ON THE CALDERON PROBLEM FOR NONLOCAL SCHRODINGER
EQUATIONS WITH HOMOGENEOUS, DIRECTIONALLY ANTILOCAL
PRINCIPAL SYMBOLS
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ABSTRACT. In this article we consider direct and inverse problems for a-stable, elliptic nonlocal
operators whose kernels are possibly only supported on cones and which satisfy the structural
condition of directional antilocality as introduced in [[sh86]. We consider the Dirichlet problem
for these operators on the “domain of dependence of the operator” and in several, adapted
function spaces. This formulation allows one to avoid natural “gauges” which would else have
to be considered in the study of the associated inverse problems. Exploiting the directional
antilocality of these operators we complement the investigation of the direct problem with infi-
nite data and single measurement uniqueness results for the associated inverse problems. Here,
due to the only directional antilocality, new geometric conditions arise on the measurement
domains. We discuss both the setting of symmetric and a particular class of non-symmetric
nonlocal elliptic operators, and contrast the corresponding results for the direct and inverse
problems. In particular for only “one-sided operators” new phenomena emerge both in the
direct and inverse problems: For instance, it is possible to study the problem in data spaces
involving local and nonlocal data, the unique continuation property may not hold in general
and further restrictions on the measurement set for the inverse problem arise.
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1. INTRODUCTION

Nonlocal elliptic operators like the fractional Laplacian arise in various settings in physics

[DGLZ12, Fri02, GLI7, Las00, MK00, ZD10], engineering [GO08], mathematical finance [ABSS,
Lev04, Sch03], ecology [ITT10, MV17, RR09] and turbulent fluid dynamics [Con06, DGV13],
among others (also check the survey [BV16]). Compared to their local counterparts, they dis-
play striking novel phenomena including their boundary regularity [Grul5, ROS16] and very

strong rigidity and flexibility properties [GSU20, GRSUIR, RS20a, Riil20]. The latter have
1
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major implications on the fractional Calderén problem, an associated inverse problem, which
had been introduced in | | for the fractional Laplacian. Exploiting nonlocality, for this
operator and closely related operators modelled on it, partial data uniqueness, stability and
recovery results could be proved for the associated inverse problems which are not known
in the same generality for the corresponding classical local counterparts (see, for instance,
[ , , , |, the survey articles [ , | and the references in Sec-
tion 1.4 below).

Motivated by applications of such nonlocal elliptic operators and the rigidity and flexibility
properties of the fractional Laplacian, in this article we study direct and inverse problems of
Calderodn type for nonlocal elliptic operators, which, in general, differ from the fractional Lapla-
cian and the fractional Calderén problem in their rigidity and flexibility properties. Focusing on
specific classes of generators of stable processes which, for instance, arise in central limit theo-
rems, phyics and economics | , , , , ], in this article we show
the following properties:

e In spite of their nonlocality and ellipticity, the specific, non-isotropic geometries of the
operators are already reflected in our formulation and the properties of the associated
direct problems. This leads to a formulation of the problem in a suitable “domain of
dependence”, see Sections 3 and 5.2.

e These operators enjoy much weaker rigidity and flexibility properties than the fractional
Laplacian in that the global Runge approximation property and even the weak unique
continuation property may fail for certain (one-sided) examples of these operators, see
Sections 4.2 and 5.3.

e The domain of dependence structure gives rise to natural and at least partially necessary
geometric restrictions for the formulation and derivation of the uniqueness results for
the associated nonlocal Calderén type inverse problem. In general, these may enjoy only
substantially weaker properties than the analogous problems for the fractional Laplacian,
see Theorems 3, 4 and Section 5.4.

e The notion of directional antilocality as introduced in | , , ] can partially
compensate for this and provide certain replacements of the rigidity and flexibility of the
fractional Laplacian, see the discussion in Sections 4 and 5.1.

We discuss these properties both for a family of symmetric and a model family of non-symmetric,
nonlocal elliptic operators. The latter are of particular theoretical interest since they allow for
the simultaneous prescription of local and nonlocal boundary data, which leads to new effects in
the direct and the inverse problem formulation and results.

1.1. The direct problem. In the sequel, as a model setting of a family of symmetric nonlocal
elliptic operators we consider a subclass of elliptic nonlocal operators which, from a stochastic
point of view, are generators of 2s-stable Lévy processes. These and related operators naturally
arise as specific examples in generalized central limit theorems [ | but are also related to lin-
earizations of nonlinear, nonlocal operators | , ]. These operators and their associated
stochastic processes have been intensively studied in the probability, potential theory and regu-
larity theory communities | , , , , , , , , ].
Analytically, (in their strong formulations) the specific class of model operators which we consider
here is of the form

(1) Lu(zx) := / (2u(z) —u(z +y) —u(z — y))%d%

]R'n.
where s € (0,1) and the kernel a satisfies the properties (A1)-(A3) below. In order to stress that
L is a (nonlocal) differential operator we also use the notation L(D).
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In all our considerations on this family of symmetric nonlocal elliptic operators, the integral
kernel, determined by the function a : S*~! — R, satisfies the following properties:

(A1) the kernel a gives rise to an elliptic integro-differential operator in the sense that the

symbol L(§) of L(D) satisfies L(§) := ¢s [ [€-60|**a(f)dd > 0 for all £ € R™\{0},
8"71

s€(0,1), a € L'(S"1) (see Lemma A.1 for the symbol computations),

(A2) the function a is symmetric and non-negative, i.e. a() = a(—6) for all § € S*~! and
a(f) >0,

(A3) there exists a convex, open, non-empty cone C C R™\{0}, C # 0 such that a(f) # 0 if
and only if # € (—CUC)NS"~L.

We emphasize that these operators, in particular, satisfy the s-transmission condition (see
[ |, however the regularity conditions from there are violated) and have been studied in
terms of their higher Sobolev and Hélder regularity properties as special examples in | ,
, ]. For simplicity, in this article we restrict our attention to the setting s € (0,1)
and to kernels dp := a(0)df being absolutely continuous with respect to the Hausdorff measure
on the sphere. The case a = 1 a.e. corresponds to the fractional Laplacian; in the sequel we
will however mainly be interested in settings in which —CUC N S"~! C S"~! for which only
substantially weaker rigidity and flexibility conditions hold than for the setting of the fractional
Laplacian.
Before turning to Calderdn type inverse problems for this class of operators, we first consider
the Dirichlet problem associated with them. Due to the nonlocality of the operators this may at
first be formulated as

@ (L(D) + q(z))u =0 in €,
u = f on .,

where Q C R™ is an open, bounded domain, Q. := R™\Q and ¢ is in a suitable function space.
However, this first formulation leads to obvious “gauges” in that there are infinitely many solu-
tions whose restriction to €2 vanishes although f # 0. Heading towards the inverse problem, it
will be convenient to deal with these “gauges” already in the formulation of the direct problem.
Indeed, this will be reflected in viewing the Dirichlet problem not as a problem in the whole
space but in the “domain of dependence” of the operator (see Figure 1), which is given by

(3)  C(Q):=(Q+C)U(Q-C)={a+theR": 2€Q, t>0, 0 (—CUC)NS"'}.

As a consequence, both the direct and the inverse problems are still nonlocal problems, however
with a more mild, only directionally nonlocal dependence if compared to the analogous problems
for the fractional Laplacian. Following | , , , ] (see [ ] for the isotropic
case), we will work with the stronger notion of directionally antilocal operators (see Definition 1.1
below).

In view of the inverse problem, in the sequel, we contrast the first formulation from (2) with
the better adapted form (6) from below. This illustrates the “lesser degree of nonlocality” of the
operators under consideration when compared with the fractional Laplacian and provides the
starting point for the discussion of the rigidity and flexibility properties of these operators and
the investigation of the associated inverse problems.

1.1.1. A first formulation of the direct problem, well-posedness and first consequences for the
inverse problem. Let us first consider the Dirichlet problem in the form of (2) (and its associ-
ated weak form) as a problem posed in R™. Its weak form is obtained through testing and a
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symmetrization procedure: More precisely, we consider the bilinear form

W A= [ [ e )66 - o) i+ (e,

R™ R™

and, for ¢ in a suitable function space and f € H*(Q.), we say that u is a weak solution to (2) if
By(u,v) =0 for all v € H*()

and u — f € H*(€). We refer to Section 2.2 for precise definitions of these and related function
spaces. Following the well-posedness results of | | (which considers exterior data in weaker
spaces), the energy arguments from | ] or the pseudodifferential framework from [ 1,
one obtains that this formulation of the problem (2) is solvable as a mapping from H*(.) to
H#(R™). As a consequence, as in the case of the fractional Laplacian, one could be tempted to
define the inverse problem through the associated Dirichlet-to-Neumann map given in terms of
By(+,-), which formally is

(5) Agt HY(Qe) = H*(Qe), [ Ag(f) = L(D)ulg, .

However, in view of the inverse problem and also the “domain of dependence structure” of
the operator L (given through the kernel a), the formulation (2) and also (5) have the obvious
caveat that even for ¢ = 0 there is an infinite dimensional set of boundary data such that the
restriction to  of the solution to the problem (2) yields the zero function: Indeed, any solution
with boundary datum f € H*(.) with supp(f) C R™\C(Q) is of this type. Here C(€2) denotes
the domain of dependence of L given € defined in (3) (see Figure 1). Compared to the setting of
the fractional Calderén problem, in this whole space formulation, a natural “gauge” enters this
first formulation of the direct and inverse problems through “the domain of dependence of the
operator L”. As a consequence, in this formulation there is no hope of deducing as general partial
data or single measurement results as in [ , , , ], (see Lemma 4.2 for
explicit examples of this).

This discussion hence strongly suggests to include the geometry of the operator L with its
domain of dependence structure into the formulations of both the direct and inverse problems.

1.1.2. An alternative, more adapted, “domain-of-dependence” formulation of the direct problem,
well-posedness and the inverse problem. In the sequel, rather than viewing the Dirichlet problem
as a problem on R", for a given open, bounded set €2, taking the domain of dependence structure
of the operators into account, we will regard it as a problem on the set C(Q) C R™ from (3). In
its strong form this corresponds to

(L(D) 4+ q)u=01in ©Q,

(©) u=f on C(Q)\Q.

Here, as above, C(€2) denotes the “domain of dependence of L given 7. We emphasize that
we do not prescribe data in Q.\C(Q) in (6), since the operator does not “see” this part of
the complement. This avoids the obvious “gauges” or “degeneracies” of the first formulation
from (2) and the discussion in the previous section. Using suitable bilinear forms associated
to the elliptic operator L(D) (or more precisely, suitable Dirichlet forms), we will study weak
versions of this problem as a map from H*(C(2)\Q) to H*(C(£2)). While there are many possible
choices of associated Dirichlet forms, we will focus on two different, naturally arising bilinear
forms. In particular, we will prove the problem’s well-posedness outside of a (discrete) set of
countably many eigenvalues in different functional settings. The choice of the Dirichlet form
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‘ c(Q)

FIGURE 1. Domain of dependence of L given Q2. The domain C(£2) includes the
set Q (orange) and the grey cone emanating from its points. For ¢ = 0 and
any exterior data f supported in the domain W, the solution restricted to (2)
vanishes. This in particular shows that without taking this “obvious” geometry
of the operator L(D) into account in the formulations of the direct and inverse
problems, no single (nor infinite data) measurement uniqueness results can hold.

strongly influences the inverse problem and its natural measurement setting (see the discussion
in Section 3.2 below).
As a first weak manifestation of (6), using a weak formulation for (6), we rely on the following
adapted bilinear form
1 (=)
(7) By (u,v) := 3 / / (u(m) - u(y)) (v(x) — U(y))mdydx + (qu, v)12(0)-
c()c() /

This directly restricts the domain which is “visible” for the operator to the cone C(€2). It
is reminiscent of bilinear forms used in the connection with censored processes | ], see
also | ]. Using the structure of B, we will deduce well-posedness in very weak function
spaces modelled on the setting from | ] (which includes the Sobolev spaces H*(C(22)\Q)
in particular).

By virtue of these well-posedness results, it is possible to define the Poisson operator P,
associated with the operator L(D):

(8) P, H°(C(Q)\Q) — H*(C(Y)), [+ u.

Here w is the solution to (6) associated with the boundary data f if zero is not a Dirichlet
eigenvalue of the operator L(D) + q.
Using the bilinear form (7) will further allow us to define a “Dirichlet-to-Neumann map”

(9) Ag + HY(C(Q\Q) = H*(C(\Q), [ Ag(f),

and to study the associated, Calderén type inverse problem.

As a second weak manifestation of the problem (6), we will make use of the slightly “more
global” bilinear form from (4). While this bilinear form is defined globally and does not directly
refer to the domain of dependence C(£), in order to account for the fact that we seek to solve (6)
instead of (2), we only consider data f € H*(C(2)\Q). This allows us to exploit the connection
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of (4) and the Fourier transform which in turn leads to very “symmetric” results for the inverse
problem. Analogously to (9) and (5), it is then possible to define a natural (and explicit)
“Dirichlet-to-Neumann” operator for this functional setting (if zero is not a Dirichlet eigenvalue)

(10) Ayt HO(CO\Q) = H(C(\Q), = Ag(f) = L(D)uleona:

We note that, in general, the two Dirichlet-to-Neumann maps (9) and (10) differ (see Re-
mark 3.16) and thus also the measurements for the Calderén inverse problems do not coincide.

In addition to the well-posedness results, a further key structural ingredient replacing the
strong rigidity and flexibility properties of the fractional Laplacian is needed in order to address
the inverse problem in the following. To this end, we restrict our attention to operators which
satisfy a directional antilocality condition, as introduced in | , , , ] and
which builds on [ ]. We will discuss this notion next.

1.2. Rigidity in the form of antilocality in cones and examples. The properties of the
operator L(D) and the above discussion illustrate that the redundant information of (2) should
not be considered and instead the direct and inverse problems should be considered in the
framework from (6) (with possibly different choices of Dirichlet forms).

However, in order for A, (or /~\q) to share certain properties of the inverse problem of the
fractional Laplacian, we consider a final structural ingredient which is analogous to the strong
global uniqueness properties of the fractional Laplacian. Following the article [ | as well as
the results from | , , , ], which build up on this, we consider a suitable notion
of antilocality. This notion itself originated from Reeh-Schlieder theorems in quantum physics
[ , , ] and the study of the fractional Laplacian | , ] and plays a major
role in the analysis of the fractional Calderén problem with its surprisingly strong uniqueness,
stability and single measurement properties | , , , ] (see Section 1.4
for further references on this). Due to the only directional domain of dependence of the operators
L in general, we here consider operators satisfying an antilocality condition in cones:

Definition 1.1 (Antilocality in cones, [ |, Definition 2.2). Let L : C§°(R™) — C*>°(R") be
a linear operator and let T' C R™\{0} be a convex cone. The operator L is T'-antilocal, if the
following implication holds: If f € C°(R™) and f = L(D)f = 0 in an open, non-empty subset
UCR", then f=0inU+T.

We remark that this definition can be generalized to more complicated geometries such as the
union of disconnected convex cones.

Let us discuss the notion of directional antilocality in more detail: Just as the isotropic
antilocality properties of the fractional Laplacian, also directional antilocality properties of an
operator give rise to strong rigidity properties. In a sense, they can be viewed as a type of global
unique continuation property — however with the major difference that the information is not
propagated by the global validity of an equation but already the local information f = 0 =
L(D)f suffices to deduce global information. As one can easily show using the only directional
domain of dependence of the operators under consideration, antilocality in cones does not imply
global antilocality in general (for the operators from (1) satisfying (A1)-(A3) from above, the
considerations from above illustrate that clearly global antilocality does not hold and at best
directional antilocality in the cones —C U C could be valid, see also Figure 1).

Examples of only directionally antilocal operators arise already in one dimension (for instance,
in the description of the first hitting time of a Brownian particle, see [ , Section 2.1]) and
will play an important model role in our discussion below.
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Example 1.2 (A 1D operator which is antilocal to the right/left, | ). Following [ | and
[ |, we consider the operators

oo

/ (F(@) — f(z + ) (w)dy if se(0.1).

— 00
oo

(11) Ay (D) f(z) = / (f(:z:) - fle+y)+ f'(x)ye_T)u;(y)dy if s = %,

— 00
oo

/ (F@) — F@+y) +uf (@)v(w)dy if s (5,1),

— 00

with p € [0,1] and

Vi (y) = X (y) + (1 —p)xe, (y)
P ) |y|1+2s )

where xr_(y) and xr, (y) denote the characteristic functions of R_ and R, respectively. By the

results of | , ], these operators are antilocal if p € (0,1) and antilocal to the left/right if
p=1, or p= 0, respectively. We remark that for s = %, [ | considers only Aiﬁ Moreover,

Ishikawa uses siny instead of ye™<. In spite of this difference it is possible to directly prove one-
sided antilocality for AB/Z,Ai/Q by the method of moments, see Lemma 5.3 below. The number
e in the exponent for the operators from (11) in the case s = % s chosen in order to avoid an
additional constant in the symbol of the antisymmetric part, given below for any dimension. We
further highlight that these operators do not satisfy the symmetry condition from (A2). Hence,
compared to the operators satisfying (Al)-(A3), new interesting phenomena arise, which are

discussed in Section 5 below (see also Section 1.3.2).

Moreover, it is known that certain two-dimensional operators are also antilocal in certain
associated cones:

Example 1.3 (2D operators which are antilocal in cones, | ). Let T' C R?\{0} be an open,
non-empty, convex cone. Following | |, we consider the two-dimensional operators whose
symbol is given by
(12) A5r(©)i= T@s) [ 160 (e xr () (0) + €™ xr_ie)(0)) 0,
rnsn—1

where xr, denotes the characteristic function of T4(§) == TN {0 € St : £(£-6) > 0}. If
s € (0, %) U (%, 1), it is proven in | , Theorem 2.4] that these operators are I'-antilocal.

These and related stable processes are described and characterized in | , Theorem 2.1].

The operators defined by (12) correspond to those with measures given by the characteristic
function of I'N'S"~1. The analogue of these operators for the case s = % is given by

rnsrn—1

see | , Theorem 2.1]. This corresponds to the following operator (with the trivial general-
ization to one-dimension, see Lemma A.2):

[yl

AL D@ = [ (fe+9) - f@) — VI@) ye ) ﬁfﬂ dy
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The operator classes of Examples 1.2 and 1.3 will be discussed in more detail in Section 5
below.

While at the moment we do not know whether all the operators from (1) satisfying the
conditions (A1)-(A3) are directionally antilocal in the sense of Definition 1.1, we show that they
satisfy a weaker type of antilocality property: Recalling the argument which had been given in

[ , Corollary 5.2] and which in turn relied on | , Lemma 3.5.4], it is known than many
operators are in a weak sense antilocal in that, if f € H"(Bpg) for some r € R and L(D)f =0
in R™\BRr(0) for some large open ball Br(0) C R™, then f = 0. In | ] this was proved

for rather large classes of pseudodifferential operators with local and nonlocal contributions. We
note that this in particular includes our operators — even if the problems may only be considered
in some subset C(€2) C R™:

Proposition 1.4 (Exterior data). Let r,s € R and L(D) : H"(R") — H"~25(R") be a linear
operator. Assume further that either

(1) L(D) is —C U C-antilocal for some convez, open, non-empty cone C C R"\{0}, or

(#3) s € (0,1), L(D) is of the form (1) with a satisfying the conditions (A1)-(A3).
Let Q C R™ be an open, bounded set. If L(D)f =0 on C(Q)\Q for some f € I;V(Q), then f =0
in .

We remark that, as in the case of the fractional Laplacian, it would also have been pos-
sible to consider local and nonlocal combinations of these operators and to even add further

pseudodifferential contributions (see | , Corollary 5.2]).
For the fractional Laplacian (see [ , Proposition 2.3]), which enjoys isotropic antilo-
cality properties, it was proved | , | that rigidity — in the form of antilocality —

and flexibility — in the form of Runge approximation properties — are dual. This provided the
key tool in order to investigate the inverse problem and to deduce properties for it which remain
open for its classical local counterpart.

We next show that a similar duality result also holds for directionally antilocal operators:
Directional antilocality together with the well-posedness of the adjoint equation is dual to Runge
approximation properties. Thus, directional antilocality should be viewed as the key mechanism
for studying the associated inverse problems.

Theorem 1 (Duality between (directional) antilocality and Runge approximation). Let C C
R™\{0} be an open, non-empty, conver cone and let @ C R™ be open, non-empty and bounded.
Assume that W C Q. NC(Q). Let g € L=(Q) and let L(D) + ¢ be a self-adjoint elliptic operator
of order s € (0,1) for which the Dirichlet problem (6) is well-posed and gives rise to a well-
defined Poisson operator, mapping from H*(C(Q)\Q) to H*(C(QY)). Then, the following results
are equivalent:
(a) The set R :={P,(f)|la: f e CX(W)} is dense in I;"S(Q)
(b) If we H*(Q) (weakly) solves

(L(D) + q)w = v in Q,

w =0 1in C(Q)\Q,

for some v € H *(Q) and L(D)w =0 in W, then v =0 and, hence, w =0 in C().

(13)

Hence, the strong rigidity properties of the antilocality condition in cones directly transfers to
strong flexibility in the form of Runge approximation properties. In contrast to the setting of the
isotropic fractional Laplacian, we emphasize that, in the only directionally antilocal framework,
the verification of these conditions for our operators requires the geometric conditions that W C
C(2) and that also Q@ C C(W) := (W —C) U (W +C) (see Theorem 2). In Lemma 4.2 we will
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show that these conditions are indeed necessary in order to deduce the Runge approximation
property for a —C UC antilocal, elliptic operator, and that these thus reflect the geometry of the
operator.

Remark 1.5 (Applicability to the exterior problem for (1)). We remark that the if L(D) is
of the form (1) with a satisfying (A1)-(A3) together with the additional conditions that Q is
Lipschitz and g € L*(QY) is such that zero is not a Dirichlet eigenvalue of L(D) + q imply the
well-posedness hypotheses in Theorem 1 (see Section 3.1). In the particular case that we consider
the (conical) exterior of 0, i.e. W = C(Q)\Q, this duality holds by virtue of Proposition 1.4,
even though we did not prove the full —C U C-antilocality of these operators.

1.3. The inverse problem. As consequences of the above structural discussion, we next deduce
properties of the associated inverse problems. We split this into two parts: First, we present some
of the main results for the inverse problems in the setting of the symmetric operators satisfying
the conditions (A1)-(A3) from above, and then we illustrate new phenomena arising in the study
of the inverse problems associated with the operators from Examples 1.2 and 1.3.

1.3.1. The inverse problem for symmetric operators satisfying the conditions (A1)-(A3). We first
focus on the partial data inverse problem and its uniqueness properties for the operators satisfying
(A1)-(A3) above. In the next section, we will in parallel collect results for the non-selfadjoint
operators from Examples 1.2 and 1.3. We begin by providing Runge approximation results under
the condition that the operator is directionally antilocal and under suitable resulting geometric
assumptions.

Theorem 2 (Runge approximation). Let Q& C R™ be open, non-empty, bounded and let q €
L>(Q). Let L(D) be the operator in (1) of order s € (0,1) with a satisfying the conditions
(A1)-(A3) from above. Suppose that q is such that the Dirichlet problem (6) is well-posed and
gives rise to a well-defined Poisson operator, mapping from H*(C(Q)\Q) to H*(C(Q)). Assume
in addition that L(D) is —C U C-antilocal. Consider an open set W such that W C C(Q) and
Q C C(W). Then, the set

R:={u=Pfla: f€CZW)}
is dense in H* ().

Let us discuss the imposed conditions of the theorem: First of all, solvability is assumed in
order to define a suitable Dirichlet-to-Neumann operator (this could be relaxed to a Cauchy data
setting). Under mild conditions on the potential and in various function spaces, in Section 3 we
prove that this condition is satisfied for our class of operators obeying the conditions (A1)-(A3)
from above. Due to the domain of dependence structure of L(D), the geometric condition that
W C C(f) is natural and part of our well-posedness theory. The key structural condition is
that of antilocality, which allows us to invoke Theorem 1. However, we emphasize that the
only directional antilocality condition again gives rise to an additional geometric condition. In
addition to the assumption that W C C(£2) which stems from our well-posedness considerations,
we also impose that Q@ C C(W). This allows us to invoke the assumed —C U C-antilocality of
the operators in order to infer the desired density condition. In Lemma 4.2 below, we discuss
examples illustrating that such additional geometric conditions are indeed necessary.

While we have formulated Theorem 2 for an abstract class of operators and have imposed
directional antilocality, we remark that by virtue of Proposition 1.4 for the “full data” exterior
problem in which W = C()\Q, the assumptions of Theorem 2 are all satisfied. Hence, in this
setting, for our operators from (1) with (A1)-(A3) (with mild conditions on the potential q)
the result from Theorem 2 is valid. The same observation holds for Theorems 3 and 4 below if
Wy = C(Q)\Q.
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Relying on the Runge approximation result, as in the fractional Calderén problem, we obtain
an associated infinite data measurement result:

Theorem 3 (Infinite measurement uniqueness under geometric restrictions). Let Q@ C R™ be
open, non-empty, bounded and let q1,q2 € L>®(Q). Let L(D) be the operator in (1) of order
s € (0,1) with a satisfying the conditions (A1)-(A3). Suppose that qi,q2 are such that the
Dirichlet problem (6) with the potential q;, j € {1,2}, is well-posed and gives rise to a well-defined
Poisson operator, mapping from H*(C(2)\Q) to H*(C(R)). Assume that L(D) is —CUC-antilocal.
Consider open, non-empty sets Wi, Wa such that W; C C(Q2) and Q C C(W;) for j =1,2. Assume
that

Ath (f)|W2 = Aq2(f)|W2 for f € Cgo(Wl)’
then q1 = qs.

Remark 1.6. While the two Dirichlet-to-Neumann maps from (9), (10) do not coincide in gen-
eral, we remark that an analogous statement as in Theorems 2 and 3 also holds for ]\ql (Dlw, =
Ay (f)lws- Further we stress that analogously to | | it would also have been possible to
work with potentials in critical multiplier spaces. Since the structural conditions on the principal
symbols are our main focus in this article, we have opted not to include this here.

Similarly as in the fractional Calderén problem, also the infinite, partial data measurement
nonlocal Calderén problems studied here are always formally overdetermined inverse problems
and the corresponding single measurement problems are always formally determined. Thus,
there is at least formal reason to consider single measurement uniqueness results. Exploiting the
—CUC-antilocality together with the weak unique continuation property (Proposition 4.3, which
here is a consequence of the two-sided antilocality property of the operator), it is then indeed
possible to prove such single measurement results.

Theorem 4 (Single measurement uniqueness under geometric restrictions). Let @ C R™ be
open, non-empty, bounded, C' reqular and let ¢ € C°(Q). Let L(D) be the operator in (1) of
order s € (0,1) with a satisfying the conditions (A1)-(A3). Suppose that q is such that the
Dirichlet problem (6) is well-posed and gives rise to a well-defined Poisson operator, mapping
from H*(C(Q)\Q) to H*(C(SY)). Assume that L(D) is —CUC-antilocal. Consider open, non-empty
sets W1, Wy C C(Q) such that Q@ C C(Wy). Then f € H*(W1)\{0} and Ay(f)lw, determine g
uniquely.

We emphasize that in both Theorems 3 and 4 the choice W; = W5 is admissible.

Remark 1.7. The unique determination also follows from the knowledge of f € f[S(Wl)\{O}
and Ag(f)|w, under the additional geometric conditions that Wi NWo = 0 or C(W1NW3) C C(Q)
(see Lemma 3.15).

We remark that this result is essentially in parallel to the single measurement results for the
fractional Calderén problem. The geometric conditions on Wy, W5 are only (very mild) conse-
quences of the domain of dependence structure of the problem and of the directional antilocality.

1.3.2. The inverse problem for the model operators from Examples 1.2 and 1.3. In Section 5,
we contrast the results from the symmetric setting from the previous section with the results
for the inverse problem for the explicit examples of not necessarily symmetric operators from
Examples 1.2 and 1.3 (generalized to any p € [0,1] and any dimension in (36)). Here new
phenomena arise both for the direct and the inverse problems:

e Already in the formulation of the direct problem, the cases p € {0, 1} give rise to new data
spaces in that both local and nonlocal contributions can be considered (see Section 5.2).
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e For p € {0,1} the operators are not antilocal in two-sided cones but only antilocal in
one-sided cones, which in one dimension turns into antilocality to the left and right,
respectively (see Section 5.1).

e While the weak unique continuation property holds for n = 1 (as a consequence of well-
posedness; see Lemma 5.24), for n > 2 and p € {0,1} this fails in general for s € (0, 1),
see Lemma 5.25 (the case p = 0 is defined in (12), in parallel to the one-dimensional
setting we will consider a whole family parametrized by p € [0,1]). While the operators
are thus nonlocal and elliptic and “have constant coefficients”, they are substantially less
rigid than the fractional Laplacian or local, constant coefficient elliptic partial differential
operators. The only one-sided antilocality is strongly reflected in this result.

e Due to the only one-sided domain of dependence for the operators with p € {0,1} in
Examples 1.2 and 1.3, new restrictions have to be imposed on the data in the inverse
problems. In particular, restricted to the domain of dependence, the associated Dirichlet-
to-Neumann maps do not carry information on the operator (but only on the data). Thus,
for instance, in the single measurement results, data have to be taken in the “opposite”
cone in order to infer non-trivial information (see Section 5.4).

Moreover, in Section 6 we illustrate that many “natural” nonlocal elliptic operators which
are defined as sums of certain rigid nonlocal operators do not enjoy arbitrarily strong antilo-
cality properties but only satisfy weaker forms of antilocality and rigidity, for which geometric
constraints have to be imposed.

1.4. Relation to the literature on Calderén type inverse problems. The problem un-
der investigation in this article should be viewed as a generalization of the fractional Calderén
problem in which the geometry of the problem plays a more prominent role and which displays
weaker rigidity and flexibility properties than the fractional Calderén problem.

The study of the fractional Calderén problem has been a very active field in the past years:
After its introduction in [ |, in which the partial data infinite measurement result at L>°
coefficient regularity was proved, many facets have been addressed. This includes the study
of uniqueness and (in-)stability in the low regularity regime | , ], qualitative and
quantitative single measurement results and reconstruction [ , ], inversion methods
by monotonicity | , ], nonlinear problems | , ], uniqueness in the presence
of anisotropic background metrics | |, the study of the magnetic problem and lower or-
der perturbations [ , , , , |, stability in the presence of apriori
information | | and the presence of Liouville type transforms in these settings | ].
The study of higher order analogues of these problems and parabolic settings was initiated in

[ : ]

Compared to the local “classical” Calderén problem [ ], the fractional problem displays
rather striking uniqueness, stability and reconstruction properties mirroring the strong rigidity
and flexibility properties of the fractional Laplacian [ , ]. Formally, this is indicated by

the strong overdeterminedness of the problem. Crucial inputs in the above results on the inverse
problems consisted of the unique continuation property of the fractional Laplacian | , ,
, , | and the dual Runge approximation properties for fractional Laplacian
[ , , , ]. Subsequently, some of these properties have been extended to
larger classes of nonlocal operators [ , , ]. Moreover, connections between
local and nonlocal Calderén type problems have been established in | ]. A nonlocal problem
for the fractional Laplacian with a lesser degree of overdeterminedness was recently introduced
and studied in | ] where the author makes use of the theory developed in | ]
As initiated in [ |, it is the purpose of this article to transfer some of the results for
the specific problem of the fractional Laplacian to more general nonlocal elliptic operators and
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to extract the decisive nonlocal features entering in this discussion, such as the operators’ an-
tilocality. In particular, our study of the operators as in (1) satisfying (A1)-(A3) illustrates the
relevance of the notion of antilocality and indicates that geometric conditions may enter for these
only directionally antilocal operators.

1.5. Outline of the article. The remainder of the article is structured as follows: In Section 2,
we begin by collecting notation and discussing some auxiliary results on some of the function
spaces which we will be considering in the article. Building on this, in Section 3 we discuss
the well-posedness properties of the direct problem, emphasizing the role of the geometry of the
operator only “seeing” certain regions. Here we focus on the symmetric operators from (Al)-
(A3). Given these results, in Section 4 we study the antilocality properties from exterior conical
domains of these operators and, exploiting these, provide the results on the general inverse
problems. In Sections 5 and 6 we complement this by discussing further examples, including the
ones from above, and point out additional features which may arise due to the lack of symmetry.
The appendices contain various symbol computations, the investigation of an alternative bilinear
form for the operators from Section 5 and some geometric facts.
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2. PRELIMINARIES

2.1. Notation. We denote by I" a convex, open, non-empty cone in R", i.e. I' C R™\{0} is a
convex set such that tx € I for all z € I" and ¢ > 0. Further, C also denotes a convex, open,
non-empty cone in R™, however, we reserve this notation to settings when we consider operators
with symmetric kernels supported in the two-sided cone —C U C. In that case, we define for a
set  C R™ the domain of dependence (relative to an operator whose kernel is supported in the
two-sided cone —C U C) as the two-sided cone

C():=Q+(—CUC)={z+thcR": 2cQ, t>0, c(—CUC)NS"1}.

For any open set 2 C R", we denote the interior of its complement by Q. := R™\Q. In
addition, given any function w : 2 — R, we define its extension by zero by

u in Q
14 Equ = ’
(14) ot {0 in Q.

The notation u|q denotes the restriction of a function to 2, but sometimes — if no confusion may
arise — it will also be interpreted as a global solution which is zero outside ).
In one dimension we further use the notation

Riy:={z€R: >0} and R_:={z€R: z <0}

for the right and left half lines. Moreover, in the following we say that an open set {2 C R™ is
a differentiable domain if its boundary can locally be written as a differentiable (not necessarily
continuously differentiable) function.
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Finally, the Fourier transform is denoted by

w(§) = Fu(é) = / u(z)e™ " S da.

n

2.2. Function spaces. In the next sections, we will discuss the direct and inverse problems
associated with the operators described in the introduction in various function spaces. While
“standard” Sobolev spaces and their symmetry properties in Q and C(£2)\Q prove to be rather
convenient for the inverse problem, the direct problem can be formulated at lower regularity in
less symmetric spaces which take into account the geometry of the operators and their nonlocal
character (see | ). In the sequel, we recall and define both classes of function spaces and
deduce a number of auxiliary properties which will be heavily exploited in the following sections.

2.2.1. Sobolev spaces. First, we recall the definitions of the Sobolev spaces which are relevant for
us. For s € R, the whole space Sobolev spaces are denoted by

HY(RY) 1= {u e S'®"): [(1+]- )5 Fullpagen) < 0},
and their homogeneous versions by
HR") :={ue SR : ||| |[*Ful p2gn) < 00}
Associated with them, we further define
[ull sy == (141 - %)% Ful| g2 n),
lull gragny = Il - [° Full L2y
Given an open set 2 C R", we define
H?(Q) := {u|Q cu € H? (R”)}, equipped with the quotient topology,
H*() := closure of C2°(Q) in H*(R™),
HE :={u € H*(R") : supp(u) C Q}.

If Q is an open, bounded Lipschitz domain, the following identifications hold:
(H*(Q)" = H™*(Q), (H*(Q))" =H %), seR,
HE = H(Q), scR,

ﬁmwzﬂﬂm,se(aé)

(15)

H*(Q) = {ue H*(Q) 1 ulopo =0}, s€ (%,1).

These identifications also hold in Q 4+ C, C(2) and their open complements, with Q a bounded
Lipschitz domain and C an open convex cone (see Lemma 2.1).
We use (-, ) to denote the corresponding duality pairings.

2.2.2. Asymmetric Sobolev type spaces. Next, we introduce further spaces, which are modelled
on the spaces from [ ] and which are tailored to the exterior boundary value problem (2).
In particular, they allow us to deal with this problem at rather low regularity in the exterior
domain. Let s € (0,1), assume that a : S*1 — [0, 00) satisfies the assumptions (A1)-(A3), and
let 2 C R™ be an open set. We define

as ( \iiz\)

VE(Q,a) = {u :C(Q) = R: ulo € LAQ), (u(z) —uly)) P

e L* (@ x ()},
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endowed with the norm

[[ul %/S(Q,a) = Huﬂiz(sz) + [u, ulvs(0,a),

where
ol = [ [ (ule) = ) (vle) - v@))%dz@_

Q c(Q)

Assumption (A1) implies the following statements for s € (0,1) (see Lemmas 2.4 and 2.3 in
the following subsection for their proofs)

(16) H*(C(Q)) € V*(©,a),
(17) H*(R") = V*(R", a).

We emphasize that, in general, the first inclusion is strict, due to the asymmetric definition of
the spaces V*(§, a) with regards to € and C(2)\§2: While the space V?(Q2, a) imposes a Sobolev
regularity type control in ), it only provides very weak regularity conditions on C(2)\Q.

In addition, if Q is bounded, the following Poincaré inequality holds for any u € H*(2):
1
(18) lullf20) < Clu, ulve(gn,a) = CIILD) 2l gy
Finally, we introduce the following space, in which the exterior data in (6) will be considered:

(19) ViQ,a) = {u|C(Q)\§ cu € V¥(Q,a)}, equipped with the quotient topology.

2.2.3. Auziliary results on the function spaces. In this final subsection we prove some auxiliary
results on the relationship between the spaces defined in Sections 2.2.1 and 2.2.2. They will play
an important role in our definition of weak solutions in Section 3.

We begin by proving the validity of (15) for a slightly more general class of domains than the
one considered in | , Defintion 3.28]. We emphasize that we only drop the condition that
the boundary 052 is compact. This implies that the boundary can be unbounded, but we assume
that the unbounded parts must be given by a union of finitely many Lipschitz graphs (up to rigid
motions). Then, we still have a finite covering of 92 by (up to rigid motion) Lipschitz graphs.

Lemma 2.1. Let Q C R™ be an open Lipschitz set such that there exist finite families {W; }évzl,
{Q,;}IL, satisfying that W;,Q; C R™ and
. N
(i) 9@ C U=, Wi,
(i) Q; is a Lipschitz hypograph (up to a rigid motion) for any j € {1,...,N},
(i) W;NnQ=WwW;NQ; forany je{l,...,N}.
Then the identifications (15) hold.

Proof. The proof of each identification does not differ from those in [ , Chapter 3|, where it
is additionally assumed that 92 is compact. Indeed, we can find Qy € € such that Q C ij:o Q;

and consider a partition of unity for Q subordinated to {$; }o (see for instance the proof of
[ , Theorem 3.29]). After this reduction, the proof only exploits the same ingredients as in
[ ], including (15) for Lipschitz hypographs. O

We next deduce an extension result which will ensure that for our notion of weak solution
(see Definition 3.1) to the inhomogeneous interior problem (24) it is possible to extend a solution
canonically from a function on C(€2) to a function on R™:
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FicURE 2. Illustration of the subset U = Byr N (2 U C(Q).) (in orange) in
Lemma 2.2. In the first case Q € C(Q), so the inclusion D follows immedi-
ately. In the second case, the slightly more general argument from the proof of
Lemma 2.2 is necessary.

Lemma 2.2. Let s € (0,1), let C C R™\{0} be an open, non-empty, convexr cone and let & C R™
be an open, bounded Lipschitz domain. Then

H5(Q) = {Ecyu: ue HYC(Q), u=0inC(Q)\2},

with Ec(qy as in (14).
Proof. The inclusion C is immediate by definition. The inclusion D follows easily in the case
Q € C(92), which holds for differentiable domains (see Lemma C.1). Nevertheless, the inclusion
Q € C(2) may fail for some Lipschitz but not differentiable domains (e.g. when considering
certain triangles, see the right of Figure 2). In general, the inclusion D can be proved as follows:

Let & € H*(R") with @|c(g) = u. This means that @ = 0 in C(2)\Q. Let R > 0 be such that
) C Br and let n be a smooth cut-off function supported in Byr such that n = 1 in Bg. Since
ni € H*(R") and supp(ni) C U with U = Bap N (QUC(Q).), then ni € HZ. Furthermore,
since U is a bounded Lipschitz subset (see Figure 2 and the remarks from Section 2.2.1), na €
H*(U). By definition, for any e > 0 there is g € C°(U) such that ||na — 9llgs®ny < €. Since
HH QN (R™C(2))) = 0 (see Lemma C.3), we have £qg € C°(Q2) and

Ea(ni) — Eagllms @n) < e

Therefore, Eq(ni) € H*(€). The conclusion then follows by noticing that Eq(ni) = Equ
gc(Q)’u,.

O

Next we provide the proof for the identity (17):

Lemma 2.3. Let s € (0,1) and assume that the function a : S"~* — R satisfies the hypotheses
(A1)-(A3). Then

H°[R"™) =V*(R",a).
In particular, for any uw € H*(R™)

1
(20) [w, ulvs R ,0) = 2||L(D)2U||2L2(Rn) < CH”H%]S(Rn)‘

Proof. Both H*(R") and V*(R",a) are contained in L?(R™). Thus it suffices to show that the
norms of H*(R™) and V*¥(R", a) are equivalent. By (4) and its Fourier transform (see Lemma 2.5
and Lemma A.1), it follows that

~ 1
[u, U]VS(]R",a) = 2By (u,u) = 2||L(D)2UH%2(]R”)'
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In addition, (A1) implies that there is A € (1, 00) such that
A< L(w) <\, forallwe snL
This means that
ATHER < L(§) < Mg, forall ¢ €R™,

and therefore

_ 1
Al gy < 5l ey < Al o

Further, we present the argument for (16):

Lemma 2.4. Let s € (0,1), Q C R™ be an open set, and assume that the function a : S"~!1 — R
satisfies the assumptions (A1)-(A3). Then

HY(C(9)) € V*(Q,a).
Proof. Let v € H*(C(Q2)) and @ € H*(R™) be such that i|c(q) = u. Then, by Lemma 2.3,
[u, ulvs(,a) < [, Uysmna) < CIITLHQ-S(Rn).

Taking the infimum among all possible @ satisfying the above properties, it holds
(21) [, ulve(.a) < CllullFr ey

and therefore the claimed inclusion follows. O

2.3. The bilinear forms. A common theme in our discussion of the direct problem, which
has been also already indicated above, is the choice of a notion of a solution to the nonlocal
equation (6). This can be viewed as the choice of a suitable Dirichlet form. In the previous
sections, we considered two natural function spaces associated with the operator L which are
closely related to the two bilinear forms (4), (7) from the introduction. In our discussion of
the direct problem, we will observe that these two bilinear forms give rise to the same solution
in Q if suitable boundary conditions are imposed. However, in general, the bilinear forms do
not agree on arbitrary function spaces and lead to different Dirichlet-to-Neumann maps (see, in
particular, the discussion in Section 3.2) and thus to different measurements for the associated
inverse problems. In many places of the article we will thus develop our results for B, and Bq
in parallel. Throughout this section, we assume €2 C R” is a bounded, open set.

We begin by discussing the boundedness properties of the bilinear forms. To this end, we
first note that the bilinear form (4) is globally related to the operator L(D) through a Fourier
characterization:

Lemma 2.5. Let s € (0,1), let Bq be as in (4) with the function a : S*~! — R satisfying the
assumptions (A1)-(A3) and let ¢ € L>°(2). Then for u,v € H*(R™) it holds that
(22) By(u,v) = / (L(D)?u) (L(D)*v)dzx + (qu,v) 12(q)-
Rn
In particular,
| Bq(u,0)| < Cllull s my 0] 112 emy.

where C' > 0 depends on ||q|| <) and a.
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Proof. The identity (22) follows from Fourier-transforming the bilinear form (4) (see also Lemma A.1
for the computation of the symbol). Indeed, by Plancherel’s theorem, for u,v € C°(R"™)

Bo(u,v) = (L(D)u, ) 1o gy = (LE)E,D) o gy
= (L(E)%'&’L(E)%ﬁ)[;(]}gn) = (L(D)%uaL(D)%'U)[g(Rn)-

Thus, the claimed estimate is a direct consequence of the representation (22), an application
of the Cauchy-Schwarz inequality and the estimate (20). O

While the boundedness of the bilinear form Bq in Sobolev spaces directly follows from its
Fourier characterization, the corresponding bound for the bilinear form B, which we will use for
the analysis of the Dirichlet problem (6) requires slightly more care.

Lemma 2.6. Let s € (0,1), let By be as in (7) with the function a : S"~' — R satisfying the
assumptions (A1)-(A3) and let ¢ € L>°(2). Then for any u,v € H*(C(2))

|By(u, v)| < Cllull s ccapllvll s )
where the constant C > 0 depends on ||q| =) and a. In addition, for any u € V°(Q,a) and
v e H*(Q)
| By (u,v)| < Cllullvs(a,a) V|l ze®n)-
Proof. Let u,v € H*(C(Q2)) and let 4,0 € H*(R™) be such that t|ciq) = u, Uc(q) = v. By the
Holder inequality

1

12Bo(u, )| < ( /C N /C (m<u<z>u(y))zkauy)d:cdy) ( /C N /C (m<v<z>v<y>)2ka<zy>dscdy> 2
([.[

1
2

ka(zy)dxdy> %< / ) / ) (6(z)17(y))2ka(zy)d:cdy>;

Ve @0 [0 U0 0 0,

IA
ﬁz

| N

[@, 11
where

(23) ka(z) = |Z|(E2)

Applying (20), we infer
| Bo(u, v)| < Cllal gs @) 10] &7 ()

Taking the infimum among all possible @, ¥ and including the zeroth order contribution originat-
ing from the potential, we hence arrive at

|By(u,v)| < Cllullgsccap vl 2o ey + llall e llull Lz @) llvll L2 @)
< Cllull = e 1Vl m: )

In order to prove the second claim, let u € V*(Q,a) and v € Hs (©). Splitting the integral
and taking into account the support of v in €, we can write

2Bo(u,v) = I + Iz,



18 GIOVANNI COVI, MARfA ANGELES GARCIA-FERRERO, AND ANGKANA RULAND

where

b= /Q /Q (u(@) = u()) (v(x) — v(y)) ka(w — y)drdy,
o [ o) u0) (00) o)l
L ) )60 e
=7 /sz /C(Q)\ﬁ (u(z) — u(y)) (v(z) — v(y)) ka(z — y)dzdy.

In the last step we used the symmetry of the kernel k,. Therefore, by (20), for j € {1,2}

1 1 1 1 1
|Ij| < Q[Uau]‘z/s(g,a) [U?U]‘Q/S(Q,a) < Q[U?U]‘Z/S(Q7a) [U)v]‘Z/s(Rn,7a) < C[uaU]\Z/s(gﬂ)HUHHS(R")-

Combining this with the contribution from the potential yields the desired estimate. 0

Upon concluding this section, we present some first comparisons between the bilinear forms
B, and B,.

Lemma 2.7. Let s € (0,1) and let B, and B, be as in (4) and in (7), respectively. Let
w,v € H*(R™). If in addition uw € H*(Q) or v € H*(), it holds that By(u,v) = B,(u,v).

Proof. By the symmetry of both B, and Bq, it is enough to prove that B,(u,v) = Bq (u,v) for
any u € H*(Q) and v € H*(R"). We start by noticing that if u is supported in Q, then

(u(o) - o (=4 ) #0

|z -yl

at most in C(Q) x C(2). Therefore, we infer

Bo(u,v) = % /n /n (u(m) - u(y))a( Ty )1|):£x) ;P:)JE?;S) dydz

|z -yl
1 / / x—y\v(z) —v(y)
== u(z) — u(y) a( ) dydx = Bo(u,v).
2 Jew) Je ( ) |z —y|/ |x — y[nt2s
Since the potential term is the same for both forms, the proof is complete. O

Remark 2.8. For a general fﬁnction u € H*(R™) the equality between the bilinear forms may
fail. Indeed, let W € C()\Q be bounded, open and such that C(W) ¢ C(Q) and consider
fe HS(W). Then Bq(f, f) # Bg(f, f). In fact, arguing as in the proof of Lemma 2.7,

~ _1 _ 5 @ I%
Barn =5 [ [, U@ = 1) ey

1 ]
Bo(f, f) = - - S T KA
olf,f) 2 /c(Q)mC(W) /c(Q)mC(W) (/@) = @) |z — y|n+2s ver

Since C(W) ¢ C(QY), the integrals do not agree. Indeed, taking into account the support of f
(and the fact that W C C(S2), which hence implies that f(x) = 0 for x € C(W)\C()) and the
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symmetry of the kernel, we can write the difference as follows

x=y
B(rh-mrn=5 [ [ f%@%dydz
CWNC() c(W)
1 a(%)
+ 5 / / f2(‘r)|x7y|g+25dyd$

c(NC(W) C(WH\C(Q)

[ UE) iy

= x)——————dydx > 0,
w Jeawne®@) |z — y|nt+2s

where the integral in the last line is finite since dist (W,C(W)\C(Q)) > 0.

Further comparison results between the two forms e.g. as acting on solutions or as inducing
associated Dirichlet-to-Neumann maps will be discussed below.

2.4. Antilocality in cones. We conclude the discussion of the preliminary results with an
antilocality statement for more general function spaces under the assumption that the operator
under consideration is antilocal in the corresponding cones (see Definition 1.1).

Lemma 2.9. Let I' C R"\{0} be a convex, non-empty, open cone. Let r,s € R and let L(D) :
H™(R™) — H"=25(R"™) be a linear operator which is T-antilocal in the sense of Definition 1.1.
Let f € H"(R™) and assume f =0= L(D)f in an open subset U C R™. Then f=01in U +T.

Remark 2.10. We remark that by the linearity of the operators and the openness of the vanish-
g assumption, only extremely mild regularity conditions are required in Lemma 2.9. We will
implicitly make use of similar mollification arguments in various places of the article without
explicit references to this.

Proof. In order to apply the I-antilocality of Definition 1.1, we need to approximate f € H "(U)
by smooth compactly supported functions. Let n be a standard mollifier compactly supported
in the unit ball and let n;(z) = j"n(jx) for j € N. We define f; := n; * f € C(R") and
Uj:={xe€U:d(z,0U) > %} In addition, we notice that

L(D)f; = F 1L £;(€) = F (L (€)f(€) = (ny * (L(D)f)).

Then, f =0 = L(D)f in U implies that f; = 0 = L(D)f; in U;. By the I'-antilocality, since
fj € C(R™), we conclude that f; =0in U; +T.

It is clear that for any x € U + I there exists N € N so large that z € U; + 1T for all j > N.
Thus fj(x) = 0 for all j > N, which in turn implies f(z) = 0. This finally implies f = 0 in
U+T. O

3. THE DIRECT PROBLEM

This section is devoted to the study of the direct problem (6) with L(D) of the form (1) and
with a satisfying the conditions (A1)-(A3). On the one hand, we will discuss this in function
spaces modelled on | ] which allow for very weak regularity conditions on the data. On
the other hand, we will also consider it in Sobolev spaces. The latter allows us to provide a more
“symmetric” definition of the Dirichlet-to-Neumann operator (see Proposition 3.12). From now
on, we assume 2 C R™ is an open, bounded Lipschitz domain and s € (0, 1).



20 GIOVANNI COVI, MARfA ANGELES GARCIA-FERRERO, AND ANGKANA RULAND

3.1. Well-posedness result for the direct problem in Sobolev spaces. We first prove
solvability (outside of the spectrum) for the inhomogenous problem with interior source and zero
exterior data:

(L(D)+q)u=g in €,

(24) u=0 in C(Q)\Q,

with g € (I;"S(Q))* = H*(Q)). As discussed in Section 1.1.2, the exterior condition is only
prescribed in the domain of dependence of L. Similarly, u is defined as a function on C(Q)
with suitable regularity conditions. Nevertheless, by Lemma 2.2 and by the imposed boundary
conditions, no generality is lost if we consider u defined in R™ and vanishing also outside C(2).
In the sequel we will introduce and discuss a solution notion based on the “more local” bilinear
form By in the spaces V*(§, a) which are associated with this bilinear form. The corresponding
results for Bq can be deduced analogously; we comment on this in the context of Sobolev spaces
in Lemma 3.9 below.

Relying on our above discussion, we first present the definition of a (weak) solution based on
the bilinear form By:

Definition 3.1. Let s € (0,1) and let By(-,-) be the bilinear form from (7). Given g € H—*(2),
a function u € H*(Q) is a (weak) solution to (24) (based on By) if

(25) By(u,v) = (g,v) for allv e H*(Q).
Using this, we prove the well-posedness result for the interior source problem:

Proposition 3.2 (Well-posedness, no exterior data). Let s € (0,1), Q C R"™ be a bounded,
Lipschitz open set, L(D) be as in (1) with a satisfying (A1)-(A3) and q € L>°(Q). There exists
a countable set Xq C (—||q—||L~(q),00) such that if X ¢ ¥y, then for any g € H™*(Q) there is a
unique solution u € H*(Q) of

LD)+q—ANu=g in,

” (UD)+a- =g m

u=0 in C(Q)\Q.
In addition, the solution satisfies

(27) lull = mny < Cllgllz-+(0)-

Proof. Step 1: Solvability for L(D) + q + . Let v = [|g_||L~(q), where ¢_(x) := min{q(z),0}.
Then B, + v is a coercive continuous bilinear form on H*(2). Indeed, by Hélder’s inequality,
Lemmas 2.7, 2.5 and 2.3, for any u,v € H*(Q)

1 1 1
|Bq(u, 0)] < SIIL(D)Zuf| 2@y | L(D) 20l L2 () + lall o= (o el 2@ IVl 220
< COllull s ey 10l 75 w7y -

The coercivity follows from the Poincaré inequality (18):
1 1
By(u,u) +y(w,u) = S| L(D)? 72 en)

C(ILDY 2 ul g + lulfay) 2 Cllullde e,

v

Then there is a unique u =: Kg € H® (Q) satisfying
By (u,v) + v(u,v)q = (g,v) forall ve H*(Q),
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and in addition

lull s (rny < Cllglla—+(0)-

Step 2: Fredholm alternative. Let us consider the operator K : g — u. We have already seen
that K : H=%(Q) — H*(Q) is bounded. Further, the embedding H*(2) — L?() is compact.
Therefore, K is a compact, self-adjoint operator when viewed as a mapping from L?(Q) — L?(Q).
The conclusion hence follows by the spectral theorem and the Fredholm alternative. O

In a second step, we obtain the well-posedness of the exterior value problem (6) by reducing
it to the problem (24). In order to highlight the fact that the nonlocal problem allows for very
weak data spaces and to clarify their connection with the bilinear form B, here we work with
the spaces defined in Section 2.2.2, similarly as in | ]

Definition 3.3. Let s € (0,1) and let By(-,-) be the bilinear form from (7). Given f € V(Q,a),
u € V*(Q,a) is a (weak) solution to (6) (based on By) if
By(u,v) =0 forallv e H*(9Q),
and Eciay(u — f)e I;'S(Q) for any f € V¥(Q, a) with f|C(Q)\§ = f.
With this in mind, we address the exterior data well-posedness result:

Proposition 3.4 (Well-posedness, exterior data). Let s € (0,1), Q C R™ be a bounded, Lipschitz
open set, L(D) be as in (1) with a satisfying (A1)-(A3) and g € L*°(Q). There exists a countable
set Bg C (—|lg-llzec(q),00) such that if X\ ¢ gy, then for any f € VF(Q,a) there is a unique
solution u € V*(2,a) of

(L(D)+q—ANu=0inQ,

(28) u=f inC(Q)\Q.

Moreover, it satisfies

(29) llullvs,a) < Cllfllvs(,a)-

Proof of Proposition 3.4. We reduce the exterior setting to the one from Proposition 3.2: Let
u = wlc) + f € V(Q,a), where f € V*(Q,a) with fl¢q\g = f and w € H*(R"). Then we
seck to construct w € H*(Q) satisfying (26) with g = —(L(D)+q— ) fla- Tt hence suffices to

prove that g € H~5(Q), which reduces to proving that L(D)f € H*(Q) (interpreted weakly) if
f € V¥(Q,a). By the second part of Lemma 2.6, for any v € H*(Q)

(L(D)f,v)| = |Bo(f,v)| < CIIf]

This then proves that L(D)f € H~*(Q) and therefore ||g|| gy < C|lfllv+(a.a)-
Finally, by Proposition 3.2, if A ¢ X,, there is a unique solution w € H*(Q) of (24) with
g=—(L(D)+q— ) flo and it satisfies

ve@,a) vl e @n)-

[wllve(@.0) < lwllve@nay < Cllwllare @y < Cllglu-+0) < Cllflve@.a-

This implies

lullvs@,a) < [1fllvea) + lwlve@.a) < Cllfllvea-

Taking the infimum among all possible f then leads to (29). O
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Next, as a direct corollary, we state the well-posedness for (6) in the more restrictive func-
tion spaces H*(C(f2)), which will be convenient for later applications to the associated inverse
problems — in particular for defining the corresponding Dirichlet-to-Neumann maps. In order
to note the advantages of this, we highlight that functions u € H*(C(2)) satisfy the symmetric
regularity condition

(30) (u(z) - U(y))g(lﬁyi € L*(C(Q) x C(Q)),

which follows as in the proof of Lemma 2.4. Contrary to the function spaces from Proposition 3.4
we thus also require H® Sobolev regularity for the data in the exterior domain. We emphasize
that the symmetry in « and y will allow us to define the Dirichlet-to-Neumann operator by means
of our bilinear form By(-,-) in a “symmetric way” in the next subsection.

Corollary 3.5. Under the same conditions as in Proposition 3.4, if \ ¢ ¥, and f € H*(C(Q)\Q),
the unique (weak) solution to (28) (based on By) satisfies u € H*(C(Y)) and

(31) lull zr=c@)) < Clf s conm)-
Proof. Let @ :=w + f € H*(R"), where f € H*(R") with f|C((z)\ﬁ = f and w € H*(Q) satisfies
(24) with g = —(L(D) + ¢ — \) flo. By Lemma 2.3, it holds
[f, f]VS(Q,a) <7, .ﬂVS(]R”,a) < CHfHHs(]Rn)-
Therefore, arguing as in the proof of Proposition 3.4, we infer g € H~*(Q) and ||g|lg—) <

CHfHHs(Rn). By virtue of Proposition 3.2, if A ¢ %, then w € H*(Q) exists, is unique and
satisfies

W]l =@y < Cllgllar-=) < CIIf | are ny-
Defining u := ii|¢(q) results in
lull e cyy < Nl as@ny < C”fHHS(]R")
The estimate (31) follows by taking the infimum among all possible f. O

In particular, the corollary allows us to introduce a well-defined Poisson operator F; as already
claimed in (8):

Definition 3.6 (Poisson operator). Let s € (0,1), Q, L(D) and q be as above. Let 0 ¢ 3.
Then, the Poisson operator is given as the mapping

(32) Py HY(C(\Q) — H(C()), [ u=:Pf,

where u denotes the solution to (6) from Corollary 3.5 (with A =0).

After discussing the existence and uniqueness of solutions to (6) associated with the bilinear
form B,, we discuss analogous results for the bilinear form Eq and relate the corresponding
solution notions.

To this end, we begin by defining weak solutions to (28) based on By:

Definition 3.7. Let s € (0,1) and let By(-,-) be the bilinear form from (4). Given f €
H*(C(Q)\Q), A function u € H*(C(Q)) is a (weak) solution to (6) (based on B,) if the fol-
lowing properties hold

By(@,v) =0 for allv e H*(Q) and any @ € H*(R™) with tleo) = u,

33 - ~ - -
(33) and Ecay(u— f) € H*(Q) for any f € H*(C()) with fleopng = f-
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We remark that since the bilinear form Bq is a more nonlocal object, the definition of a
solution of (28) is slightly more involved for data f € H*(C(2)\Q) compared to the one for B,.
This is due to the fact that the bilinear form B, (in contrast to the bilinear form B,) requires
globally defined inputs (and not only inputs localized on the domain of dependence C(Q2)). It is
thus necessary to work with suitable extensions as in the definition stated above.

Remark 3.8. Let us collect the following observations on Definition 3.7:

e In contrast to asking the validity of the equation
By(i,v) =0 for allv e H*(Q) and all @ € H¥(R™) with ey = u,
it would also have sufficed to require it
for all v € H*() and some @ € H¥(R™) with tle(q) = u.

Indeed, this follows by noting that for v € ﬁ‘s(Q) the bilinear form Bgy(u,v) = 0 is
independent of the choice of the extension u of u.

o If data f € H*(C(\Q) are considered, the solution notion from Definition 3.7 be-
comes very intuitive, with the zero extension being the canonical choice since E¢(q)(u) €
ﬁS(C(Q)) Indeed, this follows from the fact that, by definition, Ecqy(u — f) € HS(Q)

o Compared to restricting our data to the space f[s(C(Q)\ﬁ), the advantage of the more
general Definition 3.7 however is that we do not necessarily have to consider data sup-
ported in C(Q2), but may prescribe information up to OC(Y). Since the bilinear form By
is by definition restricted to C(2), this did not pose any difficulties in the setting of the
definition of solutions to the “more local” bilinear form By.

With this notion and the properties of the bilinear forms from Section 2, we obtain that the
two solution notions agree in C(Q):

Lemma 3.9. Let s € (0,1), f € H*(C(Q)\Q) and let A\ ¢ ,. Then there exists a unique
weak solution to (28) based on Bq, i.e. it satisfies the conditions in Definition 3.7 with overall
potential ¢ — \. Moreover, let u € H*(C(Q2)) be the solution to (28) from Corollary 3.5, based
on the bilinear form By. Then u agrees with the unique (weak) solution of (28) based on the
bilinear form Bq.

Proof. We start by showing the existence of a unique u € H*(C(Q2)) satisfying (33) with overall
potential ¢ — A for A ¢ ;. As in the proof of Corollary 3.4, we reduce this problem to the
one from Proposition 3.5. Firstly, we notice that the notion of solution in Definition 3.1 and
Proposition 3.2 can be also written in terms of the bilinear form (4) according to Lemma 2.7.
This in particular implies that no unique solution exists if A € X, i.e. f]q =X

Secondly, for A ¢ %, we define 1 = w + f € H*(R"), where f € H*(R") is such that
f|C(Q)\§ = fand w € H5(Q) solves (26) with g = —(L(D) + q — )\)f|g. As in the proof of
Corollary 3.5, we infer that g € H=5(Q2). If A ¢ X, then there exists a unique w. Finally, taking
the infimum among all possible f and u := li|c(q), the existence and uniqueness of u € H*(C(Q2))
follows.

The equality u = u, where u is the solution of Corollary 3.5, is immediate by comparing the
previous construction with the one of w in Corollary 3.5. Indeed, for the same extension f , wWe
have g = ¢. Since A ¢ X, then w = w.

Lastly, we notice that Bq(a, v) = 0 for all possible extensions @ € H*(R") with i|cq) = w.
Indeed, let @1,z € H*(R™) such that ij|ciq) = v and let v € H*(Q). By Lemma 2.7

By(ity — g, v) = By(y — iia,v) =0,
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where the last equality follows by the definition in (7) and the fact that @; — 2 = 0in C(2). O

3.2. The Dirichlet-to-Neumann operator. Heading towards the discussion of the associated
inverse problems, we next define the Dirichlet-to-Neumann map for the problem (6) based on
the two bilinear forms B, and Bq. Roughly speaking, for Bq it is defined as the restriction of the
operator applied to the solution to the “significant region” in the exterior of 2 (Proposition 3.12).
Under suitable geometric assumptions this is also the case for B, (Lemma 3.15), however in
general the two definitions do not agree (Remark 3.16). In this section, due to the more convenient
symmetry properties, we will only discuss the Sobolev space setting. Again, we will begin by
discussing the setting based on the bilinear form B,.

Proposition 3.10 (The Dirichlet-to-Neumann operator A;). Let s € (0,1), @ C R" be a
bounded, Lipschitz open set, L(D) be as in (1) with a satisfying (A1)-(A3) and ¢ € L>(Q)
be such that 0 ¢ 3. There exists a well-defined, bounded Dirichlet-to-Neumann operator
Ag: H*(C(O\Q) — (H*(C(D\D)" : f > Agf,
given by
(Agf.h) := By(ug, h) for f,h € H*(C(Q)\Q),

where uy = P,f € H*(C(Q)) is the unique solution to (6) and h € H*(C(Q)) with i~L|C(Q)\§ =h.
Proof. First, we prove that the definition of the Dirichlet-to-Neumann map does not depend on
tEle choice of h. Let h,h" € H*(C(Q)) with hl¢g)\g :~h'|C(Q)\§ = h. Hence, E¢q)(h — P') €
H?(?) by Lemma 2.2. Since By(uyf,v) = 0 for all v € H*(2) and recalling the definition in (7)

which only “sees” the contributions restricted to C(€2), we obtain By(uys, h — h') = 0.
Next we prove that A, is bounded: By Lemma 2.6 and (31) we have

(Mg fsB)| = |Bq(ug, )| < Cllugllmscan 1 hllase@) < CIF e eana 1Pl -
Taking the infimum among all possible i~L, we finally infer

(Mg, ) < CUF s cconay 1Pl s (e ey -
]

Remark 3.11. Due to the symmetry of the bilinear form, we notice that for any f,h € H*(C(Q)\Q)
<Aqf7 h’> = <Aqh7 f>

Indeed, let uy = Py f and up, = Pyjh. In particular, this implies Uf|C(Q)\§ = f and Uh|c(Q)\§ = h.
Then,

<Aqfa h> :Bq(ufvuh) = Bq(uhauf) = <Aqh7f>

Here we opted for a definition of the Dirichlet-to-Neumann map by means of the Sobolev
spaces H®, which assures as much symmetry as possible. Given the stronger well-posedness
result from Proposition 3.4, an alternative, less symmetric definition could have been imagined
based on the functions spaces from there. This however would have required substantially more
care in defining the corresponding duality pairing, which we thus do not discuss here.

Next, we turn to the notion of the Dirichlet-to-Neumann operator based on the bilinear form
Bq. If the boundary data are compactly supported in C(2)\, by virtue of Lemma 3.9 and
following (5), we can define the Dirichlet-to-Neumann operator as follows:
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Proposition 3.12 (The Dirichlet-to-Neumann operator A,). Let s € (0,1), Q@ C R™ be a
bounded, Lipschitz open set, L(D) be as in (1) with a satisfying (A1)-(A3) and q¢ € L>()
be such that 0 ¢ 3. There exists a well-defined, bounded Dirichlet-to-Neumann operator

Ay H(CO\Q) — (H3(CO\Q))" = [ Ayf,
given by
(Rqf.h) := By(ug, h) for f,h € H*(C(Q)\D),
where uy denotes the extension by zero of the solution from Lemma 3.9, i.e. uy = Ec(q)(Pyf)-

Proof. We just need to notice that both uy,h € H*(C(Q)) C H*(R™) (see Remark 3.8) so the
operator is well-defined. Boundedness follows by Lemma 2.5. O

Remark 3.13. We highlight that in contrast to the operator Ay we have defined the operator ]\q
only on H*(C()\Q) and not on H*(C()\Q). This again is due to the fact that B, necessitates
global information (see also the discussion below Definition 3.7). Thus, for a more general set-up
extensions would have had to be considered. With such a definition, in general the independence
of Aq of such an extension would not have been obvious.

We remark that for this operator we have the representation stated in (5):

Lemma 3.14 (Distributional characterization). Let s € (0,1), let ¢ € L*°(Q) be such that
0 ¢ %, and let A, be the operator from Proposition 3.12. Let f € H*(C(\Q) and let uy
denote the extension by zero of the solution from Lemma 3.9 associated with the datum f. Then
A f = L(D)uglcong in the sense of distributions, i.e. for all ¢ € H*(C()\Q) it holds that

Proof. By Proposition 3.12 and Lemma 2.5
<Aqfa (10> = Bq(ufa (10) = (L(D)5Uf’ L(D)EQD)L%RTL) + (qufa QD)LQ(Q)
= (L(D)uy, ).
0

While in general the Dirichlet-to-Neumann maps from Propositions 3.10 and 3.12 do not agree
(see Remark 3.16), we point out some cases in which these definitions coincide:

Lemma 3.15. Let s € (0,1), let g € L>°(2) be such that 0 ¢ ¥, and let A,, A, be the operators
from above. Let Wi, Wy C C(Q)\Q. Then for any f € H*(W;)

(34) Agflws = Ay flws
provided Wy N Wy =0 or C(W1 N W2) C C(Q).
Here the statement in (34) is understood in the sense that
(Agf, by = (A f, h) for any h € H*(Wy).

Proof. The claim follows by the identity By(us,h) = By(us,h) for h € H*(W;) under the
geometric conditions on Wy, Ws. Indeed, let f € H*(W;) and h € H*(W;). Using the notation
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F1GURE 3. Example of a setting for which the second condition on Lemma 3.15
holds, i.e. W = Wy N Wy C C(Q)\Q and C(W) C C(Q). Notice that the last
condition is satisfied only for a small region close to €2, which increases as the
opening angle of the cone is decreased.

from (23), applying Lemmas 3.9 and 2.7 and taking into account the supports of all the functions
involved (in particular the fact that Wy, Wa C C(Q)\2), we infer

By(ug,h) — By(ug,h) = By(uy — f,h) — Bq(uy — f,h) + By(f.h) — By(f,h)
= BQ(fa h) - BQ(fa h)

N % / (f(x) = f () (h(x) = h(y))ka(z — y)dyda
Rm\C(Q) R®
* % / / (f@) = f@)) (@) = h(y))ka(2 — y)dydz

c(Q) R"\C(Q)

— y)dyd —1y)dyd
/c(m /n (= )yt /cm) /C(Q)e ol e
_ / / F(@)h(2)ka (2 — y)dydz
() JC(Q)e
—[ [ @@k - ydyda,
WinNWs C(Q)e

where k, is given in (23). If the supports of f and h are disjoint, i.e. W3 NW5 = (), then the last
integral vanishes. Otherwise, if C(W7 N W2) C C(£2), then for any x € Wy N Wa, ku(x —y) # 0
provided y € C(z) C C(f2). Since the integral with respect to y is restricted to C(Q)e, the
difference vanishes. O

Remark 3.16. In order to illustrate that it is necessary to impose geometric conditions for
the equality of the two Dirichlet-to-Neumann maps, we provide a counterexample. We consider
Wy =Wy =W C C(Q\Q with C(W) ¢ C(R), such that the conditions on Lemma 3.15 are no
longer satisfied. Let f € I;T‘S(W) By Lemma 3.9, the solutions based on each of the bilinear
forms agree in C(Y). As a consequence,

(Ao f, f) = (Mg f, F) = Bylug, f) — Bqy(uy, f)
= By(uy — f, f) + Bo(f. f) — Bylug — . f) — By(f. f)
= By(f. ) — Bo(f. f),

where the last identity follows by Lemma 2.7 and the fact that ug — f € Hs (Q). However, under
the assumed geometric conditions, Bq(f, f) — Bq(f, f) > 0 by Remark 2.8.
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4. ANTILOCALITY, UNIQUE CONTINUATION AND THE INVERSE PROBLEM

In this section we discuss the structural properties of antilocality, unique continuation and
Runge approximation. We apply the corresponding results to deduce infinite (partial data) and
single measurement uniqueness results for the associated inverse problems.

4.1. Proofs of Proposition 1.4 and Theorem 1. Equipped with the well-posedness results
from the previous section, we next discuss the general results of Proposition 1.4 and of Theorem 1.
In particular, this shows that the class of operators from (A1)-(A3) satisfies a “weak type” of
directional antilocality property which is used in the analysis of the inverse problem below.

4.1.1. Proof of Proposition 1.4. We first turn to the proof of Proposition 1.4. Here the main part
of the proof consists in showing that condition (i4) can be reduced to | , Corollary 5.2],
and that the operator L(D) behaves analogously to the fractional Laplacian in that its complex
extension requires the presence of a branch-cut.

Proof of Proposition 1.4. Step 1: Condition (i). The claim that condition (¢) implies that f =0
in Qif f =0= L(D)f in C(Q)\Q is a direct consequence of the antilocality in cones (Lemma 2.9)
and of the fact that any point in Q (actually any point) can be reached through a translated
two-sided cone of the form C({zo}) with zo € C(Q)\Q.

Step 2: Condition (i1). It thus remains to show that condition (i¢) also implies the desired
result. To this end, we argue by contradiction as in the proof of | , Corollary 5.2] (with
the fractional Laplacian replaced by the operator L(D)) assuming that f # 0. We note that by
a mollification argument as in the proof of Lemma 2.9 we may without loss of generality assume
that f € C°(R™).

Due to our assumption we have f = 0 in R"\Q. By virtue of the domain of dependence
structure, we then also obtain that L(D)f = 0 in R™\Q. Hence, we are in the setting of [ ,
Corollary 5.2], but instead of the fractional Laplacian we consider the operator L(D). More

precisely, by the Paley-Wiener theorem, both f/? (€) and f (&) have analytic extensions into the

complex plane C". We infer that the quotient L(¢) = Lff(g) is thus a meromorphic function if
f(§) #0.
In order to conclude as in | , Corollary 5.2], it remains to produce a contradiction to the

assumption that f # 0. This will be achieved by proving that any continuation of the symbol
L(¢) of the operator L(D) into the complex plane C™ necessitates the presence of a branch-cut
singularity, analogously as for the symbol |£|?¢. In this case L(€) is not a meromorphic function,

and the identity L(§) = Lff(g) could thus only be valid if f = 0. This would imply the desired

result.

Asin | , Corollary 5.2] it suffices to study restrictions of L(§) to one-dimensional lines
which do not fully lie in the nodal set of f ). It f # 0, such lines exist. We assume without loss
of generality that one of these lines is given by Ae;, with A € R and e; denoting the first unit
vector. On this line, the symbol turns into

L(Xer) = CIAJ*,

for some constant C' > 0. Now, as a function of A, this function has the property that any
analytic extension L(Aep) with A € C necessarily has a branch cut singularity. This contradicts
the fact that both Lf(Xe1) and f(Aey) # 0 are analytic functions in A € C. Hence, f(§) =0. O

4.1.2. Proof of Theorem 1. The proof of Theorem 1 follows along the same lines as the analogous
result for the fractional Laplacian in [ , Proposition 2.3]. The implication (b) = (a) is
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a consequence of the Hahn-Banach theorem, while the implication (a) = (b) follows by density
and the well-posedness of the equation.

Proof of Theorem 1. Step 1: (a) = (b). By the assumed Runge approximation property, for any
¥ € H?(Q2) and any € > 0 there exists a function f € C°(W) such that

1Py flo — ¥llas@ny < e
‘We notice that
<’U, 1/}> = <’U, 1/} - qu|§2> + <Uv qu|(2>'

By virtue of Lemmas 2.5 and 2.7, the symmetry of Bq and the assumption that L(D)w|w = 0,
we obtain for v € H%(Q)

<Uv qu|(2> = Bq(wa qu|(2) = Bq(wa qu|(2> = Bq(U}v qu - f)
Now, by the assumed Runge approximation property,
(v, )] < [vll-= @) [¥ = Pyflallu=) < ellvlu-«@)-

Considering ¢ — 0 then implies that (v,v) = 0 for all ¢» € H*(Q). This entails that v = 0 in Q
and by the well-posedness of (13), we obtain that w =0 in C(2).

Step 2: (b) = (a). By the Hahn-Banach theorem, it suffices to show the following implication:
(35) If F € H*°(Q) such that (F,u) =0 Yue R = F=0.

Therefore, let F' € H~*(Q) verify the assumption of (35) and define ¢ € H*() as the unique
solution of

(L(D) 4+ q)¢ = —F inQ,
¢=0 inC(Q)\X

Let f € C(W) with W C C(Q)\Q. By the well-posedness assumption, P, flo = P,f — f €
H#(Q). Then, according to Definition 3.1 and Lemma 2.7, it follows that

0= (F, Pyfla) = —Bqy(¢, Pyfla) = —By(¢, Pyfla) = —Bqy(¢, Pyf) + By(o, f) -

However, since P, f clearly verifies (L(D) + q) P,f =0 1in Q and by definition ¢ € f[s(Q), the
term Bq(qﬁ, P,f) = By(¢, P, f) vanishes. Therefore, by Lemma 2.5, we are left with

0= BQ(¢’f) = (L%(D)QﬁaL%(D)f)Lz(Rn) + (q¢af)L2(§2) = <L(D)¢a f>

By the arbitrary choice of f € C*(W), we are lead to the conclusion that L(D)¢ = 0 in W.
Assumption (b) implies that ¢ =0 in C(Q2) and F = 0, which thus concludes the proof. O

4.2. Runge approximation and unique continuation. In this section, we relate the crucial
properties of antilocality, Runge approximation and unique continuation. We emphasize that —
in spite of ellipticity — the geometry of the operator now plays a more subtle role than in local
inverse problems.
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/.~ diam(9)
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FIGURE 4. On the possible location of W with respect to €2 in Theorem 2,
see Remark 4.1. In particular, the assumption Q@ C C(W) from our Runge
approximation result does not impose any size estimates for W.

4.2.1. Runge approzimation (Proof of Theorem 2). We apply the assumed —C UC-antilocality to
prove the Runge approximation property by exploiting the duality result of Theorem 1.

Proof of Theorem 2. By virtue of Theorem 1, it suffices to show that the assumption (b) in
Theorem 1 is satisfied. To this end, let w € H*(Q) solve

(L(D) + q)w =v in Q,
w=0 in C(N)\Q,

for some v € H=%(Q). Assume also L(D)w = 0 in W. Since W C C(Q)\2, we have w = 0 =
L(D)w in W. Since L(D) is —C U C-antilocal, by Lemma 2.9 it follows that w = 0 in C(WW).
Since Q C C(W), we have obtained that w = 0 in Q. Recalling the boundary conditions, we
hence conclude that w = 0 in C(£2). Due to the domain of dependence of the operator L(D), this
implies v = 0, so the proof is completed. 0

Remark 4.1. We highlight that the condition Q@ C C(W) in Theorem 2 does mot imply any
restriction in the size of W. Indeed, it can be taken arbitrarily small provided its distance from
Q is large enough. In order to see this, for any 0 € (=CUC) NS"~ 1 let r(0) > 0 be the radius
of the largest ball contained in —C U C and centered in 0. In addition, for any x € €1, we have
Q C Baiam) (). Therefore, 2 C C({:c — dii%()ﬂw}) (see Figure /). This implies that if there
arew € W, x € Q and t € R with

diam(Q
z=w+10, dist(z,w)|t|z%f)),
then Q C C(W) regardless of the shape and size of W. The conditions above are granted, e.g. if

W is at least dii%()ﬂ) away from Q in the direction —0.

We next show that the geometric conditions in Theorem 2 for the validity of the approximation
are indeed necessary. We have already discussed that the domain of dependence of L(D) requires
W C C(2).

Lemma 4.2. Assume that the conditions of Theorem 2 hold except for the assumption that
Q C C(W). Then, in general, the Runge approzimation property fails.
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c(Q)

FIGURE 5. Setting for the counterexample on the necessity of the geometric
condition 2 C C(W) in the Runge approximation, see Lemma 4.2.

Proof. By virtue of Theorem 1, it suffices to prove that the statement (b) in Theorem 1 fails.
Let 2 := QNC(W) and Qy := Q\Q; (see Figure 5). By assumption Q # (. Let w € C°(g)
such that v := (L(D)+q)w|q # 0. Since L(D)w € C*°(R"), we have v € H~*(12). It is clear that
then w is a solution to (13). By construction of w, 4, Qg and W, it holds that L(D)w|w = 0.
Therefore, the condition (b) in Theorem 1 fails. O

4.2.2. Weak unique continuation for —C UC-antilocal operators. As a further consequence of our
structural assumptions, we argue that a two-sided antilocality property implies the weak unique
continuation property.

Proposition 4.3 (WUCP). Let C C R™"\{0} be an open, non-empty, convex cone. Let L(D) be
a —CUC-antilocal operator. Then L(D) satisfies the following weak unique continuation property:
Let Q be a connected, bounded differentiable domain and q € L*>(Q). If (L(D) + q)u =0 in Q
andu =0 i U C Q, then u=0 in C(Q).

Proof. Assume that © =0 in U. By the equation and since U C , it also holds that L(D)u =0
in U. By the —C U C-antilocality (Lemma 2.9), we infer v = 0 in C(U), which in particular
implies that v = 0 = L(D)u in Uy = C(U) N Q. Iterating this argument based on the antilocality
in the two-sided cone, we further obtain v = 0 = L(D)u in Uy := C(U;) N Q. Due to the
differentiablity of 2 and the two-sidedness of C(U;), there exists N € N such that Uy =  (see
Figure 6 and Lemma C.4). Therefore, applying the —C U C-antilocality argument iteratively, we
conclude that v = 0 in C(£2). O

Remark 4.4. We remark that the proof of Proposition 4.3 strongly uses the two-sided antilocality
to deduce the WUCP. In particular, in cases with only one-sided antilocality it is not immediate
that antilocality implies the WUCP (see Lemma 5.25 for a counterexample in the one-sided setting

if s€(0,%)).

4.3. Uniqueness for the inverse problem. With the Runge approximation and the WUCP
results from Theorem 2 and Proposition 4.3 in hand, we prove the uniqueness results from
Theorems 3 and 4.
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Ui A
() C(U)
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FIGURE 6. Subsets involved in the proof of Proposition 4.3. The equation is
satisfied in €2 and the solution vanishes in U. In this illustration we have that
Q) C C(Us) and thus Us = Q which concludes the proof after three iterations.

Proof of Theorem 3. Let f; € C*(W;) and u; := Eciq) Py, fj for j = 1,2. By Proposition 3.10
and Remark 3.11, we have the followmg Alessandrini identity:

(Mg = Ag) f1, f2) = (Agu f1, fo) — (Mg f2, f1)
= By, (u1,uz) — By, (uz,u1) = /Q(th — @2)uuz de .

Here we used of the fact that u; |C(Q)\§ = fj for j = 1,2. Now the assumption on the Dirichlet-to-
Neumann maps implies that the above integral vanishes for all f; € C°(W7) and fo € C°(Wa).
Let € > 0 and g € C§°(€2). By the Runge approximation property we can find f; € C°(Wh)
such that ui|q = g + 1 for uy = Py f1, with ||71|| = () < €. Similarly, we can find f, € C°(W>)
such that us|g = 1+ ro for up = Py fo, with ||72]| =) < €. Thus, by the support assumptions
we can write

0= / (1 — g2)uauz do = /(fh = @2)(g + gr2 + r1uz) da.
Q Q
For the term involving ro we can estimate

(g1 — a2)g,7m2)| < (@1 — @2)gllz—< @ lIm2ll52 ) < ellar — @2l llgll s )

and similarly for the term involving r1. Taking the limit ¢ — 0, we eventually obtain fQ(ql —
g2)g dz = 0. By the arbitrary choice of g € C2°(2), we are left with ¢; = g2 in Q.

The claim of Remark 1.6 follows in exactly the same way. Notice that an analogous Alessan-
drini identity holds for Ay, and B,;,. Moreover, if Wy N Wy = (), by Lemma 3.15, the two
Dirichlet-to-Neumann operators even coincide.

Proof of Theorem 4. We argue similarly as in the case of the fractional Laplacian [ ].
Indeed, by the —C U C-antilocality of L(D), the function u is uniquely determined in C(Wa) by
the knowledge of ulw, = flw, and L(D)(u)|w,, which, by Lemma 3.14, is given by A,(f)|w,.
Since by assumption Q C C(Ws), we in particular obtain u in €. Now, in Q the function u
satisfies the equation

(L(D) + q)u=0in Q.

Hence, solving for the potential, we obtain ¢(xz) = L(f();)(z), provided the quotient is well-

defined on a sufficiently large set. Since ¢ € C°(Q), it suffices to ensure that the quotient
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% is well-defined on open sets, i.e. that u(z) cannot vanish on open sets. In this case, for

any Z € 2 and any r > 0 there always exists a sequence of points {xx}7°; C B,(Z) such that
u(zy) # 0 and z, — Z. By continuity of ¢ we then have

D))

q(Z) = lim ¢(x) = lim (— (zr)

k—o0 k—o0
Thus, it suffices to argue that w(z) cannot vanish on open sets. If we assume that there is an
open set U C Q such that u = 0 in U, then, by virtue of the equation, also L(D)u = 0 in U. Due
to the assumed two-sided antilocality of the operator and the regularity of €2, by Proposition 4.3
we infer that v = 0 in C(Q2) and therefore f = 0 in W;. This however is not possible by our
assumption f # 0. 0

Remark 4.5. We remark that as in | | it would also be possible to turn the above proof
into an algorithmic reconstruction argument, for instance by using a Tychonov regularization
argument.

Remark 1.7 follows from Theorem 4 and Lemma 3.15 under the stated geometric conditions on
W1, Wa. Notice that here, contrary to Remark 1.6, the proof uses that Aq(f)|w, = L(D)us|w,,
which holds provided the conditions of Lemma 3.15 are satisfied.

5. EXAMPLES: DIRECT AND INVERSE PROBLEMS FOR A CLASS OF NON-SYMMETRIC
DIRECTIONALLY ANTILOCAL OPERATORS

In this section, we collect some prototypical examples of (not necessarily symmetric) operators
with directional antilocality properties and discuss the corresponding direct and inverse problems.
The antilocality of most of these operators has been studied in | , , ]. We postpone
a further systematic study of more general nonlocal operators to future work. Due to the fact that
not all of the operators under consideration are symmetric, further new phenomena arise in the
formulation and derivation of the corresponding results for the inverse problems. In particular,
this will necessitate the introduction of adapted function spaces. We will highlight these aspects
in the corresponding sections below.

Let us begin by introducing the class of operators which we will focus on in this section. To
this end, let p € [0,1] and let I' € R™\{0} be an open, non-empty, convex cone. We define

/(ﬂ@—f@+yﬁ§ﬂw@ if s € (0,1),

(36) pr(D)f(x) = ji (f(@) = fla+y)+y Ve < )yrlydy ifs=3,
/Z (f@) = fl@+y)+y V(@) rydy if s € (3.1),

with

s - +(1— T
(37) v (y) == PX (y)|y| T(MS P)X (y),

where y+r denotes the characteristic function of £I". These operators are motivated by stochastic
applications for stable processes. For n = 1,2 and s # %, subclasses of the operators A;F(D)
and their rigidity properties have been studied in a sequence of articles [ , , ]. We
refer to Section 5.1 for more on this.
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The operators A5 (D) in (36) correspond to the following Fourier symbols (see Lemma A.2)
(38)
CS/ (1 — (1 — 2p) tan(ms) sgn(8 - g))w L€2do it s e (0,2)U(4,1),
rngn-1

Ay r(€) =
U G- s os(lo-<))o-cld it s =4,
rsn—1 \2

where ¢; = —T'(—2s) cos(7s) > 0. From this we observe that A) . (D)* = A} (D) = A; (D),
since A? 1(§) = A7_, r(§). In particular, in global H*(—I' UT) spaces the adjoint operator of
A r(D) (which only sees the cone I') is Aj (D) (which only sees the cone —I'). With the

exception of the case p = %, the operators AJ (D) are not symmetric.
We emphasize that due to the fact that we here deal with non-symmetric operators, new
features arise. For instance, for p € {0, 1}, due to the one-sided antilocality,

e new local and nonlocal data spaces will be considered (see Section 5.2.3),

o further geometric restrictions on the measurement location of the inverse problem have
to be imposed (see Remark 5.20),

e and, in general, the unique continuation properties of the one-sided operators are sub-
stantially weaker than for their symmetric counterparts (see Lemma 5.25).

Moreover, contrary to the operators from Sections 3-4, the operators A (D) and Aj (D) only
“see” information in a one-sided cone and are thus of special interest to us.

In the following we recall the known antilocality results for the operators A;F(D), formulate
associated direct and inverse problems and study the features arising from the non-symmetric,
possibly only one-sided directional antilocality properties of these operators.

5.1. Directional antilocality. We start by recalling some directional antilocality results in
the sense of Definition 1.1 from [ ) ) ] for the operators A) (D) in one and two
dimensions and provide some variations of these results. A more general, systematic discussion
of the antilocality properties of these and related operators is postponed to future work.

5.1.1. Some observations by Ishikawa in one and two dimensions and variations of these. We
begin by recalling the known one-dimensional results on the antilocality properties of the oper-
ators from (36). To this end, we first observe that since we focus on I' € R™\{0} convex, in one
dimension, we either obtain I' = Ry or I' = R_. Notice that A) (D) = Aj_, (D), hence all
the possible cases in one dimension are included in the simplified notation

A(D) = Ay r, (D),
omitting the dependence on I', which we will thus use in the sequel. Moreover, we also say

that such an operator is antilocal to the right or left if it is directionally antilocal in Ry or R_|
respectively. In this setting, the following antilocality property is valid:

Lemma 5.1 (] , 1). Let s € (0,1)\{3}. The operator A3 (D) is Yy-antilocal, where
R'i‘ pr = Oa

(39) Yo =qR ifpe(01),
R_ ifp=1,

i.e. Aj(D) is antilocal if p € (0,1) and only directionally antilocal to the right/left in the case
that p € {0, 1}, respectively.

We emphasize that in | , Theorem 2.3] Ishikawa provided a more general result by connect-
ing the global property of antilocality (to the left/right) for one-dimensional operators with the
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—

U

FIGURE 7. Function for the counterexample of Lemma 5.3

anti-transmission property (to the right/left). These properties are satisfied by larger classes of
operators, including rather general operators of fractional Laplacian type (c.f. the y-transmission

condition from [ D).
For completeness and in order to illustrate that the results from Lemma 5.1 are sharp, we
recall an example from [ ] (which is formulated for s € (0, 1) there, but which remains valid

for s € (%, 1)), showing that A indeed does not possess the antilocality condition to the left
(see Figure 7):

Lemma 5.2 (| ], p-8). Let s € (0,1). Then there exist an open set U C R and a function
f € CX(R) such that f =0= A§(D)f in U but f # 0.
Proof. Following | ] it suffices to consider f € C°(R) with the property that

[ 1 forxze(-3,-2),
flz) = { 0 forz e (—o0,—4)U (-1, 00),

and to smoothly connect these two intervals (see Figure 7). Then, due to the domain of depen-

dence structure, the claim follows with, for instance, U = ( — %, %) O

Ishikawa’s results in one dimension do not consider the case s = % except for p = % Next we

provide an alternative proof of the one-sided antilocality which also holds for the case s = % (and
general p € [0,1]) and which builds on the ideas in [ ]. We present the result for A§(D),
but an analogous result is valid for A5(D). This, together with the antilocality for p = 1 and
Lemma 5.6 below, gives antilocality for any p € (0,1) in one dimension.

Lemma 5.3. Let s € (0,1). Then the operator A(D) is Ry -antilocal.

Proof. Let f € C°(R) and let U C R be an open bounded interval where f =0 = A5(D)f. We
seek to deduce that f =0in Uy =U + R;.

Without loss of generality (by scaling and translation), we assume U = (0, ), with § < 1,
and supp(f) C R_ U[2,400). Notice that then f(x +y) =0 for any z € U and y € (0,1).

By assumption, for any « € U it holds

fx+y

1+2s =0.

In addition, all the derivatives of A§(D)f vanlsh in U, which after integrating by parts implies

Tty
1+2s+k dy=0, keéeNg.
Fixing any « € U and applying the change of variables y = 27!, we infer
1
/ Fo(2)2%dz =0, k€N,
where F,(z) = 22571 f (m %) ). By the uniqueness of the Hausdorff-moment problem
(see for instance [ D, Fu( ) = 0 for all z € (0,1), and thus, f(z +y) =0fory > 1. As a

consequence, f =0in Ry =U,. 0
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Using the observations from |[ |, it is further possible to turn the uniqueness results
provided by antilocality into a conditional stability estimate:

Lemma 5.4. Let s € (0,1) and let Q, U C R be open, bounded intervals with Q to the right of
U. Then there exists a constant C > 1 (depending on Q, U and s) such that for any f € C°(Q)
it holds

1901 o)

o THN ()
1 fllz2c) < Ce 2@ | AG(D) fl 20

Proof. Without loss of generality, by scaling and translation, we may assume U = (0, 3), with
B <1,and Q C (2,400). Let # € U and consider the function F(z) = z*7!f(z + 1), with
supp(F,) € I = (0,5=).

Arguing as in the previous lemma, we observe that the moments of F, are given by

dk
k —1 s
FCE = skw( O(D)f)('r)v
where ¢g 1, = % In addition, we have
> fl@+y)?
1Fell 22 = = dy,
LZ(I) 2—x y4s
> — 48 —48 2
1F 22y = | (@s=1)f(@+y)y' ™ = fz +y)y*~>) dy.
(9]
2—x
Since F, € H(I), by | , Lemma 2.4], there is C' > 1 such that
C(Np,+1) o0 2
e @ Cs
IE3a ) € C—— arad .
MINE<Ng, 1 Pt k! L2(I)
where Np, +1 ~ ”?Hifil) Using the previous identities, the compact support of f, the fact
zllL2(1)

that CZ’,’“ is an increasing sequence and considering only x € U, we infer

2

- Cs,k
(40) 171220y < CeCWrmD|| S Sk k|
k=0

21y’

where Ny +1 < CHf”Hl(Q).
||f”L2(Q)

In order to relate the right hand side of (40) to A§(D)f in U, we notice that AJ(D)f is real
analytic in R\supp(f) and for any y € (0,1)

AYD) () =Y ZEFE - a)*.

k=0
Hence,
s 2 s Cs.k 1k K\
148D ey = [ (30 T FEw = )*) dy
k=0
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fI1cU-—=z(ie. ﬁ < 8 —z), which holds provided g > % and z is taken small enough, we

conclude
. c
s,k -k _k
Fz
|5
k=0

Otherwise, we invoke quantitative analytic continuation. Indeed, we seek to apply |

e < [AS(D) fll L2

)

Remark 2.6], based on quantitative analytic continuation results from | , ]. For any
y€(0,1)
dk > ’ / 3k
[ (5D W) < o [ 1+ )y’ < (3! (@) < K| 1200
1
Then, there is C' > 1 and 6 € (0, 1) such that
1A5(D) fllz2¢0,1)) < CllF L2001 A5 (D) F 11217y
Taking z < %, it holds that I C (—z,1 — z), and therefore we can conclude
|k pa| <A 145D
P K ® L2 ~ L2(@) 170 L2(U)»
which together with (40) implies the desired result. O
We conclude our discussion of the observations by Ishikawa and related ideas by quoting the
result from [ | which provides directional antilocality of our operators also in two dimensions.
Lemma 5.5 (] ], Theorem 2.4). Let s € (0,1)\{3} and T' C R?\{0} be an open, non-empty,

convex cone. Then the operators Aj (D), Aj (D) given in (36) for n = 2 are I'-antilocal and
—TI"-antilocal, respectively.

5.1.2. Partial antilocality in higher dimensions. While we postpone a systematic n-dimensional
discussion of the ideas from [ | (which focuses on two dimensions and particular choices of p €
[0,1]) to a future project, in this section we illustrate that certain weaker antilocality conditions
can be derived under appropriate assumptions on the set where f and A;F(D) f vanish and on the
set where f may be supported. This is achieved by a suitable reduction argument. In Lemma 6.3
we present similar directional antilocality results under suitable geometric assumptions. The
operators considered there however are not antilocal in general domains.
Similarly to the one-dimensional setting from above, we introduce the following notation:

r if p=0,
(41) I'y=<¢-TUIl' ifpe(0,1),
- ifp=1.

Seeking to provide (directional) antilocality results in arbitrary dimensions for the operators
from (36), we first reduce the general property of I',-antilocality to the knowledge of that for the
two special cases p=0 (or p=1) and p = %

Lemma 5.6. Let s € (0,1) and T' C R™\{0} be an open, non-empty, convex cone. Assume that
A r(D) is I'p-antilocal for the cases p € {0, %} Then A (D) is I'p-antilocal for any p € [0,1].

Proof. We first observe that using the identity A7 _ = —Ag 1, the result for p = 1 is immediate.
Let thus p € (0,1)\{3}. Let f € C>°(R") be such that f =0 = Aj p(D)f in U and assume that
f#0in U +T,. Notice that

Ay r(D)f = pAl p(D)f + (1 = p)A5 r(D)f.
By T'p-antilocality for p € {0,1}, it is not possible that f % 0 only on I' + U or on —I' + U.
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Up—T Uo+T

FIGURE 8. Setting for deducing the I',-antilocality for p € (0,1) in the proof of
Lemma 5.6. The subset U; is chosen such that we already know that f vanishes
in the intersection of the cones.

For n =1, we have f = fy + f_ with fi = flusr,. € C°(R). By the assumptions for f, it
holds that Af/2(D)g = A5(D)f =0in U for g:=2pf_ +2(1 —p)fy € CF(R). The antilocality
of Af/Q(D) now implies ¢ = 0 in R, and therefore f = 0 in R.

The higher dimensional case holds similarly but requires a bit more care, since we cannot
simply split f into two contributions while preserving its smoothness. Instead, we start by
considering an open subset Uy C U such that (U +T') N (Up —T') C U (see Figure 8). Further,
let 17 be a smooth function such that 7 = 1 in (Uy+T)\U and n = 0 in (Ug —T)\U. Let fi =nf
and f_ = (1—mn)f. Then, fy € C°(R™) and f|y,+r = f+, so we can argue as above. We iterate
this argument in subsets U; C U provided that (U; + T) N (U; —T') Cc U U (Uj—1 + (-T'UT)),
where we already know that f = 0, until U is completely covered. g

Lemma 5.7. Let s € (0,1), p € [0,1] and I' C R™"\{0} be an open, non-empty, convex cone. Let
Q CR"” and U C R™"\Q be connected and assume that

QNU+Ty) € [)(z+Ty).
zeU
Let f € C2°(2) be such that A) n(D)f =0 in U. Then f=01in QN (U +1T}).
In the following, we will refer to antilocality results of the type as in Lemma 5.7 by saying
that the operator A3 (D) is I'p-antilocal from U to Q.

We refer to Figure 9 for an illustration of the assumptions on the subsets 2 and U. Notice
that the geometric assumption implies that

U C Q+F1_p.

Proof. By Lemma 5.6, it is enough to prove the result for p =0 and p = % Consider f € C*(Q)
and let fp = &yqr, [ be the extension of f by zero outside of U +I',. By assumption, it satisfies
fp e CE(U+T)).

We notice that by the assumptions for p = £ it holds that

1
2
f/2,1“(D)f($) = Cn,s(_A)sfl/z(fL') for z € U,
and for p = 0 we have that

(S),F(D>f('r) = 2Cn,s(7A)Sf~0(1'> for z € U.

This follows from the fact that fp = 0 outside x +I', for all 2 € U. As a consequence, in this
geometric setting, for p € {0,3} it holds that (=A)*f,(z) = 0 and fy(z) for # € U. Then,
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FIGURE 9. An example of the setting for the partial antilocality results for A7 -
with p € (0,1) (see Lemma 5.7). We assume that f € C°(R") is supported in
2, which, in turn, is contained in the intersection of the cones x +1I', for z € U.
Then we deduce f =0 in U + I',, which consists of the blue areas.

applying the antilocality of the fractional Laplacian, we infer fp = 0 in R™ and therefore f =0
in U ~+T, for pe {0,5}. Hence, Aj), r(D) and A§ (D) are directionally antilocal from U to
Q. O

Last but not least, we observe that along the same lines as in the proof of Proposition 1.4 we
obtain the following antilocality from the exterior result:

Proposition 5.8 (Exterior antilocality). Let s € (0,1), p € [0,1], I' € R?\{0} be an open,
non-empty, convexr cone, Ay (D) be as in (36) and let f € H"(), r € R. If A) n(D)f =0 in
(Q+T1-p)\Q, then f =0 in Q.

Proof. This follows along the same lines as the Step 2 of the proof of Proposition 1.4. We
just need to observe that because of the domain of dependence of the operator, it holds that
Ap r(D)f =0 also in R™"\(Q2 +I'1—,). O

5.2. The direct problem: Well-posedness. In this section we study the direct problem
associated with A% (D) for any p € [0,1], any s € (0,1)\{35} and any dimension n € N. Since
the operators from (36) are in general not symmetric, additional features arise compared to our
discussion in Section 3. This in particular involves our choice of the bilinear forms and function
spaces in the cases p € {0, 1}, in which different parts of 9 play different roles (depending on
whether they are contained in €2 4 I'), or the remainder of 9f2). For s > 1 and p € {0,1} these
are of particular interest, since they allow for both local and nonlocal data.

As in Section 3, well-posedness could in principle be discussed in various slightly different
settings. One natural setting corresponds to a Fourier space definition of the operators under
consideration. This is associated with the bilinear form BS defined below. Alternatively, one
could consider a “more local” interpretation in the spirit of the bilinear form By from Section 3.
Since the more local definition requires dealing with additional technical dlfﬁcultles we only
discuss the Fourier version here but complement this discussion by the investigation of the local
version in Appendix B.

Throughout this section, we assume that {2 C R™ is an open, bounded Lipschitz domain.

5.2.1. The bilinear form. We begin by providing a suitable weak formulation of our problem
and by introducing the associated bilinear form. Similarly as in the discussion of symmetric
operators, we prescribe data only in the region which the operators “sees”, and thus study the
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weak form of the following equation

(42) (43 (D) + q)u =0 in )
w=f in (Q+T,)\Q

Here ¢ is a real-valued, bounded, measurable function on 2 and T', is given in (41).

In parallel to our discussion from Section 3, we introduce the following bilinear form for
s € (0, 1)\{%}, which is motivated by a Fourier version of the equation and which is analogous
to (4): For u,v € H*(R™) we set

(43) Birg(wo) =5, [ [ (u(o) = ulo+2)(o0) = ol )9 50}y + (g, 000,

where 8, = (2 —22%)~! and vy is given in (37). Compared to the bilinear form B; .,

(57) in Appendix B, it corresponds to a “more global” version of the operator from (42) (in a

sense the analogue to the bilinear form B, from Section 3). More precisely, we note that for
u,v € H5(R™)

from

s s E s~ s~
(44) Bp,f‘;q(“) U) = (Ap,l—‘ (_ |€| U, |§| v + (qua ’U)LZ(Q)a
|§| L2(R")
with the symbol A;F(f) as in (38). Indeed, this follows from Fourier-transforming the bilinear

form Bq: Arguing similarly as in Remark B.1 (which also gives rise to the normalizing prefactor
Bs), for u,v € C°(R™)

B;F;q(u’v) = ( ;,F;Q(D>uﬂ U)LZ(]R") + (qua v)Lz(Q)
= (A;F(f)’a, /O)LQ(]R") + (qu, ’U)LZ(Q).

The claimed identity (44) is a consequence of the fact that AJ 1(§) = A; 1 (‘—E‘) |€|?¢ for the symbol
from (38).

We note that in one dimension and for p € {0, 1}, the Fourier based representation from (44)
can be formulated more symmetrically using the adjointness properties of the operators AIS)(D)
and A7_ (D).

Remark 5.9 (Alternative factorization of B?

AL
one dimension and for p € {0,1} and for s € (0,1)\{3}°, we could also write

one dimension, p € {0,1}). We note that in

RS L Cs /o A s/2 o
Bpg(u,0) = 03/2 (Ap/zu’ Al*pv) L2(n) + (qu,v)L2(0)-

This formulation is based on the identity

(cos (%) +isin (%) sgn(f)) = cos? (%) — sin? (%) + 42 cos (%) sin (%) sgn (&)

= cos(ws) £ isin(ws) sgn(&).

The case p = % (for any dimension) is included in Section 3 (with C =T and a = 1x_rur),
for which, since Af/z (&) is real-valued, we can take

BlS/Z,F;q(uvv) = (( f/z,r(é))%ﬁ,( f/Z,F(f))%f))

vy T @@
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Remark 5.10 (The case s = %, p # %) If s = % and p # %, there is an extra term in the
definition of the bilinear form originating from the logarithm in the symbol of A;F:

B (u0) = (A;f (5) el |«s|%@) T (qu, ) e
Y |§| L2(Rn)

+ <%,F (é—|> log(€])l¢] ¥, |§|%@>L2(Rn) ,

where ap () = —i(1 — 2p) frnsnfl(o -€)df. This term does not verify the continuity properties
(see the proof of Proposition 5.12). We do not discuss this case in the sequel. Since the case
s = % and p = % 1s already included in Sections 3 and 4, in the remaining of this section we only

consider s € (0,1)\{3}.

5.2.2. The interior problem. Arguing in parallel to the discussion of the symmetric setting from
Section 3, we first study the well-posedness of the problem in the presence of an interior source
term:

AS +(D) 4+ q)u=g in Q,
(45) ( p,l—‘( ) q) g _
u=0 in (Q+T,)\Q.
In this context, we will work with the following set-up:

Definition 5.11. Let s € (0,1)\{3}, p € [0,1] and let B;F;q be the bilinear form from (43).
For g € H=5(Q), a function u € H*(Q) is a (weak) solution to (45) if

B 1. (u,v) = {g,v) for all v e H(S).

p;Tq
Given this notion, the well-posedness of the problem (45) follows along similar lines as in the
symmetric (and in the whole space) settings.

Proposition 5.12. Let s € (0, 1)\{%}, p € [0,1], @ C R™ be a bounded, Lipschitz open set,
I' ¢ R™"\{0} be an open, non-empty, convex cone and g € L*(2). Then there is a countable

set Ej),r;q C C such that if \ ¢ SZ,F;q’ for any g € H5(Q)), there is a unique (weak) solution
u € H*(Q) of

A (D)Y+qg—Nu=gqg inQ,
(46) ( p,F( ) ) B

u=0 in (Q+T,)\Q
In addition, the solution satisfies

1wl s rny < Cllgllz—+(0)-

Proof. The proof follows along the same lines of Proposition 3.2. Let v = ||g_||z~(q), Where
q—(x) := min{0, ¢(x)}. We first prove that the bilinear form B;F;q_w is continuous and coercive
in ﬁs(Q) Indeed, we notice that for s # %, fesnt
A3 1 (€)] < [T(—25)] 10 £*d0 < |T(=25)||T NS"7| < Cs.
’ rsn—1
Therefore, for any u,v € I;TS(Q) it holds
| By pig (s 0)] < Culll - 1Pl 2 geny | - 10l L2 ieny + [l Lo () el L2y 0]l 22 gy

(47) _
< Csllull gs@my V]| 7o (7
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I'+Q

FIGURE 10. Sets in Lemma 5.13 for p =0, so ', =T

In order to prove coercivity, it suffices to consider B;,F;O' We first observe that for £ € S*~!

Re A} p(§) = —T'(—2s) COS(TFS)/ 10 - €12do.
rnsn—1
Hence, for any s € (0,1), since —I'(—2s) cos(ws) > 0, there is a positive constant Cy such that
for any v € H*(Q)

Re B} rolo,0) = [ Re 45 (€)(€0(0))de = Culloly ey

Finally, by the Poincaré inequality, for v € H 5(Q),
Re B;,F;O(Uﬂ)) > CS””H?JS(R")'
Therefore there is a unique v = K, rg € ﬁS(Q) satisfying

Bs

g (U, V) +7(w,v) 2mny = (g,v) for all v € f[s(Q)

and |[ullgsmny < Cllgllg-+().- By the compactness of the inclusion H*(Q) < L*(Q), we infer
that K, : L?(Q) — L?(Q2) is compact. By the Fredholm alternative, the claim follows. O

Next we seek to study the well-posedness of the exterior problem (42). While it is possible to
study its well-posedness in spaces in the spirit of V*(Q, a), we here focus on the more symmetric
setting of Sobolev spaces. A discussion in spaces of the type V*(, a) for the bilinear form Bpr.,
is carried out in Section B.2 in Appendix B.

5.2.3. Function spaces for the exterior problem. In our discussion of the exterior problem, fea-
tures of the (possibly) only one-sided domain of dependence structure of the operator now play
a significant role and give rise to differences with respect to the setting of symmetric operators
(with two-sided domain of dependence structures). Indeed, in order to take the different parts
of 09 into account in the case p € {0,1} (one part contained in Q + I', while the other is not,
see Figure 10 for an example of such sets in the case p = 0), we will choose boundary data and
corresponding solutions which respect these differences. In particular, for s > % and p € {0,1}
this will include both local and nonlocal data.

Relying on the bilinear form introduced in (43) above, for technical reasons, we again work
with corresponding quotient spaces, which in a sense again interpret the problem as a “global”
problem in R™. To this end, for s € (0,1) we introduce the following quotient space

;0@ = H® [ o) & fiomey@+1,))
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H, (€2) is the space of equivalence classes {[f]: f € H*(R")}, where
[fl={fe HR"): f— f € H(Q) ® H}R™\(Q+T,))}.
Here f—f € ﬁS(Q)GBHS(R"\(ﬁwLFp)) means that there exist f; € H*(€) and fo € H*(R™\(Q+
I'p)) such that f — f = f1 + fo. We equip the space H () with the quotient topology, i.e. for
any f € Hy ()
HfHH;’F(Q) = min{”fHHS(R") : fe H*(R™), fe [f]}-

We remark that these spaces inherit the Banach structure from the H*(R™) spaces. With slight
abuse of notation, in the following, and in parallel to the usual notation for f € H*(£2), we will
simply write f € Hy (§2) and we will only refer to the equivalence class [f] when necessary.

In order to illustrate the information contained in the space H, 1(£2), we relate it to more
“standard” function spaces under suitable assumptions. While strictly speaking it is not nec-
essary in the following sections, this discussion provides important intuition on these rather
abstractly defined function spaces. For s > % and p € {0,1} we define the following “trace
space” which combines a “local” boundary contribution and “nonlocal” boundary data:

Wir() := {(g.h) € H "% (0r, ) x H*(2+T,)\D) :
there exists f € H*(R") with f|anQ =g, f|((z+rp)\ﬁ =h
and || f| = rm) < C||(9ah)||W;’F(Q)},
where Op,Q = 0Q\(Q +Tp),
19 Wl 0 = 1913 . g + Wil

and where C' > 1 denotes a fixed constant. We remark that the completeness of the space
W7 p(£2) is inherited from the corresponding H*® spaces.

Lemma 5.13. Let Q C R"™ be a bounded, Lipschitz open set and T' C R™\{0} be an open,
non-empty, convex cone. The following identifications hold:

(i) If p€ (0,1) or s < 3, then
(@) = H*((Q+Tp)\Q),
and ||f||Hs((Q+rp)\§) = ||f||H;YF(Q)~
(i) Let p € {~0, 1} and s > 1. ~F07“ any f € Hy () there exists (g,h) € W () such that
for any f € H*(R™) with f € [f] it holds
f|app§2 =9, f|((z+rp)\ﬁ = h,
and
o, B)lw oy < Clfla o
Conversely, let (g,h) € Wy (). Then all f e H*(R") such that (f|anQ, f'(ﬂﬂ“p)\ﬁ) =
(9,h) € Wy () belong to the same equivalence class [f] in H, () and
1 w2) < Cllig, W)l (e)-
Thus, as Banach spaces, we may identify
H;,F(Q) = S,F(Q)-
(#31) If n =1, the previous identification can be simplified to read

Hyp, ()= {(r,h) eRx H*((Q+Y,)\Q)}.
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We emphasize that in particular (ii) is of interest in the context of inverse problems since it
allows one to consider problems with local and nonlocal boundary contributions simultaneously.
Further, due to the generally non-Lipschitz regularity of (2 +I'p)\Q (which may contain cusps),
the existence of the extension as in the definition for W;F(Q) is not immediate in general ge-
ometries. This explains the requirement on the existence of an extension in the definition of
the function spaces from above. Avoiding the cusp region (e.g. by imposing suitable support
assumptions), it is possible to prove the existence of an extension as in the definition of the space
W5 (82).

Proof. Step 1: (i). The first part follows from the observation that

H*(Q)® H*(R"\(Q+T,)) = H*(R"\(Q+T,)) U Q).
If p € (0,1), this holds by Lemma 2.2. If p € {0,1} and s < 1, the identity follows by the
identification H*(U) = H*(U) in Lemma 2.1. Then, if h € H*((R"\(Q2+T,)) UQ) we can write
h = hlq +h|gn\(a4r,)- Since both Q and R™\(2+T'},) satisfy the assumptions of Lemma 2.1, the

restriction of h to these sets belongs to the corresponding H* space. The equality of the norms
follows by definition.

Step 2: (ii). For the second part of the lemma, we first seek to see that any equivalence
class in H; () can be identified with a pair (g,h) € Hsj%(apr) x H*((2+Tp)\Q) as in the
definition of W (€2). Indeed, let f € Hj(f2) and let f; € H*(R"), j € {1,2}, be such that
fi € [f). Then fi — fo = @1 + @2, with ¢y € H*(Q) and o € H(R"\(Q +T,)). If s € (3,1),
by (15) the functions in H*(£2) have zero trace on 02. Therefore,

(fl_fQ)’(Q+Fp)\ﬁ:0’ (fl_fQ)‘anQ:O'

Hence, it suffices to set g = fj|6rp qand h = fj|(Q+FP)\§' Both belong to the claimed spaces by
definition.

In order to prove the equivalence of norms, we observe that by trace estimates and the defi-
nition of H* spaces, for f € H® (R™)

HfN|6FpQHHs—%(anQ) < O\l < CllF e @,

||f|(Q+Fp)\§HHS((Q+Fp)\§) S HfN”HS(]R")

Moreover, by the above consideration f~|anQ =g and f|(Q+FP)\§ =hforall fe [f]. Thus,

||(97h)||W;’F(Q) < C”f”HS(]R")-

Taking the infimum among all possible extensions f € H*(R™) such that f € [f] implies the first
estimate. ~
The converse statement can be proved as follows: Let (g,h) € W;(Q) and f; € H*(R"),

j € {1,2}, be such that f~j|3FpQ = g and fj|(Q+F,,)\§ = h. Then, arguing as above, we infer

fi = fo € H(Q) @ H*R™\ (2 +T))).
In order to prove the corresponding estimate, we argue by contradiction. Let us assume that
for any k € N there exists (gx, hr) € Wy (©2) with

(48) I (grs hi)llws o) =1,
but such that

I fellas @) >k,
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where fi, € Hy () denotes the equivalence class of functions fr € H5(R™) with fk|6rp Q = Gk,
fk|((z+rp)\ﬁ = hy. This means that for any fi, € [fi]

(49) 1l e ey > k.
This however contradicts the norm bound in the definition of the space W ().

Step 3: (iii). Finally, if n = 1, we notice that for any (r,h) € R x H*(( + ¥;)\(2) there is
always a function f € H*(R) such that fls. o =7 and f|q,y j\g = h. We just need to observe
that the point 2o = dr, Q and (R + )\ are always separated. Then we can take f = hy + ho,

where h; € H*(R) is an extension of h supported in Q + R and hy € H*(R) is supported in
Q + Ry and verifies ho(zo) = 7. O

5.2.4. The exterior problem. With the properties of the function spaces associated with the
bilinear form By 1., in hand, we define our notion of a weak solution based on this bilinear form:

Definition 5.14. Let s € (0,1)\{3}, p € [0,1] and let B;F;q be the bilinear form from (43).
Given f € Hy r(2), a function u € H*(Q +1T',) is a (weak) solution of (42) based on B;,F;q if

B;F;q(ﬂ, v) =0 for allv e H*(Q) and any i € H*(R™) such that Uloyr, = u

and Eqqr,(u — f) e H(Q) for any f € H*(R") with f € [f].

Remark 5.15. We emphasize that B;F;q(ﬁ, v) does not depend on the extension @. Indeed, let
u; € H*(R™) be such that uj|aqr, = u for j € {1,2}. Let w := 1y — U € Hs(R™\(Q+T,)).

Then, for any v € H*(Q), (43) can be reduced to

Byrotw) =<8 [ [ (w(@) ~ e+ p)ols - v r(w)dyde
R\ (Q4+Tp)
FP
Since v —y ¢ Q for anyy € T'p, and x ¢ Q+ T, for these values of x,y € R™ we obtain
v(xz —y) = 0 and the integral vanishes.

Remark 5.16. As an alternative, we could also consider data in more restrictive data space
H*((Q2+Tp)\Q). In this case, we infer that the solution u from Definition 5.1/ satisfies u €

H?*(Q2+T,) and it is not necessary to consider arbitrary extensions but only the (in this case
canonical) extension by zero outside the region of definition.

Proposition 5.17. Let s € (0, 1)\{%}, p € [0,1], @ C R™ be a bounded, Lipschitz open set,
' c R™\{0} be an open, non-empty, convex cone and q € L (). Then there is a countable set
o1:q C C such that if A & 35 1, f~07’ any f € Hy () and g € H™*(Q), there is a unique weak
solution u € H*(Q +T') based on By ., of
(A5 (D) +q—ANu=g inQ,
u=f in (Q+Ty)\Q.
Moreover,
[l @1,y < C(”fHH;,F(Q) + 19l ()

Proof. We reduce this problem to the interior one in (45), solved in Proposition 5.12. Let
f € Hyp(R) and let f € H*(R") such that f € [f]. We construct & = w + f € H*(R"), where
w € H*(Q) is the solution of (46) with inhomogeneous term g = g — (Ay r(D) +q— M) fla. This
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requires proving that A;I(D)ﬂg € H5(Q) (interpreted weakly) for f € H*(R™). Arguing as
n (47), we obtain for any v € }NIS(Q)

| p,I" 7q( v)| < C”f”HS Rn)HU”HS R7)

This implies that g € H*(2) and [[g]| -+ () < CHf”HS(]R") + gl z-+(02)-

By Proposition 5.12, if A ¢ %9 a weak solution w € H*(Q) exists, is unique and satisfies

.2
lwll sy < Cllgla-+@) < C(I =@ + 9l m-2(2)-
Therefore,

@]l e (rry < C(Hf”HS(]R") + gl zr-+)-

Taking the infimum among all possible f and defining u := @|o4r, yields the result.

With this well-posedness result in hand, we define a corresponding Poisson operator:

Definition 5.18 (Poisson operator). Let s € (0,1)\{3} and p € [0,1]. Let Q and T be as in
Proposition 5.17. Let ¢ € L*(Q) be such that 0 ¢ 2;,1‘;(;' We define the Poisson operator as the
mapping

(50) Pp,l“;q : H;,F(Q) — H*(Q+Ty), frr Pp,l“;qf =u,

where u is the (weak) solution to (42) from Proposition 5.17.

5.2.5. The Dirichlet-to-Neumann map. In this section, we seek to define the Dirichlet-to-Neumann
operator, in order to formulate the associated inverse problem. In the sequel, we will always as-
sumethatO@éE T nxs_ T

We define the Dlrlchlet to-Neumann map for boundary data compactly supported in (2 +
Fp)\ﬁ, which avoids possible non-uniqueness issues originating from the choice of an extension
(c.f. Remark 3.13), as follows:

Definition 5.19 (Dirichlet-to-Neumann operator A, ). Let s € (0,1)\{2}, p € [0,1]. Let Q
and T be as in Proposition 5.17. Let ¢ € L>®(Q) be such that 0 ¢ i;,r;q and let E;F;q be the
bilinear form (43). We set

Rprg : H(Q+Tp\Q) = H*(R") : f = Ay f,
given by
( piqfs R = prq(uf, h) for any h € H*(R™)
where uy := Eqir, (Pprigf)-

Remark 5.20. We highlight that the Dirichlet-to-Neumann operator contains non-trivial infor-
mation about uy only in (Q +T'1_p). Indeed, notice that we need to “see” uy in , since in
the remaining region uy corresponds to the known exterior data f. By the definition of Bp Tigs
this requires considering test functions h with supp(h) N (Q +T1-p) # 0. This is particularly of
relevance for the cases p € {0,1}.

Furthermore, thinking of applications of inverse problems, usually ) is not accesible for mea-

surements, so we will be particularly interested in the Dirichlet-to-Neumann maps in subsets of
(Q4+T1-p)\Q.

We next relate the two Dirichlet-to-Neumann operators /N\p,p;q and Al_p,r‘;q for data supported
in appropriate sets (they differ only if p € {0,1}). This will be crucial for the Alessandrini identity
and thus the uniqueness results for the inverse problem.
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Lemma 5.21. Let s € (0,1)\{3}, p € [0,1]. Let Q and T be as in Proposition 5.17. Let q €
L>(Q) be such that 0 ¢ i;,if;q and let AZ,F;q be the operator from above. Let f € Izjs((QJer)\ﬁ)
and h € I;'S((Fl_p +Q\Q). Then,

<AP,F;qfa h) = <A1—p,1“;qha ).
Proof. The claim follows from the definition of the Dirichlet-to-Neumann maps /N\;F; q- Yo this
end, let uy € H*(Q+T,) and w, € H*(I';_, + ) be the extensions by zero of P, p.,f and
Pl,pﬁp;qh, respectively. Recall that uy — f,w, —h € H?(Q). Therefore,

{(Aprigfsh) = By pg(ug, h) = By pg(up, wn) = By rig(ug, wn — h)
= By . (ug — fwn) + By p.o(f,wn),
= Bf_P,F;q(wha f) = <A1—p7l—‘;qh/, f>
O

Finally, as in Section 3, we discuss how to exploit the Dirichlet-to-Neumann operator as data
for the inverse problem associated with the operators A;F(D) by deducing its distributional
form:

Lemma 5.22 (Distributional characterization). Let s € (0,1)\{3}, p € [0,1]. Let Q and T
be as in Proposition 5.17. Let ¢ € L () be such that 0 ¢ i;,r;q and let A, ., be the oper-

ator from Proposition 3.12. Let f € HS((Q +Tp)\Q) and let up = Ppyp;qf. Then ]\pyp;q‘f =
Ap r(D)ugleong in the sense that for all € CZ°((2 + I,)\Q) it holds that

<Ap7f;qfa @) = <AZ,F(D)Ufa ©).
Proof. The proof follows directly from the Fourier characterization of the bilinear form (44). O

5.3. Runge approximation and unique continuation. In the next results, both directional
antilocality and geometric assumptions play a crucial role. In order to work in the settings for
which directional antilocality is known, we will consider one of the following assumptions for the
sets (2, W C R"™ specified below:

() n=1 and p € [0, 1] arbitrary,

(b)) n=2,pe{0,1} and Q C W +T'1_,,

() QCNyew(@+T1-p), for any n > 2 and p € [0,1].

Notice that in the first two cases the I',-antilocality of Al‘i’p is ensured by Ishikawa’s results
in Lemmas 5.1 and 5.5 (also Lemma 5.3). The geometric assumption in (b) is irrelevant for
deducing the directional antilocality but crucial for exploiting the directional antilocality and
thus for deriving the result. Under the hypotheses in (¢), by virtue of Lemma 5.7, we have
that A]_, 1 is I'1_,-antilocal from U for functions supported in 2. Notice that in this case the
geometric assumption is already necessary for deducing the antilocality property. We emphasize
that the conditions (a)-(c) are not expected to be exhaustive for the results presented below;
any condition under which sufficiently strong antilocality properties are guaranteed would be
admissible.

5.3.1. Runge approzimation. We remark that even in the case of only one-sided antilocality of
the operators, analogous density results hold as in the fully antilocal setting:

Proposition 5.23 (Runge approximation). Let s € (0,1)\{2}, I' € R"\{0} be an open, non-
empty, conver cone, 0 C R™ be open, bounded, Lipschitz and let W C (Q + I',)\Q be open.
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Assume that one of the conditions (a), (b) or (c) holds. Let ¢ € L*(Q2) and suppose that
0¢> UXi_ . Then, the set

R:={u:=Pyrqfla: feCW)}
is dense in L*(9).

Proof. The proof is analogous to Step 2 of the proof of Theorem 1 and the proof of Theorem 2,
but requires taking into account the non-self-adjointness of the operator when p # %

Let F' € L2(€) be such that (F, P, r.,flo) = 0 for any f € H5(W) with W C (2 +I,)\Q
Let ¢ € H?(Q2) be the solution to
(A3, (D) +q)6 = F in Q,
¢=0 in (T1_,+Q)\Q.
This implies that for all v € H*(Q),
(Fyv) = Bi_pr.q(6,0).
Thus, for any f € ﬁS(W),
0= (F, Pp,F;qf|Q> = (F, PpyF;qf - f> = Bf—p,r;qwa ~p7F;qf - f)
= Bipria(@ Prriaf) = Bi_prig(9,f) = (A1, r (D)9, f).
Here have used that by (43)

Bffp,F;q(gba Pp,F;qf) = B;,F;q(Pp,F;qﬁ ¢)7
and, since ¢ € HS(Q), Bsr;q(pp,p;qf, @) =0.

P
This implies A7, r(D)¢ =0 = ¢ in W. By virtue of the assumptions (a), (b) or (c), A7_, r
is I';_,-antilocal (at least from W to Q). We hence infer that ¢ = 0 in Q. Therefore, F' = 0 and

the density result follows by the Hahn-Banach theorem. (|

5.3.2. Weak unique continuation. We have already seen in Proposition 4.3 that if a (not nec-
essarily symmetric) operator is antilocal in the two-sided cone —C U C, then the weak unique
continuation property holds in differentiable domains. This in particular includes A} (D) for
p € (0,1). For p € {0,1}, by relying on well-posedness, we show that weak unique continuation
holds for n = 1 and that it may not hold in general for n > 2.

Lemma 5.24 (WUCP for A5(D)). Lets € (0,1)\{3} and let Q@ C R be bounded, open, Lipschitz
and q € L>®(Q) such that 0 ¢ ig;q. Assume that
(A5(D) + q)u=0in Q,

and that w =0 in some open set U C 2. Then, u =0 in Ry + Q.

Proof. By virtue of the equation, if u = 0 in U, then Aj(D)u = 0 in U. By the antilocality to
the right, it follows that v = 0 in Ry + U. Hence, the Dirichlet data for the problem vanish.
Thus, by well-posedness u = 0 also in €. O
Lemma 5.25 (Lack of WUCP for Ajp, s < 3). Let 0 < s < § and assume that A§ (D) is
T-antilocal. Let Q C R™ be bounded, open, Lipschitz and let ¢ € L>(Q) be such that 0 ¢ ig;q.
Assume that there is W C Q + T such that, if Q1 := QN (W —T) and Qy := Q\Qy, then zero

is mot a Dirichlet eigenvalue for ASI(D) +q in Qo. Then there exist an open set U C Q) and a
non-trivial w € H*(T' 4+ Q) such that

(A5(D) 4+ q)u =0 in Q,
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andu=01inU.

Proof. Let f € H*(W) be non-trivial and let u € H*(I' 4 ) (see Remark 5.16) be the unique
solution to

(A5 (D)4 q)u=0 inQ,
w=f in (Q+D)\Q.
Notice that u # 0 in 2, otherwise by the I'-antilocality, it would follow that f = 0.
Let u; = Ule € H*(Q;), j € {1,2}. Since s < % and Q; is Lipschitz, u; € H*(2;). By the
construction of the subsets, we observe that us solves
(Ag,F(D) + q)u2 =0 in Qo,
U = 0 in (QQ + F)\ﬁg

(51)

Indeed, us € E’s(Qg) and for any ¢ € }NIS(QQ) - }NIS(Q)
Bg,r;q(u27 <p) = Bé,r;q(u7 90) - BS,F;q(uh gp)) - Bg,r;q(fa 50)

Since u is a solution to (51), it follows that BS r.q(4; ») = 0. In addition, since supp(u1) C
and supp(p) C Qa, it holds by (43)

Bopq Ula‘P /Q / ul _U1x+y)) (x_ )pF( )dyd$

_ B / ui (2 + ) (9(x) — (o — 1) (y)dyda.

(1 D\
Since Q2 N (Qy — ') = O, both integrals vanish. Similarly, taking into account the supports of ¢
and f and that QN (W —T') = 0, we infer B0 (i) = 0.
We remark that in the problem for us no data on 9rQy = (9r2 N Q) U (21 N Q2) needs to
be chosen, according to Lemma 5.13 for s < % By the well-posedness of the problem on €25, we
finally conclude that ulo, = uz = 0. Therefore, by the equation u = 0 = Aj p(D)u in s. O

Remark 5.26. We highlight that the previous argument does not work for s € (%, 1) due to the
possible presence of traces on 021 N O0s.

5.4. The inverse problem. Using the results from the previous subsection, we study the inverse
problem associated with the operators A;F(D) under conditions ensuring (partial) directional
antilocality. As discussed in Remark 5.20, in the case of operators seeing only one cone, we are
forced to take measurements in the opposite cone of € in order to capture information on the
solution. Hence we need to modify the conditions (b) and (¢) to include both cones as follows
(for sets W1, Wa, Q C R™ specified below):

(') n=2,pe{0,1} and Q C (W1 +T1_p,) N (W2 +T,),

(@) QC (MNyew, (@ +T1-p)) N (Nyew, (z +Tp)), for any n > 2 and p € [0,1].
As above, we do not expect that these conditions are exhaustive for the following results to hold.

Proposition 5.27 (Uniqueness). Lets € (0,1)\{3}, ' C R™\{0} be an open, non-empty, convex
cone and 0 C R™ be open, bounded, Lipschitz. Let q1,q2 € L>(2) be such that 0 ¢ Ep g - L€t
Wiy C Q+Ty, Wo CQ+T'1_, be open, non-empty sets and assume that one of the conditions

(a), (b') or (') holds. If for any f € HS(Wl)

AP7F§QI f|Wz = AP,F;q2f|Wza
then q1 = qs.
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Proof. Let f; € I;TS(WJ-) for j € {1,2}. Let u; € H*(R™) be the solutions to
(AZS),F(D) + ql)ul =0 in Q, (Ai_p,F(D) + qg)u2 =0 in Q,
Uy = f1 in (Q + Fp)\ﬁ, U = f2 in (Fl—p + Q)\ﬁ
By Lemma 5.21 the following Alessandrini identity holds:

(Aprsas — Mprigo) f1, f2) = Mprsa fr, f2) — (M priga fo, f1)
= B; Fiqn (ul’ f2) - Bf*p,l‘;qz (uQa fl)
= By riq, (ur,u2) = By rg, (1, u2) = (@1 — g2)ur, u2) 12(0) -

Now, by the Runge approximation result from Proposition 5.23 applied to both W; and Wa,
we obtain a dense set of functions {ujus2} and conclude the desired uniqueness result analogously
as in the proof of Theorem 3. 0

In the investigation of uniqueness by only one single measurement, in order to avoid conditions
on the (exact) support of f, we impose stricter geometric assumptions on Wy but essentially do
not modify the ones on Ws. In order to avoid confusion, we state the particular alternative
conditions on W5 here:

(") n=2,pe{0,1}, QC (T, + Wa) and Wy C [\ cq(x +T}),

(") QCNyew,Tp +x) and Wi C (), cq(x +T)), for any n > 2 and p € [0, 1].

Proposition 5.28 (Single measurement uniqueness). Let s € (0,1)\{2}, I' C R™\{0} be an
open, non-empty, convex cone and 2 C R™ be open, bounded, Lipschitz. Let q € C°(Q) be such
that 0 ¢ i;,F;q' Let W1 C Q+Tp, Wo C Q+T'1_, be open, non-empty Lipschitz sets and assume
that one of the conditions (a), (b") or (¢) holds. Let f € H*(W1)\{0}. Then the knowledge of
f and ]\pyp;q‘f|w2 determines q uniquely.

Proof. Let u € H*(Q U W;) be the solution of (42) with f € H*(W;)\{0}. By (a) or ("),
A5 (D) is I'p-antilocal. If (¢”) holds, then we have I',-antilocality from Wy to QU Wi (notice
that W1 C Q+T', C N ew, (#+T)). Therefore the function u is uniquely determined in Q+T',
by ulw, = 0 and A; (D)ulw, = Aprgflw,. Since Q C Wy + T, we recover the function u in
Q. Together with the fact that u = f in (Q + I',)\Q, we can calculate Ay r(D)u in €.

Now, since (A4 (D) +¢q)u = 0 in €2, we can recover ¢ provided u does not vanish on open sets.
But this cannot be the case, because if u = 0 in U C €, it would also hold that A} »(D)u = 0.
By the I'j-antilocality and the assumptlon on Wy, we would conclude that u = f = 0 in W3
contradicting our assumption that f € H*(W;)\{0}. In the case of the validity of the hypothesis

(c””), the geometric assumption on Wi is also used for the I',-antilocality from any U C Q to
Wi. O

6. MORE EXAMPLES OF PARTIALLY ANTILOCAL OPERATORS

In this section, we discuss further examples of operators with certain (weaker) directional
antilocality properties and provide counterexamples to (strong forms of) directional antilocality
of these and related nonlocal elliptic operators.

6.1. Non-antilocal operators. We now consider combinations of one-dimensional operators
A;(D) acting on independent directions. These operators are mot directionally antilocal in
general, yet we prove certain forms of partial directional antilocality under suitable assumptions
on the sets where the function may be supported and where the observation is made.
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Let p = (p1,.-.,pn) € [0,1]". We define the n-dimensional operator Ay (D) by

A3(D) =" A3 (Da,).
k=1
This operator only “sees” the region given by Uj_; Zx, where
k—1
2z =107, 0,1,0,

and Y}, as in (39). Notice that for p = (%, cee %)

n—k
(~--),0):t€ka},

n
(52) A3(D) = 5 3 (-0n,)
k=1
We remark that operators of the type (52) can still be viewed in a generalized framework as the
one outlined in (1). In addition to dropping the symmetry condition, the operators from now no
longer have convex, open cones as the support of their kernels, but only consist of the union of
convex, NoN-open cones.

Remark 6.1. The operator %z}j:l(—amk)% and its quantitative monlocality properties were
studied in | |. A qualitative version of the statement studied there (see | , (85)])
would be the following:
(53) If u is supported in Q = (—1,1)" and if Z(—@Ik)%u =0inU CQ,, then u=0.

k=1

We emphasize that this result requires geometric conditions on U (which were stated and

assumed in the proof of | , Proposition 8.1], but not formulated explicitely in the result

itself). Step 1 of the proof of | , Proposition 8.1] uses the assumption that
QNU+2Z,)=Q foralke{l,...,n},

where

(54) Ze =10, 06,0, 0): t e Ry ).

This condition is in the spirit of the antilocality from the exterior in Proposition 1.4.
For the qualitative statement (53), this is not optimal; a weaker sufficient condition for (53)
(see Lemma 6.3 and Remark 6.4 from below) would be that

(55) acv+(Jz),
k=1

where in this case

(k—1

! )7 05 tv 05 ol

Zr = {(0, 77.0) t € RY.

Motivated by these considerations for the special operator Y, _; A$ A (D, ), we prove that also
for a general choice of p € [0,1]™ geometric conditions have to be imposed in order to obtain
antilocality and that, without these, antilocality fails in general.

Lemma 6.2. Let s € (0,1) and p € [0,1]". Then the operator A; (D) is not antilocal in general.

Proof. For simplicity, we present the proof for the case n = 2 only. The generalization to higher
dimensions is immediate.

We construct a counterexample consisting of a function u € C2°(R?) and an open set U C R?,
such that u = 0 = Aj(D)u in U and v # 0 in U + (Z1 U Z2). We only consider the case
p1,p2 € [0,1). The remaining cases can be covered by suitable symmetrization.
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FIGURE 11. Counterexample for the proof of Lemma 6.2 with p € (0,1)2.

Let U = (—=1,1)? and let W C (1,+00) be a bounded open interval. Let f € C>(W) and
g=A5(D)f € C*(R). Let n € C*((—2,2)) with n =1 in (—1,1). We define
1 o0
f(@1)g(w2)n(zs) — glz)n(z1)f(x2) € CZ(R?).
L—pm 1—p2
We observe that supp(u) C 3 UQs with Oy =W x (—2,2) and Q3 = (—2,2) x W, see Figure 11.
Moreover, for (x1,x2) € (—1,1)? due to the one-sided support of the data

A2 (D)u(xy, w2) = ((1 = p1)A§(Day) + (1 — p2) A§ (D) )ulr, 2)
= g(21)g(22) — g(z1)g(z2) = 0.
We summarize that this construction yields an example of a function with data supported to the
right and to the top of U such that u =0 = A, (D)u in U.

We next show that this can be strengthened to an example of a function with data supported
on all sides of U: For p1,ps # 0, we could also consider

s i= (T flaatn) + o= o) (o)) )

u(zy, x9) =

1 1
(Tsten o) + g/ ) ) o) € C2(E)
— P2 P2
with f/ € C(W'), W' C (—o0,—1) bounded, and ¢’ = A§(D)f’. Then Q D supp(u) and U
satisfy
Un (Q + Zk) =U,
with Zj as in (54). O
The following result recovers a certain weak form of directional antilocality in two dimen-

sions under some assumptions on the support of the function and the subset U, in the spirit of
Lemma 5.7.

Lemma 6.3. Let s € (0,1) and p € [0,1]2. Let Q C R? be open and let U C R?\Q be connected
and open. Assume that there exists k € {1,2} such that

Un (Q - Zk) £ U.
Let u € CX(Q). If A3 (D)u=0in U, thenu=0 in QN (U + (Ui_; Z)).



52 GIOVANNI COVI, MARfA ANGELES GARCIA-FERRERO, AND ANGKANA RULAND

F1GUrE 12. Tllustration of the setting from Lemma 6.3. Left: The domains in
the proof for p; = ps = 0. This implies Z7; = Ry x{0} and Z> = {0} xR,. Right:
A geometry illustrating that the conclusion fails for non-connected domain U,
as explained in Remark 6.4.

Proof. Without loss of generality, we assume that U N (2 — Z1) C U (see the left panel in
Figure 12). Then Aj (Dg,)u = 0 in Uy := U\(2 — Z1). However, since Ay (D)u = 0 in U, this
implies Ay (Dy,)u = 0in U;. By the Y),-antilocality of A} (D,,), we infer that u = 0 in Uy + Z».
This results in A7 (Dg,)u = 0in Uz := U N (Uy + Z2). Again by the fact that A3 (D)u = 0 in
U this also implies that A7 (Dg,)u =0 in Us. Repeating the same argument, v = 0 in Us + Z3.
Iterating this argument and since U is connected, we finally obtain v = 0 in U + Z;. Therefore,
A3, (Dzy)u=01in U and hence u = 0 in U + Z». O

Remark 6.4. If U were not connected, the assumption on 0 would have to be required for every
compact connected component of U. Indeed, the right panel of Figure 12 provides a counterexam-
ple for that. Let us consider p1 = 0 = py. Arguing as in the proof of Lemma 6.3, we can conclude
u=01in QN (Uy + Z2). But nothing can be inferred about u from the other connected component
U; on the contrary, it is even possible to choose u such that it is nontrivial in QN (U 4+ (Z,U Zy)).
Indeed, we can construct u as in the proof of Lemma 6.2 after a suitable change of variables.

Remark 6.5. A similar weak form of directional antilocality can be deduced in general dimen-
sions. However, the geometric conditions become less transparent: Let us assume there is a finite
sequence ny,...,ny € {1,...,n} such that

where:

Ui= () Uj_1p de{1,...,N},
k=1
k;énj
]’-1,c =U\Q; —2Zy), je{0,...,N—1},
Qo =, QJ:Q\(UJ-FZnJ), jE{l,,N—l}
Then, arguing as above, we can conclude that v =0 in 2N (U + UZ:1Zk)-
Indeed, by construction, we know Afgk_ (Dg)u =0 in Uy, for k € {1,...,n}. Let us assume
that there is ny € {1,...,n} such that Uy # 0. We have Ay (D)u = Ap, (Dg, Ju =0 in Uy,
and applying the Y, -antilocality, we deduce uw =0 in QN (Uy + Zy,,). We can now repeat the

argument ignoring that part of the assumed support, i.e. with Qq in the role of Q). See Figure 13
for a setting in which the previous conditions hold.
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z2

FiGURE 13. Ilustration of the setting from Remark 6.5 with p; = 0 = po,
ps = 1. Choosing for instance {ni,...,ny} = {1,2,3,1}, we can conclude
u=0in QN U+ Ui_, Zy).

Remark 6.6. We remark that in none of the results from this section, it played a role that
A;(D) was defined as the sum of one-dimensional fractional Laplacians with the same index s.
All the above presented results remain valid for operators of the form

As(D) := Y A% (Ds,),
k=1

where s = ($1,...,8n) € (0,1)". Harnack inequalities for these and similar operators have
recently been studied in | ].

6.2. Inverse operators inheriting directional-antilocality. Here, as a model setting, we
consider the following one-dimensional operator for s € (0, %)

dy
[yl
This corresponds, up to a constant, to (A5(D))~" (see Lemma A.3). Reducing the antilocality
of B;(D) to that of A7 (D), we can see that the two operators enjoy the same Yj-antilocality.

ByD)f(@) = | Tty (oxe ) + (- p)xe, ()

Lemma 6.7. Let p € [0,1] and s € (0,1). Then the operator B3 (D) is Yy-antilocal, i.e. it is
antilocal to the right if p = 0, antilocal to the left if p = 1 and antilocal (to both directions) for

p € (0,1).

Proof. Let u € C2°(R) and U C R be such that u = 0 = Bj(D)u in U. Let v := By(D)u. By
Lemma A.3 we thus have A%(D)v = ¢,(p)~'u. Then, by definition, v = 0 = A%(D)v in U and
by the Yj-antilocality of A5 (D), we infer that v = 0 in U + Y},. By the domain dependence of
the operator A5 (D), we finally conclude u = &(p)A; (D)v = 0 also in U +Y,,. O

We remark that, while we proved the above result for the operator B; (D), the proof shows
that the statement encodes a more general principle stating that antilocality of a given operator
also imply the antilocality of the inverse operator:

Proposition 6.8. Let I' C R™ be an open, non-empty, convexr cone, let L(D) be an elliptic,
TI-antilocal operator and let L(D)~1 denote its (whole-space) inverse operator. Then, L(D)™! is
also I'-antilocal.

Proof. The proof follows the same scheme as the one of Lemma 6.7. 0
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APPENDIX A. SYMBOL CALCULATIONS AND INVERSES OF THE OPERATORS

This appendix contains some results involving properties of the operators from the previous
sections and their symbols.

A.1. Fourier symbols of the operators. We begin by computing the symbols of the operator
L in (1) and the operator A7 . in (36).

Lemma A.1. The symbol of the operator L defined in (1) with s € (0,1) is given by:

L(§) = 2¢, € - 0)**a(h)db
J
where cs = —T'(—2s) cos(ms).

Proof. If u € D(R™), for any £ € R"™ we have

FLa)©) = [ (et e Fulg |(‘|’le? dy = L) Fu(€).

Therefore

L() ZQ/Rn (1 = costy - 9)) | ?#ﬁ' _z/sn / (1 — cos(rf - €)) 2(+)1d do
= 1~ cos(p) s s
_ 2/0 de/sm € - 012a(0)d0 = 2. /SH € - 612 a(6)d0

The constant ¢, which is finite for s € (0,1), can be computed as follows:

21— cos(p) 1 /°° 1Y 1 [ sin(p)
cs = ———dp=—— 1—cos(p)) | = | dp=— dp
(56) /0 p2s+1 25 0 ( ) p2s 25 0 p2s

= 2—1SF(1 — 2s)sin (g(l — 23)) = — cos(ms)T'(—2s).

The value of fooo p1=29) =1 sin(p)dp is given e.g. in | , 5.9.7]. Notice that we have used the
fact that s € (0,1) for both this identity and the integration by parts arguments. U

Lemma A.2. The Fourier symbol of the operator A5 (D) given in (36) with p € [0,1] and
I' ¢ R"\{0} an open, convex cone is

s () = Cs Jpmgn-1 (1 — (1 — 2p) tan(ms) sgn(0 - «E))|9 “E**do  if se (0,3)U(3,1),
P s (5000~ 20)sen(0- ) log(l0 - €)) 10 €las if s =14,
where ¢cs = —T'(—2s) cos(7s).

Proof. The symbol of the operator (36) in the case of s € ( —) is given by
s e xPX-r(y) + 1 —p)xr(y
o@) = [ - L P,

Ve

:l/ /00(1_ zr@f)1+(2p_1)(x F(G)_XF(G))CZTCZG
(=Turyns»—1

2 7’1+2S

9 _ zr@f —17"9 I3 zr@ £ —17"9 3
drdf (2p—1) ———————drdf
/Fmgn 1/ rli2s r + (2p /rmSn 1/ rlt2s r

:/ / 1 — cos(ré - g)dd971172p/ / smr@fdd@'
rnsn—1 T1+25 rnsn—1 T1+25
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Applying (56) to the first integral, which is valid for s € (0,1) (with —I'(—2s) cos(rs) = § for
s=1), and [ , (5.9.7)] to the second integral (valid only for s € (0, 3)), it follows that

Aol =) /mn (cos(ms) —i(1 — 2p) sin(rs) sen(0 - £)) [0 - £[**do.

In the case of s € (%, 1), we have

Az,r(f) = /n(l — el 4 iy - g)PX—F(y)|'yf'|£}r2: P)Xr(y)dy-

We observe that the symmetric contribution does not change, while the antisymmetric one is

now given by
i(2p—1) / / Sin(r0 &) ~r0-€ .4
rNnsn—1 rlt2s

=i(2p — 1)/Fﬂsnilsgn(9-£)|9-§|2s (/0 %dpd) 0.

The integral can be computed as follows, taking into account that 2s — 1 € (0,1) and finally
applying (56):

° sin(p) — p -1 /1y
[t 2 [ (2

1 [*cos(p)—1, sin(rs)['(1—-2s) |
5s / s dp = 5% = —sin(ws)I'(—2s).

Therefore, the symbol of the antisymmetric part is the same as for s € (0, %)
1

5, we can argue similarly for the antisymmetric part. This leads to the integral

1% e—0t

Finally, for s =

where Ci and E; are the cosine integral and exponential integral, respectively, defined in | ,

(6.2.11), (6.2.1)]. By the power expansions in | , (6.6.6), (6.6.2)],
> pe” T — sin(p) - sin(e) € _
/ g — i (<D o0 < t0g () + 0(0)) = owo- ).

O

A.2. Inverse of the operators. This section is devoted to the derivation of an explicit real-
space formula for the inverse operators of A7(D) in the one-dimensional case.

Lemma A.3 (Inverse operator, 1D case). The inverse of the operator A;(D) defined in (11) for
s € (0,%) and p € [0,1] is given by

s dy

(A50) @) =) [ Fe ) oxe 0)+ (- Dve, () i

where
4ssin(2ms)

14 2p(1 — p)(cos(2ms) — 1)

¢s(p) ==
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Proof. By Lemma A.2, the symbol of the inverse operator (A;(D))*l is given by

(A5() 7! = 2 !

- (1 — 2s) cos(ws) — i(1 — 2p) sin(ws) sgn(&) e

_ 2s  cos(ms) +i(1 — 2p) sin(rws) sgn(§) €2
I'(1—2s) cos?(ms) + (1 — 2p)2sin®(7s) '

Now, we notice the following correspondence between symbols and operators:

]_—71

€725 F(&) T— 2T'(1—2s)sin 7TS/ flz |1 5o

—isgn()[E"F(E) T 20(1 - 25) cos(ms) / f(:c—y)sgn(y)wﬁ—?fgs-

1

The first one is just the Riesz potential, which holds for s € (0, 5

x3 (3-s)

). Here the constant can be

rewritten as 55 —y~- Both correspondences can be obtained from [ , (5.9.6)-(5.9.7)].
Therefore,
1 2s 2I(1 — 2s) cos(ms) sin(ms) / 1 — (1 —2p)sgn(y)
A’(D = d
( ol ) @) I'(1 — 2s) cos?(ms) + (1 — 2p)?sin? fa ly|t—2s 4

&( / flz—9)(1-p)xe_(y )+PX1R+(?J))||1—25

P) [ ) 0)+ (=D, ) #

I
el
w

with
Z(p) = 8s cos(ms) sin(7s) _ 4ssin(27s) .
cos?(ms) + (1 — 2p)2sin®(ws) 1+ 2p(1 — p)(cos(2ms) — 1)

APPENDIX B. A “MORE LoCAL” VARIANT OF THE PROBLEM FROM SECTION 5

In this appendix we present and discuss an alternative bilinear form associated with the
problem (42). We compare the resulting notion with the one from Section 5.

From now on, we assume ) C R" is an bounded, Lipschitz open domain, I' C R™\{0} is an
open, non-empty, convex cone and s € (0, 1)\{%}

B.1. An alternative bilinear form. As an alternative version of the bilinear form from Sec-
tion 5, we here introduce the following “more local” bilinear form for s # %:

(57) Bp,l“,q u,v) = P /(2+F / —u CEer))( (z) —v(z — y))X(HFp(z +y)V;,F(y)dyd$

+ (qu,v) L2 ()

where 5 = (2 —2%°)7", xa4r, is the characteristic function of Q + T, and v 1~ is given in (37).
Equivalently, we may write

By r 7q /§2+F /§2+F (z)) (v(z) —v(2x — Z))V;F(Z — x)dydx

+ (qu ’U)L2(Q).

We observe that the first argument of By ., is “rather local”, in the sense that for the first
slot occupied by the function u it suffices to be defined in the domain of dependence € + I'p,



NONLOCAL ELLIPTICITY AND GAUGES 57

while only the second one is required to be defined in R™ (due to the shift in the arguments of

v).

Remark B.1. We emphasize that the bilinear form By r, q(u, v) evaluated at a function v sup-
ported in § is consistent with the weak form of the equation (42) in the sense that it gives rise
to a weak form of the interior equation in (42). In other words, it can be derived from the strong
form of the (interior) equation in (42) if this is tested with v, after a suitable change of variables
and suitable recombinations of these expressions, which ultimately leads to the stated expression.
For the sake of simplicity, we discuss this for the case p=1 and ¢ =0. For s € (0, %), applying

different changes of variables, we obtain the following identities for v € Hs (Q):

/Q (450 (D)u())v(w)dz = / / — ula + y)) (@)} (y)dyde
/Q+F / — (e — y))u(z)v) r(y)dyde
—omf / ~ oo 29))u()v (v)dyd

=272 / / (v(z +y) —v(z — y))ulz + y)xoir, (z + y)vpr(y)dydz.
Q4T

We remark that in the last identity the characteristic function xayr,(x + y) is not necessary
due to the imposed support assumption for v, but it will be necessary in defining the full bilinear
expression (for functions which are not necessarily supported in Q).

By suitably combining the previous integral expressions, we infer

(2 — 225)/ (A;’F(D)u(x))v(x)dx

/Q/ ) = u(z +y))v(@)y, r(y)dyde

/QJrF / —v(z —y))u(@)vy p(y)dyde

_ /Q+r / (v(x +y) —v(@ —y))ul@ + y)xa+r, (@ + y)v) r(y)dyda

= [ ) e ) (o) — e ) e o+ 0 )
4TI,
If s € (%, 1), we repeat these arguments with additional terms of the form Vu(xz)v(x), but these

finally cancel out.

Remark B.2. We highlight that the derivation of the bilinear form Bij, r differs from that of
By from the beginning of this article. In particular, this leads to a lack of symmetry of vy,

except if p= ;, but allows to treat the cases By r.q with p € [0,1] simultaneously. The difference
between (57) for p= 3 and (7) with a(0) = §Xsn-1n(—rur)(0) corresponds to

Bf/%l“;q(uvv) By(u,v)
_ 1 ) — uls v@)  w@r-z) N
2 /Q+F1/z /sz+r1/2 (u(z) () (21—28 -1 1-22s-1 + )) i Jdzdz.

Comparing the two bilinear forms from (57) and (43), we collect the following observations:
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Lemma B.3. Let s € (0,1)\{3} and p € [0,1]. Let u,v € H*(R"). Then BS . (u,v) =
B;yp;q(u, v) if one of the following holds:

o veE H(Q),

e pe (0,1) and u € H*(Q),

e pc{0,1}, u € H*(Q) and v =10 in (T1_, + Q)\Q.

Proof. We deal with the three cases separately. If v € H® (Q), by the arguments from Remark B.1
we note that the bilinear forms agree (and can be reduced to the same strong form of the
equation).

Let now u € H*(2). According to the definitions (57) and (43), the difference of the bilincar
forms is given by

B;F;q(u, v) — B;yp;q(u, v)

= —f, /Rn\(QJer) /Fp u(z + y)(v(ac) —v(x — y))up,p(y)dydx

+ Bs /Q /F u(x) (v(x) = v(@ = Y)Vp,r (Y)Xpn\ @ir,) (@ + y)dyde
=: 11 + .

On the one hand, the second contribution /5 always vanishes since x +y € Q +1T'), for all x € Q
and y € I',. On the other hand, the integrand in I, in general, needs not vanish if x 4+y € 2 for
z € R"\(Q+T,) and y € I',. This situation cannot happen for p € (0, 1) due to the two-sidedness
of the cone.

However, if p € {0,1} and € (2 +T1-,)\Q C R®\(Q +T,), then z +y € Q for some y € T,
Therefore, I; = 0 requires that v(z) —v(z —y) =0 a.e. for x € Q+T1_, and y € T, ie. v is
constant a.e. in (Q + I';_,)\Q. But since the subset is unbounded and we require v € L?(R"),
it holds that v =0 a.e. in (Q + I'1_,)\Q. O

B.2. Function spaces. We next discuss the well-posedness of the direct problem associated
with the bilinear form B} 1.y

Heading towards an analysis of the exterior problem, we introduce the following space for
s € (0,1), ' € R™\{0} an open, non-empty, convex cone and {2 C R™ open:
u(z) —u(z +y)

;Mﬂy:@u9+r¢aR;ueL%m, T
, wE

eL%erg}

endowed with the norm

lls -y = Nl + [, vy o,

where
wlygor= [ p (u(0) = e+ 9)) (o) = oo +) P LW g

Analogously to (16) and (17), it holds that
H*(R"™) =V p(R"),
HH(Q+T,) € Vi p(9).

The first statement follows as in Lemma 2.3. The second inclusion can be proved as Lemma 2.4.
Lastly, we introduce the space for the exterior data:

Vor(Q)e = ;F(Q)/ﬁs(ﬂ), equipped with the quotient topology.
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Comparing the H 1 and V; 1 based spaces (see Section 5.2.3 for the definition of H 1), we
observe that

Hy () CVpr(Q)e.
Building on this, analogously to Lemma 2.6, we infer a corresponding bound for B} 1.y

Lemma B.4. Let s € (0,1)\{3}, p € [0,1] and By 1., be asin (57). Ifu € Vy p(Q+1T}) and
v € H*(R"), then

(58) | By r.q(u,v)] < CHUHV;T(QHP)||U|\H5(Rn)-

Proof. The argument for the estimate is analogous to the ones which were used for the bilinear
form B, in Section 3. Indeed, we have

1 1 1 1
|B;,F;O(U’U)| < Bs [ua“]égyr(mrrp)[”’ ”]12)18 (Q+Ty) < Bslu, u]\zi;,p(fHFp)[U’U]éffp,r(R")

7P,F
1
< C[uvu]ég,r(snrp)””HHS(R”)'

O

B.3. The exterior problem. With the properties of the function spaces associated with the

bilinear form By .. in hand, we define our notion of a weak solution based on this bilinear form:

Definition B.5. Let s € (0,1)\{3}, p € [0,1] and let B; 1., be the bilinear form in (57). Given

f eV r(Qe, a function u € V; () is a (weak) solution of (42) (based on B, r.,) if
o ig(U,v) =0 for all v e ﬁs(ﬂ)
and Eqyr,(u— f)e H¥(Q) for any f € Vo (Q) with felfl
We emphasize that the more local character of the bilinear form B), r,q is of significance here

in that in its first slot B, r.q only needs to be defined on Q +1T',.
We can now deduce the desired well-posedness result.

Proposition B.6. Let s € (0,1)\{3}, p € [0,1], T € R"\{0} be an open, convez cone, 2 C R"
be open, bounded, Lipschitz and g € L°° (). Then there is a countable set Yorq C C such that
if A ¢ X0 p.,, for any f €V n(Q)e, there is a unique solution u € V; n(Q) of

(A;F(D) +q— )\)u =0 inQ,
u=f in (Q+T,)\Q.
In that case,
ullvs @) < CllflIve (o).

Proof. We reduce this problem to the interior one in (45), solved in Proposition 5.12. Let
fe V;,F(Q}e and let f € Y;F(Q) such that f € [f], i.e. Eaoyr,(f — f) € H*(Q). We construct
u = w+ f, where w € H*(?) is the solution of the inhomogeneous problem (42) with g =
—(A;F(D) +q—\)f|a. This requires proving that A;Ff|g € H*(Q) (weakly) for f € V;F(Q).

We present here the proof for p = 0. As usually, we can derive similar results for p = 1 and the
general case follows by the fact that A (D) = pA3 (D) + (1 —p)A§ (D). For any v € H*(R"),
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testing Af (D)f~ with v we obtain:

/ / _fffffy oyt + [ [ MDD iy
rN(—z+Q) ] I\(—z+%) lyl

=0 + L.

Taking into account that v is supported in €2 and making a suitable change of variables in I, we
can rewrite both integrals as follows:

1 (u(z) — u(z+y)) (v(z) —v(z—1y)) .
= 2 /Q/Fﬂ(—z-i—Q) ’ dyd

|y|n+25

B (u(z) —u(z +y)) (v(z) — v(z +y))
b= /Q/F\( 2+9) |y|n2s Ay

Then

1 1 1
11| < 5[ ]\2;5 (Q)[U U];s ~(Q) < Clul

Vi Q)”UHHS(R")a

1
2

1
(L2] < fu,ulys (o) [0: vl () = Cllullv; c@ ol @n).-

This implies g € H~*(2) and ||g][ g+ (o) < C’Huﬂvgr(g).

By Proposition 5.12, if A ¢ % =35

pIigs WE ﬁS(Q) exists, is unique and satisfies

p,Isq

lwllvs @) < llwllvs @y < Cllwllas @ < CllFllvs @)

We emphasize here that u is independent of the choice of f € V, r(€) with f € [f]. Indeed,
let us consider fl,fg € V;F(Q) such that fl, fg € [f], Le, EQ+pp(f1 — fg) € }NIS(Q) Let uy, us be
constructed as above with fi, f, respectively. Let v = £qqr, (u1 — ug). Since 59+pp(f1 — fa) €
H*(Q) and wy,ws € H(Q), we have v € H*(Q). In addition, (A;F(D) +q¢—XAv =0 and
”|(Q+F,,)\Q 0 by construction. Since A ¢ X2 by Proposition 5.12, v = 0.

Finally, we observe that

p,I'sq?

lullvs @) < 1fllvs @) + llwllvs @) < Cllfllvs L (o)-
Taking the infimum among all possible f, the estimate follows. ]

We conclude the discussion about well-posedness with a direct corollary of Proposition B.6 in
the more restrictive function spaces related to H*(2 +1T',).

Corollary B.7. Under the same conditions as in Proposition B.6, if \ ¢ ¥ . and f € Hy (),
the unique solution satisfies uw € H*(Q +T'p) and

lulle@sryy < CF s -
Proof. Let f € H*(R") such that f € [f]. Then floir, € Vo r(€2) and
171 Vi@ < Hf||vs @) < Ol Fll e ey
Arguing as in Proposition B.6, we construct @ € H*(R") as @ = w+ f, where w € H*(Q) and
@) < Ol fll e my-

Hw||Hs(1Rn
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This finally implies
@] e (rry < C”fHHS(]R")-

The result follows by taking the infimum among all possible f and defining u := Ulotr, -

We emphasize again that u does not depend on the choice of f (@ does, but outside (2+T,)\Q)
which follows as in Proposition B.6. 0

Lemma B.8. Let s € (0,1)\{3}, p € [0,1], I € R"\{0} be an open, convezx cone, @ C R"
be open, bounded, Lipschitz and q € L*(S2) be such that 0 ¢ X5 . Let f € Hjp(2) and
let w e H(Q+T)p) be the solution to the exterior value problem from Corollary B.7. Then
u = Pyr..f from Definition 5.18.

Proof. The proof works as the one of Lemma 3.9. It suffices to note that the constructions of u
in Corollary B.7 and Proposition 5.17 agree. ([l

B.4. The Dirichlet-to-Neumann operator. Based on the bilinear form By .., we define the
Dirichlet-to-Neumann operator as follows:

Definition B.9 (Dirichlet-to-Neumann operator A, ). Let s € (0,1)\{3}, p € [0,1], ¢ €
L>(RQ) be such that 0 ¢ X7 p., and By r., be as in (57). We set
Aprig: Hyp(2) — H™5(R") : f = Aprygf,
with
(59) (Aprigf,h) == By (us, h) for any h € H*(R"™),
where uyp = Pyr.of € H*(Q+T),).
We remark that in this definition, because of the domains of dependence in (57), there is no

need to consider an extension of uy. This makes possible to define A, r;y on Hy () and not

only on H*((Q+T,)\Q) as for A, 1., in Definition 5.19. We also notice that the operator A, .,
is bounded and well-defined, which follows from (58).

We next observe that it is possible to relate the Dirichlet-to-Neumann operators A, ., and
A, r.q under appropriate geometric assumptions.

Lemma B.10. Let s € (0,1)\{3}, p € (0,1), ¢ € L>(Q) be such that 0 ¢ X5 .. and Apryq,

Apr.q be as in Definitions B.9 and 5.19, respectively. Let Wi, Wa C (4 T,)\Q and let f €
H#(Wy). Then,

Ap,F;qf|Wz = AP,F;qﬂWz

if one of the following conditions holds:

e Wi C(QED\QFT) and Wo C (QFD\(Q£T),
o W; +T C Q+T forje{l,2},
e WinN(Wy+T)=0.

Proof of Lemma B.10. We seek to prove that B;yp;q(uf, h) = B, . (us, h) for h € H*(W,) under
the stated geometric conditions on Wy, Ws. Indeed, by Proposition 5.17

B;,F;q(ufv h’) - B;,F;q(ufa h) = B;,F;q(uf - fa h) - B;,F;q(uf - fa h) + B;,F;q(fv h’) - B;,F;q(fa h)
Since uy — f € H*(Q), by Lemma B.3, for p € (0,1) it holds

B;,F;q (ufa h) - B;,F;q (ufv h) = ;,F;q (fv h) - ;,F;q(fa h)



62 GIOVANNI COVI, MARfA ANGELES GARCIA-FERRERO, AND ANGKANA RULAND
Now, using the definitions (57) and (43),
NS s
p,F;q(fv h) - PpTiq (fv h)

—5 [ / £ + 9)h(z — y)vpr(v)dyde
R\(Q4T))
+ Bs /g ., / fla = h(z = y))vp.r (Y)Xpm @1, (* +y)dyda
/W / F@) (1)~ h(@ = ) p.0 (9)Xam @1,y (@ + 1)y

— 6, /Wm% / F @) (@) (9)Xg @,y (@ + y)dyde

P /W1 / uc — Y)p.0 (Y)Xem\ @41, (T + y)dydz .

The first term vanishes if W3 N Wo =0 or if (W1 NWa)+T, CQ+T, (sox+y € Q+T,, see
Figure 3).
It is clear that the second term vanishes in any of the following cases:
o Wi +T', CQ+T), since again in this case z +y € Q4 T'y,.
o Wo+T), CQ+T,, since (x —y) +2y € Q+1T,.
o Win(We+T),) =0or Won (Wi +T'1_,) =0, since then f(z)h(x—y) =0 for all z € W,
and y € T'),.
In general, the integral vanishes if for all € W7 and y € '), such that z +y ¢ Q +T',,, one has
x —y € Wa. This is in particular satisfied in the following further setting:
e W1 C(Q+TD\(Q~—T)and Wy C (2 —T)\(Q2+T) (or the other way around). In this
case, if t +y ¢ Q+1T'p, then y € —I" and so z —y € Q+ T, which does not intersect Ws.

O

Remark B.11. We remark that the conditions given in Lemma B.10 are not exhaustive. As the
proof illustrates, it would for instance have been possible to impose any condition ensuring that
the two integrals giving the difference of the bilinear forms vanish.

Remark B.12. In the case p € {0,1}, we do not have a similar identification as above if
Wy C (Q +T1-,)\Q, which is the relevant region containing information about us. Indeed,
by the previous discussion, if p € {0,1}, Wi C (2 +Tp)\Q and Wy C (Q + T'1-,)\Q, then

hgépg(f, h) _td”ﬁgf’ h). However, by Lemma B.S3, Bqu( — f,h) # By p.(us — f,h) for
supported in Ws.

Last but not least, we remark that as for the bilinear form B, 1., one could also study the
inverse problem for B, r.,. In the cases in which A, ., = A, ., which for instance hold for W;
and W5 as in Lemma B.10, we may invoke the antilocality results from above. In general, the
settings however differ and we lack a good Alessandrini identity. We do not pursue this any
further here.

APPENDIX C. TECHNICAL RESULTS ON DOMAINS

This appendix contains some technical results involving two-sided cones that are used in the
article. Throughout the whole section, we assume that C C R™\{0} is a convex, non-empty, open
cone.
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Lemma C.1. Let  C R” be a bounded differentiable domain. Then
N eCc).

Proof. We argue by contradiction. Assume that 9§ is differentiable but Q & C(Q2). Since
Q C C(Q) but Q ¢ C(R), there must exist a point = € QN AC(). Since AN is differentiable at
x, the tangent space T' to §2 through x is a well-defined hyperplane.

We claim that there exists § € S"~! such that § € —CUC but {z + t0,t € R} ¢ T. Indeed,
the opposite statement would mean C({z}) C T, which cannot be true because of the openness
of C. This implies that there exists y € ) such that y = x +t60 for some ¢t € R. However, since we
are considering two-sided cones, we have z € C({y}) C C(Q2), which contradicts the assumption
x € 9C(R). O

Remark C.2. The two-sidedness of C({y}) is essential for the validity of the above lemma. In
fact, for a one-sided cone one can easily cook up examples in which Q € C(2) does not hold, as
shown in Figure 10.

Lemma C.3. Let Q C R"™ be a bounded Lipschitz domain. Then
H' QN (R™MC(Q2))) =0.

Proof. Since Q C C(9), we have QN (R™\C()) = 92N IC()). We have already seen in the
proof of Lemma C.1 that if 99 is differentiable at x, then x ¢ JC(€2). This implies

INNAC(N) C {x € 9N : 0N is not differentiable at x}.
Finally, since 0f2 is Lipschitz, by the Rademacher’s theorem it holds
H" L ({x € 09 : 0 is not differentiable at x}) = 0,
which concludes the proof. 0

Lemma C.4. Let Q C R"™ be a connected, bounded, differentiable domain. For any Uy C §2, let
Ujt1:=QNC(U;j) for j € Ng. Then there exists an integer N € N such that U; = Q for j > N.

Proof. We argue by contradiction. Let us assume that there is an open set Uy C €2 such that
U; € Qforall j €N, where U; =C(Uj—1) N Q. Then, either
(¢) there is an integer J € N such that U; = Uy C Q for all j > J, or
(Z’L) Uj g_ UjJrl g_ Q) for allj S No.
Step 1. If condition (7) is satisfied, then C(U;)NQ = U; C Q. Since 2 is connected, U ;N # .
Let z € OU; NQ and 7 > 0 be such that B;(z) C Q. For any x € B-(2)\Uy, let us define

e:=sup{d > 0: Bs(z) c Q\U,;} > 0.

We know that Be (z) C C(Be(z)) N for ¢ > € small enough. Because of the choice of €, there
must be y € Be(z)NU ;. However, this implies C({y}) N Be(x) # 0. In addition, C({y})NB(z) C
C(U;)NQ = Uy, which implies B.(z) NU; # 0. Since this is absurd, condition (7) does not hold.

Step 2. If condition (i7) holds, we can find x; € U;11\U; for all j € N. Due to the boundedness
of , there exists a subsequence {z;, }3°, converging to z € Q. Firstly, we observe that C({z})N
Q # (). This is immediate if 2z € Q, while if z € 99 it follows from the differentiability of 99 at x
and Lemma C.1. Secondly, we notice that, by construction, z ¢ U; for all j € Np. In addition,
z; ¢ C({x})NQ. Indeed, if z; € C({x})NQ, then z € C({x;})NQ C C(U;1+1) NQ = U2, which
is false.

If y € C({z}) N, then it holds y ¢ U; for all j € N, otherwise z € C({y}) N Q C U, 1.
Moreover, z; ¢ C({y}), since the contrary would imply y € C({z;}) N Q C Uj;2. Finally, let
€ > 0 be so small that B.(z) C C({y}). Then we conclude that z; ¢ Bc(z) for all j € N,
contradicting that limy_,oc 25, = . O
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Fi1GURE 14. Counterexample of Lemma C.4 for Lipschitz doimains, as explained
in Remark C.5.

Remark C.5. If Q is Lipschitz but not differentiable, Lemma C.4 may not hold. Indeed, let us
consider the following 2-dimensional counterexample (see also Figure 14):

C={(tcosb,tsinf): t>0, 0 € (—a,a)},
Q= {(tsinf,tcos): t>0, 0 € (—8,5), tcosh < h}.
Let Uy be such that
Up =C(Uo) NQ = {(z,y) € Q:y>min{yo + (tan )z, yo — (tan )z} }
for some yog < h. By simple geometric calculations, we can infer

Uy =C(U1)NQ = {(z,y) € Q:y>min{y, + (tana)z,y1 — (tana)z}},

B (tan B)~! — tan
ne ((tanﬁ)—l +tana) '

where

Tterating this argument, it follows

Ujs1 = {(z,y) € Q:y > min{y; + (tana)z,y; — (tan o)z} },

o (tan 8)~! — tana )’
Yi= Yo <(tan6)_1 +tana> '

with

If (tanB)~! > tana, i.e. a+ 8 < 5, we have lim;_, y; = 0, but 0 can not be achieved in a
finite number of steps
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