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A crossover between the Bose-Einstein condensation �BEC� and BCS superconducting state is described
topologically in the chiral symmetric fermion system with attractive interaction. Using a local Z2 Berry phase,
we found a quantum phase transition between the BEC and BCS phases without accompanying the bulk gap
closing.
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I. INTRODUCTION

Recent progress in ultracold atomic Fermi gases, the Fes-
hbach resonance which controls strength and sign of effec-
tive interaction, realizes the Bose-Einstein condensation
�BEC�-BCS crossover1–3—Bose condensation of bosonic
molecules which are realized in real-space pairing of fermi-
ons and the BCS superfluid with Cooper pairing in momen-
tum space. A long time ago, Leggett4 proposed a trial wave
function for the ground state which describes not only
weakly attractive case where formation of the Cooper pairs
occurs, but also the strong attractive case where a dilute gas
of molecules undergoes the BEC. Also substantial number of
theoretical works on the BEC-BCS crossover have been
performed5–7 after this pioneering work. By using a
Ginzburg-Landau-type argument based on the symmetry
breaking and local order parameter, these states are not
clearly distinguished. They are considered as a crossover,
that is, the two ground states are adiabatically connected
even in the thermodynamic limit.

Both of the BCS and the BEC ground states are typical
examples of gapped quantum states, which we call quantum
liquids, in the sense that there are no symmetry-breaking
phase transition between them. Still they are quite different
and characteristic quantum states. As discussed in this Brief
Report, there are clearly distinguished by using a topological
quantity. Therefore they belong to a different class of matter
as the topological insulator based on a classification scheme
�topological classification�.

A class of quantum Hall states is a typical example of
topologically nontrivial quantum liquids where topological
quantities play fundamental roles for the characterization.8–11

Also a time-reversal invariant analog of the quantum Hall
states are studied intensively.12,13 As for the quantum liquids
with nontrivial topological structure, it is proposed to use
topological quantities such as the Berry phases and the Chern
numbers using Berry connections.14–16 An important charac-
teristic feature of the topological insulators is an appearance
of local degrees of freedom near boundaries and impurities
as generic edge states.8,11 Although the bulk is gapped and
featureless, the edge states characterize the topologically
nontrivial bulk. They are not independent but intimately re-
lated with each other, which is known as bulk-edge corre-
spondence, where topologically nontrivial bulk guarantees
the existence of localized modes and such low-energy local-
ized excitations characterize the gapped bulk insulator11 con-
versely. The quantum Hall state of the graphene also belongs

to this topological insulator where the bulk-edge correspon-
dence is important for the description.18 The bulk-edge cor-
respondence is also realized as the existence of the Kennedy
triplet for an open integer chain.19 Such characteristic edge
modes appear in the valence-bond solid states20 and spin
ladder with cyclic-exchange interaction.17,21

In this Brief Report, we introduce a local U�1� twist for
the Hamiltonian and define a Berry phase using its many-
body ground state, which is quantized into Z2 due to the
chiral symmetry of the Hamiltonian.14,22 Although the bulk
gap is adiabatically connected between the BEC-BCS cross-
over, the gap of the twisted system may collapse at some
value between the BEC-BCS crossover. It is allowed since
the gap is not a thermodynamical property and can be col-
lapsed by the local perturbation. It actually occurs in the
BEC-BCS crossover. Then the crossover of the bulk is dis-
tinguished by the local quantum phase transition.

II. MODEL AND Z2 BERRY PHASE

Let us start from the attractive Hubbard model at half
filling and discuss a mean-field Hamiltonian

H = − t �
�=↑,↓

�
�i,j�

ci,�
† cj,� − �U��

i
ni,↑ni,↓,

where ci,� is annihilation operator at site i with spin �. The
number of sites is N. The summation over �i , j� is restricted
to the nearest-neighbor pairs. The density with � spin at site
j is given by nj,�=cj,�

† cj,�. We impose the periodic boundary
condition. We assume the lattice is bipartite in one to three
dimensions. To make the discussion clear, let us perform the
following particle-hole transformation in the mean-field
Hamiltonian HMF, ui=di,↑=ci,↑ and di=di,↓=ci,↓

† �see Fig. 1�:

HMF = �
�i,j�

− tui
†uj + tdi

†dj + �
j

��uj
†dj + dj

†uj� . �1�

The order parameter of the superconductivity �=
−�U��ci,↑

† ci,↓
† �=−�U��ui

†di� is chosen as a non-negative real
number. In this Brief Report, we do not perform the self-
consistent calculation and just assume that the order param-
eter � is finite. Here the expectation values �O� is taken for
the ground state. The one-body eigenvalue problem of the
N-site system is given by HMF���j��=E�j����j�� �E�1��E�2�

� ¯ �E�2N��, where the one-particle eigenstate is ���j��
= ���j��†�0�= ��m�m

�j,u�um
† +�m

�j,d�dm
† ��0� with an orthogonal
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normalization condition �m,���m
�i,���*�m

�j,��=�ij. Here the
vacuum state �0� is defined as uj�0�=0=dj�0� for any site j.
The M-particle eigenstate is constructed as ���M
=	 j=1

M ���j��†�0� with the eigenvalue � j=1
M E�j�. At half-filling

band, by Fourier transform it is easily found that the ground
state ���N has a finite excitation gap energy 2� for finite
interaction U for any bipartite system.

The BCS and BEC states are not clearly distinguished and
they are adiabatically connected as a crossover even in the
thermodynamic limit. In order to define the Berry phase, we
modify the terms locally only at j=a in Eq. �1� as follows:

��ua
†da + da

†ua� → ��ei�ua
†da + e−i�da

†ua� .

Hereafter we take t as unity. Figure 2 presents the � depen-
dence of the energy spectrum of Eq. �3� for the square lattice.
The energy gap �E=E�N+1�−E�N� minimizes at �=	. In Fig.
2�b�, we can see the level cross occurs at �� ,E�= �	 ,0�
around �=�c
1.250 for two-dimensional case. As we will
see later, �=�c is the critical point between the BEC and

BCS phases of the BEC-BCS crossover, although the gap of
the translational invariant system ��=0� is always open.

Due to this local perturbation, the spectrum changes,
which can be regarded as the edge mode. It characterizes the
gapped bulk feature as a realization of the bulk-edge corre-
spondence. Under the above deformation, the half-filled
eigenstate ���N depends on the �, which denotes ������N. The
Berry phase 
 is then defined as

i
 = �
0

2	

d� N�������������N. �2�

The transformation �u� ,d•�→ �−d• ,u�� �see Fig. 1� for one
sublattice reduces the Hamiltonian in the following bilinear
form:

HMF��� = �
i,j

ui
†�DN����ijdj + H.c. �3�

This Hamiltonian �3� has a chiral symmetry, �HMF, ∃
=0,

2=1. Unless the determinant of the matrix DN��� vanishes,
the half-filling ground state of Hamiltonian �3� has a finite
gap. Therefore, the Berry phase 
 is quantized as 0 or 	
modulo 2	 �Z2 Berry phase�.14 Using this Z2 Berry phase,
we identify whether the half-filled ground state is a BEC or
BCS state. The Berry phase Eq. �2� for the half-filled ground
state of the chiral symmetric Hamiltonian �3� can be obtained
as following expression:22


 = �
0

2	

d� Im log det DN��� . �4�

By definition, we can show that the Z2 Berry phase remains
invariant through an adiabatic deformation until the level
cross occurs. That is, the Berry phase is topologically pro-
tected. In this Brief Report we evaluate the Z2 Berry phase
intuitively using an adiabatic continuation without direct cal-
culation of Eq. �4�.

III. ADIABATIC DEFORMATION

We consider the two types of the adiabatic deformation to
understand the BCS and BEC states explicitly. Since we in-
troduce the flux � on one local bond, it turns out that
det DN��� has a form Aei�+B �A and B are real and indepen-
dent of �� by the Laplace expansion. For a finite attraction U
�i.e., finite ��, only at �=	, det DN��� can become zero
where the level cross occurs at zero energy. During the
change in the variable � from 0 to 2	, the determinant
det DN��� draws a closed curve in the complex plane as
shown in Fig. 3. If the det DN��� winds around the origin of
the complex plane m times when � varies from 0 to 2	, the
Berry phase 
 is given by 
=	m modulo 2	, if we assume
Eq. �4�. When the coupling strength satisfies that 0��
��c, the closed curve of det DN��� does not enclose the
origin �see Fig. 3�a��. From Eq. �4�, we obtain the Berry
phase 
 as 
=0. When ���c, the closed curve det DN���
winds origin once �see Fig. 3�b��. Then, we obtain 
=	. We
do not need a proof for the general chiral Hamiltonian. We
have justified Eq. �4� is valid using the adiabatic deformation

FIG. 1. �Color online� Lattice structure of the effective mean-
field system for the two-dimensional case. We introduce a twist on
the bond defined in Eq. �2�.
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FIG. 2. Energy spectrum of HMF��� for the two-dimensional
case �N=1616�: �a� �=0.5. BCS phase. �b� �
1.250. The level
cross occurs at �� ,E�= �	 ,0�. �c� �=2. BEC phase.
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and the quantization of the Berry phase as we will discuss
below.

Type �i�. As seen in Fig. 3�a�, for small ��=0.5�, det DN���
draws the circle without surrounding the origin in the com-
plex plane. Then we adiabatically decrease the magnitude of
the twist interlayer hopping � at j=a to zero �see Fig. 4�a��.
During this adiabatic deformation, the circles in the complex
plane shrink to the one point in a concentric fashion without
touching the origin as the interlayer hopping � on the twist
bond goes to zero �i.e., during the adiabatic deformation A
→0 and B remains same when we write down det DN��� as
det DN���=Aei�+B�. During this deformation, the excitation
gap of the half-filling ground state remains finite. After the
deformation, the dependence of � disappears in Eq. �3�. Due
to the invariance of the Z2 Berry phase under the adiabatic
deformation, the Berry phase 
 should be zero for small �,
where the binding of the pairing is in momentum space �BCS
state�. In contrast, during the deformation, the circle touches
the origin in the complex plane once for large ��=2.0�. For
large � the level cross occurs at zero energy for large �. At
the level-crossing point during the deformation, the Berry
phase is not protected any more. To understand the Berry
phase for large � we consider another type deformation.

Type �ii�. We decrease the hopping t connecting the site a
into zero �see Fig. 4�b��. Figure 3�b� shows the det DN���
drawing the circle with surrounding the origin once in the
complex plane. In this deformation, the circle is parallely
shifted so that the center of the circle becomes the origin of
the complex plane, i.e., A remains same and B→0 for
det DN���=Aei�+B. During this deformation the level cross

does not occur at zero energy for large �. After the deforma-
tion, the twist interlayer hopping � at j=a becomes isolated.
Then, it is easy to show the isolated interlayer bond gives the
	 Berry phase. Thus, the two electrons form a dimer bound
state �BEC state� for large �. When � is small, the Berry
phase is zero as discussed above. During the deformation of
type �ii�, the circles touch the origin in the origin, that is, the
level cross occurs at zero energy. To fix �c, we solve
det DN�	�=0 numerically for finite N. Then we perform the
thermodynamic-limit extrapolation. From numerical calcula-
tion we find that there exists only one critical point �=�c,
where the Berry phase is 0 �	� for ���c ����c�. In a
similar manner, the critical value �c for the other dimensions
d can be calculated �see Table I�. Near half filling the Berry
phase 
 changes drastically from around zero to around 	
when increasing the coupling �, although it is crossover
when the filling is not exactly one.

In one-dimensional case, the matrix DN��� can be
expressed as �DN����ij =�i−j,0��ei��i,1+ �−1�i−1��1−�i,1��
+ ���i−j�,1+��i−j�,N−1�t. The det DN��� can be obtained analyti-
cally as

det DN��� = i�ei�UN−1� i�

2
� − 2UN−2� i�

2
� − 2.

Here the Un�x� is the Chebyshev polynomial of the second
kind,23 defined as Un�cos x�=sin��n+1�x� /sin x. Parametriz-
ing � by �=2 sinh �, the asymptotic form of the det DN���
for large N can be expressed as

det DN��� 
 �ie��Nei� sinh � + e−�

cosh �
.

We have a real root on � for the equation det DN���=0, i.e.,
ei� sinh �+e−�=0 only when �=	. The solution is obtained
as �= �log 3� /2, i.e., �c=2 /�3
1.1547, although the bulk
gap ��=0� remains finite.

For one-dimensional system, the open boundary chain of
Hubbard model is analyzed,24,25 which might be relevant to
characterize the bulk features.

IV. SUMMARY AND DISCUSSIONS

We show the quantum phase transition in the mean-field
attractive Hubbard model at half filling. The Z2 Berry phase
distinguishes the BEC-BCS crossover as a local quantum
phase transition, that is, the phases are separated by closing
of the energy gap under the local twist, although the gap of
the translational invariant system is always open. In the weak
attractive interaction �BCS� case, the Berry phase is 0 in one
hand. On the other hand, in the strong attraction �BEC� case,

FIG. 3. The � dependence of det DN��� /det DN�0� in the com-
plex plane for 88 square lattice case. �a� �=0.5 and �b� �=2.

FIG. 4. �Color online� Two types of the adiabatic deformations.
One deformation is the decrease in the local bond �a� �type �i��. The
other is the decrease in the hopping connecting the deformed local
bond being zero �b� �type �ii��.

TABLE I. Critical values �c for dimensions d=1, 2, and 3.

Dimension d �c

d=1 �linear chain� 2 /�3
1.1547

d=2 �square lattice� 1.250

d=3 �cubic lattice� 1.588
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the Berry phase is 	 �see Fig. 5�. That is, it characterizes
whether the paired electron is itinerant or localized. This
comes from the bulk-edge correspondence in the BEC-BCS
crossover. Physically the itinerant Cooper pairs in the BCS
phase are not affected by the local U�1� twist although the
spatially localized bosons formed by the real space is cru-
cially affected by the twist which results in the nontrivial 	
Berry phase. In this sense, our topological characterization
reflects whether the size of the pairing is macroscopic or of
the order unity.
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