by (4, ..., A,,), by [13,
Proposition 1 (v)], we know that the unconditional sets K and L defined by

R?NK :=®(CNK) and R?NL:=®(CNL)

are unconditional convex bodies.
Moreover, from the proof of Theorem 8 and [13, Lemma 6 (ii)], we know that

RN (=2 K+2-L) CO({xeC : (xu)<he@)'*h @' vuec})
=®(CN((A=A)-K+gA-L)).

‘We are thus reduced to prove that
@(Cn(K*lL))glRﬁn<(1—/1)-E+0/1-Z). (36)

The inclusion (36) will follow from Proposition 27 applied to the unconditional convex bodies
K and L, provided that we are able to show that

PCNEK*; L) =R N(EK %, L), (37)

where K x L is the (ey, ..., e, )-geometric combination of K and L.

We emphasize that the families of vectors with respect to which the two geometric com-
binations appearing in (37) are constructed are distinguished, and their indication is omitted
just for notational simplicity. For the sake of clearness, let us repeat that K x; L is the
(24, ..., 2, )-geometric combination of K and L, with (z, ..., z,) chosen as specified in the
statement of Proposition 28, while K *; L is the (e, ...,€,)-geometric combination of the
unconditional bodies K and L.

Let us check the equality (37). By the system of equations (33)-(34), we see that

ui(tl, e sy ti—l’ 1/2) = Ui(tl’ I ti—l’ 1/2) = w/u(tl, e sy ti—l’ 1/2) =0 Vl = 1, . n.
Hence, the intersections of the walls of C with K, L, and K % L are given, respectively, by

Kn{ti:%}, Ln{ti:%}, (K*,IL)n{tizé}.
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Thus,
CnK = {ul(tl)zl (b, )2y + o+ Uy (b b))z, 0 £ € (1/2, 1)} ,
cnL= {vl(tl)zl F0,(6,5)2y + - 0ty s t)zy ¢ L € (12, 1)} ,
CNK *, L) = {w/m(tl)zl + Wy (11, 15)Z0 + o Wyt )2, ¢ 1 € (12, 1)} .

By applying the map @ to the last equality above, we see that the set at the left-hand side of
(37) satisfies

(C N (K *, L))={ Wy (1)ey + Wy 5(ty, 1)es + -+ + Wy n(tr, s by)ey 4 € (172, 1)} :
(38)
On the other hand, we have

R'NK =&CnK)= (D({ul(tl)zl bty )2y + o+ Uty s £)2Z, ¢ 4 € (1)2, 1)})
= {ul(tl)el +u2([1,[2)€2+ e +un([1,...,tn)€n . tl S (1/2, 1)}
and similarly for L. In view of the equalities (33), we infer that

I_< = {ul(tl)el + uz(tl,tz)ez + -+ un(tl,... ,tn)en : [l (S (0, 1)} 5

L= {Ul(tl)el + 0t )ey + -+ V(s ty)e, © L € (O, 1)} .

It follows straightforwardly that U : = u,(t;)e; + u,(t;,t,)e, + - + u, (t1, ... ,t,)e, and V : =
vi(t)e; + Uy(ty, ty)ey + - +v,(t, ..., 1, )e, are, respectively, the (e, ..., e,)-i.d. fields of the
unconditional bodies K and L. Therefore,

E *A Z = {wl,l(tl)el + wl,z(tl, t2)62 + b + w/l’n(tl, ceey tn)en . tl E (O, 1)} .
Hence, the set at the right-hand side of (37) satisfies
R N (K %, L) = {wu(tl)el + w51, )ey + -+ Wyt s bey 4 € (172, 1)} . (39)
By combining (38) and (39), equality (37) follows.

- Case (b) (A; linear reflections). Let ¥ be a map in GL(n) such that Alf 1= WA,W ! are
orthogonal reflections. Let 7; be the normals to the walls of the simplicial convex cone
C(A,...,Al),sothat(zy,...,z,) 1= ¥}y, ..., n,). Statements (i)—(ii) readily follow from the
corresponding items already proved in Case (a), provided we show that

WK *; L) = W(K) *, W(L), (40)

where the geometric combination K %, L is made with respect to (z,...,2,), and the
geometric combination W(K) %, ¥(L) is made with respect to (1, ..., 9,,)-
To prove (40), we start by writing K >, L as

K *l L = {wl,l(tl)zl + wl,z(tl, tz)ZZ + b + w/‘l’n(tl,... ’tn)Zn : tl E (0, 1)} )
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where w,; are the components of the standard (zi,...,Zz,)-geometric potential of the
(21, ..., 2,)-1.d. fields of K and L.
Then

1P(I{ * L) = {wl,l(tl)?)l + w/l,Z(tl’tZ)}?Z + -+ w/l’n(tl, ,tn)nn L E (0, 1)} ,

so that (40) holds true, provided that w; ; are also the components of the standard (7, ..., 1,,)-
geometric potential of the (), ..., ,,)-1.d. fields of ¥(K) and W(L). In turn, this is true, provided
that the following implication holds: if U(t) = u,(t,)z; + uy(t1,t5)z, + -+ + u, (¢, ..., 1)z, is
the (z,, ..., z,)-i.d. field of K, then U(t) = uy(t;)n; + uy(ty, t)n0, + -+ + (£, .., £,)7, is the
™15 ..., ny)-i.d. field of ¥(K) (and similarly for L). Such implication follows immediately from
Definition 12. O

4 | OPEN PROBLEMS

* Problem 4.1: Continuous interpolations. Given two functions f, g : R" — R, with strictly posi-
tive integrals and i.d. fields U, V, respectively, construct a family of fields {W}; [ 1] such that,
if f %, g is defined according to (19), there holds as follows.

(i) ForA=0andA =1,wehave f x, g = fand f %, g = g.
(ii) The map [0,1] @ 2 — f %, g is continuous in L1(R").
(i) Forevery A € [0,1], [on f %7 9(x) dx = (Jpu £(x) dx)' ([ 9(x) dx)*.

In this respect, we have seen that, in dimension n = 1, taking w; equal to a geometric primi-
tive of (1, v) in proportion A, property (iii) is always satisfied by Theorem 8, whereas properties
(i)-(ii) are satisfied in case u, v belong to AC},.(0, 1), but they are not in case the distributional
derivatives of u or v contain jumps or Cantor parts (cf. Remark 10 and Proposition 11). More-
over, we recall that (i)—(iii) hold in any space dimension when f and g are the characteristic
functions of two unconditional convex bodies, see Remark 26.

* Problem 4.2: Convexity preserving of geometric combination in dimension n > 2. Establish
whether (at least under the additional assumption that K and L are unconditional), Proposi-
tion 20 continues to hold in dimension n > 2.

* Problem 4.3: Comparison between geometric combination and 0-sum. Establish whether (at least
in dimension n = 2) the inclusion (26) in Proposition 27 continues to hold for arbitrary con-
vex bodies (not necessarily unconditional), provided that the family of directions (z,, ..., z,)
needed to construct K % L is suitably chosen. An affirmative answer would imply the log-
Brunn-Minkowski inequality (establishing the result if n > 2, and giving a new proof of it if
n=2).

* Problem 4.4: Comparison between geometric combination and Minkowski-sum. Establish
whether the inclusion K x; L C (1 — A)K + L holds for arbitrary convex bodies, provided that
the family of directions (z,, ..., z,,) needed to construct K *; L is suitably chosen. An affirmative
answer would give another proof of the classical Brunn-Minkowski inequality.
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