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MUSCHEWEYH DERIVATIVE AND

STRONGLY STAMLIKE FUNCTIONS

By

Liu JlNLIN

Abstract. Let A denote the class of analytic functions f(z) defined

in the unit disc satisfying the condition /(0) = /'(0) ― 1 = 0. Let

S (/?,y) be the class of strongly starlike functions of order /?and type

y, and let C(/?, y) denote the class of strongly convex functions of

order /? and type y. Certain new classes S*a{p,y) and Ca(/3,y) are

introduced by virtue of Ruscheweyh derivative and some properties

of sl(P,y) and CJj3,y) are discussed.

1. Introduction

Let A be the classof functions/(z) of the form

OC
(1.1) m = z+

which are analytic in the unit disc E = {z : ＼z＼< 1}. A function/(z) belonging to

A is said to be starlike of order y if it satisfies

(1.2)

(1.3)

}>7
(zeE)

>y (zeE)

zf＼z)

for some y (0 < y < 1). We denote by S*(y) the subclass of A consisting of

functions which are starlikeof order y in E. Also, a function f{z) in A is said to

be convex of order y if it satisfieszf'(z) e S*(y), or

1 +
zf'lz)

/'(*)
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for some y (0 < y < 1). We denote by C(y) the subclassof A consistingof all

functionswhich are convex of order y in E.

If f(z)e A satisfies

(1.4) argf
*/'(*)

/(*)
'
)

<＼fi (Z E)

for some y (0 < y < 1) and /?(0 < j3 < 1), then/(z) is said to be strongly starlike

of order 6 and type y in £, and denoted by f(z) e S*(6,y). If f(z) e A satisfies

(1.5) 1 +
zf"(z)

■ <＼P {zeE)

for some y (0 < y < 1) and /? (0 < /?< 1), then we say that f(z) is strongly

convex of order fi and type y in E, and we denote by C(fi,y) the class of all

such functions. It is obvious that f(z) e A belongs to C(fi,y) if and only if

zf'{z)eS*{P,y). Also, we note that S*(l,y) = S*(y) and C(l,y) = C(y).

Let /(z)=z + £i2≪≫-"e^ and ^(z) = z + E^=2b^" e ^4, then the

Hadamard product (or convolution product) (/* g)(z) of/(z) and gf(z)is defined

by

(1.6) (f*9){z) ― Z +
X

E

n=2

aHbnz"

By the Hadamard product, we define

(1-7) DJ{z)=
*

1+g*/(z)
(a>-l)

(1 ―z)

for f(z) e A. D*f(z) is calledthe Ruscheweyh derivativeand was introduced by

Ruscheweyh in [1].

We now introduce the followingclasses:

and

Ca(P,y) =

z(DJ{z))

In thisnote, we shallinvestigatesome propertiesof Sn(B,y) and CJB.y)
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2. Main Results
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We shall need the following lemma.

Lemma, (see [2] [3]). Let a function p{z) = 1 + b＼z + ･ ･･ be analytic in E and

p(z)
7^

0 (z g E). If there exists a point zq e E such that

|arg(p(z))| < ^ (|z| < |zo|) and ＼aig(p(zo))＼=＼$ (0 < 0 < 1),

then we have

where

k>

1

2

'*->

･

+ 9

K)

zoP

Pi

/

M
zo)

ikB

when argO(zo))

( when arg(/>(zo))

5'

"A

and (p(zo))l/fi= ±ia {a > 0).

Theorem 1. S*+1(£,y) c S*X(P,y) for a > -y and 0 < y < 1

Proof. Let /(z)e5*
1(j?,y).

Then we set

(2.1)
z(D*f(z))

D*f{z)
= y + (l-y)p(z)

where p(z) = 1 + c＼z+ c^z1 + ■■■is analytic in E and p(z) =£0 for all z e E

According to the well known identity (see [1] [4])

(2.2)

we have

(2.3)

z(DJ(z))f = (a + l)D*+1/(z) - ocDJ(z)

D*+lf(z)

D*f{z)

1

i

z(P≪/(z))

D*f(z)

[(1 y)p(z) + y + cc]

Differentiating both sides of (2.3) logarithmically, it follows that
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or

(2.4)

Thi

argi

z{D^xf{z))

Liu JlNLIN

(l-y)zp'(z)

≪

i

6'))

D*+V{z)

z(D^f{z))'

D*+lf(z)

z(D*f(z))

D*f(z) - y)p{z) + y + a

Q-y)p(z) + y +
(i-yW(z)

-y = {＼-y)p(z) +

(l-y)p{z) + y + *

(l-y)p(z) + y + cc

Suppose that there existsa point z0 e E such that

|arg(/>(z))|<^ (N<N) and |arg(^0))|=^

Then, applying

(p(zo))l/fi= ±ia

the Lemma, we can write that zop'r(z0)/'p{zq)― ikfi and

(a > 0).

Therefore, if arg(/>(z0))= -/?, then

Zo(D'+lfMY

Da+1/(z0)

s implies that

zo(Da+1/(zo))

D*+lf(zo)

=
2^

+ arg
･

^P+Tan-1

-y

-'

^(1-y)av^[i + (1_y)a^/2 + y+a]

ikfi

(1 - y)ahWI2

w(

+ y + cc

y+a+{＼-y)a^ cos

(y+a)2+2(y+a)(l-yKcos((7r/2)i5) + (l-y)2fl^+^(l-y)^sin((7r/2)^)

M>
fwhere k >

which contradicts

1

2 K) ･■)

the hypothesis that f{z)eSl+l(P,y)
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Similarly,if arg(/?(z0))= ―(n/2)(3,then we obtain that

(Da+lf(zo))

D*+if(z0) M- 2P
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which also contradictsthe hypothesisthat f(z)eS*+l(fi,y).

Thus the functionp(z) has to satisfy|arg(/?(z))|<-fi (zeE). This shows
that

D*f{z)
yj <＼p (zeE)

or f(z)eS*a(fi,y).

Theorem 2. Let a > -y and 0 < y < 1, then Ca+i(/?,y)c Ca(y9,y).

Proof, /(z) e Ca+1(^,y) ^ Da+1/(z) g C(^,y) & z{D*+lf{z))'e 5*(^,y)

^ D*+1(z/'(z))e 5*(^y) ^> 2/'(z)e Sl+l(fi,y)

=> zf'{z)e S*x(P,y)& D*{zf'{z))e S*(fi,y)

& z(D*f(z))fg S*(fi,y) & D"f(z) e C(fi,y)

^/(z)eCa(Ay).

For c > ―1,and f(z) e A, we define the integraloperator Lc(f) as

(2.5) Lc{f) =
c+1

7C

i:
f-lf(t)dt

The operator Lc{f) when ceN = {1,2,3,...} was studied by Bemardi [6]. For

c― ＼,L＼(f)was investigated by Libera [5].

Theorem 3. Let c>―y and 0<y<l. If /(z)e5*(j5,y) with

z{D*(Lc{f)))'/(D＼Lc(f))) # y for all z e E, then we have Lc(f) e S*a(fry).

Proof Set

(2.6)
z(D*(Lc(f)))

D*{Lc{f))
= y+{＼-y)p{z)

where p(z) is analytic in E, p(0) = 1 and p(z) ^0 (z e E). From (2.5), we have
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(2.7)

Lm Jinlin

z(D*(LAf)))' = (c + l)D*f - cD*(Lc(f)).

Using (2.6) and (2.7), we get

Differentiating (2.8) logarithmically, we obtain

z(DJ(z)Y

D*f(z)
y=(l-y)p(z) +

c + y + (l-y)p(z)

Suppose that there existsa point zq e E such that

|arg(/>(2))|<^ (1*1<N) and |arg(/>(zo))|=
^.

Then, applying the Lemma, we can write that zop'(zo)/p(zo)= /A:/?and

(p(20))1//?=±/a (a>0).

If aig(p(z0))= -(n/2)B, then

zo(DJ(zQ))'

D*f{z0)

This shows that

argj
zo(DJ(z0))'

D*f(z0)

n

2

->-≪-M+c+y?l'-1&≫i

= (1 - y)Je-^2
＼
1 + 7~W

'
}

f ikfi
P + ^y+c + y + d-riafe-rtr-

= -^+Tan~l

<

kfi(c+y+(l-y)a/?cos

-inP/2＼

m )

Y)

(c+y) +2(c+y){＼-y)al>cos((n/2)P) + (＼

― B I where2 V ~ 2

which contradicts the

(･ I)

condition/(

<-

^s;(i?

2fi-kB(＼-y)afisin{{7z/2)P)
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Similarly, we can prove the case arg(/?(zo))= (n/2)/3. Thus we conclude that

the function p(z) has to satisfy|arg(/?(z))|< (n/2)/3 for all z e E. This gives that

argi
z(D*{Lc(f)))'

D*(Lc{f))
'

)
< ＼P (zeE)

or Lc(f)eS*a(fi,y).

Theorem 4. Let c>-y and 0 < y < 1. If f(z)eCx(/3,y) and

＼+z(D*{Lc{f)))"/(D≪{Lc{f)))' ^y for all z e E, then we have Lc(f) e C.(fty).

Proof. / e Ca(/?,y) & zf e Sa*(j8,y) =≫Lc(z/') e S*a(fi,y)

<* z(Le(f))' e sUfry) & LAf) e CJfry).
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