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|𝑁𝑘,𝑎| + |𝑁𝑘,𝑏| + |𝑁𝑘,𝑐| + ⋯+ |𝑁𝑘,𝑚| ≤ 𝑁0

𝑁𝑘,𝑎𝑖𝑎 + 𝑁𝑘,𝑏𝑖𝑏 + 𝑁𝑘,𝑐𝑖𝑐 +⋯+𝑁𝑘,𝑚𝑖𝑚 

−

𝑖𝑎 = 𝑖0 = −𝑖3 ;  𝑖𝑏 = 𝑖2 = −𝑖5 ;  𝑖𝑐 = 𝑖4 = −𝑖1. 



≥

𝑁𝑘,0 + 𝑁𝑘,1 + 𝑁𝑘,2 + 𝑁𝑘,3 +⋯+𝑁𝑘,2𝑚−1 ≤ 𝑁0 

𝑁𝑘,0𝑖0 + 𝑁𝑘,1𝑖1 + 𝑁𝑘,2𝑖2 + 𝑁𝑘,3𝑖3 +⋯+𝑁𝑘,2𝑚−1𝑖2𝑚−1

𝑁𝑘,𝑎 = 𝑁𝑘,0 −𝑁𝑘,3   ;  𝑁𝑘,𝑏 = 𝑁𝑘,2 −𝑁𝑘,5 ;  𝑁𝑘,𝑐 = 𝑁𝑘,4 −𝑁𝑘,1
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− 𝑐𝑜𝑠[𝜔𝑡 − 𝑛𝜃 + 𝜙𝑛

−] +

𝑛=1..

𝑀𝑛
+ 𝑐𝑜𝑠[𝜔𝑡 + 𝑛𝜃 + 𝜙𝑛

+]}

−
nM

−
n

+
nM

+
n

𝑀𝑛
±𝑒𝑗𝜙𝑛

±
= [𝒄𝑛

± + 𝑗𝒔𝑛
±]
𝑇
𝒙



𝒔𝑛
± 𝒄𝑛

±

[𝒔𝑛
±]
ℎ
=
(−1)𝑛

𝑛𝜋
𝑠𝑖𝑛 (

𝜋𝑛(𝑍 − 1)

𝑍
) 𝐼0 𝑠𝑖𝑛 [−

𝜋

3
𝑚𝑜𝑑( ℎ, 6) ∓ 𝑛

2𝜋

𝑍
floor (

ℎ

6
)]

[𝒄𝑛
±]
ℎ
=
(−1)𝑛

𝑛𝜋
𝑠𝑖𝑛 (

𝜋𝑛(𝑍 − 1)

𝑍
) 𝐼0 𝑐𝑜𝑠 [−

𝜋

3
𝑚𝑜𝑑( ℎ, 6) ∓ 𝑛

2𝜋

𝑍
floor (

ℎ

6
)]

∀ℎ = 0. .6𝑍 − 1


nc


ns

(𝑀𝑛
±)
2
= 𝒙𝑇 [𝒄𝑛

±(𝒄𝑛
±)
𝑇
+ 𝒔𝑛

±(𝒔𝑛
±)
𝑇
] 𝒙 = 𝒙𝑇𝑸𝑛

±𝒙


nQ

𝑸𝑛
± = 𝒄𝑛

±(𝒄𝑛
±)
𝑇
+ 𝒔𝑛

±(𝒔𝑛
±)
𝑇

𝑀𝑓𝑢𝑛𝑑 = 𝑀𝑝
− = √𝒙𝑇𝑸𝑝

−𝒙

𝑀𝑓𝑢𝑛𝑑 𝑐𝑜𝑠 𝜑𝑝 = (𝒄𝑝
−)
𝑇
𝒙

𝑀𝑓𝑢𝑛𝑑 𝑠𝑖𝑛 𝜑𝑝 = (𝒔𝑝
−)
𝑇
𝒙

𝜑𝑝



 

𝑓𝑓𝑢𝑛𝑑(𝒙) = −|𝑚𝑝
−|
2
= −𝒙𝑇𝑸𝑝𝒙

𝑓𝑙𝑜𝑠𝑠(𝒙) = 𝒙
𝑇 [ ∑ (𝑝𝑛

+𝑸𝑛
+ + 𝑝𝑛

−𝑸𝑛
−)

𝑛=1..

] 𝒙





𝑓𝑤(𝒙) = (1 − 𝑤)𝑓𝑓𝑢𝑛𝑑(𝒙) + 𝑤𝑓𝑙𝑜𝑠𝑠(𝒙)

= 𝒙𝑇 [−(1 − 𝑤)𝑸𝑝
− +𝑤 ∑ (𝑝𝑛

+𝑸𝑛
+ + 𝑝𝑛

−𝑸𝑛
−)

𝑛=1..

]𝒙 = 𝒙𝑇𝑭𝑤𝒙



𝑭𝑤 = (𝑤 − 1)𝑸𝑝
− +𝑤 ∑ (𝑝𝑛

+𝑸𝑛
+ + 𝑝𝑛

−𝑸𝑛
−)

𝑛=1..

minimize 𝑃𝑙𝑜𝑠𝑠 = 𝒙
𝑇 [∑(𝑝𝑛

+𝑸𝑛
+ + 𝑝𝑛

−𝑸𝑛
−)

𝑛=1

] 𝒙



 

𝑨1𝒙 ≤ 𝒃1



𝑨1 = (

𝟏1×6 𝟎1×6 ⋯ 𝟎1×6
𝟎1×6 𝟏1×6 ⋯ 𝟎1×6
⋮ ⋮ ⋱ ⋮

𝟎1×6 𝟎1×6 ⋯ 𝟏1×6

) 𝒃1 = 𝑁0𝟏𝑍×1

  

𝑨2𝒙 ≤ 𝒃2

𝑨2 = −𝑰6𝑍 𝒃2 = 𝟎6𝑍×1



𝑨3𝒙 = 𝒃3

 

𝑨3 =

(

 
 

𝑅𝑒{𝑣𝑝
−𝑇(𝑲𝑏 −𝑲𝑎)}

𝐼𝑚{𝑣𝑝
−𝑇(𝑲𝑏 −𝑲𝑎)}

𝑅𝑒{𝑣𝑝
−𝑇(𝑲𝑐 −𝑲𝑏)}

𝐼𝑚{𝑣𝑝
−𝑇(𝑲𝑐 −𝑲𝑏)})

 
 
𝒃3 = (

0
0
0
0

)

 

𝑟𝑀𝑓𝑢𝑛𝑑,𝑚𝑎𝑥 cos𝜑𝑝 = (𝒄𝑝
−)
𝑇
𝒙

𝑟𝑀𝑓𝑢𝑛𝑑,𝑚𝑎𝑥 𝑠𝑖𝑛 𝜑𝑝 = (𝒔𝑝
−)
𝑇
𝒙



r ≤ 𝜑𝑝

𝑨4𝒙 = 𝒃4(𝜑𝑝)

𝜜4 = (
(𝒄𝑝
−)
𝑇

(𝒔𝑝
−)
𝑇)

𝒃4(𝜑𝑝) = 𝑟𝑀𝑓𝑢𝑛𝑑,𝑚𝑎𝑥 (
𝑐𝑜𝑠 𝜑𝑝
𝑠𝑖𝑛 𝜑𝑝

)

𝜑𝑝 π

minimize     𝑃𝑙𝑜𝑠𝑠(𝜑𝑝)  = 𝒙(𝜑𝑝)
𝑇
[∑(𝑝𝑛

+𝑸𝑛
+ + 𝑝𝑛

−𝑸𝑛
−)

𝑛=1

] 𝒙(𝜑𝑝)

 , , ,

subject to

𝐀1𝒙(𝜑𝑝) ≤ 𝒃1

𝑨2𝒙(𝜑𝑝) ≤ 𝒃2

𝑨3𝒙(𝜑𝑝) = 𝒃3

𝑨4𝒙(𝜑𝑝) = 𝒃4(𝜑𝑝)

𝜑𝑝

𝜑𝑝

𝜑𝑝 𝜑𝑝

π



𝜑𝑝

φ

𝜑𝑝

 

𝜑𝑝

0 < 𝜑𝑝 <

2𝜋















2𝜋

𝑍

𝜋

𝑍





 

 𝑓𝜈(𝐱) 𝑓𝑝(𝐱)

𝑓𝑝(𝐱)

𝑛 < 𝑝,

maximize [𝑓𝑝(𝐱)]
2
,   minimize ∑ 𝑐𝜈[𝑓𝜈(𝐱)]

2

𝜈∈ℋ



subject to 𝐀𝐱 = 𝐛

ℋ 𝑐𝜈 ℋ

𝑐𝜈

𝜈th

|𝑓𝜈(𝐱)| = |𝐦𝜈
𝑡  𝐱|

𝐦𝜈

[𝐦𝜈]𝑗 = 𝐶𝜈𝑒
𝑖[−𝜋

3
 mod(𝑗−1,6)±𝜈

2𝜋

𝑍
floor(

𝑗−1

6
)]

 𝐶𝜈

𝜈1 𝜈1

𝜈1 ± 𝜈2 = 𝑘𝑍,   𝑘 ∈ ℤ

|𝑓𝜈1(𝐱)|/|𝑓𝜈2(𝐱)| = |𝐶𝜈1|/|𝐶𝜈2|



 

𝑓𝜈1(𝐱) = 𝑐𝑜𝑛𝑠𝑡 × 𝑓𝜈2(𝐱)   ∀𝐱



𝜈 ± 𝑝 = 𝑘𝑍,   𝑘 ∈ ℤ



                                 

                                        

|f 

(  0)| / |f  (  0)|

               











 

φ







 



 



 

 



𝛼𝑠𝑙𝑜𝑡 = 
2𝜋

𝑍
𝑝



𝑁𝑣𝑠 =
𝑍

𝑡



≠

 

𝑁𝐵+,2
𝑁𝐴−,2

=
𝛼2𝑏+
𝛼2𝑎−

α α





α

a b c

1 100 0 0

2 -67 33 0

3 33 -67 0

4 0 100 0

5 0 -67 33

6 0 33 -67

7 0 0 100

8 33 0 -67

9 -67 0 33

number of turns 9 8 config αinit=0

phases

to
ot

h

a b c

1 83 0 -17

2 -83 17 0

3 50 -50 0

4 -17 83 0

5 0 -83 17

6 0 50 -50

7 0 -17 83

8 17 0 -83

9 -50 0 50

number of turns 9 8 config αinit=10

phases

to
o

th



α

α

αinit =
2𝜋
𝑍

𝑡
∗2

αinit =
2𝜋
𝑍

𝑡
∗4



Number of stator slots, Z 9 Number of phases 3 

Number of pole pairs, p 4 
Maximum number of turns 

per coil, N0 
100 

Stator bore radius, Rs 55 mm Stator frequency, f 50 Hz 

Rotor core radius Rr 48 mm Magnet permeability,  410−7 H/m 

Permanent magnet height, 

hm 
4 mm 

Magnet electrical conductiv-

ity,  

0.667 

MS/m 

Air gap width, g 3 mm Magnet to pole span ratio, cm 0.95 

Core length, L 100 mm 
Stator and rotor core permea-

bility 
410−2 H/m 

 







 



 



 

𝑍

𝑚 ∗ 𝑡
∈ ℤ



 

𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒 𝒙𝑻𝑸𝒑 𝒙

subject to  

𝑨1𝒙 ≤ 𝒃1

𝑨2𝒙 ≤ 𝒃2

𝑨3𝒙 = 𝒃3

𝜑𝑝





 



–









 



 

𝑍

3 𝑥 𝐺𝐶𝐷 (𝑍, 𝑝)
∈ ℤ

ℤ

𝑞 =
𝑍

6𝑝



 

𝑀𝑓𝑢𝑛𝑑 =
3

𝜋

𝑘𝑤
𝑝
𝑁𝑠𝐼0

𝑀𝑓𝑢𝑛𝑑
2 = 𝑥𝑇𝑄 𝑥

𝑁𝑠 =
𝑍 𝑁𝑡𝑜𝑜𝑡ℎ
3



𝑘𝑤 =
𝜋𝑝

𝑍 𝐼0𝑁𝑡𝑜𝑜𝑡ℎ
𝑀𝑓𝑢𝑛𝑑 =

𝜋𝑝

𝑍 𝐼0𝑁𝑡𝑜𝑜𝑡ℎ
√𝑥𝑇𝑄 𝑥

𝑍 ≅ 2𝑝



 



 



𝑐𝑇 =
𝑍 𝑥 2𝑝

𝐿𝐶𝑀 (𝑍, 2𝑝)

 





 



 



 





 







 





 



 

𝑍

6 x 𝐺𝐶𝐷 (𝑍, 𝑝)
∈ ℤ

ℤ



 

𝑖𝑎1 = 𝑖0 = −𝑖6 ;  𝑖𝑏1 = 𝑖4 = −𝑖10 ;  𝑖𝑐1 = 𝑖8 = −𝑖2. 

𝑖𝑎2 = 𝑖1 = −𝑖7 ;  𝑖𝑏2 = 𝑖5 = −𝑖11 ;  𝑖𝑐2 = 𝑖9 = −𝑖3. 

 



𝐱 = (

𝐱𝑡𝑜𝑜𝑡ℎ,0
𝐱𝑡𝑜𝑜𝑡ℎ,1
⋮

𝐱𝑡𝑜𝑜𝑡ℎ,𝑍−1

)



 

Number of stator slots, Z 9 Number of phases 6 

Number of pole pairs, p 4 
Maximum number of 

turns per coil, N0 
40 

Stator bore radius, Rs 55 mm Stator frequency, f 200 Hz 

Rotor core radius Rr 48 mm Magnet permeability,  
410−7 

H/m 

Permanent magnet height, 

hm 
4 mm 

Magnet electrical con-

ductivity,  

0.667 

MS/m 

Air gap width, g 3 mm 
Magnet to pole span ra-

tio, cm 
0.8 

Core length, L 100 mm 
Stator and rotor core per-

meability 
410−2 

H/m 

k=0 k=1 k=2 k=3 k=4 k=5 k=6 k=7 k=8

Phase +a1 0 0 40 0 0 0 0 0 0

Phase -a1 0 10 0 10 0 0 0 0 0

Phase +a2 30 0 0 0 0 0 0 0 0

Phase -a2 0 30 0 0 0 0 0 0 0

Phase +c1 10 0 0 0 0 0 0 10 0

Phase -c1 0 0 0 0 0 0 0 0 40

Phase +c2 0 0 0 0 0 0 0 30 0

Phase -c2 0 0 0 0 0 0 30 0 0

Phase +b1 0 0 0 0 0 40 0 0 0

Phase -b1 0 0 0 0 10 0 10 0 0

Phase +b2 0 0 0 30 0 0 0 0 0

Phase -b2 0 0 0 0 30 0 0 0 0

Tooth index













 





 



𝑝2

𝑍 x 𝑘𝑤

3 x 4.4 
𝑝2

(𝑍 x 𝑘𝑤)



𝐵𝑠,𝑓𝑢𝑛𝑑 =
𝑀𝑓𝑢𝑛𝑑

𝑔
𝜇0 =

3

𝜋

𝑘𝑊
𝑔 𝑝

𝑁𝑠𝐼0𝜇0

𝐼0 = 3 𝑥  4.44 
𝑝2

( 𝑍 𝑘𝑊)
   [𝐴]

𝑔 = 0.5 𝑝   [𝑚𝑚]

𝐴𝑖 =
6 𝑁𝑠 𝐼0
2 𝜋 𝑅𝑠

 

𝐹𝑥(𝑡) =  
𝐴𝑠
8 𝜇0

ℜ𝔢 [�̅�(𝑡)]

𝐹𝑦(𝑡) =  
𝐴𝑠
8 𝜇0

ℑ𝔪 [�̅�(𝑡)]



�̅�(𝑡)

Number of slots, Z 13 N turns per slot, N0 100 

Number of pole pairs, p 7 Current (max), I0 5.5 A 

Stator bore radius, Rs 55 mm Frequency, f 50 Hz 

Rotor  radius, Rr 48 mm Magnetic permeability,  410−7 H/m 

Magnet height, hm 4 mm Magnet conductivity,  0.667 MSm 

Airgap, g 3 mm Magnet / pole ratio, cm 0.95 

Axial length, L 100 mm   

k=0 k=1 k=3 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10 k=11 k=12

Phase a+ 33 0 0 0 0 0 0 0 0 88 0 100 0

Phase a- 0 0 0 0 0 0 0 0 11 0 100 0 100

Phase b+ 0 0 0 0 33 0 100 0 88 0 0 0 0

Phase b- 0 0 0 0 0 100 0 100 0 11 0 0 0

Phase c+ 0 100 0 100 0 0 0 0 0 0 0 0 0

Phase c- 67 0 100 0 67 0 0 0 0 0 0 0 0

Tooth index











 








