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Abstract: Half a century after the appearance of the celebrated paper by Serrin about overdetermined
boundary value problems in potential theory and related symmetry properties, we reconsider semilinear
polyharmonic equations under Dirichlet boundary conditions in the unit ball of R". We discuss radial
properties (symmetry and monotonicity) of positive solutions of such equations and we show that,
in conformal dimensions, the associated Green function satisfies elegant reflection and symmetry
properties related to a suitable Kelvin transform (inversion about a sphere). This yields an alternative
formula for computing the partial derivatives of solutions of polyharmonic problems. Moreover, it
gives some hints on how to modify a counterexample by Sweers where radial monotonicity fails: we
numerically recover strict radial monotonicity for the biharmonic equation in the unit ball of R*.
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1. Introduction

Let Q c R" (n > 2, possibly n = 1971) be a bounded smooth domain and consider the problem
—-Au=1 in Q,
ou (1.1)

u=0, 5:c on 0Q,


http://www.aimspress.com/journal/mine
http://dx.doi.org/10.3934/mine.2022040
www.aimspress.com/mine/article/5924/special-articles

2

where ¢ € R is a constant and v denotes the outward unit normal to Q. Imposing both Dirichlet
and Neumann conditions on dQ2 makes the problem overdetermined so that, in general, (1.1) has no
solution. In a celebrated paper published in 1971, Serrin [15] proved that if (1.1) admits a smooth
solution, then € must necessarily be a ball. This paper has raised a great interest and, nowadays (half a
century later), it has reached almost 600 citations in the Mathscinet. Serrin’s original proof combines
analytic arguments, such as the Maximum Principle and a refinement of Hopf’s boundary Lemma, with
geometric techniques such as the moving plane method inspired to the Alexandrov characterization of
spheres [1,2]. Starting from [18], several different approaches have been devised as an alternative to
Serrin’s original proof, see [14] and the references therein for a fairly complete survey.

The moving plane method has been fruitfully used in symmetry results for semilinear elliptic
equations, see [4, 10] for second order equations and [3] for higher order problems. Let B c R” be the
unit ball and consider the semilinear polyharmonic problem under Dirichlet boundary conditions:

(-A)"u=f(w)  inB,

_ ou am—lu (12)

_E_...:WZO OnaB.

u

Here r = |x| denotes the radial variable and, hence, the outward normal direction to dB. The following
result, valid for second order equations with m = 1, is a restatement of [10, Theorem 1], combined
with deep remarks by Spruck [10, Remark 1].

Theorem 1.1. ( [4,10]) Let n > 2 and m = 1. Assume that
either fe€Lip,.(Ry;R) or  f € C(Ry;R) is nondecreasing. (1.3)

Then, every positive strong solution u € Wli’:(B) N C(E) (u > 0in B) of (1.2) is radially symmetric
(u=u(r)) and u'(r) < 0 for all r € (0, 1). Moreover, if

feLip,(R;R) and  f(0)>0, (1.4)

then every nonnegative and non-trivial strong solution u € W2’"(B) N C(E) (uz0,uz0inB)of (1.2)

loc

is radially symmetric (u = u(r)) and u'(r) < 0 for all r € (0, 1).
This result was extended in [3, Theorem 1] to the case m > 2, in the following form:

Theorem 1.2. ( [3]) Let n > 2 and m > 1. Assume that
f € C(R;;R) is nondecreasing with f(0) > 0. (1.5)

Then, every nonnegative and non-trivial strong solution u € Hi(B) N L*(B) (u > 0, u # 0 in B) of
(1.2) is radially symmetric (u = u(r)) and u’(r) < 0 for all r € (0, 1).

In its original version, Theorem 1.2 was stated by requiring that the solution u was strictly positive,
u > 01in B. But this is not necessary since [9, Theorem 5.1] ensures that if # > 0 is nontrivial, then u > 0
(recall that f(u) > O in view of (1.5)). Assumption (1.5) is stronger than (1.3) and one may wonder
whether Theorem 1.2 also holds under weaker assumptions. A nice example by Sweers [16] shows
that, for a smooth and decreasing f, positive radial solutions may not be radially decreasing. Therefore,
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(1.3) is not enough to obtain the full statement of Theorem 1.1 (radial symmetry and monotonicity) in
the higher order case m > 2. This discrepancy of assumptions between the cases m = 1 and m > 2 is
due to the lack of a maximum principle for polyharmonic operators; see [9, Section 1.2].

To find conditions, different from (1.5), ensuring both radial symmetry and radial monotonicity for
(1.2) in the case m > 2 is a challenging problem. The first purpose of this paper is precisely to discuss
some conditions on the source f which ensure the radial symmetry of the solutions of (1.2) and their
radial monotonicity. In Section 2, particular attention is devoted to the regularity and monotonicity of
f: for the biharmonic equation in B € R”, in Theorem 2.3 we exhibit a Holder-continuous function f
for which the radial symmetry of solutions fails, while Proposition 2.4 displays a strictly decreasing
and sign-changing f that still ensures the existence of a radially symmetric and strictly decreasing
solution.

Contrary to the case of Navier boundary conditions, considered in [17], (1.2) cannot be reduced
to a second order system when m > 2. This is why the moving plane procedure used in the proof
of Theorem 1.2 was carried on by using fine estimates of the Green function G associated to the
polyharmonic operator (—A)™, see [3, Section 2]. The second purpose of the present paper is to obtain
new properties of the Green function in the so-called conformal dimensions n = 2m. In Section 3
we prove that some estimates become explicit identities in conformal dimensions, see formula (3.6).
Combined with the inversion in the sphere and the Kelvin transform, this enables us to obtain an elegant
symmetry property of the Green function, see Theorem 3.2 and the sketchy representation in Figures
3 and 4. In turn, this result is used in Corollary 3.5 where we present an alternative formula for the
computation of the partial derivatives of solutions of (1.2): since the sign of these partial derivatives
is the fundamental feature to implement the moving plane procedure, this formula can become useful
under suitable assumption on the source f. Indeed, based on this formula, Proposition 3.7 suggests
that the radial symmetry and monotonicity of the solutions of (1.2) is ensured if || f’|| =) 1S small.

Finally, as an application of Proposition 3.7, in Section 4 we revisit the counterexample by
Sweers [16] where radial monotonicity of the solution fails: by appropriately modifying the source f
(enforcing the conditions given in Proposition 3.7) we numerically obtain radially symmetric and
strictly decreasing solutions of the biharmonic equation in the unit ball of R* for a decreasing function
f with sufficiently small derivative. Throughout this work, some open problems and questions are
posed.

2. Assumptions ensuring radial symmetry and monotonicity
In this section we discuss radial properties (symmetry and monotonicity) of solutions of (1.2). Let

us recall the weak formulation of (1.2) within the Sobolev space H{j'(B), which is a Hilbert space if
endowed with the scalar product

f (A™2 1) (A™?v) if m is even
CRUMES B Yu,v € HJ'(B).
f (VA™=DR2yy  (VAm=D/2y) if m is odd
B

We denote the induced norm by || - ||,,; in particular, || - ||y is the L?>(B)-norm. A function u € H{'(B) is
called a weak solution of (1.2) if f(u) € H™™(B) (the dual space of H{'(B)) and (1.2) is satisfied in a
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weak sense, that is
(U, V) = {f(u),v) forall v e Hy(B),

where (-, -) stands for the duality product between H™"(B) and H{(B). In the present article, however,
we will mostly deal with slightly more regular solutions: when f is continuous and u € Hi'(B)NL*(B),
we say that u is a strong solution of (1.2) if

(u,v),, = ff(u)v forallv e Hy(B); 2.1
B

the integral exists since u € L*(B) and f is continuous. By elliptic regularity, any such strong solution
u belongs to Cz’"‘l’“(ﬁ), for some @ € (0, 1), and all partial derivatives of order less than m vanish
on 0B. Moreover, if f is Holder continuous, then u € sz"’(ﬁ) is a classical solution, see [9]. In the
sequel, we always take (at least) f € C(R;R).

Our first (elementary) result is a restatement of [3, Remark (iv)] and gives a different condition for
radial symmetry (but not for radial monotonicity).

Theorem 2.1. Let n > 2 and m > 1. Let A, be the first Dirichlet eigenvalue for (-A)" in B. If

feCM®R;R) satisfies %{:@ <A Vi>s, (2.2)

then there exists at most one strong solution u € Hi'(B) N L*(B) of problem (1.2) which is, moreover,
radially symmetric.

Proof. By contradiction, assume that (1.2) admits two strong solutions u;, u, € Hi'(B) N L*(B). Then
by (2.1) we have both that

(U, V) = ff(ul)v and Uy, V) = ff(ug)v forall v e Hy(B).
B B

Set w = u; — up, subtract these two equations and choose v = w as a test function to obtain

v = [ () = fia)w. 23)
By (2.2) we know that
(f@1(0) = faDw(x) < hwx)®  YxeB,
with strict inequality in a set of positive measure since w # 0 (recall u, # u,). Therefore, (2.3) yields
Wil < Aaliwllg

which contradicts the Poincaré inequality and proves uniqueness.

Once uniqueness is established, it suffices to remark that if u is a nonradial solution of (1.2), then
for any given nontrivial rotation A € S O(n), also the function u4 = u o A is a (different) strong solution
of (1.2), which contradicts the just proved uniqueness statement.

We have so shown that, if (2.2) holds, then there exists at most a unique solution of (1.2) which is
necessarily radially symmetric. This proves the theorem. O
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Theorem 2.1 states that one cannot expect radial monotonicity under the sole assumption (2.2).
Note also that Theorem 2.1 does not require the positivity of the solution and its elementary proof
is based on the invariance properties of polyharmonic operators under rotations, a fact that ensures
uniqueness. Let us recall that symmetry is also ensured if f’(s) < A,, for all s € R (with 4, being the
second Dirichlet eigenvalue for (-A)™ in B, see [6]), and uniqueness is guaranteed if f € C(R,;R) is
sublinear at 0 and +co (see [7]). All this raises a natural question:

Problem 2.2. Is radial symmetry related to uniqueness? Are there examples of multiple radial positive
solutions? Except, of course, when f(u) = A,u!

Some attention also deserves the regularity of f, as this feature is related to the existence of non-
radial solutions. The counterexample in [10, Remark 1] shows that Theorem 1.1 (m = 1) does not hold
if the Lipschitz continuity assumption on f is relaxed to Holder continuity. We extend this example
to the biharmonic equation (m = 2), showing that the monotonicity requirement in (1.5) cannot be
dropped even in an arbitrarily small interval. We only deal with the biharmonic operator since the
amount of computations grows very quickly as m increases.

Theorem 2.3. Let n > 2. For every € > 0 there exists a Holder-continuous function g, : R, — R
such that

g:(0) =0, gsw)>—-¢ VYweR,, g:(e) >0, ge 18 strictly increasing over (&g, ),

and such that the problem
Ay = g-(u) in B

0
u= a—z =0 on 0B,
admits both

- a radial solution (u = u(r)) in C*(B), nonnegative (but not strictly positive) and radially decreasing
(but not strictly radially decreasing): namely, u(ro) = 0 and u’(ry) = 0 for some ry € (0, 1),

- infinitely many nonnegative nontrivial solutions in C*(B) which are not radially symmetric.
Proof. For any p > 4 define the function g : R, — R by
_4
gw) = 4p(p — w2 [4(p = 3)(p - 2) = 4 (n(p - 2) + 2(p — 2*) w'/P

+(P+4(p-2)(p - ) +202p - 3)w?] Vw2 0. .
Then g € C*' 77 ([0, %0); R) N C=((0, o0); R) and
gw)=4(p - 2)(p - Dw™?[4(p = 4)(p - 3) + 4(3(n —4) = 2p” - p(n = 3) + Tp) w'"?
+(n? —6n+8+4p> +4p(n - 3))w"|  Yw>0.

The quantities between brackets in both the expressions of g(w) and g’(w) can be seen as second order
polynomials in the variable w!/?. In particular, there must exist finite numbers M = M(n, p) > 0,
I = Fl(n,p) > 0, I, = Fz(n,p) S (0, r]) such that

— M, p) =mingw),  gw)>0 & w'? > Ty(n,p),  gw)>0 & w'”>Tyn,p). 2.5)
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Two plots of g, for given values of p > 4 and n > 2, are displayed in Figure 1.
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Figure 1. Plot of g on the interval [0, 1] for (p, n) = (4.5, 3) (left) and (p, n) = (4.2, 6) (right).

Since m = 2, the Eq (1.2) in radial coordinates becomes

W0 + 2(n — Du"’(r) N (n— 1)gn -3) o (n— 1)§n -3)
r r r

(r) = w'(r)=gu(r)  Yre1)

(2.6)
W) =u"0)=u(l)=u'(1)=0,

where the conditions #’(0) = u”’(0) = 0 are needed to ensure the smoothness of u in B, see [§]. By
putting u(r) = (1 — r?)?, for r € [0, 1], one sees that such u satisfies u(1) = u’(1) = 0 (fulfilling the
Dirichlet boundary conditions) and also the equation in (2.6), where g(u(r)) is as in (2.4). Hence,

u(x) = (1 = |x»? forxeB

is a C*(B)-positive, radial and strictly radially decreasing solution («'(r) < 0 in (0, 1)) of the problem

ou
u

" or

A’u=gm) in B
=0 on OB.

In order to obtain the statement, we need some rescaling. First we extend u to all R” by setting

rl—uﬁp ifxeB
u(x) = 2.7)
0 if x ¢ B,

so that u € C*(R") is nonnegative and nontrivial (but not strictly positive), radial and radially decreasing
(but not strictly decreasing). We now argue as in [10, p. 220]: take any point x, € R" such that |x| = 3
and consider the function # € C*(R") defined as

(1-|x»” if |x <1
2(x) = u(x) + ulx — x0) = { (1 = |x = xo|>)? if |x—xy <1 (2.8)
0 otherwise,
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which is a nonnegative solution of the problem
A% =g(@)) in Bs
o
i=2=0 on Bs,
or
where Bs € R” is the (open) ball of radius 5 centered at the origin of R”, and g is given by (2.4).
Nevertheless, # is not radially symmetric!
Then we rescale the problem as follows. For u = u(r) as in (2.7) and for some y > 0, define
v(r) = u(Sr)/y for r € [0, 1], so that

1 1
—(1 =25r%)" if 0<r< S
v(r) = .
0 if r>—,
1 r = 5
and v solves
Av=g"(v) in B
625
ov where g"(w) = —g(yw) Yw > 0.
v=—=0 on 0B Y
or
Finally, fix € > 0 and let us construct the function g, in the statement. Choose vy, > 0 such that
1 r r 625M
yo > —max({ly, 625M} — —<—<¢ and <e.
& Yo Yo Yo

Then g, = g satisfies all the assumptions of the statement and the function v is a radial solution,
nonnegative but not strictly positive (since it vanishes in B \ B;/s5), and radially decreasing but not
strictly radially decreasing (since it is constant in B \ B;;5). Moreover, after rescaling the function #
in (2.8), we obtain infinitely many nonnegative nontrivial solutions which are not radially symmetric,
one for each xy and, possibly with multiple bumps. a

The next result shows that the monotonicity assumption in (1.5) is not necessary to obtain the
statement of Theorem 1.2. For n > 2, consider the function
fuw) = 1632 +576(n— 1) +32(n — 1)(n — 3) — [1680 + 672(n — 1) + 48(n — 1)(n — 3)] Yw Yw >0, 2.9

which is strictly decreasing and sign-changing, see Figure 2 below.

fs(w)
4000
3000
2000}
1000f

-1000
-2000¢F

Figure 2. Plot of f, on the interval [0, 2] for n = 5 (right).
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HOWCVCI‘, Wwe can prove

Proposition 2.4. Let f, be as in (2.9). The unique strong solution of the problem

A*u=f,(u) in B

Su (2.10)

M:E:O on 0B,

is given by
u(x) = (1-1x*?*  VxeB,
and, hence, it is positive, radially symmetric and strictly decreasing in the radial variable.
Proof. The function f, defined in (2.9) satisfies the assumption (2.2) so that, by arguing as in the proof
of Theorem 2.1, we infer that (2.10) admits at most one strong solution, which is necessarily radially
symmetric.
In radial coordinates, when m = 2, the Eq (1.2) becomes (2.6). The fact that u(r) = (1 — r*),

for r € [0, 1], is a (radial) solution follows by noticing that u(1) = u’(1) = O (fulfilling the Dirichlet
boundary conditions), and then, by inserting the expressions of u(r) and f,(u(r)) into (2.6). O

3. A reflection property in conformal dimensions

We introduce here the Green function of the polyharmonic operator (—A)™ under Dirichlet boundary
conditions in B ¢ R” and we determine some of its properties. Let us firstly define

0(x,y) = (1= |x)(1 =) Vx,y€B.

Then for x,y € B, with x # y, Boggio [5, p.126] (see also [9, Section 2.6]) gave the following explicit
representation of the Green function:

3("~.‘3+1)1/2 ( 2 l)m—l
G(X,y) — k:lnlx_y|2m—nf Jx=y| ZZTCZZ
! (3.1)
= Sy ypen f R R YT
2T ey T TR AR
where k7' is a positive constant defined by
F(l + g)
k' = , 32
" o na24mY((m - 1)!)? (3-2)
see [9, Lemma 2.27], and H : (0, 00) X [0, ) — R is defined as
L m—1
n s Z
H(s,t) = s"2 —d Vs>0,1>0. 3.3
=t [T vss (3.3)

The following statement is a direct consequence of Boggio’s work [5], elliptic regularity (see [9,
Section 2.5]) and the estimates in [12].
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Proposition 3.1. Let h € L*(B), and let u € H}'(B) be a weak solution of (=A)"u = h in B under
Dirichlet boundary conditions, that is

(U, vy, = fhv forallv € HJ(B). (3.4
B
Then u € C*"1(Q) and it satisfies
Dru(x) = f D‘G(x,y)h(y)dy  VYx€eB, (3.5)
B

where D* stands for any partial derivative of order |k| < 2m. In particular, u is a strong solution and
Du =0 on 6B for |k| <m — 1.

In conformal dimensions n = 2m, the Green function admits a simpler representation. Indeed, the
change of variables & = z4+1 yields

_ ; Zm_l _ ; _ 1 _ - m—1
Heso = [ (Z+1)mdz—f0(1 z_+1) e f (1- £y de
e ~1
L[S e
fore? k=1
s k
( )(1—(”)) Vs>0,t>0.

for every x,y € B we have

d¢

10g(1+ )+mZ:1
=1

Therefore, by setting «,, = k!

2m’

K 6(x, y) v (=D (m -y )
Gy =3 jos(1+ {20 S G- () ) oo

The main result of this section (Theorem 3.2) shows that, in conformal dimensions, the Green
function satisfies an elegant reflection property. For this, given the point x = (x, x") € B with x; > 0,
we define

1 =[x

R, =
2X1

. o= +RLY),  Co={yeB;ly—yl>R.}, (3.7)
and the set
Se={ye R (1= 1P = y0) + xlx =y = 0, (3-8)

which is a sphere with center at y, and radius R, (see the proof of Theorem 3.2 below and also Figure
4). We then denote by P, : R" \ {y,} — R” the inversion in S,, given by the expression

Y= Yx
Hly = il

Finally, the Kelvin transform of a function & : C, — R with respect to S, is defined as

K () = h(Px(y)  VyeCx.

P(y) =y + RS

Vy e R\ {y.}.

Then we prove
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Theorem 3.2. For any x = (x;, x’) € B ¢ R with x; > 0 and any u € H*"(B) N H{'(B) we have

1= |x* Ou ly = y.l* — R? ( 6(x,y)

() =
Km X1 0X) c. lx- P Ix =y + 6(x,y)

) (=A)" [K)(y) = u(y)] dy . (3.9)

Proof. The following identities hold for the function H defined in (3.3): for all 5,7 > 0 we have

H ! t’” 0*H mt"!
——(s,1) = ) —(s,1) = — , )= ——, 3.10
ot (5:1) (t+ s)" os (5:1) st + s)" 058t(s ) (t + s)m+! (3.10)
see also [3]. Moreover, for every x,y € B we have
oG oOH OH
T 60 = Ko [<x1 =305 (=3P, 606.9) = (1 = )= (1 = 5. 6, y))] : (3.11)

We then prove the announced symmetry property, namely that the zero level sets of d,,G(x, -) are
spherical caps. Let us denote the zero level set by

.Exi{yEB; 6—G(x,y):0}.
le

By (3.10) and by (3.11) we have

1 G OH oH
———(x,y) = xi(1 = yP)—(lx = yI*, 0(x,y)) — (x1 — y1)——(lx — y[*, (x, ))
K, OX1 ot ds

60" =) 0(x, y)"
(x—yP+60y)m 0 T = yP(x — P + 6(x, y))"

3 0(x, y)y" !
lx = yPP(x = y* + 6(x, y)"

= x(1 =y (3.12)

(1= IyP) [rilx = 3P + (1 = [xP)Ger = y)] -

Therefore, d,,G(x,y) vanishes if and only if y € B belongs to the set S, defined in (3.8). Then we
notice that y € B N S, if and only if

— | |2 2 ’ 2
(1 =y + (x =y + " =y

1 1
0=—| = xP)x =)+ xilx = 3P| =
X1 X1

= 2R, (x; —y) + (x; —y)* + X = y'F

=R+ x =y + ¥ —yF -R,

= lyx =y - Ry (3.13)
Hence, S, is a sphere with center at y, and radius R, and the set of negativity of d,,G(x,y) is the cap

C, defined in (3.7).
Next, we notice that, by definition of y, and R,, we have

21\ 2
—|X
il ) +XP =+ - xH+R+ X =1+R%.
X1

|yx|2 = (xl +
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Then we compute

PO = 1P =y + ¥ul* = 1P0) = vl + 2(Po(3) = y2) - v + Il

R4 y - y R2 |y _ y |2
= = +2R2 al c Yy + x2:—xR2+2 — Vi) Y« t x2 =
ly — yx|2 Ty = yx|2 y [V ly — yxlz ( x =y y |y Ri
R2 |y _yxlz
= (R =y =3+ iy = 0al + 200 = 3 3+ ) = Il + [yl
|y _yx|2 R)ZC
R ly =yl
= x R _lv— xz Ly = x2 + x2 X
T (R =1y = yul®) + Iy = [yl + 1yl R
R (yl? = Rl -y
— X RZ + 2 _ x2 + X x x
ly — )’x|2 ( X Iyl [yl®) RJZC
R)Zf 2 |y _yx|2 R)zc )
=\ O DT = e e s (b,

This computation has two main consequences. First, that the unit sphere 0B is invariant under the
inversion in S,, that is,

yeoB < P.(y) €0B.

Second, that
2

R
0(x, Pr(y)) = b —xylz 0(x,y) VyeB. (3.14)

We next claim that if C, is the cap defined in (3.7), then B = C, U P.(C,) U L,. To this end, it
suffices to show that

PCy)={yeB;|y—yd <R.}.

Indeed, let y € C,, so that P,(y) € P.(C,) and |y — y,| > R,. By definition of £, we have

RZ
|7)x(y) - yxl = : < Rx,
y =y

|_x|

thus proving that #,(C,) C {y € B ; [y — y.| < R,}. On the other hand, let y € B be such that |[y—y,| < R,.
Since the function %, is bijective, there exists a point y, € R" such that #,(yy) = y. By definition, we

then have )

|y0 - yxl = = > R,,
|y _yxl

implying y, € C,, and subsequently, that y € P,(C,) and {y € B ; [y — y,| < R} C P.(C)).
Since B = C, UP,(C,) U L,, by Proposition 3.1, we have

0 oG oG
L0 = fc 0G V) (=AY u(y) dy + f 9G¥ (=AY u(y) dy

. 01 Pocy) 0X1

oG R, \" oG
= f — (A u(y) dy + f ( ) — (6, P ON(=A)"u)(P(y)) dy
C, dx; e \[y =yl ox;

4G R. \" oG
= f — (X, (A" u(y) dy + f ( ) —(x, P O(=A)"u)(P(y)) dy,
c. 0x1 c \ly=yd)  0x;
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where we used that the Jacobian matrix #’, satisfies

R 2n
|det(P,()| = (m) VyeB.

In view of (3.12) and (3.13) we can write

1 1-x0G v — yI* - R)ZC 0(x,y) "
_ —(x,y) = YyeB, 3.15
PR ok e e VS W P y G-15)
so that 2
1 1—|x|]" ou
-— — @) =Li(x) + L(x), (3.16)
Ky X1 Ox
where
lye — yI* — R? ( o(x,y) )’"
Li(x) = f (=A)"u(y) dy,
= TR et TR

umafmfﬂmWW% 6x, P(7) Y(&
? . =P.0F \0xP.)+Ix-P.0E) \ly -

To compute I,(x), we first notice that

4m
) (A" w(P(y) dy .

2 2 Ri 2 RJZC 2 2
e =PI -R=——= R =- sy = YT =R) <0 Yy eCy, (3.17)
[y =yl [y =yl

whereas, for every y € B we have

e = PP = 1x =y +2(x = 3.0 - G = PO + Iy = PO

, ., 2R p
zlx_yxl + z(x_yx)'(yx_y)+ )
[y =Vl ly = ¥l
R (o= (3.18)
=5 _y|2(y R2y Ix—yxlz+2(x—yx)-(yx—y)+R§)

2 2
(lye = y2 +2(x = 30 - Qe =) + [x = y,2) = —

x =y

vy — yP vy — yP?

After plugging (3.14), (3.17) and (3.18) into I,(x) we get

Iy—yxlz—Ri( 6(x,y) )m( R,

L(x)=—-
’ e, =P \x—yP+oxy) \ly=nd

4m
) ((=A)"u)(P+(y)dy

and, after recalling (3.16), we deduce

w—wF—@( 0(x, y) y[ (Rx)“
B —A))"u(y) - —AY" )P | dy .
C. |x — y|2 lx — y|2 +6(x,y) ( }) u(y) |y — yx| (( )) u)( (y)) 'y
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A direct computation (see [13, Proposition 7.3]) shows that

Rx 4m
(=A))" K (u)(y) = (Iy e I) (=A)"W)(P(y)  Vyely,

(3.19)
which concludes the proof after changing the sign

O

Problem 3.3. It is not clear how to derive an expression similar to (3.9) in non-conformal dimensions
n > 2, n # 2m. This can be seen after computing

0H m iy §omd "
Bsp=(n-L)g 4 [ gre— T vgs0,120,
g5 50 (" 2)S fo c+ 1y~ 5z

s(t + s)n/?

so that the determination of the level sets of 0,,G(x, -) as in (3.12) becomes a delicate task. Is it possible
to obtain a representation formula similar to (3.9) in any dimension n > 2?

Clearly, a representation formula similar to (3.9) holds for any other directional derivative of u.
Note that (3.7) may be rewritten as y, = x + (R,, 0), which implies that y, is an “horizontal translation

of x € B. Moreover, R, — 0 if x — dB while R, — +oo if x; — 0: the limit of the map x — R, does
not exist when x approaches the equator 0B N {x;

0}. The level surfaces of x — R, are spheres
Ri=ke(0,00) = (x;+k)’+xXP=1+k.

The center of the level-surface sphere is then (x1, x") = (—k,0) and its radius is V1 + k2. For a fixed
k > 0, when x runs over the level surface R, = k, the corresponding y,, defined by (3.7), runs over a
portion of the sphere centered in the origin with the same radius V1 + k2, see Figure 3

Ed

\ Yz

:1.'\ N\

R, =

R, =+ \
i N

R, —

z/ ,

'.}-r

-1

o’

Figure 3. Value of R,, positions of x and y,, see (3.7). In blue: the level surface R, = k > 0

Note also that C,, the domain of negativity of d,,G(x,y), is the intersection between two balls. In
Figure 4 we sketch the mutual position of the sphere S, and the ball B. In particular, we emphasize

Mathematics in Engineering
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that

> 1 VxeB (x;>0)

1— 232 1 — kP22
le) +|x,|2:1+( |x*)
X1

4x?

1
which, again, tells us that y, is exterior to B and it approaches 0B as x approaches 9B, while it goes to
infinity if x approaches the plane x; = 0.

|yx|2 = (xl +

I

-l
Figure 4. Representation of the sphere S, for different positions of x € B.

Theorem 3.2 has several relevant consequences. Firstly, we deduce

Corollary 3.4. Let m > 1. For every x € B C R*" such that x, > 0, the following identities hold

1 Qm-1)! —y 2 - R? 0(x, " R, \™
(1 -y = L @m= DUy y'2~% 30, ) P—( )l@u (3.20)
o (m—D! Je,  Ix—Yl |x = yI* + 6(x, y) ly = yxl
—1)! —y 2 - R -2\ R, \"
Kmiﬂﬁm ) :j“w ylz,% 2M ) P_( )l@_ (3.21)
Cm-D! Jo,  Ix—)l lx = yI* + 6(x, y) ly = yul
Proof. We start by noticing that
AP = 2mQ2m + n - 2)r*"" 2, AP = 2mQ2m - 2)2m + n —2)2m + n — 4)r*"

AP™ = 2m(2m — 2)2m — 4)(2m + n —2)2m + n - 4)2m +n - 6)r’"°,
where n = 2m. By induction we then obtain

Cm+n-2)!1 2m)!! (4m = 2)!!

TEDT " 2m -2l =2"em).

A" = (2m)!!

Consider the polyharmonic version of the original problem (1.1) proposed by Serrin:

{ (—AY"u = 1 inB
ou " u (3.22)
M—E—"—W—O on 0B.

Mathematics in Engineering Volume 4, Issue 5, 1-24.
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A direct application of the binomial expansion yields

(_A)m(l _ rl)m — (_A)m [Z (I]/l:)(_l)krlk] — Amr2m — 22m—1(2m)! ,

k=0

that is
(1—=r>)"

(—A)mUm(r) =1 with Um(r) = W

Vr e [0,1]. (3.23)

Since U,, satisfies the Dirichlet boundary conditions in (3.22),, it is a strong C*=(B)-solution of (3.22).
Applying identity (3.9) to the function U,, and recalling (3.2) (with n = 2m), we derive equality (3.20).
The identity (3.21) is a straightforward consequence of (3.20), after replacing 6(x, y). a

It is remarkable that the right hand side of (3.21) does not depend on x € B. As a further
consequence of Theorem 3.2, we give an alternative formula to compute the partial derivatives of the
solutions of (1.2), which should be compared with Proposition 3.1.

Corollary 3.5. Let B C R*" be the unit ball. Suppose that f € C(R;R) and that u € Hi(B) N L>(B) is
a strong solution of (1.2). Then, for every x € B such that x; > 0, the following formula holds:

x> =1 6u f ly—y.l* - R [ 0(x,y) r { ( R, )4"1 }
o, T - P.())|dy. (3.24
o T ) TR Ry | [T (pog) S omjdy. G249

Formula (3.24) follows directly from (3.9)—(3.19) and suggests the problem:

Problem 3.6. Since the moving plane procedure developed in [3, Section 3] requires that
Oou '
6_(X)<O forall x € B with x; >0,
X1

is it possible to use (3.24) to prove this inequality and to relax assumption (1.5), but still ensuring the
statement of Theorem 1.27?

In connection with Problem 3.6 we notice that, by looking at (3.24), it is clear that the overall sign
of the integral over C, is determined by the behavior of the quantity

Rx 4m
D.(y) = f(u(y) - (Iy - I) Jw®(y))  VYyeCk.

Fixing x € B such that x; > 0 and u € H'(B), notice that ®,(y) = 0 for all y € dC, N B, while for
y € 0C, N JB (so that P.(y) € dB) we have that ®,(y) = 0 if f(0) = 0, and ®,(y) > 0if f(0) > 0.

Under suitable assumptions on the source f, in the next result we give an upper bound for the partial
derivative of u (recall that |x| < 1!), which shows that d,,u(x) < O for all x € B located far away from
0B, with x; > € for some & > 0, see Figure 5 for a schematic representation. Therefore, in order to
solve Problem 3.6, one should mainly focus the attention on the complement of this region.

Mathematics in Engineering Volume 4, Issue 5, 1-24.
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-2’

Figure 5. In gray: subset of B in which the strict negativity of d,, u(x) holds.

To this end, we define

1 . A" V]|~
_ = 71nf —() s
I ecn®nmr@no VI

and we state:

Proposition 3.7. Assume that f € W'°(R,;R,) satisfies
fls)y>=M Vs >0, forsome M >0, (3.25)

and let u € H(B) N L™ (B) be a strong solution of (1.2). For any point x = (x1,x’) € B with x; > 0 we

have
x> =1 du

—(x) = (M = 21| f ol f s ey) K1 = 215"
Kn X1 OX

, 1 - |xP R, \" oG
= 21 fllee @l M=) f (—) —x,P(y)dy,
(o

K X1 ly =) Ox

where K,, > 0 is defined in (3.21).

Proof. In view of Corollary 3.4, by the Maximum Principle and assumption (3.25), any strong solution
u € H(B) N L*(B) of (1.2) satisfies

M 2\m
M(X)Zzzm_l—(zn/l)!(l—bd ) VxeB.
By embedding theorems and elliptic regularity we also have that

IVullLo@) < Tllflle.) -

Then, by the Mean Value Theorem, we obtain the inequality
u(Px(») = u)| < Tl flleo@pPO) =y Yy eCs.

Mathematics in Engineering Volume 4, Issue 5, 1-24.
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From this we deduce that

lf @@®())) = fuO)] < T ll=@ollf Ne=@o) 1P0) =y Yy ey,
thus yielding

S@@® ) < f@®) + Nflles@ollf @) P0) =yl VyeC,
and, by using (3.25), we finally obtain

Rx 4m Rx 4m
fu(y)) - ( ) fw®P()) = |1 - ( ) l M
[y — wql ly = ¥l

4m
R, ,
_ (|y S |) Pl e [PA) — ¥

By inserting this bound within (3.24), we get

2 _
=10 s ) - b, (3.26)
Kn X1 OX]

where

ly = yul? - R2 [ 0(x, y) ]’“ [ ( R, )*”l
L(x)=M f 1- d
1 o —yE  |x—yE+ey) -yl |“

2-R? [ 0(x,y) ]m ( R,
v llx=yP+0x,y)] \ly—y.

. , [y = ¥ o
L(x) =T fllzo@ollf Nzow,) f x | 1P (y) — yldy.
Cy -

From Corollary 3.4 we infer that
(%) = MK, (1 — |x>)™. (3.27)

In order to bound 7,(x), we notice that

R,
P.(y) =y <2 and <1 VyecC,.
|y_yx|

Hence,

, ly — yi* - R2 6(x,y) "
() < 2Tl e f y dy. (3.28)

c. lx=yP  [lx—)P+0(xy)
From (3.15) and Proposition 3.1, and by proceeding as in the proof of Corollary 3.4, we obtain

ly — yil* — R? 6(x,y) " 11-1x? [ 0G
2 2 dy = —— _(-x’ )’) dy
c. Ilx=)l [x = yI* + 6(x,y) c. 0x

11— |xf oG oG
=-— (f —(x,y)dy—f —(x,y)dy)
Km X1 B 0)61 PUCy) aXI

_ ) 4m
1ok l (=) - [ (] a—Gu,ﬂ(y))dyl
Cx

Km X1

Km X1 [27"1(2m)! Ox, ly=yd/) 0x
R R, \" G
= K, (1 — [x)" + f ( ) —(x, P.(y)) dy.
Km X1 Jo, [y — yul 0x;
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After plugging this into (3.28) we deduce that

1 — | R, \" oG
L(x) < 2F||f||L°°(R+)||f,”L°°(R+) K, (1 - |X|2)m + 1 f ( ) —(x, P}C(.Y)) d)’ . (3.29)
Km X1 Jc, [y = il ox;

The conclusion is reached after inserting (3.27) and (3.29) into (3.26). O

Proposition 3.7 suggests that the radial symmetry and monotonicity of the solutions of (1.2) can be
ensured if ||f’|[z~,) is small. This assumption is not needed if m = 1 (see Theorem 1.1), while for
m > 2, the required condition is that f’ be nonnegative (see Theorem 1.2). Therefore, one is led to
analyze the cases where the negative part of f” is small, that s, [|(f”)_||.~,) small. This issue is tackled
numerically in the next section, for the biharmonic equation in B ¢ R*.

4. On a counterexample by Guido Sweers

As a direct consequence of the Hopf-type lemma by Grunau-Sweers [11, Theorem 3.2] we obtain

Proposition 4.1. Assume that f € W' (R;R.,) satisfies (3.25), and let u € Hi'(B)NL*(B) be a strong
solution of (1.2). Then, there exists ys > 0 such that

x-Vulx) <0 forall x € B such that y; < |x| < 1.

Guido Sweers [16] provided an explicit example of a non-decreasing radial solution of a linear
biharmonic problem in B ¢ R? (equation (1.2) with m = 2). In this section we take advantage of his
example and give numerical evidence to claim that Proposition 4.1 might be complemented with the
statement that y; can be made arbitrarily small (possibly zero) provided that ||(f)_||z~(,) 1s sufficiently
small.

Consider the following radial function defined in R* (the conformal dimension for the biharmonic
operator):

(>

v(x) = Z a1 = i C1 e Vx e R
£ L4 242 (2 +2)1(2k + 1) ’

whose plot in the interval [-10, 10] is displayed in Figure 6 below.

v(r)

-10 -5 5 10

Figure 6. Plot of v in the interval [-10, 10].
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Since m = 2 and n = 4, the biharmonic operator in radial coordinates becomes

6 3 3
Ny(r) = () + ;l//"'(r) + ﬁ@l/"(r) - ﬁlﬂ'(r) Vre (0, 1).

After noticing that
1

T4k + 2)k + D2k +3)2 &

VkeN,

A+l =
one readily sees that
A*v=—-v in R*.

Let ryp = 9.2218 be the first nonzero local minimum of v; numerically, we find that v(ry) ~ —14.8388.
Then define the function
u(r) = v(rgr) — v(rg) Vre|0,1], “4.1)

which is radially symmetric and strictly positive in [0, 1), but not decreasing, in the interval [0, 1]; see
the left picture in Figure 7 below.

02 0.4 06 08 10 " 0.2 0.4 06 038 10 "

Figure 7. Left: graph of u# in (4.1). Right: graph of the numerical solution of (4.2), fory = 1.
By defining
Jfw) =rg(verol =w)  Yw >0,

we observe that f"(w) = —rg < 0, so that f is decreasing and (2.2) is satisfied. By Theorem 2.1 we then
know that there exists at most one strong solution of the following problem:

A’u=f(u) in B

u:%zo on OB.

The solution is radially symmetric and a simple computation shows that it coincides with u defined in
(4.1). Note that u(0) = |v(rp)| and u(0.5) > 16.5 > |v(ry)|, so that f(u) is sign-changing in [0, 1].
We now modify f in order to reduce ||(f*)_||.~,). We take

Syw) = rg(v(ro)l = yw) Yw >0,
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being v > 0 a variable parameter. Then we consider the problem

AU = f,(U) in B
oU 4.2)
U=—=0 on 0B,
or
and prove the following result:

Proposition 4.2. For every y > 0, the unique strong solution U, € HS(B) N L*(B) of (4.2) (which is
radially symmetric) is analytic and can be written as

Uy(r) = DA™ = Ag) + AP + A)r* + Ao + .. ¥re 0,1, (4.3)
k=0

for some coefficients {A(Y)ken C R that satisfy the following properties:

Ao(y) = ) (k= DA, Aiy) == ) k&),
= =
4 4
rO )/I”O
Ax(y) = 19—2(|V(”0)| —yAo(y)), Aly) = —mAk—z(V) Yk >3.

Moreover, there exists yo > 0 such that, for every y € (0,7y), the function U, is positive in [0, 1) and
strictly decreasing in the radial variable.

Proof. For every v > 0 we notice that the condition (2.2) is satisfied. Then, Theorem 2.1 guarantees
the existence of at most one strong solution U, € HS(B) N L*(B) to problem (4.2) which is, moreover,
radially symmetric and analytic in B. Problem (4.2) in radial coordinates reads:

6 3 3
UP(r) + —UY () + 3 UY(n) = S UL () = rs (o)l = yUy(r)  Vre(0.1) wa)

U,()=U,(1)=0.

Upon substitution of (4.3) into (4.4); we obtain

1924,(7) + 16 ) AR = Dt = r(v(ro)l = yAo) = y73 ) Acan)™ ™ ¥re 0,1),
k=3 k=3

which yields the identities

4 4
) = T (MO =AM = e A k23 (45)

Moreover, the boundary conditions in (4.4), imply that
DA =0, Y kA =0 = Ay) = - D kAy), Ay) = ) (k= DA).
=0 k=1 k=2 =2
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In connection with (3.23) we define

rolv(ro)l
64
By Corollary (3.4) and by continuous dependence, we have that

U,— U, in C’B) as y > 0";

U.(r) = oo(1 = ?)* = (1 -r%)? Yr e [0,1].

in fact, the convergence holds in a stronger norm. Notice that
U/0)=-40(<0, U/(1) =80y >0.
Thus, by uniform convergence of Uy and vy, there exist 6y € (0, 1) and yy > 0 such that:
Uj(r) < =200 if r€[0,d], Uj(r) 240 if re[l-dp,1], Yy € (0,v0).
Since U,0)=U,(1)=0 for every v > 0, this implies that
U,(r) < —200r <0 if 1€ (0,00, U,(r) <4oo(r—1) <0 if re[1-6p, 1), Yy € (0, y0).

Moreover, by uniform convergence of U/, there exists y; > 0 such that U;(r) <0ifr € [6g,1 - 6p], for
every y € (0,7y;). Therefore U; < 01in (0, 1) whenever y < min{yy, y;}, which also implies that U, is
strictly positive in [0, 1), since U, (1) = 0. O

In fact, the function U, is also unique within the class of weak solutions. Proposition 4.2 does
not come unexpected, since the solution of (4.4) is closely related to a Bessel function, see [16].
Therefore, the number of critical points of U, is increasing with respect to y and becomes arbitrarily
large as y — oo, whereas there are no critical points for any sufficiently small y. By taking y = 1, we
numerically obtain the solution displayed in the right picture of Figure 7, which represents the function
uin (4.1). Several numerical simulations were performed in order to yield a radially decreasing solution
of problem (4.2). The obtained results may be summarized as follows:

e if y < 0.317, then the associated solution U, of (4.2) is radially symmetric and strictly decreasing
in the radial variable in the interval [0, 1] (and therefore, positive), see Figure 8;

e if y > 0.318, then the associated solution U, of (4.2) is radially symmetric but not strictly
decreasing in the interval [0, 1], see Figure 9.

Uy () Uy ()

60
57.0011 50
57.0011 40

30
57.0011

20
57.0011

10
57.0011

0.002 0.004 0.006 0.008 00t0" 0.2 0.4 06 0.8 10 "

Figure 8. Plots of U, in the intervals [0, 0.01] and [0, 1], for y = 0.317.
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Uy(r) Uy ()

56.7955

56.7954

56.7954

56.7953

0.01 0.02 0.03 0.04 0.05 r 0.2 0.4 0.6 0.8 1.0

Figure 9. Plots of U, in the intervals [0, 0.05] and [0, 1], for y = 0.318.

We numerically determined the position of the maximum point r, € [0, 1] of U, as a function of
y € [0, 1], see the Table and Figure below. From these data we deduce that the map y € [0,1] = r, is
increasing (but not continuous!), giving thus consistency to the discussion following Proposition 4.1.
Finally, in connection with the condition (3.25) given in Propositions 3.7 and 4.1, we observe that, for
the unique radial solution U, € H;(B) of problem (4.2), the following inequality holds:

FUyr) 215 [|V("0)| ~y max |Uy(t)|] Vre[0,1].
From the Table and Figure displayed below we further deduce that
FULO) 2 75 (Wro)l = yU0))  ¥re[0,1], Yy €[0,0.317]; (4.6)

recall that U, is nonnegative in [0, 1] for every y € [0,0.317]. Numerical experiments yield the value
of v = 0.057 as a threshold for ensuring the positivity of the right-hand side of (4.6), in the sense that

Jo.057(Up.057(r)) > 0.014 and Jo.0s8(Up.0s8(r)) = —0.092 Yre[0,1].

Value of y | Maximum point r,
<0.317 0
0.318 0.029 r,
0.32 0.052 05t
0.35 0.167 Lo
0.4 025 .
0.45 0.301 0.4} e
0.5 0.338 o
0.55 0.366 0.31 °
0.6 0.389 .
0.65 0.408 0.2}
0.7 0.424 °
0.75 0.438 o1l .
0.8 0.451 o
0.85 0.462 L , , ,
0.9 0.471 0.2 0.4 06 08 10V
0.95 0.481
1 0.489

Position of the maximum point r, € [0, 1] of U, as a function of y € [0, 1].
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