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Abstract. We use the large-scale structure galaxy data (LSS) from the BOSS and eBOSS
surveys, in combination with abundances information from Big Bang Nucleosynthesis (BBN),
to measure two values of the Hubble expansion rate, H0 = 100h [km s−1Mpc−1], each of
them based on very different physical processes. One is a (traditional) late-time-background
measurement, based on determining the BAO scale and using BBN abundances on baryons for
calibrating its absolute size (BAO+BBN). This method anchors H0 to the (standard) physics
of the sound horizon scale at pre-recombination times. The other is a newer, early-time based
measurement, associated with the broadband shape of the power spectrum. This second
method anchors H0 to the physics of the matter-radiation equality scale, which also needs
BBN information for determining the suppression of baryons in the power spectrum shape
(shape+BBN). Within the ΛCDM model, we find very good consistency among these two
H0’s: BAO+BBN (+growth) delivers H0 = 67.42+0.88

−0.94 (67.37+0.86
−0.95) km s−1Mpc−1 , whereas

the shape+BBN (+growth) delivers H0 = 70.1+2.1
−2.1 (70.1+1.9

−2.1) km s−1 Mpc−1, where ‘growth’
stands for information from the late-time-perturbations captured by the growth of structure
parameter. These are the tightest sound-horizon free H0 constraints from LSS data to date.

As a consequence, to be viable any ΛCDM extension proposed to address the so-called
“Hubble tension” needs to modify consistently not only the sound horizon scale physics, but
also the matter-radiation equality scale, in such a way that both late- and early-based H0’s
return results mutually consistent and consistent with the high H0 value recovered by the
standard cosmic distance ladder (distance-redshift relation) determinations.
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1 Introduction

Over the last two decades cosmology has become a precision science; cosmological observations
have consolidated the standard model of cosmology, the Λ cold dark matter (ΛCDM) model:
an effective model with only six parameters, now measured with unprecedented precision. In
the near future new surveys e.g., [1–6] are expected to provide further improvements. The
model’s parameters can, and have been, measured with errors of few percent or sometimes
sub-percent using different approaches and different observables that rely on different physics.
The resounding success of the ΛCDM model rests on the broad agreement of these different
measurements.

Over the last decade or so however, this agreement has worsened progressively and sig-
nificantly for the Hubble expansion rate today, the parameter H0, also expressed through
the dimensionless Hubble parameter h ≡ H0/(100 km s−1Mpc−1). The discrepancy is now
at the ∼ 5σ level [7] and deemed a ‘tension’ [8]. Direct, local measurements of H0,
based on the traditional cosmic distance ladder and relying on type Ia supernovae (SNe)
calibrated through Cepheid stars, report a ‘high-H0’ value of H0 = 73.0 ± 1.0 km/s/Mpc
[7]. But indirect measurements of H0, based on the interpretation of Cosmic Microwave
Background (CMB) anisotropies within the standard ΛCDM model, yield a ‘low-H0’ value:
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H0 = 67.4± 0.5 km/s/Mpc [9]. Other techniques have complemented these two type of mea-
surements: e.g, direct measurements of type Ia SNe calibrated using the tip of Red Giant
Branch (TRGB) [10], time-delays in strong lensing systems [11], and indirect measurements
from large scale structure data (LSS), which rely on the Baryon Acoustic Oscillation (BAO)
feature imprinted on late-time dark matter tracers [12–14]. Observations seem to segregate
in two ‘camps’ [15]: local, direct measurements, which cluster around the high-H0 value, and
indirect measurements which fall around the low-H0 value [8]. Local direct measurements are
based on the (direct) cosmic distance ladder approach; indirect measurement broadly fall in
the inverse cosmic distance ladder approach [16, 17]. As, after almost a decade of checks by
the community, experimental systematics seem to be an increasingly unlikely explanation for
the tension, a suite of exotic extensions of the ΛCDM model has been investigated to alleviate
this tension e.g., [18, 19] and references therein.

No measurement is completely free of assumptions; relevant to this paper is the fact that
indirect determinations of H0 are particularly reliant on the adopted cosmological model. If
the H0 tension represents a shortcoming of the standard model, indicating that the model
is in need of an extension, it is of paramount importance to analyze the data, especially
those yielding indirect measurements of H0, in the most model-agnostic possible way, making
the least possible number of assumptions, and spelling them out clearly. Then, suitable
combinations of such measurements can be constructed to design diagnostic tests of the ΛCDM
model or of proposed extensions.

The recently-developed ShapeFit compression technique [20] is particularly well-suited
to develop such diagnostic tests for the analysis of galaxy spectroscopic surveys data (see
[21, 22]). ShapeFit compresses the information enclosed in the full power spectrum anisotropic
signal in few physical variables per redshift bin, which are essentially model-independent1.
These variables represent the position of the BAO peak along and across the line-of-sight
(LOS) in units of the sound horizon scale, the growth rate of structure, and the slope of
the smoothed broadband of the power spectrum pivoting at a certain large reference scale.
They effectively parameterise changes of different physical features relative to a linear matter
power spectrum template, which is why it is also known as ‘fixed-template’ approach. The
four physical variables per redshift bin can be later interpreted in the light of a model, as to
extract information about the parameters of that model.

This model-agnostic approach is qualitatively different from other approaches –often
referred to as ‘direct fit’ or ‘full-modeling’– which infer the parameters of a given model
directly from the full power spectrum signal and simultaneously at all available scales and
redshifts (e.g., [23–26]). Within the ‘full-modeling’ approach it is not straightforward to
unambiguously disentangle the information relative to different physical processes, and thus
it is very difficult to run diagnostic tests of ΛCDM, such as whether the late- and early-time
signals are consistent. These diagnostic tests, on the other hand, are enabled by the ShapeFit
approach: as we illustrate in this paper, by playing with the variables considered during the
cosmology inference step, one can turn off and on different assumptions of the model, as
the different compressed variables represent early- or late-time physical processes within the
model, or express background vs. perturbation physics (see also [27]). One possible initial
approach to design a diagnostic test, which we attempt here, is to consider a ‘piecewise’
ΛCDM model: for each relevant epoch or physical process we assume that ΛCDM is an
effective model, but we do not necessarily force the inferred parameters of the model to be

1The variables are model-independent, their interpretation however is not.
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coherent across epochs or physical signatures.
These consistency checks are of particular relevance when it comes to indirect (or model-

dependent) measurements of H0. In a similar way as (direct) distance ladder-based H0

measurements need low-z ‘anchors’, indirect inverse distance ladder-based H0 determinations
need high-z ‘anchors’, whose notion usually relies on a model. The traditional and best
calibrated anchor is the size of the sound horizon at radiation drag, which is usually provided
by the analysis of CMB data. The robustness of the direct distance ladder approach relies
on having several different ‘anchors’ and calibrators; it is thus important to provide several
independent and different anchors also for the inverse ladder.

This paper is one attempt in this direction. We consider and compare different ways of
measuring the Hubble expansion rate from large-scale structure data, where each approach
relies on different assumptions and physical processes that are in-built in the ΛCDM model.
One way is closely related to the traditional, BAOofLSS, approach: measurements of the BAO
signal imprinted in the distribution of dark-matter tracers (galaxies, quasars and Lyman-α)
at different redshifts, which are calibrated with the absolute size of the sound horizon scale at
radiation drag rd. Instead of being given by the analysis of CMB data, the adopted rd value
is obtained by assuming standard early-time physics and big bang nucleosynthesis (BBN) [28]
combined with measurements of abundances of light elements [29]. This method, referred to
as BAO+BBN, relies on assuming standard physics at pre-recombination times and provides
an indirect measurement of H0 which is independent of CMB anisotropies [30–33].

An alternative route to H0 from LSS data is to use the matter-radiation equality scale,
keq, for example employing it as a standard ruler (calibrated also at early times), just as done
with the sound horizon scale (e.g., [34] and references therein, also [35]). Unlike the sound
horizon rd, this scale imprints a signal at much larger scales (the matter power spectrum
turn-around), and this feature also includes the suppression of power on nearby smaller scales,
which is related to how fast modes re-enter the horizon just before matter-radiation equality.
One drawback of this approach is that this turn-around feature is not well measured in current
LSS surveys: partly because of the limitation of the number of large-scale modes available, and
partly because at these scales imaging systematics tend to contaminate the signal of the power
spectrum significantly. However, information can still be accessed in the broadband shape of
the power spectrum at scales just below the turn-around, typically 0.03 < k

[
hMpc−1

]
< 0.10

[21, 36–39], which are also sensitive to the physics around matter-radiation equality times.
From the ShapeFit perspective this information is encoded by the slope of the smoothed
broadband of the power spectrum.

Having two distinct measurements of the Hubble parameter, informed by very different
physical processes (right before recombination or at matter-radiation equality epochs), is
very important to shed light on the current H0-tension. Any proposed solution to the Hubble
tension should improve the performance of ΛCDM in terms of agreement of all the different
H0’s, and also improve, or at least not worsen, other emerging tensions such as the σ8 tension
(see e.g. [40] and references therein).

The main goal of this paper is then twofold:

1. to obtain the tightest constraints on H0 from LSS spectroscopic data to date which are
independent from the sound horizon at radiation drag and based on ΛCDM matter-
radiation equality physics,

2. to provide an array of internal consistency checks of the cosmological model, assuming
that systematic effects in the observations are under control (alternatively it can provide
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an internal consistency test of the observations themselves, but we will not consider
this case here). In particular, the goal is to determine whether this measurement is
in agreement with that provided by sound-horizon scale BAOofLSS-type of analyses,
where the sound horizon ruler is calibrated assuming ΛCDM pre-recombination physics.

These type of checks can then provide diagnostic tests for the ΛCDM model and ‘guardrails’
for new physics beyond ΛCDM.

The rest of the paper is structured as follows. In section 2 we review very pedagogically
the assumptions that a ruler must fulfill to be called standard, and which of these conditions
will be assumed later when performing the analysis. In section 3 we summarise some notions
and dependencies we expect to obtain when we infer constraints on parameters of ΛCDM
type of models from the same type of variables as used in ShapeFit , and which assumptions
are being made when inferring the Hubble expansion rate parameters from different physical
variables. Our main results, consisting of the different types of Hubble parameter measure-
ments obtained from the publicly available BOSS and eBOSS compressed physical variables
and their physical implications, are presented in section 4. In section 5 we explore in details
the differences between the approach of using the matter-radiation equality scale as a stan-
dard ruler, and that of using instead the slope of the broadband shape as a feature to infer
Hubble parameter measurements. Finally we conclude in section 6.

2 Standard rulers and cosmological distances

Measuring distances in cosmology is one of the most challenging tasks the field routinely
faces. Beside standard candles, standard rulers make this possible. In order to convert the
observed redshifts and object’s positions in the sky into comoving distances, we can employ
the physical size of a certain object or feature (a ruler). The ruler length can be derived from
first principles or assumed to be well known. The BAO feature on low redshift clustering of
large-scale structure is such a standard ruler, which enables us to employ LSS data to derive
geometric constraints on the Universe’s expansion history.

In this work we assume (as it is customary to do but not always spelled out explicitly)
that a standard ruler must satisfy the following two key conditions,

i) it is isotropic,

ii) its length is fixed, it does not evolve with redshift.

A standard ruler is particularly useful if also

iii) the length of the ruler is known.

In particular, the sound horizon scale at radiation drag epoch is set by early-time physics
and imprints a characteristic scale on the matter clustering early on, which can thus be as-
sumed to be a ruler. This has been key to the spectacular success of BAOofLSS for cosmology.
In fact, condition i) is very conservative: violating isotropy for rulers set by early-time physics
would violate one of the pillars of the Cosmological Principle [41].

For the BAO feature imprinted in late-time dark matter tracers, assumption ii) is also
very conservative. While there are models predicting a tiny redshift dependence of the feature
connected to the sound horizon due to non-linear couplings [42], these effects are usually taken
into account in the standard approach either by modifying the fixed template accordingly or
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via reconstruction [43–45]. Beyond that, no cosmological models exist (yet) that would predict
a running of the BAO scale with redshift. As such a scenario lacks of physical motivation,
assumption ii) is usually considered true, such that the sound horizon can indeed be treated
as a standard ruler.

Condition iii), however, requires that the BAO scale, as seen in the late-time clustering,
can be uniquely identified with the sound horizon (i.e., no mismatch) and requires a model of
the early Universe (although not necessarily early Universe data). Although such a mismatch
between the physical sound horizon inferred from the CMB and the length of the standard
ruler observed in the BAO has been quantified already following perturbation theory argu-
ments [46–48], this shift is small enough not to be statistically relevant (yet) and could easily
be incorporated in the modeling. Then, for a ΛCDM model for example, it can be set by
late-Universe observations of baryon abundances when the physics of specific early-Universe
epochs is assumed to be known.

In the case of standard candles, the magnitude of supernovae can be known to be fixed
only under certain conditions or assumptions. For this reason sometimes supernovae Ia are
called “standardizable” candles. Similarly, the length of a standard ruler could be known,
or known to be fixed, only under certain assumptions. One could then also use the word
“standardizable” rulers. Here we spell out clearly the assumptions under which a given ruler
can be considered standard. Along this paper we will comment on which of the above 3
assumptions about the properties of a ruler are used when deriving constraints on the Hubble
parameter.

3 ShapeFit compression and cosmological interpretation

This work makes use of the ShapeFit methodology introduced in [20], which has passed blind
high precision validation tests on the large volume of the PT challenge simulation [49, 50]
in [51]. Recently in [21], ShapeFit has been applied to the full BOSS+eBOSS Luminous
Red Galaxy (LRG) and Quasar (QSO) samples [52–54], yielding constraints on cosmological
parameters with unprecedented precision from LSS data alone.

Compared to classic analysis approaches relying on the BAO and redshift space distortion
(RSD) signals, the additional constraining power of ShapeFit mainly comes from the large-
scale shape of the linear matter power spectrum, k < 0.1hMpc−1, encapsulated by a new
degree of freedom of the template-fit, the shape parameter m [55]. This has been subsequently
corroborated by [56, 57] who showed that even for direct model fits which include smaller
scales pushing into the non-linear regime, most of the robust cosmological signal is encoded
in the large scales.

Here we build on these findings by providing a modular cosmological analysis of each of
the physical features captured by ShapeFit and focusing on their individual relation with the
Hubble parameter. For that, we use the measured compressed variables Θ(z) of BOSS DR12
LRG (the first two overlapping redshift bins, 0.2 < z < 0.5 and 0.4 < z < 0.6), eBOSS DR16
LRG (0.6 < z < 1.0) and eBOSS DR16 QSO (0.8 < z < 2.2) samples provided in appendix
E of [21],

Θ(z) = {DH(z)/rd, DM (z)/rd, f(z)σs8(z),m(z)} , (3.1)

where DH(z) and DM (z) represent the distance along and across the LOS, respectively,
rd is the sound horizon scale at baryon drag used as standard ruler in the fixed-template
method, f(z) is the logarithmic growth rate of structure, σs8(z) is the linear matter fluctuation
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amplitude filtered on the scale of 8 rfidd r−1
d h−1Mpc, and m(z) (or the shape parameter) is the

linear power spectrum slope at a pivot scale of kp = π/rd.
We now summarize the physical signal each of these quantities encode, focusing on their

cosmological implications and in particular how they can be used to obtain qualitatively
different measurements of h. Subsections 3.1, 3.2 and 3.3 are somewhat pedagogical, but
provide key concepts to highlight the motivation of this work.

3.1 BAO and geometry information - h from the sound horizon scale

The first two quantities, DH(z)/rd and DM (z)/rd, contain purely geometrical information.
The numerators, DH(z) and DM (z) are determined by the late-time (post-recombination)
geometry, setting the coordinate system of the universe. The denominator, the sound horizon
scale rd, is set by early-time (pre-recombination) physics; by design it is a standard ruler
and yields the natural unit system for the BAO-based geometric probe. By construction,
fixed-template fits such as the standard BAO, RSD and ShapeFit analyses yield distance
measurements in units of the standard ruler which are independent of the adopted template.
In such analyses the ruler length is unknown a priori and its absolute value can only be
inferred (indirectly) under the assumption of a model of the early-universe.

Now, it is interesting to take a closer look at the very different cosmological implications
of the early- and late-time quantities separately, in particular how these relate to the standard
ruler assumptions i) - iii) (see section 2). For this purpose, it is useful to consider the derived
basis, where the signal is explicitly decomposed in an isotropic component and the classic
Alcock-Paczynski (AP) parameter, {DV (z)/rd, FAP(z)}, respectively, defined as,

DV (z)/rd ≡
[
z (DH(z)/rd) (DM (z)/rd)

2
]1/3

=
[
zDH(z)D2

M (z)
]1/3

/rd , (3.2)

FAP(z) ≡
DM (z)/rd
DH(z)/rd

= DM (z)/DH(z) , (3.3)

which makes it easier to disentangle the early- and late-time effects. The spherically-averaged
distance scaling, DV (z)/rd, represents the scaling of the late-time isotropic distance DV (z)
versus the early-time sound horizon rd (assumed isotropic in i)) .

The AP parameter, FAP(z), is a pure late-time variable which captures the apparent
distortion of an isotropic feature (here rd, but any scale can be used as a reference) along vs.
across the LOS. Note that for FAP(z) the only early-time assumption entering this quantity
is standard ruler condition i), not ii): eq. (3.3) remains true even if the ruler (the sound
horizon) were to change with redshift.

It is possible to separate early- from late-time information in the interpretation of the
compressed variables as follows. The redshift dependence of DV (z)/rd, regardless of the signal
amplitude, only encloses information about late-time kinematics. In this case one only uses
the relative DV (z)/rd information across different redshifts; we refer to this as uncalibrated
(do not use of the absolute value of rd) and unnormalized (the overall amplitude of DV is
irrelevant) isotropic distance, which we note as ‘DV (z)’.

The AP distortion information (fully described by FAP) combined with the isotropic late-
time part, ‘DV +FAP’, represents the full ‘unnormalized and uncalibrated BAO’ information.
This information is particularly relevant for model building, since it is associated to the
cosmological background only. In fact, its measurement only relies on the assumption of the
cosmological principle (e.g., that the universe is homogeneous and isotropic at any given time,
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without the need of assuming General Relativity (GR)2 and without early-time assumptions
(apart from the existence of a standard ruler) and can hence be compared to the uncalibrated
SNe Pantheon Ωm measurement. For a Friedmann-Lemaître-Robertson-Walker universe (and
for any theory of gravity) in combination with SNe, BAOofLSS can be used to constrain the
Etherington relation and global curvature. It is well known that the AP test, within the flat
ΛCDM model (at late-time), constrains Ωm; within a more general dark energy model it can
also constrain its associated equation of state parameter(s).

There is also an intermediate step, whereby the absolute value of DV (i.e., normalized)
but uncalibrated ruler (so condition iii) still does not apply), DV /rd, is considered. This is
what gives the usual combination hrd that standard BAOofLSS analyses retrieve. Then, the
final step is to get a value or constraint on rd (i.e., now iii) does apply) to finally obtain h
[58–60]. Hence, the BAOofLSS information alone (in terms of angles and redshifts) is not
capable of constraining h unless a certain model is assumed about the early-time physics.
Recall that the sound horizon scale is given by,3

rd =

∫ zd

∞

cs(z)

H(z)
dz ≃|ΛCDM

147.05

Mpc

(
Ωmh2

0.1432

)−0.23(
Neff

3.04

)−0.1( Ωbh
2

0.02236

)−0.13

, (3.4)

where zd denotes the redshift at radiation drag, and cs is the sound speed in the photon-
baryon fluid (and we have used eq. 2.4 of [33] on the RHS). For example, within a flat ΛCDM
model (shortly) before recombination, with fixed CMB temperature, rd is a function of the
physical matter density ωm ≡ Ωmh

2 and the physical baryon density ωb ≡ Ωbh
2 only. Note

that for more exotic models, such as those with dark radiation or with early dark energy, this
is no longer the case. But for standard early-time physics, the BAO measurement of hrd and
Ωm can be assisted by a BBN prior on Ωbh

2 to provide a measurement of h. Invoking such
a prior on the physical baryon density is the methodology chosen in this paper, as further
specified in section 4.1. For a more sophisticated treatment we refer to [33], where ShapeFit is
combined with the full BBN likelihood operating with the exact measurements of the relevant
nuclear reaction rates. All the results obtained from BOSS+eBOSS for the respective cases
mentioned here are shown in section 4.

As noted before, exotic dark-radiation models aim to explain the Hubble tension as
an effect of a dark-radiation component on the expansion rate at pre-recombination times,
which modifies the sound horizon scale. As noted by [62], an increased expansion rate at early-
times leads to a decrease of rd, essentially because the time required to reach the threshold
temperature for decoupling is lower. However, this prior-to-recombination change in the shape
of H(z) may also impact other relevant scales such as the sound horizon at matter-radiation
equality and the scale of photon diffusion at recombination. Current LSS and CMB data
yield tight constraints on these scales, therefore naive dark-radiation models which aim to
solve the Hubble tension may fail to provide a good description of other observables.

To understand how internal tensions in the LSS data might hint to new physics beyond
the standard, vanilla, ΛCDM model, we consider the isotropic BAO distances given by the

2A small caveat is due: in practice the BAO compressed variables are often extracted from the data after
the so-called reconstruction step. Reconstruction is designed to undo the linear bulk-flows and non-linear
peculiar motion, reduce statistical and systematic errors associated with non-linearities and hence sharpen
the BAO signal. Reconstruction assumes a model for the growth of structure and thus GR. However these
are small corrections and apply to small enough scales where Newtonian gravity holds and GR effects are
unimportant.) see e.g., [45] and references therein.

3Alternative scaling reported by [61] is rd ≃ 55.154e−72.3(wν+0.0006)2

(wc+wb)
0.25351w0.12807

b
, which we report here just for reference.
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Planck best-fit cosmology under the assumption of a ΛCDM model at different redshifts of
interest:

DV (z = 0.38) ≃|ΛCDM
1477.07

[Mpc]

(
Ωm

0.316

)−0.11( h

0.674

)−1

; (3.5)

DV (z = 0.70) ≃|ΛCDM
2375.74

[Mpc]

(
Ωm

0.316

)−0.18( h

0.674

)−1

; (3.6)

DV (z = 1.48) ≃|ΛCDM
3808.19

[Mpc]

(
Ωm

0.316

)−0.29( h

0.674

)−1

; (3.7)

DV (z = 2.44) ≃|ΛCDM
4603.25

[Mpc]

(
Ωm

0.316

)−0.34( h

0.674

)−1

. (3.8)

Considering now the sound horizon dependence within the early-time physics given by ΛCDM
with fixed number of neutrino species and fixed baryon density we can write the above ex-
pressions as,

DV (z = 0.38)

rd
≃ |ΛCDM 10.04

(
Ωm

0.316

)0.12( h

0.674

)−0.54

; (3.9)

DV (z = 0.70)

rd
≃ |ΛCDM 16.15

(
Ωm

0.316

)0.047( h

0.674

)−0.54

; (3.10)

DV (z = 1.48)

rd
≃ |ΛCDM 25.90

(
Ωm

0.316

)−0.058( h

0.674

)−0.54

; (3.11)

DV (z = 2.4)

rd
≃ |ΛCDM 31.30

(
Ωm

0.316

)−0.11( h

0.674

)−0.54

. (3.12)

These scalings are illustrated and discussed below, in figure 1. Note that measurements of
the unnormalized and uncalibrated DV /rd at different redshifts, DV (z), yield a constraint on
Ωm, whereas the normalized (but uncalibrated) DV (z)/rd measurements additionally yield a
constraint on hrd, both solely based on late-time physics and late-time observables.4

3.2 Shape information - h from the equality epoch

The main new ingredient of ShapeFit, the compressed variable capturing the shape, m(z), is
obtained from the data in a model-independent way and its measurement can be compared
to any cosmological model of choice in a later step.

There is a variety of physical effects that modify the power spectrum shape in a trivial
or non-trivial way. These include: the scale-independent scalar tilt ns of the primordial power
spectrum, scale-dependent shape variations due to the scale of equality between matter and
radiation, the baryon suppression or the free-streaming scale of massive neutrinos. While all of
these effects have very different signatures on the matter power spectrum when considering the
full wave-vector range in principle accessible by observations, their behaviour is qualitatively
similar in the range of interest for galaxy clustering, 0.02 < k

[
hMpc−1

]
< 0.20, (see for

example figures 1 and 4 of [20]). This justifies the interpretation of the measurement of
the effective parameter m(z) within any model that does not involve severe scale-dependent
changes in slope. Still, it is important to note that the shape is not a pure late-time or

4While the measurements are based on late-time quantities and physics, rd is an early-time quantity
sensitive to early-time physics.
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early-time parameter, but rather captures several physical effects ranging from the epoch of
inflation until today [55].

Nevertheless, under certain assumptions, the shape can be used to obtain a (model-
dependent) constraint of h. First of all we need to assume that the measured large-scale
clustering (at k < 0.1 hMpc−1) reflects faithfully the shape of the matter transfer function
(e.g., the galaxy bias is scale-independent at these large, linear scales). Second, a prior on
the scalar tilt ns, which under the inflation-motivated assumption of a power-law primordial
power spectrum is very well measured by CMB data [9, 63, 64] due to the wide range of
scales covered, needs to be imposed. This prior is needed given that, for the current data
sensitivity, the degeneracy between the scale-independent (n) and scale dependent (m) slopes
introduced in [20] cannot be effectively broken within ShapeFit , although this may change
with future surveys probing larger volumes. Third, a prior on the baryon density, Ωbh

2,
is needed, because this parameter controls the baryon suppression in the matter transfer
function, which is degenerate with m. This can be obtained either from CMB observations or
adopting a BBN-motivated prior as discussed in section 3.1. Finally, the presence of massive
neutrinos leads to a signature in the linear power spectrum which is degenerate with m; we
study this in more detail in section 4.3.

To summarize, by assuming fixed fiducial values for, or imposing priors on, ns, Ωbh
2

and the sum of neutrino masses Σmν (or giving it some upper limit), we effectively calibrate
the shape variable, m(z). This is the model-dependent, but necessary step, before making
m a variable that captures the signature of early-time physical processes. With this, this
variable can be related directly to how fast modes re-enter the horizon at the end of the
radiation dominated era, where their logarithmic growth is gradually suppressed along with
the increasing importance of the matter density relative to radiation. This is the physical
signature that the large-scale shape of the matter transfer function captures: the evolution
of the growth suppression of the last few modes that enter the horizon just before matter
domination. In this sense the calibrated m is a speedometer of how fast the horizon was
expanding at that epoch, and this is the physical signature that will be used to measure the
Hubble expansion rate. In particular, if the Universe is effectively ΛCDM at times around
matter-radiation equality, keq is set by the parameter combination Ωmh

2 |eq. Here we have
explicitly indicated that this early-time quantity is set by matter-radiation equality physics.
With the above caveats and assumptions, indeed we find that the relation between m and keq
is well approximated by,

keq
kfideq

= 0.77m4 + 0.80m3 + 0.96m2 + 1.16m+ 1 . (3.13)

Note that the equality scale can be used as a standard ruler [34], with its own scaling pa-
rameters FAP and DV (z)keq, yielding a self-contained constraint on Ωm (for uncalibrated and
unnormalized geometric measurements) and on h for the calibrated and normalized quanti-
ties, in the exact way as being done for the sound horizon scale. Such a measurement has not
been done yet on real data, although this would be close to the parameterisation chosen by
[65] for Lyman-α analyses beyond the BAO. We investigate the prospect of such an equality
based standard ruler approach in section 5. Instead, the m-based analysis does not employ
this scale as a standard ruler, but gives an indirect determination of this early-time quantity
through its feature on the matter power spectrum (the shape once calibrated on ns, Ωbh

2

and
∑

mν) rather than its position in scale.
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As previously mentioned, the shape is directly coupled to the scale of equality in co-
ordinates m ∝ keq [Mpc−1] ∝ Ωmh

2. While under a change of coordinate system towards
hMpc−1 the equality scale obviously transforms as keq [hMpc−1] ∝ Ωmh, the scaling of the
unit-less shape variable m with Ωmh

2 is invariant under such a coordinate transformation:
for a given power spectrum, any multiplicative coordinate transformation only changes the
horizontal and vertical position in log(k)− log(P (k)) space while leaving the shape intact.

This is the reason why our ‘indirect’ m-based equality measurement is sensitive to the
parameter Ωmh

2.5 On the other hand, a ‘direct’ equality measurement based on the standard
ruler method (converting angles and redshifts into distances and using the equality scale as a
unit) would depend on Ωmh. This is further explained and explored in section 5.

To summarize, in a ΛCDM model the measurement of m can be interpreted as a con-
straint on Ωmh2, which, in conjunction with the Ωm constraint from the geometrical, “unnor-
malized and uncalibrated BAO” information, results in a constraint on h. This constraint is
hence independent of the absolute value of the sound horizon, but still (because of the adopted
Ωm constraint) makes use of the fact that the sound horizon is a standard ruler6. The same
reasoning applies to recent full-modeling approaches for sound horizon-free determinations of
the Hubble constant [36–39].

3.3 Geometry vs. shape - a tale of two h’s

Given the observables related to geometry and growth that ShapeFit provides, in this section
we would like to explore their cosmological implications and their role in providing an internal
consistency check of the underlying model.

In a Planck-calibrated ΛCDM model, the expected relation between Ωm and h given
by a fixed DV /rd (calibrated) is shown in the left panel of figure 1 for few representative
redshifts, z = 0.38, 0.70, 1.48, 2.33 (in solid cyan lines), following the expressions given by
eqs. (3.9)-(3.12). The lines intersect at the Planck-calibrated ‘true’ value for Ωm and h.
Similarly, the expected Planck-calibrated relation for m is shown as magenta solid line, which
also intersects the DV /rd lines at the same point. If the measured value of DV /rd were to
differ from the Planck ΛCDM prediction by 1% then the cyan lines would shift as indicated by
the respective fainter and thinner cyan lines. If the measured value of m were to be different
by 0.07 (or a change of 7% in m+1) from the expected value, the magenta line would shift as
indicated by the fainter and thinner magenta lines. The Ωm value for the Planck-calibrated
model is shown by the grey horizontal line, with a ±5% change also shown. The shaded
regions in the right panel of figure 1 represent the constraints from BOSS+eBOSS samples
(combination of all the redshift bins) [21] for m (in magenta) and for DV /rd (in cyan) for
z = 0.38 and z = 0.70 at 1σ (other redshifts are not shown for visibility purposes), the
horizontal grey region represents the Ωm constraint from the Pantheon+ sample [66, 67].
Also note that when considering DV /rd (cyan lines/bands), if we were marginalizing over
the absolute size of the sound horizon scale, rd (DV case), the cyan lines/bands would move,
freely but coherently, horizontally in figure 1; h would be totally unconstrained as the system
would be uncalibrated). Still, the constraints for the different redshift bins would cross at the
same Ωm value, constraining thus Ωm as anticipated.

5Note that in the discussion in our previous work [55] m was presented to be proportional to Ωmh. This is
incorrect. While the large-scale structure measurement of keq as a standard ruler does scale ∝ Ωmh, m itself
scales ∝ Ωmh2.

6In principle an Ωm constraint could be obtained from other standards such as the standard ruler explored
in section 5 or non-standard-ruler probes such as supernovae. Here we prefer to derive all the constraints as
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Figure 1. Left panel:
Expected Ωm − h plane relations within a ΛCDM model: thick cyan lines show the relation

imposed by DV /rd predicted by the Planck-calibrated ΛCDM model at representative
redshifts (see eqs. (3.9)-(3.12)), the thick magenta line is m (or keq) constant line which

corresponds to a constant Ωmh2, also predicted by the Planck-calibrated ΛCDM model; the
thick grey line indicates the Ωm best-fit Planck value. The thinner lines represent shifts

from that model as annotated. In particular a 7% shift in m+1 corresponds to a ∼ 9% shift
in keq. Right panel: same, but with semi-transparent colour bands representing selected
measurements (1σ confidence levels) from the literature as detailed in the text. The fact

that the measured values agree with the expectations offer a powerful consistency check of
the model.

From eq. (3.13) it follows that, if keq were to be 1, 2, or 5% different from the fiducial
value assumed, m would change by ±(8.5 × 10−3, 1.7 × 10−2, 4.3 × 10−2), respectively. A
change of 7% in m+ 1 as reported in figure 1 would correspond to a change of about 9% in
keq and thus, a 9% change in Ωmh2. In fact, within a ΛCDM model keq is related to Ωmh2

(and hence to m through eq. (3.13)) as,

keq [Mpc−1] ≃|ΛCDM 0.010398
Ωmh2

0.1432

(
2.379× 104

Ωradh2

)1/2

, (3.14)

where Ωrad is the radiation density. The fact that the measured h and Ωm parameter com-
binations agree with the ΛCDM prediction is already a powerful consistency check for the
model, as figure 1 illustrates. On the other hand, given the measured values for DV /rd, FAP

and m, we can ask ourselves what can be inferred about the model.7

In order to tie together all these quantities, specific aspects of a model have to be as-
sumed at different interpretation stages; a late-time ΛCDM-type expansion history, standard
expansion rate around matter-radiation equality, or standard early-type components, such as
the sound horizon scale predicted by an early-time ΛCDM model (just) before recombination.
But what if one or more of the adopted aspects of the model were incorrect? In this case,
when fitting the data, the various parameters, in particular Ωm and h, would have to be seen
as effective parameters: they would be biased, because of the specific shortcomings of the
adopted model.

much as possible internally to large-scale structure data currently available.
7As explained in section 3.1, FAP also provides a measurement of Ωm, but we leave it out of our discussion

in this section for simplicity.
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For example, let us assume some new physics at early time such that the true underlying
rd were to be significantly different (5 or 7%) from the Planck-calibrated ΛCDM value, but
the matter density Ωm was unchanged. If one were to interpret the DV /rd constraints within
a ΛCDM model, the recovered values of Ωm and h would move along the DV /rd = constant
degeneracy line to compensate: they would be biased. This bias would be different for different
redshifts as illustrated in the left panel of figure 2. These shifts may not be observable: the
combination of BAO measurements at different redshifts will still yield the (correct) late-
time Ωm value and a biased h value. Hence a direct (local) measurement of h at late-time
would signal an issue [68]. The new physics at early times postulated in this example, however,
would have to leave keq (almost) unchanged, given the m constraints. For example, additional
dark radiation would change rd and would bring the early-Universe inferred h value in closer
agreement with the local determinations [69]. However enough additional dark radiation to
yield a ∼ 7% change in h, would also likely change keq and BBN: [33] shows that for dark
radiation models constraints broaden, but large systematic shifts are disfavoured. Early dark
energy models that solve the Hubble tension leave BBN unchanged, modify the expansion rate
at matter-radiation equality, but fade away quickly after recombination: this affects therefore
rd, but also keq.

This argument is parallel to that of [62], but now can be made only referring to late-
time observations and independently of the CMB constraints (see also [39]). Of course the m
constraints can be ‘evaded’ by allowing the primordial power spectrum spectral slope ns to
deviate from the canonical ns ∼ 0.96 values and/or allowing the Ωbh

2 constraint to deviate
from BBN. On the other hand recall that, without assuming an early-time value on rd, the
late-time observations constrain the late-time Ωm and the combination hrd, which is an early-
time quantity, sensitive to early-time physics.

The right panel of figure 2 illustrates this last point. The cyan lines correspond to
constant hrd values and the magenta lines to constant keq both under the assumption of a
model consistent with ΛCDM at early times (with fixed baryon density), but not necessarily
with the same values of cosmological parameters as the late time. In other words the h and
Ωm represented in the right panel of figure 2 are early-time quantities.

To summarize, measurements of the compressed variables of eq. (3.1) can be used to
provide a constraint on the late-time matter density parameter, Ωlate

m , assuming only isotropy
(i.e., condition i), through relative measurements of DM (zi)/DH(zi) at the same redshift)
and that the late-time expansion history is that of a flat ΛCDM model. A more stringent
constraint can be obtained on Ωlate

m if also assuming that the ruler does not evolve with time
(i.e., condition ii), through relative measurements of DV (zi)/DV (zj) at the different redshifts),
what we refer as the uncalibrated-and-unnormalized’ BAO. Additionally, the normalized-but-
uncalibrated BAO yields a measurement of the combination hrd, sensitive to recombination-
time physics. From this a h measurement can be obtained given the knowledge of rd (condition
iii), through an early-time physics assumptions, for e.g., eq. (3.4)). For standard early-time
physics (during the decade of expansion just before recombination and a baryon density prior
[62]), the hrd constraint yields a degeneracy in the hearly,r −Ωearly,r

m plane.8 If Ωearly
m = Ωlate

m ,
then rd can be constrained from late-time observations only. This procedure yields the sound-
horizon based Hubble parameter, hrd .

Under the assumption of a ΛCDM-like model at early times, an anchored shape param-
eter (anchored by a prior on ns and Ωbh

2) estimated from galaxy clustering yields constraints

8The superscript r explicitly denotes the quantity’s sensitivity to the physics of the recombination epoch.

– 12 –



Figure 2. Expected Ωm − h plane relations under the assumption of a ΛCDM model. On the left
panel: the cyan lines are the same as in the left panel of
figure 1, now indicating how a change in the rd value (because of new physics in the early

universe) would reflect on the Ωm and h values to keep the BAO-measured quantity DV/rd
fixed when both rd and DV are interpreted in a standard ΛCDM model. This exemplifies

how the combination of DV /rd measurements at different redshift yield the correct late-time
Ωm even in the case that unknown (or incorrect) early-time physics bias rd. On the right
panel: expected Ωm − h plane relations for constant hrd (cyan) and constant keq (hence

Ωmh2, magenta). Despite being constrained by late-time observables, these actually depend
on purely early-time quantities. Thinner lines show 2 and 9% (respective) departures from

the ΛCDM expected values. The semi-transparent cyan band represents the measured
constraints on hrd obtained by [70] assuming a model-agnostic 4 knots (6 parameters)

reconstruction of the late-time expansion history and marginalizing over curvature. The
magenta semi-transparent band corresponds to the m constraint from BOSS+eBOSS also
shown in the right panel of fig. 1. The horizontal dotted grey line at the fiducial Ωm value

serves to guide the eye; it shows that in a ΛCDM model a 2% change in hrd should be
compensated by a 9% change in keq to keep Ωm unchanged.

on Ωearly,eq
m (hearly,eq)2, where we have specified that these are quantities sensitive to physics

at equality times (and BBN) rather than at around recombination times. These constraints
do not rely on any assumptions about the late-time expansion history, but assume standard
early-time physics at the time of the matter-radiation transition, and that late-time processes
do not alter the large-linear scales. This degeneracy in the h − Ωm plane is different from
the one given by DV /rd. Thus, another Hubble parameter arises, hm, when combining this
measurement with the Ωlate

m determination from geometry, again assuming it is an estimate
for Ωearly

m (Ωearly,eq
m in this case).

Moreover, the two degeneracies in the h−Ωm plane yield a joint constraint i.e., h(m,rd)

and Ωm (assuming Ωearly,r
m = Ωearly,eq

m ), the latter can be compared with the geometric de-
termination of Ωlate

m . These three h are not statistically independent, as to obtain hrd and
hm we have used the same Ωlate

m geometric determination. In section 4.2 we extract all these
quantities from state of the art data.

3.4 Adding the growth information. Yet another h?

The redshift space distortion signal is efficiently captured by the compressed variable fσs8,
which is readily interpreted as the growth rate f ≡ d lnD/d ln a, where D(z) is the linear
growth factor of perturbations, combined with the rms amplitude of matter fluctuations,
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which is closely related to the σ8 cosmological parameter. The extraction of this compressed
variable relies on relatively weak assumptions (valid even in models where gravity is signifi-
cantly away from GR): that clustering is intrinsically isotropic with respect to the LOS, that
in the linear regime growth is scale-independent,9 that the Euler equation holds, that gravity
is the only force at play on large scales, and that there is no velocity bias of dark matter
tracers (galaxies and quasars in this case).

However, the interpretation of this compressed variable as related to the amplitude of
matter perturbations, σ8, also requires the Poisson equation to hold. As such, this compressed
variable does not constrain the matter power spectrum amplitude per se, but, for observations
at different redshifts, carries information about the growth of structure throughout redshift.
Alternatively, within a cosmological model and in combination with the primordial amplitude
of perturbations, a primordial power spectrum spectral slope, a theory of gravity and a matter
transfer function, it can yield information about the Universe composition and in particular
about the matter density parameter. For example in a ΛCDM model, f(z) =|ΛCDM Ωm(z)γ ,
with γ ≃ 0.56 and σs8(z) ∝ D(z)/D(zi)σs8(zi) where D(z)/D(z0), depends only on Ωm.
Measurements of fσs8 at different redshifts hence constrain Ωm.

If the true underlying model were instead to be richer than ΛCDM, by interpreting
the growth information while adopting the ΛCDM model for D(z), the extracted Ωm would
correspond to a parameter driving the growth of perturbations, which in general for generic
gravity models, does not necessarily need to coincide with the background-late-time Ωm, or
the early-time Ωm, as described in section 3.3. This so-called Ωgrowth

m is a pure perturbation-
late-time quantity. On the other hand, within a ΛCDM model, a constraint on fσs8, combined
with a constraint on h or keq (from the BAO or from the shape), leads to a prediction for the
amplitude of primordial perturbations. Conversely, a Planck-calibrated ΛCDM model also
predicts a value for fσs8 as a derived parameter.

It is important to note that the ShapeFit compressed variable, fσs8, slightly deviates
from the traditional approach one, fσ8, as explained in detail in [20]. In a nutshell, the
deviation is twofold: i) ShapeFit measures the power spectrum amplitude at a reference scale
in units of the sound horizon; and ii) upon changing the shape parameter m, only the power
spectrum amplitude at the pivot scale kp = π/rd remains fixed. Therefore, in reality, ShapeFit
constrains the variable fA

1/2
sp , where Asp is the power spectrum amplitude evaluated at kp.

This quantity can be transformed into our desired compressed variable fσs8, considering how
deviations from the fiducial template shape choice (i.e., m ̸= 0) affects the amplitude on scales
of R = 8Mpc/h,

fσs8 ≃ fσfid
s8

fA
1/2
sp(

fA
1/2
sp

)fid
× exp

(
m

2am
tanh

(
am ln

(
rfidd [Mpc/h]

8Mpc/h

)))
, (3.15)

where for the ShapeFit standard parametrization we have chosen am to be 0.6 [20].10

We illustrate the information that ShapeFit fσs8(zi) measurements add to the geometry
and shape in figure 3. The left panel displays the Ωm − h plane, similar to both panels of
figure 1 combined. Since the additional growth data allow us to constrain the primordial
amplitude As, we also display the As − h plane in the right panel. The colour scheme

9If growth were to be scale-dependent the recovered value would correspond to some effective average.
10Note that eq. 3.15 is not exact, since σs8 is an integrated quantity of the power spectrum, while Asp is

not. For that reason it is recommended to always use fAsp for cosmological inference rather than fσs8.
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Figure 3. We show the cosmological information encoded in fσs8 measurements at three redshift
bins. The left and right panels show the Ωm − h and As − h planes respectively, where thick lines
represent those values in parameter space that keep fixed corresponding annotated quantities. In
particular, grey lines display fixed Ωm, magenta lines fixed keq ∝ Ωmh

2, and green lines fixed As. All
lines represent fσs8-isocurves upon considering the full three-dimensional parameter space (Ωm, As, h).
Thin lines indicate 1σ deviations from a Planck-calibrated ΛCDM model and semi-transparent regions
show the parameter space constrained by independent late-time probes as specified in the text.

is consistent between both panels, which helps to appreciate the three-dimensionality of the
underlying system, {Ωm, As, h}. Similarly to previous figures, grey, magenta and green curves
keep Ωm, Ωmh

2 and As fixed, respectively to Planck-ΛCDM reference values, as indicated in
the plot. All lines show those parameter combinations that keep fσs8 fixed, where in some
cases (green lines, As = constant) the degeneracy directions are redshift-dependent. All
these fσs8=constant curves are derived from the following scalings for a Planck-like ΛCDM
universe,

fσs8 (z = 0.38) =|ΛCDM 0.475

(
Ωm

0.316

)1.76( h

0.674

)2( As

2.04× 10−9

)1/2

,

fσs8 (z = 0.70) =|ΛCDM 0.461

(
Ωm

0.316

)1.52( h

0.674

)2( As

2.04× 10−9

)1/2

,

fσs8 (z = 1.48) =|ΛCDM 0.375

(
Ωm

0.316

)1.22( h

0.674

)2( As

2.04× 10−9

)1/2

.

(3.16)

The scalings with h and As are redshift-independent and arise from the fact that the
galaxy power spectrum amplitude scales like Pg ∝ σ2

8 ∝ Ash
4; the redshift dependence enters

through the scaling of Ωm, which governs the growth history of cosmic structures.
In the left panel of figure 3, the thick grey line refers to constant Ωm (which can be

constrained from a late-time geometry) and the thick magenta line to constant keq (which is
inferred from the shape and corresponds to early-time quantities), equivalent to figure 1. The
thin lines (for all cases) represent changes in Ωm by 2%, which correspond to the 1σ sensitivity
of Planck within the ΛCDM model. Green thick lines display the combinations of (Ωm, h)
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values that for a given redshift (see the individual relations in (3.16)) keep fσs8(z) fixed, given
a constant value of the primordial amplitude As. Again, thin green lines represent deviations
induced by a variation of Ωm by 2% around the fiducial value. The green, semitransparent
regions show the parameter space constrained at the 1σ level by our ShapeFit measurements
at redshifts z = (0.38, 0.7, 1.48) (we do not show the z = 0.51 bin for better visibility). The
z = 1.48 bands display a ∼ 2σ offset value with respect to Planck predictions. This is not
unexpected and is caused by the high value of fσs8 for the QSO sample in [21] (see also
original eBOSS works on this sample [71, 72]).

From the similarity between the theoretical expectation at different redshifts (green
curves) alone, we can see that inferring Ωm from the combination of fσs8(z) measurements
is challenging. Also, the green curves are quite similar to the magenta keq ∝ Ωmh

2 lines. In
fact, for fixed As, which fixes the power spectrum amplitude at kpiv = 0.05Mpc−1, most of
the behaviour of fσs8 is driven by the exponential term in eq. (3.15) because kpiv is rather
close to the ‘ShapeFit pivot scale’, kp ≈ 0.03hMpc−1: most of the amplitude variation at
larger wavenumber ≈ 1/(8Mpc/h) comes from the variation in shape when As is fixed. This
similarity between keq and fσs8 constraints appears to be stronger for higher-redshifts (where
the sensitivity of the growth rate to Ωm is weaker).

In the right panel of figure 3 we show the behavior of the fσs8 = constant curves in the
(As, h) plane considering three different cases.

• We keep Ωm fixed (grey lines), which fixes the growth history, such that the redshift-
dependence vanishes. Hence, these lines (where thick lines refer to the fiducial cosmology
and thin lines to deviations in As by 2%) are identical for each redshift bin.

• We keep keq ∝ Ωmh
2 fixed (magenta lines), meaning that Ωm and hence the growth

history changes for varying h. In order to keep fσs8 fixed, the change in Ωm is compen-
sated by varying As. Since the impact of Ωm varies with redshift, this compensation
via As is redshift-dependent. This is why we show a different magenta isocurve for each
redshift. The thin magenta lines represent a variation of As by 2%.

• For reference, we also show the case of fixed As in green, where thin lines represent,
again, a variation of As by 2%. It is possible to fix fσs8 in this case by adjusting Ωm

as explained before and displayed in the left panel.

In this (As, h) plane the redshift dependence of fσs8 reveals itself within the keq = const.
(magenta) case. Again, we can see the trend that for higher redshifts the green and magenta
theory predictions come closer together while for later times the degeneracy is broken: at
high-z the compressed variable fσs8 is purely determined by the primordial amplitude As

and the shape Ωmh2.
So how does the inclusion of the growth measurements impact our sound-horizon inde-

pendent measurement of h? In principle, one could measure h by combining fσs8 measure-
ments at different redshifts and derive from figure 3 at which value of h they ‘cross’.11

Considering the (Ωm, h) plane in the left panel, we can see that, given the BOSS and
eBOSS sensitivity (i.e., the size of the semitransparent bands), the combination of growth
information from different redshifts cannot efficiently resolve the degeneracy and only provide
a very loose constraint on the matter density of Ωgrowth

m = 0.19 ± 0.06. This corresponds to
11Here, it is important to note that by definition the fσs8 measurements are independent of the absolute

value of the sound horizon. They represent the velocity fluctuation amplitude evaluated at a certain scale in
units of the sound horizon, without making any assumption of the absolute value of the sound horizon.
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the point in parameter space where all green bands would overlap. As already mentioned, it
is not possible to derive h from the growth of structure measurements alone. But, as evident
from eq. (3.16), such a measurement can in principle be obtained by using a prior on As (and
also on ns, which we do not take into account in this discussion for simplicity). In this way,
As serves as our new early-time anchor, we hence call the attributed h-measurement hAs .
Such a constraint on hAs is however very loose: we find an uncertainty of order σhAs

≈ 0.6.
For that reason we do not consider it in what follows.

On the other hand, the (As, h) plane in the right panel reveals an additional h measure-
ment. While h cannot be inferred from fσs8 alone, the combination with the measurements
of m indeed provides a measurement of h. In particular, we find hm,fσs8 = 0.92+0.13

−0.18, where
this high value is driven by the low Ωgrowth

m measurements given above. Once we combine
this with the uncalibrated BAO information we obtain hm = 0.701+0.019

−0.021 consistent our hm
measurement from geometry and shape only from section 3.3. In summary, we can see that
the addition of growth data amplifies the possibilities for further internal consistency checks
of the model:

• In the (Ωm, h) plane, do the green fσs8= constant constraints cross at the same position
where the magenta m-derived keq=constant constraint crosses the grey Ωm constraint
derived from geometry?

• In the (As, h) plane, is the crossing point of the magenta fσs8= constant constraint
consistent with the As value that returns the same fσs8 given Ωm is constrained via
geometry (grey line)?

• Also in the (As, h) plane, is the As value inferred from the crossing of the magenta
fσs8=constant constraints and/or their crossing with the Ωm constraint consistent with
the Planck-derived value?

We can see that, once we start including other independent datasets and external priors, this
list may become even longer.

One important question in this context is, of course: how could the ΛCDM model be
altered or extended to make the model consistent with the higher SH0ES value of the Hubble
parameter while preserving agreement with the BOSS+eBOSS sound-horizon-free dataset, in
particular our fσs8 measurements?

From the left panel of figure 3 we can draw the same conclusion as from figure 1. Without
touching the ΛCDM model at or prior to equality, to increase h we need to lower Ωm, such
that the model is still consistent with our keq and fσs8 measurements. But this automatically
induces a tension with the (late-time) Ωm value preferred by geometry. From the right panel
we can see that the problem is even more severe: increasing h while still fitting the geometry
and growth data forces As to decrease. On the other hand, fitting shape and growth data
forces As to increase. Apparently, the ΛCDM model does not allow us to increase h and
at the same time fit the full geometry+shape+growth dataset. A related ‘curiosity’ can be
seen from our current BOSS+eBOSS dataset. The high fσs8 value reported by the QSO
sample pushes Ωm towards smaller values (and h and As towards larger values, where the
semitransparent bands overlap), but this is in contradiction with the expected behaviour of
a ΛCDM model fed with the best-fitting geometrical constraints of the same QSO sample:
a calibrated DV QSO-only analysis actually yields higher values of Ωm and lower values of
h (see figure 9 of [21]). Since this ‘anomaly’ is not (yet) statistically significant, only future
data may allow us to flag this as an inconsistency of the ΛCDM model.
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4 Results from BOSS and eBOSS data

4.1 The data

We use the same dataset as in [22] (see table 1 and figure 1 therein). This includes the
LRG samples (three redshift bins) covering 0.2 < z < 1.0 in a wavevector range of 0.02 <
k
[
hMpc−1

]
< 0.15 pre- and post- reconstruction, as well as the QSO sample (one redshift bin)

covering 0.8 < z < 2.2 in a wavevector range of 0.02 < k
[
hMpc−1

]
< 0.30 pre-reconstruction

only. We directly use the compressed variables Θ of eq. (3.1) provided by [22], and summa-
rized in appendix E therein. We conveniently transform the compressed datavector (and its
covariance) using eqs. (3.2) and (3.3) to obtain the following modified compressed datavector,

Θ′(z) = {DV (z)/rd, FAP, f(z)σs8(z),m(z)} . (4.1)

We extend the redshift range of our dataset by using the eBOSS DR16 Lyman-α BAO data
from [73]. As our baseline choice (that is except in sec. 4.4 where we explicitely vary the
number of effective neutrino species), we include the BBN prior adopted from [29, 31, 74],

Ωbh
2 = 0.02235± 0.00037 , (4.2)

and fix the spectral index ns to our baseline choice of,

ns = 0.97. (4.3)

In Appendix A we explore the effect of varying these priors. Our cosmological likelihood is
based on a modified version of the Boltzmann-code CLASS [75] within the MontePython
sampler [76].

Unless otherwise stated, we report inference of cosmological parameters obtained from
the combination of the constraints on the physical variables at different redshifts. In partic-
ular, m is not predicted to change with redshift in any of the ΛCDM extensions considered
in this paper; similarly the m measurements reported in [22] do not show any significant
redshift-dependence.

4.2 Piecewise-ΛCDM constraints from geometry and shape

As first diagnostic test we present constraints on the matter density Ωm and the Hubble
parameter h under a piecewise-flat ΛCDM model from the different pieces of information
introduced in section 3 in figure 4. The left panels show results from the three LRG samples
alone (0.2 < z < 1.0), while the right panels contain our full LRG+QSO datasets and
Lyman-α BAO (0.2 < z < 3.5). In this section we explore, how adding different ingredients
of the datavector Θ (representing different physical processes) results in different constraints
of the model’s parameters. We start with the purely geometrical information without BAO
calibration (achieved via the sound horizon marginalisation)12 represented by ‘DV ’ and ‘FAP’.
The latter alone (grey dotted contours) and its combination with ‘DV ’ (grey solid contours)
constrain the matter density Ωm. Considering only the limited redshift range of LRG only
(left panels), the constraints are rather weak (σΩm ≈ 0.05). Conversely, when considering
the full redshift range from all samples (right panels, grey solid contours), the geometrical

12This can be achieved by introducing the sound horizon as a nuisance parameter within the cosmological
likelihood.
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constraint tightens to Ωm = 0.289 ± 0.016. Not unexpectedly, the ‘DV ’-derived constraints
benefit significantly from the extended redshift range compared to ‘FAP’. This is directly
related to the fact that ‘DV ’ builds on property ii) of the standard ruler definition (see
section 3.1), while ‘FAP’ does not. These ΛCDM constraints on Ωm are independent of any
early universe assumptions, as the sound horizon information is either cancelled out (grey
dotted contours) or marginalized out (grey solid contours). The only assumption entering
here is that the late-time background expansion is dictated by standard flat-ΛCDM, hence
by Ωm. Therefore, these represent geometric constraints on the late-time Ωlate

m quantity.
Next, we add the sound horizon scale to make use of the full late+early-time information

‘DV /rd + FAP’ (light-blue solid contours, lower panels). If the physical baryon density Ωbh
2

is varied freely, the system would be under-constrained and the light-blue solid contour would
become indistinguishable from the grey solid contour. But, by fixing the baryon density via the
BBN prior, the system becomes constrained and rd is ‘calibrated’. Now, DV (z)/rd constrains
the parameter combinations of eqs. (3.9)-(3.12) displayed via black dashed lines. Together
with the uncalibrated BAO constraint on Ωm, this delivers our first measurement of the Hubble
parameter, hrd = 0.6742+0.0088

−0.0094, known as the traditional BAO+BBN technique, equivalent
to the h-measurement delivered by the eBOSS collaboration team [13], h = 0.6735± 0.0097.
This measurement relies on the assumptions of standard late-time background expansion,
standard pre-recombination physics and that the Ωm value at pre-recombination times is
effectively the same as the late-time one, Ωlate

m = Ωearly,r
m . This constraint can also be compared

with [33] h = 0.676+0.0094
−0.0103 where the central values are in excellent agreement and the small

difference in error-bars arises from a slightly different treatment of the BBN prior and with
[21] h = 0.6742+0.0084

−0.0091.
Finally, we carry out the same exercise (still using the BBN prior), but including the

shape measurement m(z) in our cosmological analysis. The shape alone (magenta bands)
constrains the parameter combination Ωmh

2 indicated by the black dash-dotted lines. Com-
bined with the uncalibrated BAO (purely late-time) measurements of Ωm and using the full
LRG+QSO+Lyman-α samples, we find hm = 0.695+0.042

−0.051 in the ‘FAP +m’ case (orange con-
tours, upper panels) and hm = 0.702+0.019

−0.021 in the ‘DV +FAP +m’ case (red contours).13 The
latter represents our second h-measurement, which is comparable in information content to
the sound-horizon-independent constraint of [36–38], although using a larger redshift range
and being independent of the Pantheon+ dataset; this can also be compared with the com-
plementary approach and results of [39]. These measurements rely on the assumptions of
a standard late-time background expansion, standard matter-radiation equality physics, the
fact that rd is a standard ruler and that the values of Ωm at equality and late-time are the
same, Ωearly,eq

m = Ωlate
m .

Consistently combining these two measurements we obtain the full BAO+BBN+shape
constraint h(m,rd) = 0.6790+0.0076

−0.0075 (‘DV /rd + FAP +m’ case), which relies on standard late-
time background expansion, standard pre-recombination and equality epoch physics, and that
Ωm is the same in all those epochs, Ωlate

m = Ωearly,r
m = Ωearly,eq

m . As appendix A shows, while
the adopted baryon abundance prior is important for h (but not for Ωm), a reasonably wide
prior on ns has a small effect on both parameters.

The individual h-measurements are summarized in table 1 (the full results are reported
in appendix B, table 3). We see that under the assumption of the flat ΛCDM model and

13Note that the sound horizon marginalisation applied to obtain the uncalibrated BAO also changes the
pivot scale ksp at which the shape m is defined. We find that this does not impact our hm measurement, since
m represents an almost scale-independent slope (see also [37] for a more detailed discussion).
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Figure 4. Ωm − h plane derived from piecewise ΛCDM fits to the BOSS+eBOSS LRGs (left panels)
and all samples (right panels) considering different combinations of compressed variables. The upper
panels show all constraints except the ones relying on BAO calibration, which are shown in the
lower panels only. Grey contours refer to purely late-time constraints, either only using the AP
parameter, FAP (grey dashed contours, upper panels), that does not assume any information on
the sound horizon scale physics (only its existence as an isotropic feature), or combining FAP with
the uncalibrated BAO information, DV , standing for DV /rd with rd marginalised out (grey solid
contours), which additionally assumes that rd does not change with redshift. These results (grey
curves), by construction, are independent of the employment of any BBN prior. Note, however, that
all colored lines assume BBN (not included in the legend for conciseness). By adding information
on the absolute size of rd we obtain our first measurement of h (light-blue contours), commonly
known as BAO+BBN. On the other hand, the shape m alone (magenta dash-dotted line) constrains
the combination of Ωmh

2 (upon priors on ns and Ωbh
2 are set). By adding either the FAP (orange

contours) or FAP + DV (red contours) information on Ωm, we obtain sound-horizon-independent
constraints on h. All combined (dark-blue contours) give the full BAO+BBN+shape result for h. All
these h-measurements are provided in table 1.
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the employed BBN prior, all these measurements are consistent with each other. In fact,
the two degeneracy directions (that enable our two h-measurements) displayed by the black
dashed and dash-dotted lines in figure 4, exactly meet where they are in agreement with
the Ωm band obtained from the expansion history. On one hand this indicates the strong
self-consistency of the ΛCDM model. On the other hand this exemplifies how difficult it
is to reconcile the high-h value obtained by SH0ES, h = 0.7304 ± 0.0104 [7], with indirect
determinations of h by postulating new physics in the early Universe. Any extension to the
standard model must consistently change the sound horizon and the matter-radiation equality
physics, in such a say that both ‘anchors’ deliver a SH0ES-consistent value for h, as well as a
consistent Ωm measurement with the uncalibrated late-time universe measurements. Indeed
this is what [39] finds for a range of popular beyond-LCDM models. Looking forward, as the
error-bars continue to shrink, this implies that a new value of h cannot be reached by moving
along one of the two degeneracy directions displayed in figure 4; nor it can be achieved by
recalibrating or changing either the length of the sound horizon scale, or the interpretation
of the shape. Instead, to accommodate a significantly higher value of the Hubble parameter,
both degeneracy directions must be coherently shifted towards higher values of h. This implies
that the physics governing the sound horizon at radiation drag (as seen in the BAO) and the
physics governing the shape, hence to first approximation physics around matter-radiation
equality, should be changed in a coherent manner as not to disturb the (currently evident)
agreement. Alternatively, two different mechanisms would need to be invoked, one (early-
time) that shifts rd and another one completely unrelated that shifts m ‘just so’ to preserve
the agreement. This agreement also includes obtaining a consistent Ωm value with respect to
that delivered by the uncalibrated BAO, based entirely on geometric late-time physics and
the early-time one.

These considerations can be seen as a straitjacket for extended models that could po-
tentially resolve the Hubble tension.

4.3 Piecewise ΛCDM constraints from geometry, shape and growth

We investigate how adding the growth signal affects measurements of h. Adding the (rela-
tive) growth signal does not change the h-anchor, so this route provides effectively another
determination of the same quantities as above, hm, hrd or h(m,rd). As explained in section
3.4, the ShapeFit fσs8(z) measurements carry two types of information: 1) the global ampli-
tude of perturbations, which is given by the scalar amplitude As of fluctuations generated by
inflation, and by h through the units of σs8 in Mpch−1; and 2) the relative redshift evolution
of fσs8(z), which only depends on the matter density Ωm within a flat-ΛCDM model (see
equations 3.16). Note that since in our baseline setup we vary As freely, we can only constrain
Ωm through the relative redshift dependence of fσs8 across redshift bins, which is, by con-
struction, independent of the overall scalar amplitude As. On the other hand, the variation
of As does not allow us to obtain a third independent h measurement, as the system still
needs to be calibrated, either through m or the sound horizon scale, as we have described
in section 4.2. Note that in this case, the intrinsic ΛCDM assumption of Ωgrowth

m = Ωlate
m or

Ωgrowth
m = Ωearly

m will be exploited.
The resulting constraints on the flat-ΛCDM parameters are displayed in figure 5 for

the whole set of BOSS+eBOSS tracers (LRG+QSO+Lyman-α; 0.2 < z < 3.5), for different
combinations of parameters (analogously to the right panels of figure 4, but all including
fσs8) . As before, some of the parameter combinations require either a prior on the baryon
density, or the spectral index, exactly in the same way as previously described in section 4.2,
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H0 [km s−1 Mpc−1] ± 68% CL
Probe/feature LRG ALL Assumptions

Ωeq
m = Ωlate

m &

FAP +m (hm) 63.9+4.7
−6.4 69.5+4.2

−5.1 i); priors on ωb, ns

DV + FAP +m (hm) 64.5+3.5
−4.5 70.1+2.1

−2.1 i), ii); priors on ωb, ns

Ωr
m = Ωlate

m &

DV /rd + FAP (hrd) 70.8+2.2
−2.8 67.42+0.88

−0.94 i), ii), iii); prior on ωb

DV /rd + FAP +m (hm,rd) 67.99+0.83
−0.85 67.90+0.76

−0.75 i), ii), iii); priors on ωb, ns

Ωeq
m = Ωlate

m &

FAP +m+ fσs8 63.8+4.5
−5.8 72.8+4.0

−4.8 i), GR; priors on ωb, ns

DV + FAP +m+ fσs8 64.5+3.5
−4.5 70.2+1.9

−2.1 i), ii),GR; priors on ωb, ns

Ωr
m = Ωlate

m &

DV /rd + FAP + fσs8 70.9+2.2
−2.8 67.37+0.86

−0.95 i), ii), iii),GR; prior on ωb

DV /rd + FAP +m+ fσs8 68.00+0.73
−0.73 67.9+0.76

−0.75 i), ii), iii),GR; priors on ωb, ns

Table 1. Constraints for the Hubble expansion rate, H0 = 100h [km s−1 Mpc−1], considering different
combinations of compressed variables from either LRGs only (0.2 < z < 1.0) or all samples combined
(0.2 < z < 3.5) and different anchors. The top two rows show constraints on H0 independent of the
sound horizon, whereas the two rows below include the calibrated BAO. The four bottom rows report
those constrains including the fσs8 variable (first two independent of sound horizon, second two with
the calibrated sound horizon scale), which additionally assume GR at the perturbation level. Adding
the growth information does not chance the anchor, of course. All results are based on the flat ΛCDM
model assumption (at the background level) and include the BBN prior from eq. (4.2). Those results
including the shape parameter m also include the ns prior from eq. (4.3). The assumptions i), ii),
iii) have been introduced in section 2. All results are graphically displayed in figure 4 (four top rows)
and figure 5 (three bottom rows, for ‘ALL’ only).

and as explicitly displayed in the right column of Table 1. The information is split in two
panels, where the right panel is a zoom into the left panel, which allows for a comparison of
our ShapeFit constrains with Planck.

The addition of the fσs8 constraint does not change significantly the constraints on
Ωm or h. Nevertheless it is interesting to note that, in principle, if fσs8 could be measured
over a wide redshift range and with enough accuracy, the combination m+ fσs8 could yield a
qualitatively different h determination whereby the Ωmh

2 =constant degeneracy given by m is
broken by a determination of Ωgrowth

m that only relies on the growth of perturbations. For the
redshift range available, with baseline from z = 0.38 to z = 1.48, and at the current precision
level, this is not yet possible. However, forthcoming data and the addition of higher-order
statistics may be able to break the degeneracy between f and σs8 [77] making this new h
determination possible.

To summarize, when the fσs8 information is combined with the calibrated BAO, or the
uncalibrated BAO+shape, h is fully determined, and fσs8 moderately helps to increase the
precision of the h determination. These measurements allow for an extra determination of
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Figure 5. Derived constraints from piecewise ΛCDM fits to the BOSS+eBOSS samples
(LRG+QSO+Lyman-α), analogous to the right plots

of figure 4, using the same colour scheme. The right panel is a zoom into the left panel,
where we also show the full ShapeFit (empty dark-blue contours) and Planck [9] ΛCDM
(filled orange contours) constraints. All cases include the perturbation-like variable fσs8,

which allow us to set constraints on the amplitude of perturbations (σ8 or As) when the GR
assumption is being made to connect the matter at background and perturbation levels:
Ωm(z) = f(z)0.56. The black dashed lines in the Ωm − h panels are the same as those in

figure 4. Priors on Ωbh
2 and ns are set when they are relevant, according to eqs. (4.2) and

(4.3), respectively. The Hubble parameter can be constrained efficiently only if either the
system is calibrated using the sound horizon scale as a ruler, or the shape parameter, m, is
employed to determine how fast the horizon grows at matter-radiation equality epoch. Thus,
adding the perturbation information through fσ8 only helps to improve the constraints on h
via an improvement on the Ωm determination. In principle a determination of h based on
m+ fσs8 would also be possible, but in practice fσ8 alone constraints Ωm poorly, in part

due to the lack of precise measurements at very distinct redshifts. As in figure 4 all h
constraints are fully consistent. These constraints are reported in table 1 and table 3.

h which relies on the ΛCDM assumptions: 1) the growth of structure is connected to the
matter density according to GR predictions; 2) this perturbation-derived matter density is
the same as the late-time-background density, or also additionally to the early-time matter
density. However, note that these ‘new’ values of h so obtained are fully correlated with those
described in section 4.2.

The bottom two rows of both panels of figure 5 are useful to shed light on another
mild tension involving σ8, the late-time amplitude of perturbations (see [40] and references
therein). In particular, weak-lensing observations (for e.g., [78]) tend to report a lower value of
σ8 compared to that estimated from CMB data [9]. The constraints reported in figure 5, which
include the redshift space distortion information through fσs8, enable another diagnostic test
or internal consistency check. Moreover, any proposed solution to fix the Hubble tension
should also help to improve, or at least not exacerbate, the σ8 tension.
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For example, the m+ fσ8 constraint (combining equality physics with late-time growth
rate) would need a higher As for higher h values, but also higher σ8 values. On the other hand,
the purely late-time, uncalibrated BAO signal, combined with the growth rate constraints,
would need a lower As for higher values of h, but also a lower σ8. This type of ‘scissor’
behaviour of the constraints is particularly useful for diagnostic tests of the model.

By combining the un-calibrated BAO information with the shape and relative growth, we
obtain a σ8 value of σ8 = 0.872+0.042

−0.042 (red lines). This result relies upon the velocity at which
the modes re-enter the horizon at matter-radiation scales, and other late-time quantities
(growth and geometry), but is independent of sound-horizon scale physics. On the other
hand, the sound horizon scale calibrated results (cyan lines) in combination with fσs8 yield a
highly consistent value σ8 = 0.825+0.043

−0.047. This determination is also highly consistent with the
official eBOSS reported value, σ8 = 0.850+0.033

−0.033 [13]. The full combination of sound-horizon
calibrated BAOofLSS and the shape m, relying on processes at equality, and the late-time
growth rate, provides σ8 = 0.850+0.035

−0.038, again very similar to the eBOSS official results. The
values of σ8, as well as other parameters of interest are reported in Appendix B, table 3.

4.4 Beyond ΛCDM: massive neutrinos and dark-radiation.

Two popular ΛCDM extensions involve considering a free sum of neutrino masses parameter,
Σmν , or varying the effective number of neutrino species, Neff , incorporating dark radiation.
We explore the constraints ShapeFit impose on h within these models.

The effect of varying the sum of the neutrino masses is displayed in the left panel of
figure 6 for the geometry, shape and growth parameters, as in figure 5, using the same colour
scheme. For comparison, the dotted lines are the constraints for a standard ΛCDM model.
Interestingly, varying the sum of neutrino masses has a very distinct effect on the constraints
provided by the different features used by ShapeFit . Features that depend on the sound
horizon yield cosmological parameters degeneracy directions (cyan contrours) very different
from those obtained considering features that depend on the shape (red). A large

∑
mν

forces h to decrease(increase) for the sound horizon(shape) physical parameters combinations,
implying that a large value of

∑
mν cannot solve the h tension. Both cases consistently

overlap at h = 0.6786+0.0078
−0.0074 (and

∑
mν consistent with zero), consistent with Planck low-h

values. A similar effect appears for σ8, where the constraints based on the sound horizon
ruler(shape) tend to have lower(higher) values of σ8, although both are consistent with the
combined preferred value σ8 = 0.853+0.035

−0.036. This ‘scissor’ behaviour offers a useful diagnostic
test of the model.

Next, in the right panel of 6 we show the effect of additional dark radiation, param-
eterised by the effective number of neutrino species Neff . We include the BBN prior, but
we adjust our baseline choice of eq. (4.2) taking into account the BBN constraints on Ωbh

2

and Neff when considering Deuterium [74] and Helium [79] data (see figure 1 in [32]). For
simplicity, instead of undertaking the full BBN likelihood calculation as in [33], we choose
the following Gaussian priors

Ωbh
2 = 0.0222± 0.0005 Neff = 3.0± 0.3, (4.4)

where we also incorporate a correlation coefficient between both parameters of ρ = 0.6 to
correctly reproduce the findings of [32].

Again, we show the constraints obtained from geometry and growth (cyan contours),
shape and growth (red contours), and their combination (blue contours). The ΛCDM degen-
eracies discussed extensively in section 3.3 are also indicated here via the black lines in the
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Figure 6. Left panel: parameters of the νΛCDM model (with a BBN prior) for the most relevant
cases when the shape, geometry and growth parameters have been added on the BOSS+eBOSS
samples (0.2 < z < 3.5), following the same colour scheme as in the previous figures. When the∑

mν parameter space is varied, a degeneracy with h appears. However this
∑

mν − h degeneracy
is different when using the sound horizon scale anchor (cyan contours) and when using the shape
parameter m: higher neutrino masses prefer a lower(higher) value of h for the sound horizon(shape)
informed analysis. This ‘scissor’ behaviour is precisely which allows to break the degeneracy and
put moderate constraints on

∑
mν without needing any other external dataset (such as CMB data).

A uniform prior of 0 <
∑

mν < 1 has been applied in all cases. Right panel: parameters of the
NeffΛCDM model (with a BBN prior) for the same cases and same colour scheme as in the left panel.
We adopt priors on Ωbh

2, Neff provided in eq. (4.4) motivated by the full BBN treatment of [33].

(Ωm, h) plane. We can see that, despite the inclusion of dark radiation, the posteriors are
still restricted to these degeneracies. The posterior widths inflate, subject to the fact that the
BBN prior now allows for a certain correlation between Ωbh

2 and Neff [32, 33]. In particular,
we measure hrd = 0.667± 0.021 in the geometry and growth case; hm = 0.699± 0.025 in the
shape and growth case, and hm,rd = 0.679 ± 0.019 in the combined case (for full results see
appendix B, table 3).

Figure 7 summarizes the different values of h’s obtained in this section, where the colour
code follows that of figures 4-6. The first upper panel shows the results summarized in
section 4.2 based exclusively on background geometry and shape; the second panel displays
the results described in section 4.3, which consists of adding the growth information. Both
upper panels display the h results for a flat-ΛCDM model. The two bottom panels display
the results based as well on background (geometry and shape) and perturbation (growth), for
the νΛCDM and Neff models as described in this section. We also include the light-blue and
grey bands, corresponding to the measurements of Planck [9] and SH0ES [69], respectively. In
general, measurements calibrated with the horizon scale (cyan symbols) are in good agreement
with the low-h value measured by Planck, whereas the shape-informed measurements (red)
is, given the error-bars, consistent with both.
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Figure 7. Summary plot of the most relevant results on h of section 4 obtained from BOSS and eBOSS
data in combination with a BBN prior on Ωbh

2 and with ns set to 0.97. The top and middle panels
display the results for a ΛCDM model when geometry and shape parameters are used (background
variables only DV /rd, FAP, m) and when the growth is also added (perturbation variable, fσs8),
respectively. The two bottom panels display the same results for two extra cosmologies, a νΛCDM
and NeffΛCDM, when geometry, shape and perturbation variables are considered. The symbols,
whose errors represent the 1σ confidence level, follow the same colour scheme described in figures 4-6.
Additionally, the constraints from Planck [9] and SH0ES [69] have been added as light-blue and grey
bands, for the 1σ and 2σ confidence levels. The relatively large central value for the orange constraints
in the two central panels is driven by the high fσs8 for the quasars sample (see figure 3). This is not
reflected in the red constraints, in which most of the impact on h coming from the Ωm determination
from fσs8 is heavily superseded by the one from DV + FAP.

5 Beyond m - a geometrical interpretation of the shape.

As indicated already in section 3.2, our hm measurement based on the equality scale is indeed
independent of the absolute value of the sound horizon rd, but still makes use of the fact that
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Figure 8. Linear theory prediction for the galaxy power spectrum multipoles at the four considered
eBOSS redshift bins (from lowest redshift bin at top to highest redshift bin in the bottom) used to
generate our mock dataset. Solid lines include the BAO wiggles (‘withBAO’), while they are removed
for the dashed lines (‘noBAO’).

rd is a standard ruler (in order to provide a constraint on Ωm). In this section we would like
to explore the option of using instead the direct measurement of the equality scale k−1

eq itself
(from the turnover of the power spectrum) as a standard ruler. Then we investigate how this
characteristic scale relates to the shape parameter m, and a potential additional measurement
of h.

5.1 Mock analysis setup

For this purpose, we create a mock dataset, ‘withBAO’, coinciding with the linear the-
ory prediction of the galaxy power spectrum multipoles P ℓ(k) for the fiducial eBOSS cos-
mology and galaxy bias (motivated by table F3 of [80]) at each redshift bin centered at
z = {0.38, 0.51, 0.70, 1.48}, which we refer as LRG+QSO sample. Another mock data set,
‘noBAO’, is created using the same parameters, but with BAO wiggles removed using the
numerical smoothing method provided in appendix D of [22]. The theory prediction used to
produce these idealized set of mocks are displayed in figure 8. When analysing this set of
mocks we employ the same covariances as for the original BOSS and eBOSS data.

For the fixed-template fits we assume the same model that has been used to generate
the mock power spectra: we use linear perturbation theory, the second order bias expansion
parameterized by b1, b2 in the same way as in [22, 80] and assume the non-local bias parameters
bs2 , b3nl to follow the local Lagrangian predictions [81, 82]. We incorporate the redshift-space
distortion via the Taruya-Nishimichi-Saito (TNS) model [83] and a Lorentzian Fingers-of-God
(FoG) damping term parameterized by the dispersion scale σFoG. Finally, we model deviations

– 27 –



from Poissonian shot noise via the parameter Anoise as defined in [22]. For all samples we fit
the wavevector range 0 < k

[
hMpc−1

]
< 0.15.14 We analyse each set of mocks as follows.

• ‘withBAO’. Using the fiducial linear power spectrum as template, we apply both Shape-
Fit and the classic fit (where m is kept to be fixed to 0) to each redshift bin varying the
physical parameters {α∥, α⊥, f, (m)} and the nuisance parameters {b1, b2, σP , Anoise}.

• ‘noBAO’. Using the dewiggled linear power spectrum as template, we apply both
ShapeFit and the classic fit to each redshift bin consisting of the physical parameters
{α∥, α⊥, f, (m)} and the same nuisance parameters as above.

In the ‘withBAO’ case the physical parameter constraints can be interpreted in the usual
way (see section 3.3 of [51] for a concise overview). In particular, the scaling parameters
{α∥, α⊥} can be transformed easily to the parameter base Θ introduced in eq. (3.1) via

DH(z)

rd
= αwithBAO

∥
Dfid

H (z)

rfidd
,

DM (z)

rd
= αwithBAO

⊥
Dfid

M (z)

rfidd
. (5.1)

However, in the ‘noBAO’ case the interpretation of the scaling parameters {α∥, α⊥} needs
to be modified, since the sound horizon is not a measurable quantity anymore. Instead, the
equality scale earns the role of a standard ruler, such that the physical interpretation of the
generic scaling parameters changes to

DH(z)

k−1
eq

= αnoBAO
∥

Dfid
H (z)

(k−1
eq )fid

,
DM (z)

k−1
eq

= αnoBAO
⊥

Dfid
M (z)

(k−1
eq )fid

. (5.2)

Any cosmological BAO likelihood can be adjusted to the equality-based formulation of eq. (5.2),
simply by replacing the sound horizon by k−1

eq .

5.2 Compressed-variables results

The compressed results of the four fits are shown in the left panel of figure 9: ‘withBAO
ShapeFit’ (filled blue contours), ‘withBAO classic’ (filled green contours), ‘noBAO ShapeFit’
(empty blue contours), and ‘noBAO classic’ (empty green contours), for the eBOSS LRG sam-
ple at effective redshift z = 0.70 (recall that the error-bars have been derived by assuming the
actual eBOSS LRG covariance on these mocks). The right panel is a zoom-in of the left panel,
but without the ‘noBAO ShapeFit’ case. Note that the physical interpretation of the scaling
parameters is different between the ‘withBAO’ and ‘noBAO’ cases, according to eqs. (5.1)
and (5.2). The fact that the filled contours are tighter than the empty contours, reveals that
–within the standard ruler analysis– the equality scale is significantly less constraining than
the sound horizon. This is expected, as the BOSS and eBOSS galaxy power spectra are not
very sensitive to the turnaround scale keq ∼ 0.01

[
hMpc−1

]
, even in our optimistic case with-

out a scale cut on the minimum k (and fully systematics-free). Instead, they are sensitive to
the broadband shape for scales k > keq. Note that the green dashed lines have m fixed at the
fiducial value, in the blue dashed lines m is a free parameter. The skewed and asymmetric
constraints shown by the blue dashed lines are due to a combination of a non-linear response
of the likelihood to changes in m around the fiducial value and to prior volume effects.

This is the reason why we observe such a strong correlation between the scaling pa-
rameters {α∥, α⊥} and m in the ‘noBAO ShapeFit ’ case, in which these parameters remain
unconstrained, meaning that the cosmological interpretation of m and DV /k

−1
eq are indeed

closely related.
14Note that for the actual BOSS and eBOSS data we always set kmin = 0.02hMpc−1.
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Figure 9. Tests on mocks: Fixed-template bestfit parameters for the mock power spectra of figure 8,
corresponding to the eBOSS LRG sample at effective redshift z = 0.70. The physical parameters{
α∥, α⊥, f,m

}
constraints for the fixed template fits to the ‘withBAO’ and ‘noBAO’ are represented

by filled and empty contours, respectively. The fit including m is shown in blue, the other two fits,
where m has been fixed to its fiducial value, are shown in green. The right panel is a zoom-in of
the left panel, with the ‘noBAO ShapeFit ’ case excluded. The black dotted lines indicate the ‘true’
parameter values, from which the mocks were generated.

5.3 Cosmological interpretation of the mock data

We explore how the compressed mock data results compare in light of a flat ΛCDM model.
We fix ns to the underlying value and use a prior on Ωbh

2 with the same width as in eq. (4.2),
but centered around the underlying value. Using eqs. (5.1) and (5.2) for the different sets of
scaling parameters, we obtain the constraints on Ωm and h shown in figure 10.

First, we show the results from interpreting m only in the ‘withBAO’ case (magenta
contour). This constraint exactly follows the relation Ωmh

2 = const. indicated (for the
true cosmology) by the black dash-dotted line: it is the same behaviour already observed
in figure 4. The filled green(blue) contours show the ‘withBAO’ results from the scaling
parameters via eq. (5.1), excluding(including) the shape. The empty green dashed contours
arise from interpreting the scaling parameters in the ‘noBAO’ case via eq. (5.2). Interestingly,
they do not overlap with the ‘withBAO’ m-only constraints, but approximately follow the
combination Ωmh = const., indicated by the black dashed line that represents the limit z → 0.
The grey region indicates how this line evolves across redshifts.

This behavior can be explained as follows. The wavevector of equality keq in units of
1/Mpc is proportional to

keq ∝ Ωmh
2 , (5.3)

which is what m measures through the feature associated to the wavevector of equality: the
broadband shape. In the ‘noBAO’ case, however, the scaling parameters are not sensitive to
the absolute scale of equality k−1

eq , but to the cosmological distance in units of the equality
scale (see eq. (5.2)). Assuming the low redshift limit z → 0, where all cosmological distance are
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Figure 10. Interpretation of the results of the compressed variables in figure 9 for a flat-ΛCDM model
assumption. We employ the same colour code, but this time also adding in magenta the ‘withBAO’
results from m-only. These follow the Ωmh

2 = const. line indicated by the black dash-dotted line,
while the k−1

eq -derived constraints (empty green dashed contours) correspond to DV (z)keq = const.
(grey region), where the z → 0 limit, Ωmh = const., is indicated by the black solid line. The underlying
values used to generate the power spectrum mock signal are shown by the horizontal and vertical black
dashed lines.

proportional to the inverse Hubble parameter, D ∝ 1/h, we find the following proportionality
in the ‘noBAO’ case,

D

k−1
eq

= Dkeq ∝ Ωmh
2

h
= Ωmh . (5.4)

In reality, cosmological distances at non-zero redshifts show the additional Ωm-dependence
of eqs. (3.5)-(3.8), represented by the grey semitransparent region in figure 10. We see that
this region aligns well within 1σ with the green dotted contour.

There is another interesting difference between the ‘withBAO m’ and the ‘noBAO α∥/⊥’
cases. The former only constrains the combination Ωmh

2 and is not able to disentangle the
two parameters within the prior range. The latter, on the other hand, is able to distinguish
between them and provides measurements on Ωm and h of order σΩm ≈ 0.08 and σh ≈ 0.19.

These constraints demonstrate that, in principle, the equality scale can be used as an
uncalibrated standard ruler (see [34] and references therein) to measure the late-time ex-
pansion history, which is determined by Ωm in the case of a flat-ΛCDM model. Still, the
traditional BAO constraints (filled green contours) are tighter by factors 2 and 10 for Ωm and
h, respectively, which is a remarkable result and demonstrates the utility and robustness of
the sound horizon as a standard ruler.

Because the power spectrum turnaround is at very large scales where cosmic variance is
large, it is unlikely that this approach will be superior to the tried and tested BAO one. But
there is a more severe problem with the k−1

eq -based standard ruler approach. Cosmological
constraints obtained from the calibrated equality scale measurement suffer a strong template-
dependence. We visualize this issue in figure 11, where we explore the behavior of the relevant
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‘withBAO’ and ‘noBAO’ cases when including (left panel) or not (right panel) the BBN-
inspired prior on Ωbh

2.
The consequences of such prior for the ‘withBAO m-only’ case (magenta contours) are

as follows. The power spectrum slope is now not only determined by Ωmh
2, but also by

the baryon-to-cold-dark matter ratio, Ωb/Ωc. Hence, the cosmological fit shows a complete
degeneracy between these two parameter combinations.

This evident degeneracy, however, is not at all captured in the ‘noBAO’ case (filled
green contours), where Ωmh seems overly well constrained in the case that the BBN prior
is not included. Of course this is not surprising, since keq ∝ Ωmh does not depend on the
baryon density Ωbh

2 (or ratio Ωb/Ωc) in any way. But since the fixed template fit at the
previous compression step is carried out with a fixed Ωbh

2, the cosmological constraints from
the so-obtained keq are not able to capture the correct degeneracies in cosmological parameter
space. The ShapeFit parameterisation of the power spectrum shape through m, on the other
hand, is flexible enough to capture a variety of models in a template-independent way.

We visualize this issue by carrying out additional fits using a template with an inten-
tionally chosen displaced fiducial value for Ωfid

b = 0.06, deviating by 25% from the ‘true’ value
Ωtrue
b = 0.048. Figure 11 demonstrates that, in the cases for which the template corresponds

to Ωfid
b = 0.06, the m-derived cosmological constraints (black solid contours) do not deviate

from the baseline results (magenta contours) by more than 1σ, whereas the k−1
eq -derived con-

straints (black dotted contours) exhibit a clear shift (with respect to the green dashed lines) of
1.6σ in Ωmh and 2.0σ in Ωmh

2 due to the incorrect value of Ωfid
b in the template. This clearly

demonstrates that calibrated k−1
eq -based standard ruler methods would appear severely biased

in case a wrong template is assumed. This could be remedied by either varying Ωb at the
stage of the template fit (and hence worsening the constraints) or adjusting the interpretation
of (α∥α

2
⊥)

1/3 towards DV keq by taking into account the baryon suppression consistently. We
leave such an investigation for future work.

To summarize, we have shown that in theory it is possible to measure h by way of direct
inferences of k−1

eq as standard ruler, even for cosmologies with no sound horizon information
at all (see the empty green dashed contour of figure 10). However there are a few reasons
for scepticism. First, this h-measurements would not be competitive with respect to other
methodologies and datasets (BAO, GW, SN, etc). Second, it is very hard to obtain such a
measurement in a template-independent way using the standard methodology, as the one used
for BAOofLSS. For that reason, previous works that have already tried to infer k−1

eq -derived
constraints on h, have employed model-dependent approaches, where the template shape
varies at the same time as the cosmology inference (see for e.g., [36–38]). These measurements
should not be interpreted as direct k−1

eq -based standard ruler measurements though, but rather
as measurements of h without the absolute value of the sound horizon (while still making use
of the fact that the sound horizon is a standard ruler). Instead, their measurements are
equivalent to our hm measurement in section 4.

However, the (uncalibrated) k−1
eq -based standard ruler analyses come with the prospect

of delivering a sound horizon-independent Ωm measurement. Obtained from the isotropic
component ‘DV ’ -and hence relying on standard ruler property ii)-, this is also subject to
some real-world subtleties as elaborated before. But if only the anisotropic ‘FAP’ is used,
which relies on assumption i), these issues can be remedied. In fact, in the work of [65] which
includes a scaling of the broadband-only part of the power spectrum very similar to our
treatment of the ‘noBAO’ mocks, they only use the anisotropic ‘FAP’ part for cosmological
interpretation for exactly the same reasons mentioned here. A promising research direction
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Figure 11. Impact of the choice of the fiducial value of Ωb within the fixed-template fits, when
employing keq as a ruler (green and dashed) or m as an anchor (magenta, solid black), with (left
panel) or without (right panel) BBN prior during the cosmology inference. The results derived
from a template-fit with a correct fiducial value for the baryon density, Ωb = 0.048, are shown in
magenta contours (for the mocks with BAO, where only the shape parameter m is being used), and
in green filled, dashed contours (for the mocks without BAO, using the scaling variables α∥,⊥ through
eqs. (5.2)). Conversely, the cases where a displaced fiducial value for the baryon density is assumed
for the shape of the template, Ωb = 0.06, are shown in black lines: solid for mocks with BAO when
only considering the shape parameter m, and dashed for mocks without BAO when considering the
scaling α∥,⊥ variables through eqs. (5.2). The true cosmology of the mocks is represented by the
vertical and horizontal dotted lines. On one hand, the cosmology-derived contours from which keq is
indirectly inferred from m (magenta bands and solid black lines for mocks with BAO) do not present
any systematic shift with respect to the expected true values. On the other hand, the results derived
from a direct inference of keq from the scaling α∥,⊥ variables (dashed lines) show a systematic offset
when the value of Ωb assumed on the fixed-template deviates from its true underlying value.

would hence be to combine their approach with our ShapeFit method, and as such enable a
template-independent interpretation of the isotropic component as well. Since this is beyond
the scope of this paper, we leave this for future research.

6 Discussion and conclusions

Direct, cosmic-distance ladder-based determinations of the Hubble parameter H0, anchored to
z ∼ 0 calibrators, are in tension with indirect determination of H0 seen as a global parameter
of the (extremely successful) standard ΛCDM model. Indirect determinations are usually
anchored to early-time physics. This mismatch has motivated several proposed extensions to
the ΛCDM model. A comprehensive analysis [18] clearly indicates that early-time solutions,
models that involve new physics beyond ΛCDM model before recombination, are favored over
late-time solutions.

The distance ladder-based H0 determinations have several different anchors (Cepheids,
TRGB, Masers, etc.), yet they mostly cluster around the high-H0 ‘camp’. The early-time
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physics determinations have one well-established and exquisitely determined anchor, the
sound horizon at radiation drag. Within the standard ΛCDM model this quantity is deter-
mined by CMB observations with a ∼0.2% error, it is, however, strongly model-dependent.
It can also be determined independently of CMB observations e.g., [32, 33] by resorting to
BBN, but it must still assume standard pre-recombination physics and a ΛCDM model or
small parametric extensions to it. It is therefore of value to provide an independent early-time
anchor for global indirect H0 determinations.

This other anchor is provided by the physical processes at and around the matter-
radiation equality era. We have shown that, in principle, the equality scale could be used as a
standard(-izable) ruler, its signature being the turn-around of the matter power spectrum on
large scales. This approach, however, at the moment is not really competitive. On the other
hand the broadband shape of the matter power spectrum at large, linear scales is related to
how fast modes re-entered the horizon at the end of the radiation era. We have shown how,
under specific assumptions, the logarithmic slope of the power spectrum at those scales is
related to how fast the horizon was expanding and can thus be seen as a “speedometer” at
that epoch. This is a promising route to an equality-anchored H0 determination.

We have performed such measurement using the ShapeFit approach and the state-of-the-
art BOSS and eBOSS galaxy clustering data, finding the equality-anchored Hubble constant to
be H0 = 70.1±2.1 km s−1 Mpc−1; this result represents the most precise measurement of H0

to date, being independent of the sound horizon physics when LSS-only data (in combination
of a BBN and a ns priors) are used.

The modular and model-independent approach provided by ShapeFit enables us to per-
form a set of diagnostic tests where, for each relevant epoch or physical process, we assume
that the ΛCDM model is a good effective model, but its parameters are not forced to be the
same across all epochs and features (we call it piece-wise ΛCDM model). In this way we
obtain two distinct H0’s: the sound-horizon anchored, the equality anchored (and a third one
which is the combination of the other two). We find broad agreement between the equality-
anchored and the sound horizon-anchored H0’s and this provides well defined guardrails for
new physics beyond ΛCDM. To this aim, in table 2 we summarize our main results, clearly
highlighting which physical assumptions are being made and which signatures (and combina-
tions of signals) are being considered.

Early-time exotic models which aim to solve the Hubble tension via early-time modifica-
tions targeted to the sound-horizon scale, must account for matter-radiation equality effects,
which in general would modify this other h too. For example, Early Dark Energy (EDE)
models promise to reconcile the discrepancy between low- and high-H0 values by invoking a
phase of accelerated expansion shortly before recombination [39, 56, 84–88] and modifying
the size of the sound-horizon ruler. In this way, when ΛCDM physics is assumed at pre-
recombination times, the BAOofLSS measurements of H0 would be incorrectly calibrated.
EDE then must dissipate fast enough as to not affect the photon-diffusion scale and the
angular scales that are tightly constrained by measurements of CMB anisotropies e.g., [62].
Naively, if this type of new physics leaves the matter-radiation equality physical processes
almost unchanged, then (incorrectly) assuming a ΛCDM model throughout the data analysis
would produce H0 measurements derived from matter-radiation equality which may be in
tension with the BAOofLSS H0 measurements. We leave a detailed analysis of this specific
case to future work.

Our results can be compared to previous works using an independent methodology
to extract a sound horizon-free measurement of H0. In particular [38] reported H0 =
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Method ΛCDM baseline model Main Assumptions
DV /rd + FAP

+BBN 100× hrd = 67.42+0.88
−0.94

Late-time background expansion; Pre-
recombination physics (standard rd);
Ωearly,r
m = Ωlate

m

m+DV +FAP

+BBN+ ns

+
∑

mν

100× hm = 70.1± 2.1
Late-time background expansion;
Equality physics; Standard rd;
Ωearly,eq
m = Ωlate

m

DV /rd + FAP

+m+BBN
+ns +

∑
mν

100× h(m,rd) = 67.90+0.76
−0.75

Late-time background expan-
sion; Equality physics; Pre-
recombination physics (standard
rd); Ω

early,r
m = Ωearly,eq

m = Ωlate
m

DV + FAP Ωlate
m = 0.290+0.015

−0.016 Late-time background expansion;
Standard rd

m+BBN
+ns +

∑
mν

[Ωmh
2]early,eq = 0.1395±0.0036 Equality physics

Table 2. Summary table displaying the most relevant results of this paper on h (3 first rows), and on
Ωm and Ωmh

2, in the last two rows, respectively, in all cases under the assumption of a flat ΛCDM
model. The left column displays the set of compressed variables used within the datavector Θ (see
eq. (3.1)), and also whether some priors are used on Ωbh

2 (see eq. (4.2) motivated by BBN), ns (see
eq. (4.3)) and

∑
mν = 0.06 eV. The right column briefly summarize the physical assumptions that

each set of variable makes. Finally, in the middle column we stress by the sub- or super-index whether
this quantity is sensitive to early- or late-time physics, and whether is based on sound horizon scale’s
(rd), or matter-radiation equality epoch’s physics. (m or eq.).

69.6+4.1
−5.4 km s−1Mpc−1 using the BOSS LRGs data at 0.2 < z < 0.7515. This can be compared

to our LRG-only measurement (although we also include eBOSS LRGs, thus 0.2 < z < 1.0)
of H0 = 64.5+3.5

−4.5 km s−1Mpc−1; and H0 = 70.2+1.9
−2.1 km s−1Mpc−1 for LRG+QSO+Lyman-α

in the full range of 0.2 < z < 3.5. Consistently using all BOSS and eBOSS data shrinks
the errorbars by a factor of ∼ 2 compared to previous results. Even when using only the
LRG galaxies, our results is notably tighter, possibly because of the high-z eBOSS galaxies
and BAO reconstruction, which significantly help to determine the Ωm value through the
uncalibrated BAO (Table 3). Part of the difference in error bar can also be explained by the
slightly different prior choices for cosmological parameters with respect to [38]. If we match
their setup, we obtain H0 = 65.5+3.9

−4.6 km s−1Mpc−1 for the LRG Sample only.
The H0 tension is truly a tale of two h: the local (direct, late-Universe) and the global

(indirect). There are in reality (many) more than two ways, independent and based on very
different physics, to measure H0; yet, they all cluster around the early/low and late/high
camps. Importantly, the two H0 determinations presented here, anchored at early times
and based on different early-Universe physics ingredients, are consistent with each other.
The newer determination, independent of CMB observations and independent of the sound
horizon and anchored at equality, has now competitive error bars, ∼ 3%; whereas the sound
horizon-based one, also independent of CMB observations, has a 1.5% error. We envision

15We choose this value among other values reported in their analysis to be the closest to our analysis
setup which relies on minimum assumptions based on external datasets to BOSS. In particular for this value
they choose a BBN prior, a neutrino mass sum bound of

∑
mν < 0.26 eV and a spectral index prior of

ns = 0.96± 0.02, and assuming a flat-νΛCDM model.
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that forthcoming improvements on these large-scale structure-based measurements will act as
guardrails on the road to a solution to this persistent tension.
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A The impact of priors on Ωbh
2 and ns

We explore the effects of some of the assumptions made in our baseline analysis. First,
we investigate the impact of excluding the prior on Ωbh

2 motivated by BBN observations.
Second, we evaluate the impact of fixing ns = 0.97 in our baseline analysis versus allowing ns

to vary within a Gaussian prior specified below.
The effect of removing the BBN priors on Ωbh

2 is displayed in the left panel of figure 12,
where the dashed (solid) lines represent the BBN prior (flat prior

[
0.1 < 100Ωbh

2 < 4.0
]
) re-

sults on the ΛCDM parameters for the different variable combinations using geometry, shape
and growth, as described in the legend, and using the same colour notation as in figures 5,6.
On the one hand, the Ωbh

2 prior has no effect on Ωm and σ8. Ωm is essentially constrained
from the uncalibrated BAO signal, which depends on relative DV (zi)/rd measurements at dif-
ferent redshifts (noted as DV (zi) when rd is marginalized over), and by the Alcock-Paczynski
parameter, FAP, both fully independent of rd, and therefore of Ωbh

2. The σ8 parameter is
inferred from the redshift-space variable fσs8 once Ωm is known (from the uncalibrated BAO)
and GR is assumed (for the f ∼ Ω0.56

m relation), again fully independent of Ωbh
2. On the other

hand, the results on h are highly affected by the Ωbh
2 prior. On the sound horizon-calibrated

results (cyan lines), the Ωbh
2 measurement is key to determine the absolute size of rd (once

the early-time ΛCDM physics are assumed) and therefore determine h. For results obtained
via the shape variable m (red lines), Ωbh

2 plays a key role on determining the baryon sup-
pression in the transfer function with sufficient precision to establish a connection between
matter-radiation equality and the slope, and thus determine h.

Even when combining the BBN-free results taking the full DV /rd and shape, m, infor-
mation, h remains undetermined (dashed blue lines), although the effects of Ωbh

2 on rd on
one hand and on the shape on the other hand are of very different nature. It appears that the
physical CDM density Ωch

2 is able to compensate for both effects in parallel while still fitting
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Figure 12. Left panel: effect of removing the BBN prior on Ωbh
2 in the parameters of a flat ΛCDM

model, for the geometry+shape+growth case. The dotted lines display the most relevant cases of
figure 5 (i.e., with the BBN prior on Ωbh

2), whereas the solid lines represent the effect of setting a
wide and uninformative uniform prior on Ωbh

2. As expected, Ωm is unaffected by the prior, as its
constraints come from the relative BAO peak positions in different directions and at different redshifts
(DV + FAP case); similarly σ8 is also unaffected as it is constrained by the redshift space distortions,
i.e., the relative amplitudes of the isotropic and anisotropic signals, mainly at large scales. Only h is
significantly affected: 1) a free Ωbh

2 de-calibrates the horizon scale ruler size, which can take almost
any value; 2) a free Ωbh

2 also washes out the information on Ωmh
2 from the shape, because of a

‘free’ baryon suppression. As a consequence, without a precise Ωbh
2 constraint the system looses its

’two anchors’ and only Ωm and σ8 can be efficiently determined. Right panel: effect of considering a
Gaussian prior on ns centered around the Planck best-fit value ns = 0.9649 ± 0.04 where the width
corresponds to 10-σ Planck sensitivity versus fixing ns = 0.97 in our baseline setup. As expected,
this leads to a broadening of the shape-derived constraints (red) on h, while the sound-horizon based
constraint (cyan) is essentially unaffected. The Ωm constraints are completely unaffected, but there
is a mild increase in error on σ8.

the ShapeFit data. In order to break this degeneracy we would require additional information
related to Ωbh

2, for example the amplitude of the BAO peak, although it is not clear whether
this would appreciably tighten our constraints in the case without BBN. We leave such an
investigation for future work.

In the right panel of figure 12 we show the impact of employing a Gaussian prior on the
spectral index ns = 0.9649± 0.04 instead of fixing it to ns = 0.97 as in our baseline analysis.
The prior width represents 10-σ deviations given the Planck sensitivity [9]. We can see that
the impact of such a prior is mild. The error on σ8 slightly increases (by 20%) in the geome-
try+growth (cyan) case. The constraint on h on the other hand barely changes in that case.
Only upon including the shape m, varying ns appreciably changes the constraints. In partic-
ular, it inflates the Ωm−h degeneracy in the sound horizon-independent case (red), such that
our fixed ns constraint H0 = 70.2+1.9

−2.1 km s−1Mpc−1 changes to H0 = 70.4+2.2
−2.8 km s−1Mpc−1

once we relax that assumption. As a consequence, the combined constraint (blue) mildly
changes from H0 = 67.90+0.76

−0.75 km s−1Mpc−1 to H0 = 67.80+0.78
−0.84 km s−1Mpc−1, being still
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remarkably competitive with respect to the local distance determination [69]. In parallel,
the combined constraint on the matter density also changes from Ωm = 0.3000+0.0065

−0.0073 to
Ωm = 0.2963+0.0096

−0.011 , as an effect of the inflated Ωm − h degeneracy mentioned earlier. But
note that this only affects the Ωearly

m part coming from the shape. The Ωlate
m part from geom-

etry is not influenced by varying ns at all.

B Summary of all cosmological constraints

Table 3 displays the full results for different combinations presented in the paper, for the full
LRG+QSO+Lyman-α full redshift range, 0.2 < z < 3.5. Note that there are small differences
in the error bar with respect to equivalent cases reported in table 9 of [21]. This is because
the transformation of the (DM/rd, DH/rd) towards the (DV /rd, FAP) basis induces small
numerical fluctuations.

Model Case H0[km s−1Mpc−1] Ωm σ8

ΛCDM FAP +m 69.5+4.2
−5.1 0.292+0.034

−0.041 -
ΛCDM DV + FAP +m 70.1+2.1

−2.1 0.286+0.013
−0.017 -

ΛCDM DV /rd + FAP 67.42+0.88
−0.94 0.290+0.015

−0.016 -
ΛCDM DV /rd + FAP +m 67.90+0.76

−0.75 0.3019+0.0074
−0.0069 -

ΛCDM FAP +m+ fσs8 72.8+4.0
−4.8 0.264+0.029

−0.033 0.897+0.047
−0.055

ΛCDM DV + FAP +m+ fσs8 70.2+1.9
−2.1 0.284+0.014

−0.016 0.872+0.042
−0.042

ΛCDM DV /rd + FAP + fσs8 67.37+0.86
−0.95 0.286+0.014

−0.016 0.825+0.043
−0.047

ΛCDM DV /rd + FAP +m+ fσs8 67.90+0.76
−0.75 0.3000+0.0065

−0.0073 0.850+0.035
−0.038

ΛCDM (free ns) FAP +m+ fσs8 73.0+4.6
−4.7 0.265+0.027

−0.034 0.894+0.051
−0.052

ΛCDM (free ns) DV + FAP +m+ fσs8 70.4+2.2
−2.8 0.283+0.014

−0.016 0.870+0.042
−0.042

ΛCDM (free ns) DV /rd + FAP + fσs8 67.36+0.92
−0.94 0.286+0.014

−0.016 0.820+0.052
−0.055

ΛCDM (free ns) DV /rd + FAP +m+ fσs8 67.80+0.78
−0.84 0.2963+0.0096

−0.011 0.855+0.037
−0.039

ΛCDM (no-BBN) FAP +m+ fσs8 - 0.264+0.028
−0.033 0.892+0.048

−0.055

ΛCDM (no-BBN) DV + FAP +m+ fσs8 - 0.284+0.014
−0.016 0.869+0.040

−0.043

ΛCDM (no-BBN) DV /rd + FAP + fσs8 - 0.286+0.014
−0.016 0.831+0.046

−0.048

ΛCDM (no-BBN) DV /rd + FAP +m+ fσs8 - 0.2964+0.0073
−0.0083 0.852+0.036

−0.038

νΛCDM FAP +m+ fσs8 76.2+5.0
−5.5 0.265+0.029

−0.035 0.935+0.054
−0.065

νΛCDM DV + FAP +m+ fσs8 73.3+3.0
−3.3 0.284+0.014

−0.015 0.906+0.048
−0.050

νΛCDM DV /rd + FAP + fσs8 66.35+1.1
−1.2 0.287+0.015

−0.016 0.786+0.054
−0.054

νΛCDM DV /rd + FAP +m+ fσs8 67.86+0.78
−0.74 0.304+0.008

−0.011 0.853+0.035
−0.036

NeffΛCDM FAP +m+ fσs8 68.8+3.2
−3.3 0.291+0.024

−0.025 0.866+0.041
−0.044

NeffΛCDM DV + FAP +m+ fσs8 69.9+2.5
−2.5 0.283+0.014

−0.016 0.870+0.039
−0.044

NeffΛCDM DV /rd + FAP + fσs8 66.66+2.1
−2.1 0.286+0.014

−0.015 0.822+0.045
−0.046

NeffΛCDM DV /rd + FAP +m+ fσs8 67.90+1.9
−1.9 0.2999+0.0075

−0.0087 0.850+0.036
−0.035

Table 3. Results on H0 = 100h [km s−1 Mpc−1], Ωm and σ8 when employing the full set of
LRG+QSO+Lyman-α BOSS and eBOSS data in the range 0.2 < z < 3.5. Different rows show dif-
ferent assumptions on the underlying model (first column) and different combination of compressed
variables (second column, see section 4 for notation). These results show the cases displayed in fig-
ure 4-6.
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