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Mode-coupling theory (MCT) is conjectured to be a mean-field description of dynamics of the

structural glass transition and the replica theory to be its thermodynamic counterpart. However, the

relationship between the two theories remains controversial and a quantitative comparison is lacking. In

this Letter, we investigate MCT for monatomic hard-sphere fluids at arbitrary dimensions above three and

compare the results with replica theory. We find grave discrepancies between the predictions of two

theories. While MCT describes the nonergodic parameter quantitatively better than the replica theory in

three dimensions, it predicts a completely different dimension dependence of the dynamical transition

point. We find it to be due to the pathological behavior of the nonergodic parameters derived from MCT,

which exhibit negative tails in real space at high dimensions.
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The nature of the glass transition remains elusive despite
decades of discussion. Many theories and scenarios have
been proposed to explain the drastic slowdown of dynam-
ics of supercooled liquids, but we still lack a conclusive
microscopic understanding of the phenomenon. Among
various theories, mode-coupling theory (MCT) [1] and
replica theory [2,3] are arguably the only first-principles
theories.

On the one hand, MCT describes the slow dynamics of
the mildly supercooled liquids using the static structure
factor as a sole input. It quantitatively captures the onset of
the two-step relaxation of correlation functions, the scaling
properties at the intermediate time scale (the � relaxation),
and the algebraic increase of the structural relaxation time.
MCT, however, predicts a spurious freezing transition at a
lower density ’MCT (or higher temperature TMCT) than the
experimentally determined glass transition point ’g (or

Tg). On the other hand, the replica theory is a static

mean-field description of the glass transition [2]. It predicts
that the fluid undergoes a thermodynamic or ‘‘ideal’’ glass
transition at a higher density ’K than ’g (or lower tem-

perature TK than Tg), characterized by the one-step replica

symmetry breaking. The replica theory also predicts that
the dynamical transition takes place at ’d < ’K (or Td >
TK) where the phase space or energy landscape starts
splitting into numerous metastable states, or basins. MCT
is conjectured to be the dynamical counterpart of the
replica theory and ’MCT to be identical to ’d, because
the mathematical structure of MCT is equivalent to the
dynamical equation of the so-called p-spin spherical
model with p ¼ 3, a mean-field model for which the
relation between the dynamical and ideal glass transition
is rigorously established [4,5]. According to this mean-
field scenario, the absence of the dynamic transition at
’MCT in real systems is interpreted as the roundoff of the
dynamic freezing by activated processes between basins in
finite dimensions [6].

Despite the apparent and simple parallelism with spin
glasses, the relationship of MCT with replica theory and
physical insights from the mean-field treatments have
never been fully understood. MCT was originally derived
as a generalization of kinetic theories, using the projection
operator formalism with numerous uncontrolled approxi-
mations [1], whereas the replica theory is based on a purely
thermodynamic argument developed for disordered sys-
tems. In this Letter, we compare the MCT and replica
theory results quantitatively, in order to clarify the rela-
tionship between the two theories developed in totally
different arenas of physics communities. We especially
focus on the dimension dependence of the glass transition
point and the nonergodic parameter f1ðqÞ, the plateau
height of the density correlation function. To simplify the
argument, we focus on the monatomic hard-sphere system
in d dimensions, for which the sole system parameter is the
number density � ¼ N=V or the volume fraction ’ ¼
Vd�, where Vd is the volume of a single hard sphere. We
show that MCT is more quantitative than the replica theory
at d ¼ 3, which can be largely attributed to the lack of
accurate approximation schemes in the replica theory to
evaluate the static correlation functions of the replicated
liquids. In higher dimensions where the static correlation
functions become trivial, discrepancies between the two
theories become catastrophic. MCT’s dynamical transition
point (’MCT) scales with dimension d differently from the
replica counterpart (’d). This discrepancy comes from the
spurious negative tails of the van Hove correlation func-
tion, a generically positive quantity, that MCT predicts in
high dimensions. This pathological negative tail is the
origin of the non-Gaussian shape of f1ðqÞ and thus the
different d dependence of ’MCT from ’d. These results
shed serious doubts about the validity of MCT in higher
dimensions and call for reconsideration of MCT as a
dynamic theory of the mean-field scenario of the glass
transition.
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MCT is expressed as a set of nonlinear integro-
differential equations for correlation functions such as
the intermediate scattering function Fðq; tÞ ¼
N�1h��ð ~q; tÞ��ð� ~q; 0Þi, where ��ð ~q; tÞ is the density
fluctuation in reciprocal space at time t. The MCTequation
for Fðq; tÞ in d dimension is given by [7,8]

��2
q

€Fðq;tÞþFðq;tÞþ
Z t

0
dsMðq;t�sÞ _Fðq;sÞ¼0; (1)

where �q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBTq

2=mSðqÞp
is the phonon frequency and

SðqÞ ¼ Fðq; t ¼ 0Þ is the static structure factor. The mem-
ory function Mðq; tÞ is given by

Mðq; tÞ ¼
Z 1

0
dk

Z jqþkj

jq�kj
dpVðq; k; pÞFðk; tÞFðp; tÞ: (2)

In this expression, Vðq; k; pÞ ¼
�SðqÞsd�1J

d�3kpffþcðkÞ þ f�cðpÞg2=qdþ2ð4�Þd is the
vertex function, where cðqÞ ¼ ��1f1� 1=SðqÞg is the di-
rect correlation function, sd is the surface of the

d-dimensional unit sphere, f� ¼ q2 � ðk2 � p2Þ, and J ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4k2p2 � ðk2 � q2 þ p2Þp

is the Jacobian term. MCT pre-
dicts a nonergodic transition at ’MCT, beyond which the
nonergodic parameter (NEP) f1ðqÞ � Fðq;1Þ=SðqÞ be-
comes nonzero. NEP can be calculated from the long
time limit of Eq. (1),

f1ðqÞ
1� f1ðqÞ

¼ Mðq;1Þ: (3)

The self-part of the intermediate scattering function
Fsðq; tÞ ¼ h��sð ~q; tÞ��sð� ~q; 0Þi can also be described by
an equation similar to Eq. (1). The set of MCT equations
can be solved numerically using SðqÞ as a sole input.

On the other hand, the replica liquid theory for the
structural glass transition has been developed by Mézard
and Parisi [2] and recently applied to hard-sphere fluids by
Parisi and Zamponi [3]. In this theory, replicated systems
with a weak attractive interaction of order � between them
are considered. The free energy of the whole system is
calculated as a function of intrareplica and interreplica
correlations. The relevant physical observables are eval-
uated by taking the limit � ! 0 at the end of the calcu-
lation. The theory predicts a thermodynamical transition
characterized by the replica symmetry breaking at which
the configurational entropy vanishes. The transition point
is often identified with the Kauzmann point’K. The theory
also predicts a dynamic transition point ’d < ’K at which
the free energy splits into numerous metastable basins. The
system cannot explore the whole phase space above ’d

because of the infinite free-energy barrier which separates
the basins. In the replica interpretation, the interreplica pair
density correlation function ~gðrÞ plays the role of order

parameter and is identified with NEP �~hðqÞ=SðqÞ ¼
f1ðqÞ, where ~hðqÞ is the wave vector representation of
~gðrÞ � 1. The NEP is determined from the variational
condition of the replicated free energy. In analogy with

the p-spin spherical model [5], it is believed that’d should
be identical to ’MCT and that the NEP calculated from
MCT should match that derived from the replica theory at
the dynamic transition point.
In order to check the validity of this conjecture, we

numerically compare the results of both theories for
’MCT, ’d, and f1ðqÞ for d � 3. First, we look at a d ¼
3 hard-sphere system. MCT for three-dimensional hard
spheres was studied by Götze and co-workers [9]. On the
other hand, the quantitative accuracy of the replica theory
sensitively depends on the approximation scheme em-
ployed to calculate the free energy of replicated liquids.
The small cage expansion technique is known to be a good
approximation near the Kauzmann point, but it does not
describe the dynamic transition in low dimensions [2,3].
Therefore, we use another scheme, the replicated hyper-
netted chain (RHNC) approximation [2], the only method
at present which captures the dynamic transition in finite
dimensions. RHNC consists of a set of closure equations
for both interpair and intrapair density correlation func-
tions, ~gðrÞ and gðrÞ, given by

lngðrÞ¼�vðrÞþ
Z d ~q

ð2�Þde
i ~q�~r �h2ðqÞ

1þ�hðqÞ ;

ln~gðrÞ¼
Z d ~q

ð2�Þde
i ~q� ~r

�
�h2ðqÞ

1þ�hðqÞ�
�½hðqÞ� ~hðqÞ�2

1þ�½hðqÞ� ~hðqÞ�
�
:

(4)

Here, �hðqÞ ¼ SðqÞ � 1 and vðrÞ is the interaction poten-
tial. The first equation is the HNC equation of a simple
liquid [10], and the second equation describes the inter-
replica coupling. The dynamic transition point ’d is de-

fined as the volume fraction beyond which ~hðqÞ becomes
nonzero. We solve the MCT equation, Eq. (3), and the
RHNC theory, Eq. (4), for the monatomic hard-sphere
system. For MCT calculation, we employ the HNC equa-
tion to evaluate SðqÞ in order to make the comparison
consistent. The dynamic transition points thus obtained
are ’MCT ¼ 0:523 (which is slightly larger than 0.515
obtained from Percus-Yevick closure) and ’d ¼ 0:612
[11]. f1ðqÞ calculated from MCT at ’MCT and the replica
theory at ’d are shown in Fig. 1. The quantitative differ-
ence between the shape of the NEP from the two theories is
obvious. Since it is well established that MCT’s f1ðqÞ
agrees very well with simulation [9] and experimental
results [12], this discrepancy could be mainly due to poor
performance of the replica theory. However, it is not clear
whether this is attributed to the inherent inconsistency of
MCTwith replica theory or solely to a lack of accuracy of
the RHNC approximation.
In order to give the two theories a more stringent test, we

discuss the dimension dependence of quantities near the
dynamic transition point. We start with d ¼ 4–8 and solve
Eq. (3) to evaluate ’MCT and f1ðqÞ. An algorithm by Baus
and Colot [13] is used to evaluate SðqÞ.’MCT thus obtained
is listed in Table I along with ’K reported in Ref. [3]. Note
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that ’MCT is smaller than ’K in lower dimensions, but the
gap narrows with increasing dimension, and at d ¼ 8’MCT

exceeds ’K.
Next, we study the d dependence in even higher dimen-

sions, where the static properties of the liquid and the
replicated liquid become insensitive to the approximation
schemes. Therefore, it is possible to check the relationship
between the two theories without obscuration from approx-
imations for the static inputs. In the high d limit where the
diagrammatic expansions of the free energy is given by a

simple function of the Mayer function e��vðrÞ � 1, exact
analytical expressions for static correlation functions are
available. For the hard-sphere system, the direct correla-

tion function cðqÞ is simply given by cðqÞ ¼
�ð2�=q�Þd=2Jd=2ðq�Þ, where JlðxÞ is the lth Bessel func-

tion of the first kind and � is the diameter of a sphere.
Recently, accurate replica theory calculations of the free
energy in high dimensions was carried for the monatomic
hard-sphere system, using this cðqÞ as an input and the cage
expansion method [3]. The dynamic transition point was
shown to scale with d as

’d ¼ 4:8� 2�dd (5)

and the Kauzmann point as ’K ¼ 2�dd lnd in the high
dimension limit d ! 1 [3]. We solve the MCT equation
with the same cðqÞ, keeping the convergence of discretiza-
tion error and the numerical accuracy of the Bessel func-
tion under control. In Fig. 2,’MCT is shown as a function of
d. We find that ’MCT scales as ’MCT ¼ 0:22� 2�dd2, in
stark contrast with the replica prediction for ’d, Eq. (5).

We also calculate the NEPs from MCTand find that their q
dependence are non-Gaussian shaped in high d. In low
dimensions below d ¼ 8, decay of f1ðqÞ at q� * 10 and
fs;1ðqÞ are well fitted by a Gaussian form, but in higher

dimensions they decay faster than Gaussian at large q’s
(not shown). Different d dependence of ’MCT from ’d

originates from this non-Gaussianity. This can be shown
by solving Eq. (3) assuming that f1ðqÞ and fs;1ðqÞ both
have a Gaussian shape, i.e., f1ðqÞ; fs;1ðqÞ � e�Rq2=2d.

Here, we assume that f1ðqÞ � fs;1ðqÞ, the so-called vine-

yard approximation [10]. Substituting this Gaussian form
in Eq. (3), we obtain a self-consistent equation for R,

1

R
¼ �sd

2d2ð2�Þd
Z 1

0
dqqdþ1c2ðqÞSðqÞe�Rq2=d: (6)

This expression is strikingly analogous to the equation for
the density field for the amorphous solid obtained using
Gaussian approximation in the framework of the density
functional theory [14]. Solving Eq. (6), we find that the
equation has a finite solution for R above a volume fraction

’ðGÞ
MCT that behaves in high d as [15]

’ðGÞ
MCT ¼ 8:27� 2�dd: (7)

Though the prefactor differs, it retrieves the same d de-
pendence as the replica theory, which ascertains the origin
of discrepancies between MCT and the replica theory.
This non-Gaussian shape of the NEP that MCT predicts

in high dimensions is the compelling evidence that MCT
breaks down. Analyzing the van Hove correlation function
Gsðr; tÞ, which is the real space representation of Fsðq; tÞ,
makes this breakdown clear. Gsðr; tÞ is a distribution func-
tion of the distance for one particle to explore during the

time interval t, Gsðr; tÞ ¼ h�½r� j ~RiðtÞ � ~Rið0Þj�i, where
~RiðtÞ is the position of the ith particle at time t. By
definition, the van Hove function is a non-negative quan-
tity. In Fig. 3, we plot Gs;1ðrÞ � Gsðr; t ¼ 1Þ derived

from MCT for several dimensions. Following the standard
convention a multiplicating factor sdr

d�1 is used. In high
dimensions, it exhibits a negative dip whose depth be-

TABLE I. Values of ’MCT and ’K from d ¼ 4 to d ¼ 8. ’K is
from Parisi and Zamponi [3].

d 4 5 6 7 8

’MCT 0.3652 0.2542 0.1736 0.1159 0.0751

’K 0.4319 0.2894 0.1883 0.1194 0.0739

FIG. 1 (color online). f1ðqÞ evaluated from MCT (solid line)
and the replica theory (dashed line) at ’MCT and ’d, respec-
tively. q is scaled with the diameter of a sphere �. SðqÞ from
HNC closure is used for MCT calculation.

0.22d2

8.27d

4.8d

ϕ

FIG. 2. ’MCT as a function of d. Filled circles are the numeri-
cal solution of Eq. (3) and empty circles from MCT with
Gaussian approximation, Eq. (6). Solid line is the prediction
from the replica theory.
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comes larger as dimension increases. We checked that
fs;1ðqÞ retrieves the Gaussian shapes if the negative dips

are absent.
These results suggest that MCT in its present form is not

consistent with replica theory and that, moreover, MCT
suffers from serious deficiencies. The validity of the di-
mension dependence ’MCT 	 d2=2d that MCT predicts is
suspicious because it originates from the pathological be-
havior of the NEP. It is noteworthy that the non-Gaussian
shape of f1ðqÞ and the negative tails of Gs;1ðrÞ already
appear in d ¼ 8, below the upper-critical dimension dc ¼
8 of the glass transition [16,17]. Assuming a Gaussian
shape for f1ðqÞ in MCT recovers the linear dimension
dependence of 2d’MCT [see Eq. (7)], but the prefactor still
does not match with the replica theory prediction. This fact
implies that a quick remedy is unlikely to fix the problem.
In hindsight, a convincing reason to conjecture that two
theories are related is lacking, except for their apparent
mathematical similarity with the p-spin spherical mean-
field model of spin glasses. The deceptively similar struc-
ture between Gaussian-approximated MCT, Eq. (6), and
the equation for the density profile derived in the mean-
field analysis of the density functional theory [14] also
hints that MCT is a mean-field-like theory, but a small
yet non-negligible difference between these equations
leaves us with a nagging suspicion about MCT’s validity.
One of the routes to resolve these problems is to reformu-
late MCT in a field theoretic language in which parallels
and differences with the mean-field theory of spin glasses
and the dynamic liquid theory are highlighted. Efforts in
this direction have suffered from a series of difficulties
associated with consistencies with the fluctuation-
dissipation theorem [18], the double-counting problem of
the potential interactions, and the reconciliation between
the dynamic and static liquid theories. Although it is not
clear if the replica theory and the density functional theory
correctly describe the dynamic transition, at least our

results clearly indicate that reconsideration and revision
of MCT from the ground up are in order. We conjecture,
however, that prospective revisions leave general mathe-
matical properties of the MCT equation intact. It is argued
that MCT should be seen as a Landau theory in a sense that
critical behavior and scaling properties that MCT describes
near the dynamical transition point are universal [19].
Indeed, a recent numerical study indicates that MCTworks
better for critical behaviors in high dimensions [8].
We thank D. R. Reichman, F. Zamponi, G. Biroli, J.-P.

Bouchaud, and P. Charbonneau for stimulating discus-
sions. A. I. is supported by the JSPS and K.M. by
KAKENHI No. 2154016 and Priority Areas ‘‘Soft Matter
Physics.’’
Note added.—As this Letter was being finalized for

submission, we became aware of an article by Schmid
and Schilling [20]. They have solved the MCT equation
for d � 10 and shown the same dimension dependence of
’MCT as reported in Fig. 2 and non-Gaussian shape of
f1ðqÞ.
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FIG. 3 (color online). The van Hove function Gs;1ðrÞ eval-
uated using MCT in several dimensions. From left to right, d ¼
4; 6; 8; 10; 15.
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