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ABSTRACT: We propose a dimensional regularization scheme to deal with the divergences
caused by colliding supercurrents inserted at the interaction points, in the light-cone gauge
NSR superstring field theory. We formulate the theory in d dimensions and define the
amplitudes as analytic functions of d. With an appropriately chosen three-string interaction
term and large negative d, the tree level amplitudes for the (NS,NS) closed strings can be
recast into a BRST invariant form, using the superconformal field theory proposed in
Ref. [[]. We show that in the limit d — 10 they coincide with the results of the first
quantized theory. Therefore we obtain the desired results without adding any contact
interaction terms to the action.
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1. Introduction

Perturbative expansion of amplitudes in the light-cone gauge NSR superstring field the-
ory [2 B] involves divergences even at the tree level. Transverse supercurrents are inserted
at the interaction points of the joining-splitting interaction and divergences arise when
they get close to each other. Similar divergences exist in other superstring field theories
BB G oE.

In the previous paper [@] we have proposed a dimensional regularization scheme to deal
with these divergences. In the light-cone gauge, one can define the theory in d (d # 10)
dimensions. Taking d to be largely negative, we can make the tree level amplitudes finite.
Defining the amplitudes for such d, one can obtain the amplitudes for d = 10 by analytic
continuation. Since what matters is the Virasoro central charge on the worldsheet, one can
effectively change d also by using conformal field theory other than that for the transverse
variables X¢, )¢, z/NJZ In Ref. [@], we have proposed one such scheme and shown that the
results of the first quantized formulation can be reproduced by such a procedure, in the
case of the four string amplitudes.

In order for the dimensional regularization scheme to be effective, it should preserve
as many symmetries of the theory as possible. In Refs. [I0} [, we have shown that the



light-cone gauge string field theory in noncritical spacetime dimensions corresponds to a
BRST invariant worldsheet theory with the longitudinal variables and the ghosts. Since
the BRST symmetry on the worldsheet is supposed to be related to the gauge symmetry
of the string field theory, these results imply that the dimensional regularization can be
carried out with the gauge symmetry preserved.

In this paper, we would like to propose a dimensional regularization scheme for the
light-cone gauge NSR superstring field theory, in which the results of Ref. [I] can be
used. We just formulate the theory in d dimensions and define the amplitudes as analytic
functions of d. In this paper, we deal with closed string field theory and restrict ourselves
to the amplitudes with only the (NS,NS) external lines. We show that the tree level
amplitudes can be recast into a BRST invariant form using the superconformal field theory
proposed in Ref. [I]. In this form, it is easy to show that the amplitudes coincide with
the results of the first quantized formulation without any need for the modification of the
action by adding the counterterms.

The organization of this paper is as follows. In section B we study the light-cone
gauge closed string field theory for NSR superstrings defined in spacetime dimension d #
10. We show that the tree level amplitudes become well-defined by setting d to be a
sufficiently large negative value. In section B, we rewrite the tree level amplitudes into a
BRST invariant form, using the superconformal field theory for the longitudinal variables
X+t 1/~}i formulated in Ref. [I] and introducing the ghost fields. In section dl we show
that the tree level amplitudes coincide with the results of the first quantized formulation
in the limit d — 10. Section [l is devoted to conclusions and discussions. In appendix [A]
we explain the details of the action of the superstring field theory given in section 2 In
appendix[Bl we present the calculations to obtain the tree level amplitudes. In appendix[C]
we present a proof of the property satisfied by the correlation functions of ¢~ which is

used in section Bl

2. Amplitudes for d # 10 and Dimensional Regularization

In order to dimensionally regularize the light-cone gauge NSR string field theory, we take
the worldsheet theory to be the free theory of the transverse variables Xi,wi,zﬁi (1 =
1,---,d — 2). The light-cone gauge string field theory can be defined even for d # 10. In
this paper, we concentrate on the closed strings in the (NS,NS) sector and the action is

given in the form

LC@) | 7LOR2) 42
S = /dt [;/d1d2<3(1,2)\q>(t)>1 (z’gt— Lo~ tho 5 >|<I>(t))2

a2

+23g/d1d2d3 (V3 (1,2,3)|@(1)), [@(2))2 [®(1))5] - (2.1)

In order for the amplitudes of the light-cone gauge string field theory to be rewritten into
a BRST invariant form, the three-string interaction term should be taken appropriately.
Details of the action (1)) are explained in appendix [A]



Starting from this action, the tree level N-string amplitudes can be calculated pertur-
batively. A typical tree level N-string diagram is depicted in Fig. [l (a) for the N =5 case.
On such string diagrams, we introduce a complex p-coordinate as usual. The N-string tree
diagram is mapped to the complex z-plane in Fig. [0 (b) via the Mandelstam mapping p(z)

defined as
N
= Zar In(z - Z,) , (2.2)
r=1

where the external lines are mapped to the regions z ~ Z,. (r =1,..., N). We denote the
interaction points by z; (1,..., N — 2) which determined by dp(z;) = 0. The resulting
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Figure 1: In (a) is depicted a typical N-string tree diagram with N = 5, on which a complex
coordinate p is introduced. Via the Mandelstam mapping p(z), the p-plane is mapped to the
complex z-plane in (b). p(zr) (I =1,2,3) are the interaction points on the p-plane. For the string
diagram (a), the complex Schwinger parameters Tz (Z = 1,2) are given by 71 = p(z2) — p(z1) and
T2 = p(z3) — p(22). Ct are the contours of the integrals in eq.([@30) for this string diagram.

amplitudes can be expressed as an integral over the moduli space of the string diagram as

N-3 d27-I
An = (4i N—-2 F T 2.
v = (4ig) /(H 4W> v (T2 i) | (23)
=1
where 77 (Z = 1,..., N —3) denotes the complex Schwinger parameter for the Z-th internal
propagator. Tz’s constitute the N —3 complex moduli parameters of the tree string diagram
with N external strings, and are the N-string generalization of T given in eq.(BI0) for the
four-string case. The integral in eq.([2.3]) is taken over the whole moduli space of the string
diagram. The integrand Fiy(7z,7z) is described by using the worldsheet field theory for

the transverse variables [0 as

Fy (T2,T7) = (Zm) (Zm)sgn(]_[ar) =5 T [in(000r)]

N-2 , i N
x < II [(32/?(21) 0°p (z1))” * TFS (21) TEC (51)} 11 VrLC> - (24)
=1

r=1



Here (O) denotes the expectation value of the operator O on the complex z-plane, defined

as

/ [dXiddeﬂ] e=Se O

(2.5)
/ [dX@'dwidﬂ ¢ Sie

(0) =

)

and Spc denotes the worldsheet action of the light-cone gauge NSR superstring. VTLC
is the vertex operator defined in eq.(B2I)), and TEC(z) is the transverse supercurrent.
I' [In (9pdp)] is given in Ref. [I0] as®

4N

. N-2
I1 (ya,,r%ﬂReNsa“) I |8%60)| " . (2.6)
I=1

r=1

e_F[ln(apéﬁ)] =

N
E oy Ly
r=1

where Ng(’)" denotes a Neumann coeflicient defined as

() .
—rr  To T+ 10r Qg r Ch
N§b = o tibr > SIn(Z - Z,) , 77 +ify = plzpe) - (2.7)

Q Q
r s r

Here z;(-) denotes the interaction point on the z-plane at which the r-th string interacts.
Which of z; should be identified with z;y depends on the channel. For example, z;1) =
Zp2) = 21, 273 = 22 and z;4) = 2z = 23 for the string diagram depicted in Fig. [ (a),
while z;1) = 21, 252 = 2;3) = 22 and zp3) = 2j4) = 23 for the string diagram in Fig.[2l See
appendix [Bl for details of the calculations to obtain the expression (Z3)) of the amplitude.

C, C,

Figure 2: A 5-string tree diagram in a different channel from that in Fig. [ (a).

In general, Fy (7’1, 7_'1) in eq.([24) is singular in the limit z; — z;. Nevertheless, if d is
taken to be a sufficiently large negative value as a regularization, Fiy (TI, 7_'1) vanishes in

d—2 =
the limit z;y — z;. It is because in this limit, ¢~ 16 T[1(9%099)] behaves as |zr — z7]7 ® and
the contributions of the other operators are with d independent power of |z; — z;|. The

"We assume 9%p(zr) # 0 for all zr which is true generically. 8%p(zr) = 0 when z; coincides with another
interaction point. Since such cases are of measure 0 in the moduli space, we treat it as a limit of the generic
case, in which the interaction points z; (I =1,---, N — 2) are all distinct.



other singularities can be dealt with by the analytic continuation of the external momenta
pr. Thus we can define the integral in eq.(23]) for such d and obtain the dimensionally
regularized amplitudes.

3. BRST Invariant Form of Amplitudes

In this section, we would like to show that the amplitude (23) can be recast into a BRST
invariant form using the superconformal field theory proposed in Ref. [I]. We basically
follow the procedure given in Refs. [Il [2] @ 00]. In the subsequent calculations, we will
not care about the overall numerical factor.

We first note that from eq.(2.6]) one can obtain the relation

2
Zas s
. N- 2
XH(|O&T|_16_R6N55> (21)0%p (2 1)
r=1

I=1

e—%l“[ln(@péﬁ)] _ —JF ln 8,08/3

=

(3.1)

By using this relation, eq.([24) becomes

N
-G (G o
N-2 = . N )
x < [T (0% ()8 (a) " TR () T )| [T (azlvfce— Re Ng; )> (3:2)

I=1 r=1

2

3.1 Ghosts

In order to obtain a BRST invariant form, we need to introduce the longitudinal variables
and the ghosts. Let us first consider the ghost fields b, ¢, 5, and their anti-holomorphic
counterparts. The ghosts can be introduced [@ by multiplying F by

X [b (21) b (21) €® (21) €9 (zf)} I1 [c (2)E(2,) e (2Z,) e® (ZT)} . (3.3)

=1 r=1

which is just a constant. Here Sy, denotes the worldsheet action for the ghost fields.
We have used a shorthand notation d(ghost) = dbdedBdydbdédBdd, and bosonized (-

ghosts [[3] as
B=e%0t,  y=mne. (3.4)
3.2 Longitudinal variables

Next, let us consider the longitudinal variables X+, ¢+, 1[11, which are the component fields
of the superfields X* given as

XE(2,2) = XT +i00F + i0)T +i00FF . (3.5)



We can rewrite the correlation function on the right hand side of eq.(82) using the X+
CFT [M. The X* CFT is a superconformal field theory of the longitudinal variables, with
the action

1 _ _ d— 10
Sy = —2/d2z (DXTDX™ + DX DX") + — Lsuper [®] . (3.6)
i
Here T'gyper [P] is the super Liouville action,
d—10 d—10 .
—5 Dsuper (@] = — oo / d*zD®D® (3.7)

and @ is the superfield given by

®(2,7) = In (-4 (D)’ (2) (DOF)* (2))
+ zZ) = DX+ VA
0% () = @ (33

In this superconformal field theory, we have

/ [dXidwid@Zi} St [X+’¢+’¢j+} ﬁe—z‘pix (Zr. Z)

r=1

e d;éOF[ln(apgﬁ)]F [_; (p+p),0, 0} , (3.9)

for any functional F' [X+, P, 1[~)+} of X, 4T, 4. This can be obtained from eq.(2.11) of

Ref. [I] by setting all the Grassmann odd coordinates of the external lines ©, (r =1,...,N)
to be 0. By using eq.(39]), we obtain

N
/ [dX=dp=dip*]e5* T [WDDF (Zr,Z)e v (an)azm)}

r=1
2 = + = — 4201 In(0p0p)] ) —1y/LC _—Re N§§
~ (2m)%6 Zpr o ZpT e 16 pop H(aT V. "Ve 00) .(3.10)
r=1 r=1 r=1

The vertex operator V/PP¥ on the left hand side is defined as

d—10 i y+
e L x
ki

V/OF (7. 7,) = VPP © 5 (Zv,Zy) (3.11)

and V.PPF is the vertex operator for the DDF state which corresponds to VTLC in eq.(B21),
defined as

VPP (2, Z))

; o . o ipt Xi—ipt X~ —i( pr =N ) x+ _
= AnO) L qn) o gh() i) P T <p "f) (Ze, Z,) . (3.12)

—n1 —n1 —S1 —31 €



Here A") and Bi(g) denote the DDF operators given by

-n —

i(r dz (. i ; —i X
Afn) = fz 2—; <18XZ + ;FT,Z)%”L) e (z2),
1
i(r dz ( i YT 1 oYt (10X TN\ 2 —ie X
B = o <¢ Sk e ) ) o @ B

and N, is the level number,
No=>Tmi+ Y si= i+ a. (3.14)
7 J k l
The on-shell condition (B.I14]) implies that p; is given as

1 (1, d—2
=—|=p Np— —— . 3.15
pr p;r <2pr + T 16 ) ( )

d—10 i 4+
We need some care to precisely define the operator e '® »r (27, Z7(m ) in the path
integral (B.I0) with the action Sy. The argument z;) itself depends on a,, Zs and it is

influenced by the presence of other operators.? Here we take the expression

§ Epewf smpv@e (g (3.16)

) 2T

d—10 1

As the definition of this operator, this coincides with e ¢ »* (27, Z7) under the

identification X ~ —% (p+p); vt Yt ~ 0, which can be done in the path integral of the
form on the left hand side of eq.(39).

We can introduce the longitudinal variables by substituting egs.([I0) and (B.I6]) into
eq.B2). With the ghost variables introduced above, and using the relation a%p(zq) =

$, 4=-b (%), we obtain

I 21 8,0
1 al ’
7 —S 1. ~f =
Fy ~ / [dde}dd)d(ghost)} e Zli)rgo (ZHC(Z)C(ZO ;arZr
al ¢~ —&1,/DDF > dz dz - At
XH ce” Pce” PV, (ZT,Z,,)j{ QMDCD(Z)?{ Q—M,DCD(Z)e e (z,Z)
r=1 1(r) (r)
N-2 -
dz b dz b ;
— —(2)eTEC — _—(2)e?TEC (2 3.17
< [f i 9o ITE ) § 5 (0T (ZI)] , (317
up to an overall constant factor, where
S =51+ Si,c+ Sgh . (3.18)
d—26 i y+

?In Ref. [I0], we were not precise enough about this point. The operator e > »&  (z;(m), Z;(») which
appears in eq.(4.2) of Ref. [I0] should have been defined as

dz d—26 i x+

7{ —6ln8X+(z)f: %mnéx*(z)e el (2,%) .
Zr(r) Zr(r)

211
I



3.3 ed’TII;C (z7) and the picture changing operator

Fy is now expressed by the worldsheet theory with the action S given in eq.([3I8). As was
shown in Ref. [I], this system possesses a nilpotent BRST charge, which can be written
using the superfields as

dz 3
@B = 7427” [—C (T'x+ 4+ Tic) — C(DC)(DB) + Z(DC’)QB +c.c., (3.19)
where C(z) and B(z) are the ghost and the anti-ghost superfields, T},¢(z) = TC + 0T5C
denotes the transverse super energy-momentum tensor, and T'x+(z) is the super energy-
momentum tensor of the X* CFT defined as

-1
DXTox~ +1DX OXT — d—10

Dot D3@+D2@+
+) —
S(z, X)) = Dor 2 DoHE (3.20)

5 (2. %))

From @Qg, the picture changing operator X is obtained as

X(2) = (Qn, €(2)) = cE(2) — *Ti(2) + ;0bne™(2) + ;b (2006 + 006 (=), (3:21)

where T is the supercurrent of the matter sector, namely the lower component of Tx+ +
Ti.c, given by

Tr(z) = TKC(2) + % (0X*y~ +0X Y1) (2)
Cd-10 [(5(0%x%)°  ext )\ .
1\ Lexr® T2xez) Y

202X+ ut + %t proytotyt ()
(09X T)? oX+ 2(0X+)?

(3.22)

In the correlation functions of the X* CFT with the insertion Hf;l et X" (Zy, Z,), the
variables X, 9, ¢/~ may have poles at the interaction points z;, even if no operators are
there. However, the supercurrent Tr and thus the picture changing operator X are regular
at zr, when no operators are inserted there [IJ.

As a final step to recast the amplitude Ay in eq.(Z3) into a BRST invariant form, in
the following we will show that the insertion e?TE®(z;) in the path integral [BI7) can be
replaced by the picture changing operator X (z7) and thus

Fy ~ / [ddedqﬁd(ghost)} -5 Jim (44 ) Zar :
i b 7 dz dz d—10 i p+
X H C€_¢é€_¢WDDF (ZT,ZT)f; QMD(I)(Z)f; %D‘I)(Z)e % ,F (Z,Z)
=1 I(T) I(T)
N-2 -
dz b dz b -
2mi Op 305 % 3.23
" I=1 [il 2mi 80( )X (zr) ji 27 8p( ) (ZI)] (3.23)



We would like to show this by proving that the right hand side is equal to that of eq.([3IT).
Let us introduce a nilpotent fermionic charge @ [@ as

Q= ]{ —ap [ (ia)ﬁ — ;8/)) + ;ne¢¢+] (2) . (3.24)
One can show

dz b
$ smigpIX e

- f et o f e f WO(“}W(Z”}

2, 2 Op 27 Dp 2 2T W — 27

dz b dw 11 162X+
= 1- == 2

where

0= L@X_e_‘z’@ﬁ +
dp

5 82 oy~

d—10 [/5(0?°XT) OBXT N\ 2e %06 202Xt _ [2e%0¢
1 ’K4<8X+>3 ‘<8X+>2> o (0X7) ( Ip >
1 o2 <2e—¢a§)  2e790¢ awa%/ﬁ} .

2
e ap dp  2(0X+) (3:26)

Using the relations

{Q 7{ ;;z;p} - [Q’ ed)TII?JC (ZI)} =0,

o f e (1- T w) g wee] <0 @

2 2Miw — 21

one can easily find that @ (anti)commutes with all the insertions in the path integral (3.:23]).
The second term on the right hand side of eq.([32H), which is Q-exact, is therefore irrelevant

in the path integral ([B.23)).
Hence the right hand side of eq.([323]) becomes

N
] s (L
/[dXddeT/)d(ghost)} e Zlggo(z|4c(z)c(z) ;QTZT
N —¢~_—py//DDF * dz dz - d;(alo%XJr )
XTI;I ce” Yce” PV, (ZMZT‘)% 27TZD<I>( )i() WDq)(Z)e v (2,2)
N—2 B
de TEC deb—&*Lc~_
X i [% 27T’L ap ) [ F + R] (ZI) ., o 5ﬁ(2)€ |:TF =+ Ri| (Z]) , (328)
where ] .
w 1 1 10°X 3
R(z) = = <1 — 82(w)> dp~ (w) (3.29)



Since dp (z7) = 0, the contour integral on the right hand side of eq.([329) is nonvanishing
only when ¥~ (w) is singular at w = z;. By examining the singularities of the correlation
functions of ¢~ carefully, one can show that R (z;) and R(Z7) do not contribute to the
correlation function. Since the proof is rather long, we present it in appendix Using
this fact, the right hand side of eq.[823) coincides with that of eq.([BI7) and eq.([B23)) is
proved.

Thus the amplitude Ay is given by substituting eq.([B23) into eq.23). By deform-

dz b

ing the contours of the integrals fZI Tma—p(z), we eventually obtain the supersymmetrized

version of the expression in Ref. [I0]:

Ay ~ / [dded@Ed(ghost)} ¢S

N

dz b dz b ; _
d*T; 7{ — (2 jz{ — _(z cee *=OoV/POY (7. 7,
/H I<21[012m@p() CI27T16p() 7«1:[1[ ( )]
N _ )
dz dz. - d{éop%?ﬁ _
X H}{ 7 Doz )é 5 De@e T (2,2)
r=1"7p(r) 1(r)
N—-2 ~
x [X(mX(zI)D, (3.30)
I=1

where the integration contour C7 lies around the Z-th internal propagator (Z = 1,..., N—3)
of the light-cone diagram for N strings as depicted in Fig. [ (a).

3.4 BRST invariance

In the following, we will show the BRST invariance of the form of the amplitude in eq.([330).

First, we show that all the insertions other than [[3_} [sz %aip ) $e., = ;p } in

the path integral (330) are BRST invariant. By using the fact that the superfields ©1 (z)
d—10 i

and e 1 »f (z,z) are primary fields of weight 0, one can easily show that the OPE

between T'x+(z) and the operator ([B.I6]) is regular. Therefore the operator (3.16) is BRST
invariant. V/PPF can be considered as the vertex operator [B12) for the DDF state with

modified momentum
d—10 1

T =p 3.31
p’/‘ pr + 16 p;!— Y ( )

and it is a primary field of weight (2, 2) Hence cée™ %~ ¢V’DDF (Zr, Z,) is BRST invariant.
Finally, because of eq.(B.21)), it is obvious that X (z) is BRST invariant.

Next, we consider the remaining insertion sz 2%(%(2). It satisfies the relation,

dz b dz Ttotal
_— .32
{QB’%CI 2map<”‘)} 7{0 omi 0p ) (3.52)

where Tt"tal( ) is the energy-momentum tensor of the total system. Since the insertion
B32)) yields the total derivative with respect to 7z, the amplitude Ay in eq.(330) turns
out to be BRST invariant if the surface terms vanish. The surface terms correspond to

~10 -



the limits z; — z; and Z, — Z;. We note that Z, — z; only when Z, — Z, for some
s. By setting d to be a sufficiently large negative value, we can make the surface terms
corresponding to the limit z; — z; vanishing, as explained in section[2l The limit Z, — Zj
can be dealt with by choosing the external momenta appropriately. Therefore, with large
negative d and appropriately chosen external momenta p}, the surface terms are vanishing.
BRST invariant amplitudes can be defined by analytically continuing pf-.

4. Amplitudes for d = 10

Using the BRST invariant form thus obtained, let us examine if we can obtain the results
of the first quantized formalism in the limit d — 10. Using the standard argument [I3],
one can change the positions of the picture changing operators X (z). By moving them
to Z, (r =3,...,N) and then deforming the contours of the integrals sz 2%%(,2) as in

Ref. [I0], we obtain the expression

Ay ~ / [ddedz/?d(ghost)} 1] [cae—¢—<51/;’DDF (ZS,ZS)} Vi OPOE (7. Z4)
s=1,2

N N
o /HdQZs <H VHODDF (7 7 )
s=4

r=4
N 7 d—lOLX+
x H]{ 2dZD<I>(z)7{ L Do(z)e © (z,z)) ,(4.1)
r=172m) 2T Zm 4T
where the vertex operator Vr/(O)DDF(ZT, Z,) is defined as
V/(ODDE (7 7y = {G%, [(;7% , V,,’DDF(ZT,ZT)H , (4.2)

and

G, = f;;TF(z) .aL zf;;TF@) . (4.3)
Total derivative terms with respect to the moduli parameters 77 arise in rearranging Ay
into the above form. However, they vanish with d largely negative and the external mo-
menta p}. appropriately chosen, as explained above. We define the amplitudes for such d
and analytically continue it to d = 10. In the form of the amplitude given in eq.(@Il),
the divergences corresponding to the limit z; — z; are no longer there for any value of d.
Therefore we can take the limit d — 10 in this expression, and it coincides with the result

of the first quantized theory,
Ay ~ / {dXd@bd@Zd(ghost)} e~ Sa=10

N
~ — - = ~1 -(0)DDF ~ >
< I] [cce ¢ ¢V;DDF(ZS,ZS)} Vi (73, 23) [ | / 427,V OPDE (7. 7y (4.4)
s=1,2 r=4

where S3—19 denotes the worldsheet action of the d = 10 dimensional NSR. superstring with
the ghosts, which is obtained from S in eq.([I8]) by setting d = 10.

- 11 -



5. Conclusions and Discussions

In this paper, we have formulated a dimensional regularization scheme to deal with the
divergences in the light-cone gauge closed string field theory for NSR superstrings. Starting
from the action (ZII), we have obtained the tree level amplitudes with (NS,NS) external
lines, which can be recast into a BRST invariant form using the superconformal field
theory proposed in Ref. [I]. We have shown that the results coincide with those of the first
quantized formulation without introducing any contact term interactions.

There are several things which remain to be done to show that our scheme really
works. One thing is to include the Ramond sector fields. Another is to examine how to
apply our dimensional regularization to the multi-loop amplitudes. In dealing with the
ultraviolet divergences in the loop amplitudes, the way to take the number of the Ramond
sector ground states for d # 10 will be important. We may have to take something like
the dimensional reduction scheme in supersymmetric field theory. We hope that we come
back to these problems elsewhere.
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A. Action of Light-cone Gauge String Field Theory for d # 10

In this appendix, we explain the details of the action (2]) defined for d # 10.

We represent the string field |®(¢)) by a Fock state for the non-zero modes and a wave
function for the zero-modes (t,a,p), where a = 2p* is the string-length parameter and
P is the transverse (d — 2)-momentum. The integration measure dr for the momentum
zero-modes of the r-th string is defined as

ardoy dd_2pr

dr = I mt? (A.1)

The string field |®(t)) is taken to be GSO even and satisfy the level matching condition:

2 -
dje—ie(LgC—LgC)

o [@(1)) = [2(2)) , (A.2)

Pasol®() = (1)) . /0

as well as the reality condition, where L5C denotes the zero-mode of the transverse Virasoro
generator.
In the action ([21)), ¢ is the coupling constant. (R (1,2)| is the reflector given by

1
(R(1,2)| = 0715(1,2) 12 (01”2 12(0] = 2(01(0]
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B(12) = =31 (el + G060 13 (606D + FOGD)

n=1 r>0
6(1,2) = 476 (o1 + an) (2m)4 726 (p1 + po) . (A.3)

(V3 (1,2,3)| denotes the three-string interaction vertex defined as

3 3
<Vv3 (1’ 2’ 3)| — 476 (Z a'r) (27’l’)d_2 5d72 (ZPT> <V3LPP (1’ 2, 3)| P123 67F[3](1,2,3) ,
r=1 r=1

—27 EEN T
—ri(1,2,3) e 202
e ) = ggn (o)

3
;o F0=> arlnfal (A.4)
r=1

Q103

where (V¥ (1,2,3)| is the LPP vertex [[4]. By the definition of the LPP vertex, for local
operators O; (p;, p;) on the light-cone diagram,

d?py d*?py d?ps oo (%
| et 0o (L

x (V3P (1,2,3)| O1 (p1, 1) - - On (P, pn)

:]u

( (27) d—2 gd— 2(pr))

r=1

_ <01 (0(21).5(21)) -~ On (9 (z0) ,p<zn>>> , (A5)

where p(z) is the Mandelstam mapping [2.2)) with N = 3, and (O) is given in eq.(Z3]). The
prefactor Pja3 in the three-string vertex is defined to satisfy

d=2py d42py d92ps d—2sd—2 :
/ @r)i=2 (2myi2 2miz P10 Zp

X <V3LPP (1>2>3)‘P123 O1 (plvﬁl)' pnapn

:]m

(’0 (2m)82542(p ))
r=1

= (070 (20) 2P () "+ (TE (20) TE (20) O1 (0 (21) , 7 (21)) -~ On (p (2) . (70)) ) (A.6)

2o here denotes the z coordinate of the interaction point which satisfies dp (z9) = 0.

B. Amplitudes

In this appendix, we calculate the tree level amplitudes perturbatively starting from the
action (ZT]). Here we calculate four-string amplitude explicitly as an example. It is straight-
forward to generalize the results to N-string case.

Propagator and vertex. It is convenient to introduce a basis {|n)} of the projected
Fock space for the non-zero modes which satisfies

(nln'y = Gpr + 1200 "D |n), =5 (n] (B.1)
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so that |®) can be expanded as
= ¢n(t,,p)In), (B.2)

and

(2h+ 28 - T2 ) o) = X 62 + ) ). (B

n
¢n, corresponds to a particle in the spectrum of the string and m,, is the mass of the particle.
The kinetic term of the action (2] can be rewritten as

[LCO) | FLCE@) a2
/dt/dldQ (1,2) (), (z— 0ol 5 ) (1),
a2

1 ~
- [ S ben [ 07 )] i) (B.4)
where
on(p) = /dte’p Con(t,a,p) . (B.5)
Then we obtain the propagator
L L d od —1i
On (P)Ow (') = Onr (2m)7 0% (p+ 1) 57— (B.6)
+ my
In terms of the string field ‘Ci)(p*)>, defined as
() = [ a2 @) =3 duln) (B.7)
the propagator becomes
l L
@ (p; )>1‘<I>2 (P )>2
= (2m)? 67 (p1 + p2) ; 2+m2 )1m)e
_ T (21m2
—~i (2m)" 6% (p1 + p2) o] Z/ dT & Tt (PH772) In)y [n),
—Jo
2 LC(1) _ d— T_(fLC)_d—
= i(27’[‘)d(5d (pl —|-p2) ﬂe \Cz;|(L ' dTGQ>_‘T7;‘(L ' _dT62>
oq 41
=L 2 T
x e T PP e 4 0y L (B

where

T=T+ila]8,

/dQT - —z|a1|/ dT/27r a0 (B.9)
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The Schwinger parameter 7 will become a complex moduli parameter of the amplitudes.
Another useful form of the propagator is

6n (9)[® (1)) = '8 (0 1) 5z ) (B.10)

In terms of |® (p~)), the three-string interaction term can be written as

/ dt / d1d2d3 (Vs (1,2,3) [0(1)); |0(1)) |B(1))5

/ H (d o ) (2m)* 8¢ (ijp) e TH(123)
r=1

X (VEFP (1,2,3)] Prao|® (p7) ) |@ (7)), @ (53)), - (B11)

Four-string amplitudes. The four-string amplitudes A4 can be calculated from the
correlation functions of the string field theory,

((Bs (1) Brs (2) B (3) Ds (1)) (B.12)

which can be calculated perturbatively by using the three-string vertex in eq.(B.II)). Here
{(---)) denotes the expectation value in the string field theory. The tree level contribution
becomes

(ig)? 2" (zpr) (o)

) [‘ / o (VT (1L2,5)[ (Vi (3,4,6)| PrasPaag

T (7 LCG) d—2) T ( FLC) d_Q) as
w o 11 (o 6 ) Tagl 6 ) elasiPs T

T —rl3l —rl3l
% PGP0 ¢ O 0055 1)y [na)y [nshg )y e 120 TG40

+ other channels} . (B.13)

The amplitudes A4 can be obtained from the correlation functions by amputating the
external legs and putting p, on the mass shell:

0= pz + m%r
= —2/p, +07+m; . (B.14)

At the tree level it can therefore be written as
a2
Ay = (4ig)* [/ TT Fy (T,T) + other channels} , (B.15)

where

4 4
F (T, T) = —(2m)"o¢ (ZPr) (H ar> e T1(1,2,5) ,~T(3,4,6)
r=1 r=1
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x (V3PP (1,2,5)] (V3P (3,4,6)| Pras Psag

T LC(5)_u> T ( LC(5) d— 2) ag -
xe \a5|(L 16 [as] 16 e|a5|p5T

)
xe® 30 10) 55 (1) [n2), [n3) s Ina), - (B.16)

The integrand Fy (T, T) corresponds to a light-cone diagram for the four-string amplitude.
The light-cone diagram can be mapped to the complex z-plane by the Mandelstam mapping
p(z) in eq.([Z2) with N = 4. For later use, for each of the regions z ~ Z, (r =1,...,4) to
which the external lines are mapped by the Mandelstam mapping p(z), we introduce the
local coordinate w, defined as

Wy = exp B (p — 7" zﬁ,ﬂ)} . (B.17)

Here Tér) + i, are given in eq.[@27). The Schwinger parameter 7 is expressed as the

difference between the p (z5)’s. It is easy to see

Zpr 7 (B.18)

Ial

Via the Mandelstam mapping, F' (T, T) can be expressed in terms of the correlation func-
tions of the worldsheet theory on the complex z-plane as

Fy(T.T) = (Zm) (Z Py )e‘r[4](1’2’3’4)

r=1
_ _3 ~ 4
x < (@20 (1) 8% (20) " THC (=) TE (20| T V;LC> , (B.19)
I1=1,2 r=1
where
efrl41(1,2,3,4) _ _efFB](1,2,5)67F[3](3,4,6) <v3LPP (1,2, 5)‘ <VLPP (3,4, 6)\

10910} 10), [0)410)5 10}, (B.20)
and the vertex operator V,'C is defined as

oM X0 (wr) N oM xn (wT) N 681—%1113'1 (wr) o 551—%,&51 (wT) o
T T N O]
(r)

x e X" (w,, w,) e (B.21)
wy=w,=0

VIC — o

T

corresponding to the state whose non-zero mode part is |n,),, namely
[np)e = a5, (B.22)

—IH1.234) ig the partition function for the four-string

up to a normalization constant. e
light-cone diagram and should behave as

d—2 T
e TH234) | —TFI(1,25) ,~TBI(3,4,6) .5 a5 (B.23)
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for T = ReT — oo. From these properties, one can show that

—rl4(1,2,3,4)

e = sgn (ajeasoy) e~ 1 T [In(9099)] , (B.24)

where I’ [ln (8,05,5)] is given in eq.(Z0) with N = 4.

One of the most important properties of Fj (T, 7_') is that the integrands in the other
channels are obtained by analytically continuing 7. In order to show this property, we
should prove that Fy(7,7T) in eq.([BI9) is independent of z(.), because the identification
of z;t depends on the channel as explained below eq.(27). Using the fact that VTLC in
eq.(B2I) can be rewritten as

—(#+2Ny)
VLC —

r =

VEC(Z,, Z,) = (T4 ) ReNGG yLC (7 7y (B.25)

‘aw’” (Z)

0z

where VC(Z,, Z,) is the primary field corresponding to V'C on the z-plane, it is easy
to see that Fjy (T, 7_') is independent of z;. if all the external lines are on shell, and
thus depends only on the shape of the diagram. Since I'l* given in eq.([B24) satisfies the
factorization property in eq.(B23]) for any channels, one can conclude that the expression
(B19) is valid for any channels, and thus the integrands in various channels are related by
analytic continuation. Therefore eq.(BH) can be rewritten as

o [d*T =
Ay = (4ig) /MF4 (T.7), (B.26)
where now the integration region is taken to cover the whole moduli space. Hence, with the
action (2I), the amplitude can be expressed as an integral over the whole moduli space,
even in d # 10 dimensional spacetime. What is essential is the choice of e TP(123)

It is straightforward to generalize the above procedure to show that N-string tree level

amplitudes can be expressed as eqs.(Z3)) and (Z7).

C. Correlation Functions of ¢~

In this appendix, extracting the X* CFT part of the path integral (28], we will prove
that the terms of the form

/ (dx*dy*dd*leS= ] R (z1) [] R (21,)

i=1 j=1
N . +X, _ dZ dz = ﬂ%khk

xH e P (ZT,ZT)]{ .D@(z)f{ —D®(z)e ° » (z,2z)| ,(C1)
r=1 zy) 2T Zyy <7

vanish for any n and n with 1 < n,n < N — 2, and for an arbitrary set of n (n) distinct
interaction points 2y, (i = 1,...,n) (Z1, (j = 1,...,7)) chosen out of N—2 z;’s (2/’s). Using
this fact, one can easily show that R (z7) and R (2r) do not contribute to the correlation
function ([3:29]) and the right hand side of eq.([B.23]) coincides with that of eq.([3I7]).
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Since X ~ appears only in S4 and e~ X~ (Z,,Z,), one can see that X in eq.(C.I) can
be replaced by its expectation value —% (p+ p). The insertions at z;(-) can be transformed

d d— _ dfloix_g.
7{ 2 Dd(2) ?{ Y Do@)e © " (2,7)
Zr(r) z

21

as

d—10 _1

~ (1 + K) (1+f<>e o 2pF

(p+p) _
(21005 210)) (C.2)

where K (K) consists of terms which involve derivatives of )" (7). Therefore what we
should show is

. dwl(()@b du; (91/1 )
+ 4+ 774+ S+ apy \Wi) — P
/[dX dp=dyle 21;[1%; 2w w; — 21, jl_[ji 2mi u; — Z;
N

TL e (2 20 (4 K (zge) (14 Kz

r=1

—0. (C.3)

Since 9p (w;) = 0 at w; = zy,, the contour integral with respect to w; is nonvanishing
only when ¢~ (w;) has a singularity at w; = z,. Here let us direct our attention to the
variable w; and examine the singularities at wi = zj,, using the properties of the correlation
functions in the X* CFT [I]. Some of such singularities can come from the contraction of
¥~ (wy) with a derivative of ¢/ contained in K (z;() such that z; = z1,. However, since
K consists of even number of ™, such a term necessarily involves another contraction
of 1T (z1,) (k> 1) and ¢~ (w;) (i # 1), which is proportional to (w; — z7,) . Then
the contour integral of it over w; around zy,(# zr,) vanishes. Therefore such contractions
do not contribute to the path integral in eq.(C3). The same arguments hold for the
anti-holomorphic part.

Therefore we can ignore K and K in eq.([C3) and what we should show becomes

N n
o P _ dwl apw du; apl/’ )
dx*tdpEagtle s [[ e (2., 2, f j{ o =0
/[ w 1/’ ]6 € ( ’ )H . 27.” w; — 27, ]1_[ ZI 271 uj — ZI 0

r=1
(C.4)
Now the problem is to examine the singularity of the correlation function
/ [dx*dy*ap=le 5 [ e X (2, Z) [ [~ (wi) (C.5)
r=1 i=1

as a function of w;. One can see that the contour integrals over w; (i = 1,---,n) in eq.(C4)

yield a nonvanishing result, only if the correlation function (C.A]) behaves as

/ [dXEdytdpFle ¢ (wy) -~ (wy) H e X7 (7, Z,)
~ (wy = 2,) 7" (we = 2p,) "2 (wn —2,) """ (C.6)
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for (wy,wa, -, wy) ~ (21,, 21,," **, 21, ), where m; (i = 1,- -+, n) are positive integers. Here
z1, should be all distinct in order to contribute to the correlation function (CIJ). In the
following, we would like to show that the correlation functions of ¥~ cannot have the
singularities of the form (C.6]) satisfying such conditions.

In the following analysis, it is convenient to introduce [IJ

(rt, ) = JAXT S PR XL, e (2, 2,)
ST e S L e (2,.2,)

(C.7)

Here Z, = (Z,,0,) and the subscript p on the left hand side stands for the super Mandel-
stam mapping p(z) = 21{\7:1 o, In(z — Z,). Using this notation, the correlation function in

eq.([CH) is proportional to

(DX~ (wy) - DX~ (wy)) : (C.8)

Pl10;=0,=0

where w; = (w;,0;). As explained in Ref. [I], one can evaluate eq.(C.8) starting from the
one point function (DX~ (w1)),. In order to do so, we introduce the super Mandelstam
mapping p,, defined as

pm(z) = Z a_i(In(z —w;) —In(z —w_;)) + p(z) . (C.9)

One can find that the correlation function (C.8)) can be expressed as a sum of the products
of the connected ones like

m

11 (2i0a_,Dw,) (DX~ (w1)), : (C.10)

m

i=2 a_;=0;=01=0,=0

with m < n, as the correlation functions are expressed in terms of the connected ones
in the usual field theory. It is therefore sufficient to prove that the connected correlation
function ([CI0) has no singularities of the form (C.f]) satisfying the conditions mentioned
below eq.([C.6]).

The explicit form of (DX~ (w1)),,, can be obtained from eq.(4.1) of Ref. [ by replacing
p with pp,. The super Mandelstam mapping p,, possesses N + 2m — 4 interaction points.
In the limit a—; — 0 for all 4, 2m — 2 of them tend to w;,w_; (i =2,...,m) and the rest
tend to the interaction points of p. Let Z[Im] denote the interaction point which goes to the
interaction point z; of p (I =1,..., N —2), in the limit.

Let us consider the terms in eq.(CI0) that have poles at wy = zj,, which are relevant for

us. These terms originate from the terms in (DX~ (w1)),,, that have poles at w; = Z[IT}

The residues of such poles are rational functions of me(i[IT]), 82pm(i[;;n]) and higher

covariant derivatives of p,,(z) at z = Z[IT], with only powers of 8%p,, in the denominators.

(See egs.(4.1) and (B.3) in Ref. [[].) Let us apply [[", (Oa_,Dw,) to such terms. The

differentiation of Z[IT] can be expressed by a rational function of the terms of the form
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Oa_,) D'py, z™) with 1 > 1. Therefore the results can be given by the terms of the
i Pm\Z],

form
! 01— 0"
Tmlve O Tml\g
(w1 — Z5 ) (w1 — Zr )

X (rational function of (H 80671.) Dlpm(i[;ln])> , (C.11)

with only powers of 82pm in the denominators. By taking a_; = 6; = 8, = ©,, = 0, such
terms can have singularities only at w; = 21, as a function of w;. Namely, the correlation
function of ¢~ can have singularities of the form (C.6l), but there should be i (i # 1) such
that z;, = zr,. Since such singularities do not satisfy the conditions mentioned below
eq.(C.4), they cannot contribute to the correlation function ([CIl). Thus we have shown

that eq.(C4) holds.
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