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Damage dynamics: A variational approach

Adriana Garroni*, Christopher J. Larsen and David Sarrocco

Abstract. In this paper we construct, by means of a variational formulation, the solutions of
a problem of elastodynamics which includes the effect of damage for the elastic material. The
result is a wave equation with time dependent operators which represents the elastic coefficients
of the material undergoing damage. The dynamics that we construct also satisfies a threshold

condition with the same threshold value that characterizes the quasi-static evolution of damage

(see [12]).

1. Introduction

Material defects, such as fracture, plasticity, and damage, have been extensively
studied using variational models. A common feature of these phenomena beyond
elasticity is the presence of non-smooth solutions (which have discontinuities, topo-
logical singularities, etc..) for which classical PDE’s methods are not available.
The main advantage of variational formulations is then the ease of showing ex-
istence of global minimizers, which can be used via incremental minimization in
order to construct quasi-static evolutions. On the other hand evolution in many
cases follows local minima rather than global. Moreover in many applications in-
ertia cannot be neglected and it is important to have a robust definition for the
dynamics of defects. Many approaches are possible in order to deal with dynamics
and define satisfactory evolutions (ranging from vanishing viscosity regularizations,
and higher order regularizations, to dynamics of phase field models, see e.g. [15]
in the case of damage, and [18] and the references therein for a general review).

An important observation is that underlying these variational models is of-
ten a threshold criterion - fracture occurs where the stress is sufficiently large
or has a sufficiently large singularity, plastic deformations occur where the stress
reaches the yield surface, and materials undergo damage where the stress exceeds
a threshold. In particular threshold criteria are localized and should guide dynam-
ics. Nevertheless the correspondence between these variational approaches and the
threshold criterion can be unclear.

In this paper we consider a model for brittle damage which was formulated
and analyzed in [10] and subsequently refined in [9] and [12]. The model proposed
by [10] is simple but within reach. It assumes that only two states are possible,
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undamaged and damaged. These states are given by two elastic well-ordered ten-
sors, A and Ay, and the energy of each displacement u with damage region D is
given by

[ xoAue(w) + (1 = xp)Aceu)do + KDI - [ fuda, (1.1)
Q Q
where e(u) = V"%V"T is the symmetrized gradient of u. The energy accounts

for the elastic energy stored in a damaged material and penalizes the volume of
the damaged region. The constant k can be viewed as the cost (per volume) for
the material to undergo damage, or the energy dissipated (per volume) when the
material undergoes damage. The function f here represents a dead load.

In the particular case of anti-plane elasticity in dimension 2, or more in general
in the scalar case in dimension IV, and assuming that A and A,, are isotropic, i.e,
Ags =1 and A, = al, with 0 < a < 3, the energy is rewritten as

/ xpa|Vul? + (1 — xp)B|Vul*dz + k| D] —/ fudz. (1.2)
Q )

In [12], for the latter case, the first two authors showed that minimizers of this
variational model (and the corresponding quasi-static evolution) satisfy a threshold
condition, which states that there exists a value A which depends on the energy,
and then on «, 5 and k, such that, whenever the modulus of the strain Vu exceeds
the value A the material is damaged. In particular if (u, D) is a pair minimizing
the energy (1.2) subject to boundary conditions or body forces, then one proves
that D = {z € Q: [Vu| > A}

A natural question is then, if we use the variational formulation for damage,
but in a dynamic setting, do we obtain solutions of the threshold problem?

An additional complication is that minimizers might not exist, and the appro-
priate relaxed formulation needs to be studied instead. This can be easily seen by
rewriting the energy as follows

/QW(Vu)dx—/qudx,

1 1
W (e) = min {2B|E|2, §oz|€|2 + k} .

and

This energy density is not convex (and not quasi-convex in the general vector
valued case of (1.1), see e.g. [1]), thus in the minimization procedure we expect
microstructure, which requires relaxation. The convex envelope of W can be
represented as follows

1
W**(e) = min  min —Aee + kO,
©c[0,1] AcGo(a,8) | 2

where Go(a, ) is the G-closure of af and I mixed with volume fractions 1 — ©
and O (see [9] and below for more detail).
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The relaxed quasi-static evolution constructed in [9] and then refined in [12],
in particular involves a rich class of damaged materials characterized by elastic
tensors in the G-closure of the two states without any a priori assumption on their
structure.

Moreover in [12] it is also obtained a relaxed threshold condition, and showed
that solutions, both static and quasi-static, of the relaxed variational problem
satisfy the relaxed threshold condition.

Then an important question is, since the variational problem needs to be re-
laxed, can we prove existence of solutions to the dynamic relaxed variational dam-
age problem, and are they solutions to an appropriate relaxed threshold problem?

In this paper, we prove this existence, in the scalar case when the two states
(damaged and undamaged) are isotropic, and we show that solutions are also
relaxed threshold solutions. The condition that we prove in Theorem 3.1 involves
that same value for the threshold that was found in the quasi-static case (where
the threshold condition was also proved to be necessary). The question whether
this value for the threshold is optimal also in the dynamic case is still open. This
question is also related to the possibility of defining an alternative dynamics of
damage based directly on the threshold condition (as a unique criterion in order
to switch from the undamaged state to the damaged one) as discussed in [12].

Our strategy is to formulate a discrete in time variational approximation of
the dynamical problem following the line used in [5] and [14] for the dynamic of
fracture (see also [6] for the variational approach via time regularization proposed
in [20] and [21]). We then show convergence of the discrete dynamics in the spirit of
the result of [3] for the homogenization of the wave equation with time dependent
coefficients (see also [22]). We notice that in general there are issues concerning the
well posedness of the wave equation with discontinuous coefficients (see [4], [13],
[11], [2], [16] and the references therein). Here a key property which guarantees
well posedness is the monotonicity in time of the (possibly discontinuous) elastic
coefficients, which is a consequence of the irreversibility of damage.

2. The variational model and its relaxation

We fix 0 < a < B and a bounded domain 2 C RN, N > 1. Given f € H-1(Q),
we consider the energy functional

Eo(u, D) := %/ op|Vul*dz + k|D| — (f,u) (2.1)
Q
where op = axp + B(1—xp) is the elastic coefficient of a material that undergone
damage in the region D C . For definiteness we consider u € H}(Q), i.e., zero
boundary conditions for u. A minimizing sequence for this energy corresponds
to a sequence of sets D,,, with the corresponding displacements u,,. As already
noticed in the Introduction this energy may need to be relaxed and a minimizing
pair (u, D) may fail to exists. The right notion in order to characterize the limits
of minimizing sequences, and then the framework for the relaxed problem, is the
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G-convergence of the elliptic operators associated to the coeflicients op, (see, e.g.,
[8], or [17] for the more general case of nonsymmetric linear operators and H-
convergence). We recall here the main features of this notion, specialized to the
case under consideration.

Consider a sequence A" € L®(;RN*N) we say that A" <, A A €
L= (Q; RV XN if) for every f € H™1(€;RY), the solutions u™ of the equilibrium
equations

—div(A"Vu") = f, u" € Hy(S,RY),

satisfy
u™ — u, weakly in Hg(Q;RY)
A"Vu" — AVu, weakly in L2(Q; RV*N)
where u is the solution of
—div(AVu) = f.

Note that in the case of symmetric matrices (tensors for the vector valued
case in general linearized elasticity) the first property of (2.2) is enough to char-
acterize G-convergence and the second condition, which is in turn essential in the
nonsymmetric case, can be obtained as a consequence.

We denote

Fl(a, B) :={B € RN*N  symmetric, such that a|¢|? < B&E < B¢}
and list below the main properties of G-convergence in the class L™= (; F(«, 8)):
1. Compactness: for any sequence A™ € L>=(Q; F(«, 8)), there exists a subse-

quence, K™ and A € L(Q; F(a, 8)) such that A*™ £, 4;

2. Convergence of the energy: if A™ BEN A, then, with u™ and u defined as
above,

/A"Vu"Vu” dr — / AVuVu dx;
Q Q

3. Metrizability: G-convergence is associated to a metrizable topology on the
space L*(Q; F(a, B));

4. Ordering: if B™ < A™ and B" SEN B, A™ EEN A, then B < A (the inequali-
ties are in the sense of quadratic forms);

5. Locality. if B™ N B, A" N A, and x is a characteristic function on €2,
then xB™ + (1 — x)A"™ <, xB + (1 —x)A4;
6. Periodicity: if A"(x) := A(nz), with A € L>([0,1]"; F(a, 8)) periodic, then

the whole sequence A™ G-converges to A°, which is the constant matrix given
by

PUZS / AW) (€ + Vo) (€ + Vo) dy Ve € BV
[0,1]~7

» periodic
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In the case of a two-phase isotropic material, we consider
A" = xp(nz)al + (1 — xp(nx))BI

with xp a characteristic function of a set D C [0,1]" extended by periodicity to
the whole of R, and we speak of periodic mixtures with volume fraction © := | D|
of material a.
Here with a little abuse of notation and terminology we identify the matrix A™
with
op(nz) = xp(na)a + (1 - xp(na)B.

The set of all G-limits resulting from the periodic mixture of o and g with volume
fractions © and 1 — © is denoted by Geg(«, B).

The relevance of this set is clarified by a famous unpublished result of local-
ization due to Dal Maso and Kohn (see [19] for the nonlinear case). It claims that
the range of all possible mixtures of « and  is given by periodic homogenization.
More precisely if © € L>(Q,[0,1]) and we denote by Go(a, 8) C L>(Q; F(a, 5))
the set of all possible G-limits of o,n~, where x™ 20, then

Go(a, B) = {A € L™(Q; F(a,B)) : A(z) € Go(y)(a, B), a.e. in Q}. (2.3)

The set of all possible mixtures of a and (3, as the volume fraction varies from
point to point, is the G-closure of o and § and will be denoted by G(«, ).

One then shows that minimizing sequences (u,, Dy,) of the energy Ey(u, D)
converge (up to a subsequence) to pairs (u, A), with u € H}(Q) and A € G(a, B),
in the sense that w,, converges weakly to u in H'(Q) and op, G-converges to
A € Go(a, f), for some © € L>(,[0,1]), which is the weak* limit of xp, , and
the corresponding minimal energy is given by

E/AVuVudx—Fk/@dx—(f,u)
2 Ja Q0

The latter considerations illustrates what happen for one time step (the first
one) of a variational model describing an evolution of damage. Now if we con-
sider a time dependent body force f € W11([0,T]; H=1(Q)) the corresponding
(unrelaxed) energy is given by

E(t,u, D) = %/ op|Vul2dz + k|D| — (f(2), ). (2.4)
Q

A (relaxed) quasi-static evolution of this model (in which inertia is neglected) is
given by a family of triples (u(t), A(t),©(t)) with A(t) € Go)(a, ), costructed
in [12], which satisfy a stability condition (ideally in a quasi-static evolution the
configurations are local minima for the total energy at each time), an irreversibility
property, and conservation of energy (see [12], Definition 3 and Theorem 7).

The setting is now ready to include inertia and consider damage dynamics.
In view of the above considerations the natural space in which we look for the
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relaxed damage dynamics is give by the set G(«, 3). Therefore, given the initial
conditions (ug,vo) € Hg () x L*(Q), respectively for the initial displacement and
the corresponding velocity, and a suitable initial damage set Dy C €2 as described
below, and a forcing term f € WH1([0,T]; L3(f2)), for T > 0, we will construct a
time dependent operator A(t,-) € G(a, 5) and a function

u € WH(0,T; L*(Q)) N L>(0,T; HY(Q)),
satisfying, in the weak sense, the following problem
i(t, ) — div(A(t, z)Vu(t, x)) = f(t, ) in (0,7) x Q
u(0,2) = up(x) in Q (2.5)
(0, z) = vo(x) in Q.

The matrix A(t,-) then represents the elastic coefficient of the damaged material
at time ¢ and the function u the corresponding elasto-dynamic solution.

3. The incremental problem and the main result

In what follows for functions depending on time and space variables, ¢t and x, we
will often write explicitly only the dependence on ¢t. Moreover for the derivative
with respect to ¢ we will use both notation u and O;u.

We start by defining the incremental problems needed to construct our dynam-
ics. For every n € N, we fix a time scale At = 7,,, with 7,, — 0, and we consider a
partition of the time interval [0, 7] given by points ¢y = 0 and ¢ with ¢ > 1 such
that ¢} —t!' ; = At. To avoid heavy notation, sometimes we write ¢; instead of ¢}'.

Starting from initial conditions Dy C Q and (ug,vo) € HE () x L?(Q) we
define (uf, DY) := (ug, Dg) and iteratively (ul, DI') € H}(Q2) x P(Q) as follows:

o We first choose (af, D7) € H} () x P(Q) such that
2

1| —
E(t7, a0, DY) + 5 || — g
| ) , (3.1)
. U — ug T,
< inf E{7,u,D)+ = — + -z,
T weH}; DDy (#, ) 2| At 0 2 2

Then, with fixed D7, we define u7 be the minimizer in H{(Q2) of

1 2

E(t?au;D?) + 5

U — Uug
At

(3.2)

— g

L2
e Analogously for i > 1 we choose (@, ,,D?,,) € H}(2) x P(2) such that

2

- | afyy —ud  wl —udy
Bt ey, D) + 5 |t~ g
llu—ur u? —ul | 2 3:3)
< inf E(t} D)+ - L L =
- ueHoll;anD;L (b0 D)+ 2| At At 12 o
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and define u, | to be the minimizer in Hj(Q) of

1 2

E(t?-i-lv u, D?-H) + 5

n n __ ., m
u— g U U

At At

(3.4)

L2

We define D,,(0) := Dy and u,(0) = ug, and for every t € (t7,t},,] we define
the following piecewise constant (and piecewise affine) functions

n n
Uit1 — Uy

Un (1) == ujy un(t) ;== ul + (t —t7) A7 (3.5)

Dy (t) := Diyy fu(t) = F{ti)-

Note that since f € WH1(0,T; L) then for all t € (0,7T)

1l 20,02 0)) < C I ll20,75220)) (3.6)

and

1Fn(®) = F@®) 1220y = 1 1) — F Oz < / O awds,

with ¢ € (¢7,¢%,]. Therefore f,(t) converges strongly in L*(Q) to f(t) and
[ fn (Ol 12 () converges to [|f(£)]l 12(q) for all t € (0,T).
With the following theorem we show convergence of this discrete in time (en-

ergetic) dynamics to a continuous damage dynamics. We will assume that given
(ug,v9) € HE(Q) x L?(Q) the set Dy satisfy

Do 2 {|Vuo| = A} (3.7)

2ok

BB —a)
that we will prove in Theorem 3.1. It remains open to show that, under suitable
continuity properties for the data, the dynamic of damage that we construct is
continuous at zero (i.e., A(0) = op,).

with A = This condition is consistent with the threshold property

Theorem 3.1. Let (uy(t), D, (t)) be the sequence of piecewise constant in time
evolution as in (3.5) and assume that Dy satisfies (3.7).

There exists u € WH°(0,T; L*(Q)) N L>=(0,T; H (), 6(t) € L>(£;]0,1))
and A(t) € L>=(Q; F(a, B)) such that, up to subsequences, for all t € (0,T]

un() Lou(t),  xpuw = 00),  op,u) — A(t) (3.8)

with O(t) increasing and A(t) decreasing in time. Att =0 we have:

i) A(0T) < op, in the sense of quadratic forms;



282 A. Garroni, C.J. Larsen and D. Sarrocco

ii) u(0F) =wg a.e. in Q;
iii) Opu(0T) = vg a.e. in Q.

Moreover (uy,(t), D, (t)) and the limit (u(t),0(t), A(t)) satisfy the following prop-
erties:

e Fuler-Lagrange equation: it holds

_/OT/QatuathdH/OT/QAWwdmdt=/OT<f(t),¢(t)>dt (3.9)

for every ¢ € L*(0,T; HL(Q)) N Wy (0, T; L*(2));

e Energy inequality: given

Bualt) = 510m(t)[ %+ 5 [ AOVuVutydr+ [ oo (7(0) ),

2 Q
it holds .
Eiot(t) < Etot(0+) —/ (0cf(s),u(s))ds, (3.10)
0
e Threshold condition: for each 6 > 0 it holds
hjl H{z ¢ Dp(t) : |Vun(t)] > A+ =0 (3.11)
2ak
with X\ := | ————.
BB —a)

The rest of the paper is devoted to the proof of this result. The compactness
results are consequences of Lemmas 4.1 and 4.2, the Euler-Lagrange equation and
the Energy inequality will be derived in Section 2, while the Threshold condition
in obtained in Section 6.

4. Apriori estimates and compactness

For every n and t € (1}, ] ;] we define the following auxiliary function

Ul —uy t—t uy —u Ul — U
1+1 7 + ( H—l) 7 1—1 _ “+1 ) (41)
At At At At

vp(t) =

By the definition of the sequences u, and v, and the minimality of uf we
deduce that for all ¢ € (0,T) we have

[nttps+ [ o, Van0ods = (falt).0) (42)
) Q
for every ¢ € H} (D).

Arguing similarly to what is done in [5] here we deduce the apriori estimates
that are needed to pass to the limit in the discrete scheme.
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Lemma 4.1. Let uy, @y, Dy, and v, be defined as in (3.5) and (4.1). Then there
exists C > 0 such that for all t € (7,1}, ]

i
lin ()72 + I Vun (t )72 + At/o (lonONZ2 + IV ()IZ2) dt < C - (4.3)
for each i =0,...,|T/At] and all n € N. Moreover we have that
i) uy, is bounded in W1°°(0,T; L*(Q)) N L>=(0,T; H} (Q));
i) 1y, is bounded in L>(0,T; HE(2));
i) vy, is bounded in W1°°(0,T; L?(Q2)).

Finally there exists a subsequence of indices (still denoted by n) and a function
u € H?(0,T; L*(Q)) such that

w, —u in H'(0,T;L*(Q))

and
va(t) = a(t) in L*(Q), for t €[0,T] (4.4)
with u(07) = uy and W(0T) = vy.

Proof. We start proving that for each i = 0,..., |T/At] it holds
. 2 2 K 2
i DN+ [ 0,0 Vet (tisa) Pz + At [ 0 (5) s

tin+1
+At/ /UDn(t)|Vun(s)|2dxds
0 Q
i ) ult —u (4.5)
=2 [ o)t + [ a0 Tun(0) P+ |
0 Q

— (8- a)Z/n |V (£7)[*da

for t € (t7, 7]
Since uf,; is the minimum point for the functional in (3.4) it satisfies the
following weak Euler-Lagrange equation

n wy g —2uf +ui g\ n
/QJD;LHVujHVngx+/Q< fer = 20 )Atdx<f(tj+1),<p>0 (4.6)

for each ¢ € Hy(€2). Choosing ¢ = u}, ; — u} we have

2
dx

no
Uj+1 — U

J
At

n 2 n n
/QGD;,H|VUJ4+1| —/QUD;MVuj_HVudeU—F/Q

(4.7)

u;}"_l — u;} U?’ B u?—l n n ny\\ __
- /Q At At dr — <f(tj+1)7 (Uj+1 — Uy )) =0.
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1 1 1
We then use the identity 5\\9\\%2 - / g-hdr = 5”9 —hl3. — §Hh||2L2 for the first
Q
two terms on the left hand side with g = Vu?_H /oDn, and h = Vu? /oDr, and

ul , —ul u? —u
j+1 J J Jj—1 :
g= A7 and h = At for the second two terms, and we obtain

n a2
Uiy —uj

n n
j Ujp1 — U
At

J J j—1
At At

L2 L2

—l—/ UD;L+1|VU?+1|2(1$+/ opr, [Vui, —Vu?|2dm (4.8)
Q o

no__ . m 2
Uj —Uj—1

At

2
= 2f(tfa) s =)+ [ ooy, (VP + -
Q L2
Summing over j = 0, ..,7 and using the identity opr,, =0pr — (8- Oé)XD;H\D';
we have for t € (¢}, 1}, ]
Ui —uf |*

%
S| S At DI+ [ oo, [Vul P

L2 j=0 Q

i
n n|2
+ E /UD;L+1|VUJ-+1—VUJ‘ dx
j=0"¢

[ 2

n
3

=23 20). (e ~ ) + [ 0,0 TunOPs + [

Uo

L2

From this it follows immediately (4.5), using the definitions in (3.5), and that
Un(t) = % Now from (4.5) we deduce for each 4

£

sup || ()[|72 + | Ve (t741) 172 + At/o [0 (t)II7 2t

te(ty ty ]

2
+aAt/ | Vi, (£)||2 2 dt
0

(4.9)
ul — ug .
< B Vuollze + 1 23 + 2l ullcsorizaian T ma (O]
ul! — ug 1 .
< Bl Vuolrz + | 1At 172 + CHfHQL?(o,T;L?(Q))T T3 tg[lg?] [t (£)][|7 -

Since (4.9) holds for every i =0,...,|T/At], we immediately have that

n_

1 . Uu UQ
5 max [[in(t)]72 < B[ Vuoll72q) + ||

1 2 2
5 % T”LQ(Q)+C||fHL2(O,T;L2(Q))T (4.10)
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Now by the definition of u}" we have that

1{|u? —u 2
k.D - 1 0
1D+ 5| A

1
—w| < B(tf,uo, Do) + 3 lvoll 7.

L2
and then

uy — U
At

1 ? 1
3 —w| <P / (Vuol*dx + (f(t7),u0) + 5 vl <C - (411)
L2 Q

which implies

n 2

ul - UO
At e
Combining (4.12) and (4.9) we obtain (4.3).
From (4.3) we immediately obtain (i) and (ii).
Now from (4.8) and using (i) and (ii) we obtain for every ¢ € (7,1}, ]

<C. (4.12)

no_ oy n_yn |2
Uiy — Uy Uy — Uy <C

At At

. 2
[on ()12 =

which gives (iii).

By the bounds (i), (ii), and (iii), we can then conclude that, up to a subse-
quence, u, — u in H(0,T;L*(Q)) and v,, — v in H(0,T; L*(2)). We also have
that @(t) = v(t) in L?(Q) for all ¢ € [0, 7). Indeed if ¢ € (¢, ¢ ] it holds

i
[in (t) = vn(E)ll2 = lon (1) —vn(t)l[L2 < /t [0n(s)l[L2ds < cmn,  (413)

i

which goes to zero when n — co. As a consequence of (4.13) we also obtain
(4.4). Using the convergence of the v, we also deduce that u,, converges strongly
to w in HY(0,T;L?(Q)) and that uw € H?(0,7T;L?(Q)). From this, and the fact
that u,(0) = ug, we easily deduce that u(0") = wuy.
It remains to show that 4(0") = vy. We first show that up to a subsequence
Un(rn) = L =10 4 in L2(Q) (4.14)

Tn

n
uy —

(we recall that At = 7,,). Indeed from (4.11) we deduce that % converges

n
weakly in L?(Q). The fact that its limit is vy is a consequence of the Euler Lagrange
equation for u} which gives

JEE——
Q

Tn

=Tn < Crallol|

(f(Tn), ) — / UDyVU?VLpdx
Q

for all € H}(Q).
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Since u € H?(0,T; L?(Q2)) we have that u(t) — u(07) in L?(Q) as ¢ tends to
0. Moreover, as in (4.13), we deduce that

lvn(m) — v (®)|lz2 < c|t — Tl (4.15)

This combined with (4.13), the convergence of the u,, and (4.14), concludes that
w(0T) = v a.e. in Q.
O

Lemma 4.2. There exists a subsequence, still indexed by n, such that for all
t € (0,T] we have

XDa(r) = 0(1), D) — A(t) (4.16)

with O(t) € L>(0,T,[0,1]) increasing and A(t) € Gou)(a, B) decreasing in time.
Moreover A(0") < op, in the sense of quadratic forms.

Proof. Compactness at each time t is guaranteed by the compactness of the weak
start topology in L™ and the compactness of the G-convergence. The key point is
the possibility of extracting a sequence that does not depend on ¢. This a standard
argument in this context of discrete in time approximation schemes, and it is a
direct consequence of the monotonicity of the sequences 6,, and op, with respect
to time, combined with the metrizability of the G-convergence and an application
of the Helly’s theorem for monotone sequence (see [9], Theorem 2 and Remark 3).

The condition A(0") < op, is a direct consequence of property (4), ordering,
of the G-convergence (together with the monotonicity of A(t) for the definition of
A(0T)). O

Remark 4.3. Note that by the approximate minimality of D, (t) we deduce a

first threshold condition of the following form: Given M > 52_—’“(1 we have

|V, |? dz = 0. (4.17)

lim inf

n—+00 ~/{Vﬂn(t)>M}\Dn(t)
This, in particular, implies that

liglJirnf {z € Q\ D,(t) : |Va,(t)| > M} =0.
It easy to prove (4.17) by contradiction. Assume that there exists § > 0 such that

Viin|2da > 6.

lim inf

oo /{|wn<t>|>M}\Dn<t>

We then add for every n the set E = {|Vi,(t)] > M} to the damage set D, (t)
and we obtain a reduction of energy given by

B0 n(t), Da0) = B4 n (), Dat)UE) = 5(5=0) [ Vit ()P do— B
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Now there are two possibilities: either |{|Vu,(t)] > M} > n > 0 for n large
enough or |{|Vi,(t)] > M}| — 0. In these two cases we get either

liminf E(t7, |, iin (t), Dy (t) — E(t% 1, iin(t), Do (t) U E) >

n—-+4oo

B-—a)d>0

N =

or

liminf E(t}, |, n(t), Dn(t)) — E(tq, in(t), Dp(t) UE) > [%(5 —a)M? —kln >0

n—-+oo

and both contradict the minimality (3.3).
Property (4.17) will be used in the derivation of the energy inequality below.
Note that this is not yet the threshold conditions of Theorem 3.1 since the constant

\ /;fka is higher than A.

5. The characterization of the limit problem and the energy
inequality

We prove in this section that the limit u of the discrete in time scheme is a weak
solution of the equation

i — div(A()Vu) = f  inQ (5.1)

where A(t) is the G-limit of op (4.
Precisely we show the following.

Proposition 5.1. Let u be the weak limit, up to a subsequence, of u,, as defined
in (3.5), and let A(t) be the corresponding G-limit of op, (1), then

_/OTAuédxdt+ATLAVﬂV¢dxdt=/OT<f,¢>dt (5-2)

for every ¢ € HE(0,T; H}(Q)),
Proof. We start testing (4.2) with ¢ € H'(0,T; H}((2)), integrating in time. We

obtain
_ /OT /Q ondpda + /0 ' /Q 0, VitV da dt = /0 Cedyd (63)

Then taking the limit as n — +o00 we get

_/OT/Quédij/OT/wadxdt:/OT<f7¢>dt (5.4)

where £(t) denotes the weak limit in L?(2) of o, (1) Viin (t). We only need to show
that £(t) = A(t)Vu(t) a.e. t € (0,T).
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Let 6(t) be the weak star limit in LOC(Q) of xp, (t) By the monotonicity in ¢
of the damage sets D, (t) we deduce that ©(t) = [, 6(t)dt is increasing and hence
continuous up to a countable set of points in (0 T).

Let 7 € (0,T) be a point of continuity of ©(¢) and h > 0 and fix a test function
¢ € Hi(Q) in (4.2). Integrating in time from 7 — h to T we get

/“m@<f»V%wﬁ>vmx:_/“Nﬂ—?ﬁ—m¢M
Q T—h Q

+/ (][ (UDn(T) —O'Dn(t))V’an(t) dt) V¢d$+<fna¢>a
Q T—h

(5.5)

where f, = f— fn(t) dt is the time average of f,, in the interval (7 — h, 7). We
also define

and we denote by 1, the unique solution in Hg () of the elliptic equation
—div(op, (r)Vii,) = —div(A(T)Va). (5.6)

As a consequence of the G-convergence of op () to A(7) we deduce that i,

converges to 4 weakly in H}(2) and hence that 4, — i, — 0 weakly in H}(Q),

and op,, () Vi, weakly converges to A(7)V in L?. Using 4, — Uy, as test function
in (5.5) and (5.6) we get

n — Un —h ~ _
/UD,L(T)W(?) — ) |Pdx = —/ on(r) =0 (T )(un—un)daj
Q

/ (][ —Oz XD (T)\ Dy (t)Vun( ) t) V(ﬂn —ﬂn) dx

+%ﬁwﬂm—AMﬁme%—%Mm

From this, using the boundness of v,, in W1°°(0,T; L%(Q)), the boundness of f,,
in L?(Q2), and the strong L? convengence to zero of i, — U, we get

/UD (T)|V(A —ﬁn)|2d.’t
< [ (F 6= ahocnoo W) M- w0 o

1
- 2 2
/9‘7[ XDn<r>\Dn<t>|Vﬂn(t)dt> ddf] IV (tin — )| > + o(1)
T—h

where we also applied Holder inequality. Now by Jensen inequality and Remark 1

<C
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and (4.17), we get
' ~ 2
/ (’ XDn(T)\Dn(t)|Vun(t)|dt) dx
Q —h
S/Q][ hXD"(T)\Dn(t)|V71n(t)|2dtdac

- ][ / Vit ()2 d it (5:8)
7—h J Dy (7)\Dn(t)

§M2][T_h Dy (7) \ Do ()] dt + 0(1)
<M2|Dy(7)\ Do(r — B)| + o(1).

Applying Young’s inequality from (5.7) and (5.8) we obtain that there exists a
constant C' > 0 such that

/Q |V (1, — Tip)|2dx < C|Dy(7) \ Dp(T — h)| + 0(1), (5.9)
and therefore
ng;sip/ﬂ IV (it — 1) 2de < C(O(7) — O(r — h)). (5.10)

From this we get

J

2

][ O'Dn(t)v"ln(t> dt — UDn(,,-)Vﬂn
7—h

2
< 2/ (][ -« XDn(T)\Dn(t \Vun( )|dt> dzx

+ 252/9 IV (i — 1) P
< C(O(r) - O(r — h)) +o1).

Now by the definition of 4, taking the limit as n — +o0o we get

/V ¢(r)dt — A(r)Va

Using the fact that a.e. 7 € (0,7) is a Lebesgue point of o(7) and u(7) and a
continuity point for ©(7), taking the limit as h — 0 we get

o < C(O(r) — O(r — h)). (5.11)

/ |€(T) — A(T)Vu(r)|?de < }113%) CO(r)—6(r—h))=0, (5.12)
Q

which concludes the proof.
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It remains to prove the energy inequality (3.10). This is done in the following
lemma where we use the same technique as in [7]. We define

1 1
Eio1(t,u, 0, A) := §||u\|%2 + 5/ AVuVudzr + k/ Odx — (f(t),u).
Q Q

Lemma 5.2. Let the triple (u(t),0(t), A(t)) be the limit of (un(t),xn, (), 0D, (t))
and denote

Eiot(t) := Eior(t,u(t), 0(t), A(t)).
It holds

Eior(t) < Epot(07) —/0 (f(s),u(s))ds.

Proof. Using the almost minimality condition of (uj, |, D} ), (3.4), we have

2

| o P 7 P S
§/QUD?“|VUH1| d$+k|Di+1|+§ At B At 12
— (f,uit)
. N n 12 (5.13)
1 1{|u—ul Uy — U q
<= Vul?de + k|D| + = il ve
_.2/£0D| ul*dz + k| |*'2 Al At 12
2
n Tn
—(fl i)+ 91

for D D D and u € H} ().
Now for any § € (0,1) we choose a set Es with the following properties

° E; C DIy \ DY,
o |Es| = 0(|Dita| = [D?])-
We then take a test set in (5.13) given by D = D7, |\ Es, which then satisfies
D] = 0(ID{'| = D) + [Dal, - and  op =opy, + (6 — a)xs;.
Therefore the right hand side of (5.13) becomes
1

(/8 - O{) n n
5/ aDﬁquFdx + 5 / |Vu\2da: + ko(|D;'| — | D 41)
Q Es

) 72 (5.14)
— (flyw) + o7
L2 2

n n__ ,mn
u—uu gy

At At

1
+ k[DZ 4| + 5

Now we consider as test function @ := uj,; — 0(uj’ ; —uj'), then
1 Vi 2d _/fn =\ 1 Vi 2d
2 UDF'+1| ul*dze — (fi'y,u) = 5 UDI."H| uyq |“dx

Q Q

0—2 52
—1—(5( 5 )AUD?+1|VU?+1|2dx+2/§20Dg+1|Vu?|2dx (5.15)

61— 8) /Q O, VUl Vuldz — ({74, ulyy) + 6 f Ty, g — )
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and
Hu—u u?—u?fl’2
2 At L2
o —wwt gy |
At At 12
2 (5.16)
n (iz uit g —uy
At L2
A uﬂ —un ul o —ul
-5 i+1 z i i—1 i+1 i do.
/ ( At At .
Combining (5.13), (5.14), (5.15), (5.16) and dividing by § we have
2—6 no 12 n
T UD;L_H|vui+1‘ dr — (1 —6) O'Dn Vu VU2+1
Q Q
Wity — U =g\ Uty — Uy
= d
+/Q( At At >( A
< Q/UD,L |vu”|2dx+é Ui — U 2+/€(|Dn\ |D™ 1)) (5.17)
=2 Jg Tt 2 At ‘ i+l
Gl / \Va|2da
2 Es
P 72
At Uit 4 n
+ < i+1» At >+ 621
We note that the first and third term of the left handside satisfy
2-0 n |2 n n
- QODZZAIVWH' dxr — (1 —9) QUD?HVUZ» Vug, dx
(5.18)
> (1- 6)/QJD?+1VU?+1V(U?+1 —ul)dz.
Now considering the following identities (see [7] pages 14,15, and 16):
/ opr,, Vui (Vuiyy — Vi )de
i At tist (5.19)
/ / opr, , Vun(s) Vi (s)ds + —- | /Qaprﬂvun(s)van(s)ds,
wihy —ugw =g\ uthy —
— d
/Q ( At At >( AW
9 9 . (5.20)
1||uiyy —u 1wl —uly N At [ 6 (5)]|2d
= - || —/—— — = ||/ — (s s
2 At . 2 At e 2 )y, " ’
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) n bt
Z/QO’D:ZA‘VUZ‘FdJC* SAL /chn |Vun(s)*ds

_0 /t o / oDy, Vn(s)Vi(s)ds (5.21)

(5At i
/ /O‘Dn |V, (s)|?ds,
t

and using (5.18) the inequality (5.17) becomes

(1-9) /tiﬂ/UDZ’qun(S)Vun(s)ds

At
(1-0o / /O—Dn Vit (5) Vi (5)ds

1 N
+7

u _U’L 1
| et il (s)2d
2 At LT3 [0 (s)[*ds

i1 2 t¢+1
< 2At/ /aDn |Vu,(s)|°ds — = /t /UDn Vu,(s)Vi(s)ds

| oAt [t .
/ /am Vit (s |d8+2At/ tin(s)]|ds

ti+1

KIDEI = 1D + (=) [ Vil + [ (s im(o)ds +

ti

z+1_u

2

522 '

This can be rewritten in the form

/l+1/0'D" Vun( )vun( )d8+k(|D1+1 |D7|)

nn2 2

z+1 - Uz‘ 1

1 ul' —ul" At [l

At 2 /.,

L2
i+1 ti+1
(76 — 6) At/t /UD" Vit (5) |2ds+2%t/ [in (5) || ds

i+1
QAt/ /Upn |V, (s)2ds

t1+1

w(@=0) [ vaar= [ () +

|1'1n(s)|2d5

2

521

Moreover let note that the first term on the left hand side of the latter inequality
can be rewritten (integrating by part) as

2—90
I |:/O'D?+1|vu”(ti+1)|2d'r/ UD:‘|V“n(ti)|2dl’+(5*a)/
Q Q D}

YV, (t;)|dx|.
TL \DVL
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Using that
(8- a)/ IV (1) [2dz > 0, (5.22)
D2 \D2

and summing over ¢ = 1,...,j, with ¢t € (¢;_1,t;), we obtain

1 1
3 | oouVunlPde = 5 [ o, V() e + K(D,(0)] = Do)

1 1 Tn [t
o018 = Flen(r)lB+ 5 [ e (o)lds

t 5 )
< [ ) mmlnds + 02 vty + T
We then conclude choosing § = 8, — 0 as n — oo, with 7} << 0, << 7y, 50 that

2
i—: — 0 and %" — 0, and using the convergence of u,, xp, and op,,. O

6. Threshold condition

We now prove the threshold property as stated in (3.11) using the blow-up argu-
ment proposed in [12].

Proposition 6.1. Given (un(t), D, (t)) asin (3.5) we have the following threshold
condition
lim |[{z ¢ Dy(t): |Vun(t)| > A+ =0 (6.1)

n—aoQ

e 2a
for each § >0 and X\ := HCEDE

Proof. We first prove the result for (u!", DI') then by a convexity argument we will
easily obtain the claim. The first part of the proof is similar to the one in [12].
Given a set @ C Q) we define

1

We set
E":=E's :={x ¢ D' : [Vu'(z)| > A\ + J}

and we suppose by contradiction that there exists § > 0 such that
limsup |E]'s| = 27
n—soo
with > 0, which implies that (up to subsequences)
[E"[>n (6.2)

for n > n for a fixed n >> 1.
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We first show that for n >> 1 (so using (6.2)) there exists an explicit constant
¢ > 0 and (@}, DI') admissible for the minimum problem (3.3) such that

E(w?, D' Q) < E(u}, D}, Q) —c, (6.3)

i.e., decreasing the elastic part of the energy in the whole 2. We do this also
showing that the change in the kinetic part of the energy can be made arbitrarily
small, so that we obtain competitors with total energy less than that of (u}, D),
which is a contradiction because of the minimality property of (ul, D).

To begin, for each n > n and € > 0 we consider a covering of E™ made of
squares (Q such that

1) the center Z of the square is in E,, and it is a Lebesgue point for v} and
Vul, ie., it holds

1
- () — ul (y)Pdy = 0
A B @ o |uif (%) = uif (y)["dy
(and the same for Vu]) for all p > 1, where B,(Z) is the ball with center z
and radius 7.

2) two sides of @ are orthogonal to Vul(Z);
3) defined @ (z) := ul(Z) + Vul(Z) - (x — T) we have
[uf — @} |3 ) < €lQ
DI N Q[ <elQ].

Note that since @ is a square of a covering of E™ it depends on n,d and 7 and by
definition it depends also on € and in general its measure goes to zero when ¢ goes
to zero. Moreover for each ¢ it is a fine convering of E™ so we can choose a finite
number of disjoint square to cover E", except for a set of measure less than .

We divide the proof into 3 steps which we first sketch and then detail. For
the first step we will show that considering test functions in each @) with the same
boundary condition of @ in 9Q (instead of u]') we can decrease in this square the
elastic energy given by the pair (4}, ) using a process of lamination, in particular
we will show that for each o > 0 there exist v}’ and DZ" such that

By, D}.Q) < B(i,0,Q) — 15| (6.4)

with o' = @f on 0Q and ||v]" — @}'||12(q) < o|Q).

To do it we recall a technical result to match the boundary conditions of
special (almost) test functions (which will be piecewise linear functions) with the
boundary conditions of @}'.

In the second step, using the previous one, we will show that in each square
Q@ we can lower the energy given by (ul, DP) using a test function with the same
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boundary conditions of u]' and choosing ¢ sufficently small, i.e., we will show that
for each s > 0 we can choose € small in such a way that there exists w;* and
D! C @ such that

B(if, D}, Q) < B(uf, DI Q) — 15°1Q] + 510 (65)

with @' = uj' on 0Q and ||0f" — u |12y < o|Q].

Finally in the third step we will use the previous steps to construct an admis-
sible pair for the problem (3.3) that has in € energy lower than the one given by
(ug, D}Y).-

Step 1. We consider an arbitrary square of the (almost) covering of E™. To
avoid heavy notation we can assume that z = 0 and u?(Z) = 0 and so we have
al(x) = Vul(0) - . We consider the continuous periodic function z(y) such that
2(0) =0, 2(1) = |[Vu?(0)] = A 4 0 such that

BN\, ify e (0,d)
dy)=1¢ (6.6)
A, ifyeld)
where d is given by d = 570( and we define
VTN a)
_ x  Vul(0)
n = e S
)= o)

o e V),
i {o @2 (F Ton) = DA

Note that by definition
(2. Vui(0)
he [V (0)] /|

By the periodicity of z the sequence Vu;', converges weakly in L?(Q) to
|Vui(0)] when h — 0, and then o), converges strongly in L*(Q), to u? and
it is bounded in H'(Q). Now we match the boundary conditions of 7}, with the
ones of u}' using the cut-off function

[Voi(2)] =

o(y) = , (6.7)
07 if Yy e QR—M
with |[Vo| = L in Qr\Qr_,, where R € (0,|Q[""), and € (0, R). We define

m

vy, = oui + (1= @)v),.
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Note that we can choose R such that

lim lim Vo, |2 =0 (6.8)
;,L—)O h—0 QR\QR—;L ’
and

lim i no_ Vo2 =0 6.9
#Ln()hino QR|vvz,h sz,h| ( )

(cfr. details see [12, Remark 13]). By (6.8) and the (6.9), it follows that for n large
enough, the energy in [Q| given by (v, D}, ) is arbitrarily close to that given by

(031, D}Yy,) which is (with a simple computation)

SOV O)]1Q] + 553510

So, we conclude that for each o > 0 there exists v := v}, and Dy = ﬁznh
(with h << 1) such that ||v} — @} ||12(g) < §|Q] and

E(UZL?-Dzn7Q) S E(’D;Jn,hﬂﬁirfhaQ) + 0|Q|

1
= B(@,0,Q) - A1V O - V@l +olal  (6.10)
< B(,0.Q) - 155°1a),

where the last inequality comes from the fact that § = (|Vu?(0)| — A) > § and so
(6.4).

Step 2. We start showing that by the properties (3) of @ we have
|E(ui', D}, Q) — E(ui", 0, Q)] < 0:(1)|Q (6.11)
indeed we have
B} D}.Q) ~ B3, 0.Q) = | v [Vuplde + MD} Q1 =3 [ Ve P

<3 / (V2 — [Val[?)dz + k| D? N Q|
Q

and using the property for numbers |a|? — [b|? < |a — b|? 4 2|a — b||b| (and also the
Holder inequality) we obtain

B(u?, D}, Q)~E(!',0,Q) < C(IVul ~Va 3 )+ Vi~V 2.q))++DINQ

with C' > 0. The opposite inequality follows similarly. Then using the properties
(3) we have (6.11).
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Now the function @} := v + (u — @), with v} as in (6.10), has the same
boundary condition in @ of u}*. So by (6.4) and (6.11) we have that for each s > 0
we can take e sufficiently small in such a way that

An 7y n n 1
i.e., the inequality (6.5), as well as [[wf" —uj| 12y < o|Q|
Step 3. We come back to whole of 2 and consider the problem

1
in[f)’/ {2/ op|Vw|?dz + k|D'| : (w—ul") € Hy(Q), D' D Df}
w, (9]

Iterating the previous steps for each square of the covering of E™ we can construct

for each s > 0 and o > 0 a pair (@}, DI') with D? D D and D} \ E" = D} \ E",
and w = uj outside E),, such that

~ 1
E(@}, D}, Q) < B(ui', D}, Q) + (= 80% + 5) | E"|. (6.13)

Since for n > 7, ¢ << 1 and § > 0 we can have ¢ and s small as we want we obtain
that there exist ¢ > 0 such that

E(w?aD?7Q) < E(u;laD:L7Q) -G
i.e., the inequality (6.3), together with ||@}" —u | 12(q) < oc.
Now we link the result for the elastic part and dissipation of the energy of
(u?, D7) with the (almost) minimality property of (ul', D) for the total energy

(elastic+kinetic) in such a way to obtain a contradition and so the validity of (6.1).
By the (almost) minimality property of (u?, D) we have

Tl —umy  uly —ul |
Blup, Dy) + 5 | ot M
2 At At L2()
, (6.14)
n 7 |w —ui gy w g —uily Tn
< E(w},D!") + = — —
< B, D) + 2 H At At L2(Q) + 2t

with (@7, D}) as in (6.13). But for o small, the two norms above are arbitrarily
close. So, for n large, we get a contradiction and we conclude the proof. O
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