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Abstract

We introduce g-deformed connections on the quantum 2-sphere and 3-sphere, satis-
fying a twisted Leibniz rule in analogy with g-deformed derivations. We show that
such connections always exist on projective modules. Furthermore, a condition for
metric compatibility is introduced, and an explicit formula is given, parametrizing all
metric connections on a free module. On the quantum 3-sphere, a g-deformed torsion
freeness condition is introduced and we derive explicit expressions for the Christoffel
symbols of a Levi—Civita connection for a general class of metrics. We also give met-
ric connections on a class of projective modules over the quantum 2-sphere. Finally,
we outline a generalization to any Hopf algebra with a (left) covariant calculus and
associated quantum tangent space.

Keyword Noncommutative geometry - Noncommutative Levi—Civita connection -
Quantum groups
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1 Introduction

In recent years, a lot of progress has been made in understanding Riemannian aspects
of noncommutative geometry. These are not only mathematically interesting, but also
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important in physics where noncommutative geometry is expected to play a key role,
notably in a theory of quantum gravity. In Riemannian geometry the Levi—Civita
connection and its curvature have a central role, and it turns out that there are several
different ways of approaching these objects in the noncommutative setting (see e.g.
[2,4,5,7-10, 12, 14, 18, 21]).

From an algebraic perspective, the set of vector fields and the set of differential forms
are (finitely generated projective) modules over the algebra of functions, a viewpoint
which is also adopted in noncommutative geometry. However, considering vector
fields as derivations does not immediately carry over to noncommutative geometry,
since the set of derivations of a (noncommutative) algebra is in general not a module
over the algebra but only a module over the center of the algebra. Therefore, one is led
naturally to focus on differential forms and define a connection on a general module
as taking values in the tensor product of the module with the module of differential
forms. More precisely, let M be a (right) A-module and let Q1 (A) denote a module
of differential forms together with a differential d : A — Q! (A). A connection on M
isalinearmap V: M — M ® Q! (A) satisfying a version of Leibniz rule

V(mf) = (Vm) f +m @ df (1.1)

for f € Aand m € M. In differential geometry, for a vector field X one obtains a
covariant derivative Vy : M — M, by pairing differential forms with X (as differential
forms are dual to vector fields). In a noncommutative version of the above, there is in
general no canonical way of obtaining a “covariant derivative” Vxy : M — M.Ina
derivation based approach to noncommutative geometry (see e.g. [13, 14]), one puts
emphasis on the choice of a Lie algebra g of derivations of the algebra A. Given a
(right) A-module M one defines a connection as amap V : g x M — M, usually
writing V (9, m) = Vam for 0 € g and m € M, satisfying

Va(mf) = (Vom) f +m d(f)

for f € Aand m € M, in parallel with (1.1). We stress that in general g is not a
module over .4 when A is not commutative. Thus we do not require A-linearity in the
argument d of V. This is in contrast with the braided geometry framework [4, 6] where
for a braided commutative algebra the braided Lie algebra of its braided derivations
is a module over the algebra and such a A-linearity on the connection can be stated.
Braided commutativity of a Hopf algebra is a feature of its being cotriangular (and
not just coquasitriangular).

For quantum groups, it turns out that natural analogues of vector fields are not quite
derivations, but rather maps satisfying a twisted Leibniz rule. For instance, as we shall
see, for the quantum 3-sphere SS one defines maps X, : Sg — S; satisfying

Xa(f8) = Xa(f)oa(g) + fXa(g) (1.2)

for f,g € S3 and o4 - Sj — Sg, for a = 1,2, 3, are algebra morphisms. In this
note we explore the possibility of introducing a corresponding g-affine connection
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on a (right) S;-module M. Motivated by (1.2) we introduce a covariant derivative
Vx, : M — M such that

Vx, (mf) = (VXam)Ua(f) +mXy(f)

for f € S; and m € M. In the following, we make these ideas precise and prove
that there exist g-affine connections on projective modules. Again, we will not ask
for SS -linearity in the argument X of Vy. Furthermore, we introduce a condition for
metric compatibility, and in the particular case of a left covariant calculus over S7,
we investigate a derivation based definition of torsion. Then we explicitly construct
a Levi—Civita connection, that is a torsion free and metric compatible connection.
Moreover, we construct metric connections on a class of projective modules over the
quantum 2-sphere. We mention that the Riemannian geometry of quantum spheres
was studied [7] from the point of view of a bimodule connection on differential forms
satisfying (1.1) as well as a right Leibniz rule twisted by a braiding map. In a final
section we sketch a way to generalise (some of) the constructions of the present paper
to any Hopf algebra with a (left) covariant differential calculus and corresponding
quantum tangent space of twisted derivations.

The present paper is an alternative and extended version of the paper [1] where the
left module structure of differential forms was used to construct g-affine connections,
rather than the right module structure considered in the following.

2 The Quantum 3-Sphere

In this section we recall a few basic properties of the quantum 3-sphere [22]. The
algebra S;’ is a unital x-algebra generated by a, a*, c, ¢* fulfilling

*

ac =qca c*a* =qga*c* ac* =qc*a,

ca* = qga*c cc* =c*c a*a+ e =aa* +qcc* =1,

for a real parameter g. The identification of Sg with the quantum group SU, (2) is via
the Hopf algebra structure given by

Ala)=a®a—qc*®@c Alc)=c®a+a*®c,
Aa*)=—gc®@c* +a*®@a* A =a®c*+c*Qa*,

with antipode and counit

Sa) =a* S(c)=—qc €la)=1 €e() =0,
S@)=a S*)=—q '¢" e@)=1 el =0.
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We also need the dual quantum enveloping algebra U/, (su(2)), which is the x-algebra
with generators E, F, K, K~ satisfying

K2 _ K—2
—

The corresponding Hopf algebra structure is given by the coproduct,

AEY=EQK+K '®FE AF)=F®K+K '@F AKk*)=k* k!
together with antipode and counit

S(Ky=K~' S(E)y=—gE S(F)=—-q'F,
e(K)=1 €(E)=0 €(F)=0.

We recall that there is a unique bilinear pairing between U4, (su(2)) and Sj given by
<K:|:1’a>=q:|:l/2’ <K:|:1’a>s<) zqul/z’ (E.c) =1, (F C*>: —

with the remaining pairings being zero.

The algebra Sg is a noncommutative algebra which is not quasi-commutative. This
stems from the Hopf algebra SU,(2) being coquasitriangular and not simply cotri-
angular. Dually, the Hopf algebra U/, (su(2)) is quasitriangular and not triangular [16,
§8, §10].

Tl316 pairing above induces a U, (su(2))-bimodule structure (left and right actions)
on Sy

h<f=fulh fy) and f<h=(h, foy) fo) (2.1)

for h € Uy(su(2)) and f € S;, with Sweedler’s notation A(f) = f1) ® f2) (and
implicit sum). The *-structure on U, (su(2)), denoted here by  (to distinguish it from
the *-structure of the algebra), is given by (K*!)" = K*! and E" = F. The action
of U, (su(2)) is compatible with the x-algebra structures in the following sense

he f*= (S e f) fr<h=(f<5m")". 2.2)

@ Springer



Levi-Civita Connections on Quantum Spheres Page50f26 19

Let us for convenience list the left and right actions of the generators:

K gt = Tt KE oo = g e,
KE o a*" = g2 4@y K oot = g5 (Y,

Evd" = —g® Pl ¢* Ewc =gl g*,

Ev @) " =0 Es(c" =0,

Foad"=0 Frc"=0,

Fo (a*)n — q(l—n)/2[n]c(a*)n—l Fo (C*)n — _q—(l+n)/2[n]a(c>k)n—l’

and
an <1Ki1 — q$%an (a*)n <1Ki1 — qi%(a*)n’
M q K:I:l — q:l:%cn (C*)n <1K:I:l — qq:%(c*)n’
a" < F =¢"T [nlea™! (@*)" < F =0,
MaF =0 (") <F = —q"T [n]a*(c*)" !,
A"<9E=0 (@)'<E=—q"T [n]c*@")"",
MaE =g Tl a (*)'<E =0,

where [n] = (¢" —q™™") /(¢ —q~").

2.1 The Covariant Calculus and the Quantum Tangent Space

It is well known [22] that there is a left covariant (first order) differential calculus on
S;, denoted by Q' (SS), generated as a left S; -module by

*

o =wy =adc—qgcda w) =w_ =c*da* — qa*dc* w3 = w, = a*da + c*dc.

In fact, Q! (Sj) is a free left module with a basis given by {w4, w_, w.}. Moreover,
Qs 3) is a bimodule with respect to the relations

w.a=q taw, w.a*=q¢’d*w, w.e=q tcw, w.ct=q o,

wia = q laws wia* =qadtwsr wic=q lcor wict =qgctos,
and, furthermore, Q! (S;) 18 a x-bimodule with

T
z = ~ Wz

wl = —w- w
satisfying (fwg)" = g*o' f* for f, g € S; and w € Q1(S).
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The differential d : SS' — Q! (S;) is computed using a dual basis {Xy, X_, X} of
twisted derivations (the corresponding quantum tangent space [16, §14.1.2]),

df = (Xyo flog +(X-> Ho-+X:> o, feSy,  (23)
with explicitly,

X, =.qEK X " rx x - K
+ =44 -=— =13
NG fl—g7?

Their twisted derivation properties are easily found. For f, g € S3,and a = =+, z one
has,

Xov fg=fXgrg) + X f)log>g)
(and similarly for the right action), with
oy =0_= K? and o, = K*.

Furthermore, these maps satisfy the following g-deformed commutation relations

X_X,—qg°X X_=X,, (2.4)
XX —q X X.=(+¢HX_, (2.5)
X X —q XX =1+ D)X, (2.6)

As for the x-structures, one checks that Xl = Xy and K = K. From this, using
(2.2) one computes, for f € $3, that

Xeaf*=—(K Xy ) =—K* <Xy f)*

. 4 2.7

X;af'=—(K "X« f)"=—-K"<(X: < f)".
In the classical limit of ¢ = 1, the above reduces to the Lie algebra of su(2) and
the calculus is the usual calculus on the sphere S° given in terms of left invariant
one-forms.

3 g-Affine Connections

In differential geometry, a connection extends the action of derivatives to vector fields,
and for S; a natural set of (¢g-deformed) derivations is given by {X 4, X_, X_}. In this
section, we will introduce a framework extending the action of X, to a connection on
Sg—modules. Let us first define the set of g-deformed derivations we shall be interested
in.
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Definition 3.1 The quantum tangent space of S; is defined as

ng =C(X4+, X, X;),

that is the complex vector space generated by X, fora = =+, z.

We point out that TSS is not a module over S;;’.

Considering TS; to be the analogue of a (complexified) tangent space of S, we
would like to introduce a covariant derivative Vx on a (right) S;-module M, for X €
TS;. Since the basis elements of TS; act as g-deformed derivations, the connection
should obey an analogous g-deformed Leibniz rule. The motivating example is when
M = SS and the action of TS; issimply Vx f = X < (f) = X(f) for X € TS; and
f e S;. (To lighten notation, in the following we shall drop the symbol < for the left
action when there is no risk of ambiguities.)
In fact, let us be slightly more general and consider the action on a free module of rank
n. Thus, we let M be a free right SS -module with basis {e; ?:1, and write an arbitrary
element m € M as m = e;m' form' e S;, implicitly assuming a summation over i
from 1 to n.

Let us define VO : TS} x M — M by setting

vy, (m) = ei Xq(m') 3.1

for m = e;m’ € M (and extending it linearly to all of TS;’). Now, it is easy to check
that

VS, (mf) = (V§ m)oa(f) +mXa(f)
for f € S;;’ andm € M.Letus generalize these concepts to arbitrary right Sg -modules.

Definition 3.2 Let M be aright S;—module. A right q-affine connection on M is amap
V: TS} x M — M such that

(1) Vx(himy + Aomp) = A Vxmy + A Vxmy,
(2) Vaixtaym = A Vxm+ A Vym,
(3) Vx,(mf) = (Vx,m)o,(f) + mX.(f), a==,72

form,my,my e M, f €S, X € TS, and Ay, 43 € C.

Remark 3.3 As mentioned previously, the space TS3 is not a module over S;. Thus we
are not requiring S;-linearity ‘in the first argument’, that is we are not requiring the
connection to satisfy the relation Vxym = (Vx m) f) for f € S; . This is in contrast
with what happens in braided geometry [4, 6] where for a braided commutative algebra
the braided Lie algebra of its braided derivations is a module over the algebra and such
a relation on the connection can be stated. Braided commutativity of a Hopf algebra
is a feature of its being cotriangular.
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Definition 3.4 A Hermitian form on a right Sg-module Misamaph : M x M — Sg
such that

h(my,maf) =h(my,my) f h(mi,m2)* = h(ma, my),

h(my +ma, m3) = h(my, m3) + h(ma, m3),

for f € S; and m, my, m3z € M. Moreover, h is said to be invertible if the induced
map h:M— M*, defined by fz(m])(mz) = h(m1, my), is bijective.

On a free module with basis {e;}?_,, a Hermitian form is given by h;; = hjl. € S; by
setting

h(my, my) = (m})*hijm}

for m; = eim"1 € (S;)" and mp = eimé € (Sg)”. Moreover, if h is invertible,
then there exist '/ S;’ such that 1%/ h ik = 8,’;]1. In case the module is projective

(but not necessarily free) and generated by {e;}!"_,, one can find hil e S; such that

eih’ h jx = ey if the Hermitian form is invertible (see e.g. [3]).

Next, we will introduce a notion of compatibility between a g-affine connection and
a Hermitian form. To motivate Definition 3.5, let us study the case of free modules.
For the g-affine connection V% in (3.1), one finds that

X (h(m1,m)) = X (0m})*hijm?)
= (m})* Xy (hijm]) + X4 ((m})*) K (hijm3)
= (m})*hij X 4 (m3) + (m})* X, (hij) K*(m])
+ X1 (0m)*) K (hijm3).
For the connection VY, a natural requirement for the compatibility with / is to demand
that X1 (h;;) = 0. Then, from (2.7) X4+ (f*) = —(K2X_(f)* = —K>(X_(f)*,
and one has,
X (hOm1,m2)) = (m})*hijX 1 (m3) + X4 ((m)*) K (hijm3)
= (m})*hij X4 (m}) — (K 72X _(m1))" K (hijm})
= (m))*hij X (m}) — K*(X_(m1)*) K> (hijm?)
= (m})*hij X (m3) — K*(X_(m1)*hijm])
= h(my, Vg, my) — K*(h(Vy_mi. my)).

Corresponding formulas are easily worked out for V?{,’ V?{,’ and we shall take this
as a motivation for the following definition. :
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Definition 3.5 A ¢-affine connection V on a right Sg-module M is compatible with
the Hermitian form & : M x M — 7 if

X4 (h(my, mp)) = h(my, Vx,mp) — K*(h(Vx_my, my)), (3.2)
X_(h(m1, m2)) = h(m1, Vx_ma) — K*(h(Vx,m1, m2)), (3.3)
X (h(my, mp)) = h(my, Vx,m2) — K*(h(Vx,my, m2)), (3.4)

formy,mp, € M.

Note that (3.2) and (3.3) are equivalent since

(X4 (o, m) = hima, Vx,m) + K2(h(Vx_ma, m))”

= —K (X (hm1, m)) + K2 (A(Vx,m1, m2)) = h(my, Vx_m2) ).

In the case of a g-affine connection on a free module, one can derive a convenient
parametrization of all connections that are compatible with a given Hermitian form.
To this end, let us introduce some notation. Let (S 3 )" be a free right SS -module with

basis {¢;}?_,. A g-affine connection V on (Sg)" can be determined by specifying the
Christoffel symbols

o/
Vx,ei =e¢;T’

ai’

with I, € Sq fora =4,zandi, j =1,...,n, and setting

Vx, (eim') = (Vx,e)oa(m’) + ;X (m') = e (T) a4(m') + Xu(m?)).

The next result gives the form of the Christoffel symbols for a g-affine connection
compatible with an invertible Hermitian form on a free module.

Proposition 3.6 Let (S;)” be a free right Sg—module with a basis {e;};_, and let V
be a q-affine connection on (S;)" given by the Christoffel symbols V,e; = e; Féi.
Furthermore, assume that h is an invertible Hermitian form on (S;’)” and set hjj =
h(e;,ej). Then V is compatible with h if and only if there exist y;j, pij € S;’ such that

pi; = pji and

Il = (53X 4 (i) + K (r)). (3.5)
I, = h* (35X (hip) + K (), (3.6)
I = W (3 Xz (hi) + K2 (o). (3.7)
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Proof Let us start by showing that if (3.2)—(3.4) in Definition 3.5 hold for a set of
generators of the module, then the equations hold for all elements of the module.

Thus, for m; = eimi1 and my = ejmé, one computes

h(e,'m"l, Vx, (ejmé)) — Kz(h(VX_ (el-mi]), ejmé))
= (m))*h(ei. (Vx, ej)or(md) + e X 4 (m3))
— K*(h((Vx_eNo—(m}) + eiX_(m}), e;ym?)
= (m})*h(ei. Vx, ej)oy (md) + (m)*h(ei, ej) X 1 (m)
— K2 (o_(m))*h(Vx_ei, ejym)) — K2(X_(m})*h(e;, e;)m)),

and using that oy = o_ = K2, K(f)* = K~ (f*) and X_(f)* = =K 72X (%)
one may rewrite the above expression as

h(eim"l, Vx., (ejmé)) — Kz(h(V)L (e,-m"l), ejmé))

= )" (hter, Vxoep) = K2(h(Vx_ei ¢)) ) K2(m)

+ (m) h(ei, )X (m3) + X1 (mD K (h(er, ej)m3).
Now, assuming that (3.2) holds for m| = ¢; and m; = ¢;, i.e.
Xi(h(ei,ej)) = h(e;, Vx,e;) — K*(h(Vx_e;, e))),

one obtains

h(eiml, Vx, (ejm})) — K*(h(Vx_(ejm}), ejm3)))
= ()" Xy (hei, e)) K2(md) + (mi) h(er, €)X+ m]) + X (m K2 (h(er, ejym3)
= (mli)*X+(h(ei, ej)mé) + X.,.(mT)Kz(h(e,-, e./)mé)

— X.,_((m'i)*h(ei, ej)mé) = X_,_(h(e,'m’i ’ ejmé))7

by using that f X (g) + X+ (f)o+(g) = X+ (fg). An analogous computation corre-
sponding to (3.4) shows that one indeed only needs to check (3.2)—(3.4) for a set of
generators.

It is then straight forward to check that the g-affine connection V, defined by

C— T
anel _e]Fai
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r/ ng given by (3.5)—(3.7) defines a connection compatible with /4. For

71'7

. J
Wlth r T
nstance,

h(ei, Vx,ej) — K*(h(Vx_ei. e))) = huT ; — K*((T)*hy;)

= haTh ;= K*((hjaT% %)

= hixh® (3 X5 (hj) + K () — KZ((hjkhkl (3X_(i) + K(v)) )*)

= %X+(hij) + K (yij) — Kz(%x—(hji)* + K(V[;)*)

= 35X+ (hip) + K (i) — K2 (= 3K 72X (hip) + K~ ()

= 53X (hip) + K (vij) + 3 X1 (hij) — K (vij) = X (hij).
Conyersely, assume that the connection V is compatible with £, and write Vx, e; =
ej Fér From the compatibility condition (3.2) one finds that the Christoffel symbols

satisfy

Xy (hij) = haeTh ;= K2 ((T%) )
= hiTh; — K2 ((hjaT* %)
=Dy — KZ(F:ji)’

with 'y ;; = hikF]‘;j, which can be written as

Cyij = X4 (hip) + K*(T* ). (3.8)
Defining

vij = KN T—jD)* + 3K X4 (hij)
it follows immediately that I'_ ;; = %X _(hij) + K (y;‘i), and (3.8) implies that
Lyiij= %X+(hij) + K (i),

giving (3.5) and (3.6) via '/ i = Wik, x;. Similarly, (3.4) implies that

Xo(hij) = Toij — KH((Tj0)"), (3.9)
and defining

pij = K2(Toij) = 3K 2 X2 (hij)

it follows immediately that I'; ;; = %Xz(hij) + Kz(pij), and (3.9) implies that p;; =
:071" O
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Thus the previous proposition gives the general class of g-affine connections which
are compatible with an invertible Hermitian form on a free right Sg—module. Later on

in Sect. 4, on the right free Sg-module Q! (S;’) we shall select a subclass of these that
are also torsion free.

3.1 g-Affine Connections on Projective Modules

As expected, one can construct g-affine connections on projective modules. More
precisely, one proves the following result.

Proposition 3.7 Let M be a right S;-module and let V be a q-affine connection on M.

Given a projection on M, i.e. an endomorphism p : M — M such that p*> = p, then
p o V is a q-affine connection on the right Sg-module p(M).

Proof Since V is a g-affine connection and p is an endomorphism, it is immediate
that V = p o V satisfies properties (3.2) and (3.2) in Definition 3.2. Moreover, for
m e p(M)

Vx,(mf) = p(Vx,mf)) = p((Vx,m) 0a(f)) + p(mXa(f))
= (Vx,m) 0a(f) +mX,(f),

since p(m) = m when m € p(M). We conclude that Visa g-affine connection on
p(M). |

Since we have shown in the previous section that g-affine connections exist on free
modules, Proposition 3.7 implies that every projective S; -module can be equipped with

a g-affine connection. Moreover, let V and V be g-affine connections on a Sg—module
M and define
a(X,m)=Vxm — %Xm.

Then « : TS; x M — M satisfies

a(AX +uY,mp) = ra(X,my) + pa(Y,myp), (3.10)
a(X,mif+mag) =a(X,m) f+a(X,mm)g, (3.1

formi,my € M, X,Y € TS>, f,g € S; and A, u € C. Conversely, every g-affine
connection on a projective module M can be written as

Vxm = p(Vym) + a(X,m),
where V0 is the connection defined in (3.1) and o : T S; X M — M is an arbitrary
map satisfying (3.10) and (3.11). Next, let us show that a connection on a projective

module is compatible with the restricted metric if the projection is orthogonal.
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Proposition 3.8 Ler V be a q-affine connection on the S;’-module M and assume
furthermore that V is compatible with a Hermitian form hon M. If p : M — M is
an orthogonal projection, i.e. p is a projection such that, for allmy, my € M,

h(p(m1), ma) = h(my, p(m2))

then V = p oV is a g-affine connection on p(M) that is compatible with h restricted
to p(M).

Proof Firstofall, it follows from Proposition 3.7 that V= poV isag-affine connection
on p(M). Since p is an orthogonal projection, one finds that for m, my € p(M)

h(ml, %Xerz) — Kz(h(ex_ml,mz))
= h(my, p(Vx,m2)) — K*(h(p(Vx_m1), m2))
= h(p(my), Vx,maz) — K*(h(Vx_m1, p(m2)))
= h(my, Vx,mz) — K*(h(Vx_mi,m2)) = X4 (h(my, m2))

by using that V is compatible with /. A similar computation shows that
X (h(my, mp)) = h(m, %szz) - K4(h(%xzm1 ,m2)),

from which we conclude that V is compatible with A restricted to p(M). m]

4 A g-Affine Levi-Civita Connection on Q' (Sg)

In this section we shall construct a g-affine connection on Q' (S; ), compatible with
an invertible Hermitian form % and satisfying a certain torsion freeness condition. The
module Q! (S;) isafree S q3 -module of rank 3 with basis w4, w_, @, which implies that
the results of Proposition 3.6 may be used. Although Q! (Sg) has a bimodule structure,
we shall only consider the right module structure of Q' ( S;;’) in what follows. In the case

of a g-affine connection on Ql (S;), there is a natural definition of torsion freeness,
suggested by the relations (2.4)—(2.6).

We have already mentioned that those relations reduce to the Lie algebra of su(2)
in the classical limit of ¢ = 1. These relations are reflected in the notion of the torsion
T . For instance one would have T(X_, X4) := V_X, — V. X_ —[X_, X4] and its
vanishing is just the condition V_X | — V,X_ = [X_, X;] = X_; for dual forms
this translates into V_w; — Viw_ = w,. There are similar expressions the other
two cases. Given the duality between the derivations X, and the basis forms w,, for
a = =+, z, we propose the following definition for a torsion freeness condition on the
connection.
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Definition 4.1 A g-affine connection V on QI(SS) is torsion free if

V_wy —¢*Vio_ = w,, (4.1)
Voo —q Voo, =1+ ¢, 4.2)
*Viw, —q V.o = (1 +¢Hoy. 4.3)

In the following, we will construct a torsion free g-affine connection on Q! (SS) that
is compatible with a Hermitian form. We call a connection satisfying these conditions
a g-affine Levi—Civita connection. As it turns out, for such connections to exist, the
Hermitian form needs to satisfy a compatibility condition.

Deriving a family of metric and torsion free connections under some conditions
undermines in general the classical uniqueness result for such a (Levi—Civita) con-
nection. This seems to be a common feature of the study of linear connections in the
framework of truly non commutative algebras (and not just braided-commutative).
It is however interesting to see when and why metric and torsion free connections
are unique or not. A natural question would then be under which additional ‘natural’
conditions is it possible to single out a canonical connection. This problem will be
addressed elsewhere.

Proposition 4.2 Let h be aninvertible Hermitian form on the (right) Sg -module Q! (S;’)
and write hgp, = h(wg, wp). A g-affine Levi-Civita connection on Q' (S q3 ) exists if and
only if

Xo(hoy —q*h__) = K*X_(hoy) — ¢°X_(h_2) — ¢*K* X (h.-) + X4 (hy2).
(4.4)

Proof Assume that & is an invertible Hermitian form on QI(S(;) and write h,p =
h(wg, wp) with inverse hab, Furthermore, we write V, = Vx, and

Voop = wCFZh

fora,b = £, z. In terms of 'y p = hbpl"f;c the torsion free equations (4.1)—(4.3)
become

T wr —q°Tya = has, 4.5)
Trae —q T gp = (1 +¢Hha, (4.6)
¢’ Tiaz — 4 Toar = 1+ ¢hgs. (4.7)

Since Q! (53) is a free (right) module, one can apply the results of Proposition 3.6 to
obtain
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Tiab = 3 X+ (hap) + K (Vap),
T ab = 3 X—(hap) + K ().
Tzab = 5X:(hap) + K (Pap),

for “parameters” (Vap, Pap = p;; ,) in S;, giving all g-affine connections compatible

with 4.
Inserting the above expressions into (4.5)—(4.7) gives

Vie—a*Vae = K Nha) — 5K X _(hay) + 3¢° K7 X4 (hao) = Aq,

PK(pa) —q vk = K[+ ¢Dhe- = 1¢* X000 + 367X (hao) | = Ba,

e = 072K (par) = K71+ qDhar = 26°X(hao) + 3972 Xc(ha) | = o

Note that the right hand sides A,, B, and C, only depend on the metric components

hab'
The above nine equations can be grouped into three independent sets:
Group 1

vi.—q’yi- = Ay,

Vii—q'y——=A_,

Group 2
q*pr— —q vl = By,
a*h— —q vl =B,
Py——q Ph_y =C_,
9*v: —q *hy = C,
Group 3

2
y—tz - q yZ— = AZv
*h———q v =B_,

@*Vi: —q 2 ppy = Coq,

where for notational convenience we denoted o, = K (0up).

(G1.1)

(G1.2)

(G2.1)

(G2.2)

(G2.3)

(G2.4)

(G3.1)

(G3.2)

(G3.3)
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The equations in Group 1 can be solved as

yiv = AL +q°vi_, (4.8)
Y =q 2yi_ —q A, (4.9

and the equations in Group 2 can be solved as

Ver =4 Fi_ — q* B}, (4.10)
P =q K (B) +q KT (v, (4.11)
yoe=qC_+q *p 4, (4.12)
P+ =4 K ' (y2) — > KN(C). (4.13)

Note that the condition p}, = ppa Will not pose a problem here, since neither p_,
nor p4, appear in any other equation, and may simply be defined as p_, = p}_ and
Ptz = Py

For the equations in Group 3, the fact that we require p% , = pyy and p__ = p* _
gives a non-trivial condition for solutions to exist. From (G3.2) and (G3.3) one obtains

Voo = q" K 2(p--) — ¢*B*, (4.14)
Vie=q Cy+q pry, (4.15)

and inserted into (G3.1) this gives

q oy —q°p—— = K(A) —q*K(B*) —q°K(C}) <
Pt =q"p__ +q*K(A) — ¢* K (B*) — ¢*K(CY). (4.16)

A necessary (and sufficient) condition for solutions to exist, is that the right hand side
of the above equation is Hermitian. From

Ac= K7 [hee = 3X_(he) + 30° X1 (),
Bo= K7 [+ gD = 3P X (ho) + Ja XG0

Co =K' [+ Dhis = 36X (hi0) + 247 Xe (i) |
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one obtains

K(A) =h — 5X_(heq) + 3q° X1 (he0),
K(B*) =(1+ qZ)K%h”) +3°K 72X (h) — 372 X4 (hoo)

) _
= —2(1 =35 (K*(h——) + K 2(h__)) — lﬁq_sz(h,,) — 172 X4 (o),
A+ g)K*(hyy) + 5¢° X (hoy) — 3¢ KXo (hyy)
2 2
T (K*(hyy) + K2 (hyy) + = K2 (hii), +3q* X _(h-4),

K(C})

by using that X, = (1 — K% /(1 —g¢72).
Since p__ and h., as well as K2(h__) + K~>(h__) and K>(hyy) + K% (hyy),
are Hermitian, the non-Hermitian terms of (4.16), which we denote by S, become

_ 6 . 4 2
S=q°Xi(hm) — g*X_(h: ) = T K ().

Thus, a necessary and sufficient condition for p4 4 to be Hermitian is that

0=58—5"=¢"X1(h: ) +q°K X _(h-)) —q*X_(h;1) — 4K—2X+<h+z)
6
+ 5 72K (h-) = K2 (ho) ~ ,ZK (h) + 2 K2 (hep).

By using that X, = (1 — K*(1 — g%, the above condition can be written as

q°X (hen) +q°K X _(h_;)
—q*X_(h:4) —q* KXy (hy) + KX (q*hyy —q°h__) =0,

which is equivalent to (4.4). Hence, assuming the above relation to hold true, a solution
to the torsion free equations, which is also compatible with £, is given by (4.8)—(4.16).
The free parameters in this solutionare yy —, y—4, ¥z, p+—andp* _ =p__, pi, =

P+ g

Although the general ¢-affine Levi—Civita connection on ! (SS) may be written down,
the expressions are rather lengthy and not particularly illuminating. However, let us
explicitly write down a Levi—Civita connection in the particular case of a diagonal
metric of the form

ho_=h, hyr=q°h, hy=h, hag=0 ifa#b,

with & and /i, invertible elements of Ss; note that this choice clearly satisfies (4.4) in
Proposition 4.2. Using the solution given by (4.8)—(4.16) in the proof of Proposition 4.4
one finds
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Vx, wq = oph™ (X 1 (hea) + K (Vea)),
Vx_wq = oph™ (X _(hea) + K (V).
Vx.wq = 0ph" (5 X (hea) + K*(pea)),

with

yir = 30" K X0 () + 4%y,

yo— = —LKk7IX () + g7y,

Yz = (L+gHK () + Sg 2K X (h),

ver = q K o),

Y-z =q "K(p_),

vie =q "K' (p-0) — > (L + ¢HK ™ () — 3¢ KX (),

and

por ="K (v:2) + ¢* K 72X 1 (o),

pre =i =" K(vh) —q*X_(h),

P = 3T KX _(h) + g KN,

p=pi =—3q X1 (h) +q K (yz).

prr ="+ q*h, = Lt A+ DU+ gH (K20 + K2 (h)).

Furthermore, setting y4+_ = p—4+ = y;; = p—— = 0 one obtains

V+a)+ = w+h71X+(h),
h7! | 4\ 2 | 42
Veo- =or o (1= 3¢) K200 — Ja' K ).

Viw, =wyq 2h~ (
h

(a2 - 30%) b - 2K W) ) + o 2T X (R,

((q2 ~ 14%) K2 — 1¢°K ),

-1
z

V_wy = w; + o,

1—g2

Voo =w_h~'X_(h),
hfl

V_w, = “’*1—75172( (1 ~1q )h -1 4K4(h)) o LhT X (h),

-1

()
-1

-1 - h
Vzw_sz%hz lq 4X_(hz)+w_l_7q_2(% _%K4(h))v

V.oy =3¢ h X (hy) + 0rq”h 7 K2 (hy) + o

Vew, = wo3h; Xo(hy) — 01 56°h T K2 X (h) = 0- 3¢ h T KX (),

giving a g-affine Levi—Civita connection on Q! (S;) with respect to the Hermitian
form h.
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5 The Quantum 2-Sphere

The noncommutative (standard) Podle$ sphere Sg [20] can be considered as a subal-
gebra of S; by identifying the generators By, By, B_ of Sg as

By =cc* By =ca* B_=ac* =B},
satisfying then the relations

B_By=q*ByB_ By By=q *ByBy,
B_ By =q*Bo(1—¢*By) By B_=By(1— Bp).

These elements generate the fix-point algebra of the right U (1)-action
a(a) =az az(a*) =a*7 a;(c) =cz a;(c*) =c"Z (5.1)

forz € U(1) and a € S, related to the U (1)-Hopf-fibration Sg L S;. Equivalently,
the sphere Sg is the invariant subalgebra of Sg for the left action of K: Sg ={f €

Sj, K > f = f}. Then, the left action of the X, does not preserve the algebra Sj
(since their left action does not commute with that of K): one readily computes,

Xi>By=gqa*c* X_>By=—q 'ca X.>By=0,
X,>By=q@)? X_>B,=c> X.>B, =0,
XioB_=q¢*(c")? X_>B_=—¢""(a)? X.>B_=0.

Note, however, that the right action of X, leaves S; invariant; i.e. f <X, € Sg for
fe Sg and a = =, z. This is shown explicitly in Eq. (A.1) in the “Appendix”.

5.1 A Left Covariant Calculus

Since the element X, acts trivially (on the left) on S2, the differential (2.3) when
restricted to f € Sg becomes

df = X_v> o+ X4 f)og. (5.2)

Moreover, when acting on Sg both X and X_ are usual derivations since K and then
o, are the identity on S{?. Classically, the form (5.2) of the differential that uses left
invariant vector fields and forms can be seen as identifying the cotangent bundle of
$2 with the direct sum of the line bundles of ‘charge’ £2, that is QNS ~ L oro_ @
L >w,. This identification can be used also for the quantum sphere Sj with the line
bundles defined as in (5.4).
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In particular from (5.2) one finds

dBy =q (@)’ oy +cFo_,
dB_ = —¢* (¢ wy —qg '’ w_,
dBy = c*a* wy — g caw_,

which can be inverted to yield

wy =q 'a*dBy —q*c*dB_ + (1 + q»acdBy,
w_ = (c*dBy — qa*)*dB_ — (1 + g*)c*a* dBy,

implying that the differential in (5.2) can be expressed as

df = (¢ (X4 > fra* + (X_v f) (c*)?)d B,
—(¢* KXy > /) +q(X—> f) (@)?)dB-
+ (1 +¢H((X4 > flac— (X—» f)c*a*)d Bo. (5.3)

In spite of the fact that X+ f ¢ S2, from the commutation relations K X+ = g¥X K
one infer that all coefficients are in Sg. For instance: K < ((X+ > f) a2) = ((K Xy
K <« az) =(gX; > f)qg ' <a® = (X, > f)a?, and similarly for the other terms.

5.2 Connections on Projective Modules over Sf,

The definition of g-affine connections applies equally well to the subalgebra Sg. The
right actions of X4, X, preserve Sg [cf. (A.1) in the “Appendix”], and thus restrict
to twisted derivations on Sg. However, even classically it is not possible to find two
vector fields that span the tangent space of 2 at each point. This is a consequence
of the fact that the module of vector fields on S is not a free module and one needs
at least three vector fields to generate the module of vector fields. Analogously, for
the quantum 2-sphere, even though the right actions of X, X, are related, as shown
in (A.2), there is no global way of writing e.g X, as a Sg-linear combination of X 4.
Hence, for a g-affine connection V on a Sg—module M we still need three operators,
that is a map

V:C(X4, X, X ) xM—>M

satisfying the conditions of Definition 3.2. Moreover, even if a g-affine connection is
not S2-linear in its first argument, one expects a relation among the covariant deriva-
tives, although this needs not be immediately implied by the relation (A.2) on the
derivations. In this section, we construct g-affine connections on a class of projective
modules over S,f.
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The quantum Peter—Weyl theorem for S; results into an explicit (vector space)
decomposition of the algebra S3, that is S;’ = @®nez Ly, with

Ly={feS)a(f)=2"f} (5.4)

for the U (1) action «; in (5.1). Equivalently, £, = {f €S Ko f= q_%f}. It

follows that Ly = Sg, aswellas £, L, € Ly 4. Clearly, the right action of U, (su(2))
leaves each £, invariant. On the other hand, for the left action one has X+ >L, C L,32.
It is easy to see that £, is a Sj—bimodule. For f,g € Sj and ¥, € L,,,

o (fYng) = az (o (V) (g) =" (fYng),

which says that £, is a Sg—bimodule. As aright (or equivalently left) module, each £,

can be realised as a finitely generated projective Sg-module as we now briefly recall
(cf. [11, 15, 17]).
Forn>0and u =0,1,...,n,let (W), (Pn), € S; be given as

((Dn)u = \/anucn_uaﬂ ("Ijn)//. = lgnu(c*)ﬂ(a*)n_u

with
n—p—1 — u—1 —2(n—
=TI | — g2k ; _ZMl_Il_qZ(nk)
nu = [ —g2kn Pre=d [ —g26+D
k=0 k=0

It is straight-forward to check that

D (@)@ = (W) (W) =1,

n=0 n=0

implying that

(P = (W) W)y = /BupBun (¢ (@) Ha" Ve,
(P-n)"y = (Pn)u(Pn)y = onptnyc" Hak (@) ()",

satisty pﬁ = p, and p%n = p_n. Moreover, itis easy to see that the entries (p, )", and
(p_n)*, € S2, which implies that one has finitely generated projective Sg—modules

_fpa(sHrttifn >0,
| e SHIMH i n <0

These modules M,, are isomorphic as right Sg-modules to L, foreachn € Z.
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Now, let {e,i}Z:0 be a basis of (Sg)"“. Given an invertible Hermitian form & on
(Sg)"“, the proof of Proposition 3.6 (repeated verbatimly for the algebra Sg), gives
a g-affine connection on (S;)”Jrl compatible with % as

%x+eﬂ = eUFiM evh”p(%h/m <Xt+ap< K),

exfeu = evl"iu = evh"”(%hw aX_ + afw < K),

%Xzeu = evF;M = evh”p(%hw aX;+by, < Kz),
for arbitrary ay,, by, € S; such that by, = by,. If n > 0 then ey = ev(pn)), are
generators of M,, = pn(Sg)'”rl and Proposition 3.7 applied (mutatis mutandis) to Sj
implies that V = p, o Visa g-affine connection on M,, with

Vx.éu = pn(Vxien(p)' ) = pn(Vx e ((p)" ) < K2) + &0 ((pn)” < X+)
=8, h"Pg* ) (Shpy < Xo +apy < K)(pa)y + 60 ((pn)” < X4),

Vx_éu = &,h"?q** " (Shpy a X_ +al, < K)(pn)” + éu((pn)”, < X2),

Vx, &y = ey h7q* " (Shpy <« X, 4+ bpy < K?)(pn)” 0 + 60 ((p)” < X2,

using that (p,)*, <« K = ¢"~"*(pp)*,. Moreover, if p, is orthogonal with respect to
h, then V is compatible with the restriction of /& to M,. A similar construction goes
forn < 0.

6 Further Comments: Sketching a Generalization

As final section of comments we sketch a way to generalise (some of) the constructions
above for any Hopf algebra with a left covariant differential calculus and corresponding
quantum tangent space [23]. While referring to [16, 14.1] for details, we recall that
a first order differential calculus (T, d) over the Hopf algebra (H, A, S, ¢) is called
left-covariant if there is a linear map Ar : I' — H ® I' such that, for all f, g € H it
holds that

Ar(fdg) = A(f)(d ® d))A(g).

An element p € I is called left-invariant if Ar(p) = 1 ® p and we let i,y " denote
the vector space of invariant elements. There is then a corresponding quantum tangent
space Tr C H° (the dual Hopf algebra) with aunique bilinear form (-, -) : Tr xI' — C
such that

(X, fdg)=¢e(f)X(g),
for g, f € H, and X € Tr. The vector spaces jpy[" and 7t form a non-degenerate

dual pair with respect to this bilinear form. Also, the pairing induces a left action as
in (2.1),
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X<f=folX fo)
for X € Tr and f € H.Furthermore, one has dual bases {X,, a =1,2,...,n}of Tt

and {w,, a = 1,2, ..., n}of i [ and a family of functionals {og, a,b=1,2,...,n}
such that

df =) (Xa< [)wa,
a
Xa<(f8) = fXaa () +Xp<a(f)oy < () ©6.1)
In the dual Hopf algebra H° we have
Aoy =0l ®@oa;, S(X,) = —XbS(Gf).

With compatible x-structures, using the second expression and requiring (2.2) one
computes:

X, f*=—ol<(X] <) 6.2)

By way of illustration let us consider the trivial right module M = H with Hermitian
form h(my, my) = mimy. The analogue of the condition (3.2) in Definition 3.2 is read
from (6.1) as

VXH<1(mf)=mXa<1(f)+(VXb<1(m))aab<1(f). (6.3)
In turn, the compatibility with the Hermitian form reads:
Xo(h(my1, m2)) = h(my, Vx,mz) — ol < (h(VXZml, my)). (6.4)

Indeed, using (6.1) and (6.2), we compute

Xo(h(m1, m2)) = Xo < (mima) = m§X, < (m2) + Xp < (m}) 0f < (m2)
=miX, < (my) —op < (XI amp)* Uab < (mo)

=miX, < (m2) —of < (X[ am)* (m2))

from which (6.4) follows.

Equations (6.3) and (6.4) can be the starting point for a theory of affine connections
on a quantum group with a quantum tangent space. For a torsion freeness condition
one would need (twisted) commutation relations among the elements of 7t. In general
these commutation relations could be involved; in particular they do not need to be
quadratic as in the classical case or in the example in (2.6)—(2.4). Details should await
a different time.

@ Springer



19 Page240f26 J. Arnlind et al.

Acknowledgements The paper is partially supported by INFN-Trieste. JA is supported by Grant 2017-
03710 from the Swedish Research Council. Furthermore, JA would like to thank the Department of
Mathematics and Geosciences, University of Trieste for hospitality. GL is supported by INFN, Iniziativa
Specifica GAST, by INDAM-GNSAGA and by the INDAM-CNRS IRL-LYSM.

Funding Open access funding provided by Linkoping University.

Declarations

Conflict of interest The authors have no conflict of interest to declare that are relevant to the content of this
article.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

Appendix A: The Calculus on the Sphere 5c2, via the Right Action

As we have seen in Sect. 5 the left action of the X, does not preserve the algebra Sg,
since their left action does not commute with that of K defining the fibration. On the
other hand, the right action of X, does preserve the algebra S; since the action does
commute with the left one of K. Let us denote Y, = X, for the right action. Then, it
is easy to check that

By<Y.=q 'B_ By<Y_=—q'By By«Y.=0,

By <Y, =ql—q(14+4¢*)By By<Y_ =0 B <Y, =—¢*(1+¢*B,,

B_<aYy =0 B_<Y_=—q '"14¢'0+4¢*»By B_<Y.=(1+q >B_.
(A1)

Note that when restricted to Sg the Y, are not independent. A long but straightforward
computation shows that they are indeed related as

1 2
((f <Y)Byg+(f Y_>B_q”)<1 +a)+(favy (1-2L B
1+q*
(A.2)
1+q*

+(f<KH g2 0 +¢)((q* = DBy + (1 — ¢ BY),

=(fa¥Y)yq 2(1 Qq* +¢*+ 1By — (1 — 6)30)

for f € Sg. This is checked on a vector space basis for the algebra Sg, a basis which
can be taken as X (m)(Bg)" form € Z,n € N with X(m) = (B4)" form > 0 and
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X(m) = (B_)™" for m < 0 (cf. [19]). From the expression in (5.3) one writes the
differential d on S; in terms of the right acting operators Y.

LemmaA.1 For f € S2, the differential in (5.2) can be written as

df =(f<Vy)dBy + (f < V=) dB- + (f < V) dBo, (A3)
where
-2 6 2
- - (1+4¢°) 2 1—¢q
Vi=Yi(1—g 20 +¢»By)g ' -y, B 1 T4 P .
e T R e )
_2l+ 6) 1_q2
Vo =—Y_(1—g*(+¢*B +Y3q(7q_2 S el
(1= DB+ Y B = B i e o)

U=gHU+4% o, 1-4¢°

Vo= (Yy BLg ' —Y_ B_q)1+q¢>+7Y, B .
0 ( + +4 ‘1)( q ) Z 0 1+q4 Z 01+q4

Proof By acting on the vector space basis X (m)(Bg)" (as introduced previously), one
explicitly checks the equality of (5.2) and (A.3) via a tedious but straightforward
computation. O

Remark A.2 When g = 1 the derivative (A.3) reduces to

df =2((f<Yy) By —(f <Y-) B_)dBy
+((f<Yp) 1 =2By) — (f <¥.) B_)dBy (A4)
+ (= (f<Y_) (1 =2Bo)+ (f «Y;) By)dB_.

Classically, the vector field X, are the left invariant vector fields on S 3=8U (2) with
dual left invariant forms w, . Thus they do not project to vector fields on the base space
$2 with commuting coordinates (B4, B_, By) and relation B B_ = By(l — By):
X4 > f is not a function on S even when f is. On the other hand, the vector fields Y,
are the right invariant vector fields on SU (2) and thus they project to vector fields on
S2, where they are not independent any longer and are related by

2(BLYy +B_Y_)+ (1 =2By)Y, =0,
which is just the relation to which (A.2) reduces when g = 1.
By changing coordinates By = %(1 — x) so that the radius condition for S is

written as r2 = 4By B_ + x2, the exterior derivative operator in (A.4) becomes

df =9, fdx + 9, fdBy +0_fdB_ — (Af)(xdx +2B_dB, + 2B, dB_)
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where A = x 9, + By 04+ + B_ 0_ is the Euler (dilatation) vector field. One then
computes dr? = 2(1 — r?)(xdx + 2B_dB, + 2B, dB_), which vanishes when
restricting to S%: 7> — 1 = 0.
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