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Abstract

The thesis is about how perturbations in the initial value yg or in the coefficient matrix
A propagate along the solutions of n-dimensional linear ordinary differential equations
(ODE)
{ y'(t) = Ay(t), t =0,
y(0) = wo,

where A € R™™ and yy € R" and y(t) = ety is the solution of the equation.

The paper [59] considers a perturbation analysis when the initial value yg is perturbed
to go with relative error
~ 9o — ol
£ = —mM8MM—
190ll
where ||-|| is a vector norm on R"™. Due to the perturbation in the initial value, the
solution y(t) = et4yp is perturbed to §(t) = e*47y with relative error

‘etAgO _ etAyOH
eyl

3(t) = |

In other words, the paper studies the (relative) conditioning of the problem
yo — e“yo.

It describes the relation between the error € and the error 6(¢) by three condition num-
bers namely: the condition number with the direction of perturbation, the condition
number independent of the direction of perturbation and the condition number not only
independent of the specific direction of perturbation but also independent of the specific
initial value. How these condition numbers behave over a long period of time is an
important aspect of the study.

We remark that in literature any relative error perturbation analysis considers the
matrix exponential e*4, not the matrix exponential as applied to yo, namely the vector
quantity e*yo. Moreover, it is missing a study of how the conditioning depends on the
time ¢.

In the thesis, we move towards perturbations in the matrix as well as component-
wise relative errors, rather than normwise relative errors, for perturbations of the initial
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value. The contents of the thesis have given rise to the two papers [27] and [26].

About the first topic of the thesis (whose contents are in [27]), we look over how
perturbations propagate along the solution of the ODE, when it is the coefficient matrix
A rather than the initial value that perturbs. In other words, the interest is to study
the conditioning of the problem

A ety

In case when the matrix A perturbs to A, the relative error is given by

A=A
AT

where ||-]| is a matrix norm, and the relative error in the solution of the ODE is given
by
” He“‘yo _ etAyOH
t) =
lle“4yoll

The aim is to describe the relation between e and £(¢). We introduce three condition
numbers similarly to [59]. The analysis of the condition numbers is done for a normal
matrix A and by making use of 2-norm . We give very useful upper and lower bounds on
these three condition numbers and we study their asymptotic behavior as time goes to
infinity. We quote here one of our results about the condition number K (¢, A, yo) inde-
pendent of the direction of perturbation. The result is about the asymptotic behavior in
a generic situation for the initial value: if yg has a nonzero projection on the eigenspaces
of the rightmost eigenvalues, then

K(taA?yO) ~ ||A”2ta t — 4o0.

In the paper [59], the conditioning of the problem gy — ety has been studied by
considering a normwise relative error. There could be cases when someone is interested
in the relative errors

_ 3@ —w@®l

=)

of the perturbed solution components. These componentwise relative errors ¢;(¢) could be
very different from the normwise relative error §(t). Indeed we can have a small §(t), but
some large componentwise relative error §;(¢). Vice versa, when all the componentwise
relative errors 0;(t) are small, §(¢) is also small.
With the motivation that componentwise relative errors give more information than the
normwise relative error, we make a componentwise relative error analysis, which is the
other topic of this thesis (whose contents are in [26]).

We consider perturbations in initial value yg with normwise relative error € and the
relative error in the components of the solution of the equation given by the §;(¢). The
interest is to study, for the [-th component, the conditioning of the problem

=1,...,n,

yo — yi(t) = e eyo,
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where e;[ is the [-th vector of the canonical basis of R™. We make this analysis for a
diagonalizable matrix A, diagonalizability being a generic situation for the matrix A.
We give two condition numbers: a condition number with the direction of perturbation
and a condition number independent of the direction of perturbation.

We state here one of our results describing, in a generic situation for yg, the long-time
behavior of the condition number K;(t, A, yo) independent of the direction of perturba-
tion. Suppose that A diagonalizable has a unique real eigenvalue A; of multiplicity one,
or a unique pair A\; and Xy = A; of complex conjugate eigenvalues of multiplicity one,
as rightmost eigenvalues. Let v be an eigenvector of A1 and let w be the first row of
W = V1, V being the matrix of the eigenvectors with v as first column. Assume v; # 0.
If wyg # 0, then
[l flyoll

[wyol

when the rightmost eigenvalue is the real eigenvalue and

e o) o
’Re (e\/jlwltvlw> yo‘

Kl(t7A7y0) — ) t— +-00,

Kl(ta A7 3/0) ~

, 1 — +o0,

when the rightmost eigenvalues are the complex conjugate pair.
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Chapter 1

Introduction

Numerical analysts have developed a large number of algorithms for solving problems
numerically, not having or difficult to compute analytic solutions. Execution of tedious
and cumbersome calculations have become possible with advancement of the digital com-
puters. However, due to the limited memory of computers it is only possible to store
a finite precision of real numbers i.e we can only give approximations. For example,
we can store % = 0.33333..., up to a finite number of bits. Representation of floating
points by finite precision causes errors. Such errors pill up to a greater extend when a
large number of computations are made. Hence these errors concern serious attention
otherwise they can lead to irrelevant results.

This issue was initially considered by known mathematician Alan Turing in (1948) (see
[76]). Errors can be of different types like round off errors, truncation errors, discretiza-
tion errors, modeling errors and input errors. After being introduced with errors the
next important question arises in mind is “How to measure the error”? Is the measured
error “big” or “small”? Expressions like “big” or “small” error gives rise to the definition
of relative error since we can only declare a value big or small if we compare it with some
other quantity. This is exactly the definition of relative error, as it compares magnitude
of absolute error to the magnitude of true value.

Let z € R with x £ 0 and let & be the approximation of z, the relative error is given by

_ AbsErr(x,T)

RelErr(x, T) 7

where
AbsErr(x,Z) = | — x|,

is the absolute error. We care much about the relative error rather than absolute error
since relative error being a dimensionless quantity conveys more meaning. For x € R”,
we can extend definition of relative error in two ways.

Componentwise relative error: For x € R™ we consider the relative error of each compo-
nent of x. We define the relative error of x, where x is such that x; #0 fori =1,...,n,
as

|Zi — i

RelErr(x,2) = max il
1=1,....,n Ty

(1.0.1)
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Normuwise relative error: For a norm ||.|| defined on R™ we can mimic the definition for
the scalar case as

RelErr(x,T) = ———.

The next question is how these errors affect the computation of a problem?
Suppose that a problem is describe by a function

g:R™ — R™

Further, suppose that the computation of the function g is affected by some input per-
turbation. In response to this input perturbation, does the output perturb a little or it
blow up? Studying these questions is known as sensitivity analysis.

In this thesis we are going to study the relation between the relative error in the input
data and the relative error in the output of the problem, when the problem is described
by a n-dimensional linear ordinary differential equation whose solution involves the ma-
trix exponential function.

The rest of this chapter presents succinct definitions which are fundamental for the
whole thesis.

1.1 Condition Numbers

Suppose that X and Y are normed spaces and consider a function
XY, f(x)=y.

Let the input x be perturbed to & (by finite precision or by some other reason) and let
RelErr(x,Z) = ————

be the normwise relative error of the input.
In correspondence with the input data the output data also perturbs with the following

relative error ~
]l

RelErr(y,9) T
How large the magnification of the error is? That is how the perturbation in input data
x affects the output y? We can provide an answer to this question by comparing both
relative errors, i.e by considering the ratio

RelErr(y,9)
RelErr(z, %)

If this ratio is not large the problem is well conditioned. On the other hand, the bigger
this ratio, the more sensitive with respect to input perturbations the problem in hand



1.1. CONDITION NUMBERS 3

is. To have more information we bound the error in input by a small number ¢ and
we consider the worst case among all such errors bounded by e. Mathematically, we
consider ~
RelErr(y,9)
sup —

RelErr(z,z)<e R@lET‘T(x .I)

Taking one step further, we consider € arbitrarily small by taking the limit as ¢ tending
to 0. This gives rise to the definition of condition number:

RelErr(y,9)
dabs =1 I
condaps(f>) = 50 RelEfil(I; #)<e RelErr(z,2)

The nature of the condition number was introduced by the Alan Turing [76] and
later on by John von Neumann and Herman H. Goldstine [79] in order to understand
the accuracy of the solution of linear systems when solved by some computing machine.
After these fundamental articles condition numbers have been vastly investigated. Peter
Biirgisser and Felipe Cucker mentioned in their book [11]:

A combined search by Mathscinet and Zentralblatt shows more than 800 articles with
expression “condition numbers”.

For a worth reading of this ubiquitous topic see ([15, 20, 36, 49, 53, 64, 65, 69, 85]).
Formal definitions of the absolute and relative condition number are

If(z + Az) — f(z)]
condgps(f,x) = lim sup
(/> ) = iy | Az|<e | Az]|

and

condye(f,z) = lim  sup If(x+ Az) = fa)] HxH (1.1.1)

=0 || Az||<e|lz| Az || f ()]
Clearly, the condition number gives the worst possible magnification of error and quite
obviously it depends upon the norm used.
Observe that

el
1f (@)

However, it is much more difficult to calculate relative condition number rather than
absolute condition number.

In [65], we find expressions of the condition numbers in terms of the norm of Fréchet
derivative:

condei(f, ) = condgps(f, x)

condgps fa - Hf H
and

G Al
cond,(f,z) = @l (1.1.2)

where the linear map f/(z) : X — Y is the Fréchet derivative. In computing condition
numbers, either relative or absolute, the actual difficulty is to estimate || f'(x)||. In [41,
Ch. 3], Nicholas J.Higham has provided algorithms to estimate such quantities for ma-
trices. In general condition numbers are expensive to compute. Being a key concept
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in numerical linear algebra many numerical analysts focus on providing an inexpensive
estimate and bounds on condition numbers . In this thesis we will study condition num-
bers and their long term behavior for a problem modeled by linear ordinary differential
equations. However, our focus is a qualitative study of the condition numbers rather
than the computational aspects.

1.2 Matrix Exponential

A rigorous notion of a function of matrix can be given in several ways. For instance,
let f(z) be a polynomial function. We can define this function for a matrix argument
simply by replacing = by A in the expression for f(x). For a detailed study see [18, 29,
32, 41, 43, 56, 66].
Given a function f(x) that is expressed by a power series, i.e. f(z) = Y royarz®, we
can extend it to matrix arguments. In this aspect, much more attention is needed on
convergence issue. We can define f for a matrix input if the spectrum (set of eigenvalues)
of A lies within the radius of convergence of the power series. For example, the logarithm
function
2 3
log(I+A):A—%~I—%—...
is defined for p(A) < 1, where p(A) is the spectral radius of the matrix A. The condition
p(A) < 1is analogous to |z| < 1 valid for the scalar version and it guarantees convergence
of the series. Another example is the matrix exponential function,
2 3

eA:I+A+%+%+..., (1.2.1)
which is defined for any matrix A and it is our main focus because of its role in linear
differential equations. The matrix exponential function has attracted attention of many
authors in past few decades (see [3, 12, 35, 41, 47, 62, 70, 73, 77, 87]). Its computation
can be done by dozen of methods and a comprehensive overview of such efforts has been
given by [61]. See also [31].
The definition of the matrix exponential function given by (1.2.1) is equivalent to the
following one

e = lim <I+A> : (1.2.2)

(see [74]).

For more interesting representations of matrix exponential see [41, Ch. 10].

Unlike the scalar version of the exponential, in general for two matrices A and B of the
same dimension we have eAt5 £ e4eB. Indeed, the following theorem holds.

Theorem 1.2.1. For A, B € C™", A8 = ¢4eB if and only if AB = BA.

For a proof see [41, Ch. 10].
The matrix exponential eA1? has been studied by a number of authors. For example
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Trotter in [75] gave a product formula for eAT5B. Gantmacher [25] drives some useful
results for eAT5. We refer interesting readers to see [35, 57, 78, 83].

For a n x n diagonalizable matrix A with eigenvalues A1, Ao, ..., Ay, any function of
matrix f as applied to A is given by

FA) =" FN)P;
i=1

where P; is the projection matrix on the eigenspace corresponding to the eigenvalue ;.
In particular, for the exponential matrix we have

n
A=Y R,
=1

which is of our interest.

1.3 Linear Ordinary Differential Equations(ODEs)

Ordinary differential equations are a powerful tool to model real world problems ef-
fectively, see[6, 13, 14, 23, 44, 58, 60] . This thesis considers the following linear n-

dimensional ODE )
y(0) = yo,
where A € R™", whose solution is y(t) = e!4yy and analyses the error in the solution

when the matrix A or the initial value yg are perturbed.
The error analysis when the matrix is perturbed requires the knowledge of Fréchet

derivative of the map A — e'4. By the following explicit expression for e!(4+5);
t
etATE) — otA | / =4 BesAds + O(|| B||?), (1.3.2)
0

found in [8], we see that such Fréchet derivative is the linear operator L(t, 4, ) : R —
R™ ™ given by

t
L(t,A,B) = / elt=94BesA s, (1.3.3)
0

Suppose that the matrix A of the linear ODE is perturbed to A or the initial value
1o is perturbed to gy. Let € be the relative error in the matrix perturbation:

_ A=A

€= REZET‘T(A,A) = W, (134)
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where |[||.|| is a matrix norm and let
e = RelErr(yo, o) = 190 = voll yOH, (1.3.5)
%ol
be the relative error in the initial value, where |.|| is a vector norm. In response to a

perturbation in matrix, the solution y(t) of the ODE perturbs to ¢(¢). The Relative
error in the solution is given by §(t)

d(t) = RelErr(y(t),y(t)) = M, (1.3.6)

ly@

Our focus in this thesis is to explore the relation between € or € and §(t).

This relative error analysis has not been considered in literature where some authors
only consider absolute errors of perturbed solution arising from perturbed initial value.
For example [45] gives the following bound for the absolute error:

15(8) = y(®)]l < M)V |go —yoll . ¢ =0,

where a(A) is the spectral abscissa, i.e the maximum real part of eigenvalues of A, and
M (t) grows polynomially with ¢.
Another bound on the absolute error is the following one:

15(t) = y(@)I < e D llgo —goll, ¢ >0,

where 1(A) is logarithmic norm of A defined as

I+ RA -1
A= lim ——,
M( ) h—0t h
where |[||.||| is the matrix norm induced by the vector norm. Perturbation analysis of the

matrix exponential '/ is also given by [4, 32, 41, 42]. However, these papers ignored
the role of initial value in their analysis, that is part of our study.

As mentioned by [11], one can consider relative error in two ways, componentwise
and normewise. The errors ¢, ¢, and J(¢) are normwise relative errors. In this thesis we
also consider the componentwise relative errors

_ @) —u@)]

ae) = H5 =1,...,n, (1.3.7)

of the perturbed solution g(t).

The norms play a central role in perturbation theory by associating a single number to
a m x n matrix. That conveys perturbation results immediately. Saying, without norm
the perturbation theory would not be as rich as it is today, is not wrong. Being such an
important tool we can not ignore the role of norm in perturbation theory but still there
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are a few failures of norms. We address one of them, since the norm provides an over-
all size of perturbation but it disregards how the size is allocated among each element.
However, this could be useful and required information in case when data is sparse or
badly-scaled. To overcome this drawback of norms “componentwise perturbation analy-
sis” has became popular among researchers (see [9, 17, 67, 84]). Nicholas J. Higham in
his survey of componentwise perturbation theory [40] provides a brief review of efforts
made for componentwise perturbation theory. In componentwise perturbation theory
we can consider two types of condition numbers mixed and componentwise condition
number, see [11] and for a linear system see [37, 85]. Mixed and the componentwise
condition number, for the structured matrices are given by [30, 84], for Moore-Penrose
inverse and the linear least square problem are given by [17] and for symmetric algebraic
Riccati equation are given by [86].

However, normwise and componentwise relative errors are related in the following
manner.

Remark 1.3.1. For a vector u € R™ not having any zero component, perturbed to a
vector u € R™, we have

R N T
X
full = 2
and
la —wl Nl fa—wll .,
721 Y 171 b

Above bounds holds for a norm that satisfies

lvi| < ||v|l, vEeR™ andi=1,--- ,n,
[oll = l|(jor],- - o), v €R™
HUH < ||’IUH , VL, w € R™ such that ‘U7,| < ‘wz‘ and 1 = 1’ ..

These conditions are satisfied by p—norms.

1.4 Contents the of Thesis

The thesis is arranged in the following manner.

The contents of the second chapter are based upon a paper by S.Maset [59], it sets
the stage for the rest of chapters. The chapter describes the relation between the error
¢ in (1.3.5) on the initial value and the error §(¢) in (1.3.6) on the solution, by three
condition numbers namely: the condition number with direction of perturbation, the
condition number independent of direction of perturbation and the condition number
not only independent of the specific direction of perturbation but also independent of
the specific initial value. How these condition numbers behave in a long period of time
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is an important aspect of the chapter. The analysis of these three condition numbers is
done in case of an n-dimensional ODE (1.3.1) described by a normal matrix.

The novelty of the thesis is given in the third and fourth chapters: The third chapter is
devoted to study how perturbations propagate along the solution of linear ODE, when
these perturbations are considered in the matrix. In other words, it studies the relation
between the error € in (1.3.4) on the matrix and the error §(¢) in (1.3.6) on the solution.
As in the previous chapter 2, the analysis is done for a normal matrix and we introduce
three similar condition numbers. We give very useful upper and lower bounds on these
three condition numbers and we study their asymptotic behavior as time goes to infinity.
To verify our analysis, a number of numerical tests are part of this chapter.

In the fourth chapter of this thesis we make a componentwise perturbation anal-
ysis for the ODE (1.3.1) by taking into account perturbations in the initial value.
In this componentwise perturbation analysis we study the relation between the errors
di(t),l=1,...,n,in (1.3.7) for the solution and the normwise relative error ¢ in (1.3.5)
for the initial value. Here the analysis is done for a diagonalizable matrix not only for
normal matrix.

Finally, we have the conclusion section. Which gives a brief summary of the whole
thesis and a few observations for possible arising queries.



Chapter 2

Perturbations in the initial value:
a normwise relative error analysis

This chapter is about the perturbation analysis of the linear ODE (1.3.1) when it is the
initial value that goes under perturbation. i.e we study the conditioning of the problem

Yo — e yo. (2.0.1)

As mentioned in the introductory chapter, the contents of this chapter are based upon
the paper [59]. The chapter gives the error analysis of the linear ODE (1.3.1) defined
by a normal matrix A by introducing three condition numbers. Namely, a condition
number with a specific direction of perturbation of the initial value, a condition number
independent of the direction of perturbation and a condition number independent of the
specific initial value. Then it studies the asymptotic behavior of these three condition
numbers.

Conditioning studies concern relative errors rather than absolute errors. As already
mentioned in Chapter 1, the relative error is a dimensionless quantity and being a dimen-
sionless quantity it conveys more meaning. In order to illustrate the different behaviors
of the relative and the absolute errors, we consider the simple case of a scalar ODE:

where a is any real number. The solution of the equation is given by y(t) = e®yq.
The vector yg € R is a non-zero initial value. Suppose that yq is perturbed to 7. The
perturbation in the initial value results in a perturbation in the solution y(¢), which
takes the form g(t) = e®§g. First, we measure the error in the solution by the absolute
error and we have

[9(t) — y(®)] = [e"Go — e"yol = ™[0 — wol (2.0.2)
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where |go — yo| is the absolute error in the initial value.

By equation (2.0.2), we can observe that the absolute error can be increasing or decreas-
ing with time ¢, depending upon the sign of a .

Next, we measure the error in the solution by the relative error

150 - (o)
o0 ="l

of this solution. The above expression makes sense because y(t) = e®yy # 0 since yo # 0.
On the other hand, let
|90 — ol
g = """
ol
be the relative error in initial value. Now

at~  _ ,at ~
5(t) = ™o — eyo|  |Zo — ol .

— 2.0.3
o] 0 (2:03)

Equation (2.0.3) shows that the relative error does not change with time for any coeffi-
cient a. By looking at the equation (2.0.2) and (2.0.3), we can conclude that the absolute
and the relative errors behave quite differently.

Next example illustrates the difference of behavior of the errors in case of a system of
ODEs rather than a scalar ODE.

Example 2.0.1. Consider the following linear ODE

{ y'(t) = Ay(t), t >0,
Yy Yo,

(0) = (2.0.4)

with the symmetric matric
A —2.505  2.495
| 2495 —2.505|

and the initial value
Yo = (17 _1) )
and the perturbed initial value
g0 = yo + (0.01,0.01) .

Making use of the euclidean norm ||.||4, the relative error in the initial value is given by

_ 190 — woll,
g0l

and the relative error in the solution is given by

i — vl
=0
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The absolute error in ||g(t) — y(t)||, the solution satisfies

15(t) = y@®)llz < e 150 = woll, » (2.0.5)

where A\ = —0.01 is the mazimum eigenvalue of the matriz A. In figure 2.1 and 2.2, we
see the behavior of the relative error and the absolute error, respectively, for t € [0, 3].
We use the MATLAB function expm to compute values of y(t) and §(t). The figure 2.1
shows an explosion in time of the relative error. On the other hand, in the figure 2.2,
we can observe that the absolute error has a slow decrease in time as predicted by (2.0.5).

Even though the matriz A is considered stable because both its eigenvalues are nega-
tive, it is stable only in the sense of the absolute error, but at the same time it is unstable
for the relative error. This gives a better understanding of the difference of behaviors of
two errors. Thus, the propagation in time of the relative error in the initial data needs
to be explored.

Now, we introduce the three condition numbers for the problem (2.0.1). We consider
the more general situation of a linear problem

ur v = Bu (2.0.6)

where B is n x n real matrix. Let ||.|| be a vector norm on R™. With the same symbol
we denote the induced matrix norm on R™*"™. Suppose that the data u # 0 is perturbed
to 4. In response to this perturbation in the data the solution v ends up with v = Bu.
We specify the perturbed data in the following manner

u=u+¢lul 2o,

where the unit vector _
. U—u
20 = 7=
[ — ul

is the direction of perturbation. The relative error in the data is given by

@ — ull
€= —F—" (2.0.7)
[
and the relative error in the solution is
[ — o
0= ———, (2.0.8)
Il
assuming that v # 0.
The relation between ¢ and ¢ is given by
5 B2l _ 1Bzl

[ Bull IBa]
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where 1 =

u
[l

We rewrite the above expression as

0(t) = k(B,u, 2)e, (2.0.9)
where 1Bzl
o 20
H(Ba u, ZO) - ~
| B

is called the condition number with direction of perturbation of the problem (2.0.6). It
is not always the case that we have information on the specific direction of perturbation.
In this scenario, we can specify the relation between § and ¢ in the following manner

d < k(B,u)e, (2.0.10)

where 13|
k(A,u) = max k(B,u, %) = 7
Jzll=1 Bl
is called the condition number of the problem (2.0.6) (see[11] for the definition of the
condition number of a general problem). Note that the equality in (2.0.10) holds if the
specific direction of perturbation Zy satisfies

|B|| = max |[BZ| = ||BZol| - (2.0.11)
ll20ll=1
Moreover, we also have
i(t) < k(B)e, (2.0.12)

where

k(B) = ”111}”&:}{1 k(B,u) = ||B]| HB_IH .

is called the condition number independent of the data of the problem (2.0.6). We can
see that the equality in (2.0.12) holds if the data u satisfies v = bx, where z € R” is

such that .
|B~ =]

]

1B~ =
and the direction of perturbation 2, satisfies (2.0.11).

Note that the problem (2.0.1) is the problem (2.0.6) with B = 4. Hence the three
condition numbers take the following form:

K(t, A yo,20) = Ii(etA,yo,P:’) =

(2.0.13)

is the condition number with direction of perturbation of the problem (2.0.1).
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K(t, A, yo) = k(e y0) = el (2.0.14)
o ’ le*44oll -
is the condition number the problem (2.0.1).
[ ]
K(t, A) = k(") = ||| |le™|] (2.0.15)

is the condition number independent of the data of the problem (2.0.1).

Now our purpose is to analyze these condition numbers for a normal matrix. Before
starting the analysis it is useful to know some basic definitions and properties of a normal
matrix.

2.1 Normal matrices and their properties

There are several equivalent ways to define a normal matrix. A few comprehensive sur-
veys [22, 24, 34] on normal matrices show a large number of equivalent definitions. For
example, [34] gives a list of 70 conditions. Each condition is equivalent to the basic def-
inition (given below). Later [24] compiled a list of 20 more conditions. The best known
definition of a normal matrix is the following one.

Definition A matrix A € C™*" is normal if A*A = AA*  where A* is the conjugate
transpose of the matrix A. For A real, A is normal if ATA = AAT, where AT is the
transpose of A.

e A normal matrix has all eigenvalues non-defective (an eigenvalue is non-defective
if the algebraic and geometric multiplicities are the same), i.e the matrix is diago-
nalizable.

e Moreover, a normal matrix is unitary diagonalizable i.e there exist orthonormal
basis of C™ of eigenvectors of the matrix.

For a worth reading of the topic see [28, 34, 43, 72].

The class of the real normal matrices contains sub-classes of many important matrices
like the orthogonal matrices, symmetric matrices and shifted skew-symmetric matrices.
Remind that a shifted skew-symmetric matrix is a matrix A of the form

A=DB-+cl,

where ¢ € R and B is skew-symmetric i.e BT = —B. All eigenvalues of a shifted skew-
symmetric matrix have same real parts.
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Let A € R™ ™ be a diagonalizable matrix. The matrix A, whose distinct eigenvalues
are A, A2,...,Ap, can be written as

A=>"\P; (2.1.1)

where P; = w;u;, 1 = 1,...,p, is the orthogonal projection on the eigenspace of the
eigenvalue \;, u; being the eigenvector relevant to the eigenvalue A;.
More generally, for any complex analytic function f, we have

f(A) = Zf()‘i)Pi- (2.1.2)

The next proposition gives the 2-norm of f(A)u, where u € R”, in the case where A is,
in addition a normal matrix.

Proposition 2.1.1. We have

/(A UHz—Z!f D7 N Pully, e R™ (2.1.3)

Proof. For v € C", we have
loll3 = (v, v) = v*v,
where (-, -) is the scalar product on C".

Thus

p

P p p
IF (A3 = O FO) P, Y FOR) Py =D > F(X

i=1 k=1 i=1 k=1

Pu Pku>

Hence, by taking advantage of the fact that Pyu and Pyu with ¢ # k, i,k =1,...,p, are
orthogonal when A is a normal matrix, we obtain

p

(A Ilg—Zf D{(Pru, Py = 3 |f )P 1Pyl

=1

2.2 Condition numbers for a normal matrix

Up to end of this chapter, we consider the matrix A as normal. We denote the spectrum
of the matrix A by A
A={,,..., 0}
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Figure 2.3: Spectrum of A partitioned by decreasing real parts.

where A1,..., A, are the distinct eigenvalues.
We partitioned the spectrum A by decreasing real parts, into subsets Ay, ... Ay,

Aji={N, 41, N 42,5 A =104,
where 0 =9 < i1 < --- < iy = p, we have
Re(Ai;_1+1) = Re(Ai;_j42) =+ =Re(Ny;) =15, j=1,...,q,
with
> T > e > T

See the Figure 3.
For ¢ = 1,...,p, as in the previous subsection, P; denotes the projection on the
eigenspace of the eigenvalue \;. Observe that P; is an orthogonal projection.

Moreover, for j =1,...,q, let
Q=2 P

/\rL'EAj

be the orthogonal projection on the sum of the eigenspces of eigenvalues in A;.
Observe that, for u € R”,

2 2 .
IQjull; = > IIPul3, j=1,....q (2.2.1)
)\iGAj
and
q
2 2
D lQjull3 = lulls - (2.2.2)
7j=1

The next theorem gives the condition numbers K (¢, A, yo, 20), K(t, A,y0) and K(t, A)
for the 2—norm. Since we are using 2-norm, we denote the condition numbers as Ks(.)
instead of K (.).
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Theorem 2.2.1. Suppose that the initial value yo € R™ of the ODFE
{ y'(t) = Ay(t), t >0,
y(0) = vo,

is mot zero and it is perturbed to o with the direction of perturbation Zy and relative
error

(2.2.3)

_ 50 — voll
lyoll
The three condition numbers of the problem (2.0.1) are given by

\/”le()HQ + Z e2(ri—rt ||Q]ZO||2

Kg(t A y(),Z[) y (2.2.4)
\/HQlyOHQ + Z e2(ri—r)t ||QJ3/0||2

Ko(t, A, yo) (2.2.5)
\/HQlyon + Z e2rj=rot Hngon

Ky(t, A) = elmirat, (2.2.6)

Moreover,

o If Zy lies in the sum of eigenspaces of eigenvalues in Ay, then equality between
condition numbers (2.2.4) and (2.2.5) holds.

o Ifyo lies in sum of eigenspaces of eigenvalues in Ay, then equality between condition
numbers (2.2.5) and (2.2.6) holds. In addition, if 2y lies in the sum of eigenspaces
of etgenvalues in A1, we have equality between all three condition numbers.

Proof. In case of the matrix exponential function, the equation (2.1.3) gives

el = ZW? 1Pl = 3 P00 3.

=1

By making use of the equation (2.2.1), we get

UHQ ZSQT] Z ||Pu||2—zegrjt”quH2-

XEA;

Substituting the above expression in the equation (2.0.13), we get

tAA

d 2r;t s 112
2 216 7 1Qj0ll5

le
etA

K2(t7Aa 3/07730) q
ol 3 et 150l



2.2. CONDITION NUMBERS FOR A NORMAL MATRIX 18

or

. 2(rj—r1)t 5 112 50112 ! 2(rj—r1)t 5012
26 i 1Qj2ll;  1@120ll5 + 226 3 1Q;20ll5
KZ(ta A7y0720)2 = ]g 9 = 9 ]; 2.
Zl e =mH|Qyi0ll;  1Q1doll + 22 =M1 Qo
J= J=

Now, we give an expression for K (¢, A, yo)2. We have, for any direction of perturbation
207

q q
1@zl + 37 €2 Q203 < 7 1@ 0l13 = 1.
j=1

j=2
by (2.2.2). Hence
1

- .
Q1303 + > 2= |Q ;40 |5
F=

Ka(t, A, yo)* <

In addition, if 2y lies in the sum of eigenspaces of eigenvalues in A1, i.e Q)jZp = 0 for all
j=2,...,q, we have

q
Q120013 + > 2 HQ;40l3 = |@120]13 = 1.
j=2

So, we get
1

K2(t7‘47 y0)2 = 9 q 2'
1Q1dollz + > €= [[Q;io]l;
j=2

Now, to give the expression for Ky(t, A), observe that, for any initial value yp,

q q
1Qudoll3 + > e |Q doll; = 2N " [1Q; 05 = €a
j=2 j=1

Hence,
KQ(t,A)Q < eZ(rqu)t.

In addition, if yp lies in the sum of eigenspaces of eigenvalues in A,. i.e @;go = 0 for all
7=1,...,9—1, we have

a a
1Q1gollz + Y 7 Qydioll; = =Y Q905 = €27
j=2 j=1

So, we get
Ka(t, A)? = 200t
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2.3 Asymptotic behavior of condition numbers

We begin the asymptotic analysis by considering the condition number (2.2.5). Observe
that the condition numbers is an increasing function of ¢ and K»(0,A4,y0) = 1. Its
asymptotic behavior is given by

1 e(T’l—Tj*)t
t A y() — , t— 4o0,
(ri—r ”Qj*yo”z
@10l + Z 2= |Q; oI5
where j* is the minimum index j = 1,..., ¢ such that Q;7o # 0 and the notation

a(t) ~b(t), t— +oo,

means .
im @ =1.
t—+o00 b(t)

We can observe an exponential increase of the condition number in case of j* > 1.
Now, we give the asymptotic behavior of the condition number (2.2.4). We rewrite
Ks(t, A, yo, 29) in the following manner

K2(t7 Aa Yo, 730) = KQ(ta A7 yO)-RQ (ta Aa 20)7

where

q
R(t, A, 20) = , | 1Q1 203 + Y _ €203~ Q;20])5.

=2

Observe that R(t, A, Zp) is a decreasing function of ¢ with R(0, A, 29) = 1. The asymp-
totic behavior of R(t, A, 2y) is given by

R(t, A, 20) ~ " T Qjuoll,,  t — Hoo,

where, 7** is the minimum index j = 1,...,q, such that Q;+2y # 0. Ultimately, the
asymptotic behavior of Ks(t, A, yo, 20) is given by

vyt Q37 20l

1Qj=dolly”

We can observe an exponential growth of the condition number in case j** < j* and an
exponential decay in case j** > j*.

Ko(t, A, yo, 20) ~ (s t — oo.
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2.4 The case g =1

Observe that
Ks(t, A, 90, 20) = 1,

when ¢ = 1, in other words, when
Re(A1) = Re(A2) = --- = Re()p).

In this case, we have §(t) = ¢ for all ¢ > 0. Such a scenario occurs in case of skew-
symmetric matrices. This is because of the fact that skew-symmetric matrices have pure
imaginary eigenvalues. In such a case, all the condition numbers are exactly equal to 1:

KQ(thay()aé) = KQ(ta A7y0) = K2(t7A> =L

It is quite straight forward that (¢) = ¢ for all ¢ > 0, holds for a skew-symmetric matrix
A. In fact, in this case ' is an orthogonal matrix and then

A ~ ~
e (o = vo)lly _ Ilgo — ol _
letAyo]l, llyoll,

3(t) =



Chapter 3

Perturbations in the matrix

After the analysis of how perturbations in the initial value propagates along the solution
of linear ordinary differential equations, we are now interested to look over the same
question when it is the coefficient matrix A in

(3.0.1)

—N—
@\
—~

~
S—
I
o
<
—
~
:_/
~
v
QCJ

where A € R™" and yg € R", rather than the initial value that perturbs. This chapter
is devoted to give such a perturbation analysis. In short, the interest is to study the

conditioning of the problem
A ey, (3.0.2)

The main feature of the chapter is the perturbation analysis of the equation (3.0.1) when
the matrix A is normal. Moreover, the chapter deals with the asymptotic behavior of
this perturbation. Suppose that the matrix A # 0 is perturbed to A. The relative error
is given by

[l 4]
i —|| (3.0.3)
AT
where ||| is a generic matrix norm on R™*". The solution y(t) = et4yo is perturbed to
7(t) = etyo with relative error
O el (3.0.4)
t) = 3.04
lle*4yoll
where ||-|| is a generic vector norm. Observe that £(¢) is well defined for yg # 0 since in

this case e*4yy # 0. Moreover we have £(0) = 0.
Now, we want to explore the relation between e and £(¢). As already mentioned in the
first chapter, there are papers (see[2, 45, 51, 54, 81]) in the literature dealing with the

conditioning of the problem
A et (3.0.5)

21
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In other words, they deal with the effect in e*”, which is a matrix quantity; of a pertur-
bation in A. These papers do not consider the role of the initial value, as they consider
the following relative error

o = <]
[z

rather then £(¢). On the other hand, our focus is to study the conditioning of the
problem (3.0.2), that takes into account the role of the initial value as well. The con-
ditioning of the problem (3.0.2), attained less attention in the literature. To the best
of our knowledge there are two papers [1, 19] dealing with the problem (3.0.2), but the
focus of these papers is on computational aspects rather than a qualitative analysis. For
example, the paper [1], in order to analyze an algorithm for computing e*4Y, where Yy
is a matrix, considered the conditioning of the problem (A, Yy) — f(tA)Yy (relevant to
Frobenius norms), where f is matrix function, and obtained a bound for it. The purpose
of the paper [19], is to develop algorithms for studying the conditioning of the problem
(t, A,y0) — f(t, A)yo. In the present thesis, we are going to analyze the conditioning of
the problem (3.0.2) and to study how it depends upon time ¢ and the initial value yq.
Similar to the case of perturbation in the initial value, we give three condition numbers.

The chapter is structured in following manner and it is substantially the contents
of the paper [27]. In section 3.1, we begin our analysis with the introduction of the
condition numbers of the problem (3.0.2), for a general matrix and for general vector
and matrix norms || - || and ||| - ||. These condition numbers are given in terms of the
Frechét derivative. Hence, to give an introduction of Frechét derivative to the readers, a
brief note on Frechét derivative appears at first. The section 3.2 gives the analysis of the
condition numbers for a normal matrix and for || - || = - |l and || - | = || - ||y (i-e |||l
is the spectral matrix norm, namely the matrix norm induced by the 2—vector norm).
The asymptotic behavior of the condition numbers is given in section 3.3. To testify our
analysis we give a few numerical tests in section 3.4. The conclusion of the chapter is
given in section 3.5.

3.0.1 The Fréchet Derivative

As we have seen in (1.1.2), the Fréchet derivative plays an important role in the definition
of condition numbers (see [3, 4, 38, 41, 46, 63]). The idea of Frechét derivative is to extend
the notion of derivative of a real valued function of a single variable to Banach spaces
(see [7, 33, 55] ). The definition of the Frechét derivative is the following one.
Definition Let U and V be two Banach spaces. The Fréchet derivative of f : U — V
at X € U is defined as a linear map L(X,-): U — V such that

F(X+E)— f(X)— L(X,E) = o(|E|]), E€Uand |E| - 0.

As an easy example of Fréchet derivative, we consider U = V = R™" and f(X) = X2.
We have
f(X4+E)- f(X)=E>+XE+EX
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and we get L(X, E) = XE+FEX. Note that it is not always straightforward to determine
the Fréchet derivative.

In the case where f is the exponential function, i.e f(X) =X, X ¢ U =V = R,
the Fréchet derivative is given by

t
L(t,X,E) = / =X pesX s, (3.0.6)
0

as we have seen in (1.3.3). Here is the proof of it.

Proof. Recall that y(t) = €4, if and only if y(t) satisfies the initial value problem (3.0.1).
Now suppose that

t
=ty / =94 pes(A+E) gg (3.0.7)
0

Differentiation equation (3.0.7) reveals
X'(t)=(A+E)X(t).

Since X (0) = I, so
t
X(t) = tATE) = tA | /e(t_S)ABeS(A+E)d8.
0

By using the above expression inside the integral gives

t
GAFE) _ A /eA(t‘s)EeSAds +o(|[E]%).
0

Hence, by the definition of the Fréchet derivative we get
t
L(t,X,F) /et X BesX ds.
0

O]

Since the Fréchet derivative (3.0.6) is a linear operator on R™*™, we have the Kro-
necker form of this Fréchet derivative.

vec(L(t, X, E)) = M(t, A)vec(E) (3.0.8)

for some matrix M (t, A) € R *"* where vec(C), where C' € R™*™  is the the vector of
R"™ obtained by stacking the columns of C', starting from the first column to the last.
For more details on the Fréchet derivative see ([39, 41, 63]).
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3.0.2 Condition numbers

We specify the perturbed matrix in (3.0.1) as
A=A+ €||A|B, (3.0.9)

where the matrix _

~ A-A

B=——
Al

is the direction of the perturbation and H‘EH) =1 holds.

We define

K(t, A, yo, B) := lim @, (3.0.10)

e—0 €

where £(t) and e are given in (3.0.4) and (3.0.3) respectively, as the condition number
with direction of perturbation of the problem (3.0.2).

The next Theorem gives an expression for such a condition number.

Theorem 3.0.1. We have

|2 (64 B) 5o | i

t, A,y0, B : 3.0.11
K (6 Aw.B) ==y (3.0-11)

where

t
L <t,A,§> = /e(t_s)AEeSAds
0

is the Fréchet derivative (3.0.6) and

o == T
1ol
Proof. We have ~
etAyo - etAyo = ( HA+E) _ > Yo,
where R
E = €]|A]|B.

Since (see [41])
HATE) _ A _ ) (t, A, E) + O(H|E|H2)7 £ =0,

where

t
E— L(t,AF) /e(t $)ABesAds
0
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tA

is the Frechét derivative of the map A — e**, we obtain

= (A B) ol 14l

E(t e+ 0 (%), e =0,
(t) ety ( )
and (3.0.11) follows. O
We define R
K(t,Ayo):= sup K (t, A, yo, B) (3.0.12)
BeRnxn
13]]]=1

as the condition number of the problem (3.0.2). We have

K(t, A, =" 3.0.13
( yO) ||€tAyOH ( )

where L(t, A, yp) : R™*™ — R™™ is the linear operator given by
‘C(taAvyO)B\:L(ta A7 B\)v B e R™"

and ||L(t, A, yo)| is the operator norm relevant to the norms || - || and R™ and ||| - ||| on R™*".
By using the Kronecker form (3.0.8) we get

L(t, A, Byyo = (¢ @ I,)vec(L(t, A, B)) = (y§ ® L) M(t, A)vec(B),

where ® is the Kronecker product. So, we get

1Lt A yo)|| = (W @ L)M(t, A)lla it || - | =1 - loand || - || =1 - |IF
and
1
ﬁll(yg ® L) M(t, A)ll2 < 1L A yo)ll < Vall(yg @ L) M(t, A2
(g @ L) M(t, A)llx < 1£(t, A o)l < nll(yg © L) M(t, Ay
if [ - =1-Myand|l-[ll=I - -

(3.0.14)

The condition number (3.0.13) corresponds to the standard definition of condition num-
ber of a general problem (see [11]) and it is the same condition number considered in the
papers [1] and [19]. The paper [19] used (3.0.14) for estimating the condition number.

Finally, we define

K(t,A) = sup K(t, A, y) (3.0.15)
Yyo€ER™
Yyo7#0

as the condition number independent of the data of the problem (3.0.2).
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3.1 Analysis for A normal

From now on, we consider A normal, || - || = | - ||y and || - || = || - ||, We write the
condition numbers K( - ) defined in the previous section as Ka( - ).

We partition the spectrum A := {A1,...\,} of A (see Figure 1) in the subsets A;, j =

1,...,q, in the same manner as in chapter 2.
Recall that in chapter 2 we have introduced, for ¢ = 1, ..., p, the orthogonal projection
P; on the eigenspace of the eigenvalue \; and, for j = 1,...,q, the orthogonal projection
-y
/\iEAj

on the sum of the eigenspaces of eigenvalues in A;.

3.1.1 The condition number K, (t, A, yo, §> with direction of perturba-
tion

The next theorem provides an expression for Ko (t, A, yo, E)

Theorem 3.1.1. We have

t o~
j (f e_SABeSAds> m

_ ~ 0
Ko (1 A,u0, B) = q lAl,  (3.11)
- 1 \2
\/ > (el Q)
j=1
and for the numerator in (3.1.1) we have
q ¢ R 2
Z (T’j—’l‘l)t j /esABesAds :T/\O
Jj=1 0 2
Z Z C(t7 )\i7 )\k)PzEPk/y\O )
MNEANLEA 9
(3.1.2)

where, for A\; € Aj, with j € {1,...,q}, and A\, € A,

t
Ct, Aiy Ag) := (st / Ar=Ai)s g, (3.1.3)
0
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Proof. By recalling (3.0.11), we write

t A~
etAfe—sABesAdS/y\o
K2 (taAa yO»B> = ”etAZ/-/\OHQ ”AH2 :

Since A is normal, we have, for u € R”,

q

. ) 2
leulls = | > e Pul = 3 (e 1Pullo)* = | D (e |Qsull,)”

N EA 9 MNEA j=1
Thus
t q t 2
A/e_SAEGSAdsg/]o = Z et |Q; /eSABeSAds Yo
0 9 J=1 0 2
and
q
tA~
e Foll, = | S (73 1Qs70ll,)”
J=1
Hence,

t ~
Q; (f eSABeSAds) Yo
0

)

q
Z 7‘]'—7’1
j=1

1 L, N2
\/ 5= (el Qi)
‘]:

K?(thayOaB) = ”AH2

By the orthogonality of the projections );, j = 1,...,q, we get

¢ 2

q
Z Tj—T‘1 ] /e—SABesAdS/y\O

Jj=1 0 2
t

q
Ze(”_n)tQj/e_SAEeSAdS@\o
i=1 5

sA

2

Now, by decomposing the matrices e *4 and e*4

p
€_SA _ Z e—)\isPi and esA _ Z e/\kst’ (314)

We obtain (3.1.2). O
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The next proposition concerns the functions C(t, A;, Ai;) defined in (3.1.3).
Proposition 3.1.1. Let j,l € {1,...,q}, let \; € Aj and let N\, € A;. Moreover, let

Ni=r1j+V—=1w; and A\ =1+ V1w

be the cartesian forms of the complex numbers \; and A\, where /—1 denotes the imag-
mary unit.
If j <, then
|C(t, Xiy Ae)| < €37,
If j > 1, then
1C(t, A, )| < e,
[f /\z' 7é )\k, then
e(ri—r)t oV=T(wp—wi)t _ o(rj—r1)t

C(t, Ais A) = VY

If >\i = )\k, then
C(t, \iy Ap) = el

t t
/ e()\k*)\i)sds < /e(rlrj)sds
0 0

t
[C(t, Ais A)| < 6(”_”)'5/@(”_’"1)5615 < ety
0

Proof. We have

and then

for 7 <[ and
t
|C(t, )\zu)\k)| < e(rj—rl)t/e(rl—rj)sds < e(rj—rl)te(rl—rj)tt < e(rl_rl)tt.
0

for j > 1.
If \; # A, we have

t
A=)t
/e()\k)‘i)sds _ 6( k ) 1
Ak — N
0

and then
(A=)t _ 1
; — (T'—Tl)tei
C(t, Nis \k) elrs "
Ak — i
e(rl_rl)te\/?l(wk—wi)t _ elrj—ri)t

M — N

— eri—m
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If A\; = A\, we have
t
/e()"“)‘i)sds =t
0

C(t, )\Z', )\k) = e(rj_rl)tt.

and then

O

Remark 3.1.1. Let j,l € {1,...,q}, let \j € A and let A\, € A;. The previous proposi-

tion shows that:

e if j>1andl > 1, then C(t, \j, \r) vanishes ast — +oo ;

e if (j=1o0rl=1)and \; # X\, then C(t, \j, \r) is a bounded function of t > 0

and it does not vanish as t — +o00;

e if (j=1orl=1)and \; = A\, i.e. j=1=1 and \; = A, then C(t,\;; \r) = t.

3.1.2 The condition number K,(t, A, )

The next theorem gives lower and upper bounds for Ks(t, A, yo).

Theorem 3.1.2. We have the lower bounds

FQ(tv A? yO) > HAH2 t

an 1D (8,0 0! | Pl
max y Niy Nk kYoll2
K2(t7Aa yO) 2 i 7 HA||27
,, N2
\/21 (eri=mIH|Q;70ll,)
j=
where

C (t, Niy \g) if A\ is real
D (t, Ni, \) =

? (C(t, i, Ak) + C(t, Ai,Tk)) if A\, 1s not real.

Here )\, denotes the complex conjugate of \j.
Moreover, we have the upper bound

> X (G M) [ Pl
MNEANNLEAN

/

FZ(t7A7 yO) S HAHQ

M=

(el 1Q;570ll,)

(3.1.5)

(3.1.6)

(3.1.7)
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Proof. For the first lower bound (3.1.5), consider numerator of (3.1.1),

2
q t

Z e(rj—ri)t Qj /G_SAEGSAdS @0

Jj=1 0 2

substitute B = I and making use of (3.1.6), we get

2
q t

Z e(rj—ri)t Z Z /e(’\i)‘k)sdspz‘-Pk Yo

j=1 MNEANLEA 0 9

Since P;and P, are orthogonal, only surveying terms are where ¢ = k. For i = k

t
/ Qi RS g — ¢,
0

q
(et 1QsTolly)” 1 All ¢
=1

We are left with

J

Substituting in (3.1.1), we get the result.

Now, we prove the second lower bound (3.1.6). We show that

sup || Y Y Clt A M)PBPo|| > max [D(t,Aa, No)| [Pofoll,  (3.1.8)
BeRrnxn AasApEA
B/E\R )\iEA )\kGA 2
1B][,=1
holds for (3.1.1)-(3.1.2). Fix Ag, Ap € A with Pyyo # 0. We consider the four cases:
A )\, and )\, are real;
B )\, is not real and )\ is real;

C )\, is real and Ay is not real;

D X, and A\, are not real.

When A, is not real, let Az, where @ € {1,...,p} \ {a}, be the eigenvalue which is the
complex conjugate of \,. Similarly, when ) is not real, let Az, where be{l,...,p}\{b},
be the eigenvalue which is the complex conjugate of Ay.

In the case A, consider a unit vector v € R" (i.e. ||v]|, = 1) such that P,v = v and
consider the direction of perturbation

. Pi, \?
B=% <”;yo )
1 Bsoll
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For A\ € A, we have

S~ ( Pg \", - 1 ~\H o~ ~
BPyyy = v Pryo = m <(Pbyo) Pk:?JO) v
2

| Povio |
B { 0if k#b
| Buiolly @ i & = b.
Thus
SN Clt X\, M)PBPGe = [1Pdolly Y, C(tAi, \o) Po
MNEAXNLEA Ai€EA
= |1Bsolly C(t, Aa, Xo)V
and then
SN et A M)PBPGo| = 1Bdolly [C(t Aay M)
N EANLEA

2
= [Bolly [D(E; Aas Ab)l -

In the case B, consider a unit vector v € R" such that (P, + P;) v = v and consider the

direction of perturbation
~ P \"
1 P50l

We have
>N Clt X\ M)PBPGo = [1Pdolly Y, C(t i, \) PO
MNEANLEA A EA
= H‘Pbg//\OHQ (C(t’ )‘av )‘b)Paa_’_ C(ta )‘67 )\b)Pﬁi}\)
and then

> > Ct, A M) PB P

AN EAXLEA 9
= HPb@\OHQ HC(t, >‘a7 )\b)Pa@\+ C(t, >\67 )\b)PE@\HQ

= [[Po¥oll; \/IC(t, Aas ) [P0l + |C (8 Aa, M) || Padl
= [[Poyolly [C(E, Aa, Ao)| = [ Pobiolly [D(E Aas Ab)

where the second last = follows since C'(t, A, A\p) and C(t, Ag, \p) are complex conjugate.
In the case C, consider a unit vector v € R™ such that P, = v and consider the

direction of perturbation
5 A( (P, + P;) 7o )H
=0 — )
(P + F5) 5ol
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For A\ € A, we have B
Oif kA#band k #b

Paolla .
P50l &4 k= p

BPjo = ||(1|°r+P ﬂyoll
Pyo P
7||(Pb+P Yool vif k=0o.
Since ) ,
1P50ll3 + || Psolly = I1(Po + P5) Goll; and [ Pygioll, = || P50l »
we get
~ Oif kAband k#b
BPiyo =4 2 #A . ’ -
52 [[Poyol| v if kE =b or k =b.
Thus
> C(t i M) PiBPidio
i EA)\kGA
—lleyoH D7 (Ct, A, M) + C(t A, Np)) PO
X€EA
V2o ~
=5 | Pygoll (C(t, Aa, Ap) + C(t, Aa, A7) ©
and then
V2o
> > CtXAPBPG| = o Bl [C(t Aa M) + Ot Aa Ag)]
AN EAXNLEA 2

= [[Boyolly |D(E; Aas b)) -

In the case D, consider a unit vector v € R™ such that (P, + Pz) v = v and consider the

direction of perturbation
E—A( (P, + P%) o )H
= —
1(Ps + F5) Toll,

> > Ct, A M) PiBPo

MNEANLEA

V2, _
=5 Bl > (Ct i M) + C(t i,y Ap)) P

MNEA
V2.
=5 | Poijolls

((C(t, Aas Xo) + C(t, Aas Ag)) Pal + (C(E, A, o) + C(t, Az, Ag)) Pad)

We have
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and then

>3 Ot N M) PBP
MNEANNLEA

2
VZ o
=5 1Pyoll,
AIO A0 2) + Ot 20 ) IR + (O 2a M) + Ot 2w X |1
VZ o
= =5 [1Pdolly [C (8, Aas Xo) + C(t, Aa, )|

= [[Poyolly [ D(t; Aas Ab)] -
where the second last = follows since C(t, Aq, Ap) +C(t, Ao, Ay) and C(t, Mg, Ap)+C (¢, Az, Ap)
are complex conjugate.

Now, (3.1.8) and then the lower bound (3.1.6) follow.

The upper bound (3.1.7) follows by observing that

D Ct A APBPRGo| = (D BB Y Ct, A Ak) Prdio

MNEANLEA 2 AiEA ALEA 9
2 2
Ai€EA ALEA 9 MNEN [[ALEA 9
2 ~ 12
= 12 > 10X )Pl Prdiol®.
AN EAILEA

O]

Let j* be the minimum index j € {1, ..., ¢} such that Q;yo # 0. This index has been
introduced at page 19 when we have considered the initial value perturbations. The next
theorem gives neater bounds for Ka(t, A, yo).

Theorem 3.1.3. We have

Kt Ay) = | max 1D (6 A APl [ - 1Ally et 00"

7
q
AK€ U Aj
Jj=j*

and

_ A
Kot A, yo) < YA ), eroty,
10,50l
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where |A] is the cardinality of the spectrum A.
In the generic situation j* =1 for yy, we have

_ A
1Al ¢ < Kalt, A yo) < A j4), 1.
1Q170]l4

Proof. By the lower bound (3.1.6), we obtain

max | D (t, A, \i)| [ Prollo

A EA
)\kGILqJ. Aj
K2(taA7y0) > Jﬁ]q HAHQ
L ~ 2
2 gl
j:
> o)t max |D (6 s M) [Pl 1Al
A€ LqJ Aj
Jj=i*

By the upper bound (3.1.7) and
’C (t, A, )\k)| <tforall \;, \p, € A

(see Proposition 3.1.1), we obtain

AZA AZAtQ 1Pl
— i€ kE
KQ(taAa yO) < ”AH2

< L —
¢H@WﬂW%mM

J

A
_ VIA 1Al ¢
. ~ 2
¢.@m%mme)
J

JIA N
B A i A 6(7‘1 TJ*)tt.
12,50l 142

For j* =1 use the lower bound (3.1.5).

M=

1

(3.1.9)

O]

The previous theorem shows a linear growth in ¢ of Ko(t, A, o) for 7* = 1 and an

exponential growth in ¢ of Ka(t, A, yo) for j* > 1 (observe that

D (t, N\, A Py
max |D (t, Xiys A)| | Prdjol

q
A€ U Ay
=i

does not vanish as t — +o00: remind Remark 3.1.1).
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Remark 3.1.2. In the situation j* > 1, Ko(t, A, yo) can be arbitrarily larger than the
lower bound (3.1.5), due to the exponential growth in t of the condition number. For
q > 1, Ko(t, A, y0) can be arbitrarily larger than the lower bound (3.1.5) also in the
situation j* = 1.

In fact, for ¢ > 1, the lower bound (3.1.6) gives

D (t, M, \i)| || P
glea/i |D (t, k)| k?JOH2

/\keA\Al

d . 2
Zl (et 1Q;5oll,)
j:

KZ(ta A7 yO) >

1Al

and the right-hand side of this inequality is a continuous function of |Q1yolly, whose
value for [|Q1Yol|2 = 0 is not smaller than
I e |D (10 M) Padiols 4]
AREA\AL

Hence, fized t > 0 we have, for any ¢ € (0,1),

Ko(t, A, yo) > celnr2lt max |D (t, Xis M)l ([ Prvolly [| Al
AREA\A

for ||Q17ol|, sufficiently small.
This proves the following. Consider yo with fized projections Pyyo, A\ € A\ A1. For
any M > 1, there exists t > 0 such that,

Ko(t, A
2( ) 73/0) > M
[All,t
for ||Q1yol|5 sufficiently small.
The next results concerns the case ¢ = 1, namely the case of shifted skew-symmetric

matrices.

Theorem 3.1.4. If g =1, i.e. A is a shifted skew-symmetric matriz, then

KQ(ta A7 yO) = HA||2t

Proof. For A shifted skew-symmetric, i.e. A = ol + S for some o € R and S € R**"
skew-symmetric, by (3.1.1) we get

t t

Ko(t, A, yo, B) = /eSAEeSAdsﬂo |Ally < /eSAEeSAds Al -

0 2 0 2

Now,
t

t t
/eSABeSAds = /eso‘essBesaessds = /essBessds
0 0 0
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and then
¢ ¢
—sAD sA —sS n sS _
/e Be*ds g/He Io||B]), el ds = ¢
0 2 0
since e*% and e*® are orthogonal matrices. Thus

F?(ta A) Yo, B\) < ||AH2 t.
We conclude that o
KQ(ta A, yO) < HA||2 t.
The thesis follows by recalling the lower bound (3.1.5). O

When 7 stays in the rightmost eigenspace, we have the same situation of the case
g = 1, namely the condition number is equal to || A]|2t.

Theorem 3.1.5. If Q1yo = yo, then
Ko (t, A, y0) = [|A]ly .

Proof. Assume Q1Yo = yo-

In our discussion we are assuming that A is a normal real matrix, but (3.1.1)-(3.1.2)
also holds when A is a normal complex matrix.

So, now, we consider the case where A is a normal complex matrix with a unique
complex eigenvalue A1 as rightmost eigenvalue. We have, for the numerator (3.1.2) in
the right-hand side of (3.1.1),

Z Z C(t, \i, \e)PiBPo|| = Z C/(t, Xi, M) P B
MNEANNLEA 9 N EA

- \/ > 1€ M
N EA

by recalling (3.1.9). Thus, since the denominator in the right-hand side of (3.1.1) is 1,
we obtain

2

~ 2 ~
PBw|, <t B, <

KZ(ta A7y07 B) S ”AHQ L.

Now, we pass to consider the case where A is a normal real matrix. Fix a direction
of perturbation B. For any € > 0, there exists a normal complex matrix A. such that
A, has a unique complex eigenvalue A1 as rightmost eigenvalue,

Kol(t, A,yo,é) _?Q(taAaay(),E) <e

and
A~ A6”2 <e.
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Thus

FQ(taA)yOw/B\) f?(t)fLyO? ) K?(t AE)y07 )+K2<t AauyOa )
€+ || Ac|l2t

e+ et + [|Al|2t.

VANV

Since ¢ is arbitrarily small, we obtain
Ka(t, A, 90, B) < [|A])at.

By using the lower bound (3.1.5), Ka(t, A, yo) = ||A||ot follows. This is also true when
A is a normal complex matrix. O

Observe that now Theorem 3.1.4 becomes a corollary of Theorem 3.1.5.

3.1.3 The condition number K,(t, A) independent of the data

The next theorem gives lower and upper bounds for K»(t, A).

Theorem 3.1.6. We have the lower bound

Ko(t, A) 2 max [D(t, i, )| [Aflp el 770", (3.1.10)
i€
)\kEAq

Moreover, we have the upper bound

Ky(t, A) < Jmax Z 1C(t, My M) | (A et (3.1.11)
AL€EA

Proof. First, we prove the lower bound. For any \; € A, consider yy # 0 such that
Pryo = yo. By (3.1.6) we have
D (t, A, A
max [ D (£, iy Ai) |
e(rqfrl)t

F2(t7‘4) ZFQ(ta A7y0) HAHQ

Now, we prove the upper bound. For the numerator in (3.1.7), we have

>N ICE N AP Pl < Tnax Z C(t, i, M)

MNEANLEA

and for the denominator we have

q

Z( rj—r1)t ”Q yﬂ”) >6Tq Tl)t

J=1
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The previous theorem shows that Ks(t, A) grows exponentially in ¢ for ¢ > 1.
Since (3.1.9) holds, the upper bound (3.1.11) gives this other neater upper bound.

Theorem 3.1.7. We have

Ka(t, A) < VAL [ Al ™%,

Proof. By using (3.1.9) in (3.1.11) we get the result. O

3.2 Asymptotic analysis

In this section, we study the asymptotic behavior of the three condition numbers K (¢, 4, yo, E),
Ky(t, A, yp) and Ka(t, A), as t — +o0.
We use the following notations.

e Let j* be the minimum index j € {1,...,¢} such that Q;yo # 0. This index has
been already introduced in subsection 3.1, just before the Theorem 3.1.3 as well
as at page 19.

e Let j** be the minimum index j € {1,...,q} such that QjEPkyo =% 0 for some
ke{l,...,p}.

e For \; € Aj and A\, € A, where j,0 € {1,...,¢} with j <, let

Coo (Niy Ag) ==

N— A
e For \; € Aj and A\, € A, where j,1 € {1,...,¢q} with j > [, let

eV —Lwp—wi)t
Coo (£, Aiy A) 1= BBV

where w; and wy are the imaginary parts of A\; and A, respectively, and /—1 is
the imaginary unit.

e For \; € Aj and A\, € A, where j,1 € {1,...,¢q} with j <[, let

Coo (ANiy A) if Ag is real
DOO ()\’La )‘k:) =
g (Coo (Nis Ak) + Coo (Xi, Ak)) if Ag is not real.

e f(t) ~g(t), t - 400, stands for

lim ﬂ =1.
t—+4oc0 g t)

This notation has been already introduced at page 19.
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o f(t) Sg(t), t = +oo, stands for
f(t) < h(t), for t sufficiently large,

and
h(t) ~ g(t), t — +o0,

for some function h(t). Similarly, f(t) = g(t), t — +oo, stands for
f(t) > h(t), for t sufficiently large,

and
h(t) ~ g(t), t — 400,

for some function h(t).

The next proposition, which is a trivial consequence of Proposition 3.1.1, describes
the asymptotic behavior, as t — 400, of the functions C(t, A;, \x) defined in (3.1.3).

Proposition 3.2.1. Let j,l € {1,...,q}, let \; € Aj and let N\, € A;.
If j <1, then
C(tv Ais )‘k) ~ e(rj_Tl)tCoo()\i7 )\k’)a t — 4o0.

If j > 1, then
C(t, Mis ) ~ e TR (8 A, M), — 400.
If j =1 and \; # \i, then

\/jl(wkfwi)t -1
C(t, \iy M) = el—DEE L t>0.
A — N

If j =1 and A\; = \g, then

Ct, Niy \p) = e ¢ > 0.

3.2.1 Asymptotic analysis of the condition number K,(t, A, o, E) with
direction of perturbation

The next theorem describes the asymptotic behavior of Ks(t, A, o, E), as t — 4o0.

Theorem 3.2.1.
If §** < 5%, then

q ~
> > 2 O (N, M) PBPyo
N78 n )\ZGA]** l:]* AkEAl 2 (7’-** 7T-*)t
Ko(t, A, yo, B) = ~ [ Ally et
1Qj+¥olly

+o(el" Tt 5 4o,
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If 7%* = 5%, then

~ A €A« 9
(t, A, y0, B) = [Allyt +o(t), t — +o0.
1Qs+Toll,
If 7% > 7%, then
q = o~
. ~ J=3"* MEA; A €A« 2
K2(t7A7 yOaB> = ~ ”AH2
1Qj+Yoll2
+o(1), t — +oc.
Proof. We write (3.1.1)-(3.1.2) as
q q
DDV C(t, \i, \i.) PiBPyyjo
J=3** NieN; I=5* M €N
(t,A,y0, B) - = 2|14, (3.2.1)
3 (e |Q,70ll,)
J=j*

Consider the numerator in (3.2.1). If 7** < j* then, by Proposition 3.2.1, the major
contributory terms C(t, \;, \;;) as t — +oo are obtained for j = 7** and then

q q
YoX 0> D Cltdi M)PiBPo

j= **}\EA l=j* A\ €N 2

q
= et ST ST S Coo (i M) PBR

)\‘EA'** l=5* A\ EN; 9

+o(el* 7Tt 5 fo0.

If j** = 7%, then the major contributory terms C(¢, A\;, Ax) as t — 400 are obtained for
j=1=j* and \; = A\t and then

q q
2. Z Z Z (t, A, \k) P BPiio
Jj=J €A;

ALEA; 9

= el =i | N PBPgo| +o (e(’”j**’”l)tt) , t— +o0.

i GA]-* 9
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If 7** > j*, the major contributory terms C(t, \;, \) as ¢ — 400 are obtained for [ = j*
and then

q q
Z Z Z Z C(t, Xis \i) P BPyo

J=g** )\iGAj l=j* M €N 9

S YOS Y () PBRG, +0((” )

J=0"* M€A; A €A+
t — +o0.

Consider the denominator in (3.2.1). The major contributory term as ¢t — +oo is
e =8| Q;+o]|, and then

q
,_ N2 G .
E (e(TJ rl)t”ijo”Q) Ne(r’] m)tHQj*yOH27 t — +00.
J=J*

Now, the theorem follows. O

Remark 3.2.1. Observe that the generic situation for the initial value yo and the di-
rection of the perturbation B is j* =1, j** =1 and

>~ PBPgy #0,
)\iEA1
where we have
S>> P.BPj,
)\iEA1

Q150

In the non-generic situation j* > 1 or j** > 1, the previous theorem shows that:

~

FQ(ta A7y0> B) ~

2| Allyt, t — +o0.

o if 7™ < j* and

q
Z Z Z Coo (Nis \i) PiBPyGio # 0,

)\iEA ek [=J% A €N
then Ko(t, A, yo, ) grows exponentially in t as t — 4o00:

q ~
> 2 2 O (N, X) PBBPYo
)\iGA]-** l=5* AL €N

1Q5+oll

~

FQ(t7Aay07B) ~

t — 4o00;

2 HA”Qe(rj**frj*)t
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o if 7 = 7% and R
> PBPj #0,
)\ieA]‘*

then Ks(t, A, yo, E) grows linearly int as t — +o00:

> P, BP;j

)\ieA]‘*

1Q5+%oll,

~

FQ(taAayﬂv B) ~

2|l Allgt, ¢t = +oo;

o if ¥ > j*, then Ks(t, A, yo,g) oscillates (due to the terms Cuo(t, Niy Ag) in
(3.2.1)), but it remains bounded as t — +o0.

3.2.2 Asymptotic analysis of the condition number K,(t, A, y)
The next theorem describes the asymptotic behavior of Ko(t, A, 1), as t — +oc.
Theorem 3.2.2. If j* =1, we have

K(t, A, y0) ~ || Allyt, t = +o0. (3.2.2)
If 7% > 1, we have the asymptotic lower bound
Do (Nis M) || P
max Do (Ai; M)l [Pyl
A€ LqJ A

Kt Ap0) 2 —— 5= 1A, (=7t
7" 2

t — 400
(3.2.3)

and the asymptotic upper bound

DS (2 \cooui,xk)\z) Tk

l:j* AkEAl )\iEAl
1Q;-oll,

K(t,A y) S

1A, el

t — 4o00.
(3.2.4)

Proof. We write the right-hand side of the upper bound (3.1.7) as

S Y Y S0 A AP | Pl

J=1LXNEA; I=5* A\€A

A5
I i—T1)t > 2

> (et IQ7oll,)

Jj=J*
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Suppose j* = 1. The major contributory terms C(t, A\;, \p) as ¢ — +oo in the
numerator are obtained for 5 =1 =1 and A\; = \; and then

q q
STNST ST ot a1 Pl

j:1 )\iEA]‘ l:j* )\kEAl

~ t]|Q1%olly, t — +oo.

The major contributory term in the numerator is ||Q1%o||, and then

q

- ~ 2 ~
> (et QsToll,)” ~ Q1T s t — oo
j=1

Thus
K(t, A o) S IAllyt, t — +oc.

Now, (3.2.2) follows by the lower bound (3.1.5).
Suppose j* > 1. The major contributory terms C(t, A\;, \p) as ¢ — +oo in the
numerator are obtained for 7 = 1 and then

q q
ST N ot a0 PPl

j:1 )\iEAj l:j* /\keAl

q
~ ST S 10O AP | 1Bl t - oo

l=7* Ap€A; \ €A

The major contributory term in the denumerator is e("5* ")t |Qj+¥ol|, and then

q

- ~ )2 e ~
Y (et QsTolly)” ~ € TIQy Tl s ¢ — oo,
j=1

Now, the asymptotic upper bound (3.2.4) follows.
Finally, we prove the asymptotic lower bound (3.2.3). By the lower bound (3.1.6),

we have Dt N )P
max |D (&, Ais M) | Pryoll

)\kGILqJ' Aj
Ko(t, A, yo) > —— Al -

\/ 35 (el [Qsiil,)°
J

w1 (M [Plnly ~ (Do O A0 1 Petally, £ oo
ALE LqJ A L€ LqJ A

Jj=5* Jj=5*

M=

1

By Proposition 3.2.1, we obtain
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Thus
D (t, i, A P
max 1D (t, Ai, Ak)| | Pryollo
A€ LqJ A
j=5*
- 1Al
- N2
h (=t Qo)
j:
Do (N\i, A P
)\I?ea[icl | oo( i k:)|” ky0||2
A€ LqJ A
j=5*
e(rj*—rl)t HQ]’*@\OHQ
and the asymptotic lower bound follows. =

Remark 3.2.2. The generic situation for the initial value yg is j* = 1, where we have
the asymptotic behavior (3.2.2) which is independent of yq.

It is interesting to observe that, for the problem (3.0.5), the condition number relevant
to the spectral norm of matrices is ||All,t in case of a normal matriz A (see [54]). So,
asymptotically as t — +oo, the condition numbers of the problems (3.0.2) and (3.0.5)
are equal for a mormal matrix in the generic situation 75 =1 for yg.

Remark 3.2.3. In the non-generic situation j* > 1 for yg, the previous theorem says
that

Es(t, A,yo) = O (el 777)) 4 o0

1
- =0 —(Tl—T’j*)t ’ t — +o0.
K2(ta A7y0) (6 ) ~

We also have

log Ko(t, A, y0) ~ (r1 — rj=)t, t — 400.

3.2.3 Asymptotic analysis of the condition number K,(t, A) indepen-
dent of the data

The next theorem describes the asymptotic behavior of Ko(t, A), as t — +oc.

Theorem 3.2.3. We have the asymptotic lower bound

K(t, A) 2 max [Doo(Ai, )| [[ Al 77", = oo,
A,’EAZ

and the asymptotic upper bound

K(t, A) < ||A]ly e %, t — foc.
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Proof. By the lower bound (3.1.10), we have
Ko(t, A) > max |D(t Aiy Ay)| [[All 77"
i€
ALEAg
~ Doo (i, )| | Al e 7m0t ¢ :
jmax | Doo(Ais M)l [| Al € , t— F00

2

ALEAg

By the upper bound (3.1.11), we have

Ko(t, A) < ”AZA [C(t, Niy M) [P (| Al et 7t

~ || Al e — 4o

Remark 3.2.4. The previous theorem says that

Ko(t,A) = O (e(“*’“q)tt) , t— 400
1

m =0 (e_(”_”)t> , t = +o0.

We also have
log Ko(t, A) ~ (r1 — 1) t, t = +o0.

3.3 Numerical tests

The numerical tests involve the condition number K»(t, 4, 1o). We consider skew sym-
metric matrices in the Example 3.3.1, with the aim to confirming Theorem 3.1.4, and
symmetric matrices in the Example 3.3.2, with the aim of confirming Theorem 3.2.2.

Example 3.3.1. Consider the following two cases of a skew symmetric matric A in
(8.0.1):

o the 2 X 2 matrix
0 3
A=
ol
which has the pair of pure imaginary eigenvalues +£3+/—1;

o the 4 x 4 matriz

0 2 -1 3

-2 0 -4 1

A= 1 4 0 2
-3 -1 -2 0

which has the two pairs of pure imaginary eigenvalues £5.7913+/—1 and
+1.2087y/—1.
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In Figure 3.1 , for both the skew symmetric matrices and for t in a uniform mesh
over the interval [0,50], we plot the mazimum of the values

@ FQ(ta A7y07§)

)

1Allt— llAll,¢

+0(1), e =0, (3.3.1)

over 10000 random selections of the unit matrix B. We consider the initial values
yo = (1,2) for the 2 x 2 matriz and yo = (1,2,3,4) for the 4 x 4 matriz. We take
e=10"%

For both matrices, as t varies, the mazimum of the values (3.5.1) is always close to
1, confirming Theorem 3.1.4.

For the matriz 2 x 2, we observe a slight deviation from 1 ast increases. This is due
to the error o(1), as e — 0, in (3.3.1).

The mazimum values for the 2 X 2 matriz are closer to 1 than the maximum values
for the matriz 4 x 4. This is due to the fact that much more than 10000 random selections
of the matrix B are necessary for having maximum values very close to 1, in case of the
matrix 4 X 4.

Example 3.3.2. Consider the following two cases of a symmetric matriz A in (3.0.1):

-2 1
=l

which has the eigenvalues —1 and —3;

o the 2 X 2 matriz

o the 4 x 4 matriz
-1 2 1 0

2 -1 0 -1
A=1/2 10 -1 =2 |
0 -1 -2 -1

which has the eigenvalues 1, 0, —1 and —2.

In Figure 3.2, for both the symmetric matrices and for t in a uniform mesh over the
interval [0, 15], we plot the mazimum of the values (3.3.1) over 10000 random selections
of the unit matriz B. We consider the initial values yo = (1,2) for the 2 x 2 matriz and
yo = (1,2,3,4) for the 4 x 4 matriz. For such initial values we have j* = 1 (the index
§* is defined at the beginning of Section 3.2). We take e = 1074,

For both matrices, ast varies, the mazimum of the values (3.3.1) tends asymptotically
to 1, after an initial hump. This confirms Theorem 3.2.2, case j* = 1. About the initial
hump, see Remark 3.1.2.

In Figure 3.3, for the 2x2 matriz and fort in a uniform mesh over the intervai[(), 15],
we plot the mazimum of the values (3.3.1) in 10000 random selections of matrix B, when
the initial values are yo = (1,1), which is eigenvector of the rightmost eigenvalue —1,
and yo = (1,—1), which is eigenvector of the other eigenvalue —3. We take e = 1074,
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Figure 3.1: For the skew symmetric matrices of Example 3.3.1, maximum value of
5(8)

% in 10000 random selections the matrix B, for ¢ varying from 0 to 50 with step 0.5.
The maximum values are the red points. The blue line is the constant value 1. Upper
part: 2 x 2 matrix. Lower part: 4 x 4 matrix.
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2
10000 random selections the matrix B, for ¢ varying from 0 to 15 with step 0.15. The
maximum values are the red points. The blue line is the constant value 1. Upper part:
2 x 2 matrix. Lower part: 4 x 4 matrix.
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For the initial value yo = (1,1), as t varies, the mazimum of the values (3.53.1) is
always close to 1. Since yg stays in the rightmost eigenspace, we have the same situation
of the case ¢ = 1, namely the condition number is equal to ||All2t (see Theorem 3.1.5).

For the initial value yo = (1,—1), as t varies, the maximum of the values (3.3.1) does
not tend asymptotically to 1, but it grows indefinitely, by confirming Theorem 3.2.2, case
JF> 1.

In Figure 3.4, for the 4 x 4 matrix and for t in a uniform mesh over the interval
[0,15], we plot the maximum of the values

IOg@ o 10gF2(t,A, y0a§>

(r1 — )t - (ry —rje)t +o(1), e >0, (3.3.2)

over 10000 random selections of matrix B. We consider the initial values yo=(1,1,-1,1),
which is eigenvector of the eigenvalue 0, yo = (—1,1,—1,—1), which is eigenvector of
the eigenvalue —1, and yo = (1, —1,—1,—1), which is eigenvector of the eigenvalue —2.
For these three initial values, we have j* = 2, 3,4, respectively.

For all initial values, ast varies, the mazimum of the values (3.3.2) tends asymptot-
ically to 1, by confirming Remark 3.2.5.

3.3.1 Behavior of the condition number for a non-normal matrix

Example 3.3.3. This example shows the behavior of the ration &:) for two non-normal

matrices A. The matrices are taken from MATLAB gallery test in the following manner
o A = gallery('lesp’,n) with dimension n = 10.
e A = —gallery('parter’,n) with dimension n = 10.

We take e = 107, In figure 3.5 for both these matrices and for t in a uniform mesh
over the interval [0,15], we plot the mazimum of the values given by (3.3.1) in 10000
random selection of the unit matrix B. We consider the initial value Yyo=(1245672
4 6 8) for the matriz lesp’ and yo=(9 10 2 10 71 3 6 10 10) for the matriz ‘parter’. In
both cases we observe the mazimum of the values (3.3.1) remain close to 1 as t varies.

We conclude this section by illustrating the procedure of the random selection of the
unit matrix B, namely the random selection of the direction of perturbation.
Fixed the order n of the matrix, we construct the Singular Value Decomposition
B=UTV

of the matrix B , where U and V' are n xn randomly selected orthonormal matrices and T'
is a n x n diagonal matrix with diagonal (01,09, ...,0,), where 01 =1 and o9,...,0, €
[0,1] are randomly selected. Our computations are implemented in MATLAB and, for
the random selections of U, V and T, we use:

U = orth(rand(n))

V = orth(rand(n))

T = diag([1,rand(1,n — 1)]),
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where the MATLAB function orth(C) computes a matrix whose columns are an or-
thonormal basis of the range of C, and the MATLAB function rand(p,q) computes a
p X ¢ matrix of uniformly distributed elements in [0, 1] (rand(p) is rand(p,p)).

By constructing the matrix B as

~ B
B= 00
1Blly
where B is obtained in MATLAB by
B = rand(n),

does not give good results, since this procedure misses some directions of perturbation.

3.4 Conclusion

In this chapter, we have studied the conditioning of the problem
A ey,

namely how a perturbation in the matrix A € R™*" propagates to e!“yy. We considered
the case of a normal matrix A, perturbed to a possibly non-normal matrix, and three
condition numbers have been analyzed:

e the condition number Fg(t,A,yg,E) with direction of perturbation defined in
(3.0.10);

e the condition number Ks(t, A,yo) defined in (3.0.12);
e the condition number Ks(t, A) independent of the data defined in (3.0.15).

The euclidean norm is used as vector norm ||-|| and the spectral norm |||, is used as
matrix norm. The spectrum of the normal matrix A has been partitioned by decreasing
real parts in the subsets Aq,...,A;, where the eigenvalues in A;, j = 1,...,q, have real

part rj, and r; > --- > 14 holds. We denoted by j* the minimum index in {1,...,q}
such that yo has a non-zero component on the sum of the eigenspaces relevant to the
eigenvalues in A;. The generic situation for yg is 7% = 1.

Regarding the condition number K2 (t, A,o), we have obtained the following results:

e if A is shifted skew-symmetric, then Ka(t, A, o) is equal to ||A||2t .

e If A is not shifted skew-symmetric and j* = 1, then K2(t, A,o) is asymptotically,
as t — 400, equal to || A||2t.

e If A is not shifted skew symmetric and j* > 1, then K(t, A, yg) grows exponentially
in t and log K»(t, A, yo) is asymptotically, as t — 400, equal to (r; — rj«)t.

Regarding the condition number K3 (t, A) independent of the data, we obtained the
following result:
e Ky(t, A) grows exponentially in ¢ and log Ka(t, A) is asymptotically, as t — +o0,
equal to (r; —rq)t.



Chapter 4

Perturbations in the initial value:
a componentwise relative error
analysis

In chapter 2, we have studied the conditioning of the problem
yo — €y,

i.e how the error »
_ go — woll

190l
is magnified in the error
sty — 1) — w0l
ly (@)l
where yg is the perturbation of yo and y(t) is the perturbed solution.
In some cases, we can be interested in the relative errors

_ i -uwl

8i(t) = ) =1,....n (4.0.1)

of the perturbed solution components.

These componentwise relative errors can be very different from the normwise relative
error §(t). Indeed, we can have a small §(¢), but some large componentwise relative error
91(t). Viceversa, if all the componentwise relative errors 0;(¢) are small, 6(¢) is also small
(see Remark 1.3.1).

Measuring relative errors by means of the norm has a few drawbacks. One of its draw-
backs is that normwise errors cannot exactly convey the effect of perturbation in small
parts of the data, (either input or output). Since the norm measures the global size of
perturbation. It does not take into account the structure of the data in sense of scaling
and /or sparsity.

54
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To handle the problem arising by the use of a norm in the relative error, two types
of condition numbers, namely mixed condition numbers and componentwise condition
numbers, are emerging in the field of numerical linear algebra. For the mixed condition
numbers, we use the normwise relative error §(t) for the output data and the following
componentwise relative error

RelErr(y,y) = max M
i=1,....,n |y2|

given in (1.0.1) for the intput data. At first, a few authors such as Skeel [68], Rohn [67]
has given explicit expression for such condition numbers. Later the subject has been
studied by many other authors for instance see [16, 21, 52, 71, 80]. For the componen-
twise condition numbers, we use componentwise relative errors both for the input and
output data.

In this chapter, we consider yet an other approach where we use the normwise relative
error € for the input data and the componentwise relative errors given by (4.0.1) rather
than the relative error given by (1.0.1) for the output. We comment that a componen-
twise relative errors ;(t) can give more information than the normwise relative error
d(t). However the error 0;(t) has the drawback to become infinite when the component
y1(t) becomes zero. Note that the normwise relative error §(¢) remains finite if some
component (but not all) of the solution becomes zero.

In this chapter, we assume that the matrix A is diagonalizable, that is a generic
situation for the matrix A. We study the (relative) conditioning of the problem

yo — yi(t) = elTetAyo, (4.0.2)
where e'lf is the [-th vector of the canonical basis of R", for a given arbitrary component
index [ =1,...,n.

The content of this chapter is substantially the paper [26].

The chapter is organized in the following manner. Section 4.1 is devoted to define
two condition numbers. Section 4.2 of the chapter gives the condition numbers for the
diagonalizable matrices. The asymptotic behavior of these condition numbers is given
by section 4.4. To testify our analysis we make a few numerical tests that are given in
section 4.5 of the chapter. Finally, the conclusion is given in section 4.6.

Remark 4.0.1. Since yo # 0, the error € is well-defined. On the other hand, it could
happen to have y;(t1) = 0 for some t; > 0. We could consider the error §;(t1) not defined,
or equal to 400 and indeterminate for y;(t1) # 0 and y;(t1) = 0, respectively. However,
we are not interested in studying §;(t) for t close to t1, because the relative error loses
its importance in favor of the absolute error when y;(t) is close to be zero.
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4.1 Condition numbers

By substituting the expression

in the equation (4.0.1), we get

T tA~ T tA
5i(t) = le; et Yo — € et y0|’

|elTetAy0\

and by writing the perturbation in yo as yo = yo + € ||yo|| 20, where Zy € R™ is a unit
vector, i.e. ||Zp|| = 1, we obtain

ai(t) = Ki(t, A, yo, 20)e, t >0, (4.1.1)
e Ki(t, A, yo, %) /%) (4.1.2)
y 4,Y0,20) = T a4~ N
l Yo, 20 ’erlfetAyO‘
with 7o = ”Z—g” We define K;(t, A, yo0,20) as the condition number with direction of

perturbation of the problem (4.0.2). The formula (4.1.1) is of theoretical interest and,
from the practical point of view when there is no information about the direction of
perturbation, we can write

0 (t) < Ki(t, Ay yo)e, 120,

where
oy = llete?]
Kl (tu A7 ?JO) ‘= Ssup Kl (t) A7 Yo, ZO) = T T $A~ | (413)
ZER™ !61 etAyo|
IZll=1
with ||ef'e!4|| the matrix norm of the row vector ef e’ relevant to the vector norm || - ||.
We define K (t, A,yo) as the condition number of the problem (4.0.2).

In the next section, we analyze the conditions numbers (4.1.2) and (4.1.3) by assum-
ing that A is diagonalizable. This is a generic situation for the matrix A. A generic
situation for A or yg or zp, means that A satisfy a property which is generic according to
measure theory definition (the complementary property corresponds to a zero measure
subset) or the topological definition (the property corresponds to a dense open subset)
given for example in [10, ch.2] see also [5, 48, 50, 82]. Roughly speaking, a generic
situation considers ” typical” not ”exceptional” cases.

4.2 Condition numbers for a diagonalizable matrix

Let A be a diagonalizable matrix. We partition the spectrum A of A in the same manner
as in Chapters 2 and 3.
Fori=1,...,p, let 0@V . o

i) be a basis for the eigenspace of the eigenvalue \;,
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where v; is the multiplicity of \;. Let V' € C™*" be the matrix of columns BICHRICLOR
i=1,...,p, and let W = V~1. We denote the rows of W by w®D .. . wl¥) ;=
1,...,p, correspondly to the columns of V. Of course, we have A = VDV ~!, where D
is the diagonal matrix with the eigenvalues of A on the diagonal.

Observe that the transposes of rows of W are eigenvectors of A”. In fact, we have

A=VDV'=VDW
AT = wTpw—HT
AT = wTpwT)-L
For i =1,...,p, the projection P; € C™*™ on the eigenspace of \; is given by
P =vOWw®, (4.2.1)

where V() ¢ C" ¥ is the matrix of columns v, ... v(¥) and W ¢ C¥*" is the
matrix of rows w®1) . w(vi),
Finally, for i = 1,...,p, let w; be the imaginary part of the eigenvalue \;.

The next theorem gives expressions for the condition numbers Kj(¢, A, yo,20) and
Ki(t,A,y0), I =1,...,p. Here and in the following, /—1 denotes the imaginary unit.

Theorem 4.2.1. We have

q
E e(rjfrl)t Z e\/flwitelTPi’z\O
=1 )\iEAJ‘

Kl(t7A7y0720) - p (422)
Z e’r‘j—Tlt Z eﬁwitefpigo
j=1 Ai€EA;
and
q
2 7']77"1 )\ZA e\/jlwite’lfpi
Ki(t, A, yo) = = e (4.2.3)
q

Z (rj—r1)t Z e‘/_lwl'telTPiﬂo
7=1 )\Z‘EAJ‘

Proof. Since A is diagonalizable, we have
q
= Z MNP = Ze”t Z eV-lwit p, (4.2.4)
AiEA 7=1 )\Z’GAJ'

Substituting (4.2.4), in equation (4.1.2), we obtain

q
Z elri—ri)t Z e\/jlwitelTPigO
j:1 /\ieAj

Z erit Z \/7th TPZ()
—~ j=1 Xi€A;
Kl(taAa yO,ZO) =
it 3 evTleitel B
j=1 Xi€A;

q
Z elrj—r1)t Z e‘/—lwitelTPiﬂo
j=1 Ai€EA;
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Now, to obtain the condition number independent of direction of perturbation, we sub-
stitute expression given by (4.2.4) in (4.1.3) and we get

q q
it vV—1lw;t )T i—r1)t vV—1lw;t T
Zlerj )\ZA e Wi €] B ' 1e(rj 1) )\ZA e Wi € Pl
j= €A, j= ;€A
Kl (tv Aa yO) - — : : .
q q
Z erit Z e\/flwitelTPi@\O e(rj—'rl)t Z e\/flwite'lfpigo
j=1 MEA; j=1 €A

Remark 4.2.1.

1. In (4.2.2) and (4.2.3) all the exponentials e"i=")t j =2 ... q, have r; —r1 <0 so they
are vanishing functions of t.

2. For a pair of complex conjugate eigenvalues A; and A\ = i, we obtain (since P, = P;
where P; is the matriz whose elements are the complex conjugates of the elements of P;)

e\/jl“”telTPi + e‘/jl“’“te;ka = eﬁ“’ite;‘rPi + e\/jlwitelTPi = 2Re (e‘/jl"“te;‘rPi) .
Then, in (4.2.2) and (4.2.3) we have, for j=1,...,q and \; € A,

E eVlwitel P = E el P42 E Re (ev 4“”6?3) .
A EA; AiEA; A EA;
Ai€R w;>0

4.3 Asymptotic analysis

The next theorem describes the asymptotic behavior, as ¢t — +o00o, of the condition
numbers K;(t, A, yo,20) and K;(t, A,yo), Il = 1,...,p. We use the notation
f(®)

ft) ~g(t), t = 400, for lim

=1
t—+oo g(t) ’

already used in the previous chapters.

Theorem 4.3.1. We have

Z eV _lw"telTPig()
)\iEAJ‘**

Kl (ta A7 Yo, /Z\O) ~ e(rj**irj* )t

, t — 400, (4.3.1)

> ev-lwitel By
)\ieAj*

Z e\/—lwiteli"])i
)\ieAF*

Kl(taAv yO) ~ e(’”j* _Tj*>t , t — 400, (432)

> ev-lwitel By
)\ieA]'*
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where

4% := min {j €{l,...,q} : el Pigo # 0 for some \; € Aj}

7** := min {j €{l,...,q} : e} P;Zy # 0 for some \; € Aj}

j= min{j €{l,...,q} : el P, # 0 for some \; € Aj}.
Proof. For the numerator or denominator in (4.2.2) we have, with u = Zp and j(u) = j**
or u = Yo and j(u) = j*,

q
S et 3T oV ety = | ST e(riw—)teV=Twit T py| (1 4 E)
j=1 )\iEAj AiEAJ(U)

with

q
Z e(rj_Tj(u))t Z e\/jlwitelTPiu
j=j(u)+1 AiCA;

S el Y oVl Tpy

e =)t > eVlwitel Py
)\Z‘EAj<u>

S eV —1“’itelTPiu
A€ (u)

Now, by letting t — 400 (see point 1 in Remark 4.3.1 below), we obtain (4.3.1). Simi-
larly, we obtain (4.3.2). O

Remark 4.3.1.

1. In (4.8.1) we assume there exists o > 0 such that

A, =<t >0: Z ev_l“”telTPi?O > o and Z e\/jlwitelTPizjo >0 (4.3.3)
)\iEAj*x AiEAJ‘x

has +00 as an accumulation point. In (4.3.1), we consider t — 400 with t € A,. Analo-
gously, in (4.3.2) we assume there exists o > 0 such that

B, =Xt>0:| Y e/ el Pgl >0 (4.3.4)
Xi€A

has +00 as an accumulation point. In (4.3.2), we consider t — +o0o with t € B,.

2. We have j° < j* and then r+ — 1+ > 0 in the exponential olra= =)t i, (4.8.2) and so it
is an increasing function of t .

3. A generic situation for A, yo and Zy is j* = j** =] =1, where we have, as t — 00,

z eV _1w1t€lTPi/Z\o
A€M

Kl(t7 A7y07 20) ~

> evTlwite] Py
A€M
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Z e\/—lwitel’TPi
Ai€A1

Kl(tv Aa yO) ~

> eV-lwitel Py
N ENq

The next theorem considers the generic situation for A, yg and zy described in point
3 in the previous remark, namely j* = j* =" = 1.

Theorem 4.3.2. Suppose that A is diagonalizable and it has a unique real eigenvalue
1 of multiplicity one, or a unique pair \1 and Ao = \; of complex conjugate eigenvalues
of multiplicity one, as rightmost eigenvalues. Let v be an eigenvector of A1 and let w be
the first row of W = V=1, V being the matriz of the eigenvectors with v as first column.
Letl =1,...,n such that vy # 0. If wyp # 0 and wzy # 0, then, as t — +oo,

|wZ|
[wol

Ki(t, A, yo,70) — and Ki(t, A, yo) = —— (4.3.5)

when the rightmost eigenvalue is the real eigenvalue and
’Re (eﬁwltvlw> 20‘
’Re (eﬁwltvlw> g/]()‘

[Re (et
‘Re <eﬁw1tvlw) @0‘
(4.3.6)

Kl(tyAvyﬂa/Z\O) ~ and Kl(taAa yO) ~

when the rightmost eigenvalues are the complex conjugate pair.

Proof. We have (see (4.2.1)) Py = vw and then el Py = vjw # 0, el Pigo = vjwio # 0
and el P1Zy = vjwzy # 0. So j* = j** = 77 =1 and then (see point 3 in Remark 4.3.1),
as t — +o0,

‘e;‘rplgol . [wZo|
Bt Avo-20) ~ 1B 5T = g
and H [ H
eI'p [Jwl|
Ki(t, A, yo) ~ - = wi
!t A, o) el Prio|  [wiol

when the rightmost eigenvalue is the real eigenvalue.
When the rightmost eigenvalues is the complex conjugate pair

’ eﬁ“’ltelTPl + eﬁw?telTP2> 20
Ki(t, A, yo, z0) ~

‘ (ev *1‘”1telTP1 + eV *1w2telTP2) 370‘
Since A\ = )9, and eV *1w2telTP2 = eV _1W1telTP1, we obtain

‘Re (eﬁwltvlw) Eo‘

Kl(t7 A7 Yo, ZO) ~
‘Re (eﬁwltvlw> /y\o‘
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Similarly, we get

ot o] (o)
‘ (eﬁwltelz“pl + eﬁwztelTPQ) go‘ ‘Re (eﬁwltvlw) 170’

Kl(tv Aa yO) ~

Remark 4.3.2.

1. In the theorem we suppose that A is diagonalizable and it has a unique real eigenvalue
of multiplicity one, or a unique pair of complex conjugate eigenvalues of multiplicity one,
as rightmost eigenvalues. This is a generic situation for A. Moreover, also vy # 0 for
any l =1,...,n is a generic situation for A. Finally, wyy # 0 and wzy # 0 are generic
situations for yo and Zy.

2. When the rightmost eigenvalue is the real eigenvalue, there exists o > 0 such that A, = RT
and there exists ¢ > 0 such that B, = R (remind (4.3.3) and (4.3.4)). So in (4.5.5)
we can constder t — +0o0 without restrictions on t. Moreover, observe that the limits in
(4.8.5) are independent of | (independent of the particular component).

3. In (4.3.6), by setting

— ~ w ~ -
v = |vl|eﬁa’, w = Tl = (\wﬂeﬁﬁ’“)

(observe that @ is a unit vector and, if || - || is a p-norm, || <1, k=1,...,n) and

k=1,....n

o~ ~ —1~(T o~ o~ —1~(3
WYy = |wy0|e\/ w(yo)7 W3y = |wzo|eV ( 0)7
we can write

[Re (V4 0w) 20| jeos (wnt + oy + 7 Go))| |50
[Re (v rtow) o] Icos (@it +ar+ 7 G0))  |&50l’

HRe (eﬁwltvlw)“ H(|ﬁ)\k|cos (Wit + a1+ Br))pei...m 1

[Re (T tupw) o] feos (@it + i +7 G gl

So, the long-time oscillations of K;(t, A, yo,20) and K;(t, A,yo) are scaled by the factors
|@0Zo| _ |wZol _

[ogol — Twyol [@go] — [wiol’
component). Moreover, observe that

respectively, independent of | (independent of the particular

A, = {t>0:]|cos(wit+a;+7(20)) |- v+ |wzo| > o
and | cos (w1t + ay +7 (o)) | - [vi] - [wyo| > o}
and
By ={t>0:]|cos(wit +a;+v(Ho)) | |ul-|wyo| > o}

Thus, there exists o > 0 such that A, and B, are countable unions of intervals (whose
lengths are uniformly away from zero) with +00 as an accumulation point.
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4.4 Numerical test

We show two examples with the matrix A taken from the MATLAB gallery test. We use
the euclidean norm || - || = || - ||2 for measuring the relative error of the perturbation
of Yo-

In the first example, we consider A = gallery('lesp’,n) with dimension n = 10.

The matrix has ten real eigenvalues: the rightmost is —4.5491. In Figures 4.1 and
[[ef’e |

4.2, for two different initial values yg, the graphs of t — K(t, A, yo) = T oAz (blue
1
line), I = 1,2,3,4, are plotted along with the constant value Iﬂv%l)ll (red line). Just for a

lT etA

comparison, in Figure 4.3 we see the graph of ¢ — He , Where HelTetAH is the worst
magnification factor of the absolute error at the time ¢.

In the second example, we consider as A = —gallery('parter’,n) with dimension
n = 10. The matrix has five complex conjugate pairs of eigenvalues: the rightmost pair
is —0.9066 £ /—1 - 2.7709. In Figures 4.4 and 4.5, for two different initial values o,

we see the graphs of ¢t — Kj(t, A,y0) (blue line), I = 1,2,3,4, along with the graph of
[Re(ev—Tttvw)
‘Re(e\/jlwltvlw)ﬂd
we see the graph of t — HefetAH for the absolute error.

In both examples, the asymptotic behavior described in Theorem 4.3.2 is confirmed.
Observe that the peaks of K;(t, A, yop) not shown in Figures 4.2 and 4.4 are not of interest,
because the components of the solution become zero at the peaks and the important error
becomes the absolute error (recall point 1 in Remark 4.0.1). As remarked in point 3 of

[[w]]

Remark 4.3.2, the quantity of interest in Figures 4.2 and 4.4 is the scale factor o] of

(red line) and the constant value L] (yellow line). In Figure 4.6,

t—
[wyol

the oscillations (the constant yellow line).

4.5 Conclusions

In this chapter we have studied the propagation of a perturbation in the initial value
along the solution of a linear ODE. A normwise relative error is used for the perturbed
initial value and componentwise relative errors are used for the perturbed solution.

e The main result of the paper says that in the generic situation of a linear ODE with
a diagonalizable matrix having a real eigenvalue of multiplicity one, or a complex
conjugate pair of eigenvalues of multiplicity one, as rightmost eigenvalues, the error
in the initial value is magnified in the components of the solution, in the worst case,
by the factor Hq“uliy”(ﬁo“ over a long-time, where yq is the initial value and w is the
first row of the inverse of the eigenvectors matrix (i.e. w’ is an eigenvector of A7
relevant to the rightmost real eigenvalue or to the rightmost complex conjugate
pair). The magnification factor is the same for all the components. In case of
a complex conjugate pair of eigenvalues, as rightmost eigenvalue, oscillations are
present in the long-time relative error of the perturbed solution.

e In non-generic situation, the magnification in the components of the solution of
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Figure 4.1: K;(t, A,yo) (blue line), [ = 1,2, 3,4, along with the constant value
1.0143 (red line) for yo = (1,...,1). The abscissas are the times t € [0, 3].
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Figure 4.2: K(t,A,yp) (blue line), for [ =
Al — 49 3891 (red line) for yo = ((—1.2)!)—1...

[wyol

w

[[wl
lwiol

L L L L L L L
0 05 1 15 2 25 3 35

0 05 1 15 2 25 3 35

1,2,3,4, along with the constant value

10- The abscissas are the times ¢ € [0, 4].
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Figure 4.3: HelTetA” (blue line) for I = 1,2,3,4. The abscissas are the times ¢t € [0, 4].
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Figure 4.4: K;(t, A,yo) (blue line) for | = 1,2, 3,4, along with

line) and the constant value
are the times ¢ € [0, 8].
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Figure 4.5: K(t,A,yo) (blue line), for [ = 1,2,3,4, along with [Re(eV T oy g0)
(red line) and the constant value |l|lj:71)|| = 18.4079 (yellow line) for yg =

(0.9,-1.4,0.2,0.2,—0.2,0.9,—0.4, —0.8,0.3,0.5). The abscissas are the times ¢ € [0, 8].
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Figure 4.6: ||ef'e'|| (blue line) for I =1,2,3,4. The abscissas are the times t € [0, 8.
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the initial value error is, in worst case, scaled by an exponential factor increasing
in time.



Conclusion

This thesis studies how perturbations either in the initial value yg or in the matrix A
propagate along the solution of the following linear ODE

where A € R™™ and yo € R and y(t) = 'y is the solution of the equation.

The error in input and output data is measured in a relative sense. To quantify errors
we use the euclidean norm as a vector norm and the spectral norm as a matrix norm.
We also give the componentwise relative error analysis, 1.e. by considering how pertur-
bations in the initial value propagate in each component of the solution.

We describe the relation between relative error in the input data and output data by
defining three condition numbers. The three condition numbers are: a condition number
with the direction of perturbation, a condition number independent of the direction of
perturbation (this is the classical definition of condition number for a problem) and a
condition number independent of specific data. We study these condition numbers in
great depth in the case the when the matrix A is a normal matrix for normwise error
analysis and in the case when A is a diagonalizable for the componentwise analysis.
We give very useful upper and lower bounds on these condition numbers. A prominent
aspect of the thesis is the long term behavior of these condition numbers.

Of course, beyond this thesis further work needs to be done. In particular, the general
case of an arbitrary matrix, not necessarily normal, has to be developed.

We comment that the condition numbers developed in this thesis are different from
the condition number one can find in many papers in literature. Perturbation analyses
found in literature do not take into account the role of the initial value which is part of
our study, as we are dealing with a vector quantity ey rather than a matrix quantity
e!4. Another difference is that the present study considers the analysis of dependence
of condition numbers on time ¢ which is missing in previous studies.

We address a few observations below.

67
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e Specific structural conditions on the matrix A. For example, consider

A:

> O QR
QU O o

0
c
0

and the perturbation matrix A is given by A = A + €||A|| B, where B is the
direction of perturbation. It makes sense to consider only perturbations in the
non-zero elements of the matrix A, and so consider B possessing the same structure
as of the matrix A i.e.

z 0 y
B=10 z 0
y 0 w
So, we have condition numbers: K (t, A, yo, B A) with B with this particular struc-
ture; X
K(t’ A’ yO) = . sup K(tv Aa Yo, B)
BeR™x™
I1B][}=1

where B is taken over all unit matrices B of this particular structure and

K(taA) = sup K(tv A?Z/O)
yoER™
Yo#0

e Suppose we have nonhomogeneous linear ODE i.e.

{ y'(t) = ()+f() t>0,
y(0) =
where .
y(t) = ey + / =4 f(s)ds (4.5.2)
0
is the solution of the equation. By considering perturbations in the initial value

Yo, we observe that the absolute errors of the solution (4.5.2) and of the solution
of the homogeneous problem remains the same. Since

t
3(t) = Mo + / )4 1 (5)ds
0

we have

15(t) = y(@)| = [l g0 — €0l
On the other hand, the relative errors of homogeneous and nonhomogeneous equa-
tions are different. The relative error for the nonhomogeneous linear ODE is given
by
e ol

(1) = K(t, A, yo, %) - o €
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where € is the relative error in the initial value and K (t, A, yo, 20) is the condition
number with the direction of perturbation of homogeneous problem. The relation
between ((t) and € can be interesting and useful to know. We have the same
observation for the case when the matrix perturbs.

The perturbation analysis of this thesis could be used for inferring something about
the expected behavior of a numerical integration of the ODE (4.5.1) by interpreting
the numerical errors as perturbations in the matrix A.

In the case of a slowly verying normal matrix A(t), we can make use of results in
this thesis by replacing A(t) by its average over a long period of time

_ L [T
A= T/o A(s)ds
which is a matrix constant in time. Now suppose A(t) is perturbed to
A(t) = A(t) + e(t) | A1) | B

where B (t) is slowly verying. In the context where we replace A(t) by its average
A, we can consider the time constant perturbation of A.

A=A +e|4| B

where  and B are the averages over the time 7' of €(t) and B(t).
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