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Scattering through a natural porous formation (by far the most ubiquitous example of8

disordered medium) represents a formidable tool to identify effective flow and trans-9

port properties. In particular, we are interested here in the scattering of a passive10

scalar as determined by a steady velocity field which is generated by a line of singular-11

ity. The velocity undergoes erratic spatial variations, and concurrently the evolution12

of the scattering is conveniently described within a stochastic framework that regards13

the conductivity of the hosting medium as a stationary, Gaussian, random field. Un-14

like the similar problem in uniform (in the mean) flow-fields, the problem at stake15

results much more complex. Central to the present study is the fluctuation of the16

driving field, that is computed in closed (analytical) form as a large time limit of the17

same quantity in the unsteady state flow regime. The structure of the second-order18

moment Xrr, quantifying the scattering along the radial direction, is explained by the19

rapid change of the distance along which the velocities of two fluid particles become20

uncorrelated. Moreover, two approximate, analytical expressions are shown to be21

quite accurate in reproducing full simulations of Xrr. Finally, the same problem is22

encountered in other fields, belonging both to classical and to quantum physics. As23

such, our results lend themselves to being used within a context much wider than24

that exploited in the present study.25
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INTRODUCTION AND PROBLEM FORMULATION27

Scattering processes generated by source (typically well) type flows represent one of the28

most powerful tool to estimate flow and transport parameters of aquifers (Rubin, 2003). In29

reservoir engineering, quantitative interpretation of scattering in radial-type flows entails30

designing well completion, packer setting, and coring section. Moreover, in the search of oil31

and gas, the study of scattering is used as a tool for isopach mapping, as well as conver-32

gence mapping. The ultimate aim is to obtaining reservoir engineering data of equal (if not33

greater) reliability than those secured by core testing. This is particularly relevant in highly34

permeable reservoir formations (Tarek, 2018). In the theory of composites, the study of35

scattering of tracer particles in fluid-saturated porous media is relevant for chromatography,36

and catalysis (Milton, 2002).37

In the present study, we are interested into scattering as generated by an injecting line-38

source embedded in a porous formation (FIG. 1). The medium is, as a rule in natural39

FIG. 1. Sketch of scattering in the vertical (a)-view) and planar (b)-view) section, as generated by

a (red) line of singularity. Continuous (black) line represents the current particle front X, whereas

the dashed line refers to the mean front 〈X〉. Moreover, X ′ = X − 〈X〉 and u are the particle

trajectory fluctuation and the velocity field, respectively.
40

41

formations, disordered (i.e. heterogeneous) with the conductivity K, in particular, changing42
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erratically in the space by orders of magnitude. Such variability affects tremendously scat-43

tering, as demonstrated both theoretically (Koplik, Redner, and Hinch, 1994; Le Borgne,44

Dentz, and Carrera, 2008) and experimentally (Kurowski et al., 1994). The approach to45

account for these variations, and to model the associated uncertainty, is to regard the log-46

conductivity lnK (x) as a stationary, Gaussian, random field. As a a consequence, the47

dependent flow and transport variables become stochastic, and we wish to characterize scat-48

tering by means of the first and second-order spatial moments:49

〈X(t)〉 = R (t) , 〈X ′

m(t)X
′

n(t)〉 = Xm,n(t) m,n = 1, 2, 3 (1)50

(hereafter 〈〉 shall denote the ensemble average operator). Before proceeding further, it is51

worth reminding that (1) is valid under the ergodic condition, the requirement that allows52

replacing spatial averages with their statistical ensembles. For the problem at stake, ergod-53

icity is met provided that the length ℓw of the line is much larger than the vertical integral54

scale Iv of lnK (Dagan, 1989). Since ℓw ∼ O (1÷ 10m) and Iv ∼ O (10−2 ÷ 1m), ergodicity55

is fulfilled in most of the real situations.56

Thus, central for the study of scattering are the mean R and the fluctuation X ′ = X−R57

of the trajectory X ≡ X (t) of a fluid particle (FIG. 1). Unlike scattering driven by mean58

uniform flows (an exhaustive overview can be found in Dagan, 1989), here computing the59

fluctuation X ′ is an extremely complex problem (see, e.g. Tartakovsky, Tartakovsky, and60

Meakin, 2008), due to the strong coupling of the velocity field V with the spatial variability61

of K. A simplification is achieved (for details, see Indelman and Rubin, 1996) by dealing62

with a medium characterized by σ2
Y ≪ 1 (weakly heterogeneous formation), which leads to63

the following system of equations:64











Ṙ = U (R) , R (0) = R0,

Ẋ ′ −∇U ·X ′ = u (R) , X ′ (0) ≡ (0, 0, 0) ,
(2)65

being U ≡ 〈V 〉 and u = V −U the mean and the fluctuation of the velocity, respectively.66

In order to compute the latter, we start from the governing flow equation:67

−∇ · [K (x)∇H (x)] =
Q̄

〈K〉 K (0, 0, x3) δ (xr) , lim
x→∞

H (x) = 0 (3)68

(Severino and Cuomo, 2020), where the specific energy (head) H ≡ H (x) is related to the69

velocity V via the constitutive model V = − (K/n) ∇H (x). The porosity n, in line with the70
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experimental data (see, e.g. Rubin, 2003), is regarded as a given constant, whereas Q̄ is the71

specific (per unit length) strength. We cast the mathematical problem (3) in dimensionless72

form by introducing the scaled coordinate x/ℓc, where the characteristic length-scale will73

be chosen later on. Hence, introduction of the normalized fluctuation Y ≡ ln (K/KG)74

(KG ≡ exp 〈lnK〉 is the geometric mean) transforms eq. (3) (for simplicity we keep the75

former notations) as follows:76

−∇2H (x) = Qδ(xr) +∇Y (x) · ∇H (x) , Q ≡ Q̄

〈K〉 ℓc
, (4)77

where we have accounted for K (0, 0, x3) δ (xr) ≡ K (x) δ (xr). Solving eq. (4) is a formidable78

and quite complex task, with no exact solution. As a matter of fact, one has to sort79

with approximate methods. In the present paper we adopt a strategy which ultimately80

leads to simple (analytical) results. More precisely, we expand the head into asymptotic81

series H = H(0) + H(1) + . . . of Y with H(n) = O (Y n), and substitute into (4) to get the82

governing equations for the leading-order term H(0) and the fluctuation H(1):83

−∇2H(0) = Qδ(xr) ⇒ H(0) (xr) = − Q

2π
ln xr, −∇2H(1) (x) = ∇rH

(0) (xr) · ∇rY (x) , (5)84

being ∇r ≡
(

∂
∂x1

, ∂
∂x2

)

the gradient in the horizontal plane. Once the second of (5) is85

solved, the mean U = 〈V (xr)〉 and the fluctuation u of the velocity field are obtained upon86

expansion of the constitutive model, i.e.87

U (xr) =
QKG

2πnxr

, u (x) = U (xr)Y (x)−
(

KG

n

)

∇H(1) (x) . (6)88

Hence, the mean R and the fluctuation X ′ of the trajectory are computed by carrying out89

the quadrature in (2) with zero initial condition, i.e.90

R (t) =

(

Qt

nπ

)1/2

, X ′ (R) = U (R)

∫ R

0

dxr
u (xr, θ, 0)

U2 (xr)
(7)91

(we have switched to R as independent variable, and taken ℓc/KG as characteristic time92

scale). Moreover, since we are concerned with radial scattering, we have set x3 = 0. The93

second-order moment Xrr writes as:94

Xrr (R) =
〈

X ′ 2
〉

= U2 (R)

∫ R

0

∫ R

0

dx′

r dx
′′

r

urr (x
′

r, x
′′

r)

U2 (x′

r)U
2 (x′′

r)
. (8)95

It is worth noting that the covariance urr (x
′

r, x
′′

r) ≡ 〈u (x′

r)u (x
′′

r)〉 does not depend upon the96

anomaly θ, due to the axial symmetry of the mean flow, and it is obtained straightforwardly97

from the second of (6), the final result being:98
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urr (x
′

r, x
′′

r) =σ2
Y ρY (|x′

r − x′′

r |)U (x′

r)U (x′′

r) +

(

KG

n

)2
∂2

∂x′

r∂x
′′

r

〈

H(1) (x′

r)H
(1) (x′′

r)
〉

−

KG

n

[

U (x′

r)
∂

∂x′′

r

〈

Y (x′

r)H
(1) (x′′

r)
〉

+ U (x′′

r)
∂

∂x′

r

〈

H(1) (x′

r)Y (x′′

r)
〉

]

. (9)

Thus, central for the present study is the fluctuation H(1) that is derived as:99

H(1) (x) = Q

∫

dx̄G∞

3 (x− x̄)
∂Y (x̄)

∂x̄m

∂G∞

2 (x̄r)

∂x̄m

(m = 1, 2) (10)100

(Fiori, Indelman, and Dagan, 1998), where101

G∞

d ≡ 1

4π











ln x−2
r d = 2

x−1 d = 3
(11)102

is the d-dimensional steady Green function. Moreover, xr and x represent the position in R
2

103

and R
3, respectively. It is convenient to write the head’s fluctuation (10) as H(1) (x) =104

Q/ (2π)3/2
∫

dkỸ (k) exp (−k · x)H (k) with105

H (k) = −km

∫

dx̄ exp (−k · x̄)G∞

3 (x̄)
∂

∂x̄m
G∞

2 (|xr − x̄r|) , (12)106

where the fluctuation Y has been written by means of its spectral (Fourier transform)107

representation Ỹ , i.e.108

Y (x) =

∫

dk

(2π)3/2
Ỹ (k) exp (−x · k) . (13)109

As it will be clearer later on, the analytical evaluation of the integral (12) enables one to ex-110

press the head-covariance
〈

H(1) (x)H(1) (y)
〉

(and concurrently the velocity covariance urr)111

by means of only two quadratures, that are easily carried out once the shape of the spectrum112

is specified. Besides the tremendous reduction of the computational burden (Fiori, Indel-113

man, and Dagan, 1998, expressed the same covariances via six quadratures), the analytical114

expression of H ≡ H (k) is also instrumental in the identification of the hydraulic properties115

from transport data (inverse problem). Finally, the same integral is found in other branches116

of the physics. In fact, in quantum mechanics it serves to infer the structure as well as117

the charge-density of particles (Martin and Shaw, 2019), whereas in electrodynamics the118

same integral is encountered when one aims at computing the electric field generated by a119

localized/distributed density of charges (Jackson, 2007). As a consequence, its evaluation120

finds application within a spectrum much wider than that exploited in the present study.121
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The remainder of the paper is organized as follows: we compute explicitly the inte-122

gral (12). Then, we discuss the structure and the behavior of the flow variables related to it,123

before moving to the modelling of scattering through disordered (randomly heterogeneous)124

media. Finally, we end up with concluding remarks.125

ANALYTICAL COMPUTATION OF H126

A direct computation of (12) does not seem achievable, unless one deals with particular127

structures of heterogeneity (Severino, 2011). For this reason we follow in the sequel a different128

avenue. More precisely, we start from the unsteady state version of the same flow problem,129

i.e.130

exp (−Y )
∂

∂t
G−∇2G−∇Y · ∇G = δ(xr)δ (t) , G (x, 0) = 0, (14)131

and compute the integral (10) as lim
t→∞

∫ t

0

dτ G(1) (x, τ), by virtue of the superposition prin-132

ciple, being G(1) ≡ G(1) (x, t) the first order approximation of (14). In particular, for a133

homogeneous medium (Y ≡ 0) one recovers from (14) the equation of the d-dimensional un-134

steady Green function, i.e. Gd (x, t) = (4πt)−d/2 exp [−|x|2/ (4t)]. In order to compute G(1),135

we procede like before. Thus, we expand G in the asymptotic series G = G(0) + G(1) + . . .136

with G(n) = O (Y n). Then, substitution into (14) and retaining the first order term provide137

the equation for the fluctuation G(1), i.e.138

∂

∂t
G(1) −∇2G(1) = Y

∂

∂t
G(0) +∇Y · ∇G(0), G(0) ≡ G3. (15)139

To solve eq. (15), we apply Laplace transform over the time and Fourier transform (13) over140

the space. The final result, after employing integration by parts, reads as:141

G(1)(x, t) = −
∫

dk Ỹ (k)

(2π)3/2

∫ t

0

dτ

∫

dx̄ exp (−k · x̄)
[

δ (x̄r) δ (τ)G3 (|x− x̄|, t− τ)−

∂

∂x̄m
G3 (|x− x̄|, t− τ)

∂

∂x̄m
G2(x̄r, τ)

]

= km

∫

dk Ỹ (k)

(2π)3/2

∫ t

0

dτ

∫

dx̄ exp (−k · x̄)×

G3 (|x− x̄|, t− τ)
∂

∂x̄m
G2(x̄r, τ) (m = 1, 2) . (16)

We now compute the inner (spatial) quadratures appearing into the last of (16), i.e.142
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km

∫ t

0

dτ

∫

dx̄ exp (−k · x̄)G3 (|x− x̄|, t− τ)
∂

∂x̄m
G2(x̄r, τ) = − 

2
exp (−k3x3)×

∫ t

0

dτ

τ
exp

[

−k2
3 (t− τ)

]

∫

dx̄r exp (−kr · x̄r)G2 (|xr − x̄r|, t− τ)kr · x̄r G2(x̄r, τ) =

(8π)−1 exp (−k3x3) lim
α→

∫ t

0

dτ

τ 2
exp

[

−k2
3 (t− τ)

]

G2 (xr, t− τ)α
∂

∂α
I (α) , (17)

where we have set143

I (α) =

∫

dx̄r exp
(

−ax̄2
r

)

exp (ωα · x̄r) , (18)144

being ωα ≡ bxr − αkr, a ≡ t

4 (t− τ) τ
and b ≡ 1

2 (t− τ)
. The evaluation of I (α) is145

straightforward. By skipping the algebraic details, it yields I (α) = (π/a) exp [ωα · ωα/ (4a)].146

As a consequence, eq. (16) writes as:147

G(1)(x, t) = − 

2t
G2 (xr, t)

∫

dkỸ (k)

(2π)3/2
exp (−k3x3)

∫ t

0

dτ Γ (τ) exp

[


t− τ

t
(τkr − xr) · kr

]

,

(19)148

with Γ (t) ≡ (xr · kr − 2tk2
r) exp (−k2

3t). We are now in position to calculate the fluctua-149

tion h(1)(x, t) =

∫ t

0

dτ G(1)(x, τ) that, after changing the order of integration and performing150

one quadrature, becomes:151

h(1)(x, t) = − 

8π

∫

dk Ỹ (k)

(2π)3/2
exp (−k3x3) exp (−xr · kr)

∫ t

0

dτ ′ Γ (τ ′) exp
(

−k2
r τ

′
)

×
∫ t

τ ′

dτ ′′

τ ′′ 2
exp

(

− ωτ ′

4τ ′′

)

= − 

2π

∫

dk Ỹ (k)

(2π)3/2
exp (−k3x3) exp (−xr · kr)

∫ t

0

dτ exp
(

−k2τ
)

× β(τ)
[

exp
(

−ωτ

4u

)]u=t

u=τ
, ωt ≡ x2

r + 4t (tkr − xr) · kr, β (t) =
kr

ωt
· (xr − 2tkr) . (20)

As anticipated, we now focus on the large time behavior of (20). Toward this aim, we152

preliminarily note that, for t ≫ 1, the dominant contribution in the integrand of (20) (that153

is achieved upon asymptotic expansion, and by retaining the leading order term) is such154

that:155

β (τ) ≃ 

2τ
, exp

(

−ωτ

4t

)

≃ exp

(

−x2
r

4τ

)

. (21)156

Hence, by replacing the functions β(τ) and exp [−ωτ/(4t)] with the approximations (21)157

leads to:158
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FIG. 2. Dependence of the function H ≡ H (k) upon the nondimensional distance kr xr and polar

angles θ = arccos [kr · xr/(kr xr)]. Other values: |k3| = 3kr and |k3| = kr.

h(1)(x, t) = − 

2π

∫

dk Ỹ (k)

(2π)3/2
exp (−k3x3)

[

exp (−xr · kr)

∫ t

0

dτ β (τ) exp
(

−k2τ − ωτ

4t

)

−
∫ t

0

dτ β (τ) exp

(

−k2
3τ − x2

r

4τ

)

]

≃ 1

4π

∫

dk Ỹ (k)

(2π)3/2
exp (−k3x3)

[

exp (−xr · kr)×

∫ t

0

dτ

τ
exp

(

−k2τ − x2
r

4τ

)

−
∫ t

0

dτ

τ
exp

(

−k2
3τ − x2

r

4τ

)

]

+O
(

t−1
)

. (22)

Finally, by taking the limit t → ∞ in the last of (22) one has:159

H(1)(x) = lim
t→∞

h(1)(x, t) =

∫

dk Ỹ (k)

(2π)5/2
exp (−k3x3) [exp (−xr · kr) K0(xrk)−K0(xr|k3|)] ,

(23)160

where Kn is the n-order modified Bessel function of the first kind. The comparison of (23)161

with (12) suggests that:162

H (k) = (2π)−1 [K0(|k|xr)− exp (−kr · xr) K0(|k3|xr)] . (24)163

For illustration purposes, the function (24) is depicted in FIG. 2 versus the dimensionless164165

variable krxr, a few values of the polar angle θ = arccos [kr · xr/(kr xr)] and two values of |k3|.166

The quantity lim
xr→0+

H = (2π)−1 ln (|k3|/|k|) is instrumental in the engineering applications,167

in order to let the head’s fluctuation meet a Dirichlet boundary condition at the source168
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(regularization). At the other extreme of large distances, the function (24) vanishes with169

exponential decay. In what follows, we proceed with analyzing second-order moments of the170

flow variables that, for weakly heterogeneous media, result of the same order of magnitude171

of the Y - variance σ2
Y = 〈Y 2〉.172

DISCUSSION173

We wish to derive and discuss some statistical parameters that quantify the uncertainty174

in the spatial distribution of the specific energy H and the velocity V . Starting with the175

cross-covariance CY H (x,y) ≡
〈

Y (x)H(1) (y)
〉

, it results from (23) as:176

CY H(x,y)

Qσ2
Y

=

∫

dk ρ̃Y (k)

(2π)5/2
exp (ξ3k3) [exp (ξr · kr) K0(yrk)− exp (xr · kr) K0(yr|k3|)]

(25)177

(ξ ≡ x− y), where we have made use of the stationarity of Y , i.e.178

〈

Ỹ (k1) Ỹ (k2)
〉

= (2π)3/2 σ2
Y δ (k1 + k2) ρ̃Y (k2) . (26)179

Likewise, the head covariance CH(x,y) ≡ 〈H(1)(x)H(1)(y)〉 is obtained by multiplying (23)180

applied at two points x 6= y, and subsequently taking the ensemble average. The final result181

is:182

CH(x,y)

(QσY )
2 =

∫

dk ρ̃Y (k)

(2π)7/2
exp (ξ3k3)

[

exp (−ξr · kr)K0(xrk)K0(yrk) + K0(xr|k3|)K0(yr|k3|)

− exp (−xr · kr)K0(xrk)K0(yr|k3|)− exp (yr · kr)K0(yrk)K0(xr|k3|)
]

. (27)

It is seen that the covariances (25) and (27) are stationary along the vertical coordinate (i.e.183

they depend only upon the lag ξ3 = x3−y3), since the mean value H(0) (xr) ≡ QG∞

2 (xr) does184

not depend upon the elevation. Moreover, based on the existing data-sets (an exhaustive185

overview can be found in Rubin, 2003), we regard the autocorrelation of Y as axial symmet-186

ric, and therefore the spectrum ρ̃Y (k) ≡ ρ̃Y (kr, k3) is an even function of kr and k3. Hence,187

by adopting cylindrical coordinates in wave-number space, i.e. k ≡ (kr cos θ, kr sin θ, k3),188

and carrying out the quadrature over the polar angle lead to:189

CY H(x,y)

Qσ2
Y

= 2

∫

∞

0

∫

∞

0

dkrdk3

(2π)3/2
kr ρ̃Y (kr, k3) cos (ξ3k3) [J0(ξrkr)K0(yrk)− J0(xrkr)K0(yrk3)] ,

(28)190
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FIG. 3. Dependence of the scaled cross-variance σY H/(Qσ2
Y ) and variance σ2

H/(QσY )
2 upon the di-

mensionless distance xr/I from the source, and several values of the anisotropy ratio λ (exponential

spectrum of ρY ).

CH(x,y)

(QσY )
2 = 2

∫

∞

0

∫

∞

0

dkrdk3

(2π)5/2
kr ρ̃Y (kr, k3) cos (ξ3k3)

[

J0 (ξrkr) K0(xrk)K0(yrk)

+ K0(xrk3)K0(yrk3)− J0 (xrkr) K0(xrk)K0(yrk3)− J0 (yrkr)K0(yrk)K0(xrk3)
]

(29)

(Jn is the n-order Bessel function of the first kind). Two parameters are of particular interest,191

namely the cross, σY H (xr) ≡ CY H(x,x), and the head, σ2
H (xr) ≡ CH(x,x), variances which192

are derived from (28)–(29) as follows:193

σY H (xr)

Qσ2
Y

= 2

∫

∞

0

∫

∞

0

dkr dk3

(2π)3/2
kr ρ̃Y (kr, k3) [K0(xrk)− J0(xrkr)K0(xrk3)] , (30)194

195

σ2
H(xr)

(QσY )
2 = 2

∫

∞

0

∫

∞

0

dkrdk3

(2π)5/2
krρ̃Y (kr, k3)

[

K2
0(xrk) + K2

0(xrk3)− 2J0 (xrkr)K0(xrk)K0(xrk3)
]

.

(31)196

To explore the physical insights of eqs (30)–(31), we adopt an exponential model for the197198

spectrum, i.e. ρ̃Y (kr, k3) ≡ (8/π)1/2 λ (1 + k2
r + λ2k2

3)
−2

, where the anisotropy ratio λ ∈]0, 1]199

is defined as the ratio between the vertical, i.e. Iv, and horizontal, i.e. I, integral scales200

of Y . In addition, the wave numbers (kr, k3) have been made dimensionless by replacing201

ki → Iki (with ℓc ≡ I). In FIG. 3 the cross-variance (30) is depicted as a function of the202

scaled variable xr/I and a few values of λ. It is a monotonic increasing function of xr that203
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FIG. 4. Contour-plot of the head (red dashed lines) and stream function (blue continuous lines)

as affected by a circular (green) inclusion of conductivity K implanted into a matrix of effective

conductivity Keff . On the top, pictures refer to an inclusion close to the source with contrast

ratio κ = K/Keff smaller and larger than one. Below, pictures pertain to the analogous situation,

but for an inclusion lying away from the source.

starts from the value at the source, i.e.204

σY H (0) =
2Qσ2

Y

(2π)3/2

∫

∞

0

∫

∞

0

dkrdk3 kr ρ̃Y (kr, k3) ln
k3
k

= −Qσ2
Y

λ

2π

arcsin
√
1− λ2

√
1− λ2

, (32)205

and it vanishes after four horizontal integral scales. In particular, the near field (32) is valid206

also for a Gaussian spectrum: ρ̃Y (kr, k3) ≡ (2/π)3/2 λ exp (−k2
r/π − λ2k2

3/π).207

In order to explain the behavior of the cross-variance σY H , we can focus on the flow’s208209
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pattern as deformed by a single inclusion of conductivity K (Severino, 2019) embedded into a210

matrix of effective conductivity Keff (being σY H evaluated as average of the product between211

the fluctuations H(1) and Y over many of such realizations). Thus, in the FIG. 4 we have212

depicted a circular (green) inclusion near and far from the source for two largely different213

values of the contrast ratio κ ≡ K/Keff . In particular, due to the mass conservation, the214

streamlines circumvent the inclusion for κ < 1 and they are attracted by it for κ > 1. As a215

consequence, in the near and far field the head surrounding the inclusion results higher/lower216

than the mean head (corresponding to κ = 1) for κ < 1 and κ > 1, respectively. Thus,217

for κ < 1 (calling for Y < 0) the fluctuation H(1) is larger than the mean, and viceversa.218

Hence, the product Y (xr)H
(1) (xr) (and concurrently the ensemble average σY H) results219

lesser than zero, in any case. The limit lim
xr→∞

σY H (xr) = 0 is explained by recalling that220

the head’s fluctuation tends to zero away from the source (see (23)). Finally, the reduction221

of σY H (for given xr) with increasing λ has a straightforward kinematical reasoning: an222

anisotropic medium can be sought as made up by inclusions elongated in the horizontal223

direction (resembling the medium’s structure λ ≡ Iv/I < 1). Thus, for a fluid particle it is224

easier to circumvent a low conducting inclusion by moving vertically rather than laterally.225

This causes a deviation from the mean lesser than that which one would observe within a226

medium of isotropic (λ = 1) heterogeneity’s structure.227

By the same token, one can analyze the scaled variance σ2
H/ (QσY )

2. Thus, at large xr228

the head is quite small, since the flow there behaves as a homogeneous one (Abramovich229

and Indelman, 1995), which decays like x−1
r . To the contrary, in the region close to the230

source the mean head H(0) is highly uncertain, since most of the head buildup takes place231

within a tiny annulus surrounding the source (Severino, Leveque, and Toraldo, 2019). The232

dependence of σ2
H upon the anisotropy ratio λ (at any given distance) is explained by the233

same argument as before.234

The variance σ2
u (xr) ≡ urr (xr, xr) of the velocity is obtained from (9) as:235

σ2
u (xr) = σ2

Y U2 (xr)+2
KG

n
U (xr)σY Er

(xr)+

(

KG

n

)2

σ2
Er

(xr) , Er ≡
∂

∂xr
H(1) (x) , (33)236

where we have set σY Er
≡ 〈Y Er〉 and σ2

Er

≡ 〈E2
r 〉. By differentiation of (23), the latter are237

given by:238

σY Er
(xr) =

2Qσ2
Y

(2π)3/2

∫

∞

0

∫

∞

0

dkr dk3 kr ρ̃Y (kr, k3) [k3J0(xrkr)K1(xrk3)− kK1(xrk)] , (34)239
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σ2
Er

(xr) =
(QσY )

2

(2π)5/2

∫

∞

0

∫

∞

0

dkr dk3 kr ρ̃Y (kr, k3)
{

2 [kK1 (xrk)]
2 + 2 [k3K1 (xrk3)]

2−

[krK0 (xrk)]
2 − 2k3K1 (xrk3) [krJ1 (xrkr) + 2kJ0 (xrkr)K1 (xrk) + krJ1 (xrkr) K0 (xrk)]

}

.

(35)

The scaled coefficient of variation CVu/σY = σu/ (UσY ) is depicted (for both exponential240

and Gaussian ρ̃Y ) in the FIG. 5. It is seen that in the near (i.e. xr ≪ I) and far (i.e.241

xr ≫ I) field, one has σu ∼ σY U . Indeed, close to the source the flow can be homogenized242

by the harmonic (constant) conductivity (Indelman, 1996), whereas far from the source it243

behaves like a mean uniform one of effective conductivity. As a consequence, in these two244

regimes the uncertainty in the velocity field resembles precisely the reduction of the mean245

velocity U with the distance. In the intermediate regime, for xr < I the cross-variance (that246

is negative) is mostly influential, and concurrently CVu reduces, whereas for xr > I it rapidly247

exhausts, with a still impact of the head-gradient’s variance σ2
Er

. This justifies the sudden248

rise of CVu. As it will be clearer later on, these findings are of paramount importance when249

analyzing the evolution of scattering. To conclude this section, we note that the Gaussian250

shape of ρY produces a more persistent signal in the coefficient of variation of the velocity (in251

agreement with Severino and Cuomo, 2020).252

FIG. 5. Scaled coefficient of variation CVu/σY versus the normalized distance xr/I from the source,

and a few values of the anisotropy ratio λ (exponential and Gaussian spectrum).
253

254
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SCATTERING ANALYSIS255

We are now in position to analyze scattering of a passive scalar as determined by the256

above discussed source-type flow. This goal is achieved by means of the second-order radial257

moment (8) which, for convenience of discussion, is re-written on the base of (9) as:258

Xrr (R) = X∞ (R) + X⋆ (R) , (36)259

being260

X∞ (R) = σ2
Y U2 (R)

∫ R

0

∫ R

0

dx′

r dx
′′

r

ρY (x′

r − x′′

r)

U (x′

r)U (x′′

r)
=

σ2
Y

3
R

∫ R

0

du

(

2− 3
u

R
+

u3

R3

)

ρY (u) ,

(37)261

whereas262

X⋆ (R) = U2 (R)

∫ R

0

∫ R

0

dx′

r dx
′′

r

U2 (x′

r)U
2 (x′′

r)

[

(

KG

n

)2
∂2

∂x′

r∂x
′′

r

〈

H(1) (x′

r)H
(1) (x′′

r)
〉

−

KG

n
U (x′

r)
∂

∂x′′

r

〈

Y (x′

r)H
(1) (x′′

r)
〉

− KG

n
U (x′′

r)
∂

∂x′

r

〈

H(1) (x′

r) Y (x′′

r)
〉

]

=
KG

n
U2 (R)×

∫ R

0

∫ R

0

dx′

r dx
′′

r

U2 (x′

r)U
2 (x′′

r)

[(

KG

n

)

∂2 CH (x′

r, x
′′

r)

∂x′

r∂x
′′

r

− 2U (x′

r)
∂ CY H (x′

r, x
′′

r)

∂x′′

r

]

. (38)

In particular, the last of (38) has been achieved by noting that (x′

r, x
′′

r) is a pair of dummy263

variables. Then, insertion into (38) of (28)–(29) (with ξ3 = 0) yields:264

Xrr (R)

σ2
Y

=
R

3

∫ R

0

du

(

2− 3
u

R
+

u3

R3

)

ρY (u) +

√

2/π

R2
X̄⋆ (R) , (39)265

where we have set:266

X̄⋆ =

∫

∞

0

∫

∞

0

∫ R

0

∫ R

0

dkr dk3 dx dy kr ρ̃Y (kr, k3) y
2 ∂

∂y

[

x2 ∂

∂x
ΨH (x, y)− xΨY H (x, y)

]

,

(40)267268

ΨY H (x, y) = J0 (kr |x− y|)K0(ky)− J0(krx) K0(k3y), k =
√

k2
r + k2

3 , (41)269

270

ΨH (x, y) = K0(kx) ΨY H (x, y) + K0(k3x) [K0(k3y)− J0 (kry)K0(ky)] . (42)271

Hence, integration by parts in the domain [0, R] × [0, R] enables one to decompose the272

integral (40) as X̄⋆ = 4X4 − 2R2X3 +R4X2, with273

X2 (R) =

∫

∞

0

∫

∞

0

dkr dk3 kr ρ̃Y (kr, k3) ΨH (R,R) , (43)274

14

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
1
4
7
6
9
1



Accepted to Phys. Fluids 10.1063/5.0147691

FIG. 6. Scaled trajectory variance Xrr/ (IσY )
2 as computed from (39) for several values of the

anisotropy ratio λ (exponential and Gaussian spectrum ρ̃Y ). Dot red and cyan lines refer to

eqs (46) and (47), respectively.

275

X3 (R) =

∫

∞

0

∫

∞

0

∫ R

0

dkr dk3 dx kr ρ̃Y (kr, k3) x

[

ΨH (x,R) +
1

2
ΨY H (x,R) + ΨH (R, x)

]

,

(44)276277

X4 (R) =

∫

∞

0

∫

∞

0

∫ R

0

∫ R

0

dkr dk3 dx dy kr ρ̃Y (kr, k3) x y

[

ΨH (x, y) +
1

2
ΨY H (x, y)

]

. (45)278

The utility related to the decomposition in (36), and the subsequent developments, relies279

on the fact that one can clearly distinguish the contribution (i.e. X∞) due to the mean280

radial flow from that (i.e. X⋆) associated to the fluctuation of the head-gradient. In the281282

FIG. 6 we have depicted the scaled moment Xrr/ (IσY )
2 versus the non dimensional travel283

distance R/I, and λ = 0.1; 0.3; 0.5; 0.7; 1.0. It has been done for both exponential and284

Gaussian spectrum. For comparison purposes, we have also depicted (red dot line) the285

approximation Xrr ≃ X∞:286

Xrr (R) ≃ (IσY )
2

3π2R2











π2 [2R3 − 3R2 + 6− 6 (R + 1) exp (−R)] (exp)

8− 6πR2 + 2π2R3erf

(√
π

2
R

)

+ 4 (πR2 − 2) exp
(

−π

4
R2

)

(Gauss)

(46)287

which is valid for λ ≪ 1 (Indelman and Dagan, 1999), along with a newly derived approxi-288
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mate (cyan dot line) expression of Xrr, i.e.289

Xrr ≃
(IσY )

2

27π2R2











π2 [22R3 − 27R2 + 30 + 6 (2R2 − 5R− 5) exp (−R)] (exp)

40− 54πR2 + 22π2R3erf

(√
π

2
R

)

+ 4 (11πR2 − 10) exp
(

−π

4
R2

)

(Gauss)

(47)290

(for details, see the APPENDIX).291

As particles are injected through the source in the porous medium, the radial mo-292

ment Xrr increases monotonically with R. At short distances, Xrr displays a nonlinear293

dependence, whereas at large distances it grows linearly. These findings rely upon the de-294

pendence of Xrr on the velocity covariance through eq. (8) that, in turn, is a measure295

of the distance over which the velocities of two fluid particles are correlated. As a con-296

sequence, for R ≪ I two fluid particles have not covered a single integral scale I, and297

concurrently they are highly correlated. As a consequence, scattering results enhanced by298

the dominant impact of the velocity covariance urr. Conversely, at large distances the299

advective velocity drops like x−1
r , and the net, overall effect is still an increasing scat-300

tering, but with a lesser gradient. In order to address such a behavior in a quantita-301

tive manner, one can refer either to the approximate expression of Indelman and Da-302

gan (1999), i.e. Xrr (R) ≃ (σ2
YR/3)

∫ R

0
du (2− 3u/R+ u3/R3) ρY (u), or to eq. (A13),303

i.e. Xrr (R) ≃ (σ2
YR/27)

∫ R

0
du (22− 27u/R+ 5u3/R3) ρY (u). Thus, at small distances304

it yields ρY ∼ 1, and one recovers that Xrr ∼ R2. Instead, at large R one has u/R = o (1),305

and therefore Xrr ∼ R
∫

∞

0
du ρY (u) = R. The reduction of Xrr with the small λ-values is306

explained similarly to the above discussion: for a solute particles it is easier to circumvent,307

by taking a vertical step, a poorly conducting inclusion characterized by λ ≪ 1 as compared308

with an inclusion of quasi isotropic (i.e. λ ≃ 1) heterogeneity’s structure. As a consequence,309

the deviation from the mean is larger in the latter case, and this explains the increasing (for310

given R) trajectory’s variance as λ → 1. Finally, besides the clear agreement (see FIG. 6) in311

the case of strongly heterogeneous formation (λ ≪ 1), the complete expression (39) of the312

radial second-order moment was found in perfect overlapping with the numerical simula-313

tions shown in the FIG. 4 of Indelman and Dagan (1999). Moreover, inspection from FIG. 6314

suggests that the approximate expression (47) is found in a reasonable agreement with the315

full simulation of Xrr in the regime of pseudo-isotropic (λ . 1) formations. To conclude,316

equations (46)–(47) are straightforwardly extended to disordered media of axial symmet-317
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ric heterogeneity’s structure by replacing R → R/
√

cos2 φ+ λ−2 sin2 φ , being φ the angle318

between the mean trajectory and the plane of isotropy.319

CONCLUDING REMARKS320

Scattering processes generated by localized/distributed sources are a powerful tool which321

finds application in numerous branches of applied sciences. In quantum physics, scattering is322

used to infer the size as well as the distribution of the electrical charge of nuclei, whereas in323

the electrodynamics it serves to compute dielectric properties. In the theory of composites324

and in the reservoir engineering (the fields of main concern for the present study), it serves325

to identify the effective (flow and transport) properties of disordered media.326

We have focused on scattering of a passive scalar injected in a formation and advected by327

a steady velocity, that in turn is generated by a line of singularity. Within a homogeneous328

domain, the solute propagates by advection like a cylinder of radius R ≡ R (t), whereas329

scattering is due to the diffusion mechanism, solely (FIG. 1). In disordered media, scattering330

is determined by the fluctuations of the advective velocity which are caused by the erratic,331

spatial variability of the conductivity K. Within a stochastic framework, that regards the332

log-conductivity lnK as a stationary, Gaussian, random field, scattering is quantified by333

means of the second-order radial moment which, by virtue of ergodicity, coincides with the334

trajectory variance (8). After adopting a few simplifying assumptions (the most relevant of335

which requires that the variance of lnK is much smaller than one), it is shown that, central336

for the study, is the computation of the integral (12). Despite its origin, it is recognized337

that such a quantity is instrumental for many other problems arising in several branches of338

classical as well as quantum physics, and therefore its study results of a much wider interest339

than that strictly considered here. The analytical computation of (12) is achieved as large340

time limit of the same problem in the unsteady state flow regime.341

Unlike past studies on the same topic (see, e.g. Fiori, Indelman, and Dagan, 1998), here342

covariances of the flow variables are expressed in terms of two quadratures solely, which are343

easily carried out after specifying the shape of the spectrum (the Fourier transform of the344

autocorrelation of Y ). Illustrations focus on the (cross)-variances of the specific energy and345

the radial velocity, since they are usually of interest in the applications. It is seen that,346

although the log-conductivity is a stationary random field, these variances are not since the347
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mean flow is not uniform.348

The trajectory variance Xrr is computed and discussed for both exponential and Gaus-349

sian spectrum, being these models generally adopted in the real world applications (Dagan,350

1989). In particular, the transitional regime from the early to the large distances is much351

more persistent than that pertaining to the approximation valid for formations with an352

anisotropic ratio λ much lesser than one (Indelman and Dagan, 1999). This approxima-353

tion does not lend itself to investigate scattering when the formation is (pseudo)isotropic354

(λ . 1). In these cases, our results fill the gap (and, more generally, they cover the entire355

range λ ∈ [0, 1]). Finally, another point of novelty of the present study is that, similarly356

to Indelman and Dagan (1999), we have obtained an approximate, simple (closed form)357

solution (A13) that applies in the regime of (pseudo)isotropic heterogeneity.358

To conclude, results achieved in the present study can be expanded along (at least) two359

avenues: i) by computing higher-order corrections to the various terms appearing into the360

velocity covariance urr (similarly to Abramovich and Indelman, 1995), or ii) by reformulat-361

ing the entire problem in the context of the self-consistent approximation (in close analogy362

to Dagan, Fiori, and Janković, 2003).363

364
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376

APPENDIX: derivation of the approximate expression (47)377

As a preparatory step, we re-write the last of (38) as:378

X⋆ (R) =

(

2π

QR

)2 ∫ R

0

∫ R

0

dx′

r dx
′′

r (x
′

r x
′′

r)
2 ∂

∂x′′

r

[

∂

∂x′

r

CH (x′

r, x
′′

r)−
Q

πx′

r

CY H (x′

r, x
′′

r)

]

=

(

2π

QR

)2 ∫ R

0

∫ R

0

dx′

r dx
′′

r (x
′

r x
′′

r)
2 ∂

∂x′′

r

[

∂ CH (x′

r, x
′′

r)

∂x′

r

+ 2CY H (x′

r, x
′′

r)
∂ H(0) (x′

r)

∂x′

r

]

. (A1)

Then, the last double integral in (A1) is re-written as:379

∫ R

0

dx′′

r x
′′ 2
r

∂

∂x′′

r

∫ R

0

dx′

r x
′ 2
r

[

∂ CH (x′

r, x
′′

r)

∂x′

r

+ 2CYH (x′

r, x
′′

r)
∂ H(0) (x′

r)

∂x′

r

]

≃

− 1

3

∫ R

0

∫ R

0

dx′

r dx
′′

r x
′ 3
r x′′ 2

r

∂

∂x′′

r

[

∂2 CH (x′

r, x
′′

r)

∂x′ 2
r

+ 2
∂ H(0) (x′

r)

∂x′

r

∂ CY H (x′

r, x
′′

r)

∂x′

r

]

, (A2)

where the second passage in (A2) has been achieved upon integration by parts and ne-380

glecting the finite term due to its very fast (exponential) decay with R. In addition, the381

term 2x′ 3
r CY H (x′

r, x
′′

r)
∂2

∂x2
r

H(0) (xr) (that also arises upon application of integration by parts)382

has been dropped out, since, from the definition of two-dimensional Green function, one383

has ∂2

∂x2
r

H(0) (xr) = −Qδ (xr).384

At this stage, we note that the governing equation (5) for the head’s fluctuation can be385

written in approximate manner as follows:386

−
(

∇2
r +

∂2

∂x2
3

)

H(1) (x) ≃ −∇2
rH

(1) (x) = ∇r H
(0) (xr) · ∇rY (x) . (A3)387

The neglect of the second-order derivative ∂2

∂x2
3

as compared with the laplacian ∇2
r is au-388

thorized by the fact that most of the flow develops radially, and therefore the dominant389

variations of the head’s fluctuation occur in the horizontal plane. In order to provide a390

quantitative reasoning, we recall that ∂2

∂x2
3

∼ O (I−2
v ), whereas ∇2

r ∼ O (I−2). As a conse-391

quence, the ratio of the two estimates behaves like (Iv/I)
2 = λ2. Since, the majority of the392

natural formations are anisotropic (λ ≤ 1), we argue that the above approximation works393

quite well (see also discussion in Indelman and Dagan, 1999). Hence, upon multiplication394

of (A3) by the head’s fluctuation evaluated at yr 6= xr, and taking the ensemble average, it395

leads to:396

−∇2
r CH (xr, yr) = ∇r H

(0) (xr) · ∇r CY H (xr, yr) . (A4)397
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Then, application of the chain rule of derivation ∂
∂xm

≡ xm

xr

∂
∂xr

(m = 1, 2) enables one to398

write (A4) as:399

∂2

∂x2
r

CH (xr, yr) = − ∂

∂xr

H(0) (xr)
∂

∂xr

CY H (xr, yr) , (A5)400

and the subsequent substitution into the last of (A2) permits to write X⋆ as:401

X⋆ (R) = −1

3

(

2π

QR

)2 ∫ R

0

∫ R

0

dx′

r dx
′′

r x
′ 3
r x

′′ 2
r

∂ H(0) (x′

r)

∂x′

r

∂2 CY H (x′

r, x
′′

r)

∂x′

r∂x
′′

r

. (A6)402

By taking integration by parts in (A6) with respect to the variable x′′

r , it yields (with the403

same reasoning as before):404

X⋆ (R) =

(

2π

3QR

)2 ∫ R

0

∫ R

0

dx′

r dx
′′

r (x
′

rx
′′

r)
3 ∂ H

(0) (x′

r)

∂x′

r

∂

∂x′

r

[

∂2 CY H (x′

r, x
′′

r)

∂x′′ 2
r

]

. (A7)405

Likewise, one can write:406

∂2

∂y2r
CY H (xr, yr) = −σ2

Y

∂

∂yr
H(0) (yr)

∂

∂yr
ρY (xr − yr) , (A8)407

and therefore eq. (A7) reads as:408

X⋆ (R) = −
(

2πσY

3QR

)2 ∫ R

0

∫ R

0

dx′

r dx
′′

r (x
′

rx
′′

r)
3 ∂ H

(0) (x′

r)

∂x′

r

∂2 ρY (x′

r − x′′

r)

∂x′

r∂x
′′

r

∂ H(0) (x′′

r)

∂x′′

r

. (A9)409

By noting that:410

∂

∂xr

H(0) (xr) = − Q

2πxr

,
∂2

∂xr∂yr
ρY (xr − yr) ≡ − d2

du2
ρY (u)

∣

∣

∣

∣

u=xr−yr

, (A10)411

eq. (A9) becomes:412

X⋆ (R) =
(σY

3R

)2
∫ R

0

∫ R

0

dx′

r dx
′′

r (x
′

rx
′′

r)
2 d2

du2
ρY (u)

∣

∣

∣

∣

u=x′

r
−x′′

r

. (A11)413

Hence, the computation of one quadrature leads to:414

X⋆ (R) =
σ2
Y

135
R3

∫ R

0

du

(

6− 15
u

R
+ 10

u2

R2
− u5

R5

)

d2

du2
ρY (u) , (A12)415

and the application (two times) of integration by parts provides (on the same grounds of416

the above adopted approximation) the final result:417

Xrr (R) = X∞ (R) + X⋆ (R) ≃ σ2
Y

27
R

∫ R

0

du

(

22− 27
u

R
+ 5

u3

R3

)

ρY (u) . (A13)418

Finally, insertion into (A13) of exponential and Gaussian autocorrelation ρY leads to (47).419
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