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Abstract. We compute the red and blue shifts for astrophysical and cosmological sources. In particular, we
consider low, intermediate and high gravitational energy domains. Thereby, we handle the binary system
Earth - Mars as low energy landscape whereas white dwarfs and neutron stars as higher energy sources.
To this end, we take into account a spherical Schwarzschild - de Sitter spacetime and an axially symmetric
Zipoy - Voorhees metric to model all the aforementioned systems. Feasible outcomes come from modelling
neutron stars and white dwarfs with the Zipoy - Voorhees metric, where quadrupole effects are relevant,
and framing solar system objects using a Schwarzschild - de Sitter spacetime. In the first case, large ¢
parameters seem to be favorite, leading to acceptable bounds mainly for neutron stars. In the second
case, we demonstrate incompatible red and blue shifts with respect to lunar and satellite laser ranging
expectations, once the cosmological constant is taken to Planck satellite’s best fit. To heal this issue, we
suggest coarse-grained experimental setups and propose Phobos for working out satellite laser ranging in
order to get more suitable red and blue shift intervals, possibly more compatible than current experimental
bounds. Implications to cosmological tensions are also debated.

PACS. 04.20.-q Red and blue shifts. Spherical and axially - symmetric spacetimes. Compact objects.

Cosmological constant. — 04.80.Cc Laser Ranging.

1 Introduction

Reconciling low with high gravitational energy scales re-
mains a subtle issue that is so far not fully-explored by
merely looking at current astrophysical data [I]. Thereby,
probing general relativity at both short and large distances
with arbitrary accuracy is seemly for guaranteeing the va-
lidity of general relativity at different energy scales [2/3].
For instance, at primordial times the increase of gravi-
tational energy could break down general relativity pre-
dictability, requiring the existence of quantum gravity [4]
BLi6]. No conclusive approaches to quantum gravity exist,
challenging the standard puzzle of unifying fundamental
forces into a single scheme [7[RI[GT0]. On the other hand,
at infrared energy domains unknown ingredients, namely
dark energy and dark matter, dominate over the other
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species, possibly suggesting Einstein’s gravity extensionsﬂ
[T213l[14]. Again, this poses new unexpected caveats jeop-
ardizing Einstein’s gravity, likely requiring new physics
behind general relativity. These two energy domains are
somewhat not fully-matched to each other and as a possi-
ble signature of such a problem could be attributed to the
recently-stressed convoluted cosmic tensions [IBL[16]. Cer-
tainly, the fact that measurements are poorly constrained
due to the small number of data points severely limits our
matching [T7/I819). Though data catalogs are not large
enough, constraining Einstein’s gravity at different scales
may culminate in groundbreaking discoveries and so sev-
eral examples can be used to combine small and high red
shift measures [202T122123]. In this respect, as a possi-
ble example of technique that could be used for both low
and high energy domains, we face the red and blue shift,
based on local position invariance and precision test, along
which red and blue shift measures between two identical

! For instance, the Planck satellite has not excluded
Starobinsky’s inflation, built up in terms of a second order
curvature correction to Hilbert-Einstein’s action [IT].
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clocks, regardless the clock structures, plays a crucial role
in bounding how time intervals change in presence of grav-
ity [24]. In this work, we consider the red and blue shift
in three distinct contexts of low, intermediate and high
gravity. Thereby, we employ a Schwarzschild - de Sitter
solution, with its effective cosmological constant, and an
axially symmetric Zipoy - Voorhees metric, where we con-
strain the prolate term, J, that enters the metric itself as
signature of spherical symmetry departure. We get feasi-
ble spacetime free parameter constraints from suitable red
and blue shift regimes and check the intervals of values
these parameters may hold within astrophysical frame-
works. To do so, we first assume Schwarzschild - de Sitter
spacetime, with A bound got from Planck mission [I1], for
neutron stars first (high gravity), then for white dwarfs
(intermediate gravity) and finally for the Earth - Mars
system (low gravity). As expected, the overall treatment
provides red and blue shift incompatible values with those
predicted by ongoing experiments in the solar system, but
leads to slight acceptable bounds as neutron stars and
white dwarfs are used as benchmarks. In analogy, we build
up the same procedure for the Zipoy - Voorhees metric.
Here, we check possible evidence for quadrupole correc-
tions on the same astrophysical objects discussed for the
Schwarzschild - de Sitter spacetime. Last but not least, we
propose novel experimental setups to improve the quality
of our outcomes. In addition, we propose the binary sys-
tem Mars - Phobos, for working out satellite laser rang-
ing to fix refined red and blue shift constraints. Summing
up, we demonstrate the incompatibility between red and
blue shifts at astrophysical level. However, we presume our
technique to be used at a cosmological level to get exper-
imental bounds and then to compare the corresponding
expectations with respect to those measures that cause
tensions in cosmology.

The paper is structured as follows. In Sec. [2] we describe
the main features of our method, i.e. showing how red
and blue shift are characterized. In Sec. [3| we relate our
two spacetimes with the red and blue shifts. Thus, in Sec.

[gtt(ut)Q + grr(“r>2 + ng(u@)z

Similarly, we indicate with k* = (k*, k", k%, k%) the four-
velocity of the photon, albeit normalization condition is
now

Kk, =0, (4)

to explicitly give
gtt(kt)Q + grr(kT)Q + ng(kw)z +
+g99(k9)2 + gtwktk@ =0. (5)

Metric components are independent from the variables ¢
and ¢, therefore there are two commuting Killing vector

2 From now on, to simplify the notation, we will denote these
two positions with 7,, where the subscript p can be e or d
depending on whether it refers to the emitter or the detector
respectively.

[ we discuss our numerical results and new experimental
configurations then, in Sec. [5] we develop conclusions and
perspectives of our work.

2 The photon red and blue shift

Red and blue shift represent a tool that measures the
frequency modifications measured in the exchange of a
photon between two observers. This technique does not
involve the field equations but only the spacetime sym-
metries. In this section, we therefore analyze the general
method used to determine the red and blue shift, assuming
an emitted photon from a massive object, e.g. a planet, a
star, a wormhole, and so forth and received by a distant
observer. We first highlight the red and blue shift gen-
eral treatment in a rotating frame. Then, we work out the
same for a static configuration and we focus on how to use

the underlying strategy for astrophysical objects.
2.1 General treatment

Here we follow the mathematical procedure described in
[25l26] and start with the simplest metric describing a
rotating axially symmetric spacetime (in spherical coordi-
nates)

ds?® = gudt* + 2g1,dtde + gw,dcp2 + grrdr? + ggodb?, (1)

where g,, = g,.(r,6), in the gauge g9 = 0. Let us now
indicate with . and r4 the photon’s emitter and photon’s
detector positions, respectivel and so uly = (u;, Uy, uf,, (04
is the four-velocity of the photon’s emitter (when p = e)
or of the photon’s detector (when p = d). Since the above
relation refers to a massive object, the following normal-

ization condition holds

ubup = —1, (2)
which explicitly reads
+ 900 (u’)? + grpu'u?] ’r:rp =-1. (3)

fields, respectively time-like and rotational ones as follow

& = (1,0,0,0),
Y =(0,0,0,1).

(6)
(7)

These two Killing fields imply the existence of two con-
served quantities for the massive particle

(8)
(9)

E = 7gul/§“uy = 7gttut - gtwuwa
L = guytu’ = gppu? + grpu'

that are the total energy, F, and angular momentum, L.
We now evaluate u? and u? in function of the energy, E,

)



Roberto Giambo et al.: Red and blue shift in spherical and axisymmetric spacetimes and astrophysical constraints 3

and angular momentum, L, from Egs. and @D, to give
Egi, + Lgi
92— Gopr
t _ Egop + Lgty
9ip = Gpolit |

u¥ =

(10)

(1)

E2gtptp + L2gtt + 2EL9t<p

and plugging the above expressions into Eq. , we get:

=0.

grr(ur)2 + 909(u9)2 +1-

Even though the four-vector components for velocity and
momentum do not vanish, rotating the polar coordinate
system, the metric, Eq. , does not change. Hence, this
intrinsic symmetry implies that we can limit to the equa-
torial plane, where § = 7/2, leading to u® = k% = 0.

Further, since we hereafter on circular orbits only, we
even require u” = 0, providing Eq. becomes

1 E?g,p + L2gu + 2Eng] _0 (13)
2 — Y
Gt — GoeJit r=rp
that reduces to
Veff(T‘p) =0. (14)

The former is the energy conservation law, clearly valid
for circular orbits. In addition, these orbits require [27,28]

Véa(rp) =0, (15)

clléf(rp) Z 07

guaranteeing orbit stability [28] and the existence of the
potential minimu

Analogously, the two Killing fields, Egs. @ and , imply
the existence of two conserved quantities for the photon,
the total energy F, and the angular momentum L.

(16)

Ey = —gu 'k = *gttkt — g1pk?,
L,= g/u/‘/)uky = gcpgok/’w + gtapkt-

2.2 Evaluating the red and blue shift

Now we have all the ingredients to determine the red and
blue shift of the emitted photon. Thus, the photon fre-
quency at given point p is defined as [29]

wp = — (kuut) [p. (19)

Since we consider timelike orbits that are both circular and
equatorial, depending on whether we use Egs. —@D or
Egs. —, we can rewrite wy, in two ways, respectively:

wp = (Ekt — Lk‘P) lps

wp = (Byu' — Lou?) [p.

3 For the sake of completeness, the equality only holds for
spherical symmetry.

(12)

gt2ga — GopJtt ]

T=Tp

In particular, the frequency of the photon at the emission
point is
we = — (kuu") |e =
= (EK' — Lk?) |. =
= (Byu' = Lyu?) |,

(22)

whereas the frequency of the photon at the detection point
is

wg = — (kyu')la =
= (BK' — Lk?) |4 =
= (Evut — Lvu‘p) |d-

(23)

Thus, we define the frequency shift associated with the
emission and detection of photons as

l1+z=—

We _ (E’yut — L,YULP) |€
|

wi  (Eyut — Lou®) g
(ut — bu®) |,
=W Tl 24
(ut — bu®)|q’ (24)
herdd]
o b= o (25)
=5

It will also be convenient to introduce the red shift z,.

corresponding to a photon emitted by a particle located

at the center observed by a faraway detector, i.e. b = 0:
U

Z2e = —¢ — 1, (26)
(& ’U/fi
since astronomical data are generally collected in terms of
the kinematic red shift, defined as
t P _ atsp b
SR L Sl SL
ul(up — bu?)q
t2q — uf)b
- 7(“; a—ue)b (27)
Ud(l — de)

where the angular velocity of a detector located far away
from the photons source

.Qd = — (28)

* Let us observe here that b is the same both at the nu-
merator and the denominator of (24)), since F, and L. are
determined by the same photon path.
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has been introduced as well. Of course, b varies with the
photon path. Then a value of b as a function of the circular
orbit of the emitting source (i.e., as a function of r) must
be determined, in such a way that its absolute value rep-
resents the observed radial distance on either side of the
observed center (b = 0) by a faraway observer. The idea
is that frequency shifts yielding maximum and minimum
values correspond to photons emitted with initial veloci-
ties collinear to the source velocity [30]. This amounts to
require k" = k% = 0 at p = e, and therefore these photons

paths, recalling , 7 are such that
- Evké + LykE = (kb kH)e =0, (29)

that gives, using , two possible solutions for the so
called apparent impact parameter b:

Gro T[98, — GooGit
by ? : (30)

B it

depending on whether the photon is emitted by a receding,
b_, or an approaching, b, object with respect to a distant
observer. Hence, the b_ and b, solutions are related to the
red shift and the blue shift once we substitute them in Eq.

, respectively

ul —b_uf
Red shift 2,6 = ———5— — 1, 31
ed shift z,eq (1= b_020) (31)
t 71) ©
Blue shift zpjpe = —b e 1. (32)

ug (1= b102q)

Finally, given b4 and b_, from Eq. 7 we get two pos-
sible zg;, values, namely z; and zo

(ub 24 — uf)b_
’U,fi(l — de,) ’

zZ1 = (33)
(w2 — uf)by

UZ(]. — de+) ’
that correspond to the cases in which the photon is emit-
ted by a receding or an approaching source, respectivelyﬂ

zZ9 = (34)

2.3 Non rotating spacetime

As special case, we limit to non rotating spacetimes, i.e.
the ones for which g, = 0. This will be the case of
Schwarzschild - de Sitter and Zipoy - Voorhees metrics
that we analyze in the next sections. Thus, Eq. simply
reduces to

ds® = gudt® + gwpdch + grrdr? + ggodb?, (37)

5 Tt is remarkable to underline the relation between zpeq, Or
Zblue, and zkin. In particular, from Eq. , it reads

Zred = (Zkzn + ZC)lb:b_ ’

Zblue = (Zkzn + ZC)lb:b+ :

with gauge condition, g.¢ = 0. Clearly, all the previous
equations before determined are accordingly simplified and
so the conserved quantities associated to the massive par-
ticles (observes) now become

E = —gttut, (38)
L = gypu?, (39)
and so the velocities are vt = —£ u¥ = L while the

o E’ Jop’
equation Veg(r,) = 0 for the effective potential becomes

1+ = 0.

E? L?

JpeJit

r=ry

Similarly, the conserved quantities associated to the pho-
ton are

By = —guk', (41)
Ly = gppk?, (42)
from which k! = —%, kY = gL—V, so that the apparent
impact parameter finally reads
by =,/ 222 (43)
Gt

The functional forms of z; and z, are identical to Eqgs.
(103) and since assuming g¢, = 0 modifies only the
apparent impact parameters rather than zp;,. We here
observe that by = —b_, implying 27 = —zy. With the
above recipe in our hand we are now in condition to handle
spacetime symmetries to model astrophysical landscapes.
We therefore report below the two metrics involved in our
computation.

3 Spacetime solutions

Our purpose is to assess astrophysical frameworks by means
of given spacetimes. Thereby, we first handle the simplest
axisymmetric spacetime based on the Zipoy - Voorhees
metric. We aim at modelling astrophysical objects, such as
neutron stars and white dwarfs by means of such a metric.
Afterwards, we switch to the spherical symmetry based on
the Schwarzschild - de Sitter metric. In such a case, dif-
ferently of the astrophysical case, we intend to work out
cosmological scenarios and to compute red and blue shifts
by fixing the cosmological constant from Planck’s mea-
surements [I1]. Clearly, these two regimes, based on two
different spacetime symmetries, are profoundly different
from each other and, as above stated, we are therefore
considering two distinct energy domains. The first is a
regime of high gravity, since it deals with neutron stars
and white dwarfs. The second is purely cosmological, in-
volving infrared scales of energy. Below we first summarize
each metric formalism and then we argue bounds over the
free coefficients.



Roberto Giambo et al.: Red and blue shift in spherical and axisymmetric spacetimes and astrophysical constraints

3.1 The Zipoy - Voorhees metric

The strategy of getting red and blue shift is here applied to
the Zipoy - Voorhees metric [31]. The metric, in spherical
coordinates, reads

1
ds®> = —Fdt® + a (Gdr® + HdO? + (r® — 2kr) sin® 0dp?]

(44)
where
2k\°
(%) “
2
r2 — 2kr o=t

G = : 46
<r2—2kr+kzsin20> (46)

2

2 o)’
H= (2 = 2k7) (47)

. 521"
(r2 — 2kr + k2 sin? 9) !
Here, ¢ is a free parameter which can vary into three pos-
sible ranges

— 0 > 1: tidal forces diverge at the singularity, particles
are crushed;

- % < § < 1: the singularity is mild, i.e. particles reach
it with zero velocity;

(1= 28) 7" [20kr B2(r — 2k) + 202(0k + k — 1) (1 - 2)* |

5

- 0< %: the singularity is repulsive, particles are ejected.

It is remarkable to notice the limiting case § — 1 provides
the Schwarzschild metric, whereas § — 1/2 could show
likely critical effects. For example, in Ref. [32] the authors
worked out naked singularity configuration to get regions
of repulsive gravity, using eigenvalue method [33/34] and
showing this interval as critical. However, we here focus
on regular objects, such as NS, WD and/or solar system
configurations, and so we do not expect any critical region
over ¢ and/or red or blue shifts, as we effectively get later.
Furthermore, k = m/J is the ratio between the mass m of
the gravitational field and the ¢ parameter. As underlined
in Sec. we are limiting to the equatorial plane, i.e.,
0 = m/2. The Zipoy - Voorhees metric describes a non
rotating spacetime (g, = 0), thus we can consider Eq.

that reads

r2(r — 2k)2

with r, = re, 74, as before. Solving the system given by
the two last relations, we obtain the total energy and the
angular momentum

o

(1= 26)° Gk + &k — 1)

20k+k—r ’ (50)
-5
Skr(2k —r) (1 — %)
L—i\/ 25k +k—r (51)
Consequently, we immediately get
2k) 9
t _ ( _7) (6k +k—r)
u |7‘:Tp = \/ 25k + k—r ) (52)
Sk(2k —r) (1 — 2£)°
Wl =y SRR (=5 (53)
T=Tp r(k—r)2(20k + k —r)

r=rp

el Gl O U I S U i N
r2 — 2kr B N
~s)
Its derivative with respect to r gives the condition for cir-
cular orbits, say Eq. (15):

=0. (49)
Furthermore, from Eq. , we have
N

by =F—— (54)

_ 26y
Finally, substituting Eqgs. (111]) - ({I'12]) evaluated in r = r4
into Eq. 7 we get the angular velocity:
26
Sk(2k — r4) ( )

’I“d(k‘ — ’I“d)z((Sk‘ + k- Td)’

1— 2k

Td

Qd:l: = F (55)

where (244 and (24— are respectively referred to a co-
rotating and to a counter-rotating photons source with
respect to the angular velocity of the gravitational field
source. In conclusion, substituting all these equations into

Egs. (103) - , we get the expressions for z; and z» for
the Zipoy Voorhees metric

2k

2k
122

1- 22

2k

Te

2k

Td

)‘S (1 - )25 (rg — 2k)2(k — re + k6)ko

+

o= (-2 (- 2) [

(ra —k)2(k —re + 2k0)(rq — k — k9)

oy ? | (1 %) @k =ryws

122
Td

%)

(ra —2k)? (1~ %)25 ko
(T‘d — k)2(7"d —k— k‘(;)

(k—71e)%(re — k — 2k0)

Ix

|

2k

4
2) (k= 74 + k)
k—ra+ 2Kk

H

(1
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_ 2k

)6 (1 - %)26 (ra — 2k)2(k — re + k6)ks

{2 (-

2K\ ~° ( e
re ) (ra — k)2(k — e + 2k6)(rg — k — ko)

_|_

(k—re)%(re — k — 2k0)

DR

N (ra— k)2(ra — ki — ko)

where the subscript + is again referred to a co-rotating
and counter-rotating source with respect to the angular
velocity of the gravitational field source. Let us observe
that z; = —25, in both the co-rotating and counter-rotating
cases, regardless of the mass that generates the gravita-
tional field. Above we put forward that the z; and zo vari-
ations can be expressed in terms of r4 for both a rotating
and counter-rotating configurations. This would help to
argue the intervals of validity for the Zipoy - Voorhees
free parameters when this metric is applied to astrophys-
ical situations. We describe this approach in detail below.

3.2 Gravitational field sources for the Zipoy -
Voorhees metric

We analyze the variation of z; and 25 as function of the
position of the detector ry4, in the co-rotating and in the
counter-rotating configurations. Our analysis is based on
different gravitational field sources

— a neutron star in the maximally - rotating configura-
tion [35], corresponding to a high gravity regime,

— a white dwarf in the maximally - rotating configuration
[35], correspoding to an intemediate gravity regime,

— Earth and Mars for the Solar System, corresponding
to a low gravity regime.

We report the plots and [5] in which we infer the avail-
ability intervals for each term.

For the neutron star, the variation of z; and z; as func-
tion of r4 depend stronger on ¢. For this reason, we choose
three value of J, one for each range, Fig.

1. § = 1000, i.e., where we take an arbitrary large value
to address the condition 6 > 1 ,

2.0 = %, as arbitrary close value to 6 = 1, obtained as
mean value of the interval % <i<1,

3. 6 = i, as arbitrary close value to § = 0, obtained as

mean value of the interval 0 < § < %
However, for WDs, see Fig. [3] the increase or decrease of

6 do not seem to modify the overall evolution. The same
happens for the binary configuration constituted by the

(1 - %)6 (2k re)%] }{ ( - %)6(k7m+k5)

<1

k—rg+2ké

(57)

Earth and Mars: one can notice from Fig. [f] that they
very weakly depend upon § variation. The above config-
uration is built up assuming the Earth and Mars as dis-
tinct gravitational sources as separate cases. For the sake
of clearness, the § variation is not so evident from our
plots since those variations are extremely small and not
particularly visible. The corresponding values have been
evaluated for WDs, Earth and Mars, noticing a slight dif-
ference that permits one to fix § to portray the examples
we showed in the aforementioned figures. Even though not
so evident from our plots, the above occurrence for which ¢
is as larger as one approaches higher gravity regimes turns
out to be clear even from a theoretical viewpoint. As one
approaches regimes of low gravity any quadrupole devia-
tion is negligibly small and so one can approximate with
a spherical symmetry those configurations, without los-
ing generality. Furthermore, in the low and intermediate
gravity regimes the symmetries 214 = 2o and 21— = 294
emerge, together with z14 = —z94, being valid for any
gravitational sources. The pending caveat to check would
be represented by orbit stability, i.e. Eq. . For the
Zipoy - Voorhees metric, the second derivative with re-
spect to r of Eq. is always zero: since this is a quasi-
spherical spacetime, we can assert that all orbits are sta-
ble.

Finally, let us observe that, for 6 = 1 and, consequently,
k = m, all these equations reduce to those obtained in the
Schwarzschild metric (see Appendix . It is now remark-
able to stress that for § = 1/2, in all the analyzed gravity
regimes, we do not obtain critical values of z, as expected.

3.3 The Schwarzschild - de Sitter metric

In this subsection, we apply the method described above
to the Schwarzschild - de Sitter metric, corresponding to a
spherical symmetric spacetime with an effective cosmolog-
ical constant, A [37B8[39]. For this fundamental property,
the metric can be used for cosmological applications, to in-
fer bounds on red and blue shifts, fixing A. In spherical
coordinates, we have
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Ar?

2
ds2:—(1—m+ )dt2+
r 3 (1

We again stress, as we did in Sec. we study the phe-
nomenon in the equatorial plane, namely 6§ = 7/2. Even
this metric is clearly non-rotating and so Eq. becomes

B2 12 (122 g 422

1-— — - =0, (59)
i 2 A
r=rp
and its derivative with respect to r
6(3 Ar3)E? 2172
(Bm + Ar)E” _ 217 ~0. (60)
(Ar3 4+ 3r—6m) 3 ]| _

with r, = {re,rq}, as before. Solving the system given by
the former two equations, we obtain

Ar3 + 3r — 6m)?

B = 1

Ir(r—3m) |._,. ’ (61)

12 r2(3m + Ar3) (62)
~ 3(r—3m) — ’

from which we get the total energy and the angular mo-
mentum:

o dr® + 7%d0 + 7% sin® 0dp?. (58)
-+ A)
Thus, we again find
. [ r
= 65
u ”I‘:Tp T—Sm‘rrp7 ( )
3m + Ar3
@ = _— 66
v "":TP 3r2(r — 3m) (66)
7':7'p
Furthermore, we have
b L (67)
+ =+ om Arzy
(1 -5t )
3 Ar3
Qs = + /Lgf% (68)
3ry

where (244 and (24— are respectively referred to a co-
rotating and to a counter-rotating photons source with
respect to the angular velocity of the gravitational field
source, as before. Hence, plugging all these relations within

Eqgs. (103)-(104]), we get the expressions for z; and zo for

B Ar3 4+ 3r — 6m ) the Schwarzschild - de Sitter metric
\/9r(r —3m) ’
r=rp
3m + Ar3
L=4ry—mm— 64
3(r — 3m) (64)
r=rp
ro 3m+AT§ 3m+Ard
re—3m 3rqg—6m+Ar3 '\ 3ro—6m+Ar?
e =+ , (69)
r / 3m—+Ar3
rd,fd?)m (1 + 3rd—6m+d/1r2>
ro 3m+AT§ 3m~+Ard
Te—3m 3rq—6m~+Ars - 3re—6m—+Ar3
Zo4+ = F 3 ) (70)
/ 3m+Ar
rdi%m 1 :t 3rd—6m+§1r3>

where the subscript + is again referred to a co-rotating

and counter-rotating source with respect to the angular
velocity of the gravitational field source. Let us observe
that z; = —25, in both the co-rotating and counter-rotating
cases, regardless of the mass that generates the gravita-
tional field.

3.4 Gravitational field sources for the Schwarzschild -
de Sitter metric

In analogy to our previous treatment, for the Schwarzschild
- de Sitter metric we analyze the variation of z; and zo
as function of the position of the detector r4, in the co-
rotating and in the counter-rotating cases. As before, our
analysis is based on different gravitational field sources:

— a neutron star in the maximally - rotating configura-
tion [35], see Fig. 2| Here the employed field is strong,
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— a white dwarf in the maximally - rotating configuration
[35], see Fig. 4l Here we consider an intermediate field,
— Earth and Mars for the Solar System, see Fig. [0}

Furthermore, we consider A as the cosmological constant,
whose value is A = 1.1056 x 1072 m~2 [11]. As for the
Zipoy - Voorhees metric, in the low and intermediate grav-
ity regimes we again find 214 = 29— and 2z = z54, in
addition to z14+ = —z94+. The last thing to check is the
orbits stability, i.e. Eq. (16]). For the Schwarzschild - de
Sitter metric, the second derivative of Eq. is

8Art + 6mr(1 — 5Ar?) — 36m?
r2(r — 3m)(Ar3 + 3r — 6m)

> 0.

T=Tp

(71)

Thus, we study Eq. for every gravitational field source.
By considering the photons emitter placed on the neutron
star, i.e. 7. = R, with R the neutron star radius, we get
that the emitter orbit is stable:

(re) = 7.61641 x 1074 > 0, (72)
while the detector orbit is stable for:
rq > 9.4374 km. (73)

Analogously, by considering the photons emitter placed
on the white dwarf, i.e. r. = R, with R the white dwarf
radius, we get that the emitter orbit is stable:

() = 8.62859 x 1071 > 0, (74)
while the detector orbit is stable for:
rq > 1.5876 km. (75)

Finally, by considering the photons emitter placed on the
planet, i.e. 7o = TEarth and Te = TMars, With TEaren and
TMars the Earth and Mars radius respectively, we get that
the emitters orbits are stable

t(re) = 3.42303 x 10717 > 0 for Earth,  (76)
(re) = 2.43224 x 10717 > 0 for Mars,  (77)
while the detectors orbits are stable for
rq > 2.65555 x 107° km for Earth, (78)
rq > 2.84142 x 107% km for Mars. (79)

As before, let us observe that, for A — 0, all these equa-
tions reduce to those obtained in the Schwarzschild metric.
For the sake of completeness, we briefly report the details
in Appendix [A]

4 Theoretical discussion

In this section, we describe our findings confronting our
predictions with current experimental bounds, got from
experiments. Further, we propose how to build up plau-
sible experiments and develop technical configurations to
check the validity of our methods. We first discuss our
outcomes in the two perspectives that we described above,
i.e., Zipoy - Voorhees and Schwarzschild - de Sitter met-
rics. Then, we highlight the basic demands of likely exper-
imental features to check the goodness of our limits.

4.1 High and intermediate gravity regimes

The increase or decrease of our red and blue shift bounds
depend upon the choice of our free parameters. The pos-
sible underlying configuration is crucial in understanding
how to single out the most feasible interval of red shifts
or blue shifts. We then split the involved two symmetries
below, commenting separately our findings and compar-
ing our bounds with previous expectations got from the
literature.

Numerical values got during computation

M R
(Mo) (10°m)
‘WD 0.18 18304.5
NS 1.07 13.61
Table 1

Table of astrophysical values adopted during our compu-
tation for high and intermediate gravity regimes. We only
consider the mazximally rotating configurations for NS and
WD, where gravitational effects are stringent.

4.1.1 NS case

In the case of NS, we compute our expectations over z; ()
and z9(r) in the maximally - rotating configuration, with
the ranges of masses and radii respectively given by M €
[1.07;1.47]Mg and r ~ 13.61. The values got by z; and
29 reach a plateau as d = 0, i.e., as d becomes larger than
zero. This indicates the strong gravity regime of NS, as ex-
pected, and happens for both the setups of Schwarzschild
- de Sitter and Zipoy - Voorhees spacetimes, when the for-
mer is computed for very large ¢ values. Particularly, the
Zipoy - Voorhees metric seems to match the Schwarzschild
- de Sitter solution as the quadrupole increases, in agree-
ment with the fact that NS are described as rotating ob-
jects. Further, this indicates the Schwarzshild - de Sitter
spacetime is a suitable approximation for determining the
NS red and blue shifts, although the metric itself does
not describe a rotating object. The very impressive fact is
that one underlines very small changes within the interval
§ € [0.75;103]. This suggests a limiting regime between
the above interval, being compatible with the theoretical
bounds over § that exclude repulsive effects of gravity.

4.1.2 WD case

In the case of WD, we have regimes of intermediate grav-
ity. We therefore compute our expectations over z1 (r) and
zo(r) in the maximally - rotating configuration, with the
ranges of masses and radii respectively given by M €
[0.18;1.47]M¢ and r ~ 18304.5 km. The values got by
z1 and zp reach a plateau as d 2 3, i.e., as d becomes
larger than zero. As well as NS regime for both the setups
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Fig. 1 Fig. 2
21(r) and z5(r) as function of d = rq—r. within the Zipoy #1(r) and 2_2(7") as_function of d = rq — r. within the
- Voorhees spacetime. The gravitational field source is a Schwarzschild - de Sitter spacetime. The gravitational field
neutron star of mass M = 1.07TMyg,, with My = 1.47 km  source is a neutron star of mass M = 1.07TMg, with

the solar mass, and radius R = 13.61 km, in the mazi-
mally - rotating configuration [35]. Here, d € [0;4 - 10°]
km, whereas z1 and zy are in power of 1071, In the small
zoom, we report z1 and zg up to d =40 km.

of Schwarzschild - de Sitter and Zipoy - Voorhees space-
times, with very large ¢, we encounter the same behaviors.
As for the NS, we can deduce that the Schwarzshild - de
Sitter metric is even a good approximation for WDs in
determining the red and the blue shift. Finally, from Figs.

- () we immediately get

214,72V = Z2— 7V = 21—,8dS = 224,SdS (80)

Z1—,7v = Z24,7ZV = Z14,8dS = Z2—,sds,  (81)

where the subscripts ZV and SdS indicate Zipoy - Voorhees
and Schwarzschild - de Sitter spacetimes respectively.

4.2 Regime of low gravity

The use of lunar laser ranging is commonly got using pow-
erful pulsed searchlight, from the Earth to lunar corner
cube retroreﬂector&ﬂ [40,4T]. More generally, Laser Rang-
ing (LR) is a technique that gets a measure of the round

5 Device made up of three perpendicular reflective surfaces
which retro-reflect the signal in the same direction in which it
arrived.

Mg = 147 km the solar mass, and radius R = 13.61
km, in the maximally - rotating configuration [35)]. Here,
d € [0;4-10%] km, whereas z; and z3 are in power of 1071,
In the small zoom, we report z1 and zo up to d =40 km.

- trip time of a laser fired by a ground station on Earth,
received by a cube corner retroreflector on a satellite and
reflected back to the station. If the satellite is not the
Moon, we refer to as satellite laser ranging [42]. We follow
here both the lunar and satellite LR approaches to face
the low gravity regime.

For every LR experiment is performed, it is important to
take into account the relative motion between the laser
source and the retroreflector. This causes an angular de-
flection of the laser beam. In fact, in absence of a relative
motion, the laser would exactly return back to the station.
The angular deflection is also called velocity aberration
(VA) and it is defined as

VA= 2 [Avg — v, cos @],
c

(82)
where Avg is the difference between the orbital velocity
and rotational velocity at the equator of the satellite or
planet on which is placed the retroreflector, v, the rota-
tional velocity of the satellite or planet on which is placed
the laser source at the equator and ¢ the laser source lati-
tude. Consequently, the term in the square brackets in Eq.
represents the relative velocity between the involved



10  Roberto Giambo et al.: Red and blue shift in spherical and axisymmetric spacetimes and astrophysical constraints

0 1 2 3 4

Fig. 3

z1(r) and z2(r) as function of d = rq—r. within the Zipoy
- Voorhees spacetime. The gravitational field source is a
white dwarf of mass M = 0.18Mg,, with Mg = 1.47 km
the solar mass, and radius R = 18304.5 km, in the mazx-
imally - rotating configuration [35]. Here, d € [0;4 - 10°]
km, whereas z1 and zo are in power of 1073, In the small
zoom, we report z; and zo up to d = 10* km.

two objects. We are going to use the VA and the laser
wavelength to determine the red and blue shifts through
relativistic Doppler effect in the equatorial plane, i.e.,

Vo 1+VA/2

\[1-—vay2

where, instead of the ratio between the relative velocity
and ¢, we used the VA through Eq. . Thus, one im-
mediately computes the required z through the standard
formula z = % We intend to study the theoretical
models by considering Earth and Mars as sources of the
gravitational field in the solar system. We want to compare
the theoretical results with the experimental ones deriv-

ing from the LR missions. We thus analyze our numerical
technique for three configurations,

(83)

— Earth - Moon system. Here, we model the two astro-
physical objects and involve the lunar LR.

— Earth - satellite system. Here, the configuration is anal-
ogous to the standard lunar LR, but using an artificial

z1(r)

25(r)

000 002

003 006 005 010

Fig. 4

z1(r) and zo(r) as function of d = rq — re within the
Schwarzschild - de Sitter spacetime. The gravitational field
source is a white dwarf of mass M = 0.18Mg, with
Mg = 1.47 km the solar mass, and radius R = 18304.5
km, in the maximally - rotating configuration [35)]. Here,
d € [0;4-10°%] km, whereas z; and z3 are in power of 1073,
In the small zoom, we report z; and zo up to d = 10* km.

satellite instead of the Moon. This second case is there-
fore similar to the previous on

— Mars - Phobos system. Here we propose ex movo an
architecture to get feasible red and blue shift ranges.
So, our computation provides an alternative view to
LR, since it involves a laser source placed on Mars,
considered the gravitational source modeled through
our spacetime approach. The corner cube retroreflec-
tors could be placed on Phobos, i.e. a natural Mars
satelliteﬁ A similar approach has been developed by
[43], where the authors proposed a system constituted
by Earth and Phobos. The procedure we here develop
permits to extend previous results through the use of
alternative technologies of LR.

" We here refer to the LARES2 expectations. For us,
LARES2 is the acronym of Laser RElativity Satellite No. 2
and makes use of the Earth - satellite LR prerogative that we
need.

8 This prerogative goes beyond the binary system Earth -
Moon, with the advantage of being closer to each other, i.e.
guaranteeing a more precise pulse measure.



Roberto Giambo et al.: Red and blue shift in spherical and axisymmetric spacetimes and astrophysical constraints 11
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Fig. 5

z1(r) and z3(r) as function of d = rq—r. within the Zipoy -
Voorhees spacetime. We analyzed the two cases, i.e. emit-
ter on Mars and Earth respectively, with d € [0;4 - 10°]
km, whereas z1 and zo are in power of 107°. In the small
zoom, we report z1 and zy up to d = 6 - 103 km. This
choice enables to get feasible intervals for Phobos, where
d ~ 5986.5 km, with Mars as source, and intervals for
LARES2 [36], where d ~ 5899 km, with Earth as source.

Our predicted values, got from the theoretical models un-
der exam for these three configurations, are portrayed in
Tabs. Here, we again observe the same symmetries
reported in Eqgs. (80}f81]).

On the other hand, the indirect measurements of z, ob-
tained starting from the experimental data of the LR, are
instead reported in Tabs. in Appendix [B] The slight
differences between experimental and predicted outcomes
are due to several facts. First, experimentally speaking, we
are handling the VA technique only. Second, the accuracy
can be refined adopting more than the configurations here
investigated. Below, we summarize how to heal such issues
adopting direct measure methods, by proposing novel ex-
perimental configurations.

4.2.1 Designs of proposed experimental setups

In view of the overall results, we summarize the following
consequences of our treatments.

— At high gravity regimes § values, using axisymmet-
ric spacetime, agree with the Schwarzschild - de Sitter
prediction, making use of the Planck satellite bounds.

— As well as NS, the regimes of intermediate gravity, here
investigated employing WD, behave in analogy.

z1(r)

Earth

- === Mars

2(r)

Earth

- === Mars

0 1 2 3 4
d

Fig. 6

z1(r) and z3(r) as function of d = rq — r. within the
Schwarzschild - de Sitter spacetime. We analyzed the two
cases, i.e. emitter on Mars and Earth respectively, with
d € [0;4-10%] km, whereas z; and z3 are in power of 1075,
In the small zoom, we report z; and zy up to d = 6 - 103
km. This choice enables to get feasible intervals for Pho-
bos, where d ~ 5986.5 km, with Mars as source, and in-
tervals for LARES2 [36], where d ~ 5899 km, with Earth

as source.

— At low gravity, in the solar system, our spacetime met-
rics are clearly unadequate to fix stringent limits over
the free parameters as well as the red and blue shift
intervals that slightly disagree with observations, see
Appendix B.

— Analogously LR cannot be used to get indirect mea-
surements for z. Moreover, the results coming from the
use of Schwarzschild metric, without taking care about
the A value, seem to agree with our scheme, indicat-
ing that A is quite badly constrained within the solar
system (see Tab. [4] in Appendix [A]).

From the above considerations, a direct measure of z would
be more predictive than other indirect treatments. So that,
one can build up experimental setups based on genuine
wavelength measures only. To do so, let us take the sim-
plest configuration we could work with, based on the sys-
tem Earth - Moon. We can send a laser pulse whose wave-
length is known, as well as in the lunar LR technique.
The detector is meant to measure the corresponding wave-
length and then to get possible hints on red or blue shifts.
Alternatively, another possibility is offered by a rotating
orbiter around Mars or more away planets, without ex-
cluding to take into account other configurations. The or-
biter sends signals, whose wavelength is known. The detec-
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z+0z [ Lunar LR (10°) [ Satellite LR (10~°) | Phobos LR (10~°) |
21y =29 2.298042 7.36990 4.72646
6214 = 0z 40.000005 +0.01551 40.00046
Z1_ = zay —2.298057 —7.37018 —4.72653
§21- = 8204 40.000005 +0.01551 40.00046
Table 2

Table of red and blue shift values, predicted by means of the Zipoy - Voorhees metric. We also report the corresponding
error bars, namely 621 o+, evaluated by the standard logarithmic error propagation. Since for low gravity, the predictions
over z do not significantly change by varying §, with an accuracy smaller than one part over 108, we arbitrarily select
0 = 0.5. Here we consider Lunar LR for the system FEarth - Moon, satellite LR for the system Earth - LARES?2 [36]
and finally Phobos LR for the proposed experiment that employs Mars and its satellite, Phobos.

| z£ 0z | Lunar LR (10~°) [ Satellite LR (10~—°) | Phobos LR (10~°) |
Z14+ = 2o— —2.298057 —7.37018 —4.72653
0z14 = 02z2— +0.000005 +0.01551 +0.00046
21— = 2o+ 2.298057 7.37018 4.72653
0z1— = 022+ +0.000005 +0.01551 +0.00046
Table 3

Table of red and blue shift values, predicted by means of the Schwarzschild - de Sitter metric. We also report the
corresponding error bars, namely 6z1 2+, evaluated by the standard logarithmic error propagation. Here we consider
Lunar LR for the system Earth - Moon, satellite LR for the system Earth - LARES2 [36] and finally Phobos LR for

the proposed experiment that employs Mars and its satellite, Phobos.

tor, again placed on the given planet we are considering,
gets the signals and provides a direct measure of the pulse
shift in wavelength that is converted in red and blue shift.
Last but not least, even if the astrophysical configurations
of NS and WD could in principle be adopted for future
missions to better get z, the experimental complexity to
put on them instruments would be a great limitation for
the experiment itself. On the other hand, cosmological red
and blue shifts would be the key to fix the cosmological
constant value. The strategy would be to take the large
scale structure of the universe, switching the spacetime to
more complicated metrics that could overcome the likely
issues related to Schwarzschild - de Sitter.

4.3 Error analysis

In this subsection, we report the values of z and the re-

selected 3 values of d = r4 — 7. within the range chosen
for the plots, d € [0;4 - 10°]. In particular:

— d=0and d=4-10°, i.e. the extremes of the interval;
— d =2-10°, which is the midpoint of the interval.

In the case of the Zipoy - Voorhees metric, we considered
the § values chosen for the plots (6 = 1/4, 6 = 3/4 and
0 = 1000); while for the Schwarzschild - de Sitter metric,
we considered the A value of the Planck collaboration:
A = (1.10566 4 0.022703) - 10746 km—2.

Errors are calculated through the standard logarithmic er-
ror propagation, considering that for NS and WD it is hard
to get with high accuracy both mass and radii. We there-
fore work out the following strategy: we consider Refs. [44]
15] and there we got the maximum and minimum bounds
associated to mass and radii for both NS and WD. Then,
we consider the average constraints and use for our com-
putation, in particular

— for NS: M = (1.07 + 0.11) M and R = 13.6175 &% km,

spective errors obtained when the field sources are the NS  — for WD: M = (0.180f8:882) Mg and R = 18304.5f§3§}7‘8
and the WD, both in the two employed metrics. We have km,
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where Mg = 1.47 km. Computation has been reported in
Appendix

5 Conclusions

In this paper, we evaluated the red and blue shifts for
distinct astrophysical and cosmological sources. To do so,
we arbitrarily split three gravitational regimes, ¢.e., high,
intermediate and low gravity, based on the use of NS, WD
and solar system constraints. We characterized two space-
times, the first inspired by astrophysical configuration, ex-
ploring the consequences of the Zipoy - Voorhees metric
on NS and WD. The second based on cosmological con-
sideration, using the Schwarzschild - de Sitter spacetime.
By varying the free parameters that enter the two met-
rics, we got feasible red and blue shift intervals and in-
terpreted our expectations in view of current experiments
and limits. Since the two underlying spacetimes are mostly
different, we consider an axisymmetric solution, i.e., the
Zipoy - Voorhees metric, to characterize NS and WD,
showing that at the level of solar system, the ¢ free term
is unbounded. Analogously, at low gravity, we assumed,
instead, the Schwarzschild - de Sitter solution, where we
fixed the A Planck’s value, getting acceptable red and blue
shift ranges. Further, we considered lunar and satellite LR
techniques and showed an overall overestimation on z; 24
when using the VA. In turn, we interpreted such a re-
sult noticing that at low gravity the general relativistic
effects are clearly disfavored. In fact, even the A value
predicted by the Planck satellite cannot fully reproduce
the expected intervals of z; 24 that LR experiments esti-
mate. On the other side, bearing in mind the maximally
- rotating configurations for NS and WD, we got suit-
able red and blue shift intervals. We therefore concluded
the most suitable approximations for NS and WD objects
could be performed involving high quadrupole moments.
The same happened for the cosmological constant, besides
the solar system regime, showing a good agreement with
current bounds and indicating the goodness of Planck A
measurements. Error bars have been computed for spe-
cific cases got from experiments over NS and WD mass
and radii, in full agreement with our predicted bounds.
Possible experimental designs for improving the quality
of our results have been naively proposed. We discussed
coarse - grained approaches to build up likely experimen-
tal configurations and set ups with the aim of refining the
current accuracy over red and blue shift. To this end, we
propose to adopt the binary system composed by Mars -
Phobos to improve z; 24+ measurements using the satel-
lite LR technique. As red and blue shifts can be used to
test the equivalence principle and/or sometimes to check
the validity of particular classes of models, we intend to
contrive new experiments that will be able to construct
bounds over A, instead of postulating it. In so doing, as
perspective we expect to work out a back - scattering pro-
cedure, different from the one here developed. Moreover,
we intend to model other astrophysical sources as possible
probes to test the red and blue shifts at different regimes
of gravity, with the ambitious aim of reconciling several

gravity regimes. In this respect, we underline that a more
detailed analysis will be expected for getting experimental
bounds in cosmology. So, the proposed experimental set
up, with additional requirements that will be studied in
incoming efforts, could represent a new technique to al-
leviate tensions between different measurements of Hy in
cosmology [46]. We believe this can be also generalized for
any other cosmological tension, in general.

Acknowledgments

OL acknowledges funds from the Ministry of Education

and Science of the Republic of Kazakhstan, IRN AP08052311.

LM acknowledges the support of Istituto Nazionale di
Fisica Nucleare (INFN), iniziativa specifica MOONLIGHT?2.

References

1. J. Zuntz, T. Bakerl, P. G. Ferreira, C. Skordis, JCAP, 06,
032, (2012).

2. C. M. Will, Living Rev. Relativ., 17, 1, 4, (2014).

3. L. I. Schiff, Americ. Jour. Phys., 28, 4, 340, (1960).

4. C. Kiefer, Annal. Phys., 15, 129, (2005).

5. M. Albers, C. Kiefer, M. Reginatto, Phys. Rev. D, 78,
064051, (2008).

6. D. Giulini, C. Kiefer, Lect. Notes Phys., 721, 131, (2007).

7. D.N. Page, C. D. Geilker, Phys. Rev. Lett., 47, 979, (1981).

8. B. Schulz, Review on the quantization of gravity, ArXiv|gr-
qc]: 1409.7977, (2014).

9. G. Calcagni, Quantum gravity and gravitational-wave as-
tronomy, ArXiv[gr-qc]: 2012.08251, (2020).

10. S. Carlip, Class. Quant. Grav., 25, 154010, (2008).

11. Planck Collaboration. Planck 2018 results. VI. Cosmolog-
ical parameters. Astr. & Astroph., 641, A6, (2020).

12. J. E. Copeland, M. Sami, S. Tsujikawa, Int. J. Mod. Phys.
D, 15, 1753-1936, (2006).

13. S. Tsujikawa, Dark energy: investigation and modeling,
ArXiv([astro-ph]:1004.1493, (2010).

14. S. Capozziello, R. D’Agostino, O. Luongo, Int. J. Mod.
Phys. D, 28, 10, 1930016, (2019).

15. E. Di Valentino, A. Melchiorri, J. Silk, Astroph. Journ.
Lett., 908, 1, L9, (2021).

16. T. Yang, A. Banerjee, and E. O. Colgain, Phys. Rev. D,
102, 12, 123532, (2020).

17. A. Taylor, B. Joachimi, T. Kitching, Month. Not. Roy.
Astron. Soc., 432, 3, 1928, (2013).

18. J. R. Primack, New Astron.Rev., 49, 25, (2005).

19. S. Mukherjee, B. D. Wandelt, S. M. Nissanke, A. Silvestri,
Phys. Rev. D, 103, 043520, (2021).

20. J. L. Bernal, J. A. Peacock, JCAP, 07, 002, (2018).

21. A. Aviles, C. Gruber, O. Luongo, H. Quevedo, Phys. Rev.
D, 86, 123516, (2012).

22. C. Gruber, O. Luongo, Phys. Rev. D, 89, 103506 (2014).

23. A. Chudaykin, D. Gorbunov, N. Nedelko, JCAP, 08, 013,
(2020).

24. T. B. Bahder, Phys. Rev. D, 68, 063005, (2003); L. Buonin-
fante, G. Lambiase, A. Stabile, Eur. Phys. Jour. C, 80, 122,
(2020); M. Caputo, The Gravity Field of the Earth (Aca-
demic Press, N. Y., 1967); N. Ashby and J. J. Spilker, “In-
troduction to Relativistic Effects on the Global Positioning



14  Roberto Giambo et al.: Red and blue shift in spherical and axisymmetric spacetimes and astrophysical constraints

System”, in Global Positioning System: Theory and Applica-
tions, B. W. Parkinson and J. J. Spilker, eds., vol. I and II (P.
Zarchan, editor-in-chief), Progress in Astronautics and Aero-
nautics, vol. 163 and 164 (Amer. Inst. Aero. Astro., Wash-
ington, D.C., 1996).

25. A. A. Herrera, U. Nucamendi U., Phys. Rev. D, 92,
045024, (2015).

26. R. Becerril, S. Valdez-Alvarado, U. Nucamendi, Phys. Rev.
D, 94, 124024, (2016).

27. D. C. Wilkins, Phys. Rev. D, 5, 814, (1972).

28. J. M. Bardeen, W. H. Press, S. A. Teukolsky, Astrophys.
J., 178, 347, (1972).

29. R. M. Wald, General Relativity, (The University of
Chicago Press, 1984).

30. U. Nucamendi, M. Salgado, D. Sudarsky, Phys. Rev. D,
63, 125016, (2001).

31. G. Lukes-Gerakopoulos, Phys. Rev. D., 86, 044013, (2012).

32. J.A. Arrieta-Villamizar, J.M. Velasquez-Cadavid, O.M. Pi-
mentel, F.D. Lora-Clavijo, A.C. Gutiérrez-Pineres, Class.
Quant. Grav., 38, 1, 015008, (2021).

33. O. Luongo and H. Quevedo Phys. Rev. D, 90, 084032,
(2014); O. Luongo, H. Quevedo, Toward an invariant defini-
tion of repulsive gravity, Contribution to: MG 12, 1029-1031,
ArXiv(gr-qc]: 1005.4532, (2010).

34. R. Giambo, O. Luongo, H. Quevedo, Phys. dark univ., 30,
100721, (2020); O. Luongo, H. Quevedo, Found. Phys., 48,
1, 17-26, (2018).

35. K. Boshkayev, O. Luongo, M. Muccino, Eur. Phys. Jour.
C, 80, 964, (2020).

36. 1. Ciufolini et al, Eur. Phys. J. Plus, 132, 336, (2017); A.
Paolozzi et al, Journ. of Geod., 93, 2437-2446, (2019).

37. G. Allemandi, M. Francaviglia, M. L. Ruggiero, A.
Tartaglia, Gen. Rel. Grav., 37, 1891-1904, (2005).

38. V. Kagramanova, J. Kunz, C. Limmerzahl, Phys. Lett. B,
634, 465-470, (2006).

39. G. Allemandi, M. L. Ruggiero, Gen. Rel. Grav., 39, 1381,
(2007).

40. P. L. Bender et al, Science, 182, 229-238, (1973).

41. J. G. Williams, S. G. Turyshev, D. H. Boggs, Int. J. Mod.
Phys. D, 18, 1129-1175, (2009).

42. 1. Ciufolini et al, Eur. Phys. J. Plus, 126, 72, (2011).

43. S. G. Turyshev et al, Exp. Astron., 28, 209-249, (2010).

44. J. M. Lattimer, M. Prakash, Phys. Rept., 442, 109-165,
(2007).

45. J. B. Holberg, T. D. Oswalt, M. A. Barstow, The Astron.
Jour., 143, 68, (2012).

46. E. Di Valentino, et al., Class. Quant. Grav., 38, 15, 153001,
(2021).

A Results for the Schwarzschild spacetime
The Schwarzschild metric reads
d52<12m)dt2+
r (

dr® 4 r2d$2?,  (84)

with d2? = db? + sin? 0dp?. Below, we summarize the
main results of the general procedure, described in Sec.
applied to this metric. In particular, we find an overall

agreement with the results got in [26]. We have as con-
served quantities

r—2m
F= —— , (85)
r(r —3m)
T:’I‘p
m
L= +r , (86)
V r—3m r=r,
and velocities
p
t
u ’ _ = ) (87)
T=Tp V r—3m r—r,
1 m
ey, = £4/ (88)
U
r=r ’
P r\ r—3m r—r,
and the kinematic quantities
r
b:t + ) (89)
/1 — 2m
T
m
Qar =%,/ 3. (90)
Ta
Finally, z14+ and 294 are
[ re ( 1 _ 1 )
re—3m \ \/rq—2m Te—2m
214 = * = , (91)
d m
rq—3m |:1 + rd—2m}
[ re ( 1 1 )
re—3m \ \/rq—2m VTe—2m
Zo4 = F = — . (92)
d
rq—3m (1 + rd72m)
[ PEXY [ Lunar LR (10~ ") | Satellite LR (10 °) | Phobos LR (10" °) |
Z14 = 29 —2.298057 —7.37018 —4.72653
Sz14 = bzo_ +0.000005 +0.01551 +0.00046
21— = 204 2.298057 7.37018 4.72653
821 = 6224 +0.000005 +0.01551 +0.00046

Table 4

Table of red and blue shift values, predicted by means of
the Schwarzschild metric. We also report the correspond-
ing errors, namely dz1 24, evaluated by the standard log-
arithmic error propagation. Here we consider Lunar LR
for the system FEarth - Moon, satellite LR for the sys-
tem Earth - LARES2 [36] and finally Phobos LR for the
proposed experiment that employs Mars and its satellite,
Phobos.

Comparing these last two equations with those obtained
for the Zipoy - Voorhees metric and for the Schwarzschild
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- de Sitter metric, we easily note that Egs. -

B Numerical constraints got from LR

reduce to Eqgs. - for § = 1 (that is k = m) and  experiments

Egs. - reduce to Egs. - for A =0.

In this appendix, we report a few tables concerning the LR
experiments, emphasizing the main differences among lu-
nar LR and satellite LR. Although different types of CCRs
used in space missions, to calculate z we only require the
VAs depending on the orbital and rotational involved ob-
jects velocities, the local position of the laser source on
the planet and the laser beam wavelength, generally 532
nm.

l Station [ 10} [ VA (107°) [ 2462 (107°) ‘
McDonald | 30°.68 N 4.051 2.025629 £ 0.000007
Apollo 32°.78 N 4.112 2.055989 £ 0.000007
Matera 40°.65 N 4.370 2.185235 4 0.000007
Grasse 43°.75 N 4.485 2.242475 + 0.000007
Table 5

z value for four different operational LR stations placed on
Earth and retroreflectors placed on the Moon. The veloci-
ties are expressed in units of radiant. We also report the
corresponding errors, namely 6z, evaluated by the stan-
dard logarithmic error propagation. The table is split into
¢ < 40 and ¢ > 40. The increase of z in function of ¢
is more than 10% for largest ¢ here reported. The mean
value is: (2.127332 4 0.000007) - 1076.

| Station | ¢ [VA(OO ") [ =z£62(107°) |
McDonald | 30°.68 N 35.30 1.76428 4 0.00159
Apollo | 32°.78 N 35.36 1.76826 + 0.00159
Matera | 40°.65 N 35.62 1.78118 4 0.00159
Grasse | 43°.75 N 35.74 1.78690 + 0.00159
Table 6

z wvalue for four different operational LR stations placed
on Earth and retroreflectors placed on LARES2 satellite
[36]. The velocities are expressed in units of radiant. We
also report the corresponding errors, namely 0z, evaluated
by the standard logarithmic error propagation. The table
is split into ¢ < 40 and ¢ > 40. The increase of z in
function of ¢ is more than 10% for largest ¢ here reported.
The mean value is: (1.775155 4 0.00159) - 1075,
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[ Station [ ¢ [VA(10™°) | 2402 (107°%) |
Mars | 0° 12.63 6.314072 = 0.000052
Table 7

In this table, we report a plausible z value for a station
placed on Mars equator, with the ansatz that a few retrore-
flectors will be placed on Phobos, as we proposed above. We
also report the corresponding errors, namely dz, evaluated
by the standard logarithmic error propagation. In particu-
lar, we figure out a laser station placed on Mars equator,
i.e., the position in which satellite views got from Mars
leads to the best configuration.

Changing the plane

For our spacetimes, the dependence on 6 is contained only
in the g,, component of the metric tensor, through sin” 6.
Moreover, these metrics are invariant under the transfor-
mation @ — 6 = 7 + 6 since sin® @’ = sin® 6. It is there-
fore intriguing to discuss below some consequences of this
recipe.

Schwarzschild - de Sitter metric. Let us fix the value of 6
and, to be as general as possible, let us denote this value
with x. Therefore, the metric tensor components useful for
the calculation are

2m  Ar?
=—(1—- — 4 — 93
it ( r + 3 ) ’ ( )
Jop = r?sin? 2. (94)
Solving the system of equations
Vet (rp) = 0 (95)
o (rp) =0 (96)
this time we get
krd + 3r, — 6m
=—r2__2 : (97)
3\/rp(3r, — 3m)
3m + kr3
L = +si —r, 98
Y e (99)

Let us observe that the energy is independent from the
value of z (in fact, this is the same equation obtained in
the case § = 7/2), while the angular momentum depends
on z, as we expected. Consequently, we have

t Tp
= 2 99
u |7"p rp — 3Im’ ( )
1 3m + kr3
e _ P (100)
sinz \| 3rZ(r, —3m)

and
. r
by = Fsing—— — ——, (101)
2 kr
o
1 3m + kr3
== 1/ d 102
d sinx 3r3 (102)

If we insert all these quantitieﬂ into the following equa-
tions
(ut 24 —uf)b_

ub (1= 24b_) (103)

z1 =

and
(w2 — uf)by

ufi(l — de+)

we get that all the terms containing sinx simplify each
other: the results for z; and 29 are identical to those ob-
tained with § = 7 /2. Therefore, without loss of generality,
we can fix § = 7/2 from the beginning.

(104)

z9 =

Zipoy - Voorhees metric.Let us repeat the same analysis
just done for the Schwarzschild - de Sitter metric. Thus,
let us fix the value of # and, to be as general as possible,
let us denote this value with z. In this case, the metric
tensor components useful for the calculation are

s
2k
Gt = — <1 - > , (105)
r
B r?—2kr (106)
Gop = 7(1 - %)5 sin® .
Solving the system of equations
Ve (rp) =0 (107)
ot (rp) = 0 (108)
now we get
5
(17 %) Ok + & — 1)
E= - 1
20k +k—rp ’ (109)
Okrp(2k —1p) ( - %>_5
L =+sinz i . (110)

20k +k—rp

Also for the Zipoy - Voorhees metric, the energy is in-
dependent from the value of z (in fact, this is the same
equation obtained in the case § = 7/2), while the angular
momentum depends on z, as we expected. Consequently,
we have

=5
( —ﬁi) Ok +k — 1)
ut =— .

r=ry 20k +k —rp ’

(111)

9 Let us remember that ¢ = e, d.
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5
) Sk(2k — 1) ( - %)
N — (112)
T=Tp sine \ rp(k —1p)2(20k +k —1p)

and

NCET:
(1-2)"

L | k(2 =) ( - %)26

Td

sing \ rg(k —rqg)2(0k +k —rq)

If we insert all these quantities into Eqs. —, we
get again that all the terms containing sin x simplify each
other: the results for z; and 2z, are identical to those
obtained with § = m/2. Therefore, also for the Zipoy -
Voorhees metric, without loss of generality, we can fix
6 = w/2 from the beginning.

by = Fsinx (113)

Qd:l: = F (114)

Error propagation

We report here the numerical values evaluated from our
error propagation procedure, making use of the logarith-
mic error propagation rule.

17
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Table 8

z values with errors for the Zipoy - Voorhees metric, with a NS and a WD as field sources, for 3 different values of §, at 3
different values of d.

d=0 d=2-10° d=4-10°
§=1/4 NS WD NS WD NS WD
z14 = 22— | 0.00000%0:585%5 | 0.0000070:00008 | 0.114127933052 | 0.0026570:000%7 | 0.115557072528 | 0.0029970:000%3
z1- = 224 | 0.0000075:53555 | 0.0000070:05555 | —0.11477G: 38068 | —0.0026575050%5 | —0.11601%53235% | —0.0029975:5565
§=3/4 NS WD NS WD NS WD
z14 = 22— | 0.0000010:05857 | 0.0000050:00006 | 0.40249700790% | 0.0026570:000%F | 0.40385700793% | 0.0029970:00075
zi- =224 | 0.0000055:335%5 | 0.000008:05505 | —0.4047570:01937 | —0.0026575000%5 | —0.405457555%55 | —0.00299+5060%5
§ = 1000 NS WD NS WD NS WD
z14 = 22— | 0.0000073:05795 | 0.0000070:05555 | 0.4305670:05037 | 0.002657G000%% | 0.43194FG0508 | 0.0029975506%5
zi- = z24+ | 0.0000055:07535 | 0.00000%550055 | —0.43302X5:05085 | —0.002655500075 | —0.4336675 05037 | —0.00299550075
Table 9
z values with errors for the Schwarzschild - de Sitter metric, with a NS and a WD as field sources, at 3 different values of d.
d=0 d=2-10° d=4-10°
NS WD NS WD NS WD

214+ = 22—

21— = R22+4

0.0000015 65557

0.00000F5:05525

. 7
0.00000%5 66000

0.00000F5:0%005

—0.47754+0-L1548

0.4775410 06505

—0.00266+0:00098

0.0026615:00075

. 4
—0.4781670:11549

0.47816 75 0670

. 4
—0.0029975-05093

0.0029915:055%
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