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RUSCHEWEYH DERIVATIVE AND
STRONGLY STARLIKE FUNCTIONS

By

Liu JINLIN

Abstract. Let A4 denote the class of analytic functions f(z) defined
in the unit disc satisfying the condition f(0)=7'(0)—1=0. Let
S”(B,y) be the class of strongly starlike functions of order 8 and type
7, and let C(f,7) denote the class of strongly convex functions of
order f# and type y. Certain new classes S, (8,7) and C,(f,7) are
introduced by virtue of Ruscheweyh derivative and some properties
of S,(B,y) and C,(B,y) are discussed.

1. Introduction

Let 4 be the class of functions f(z) of the form
(L.1) f(z):z—%z:anz”
n=2

which are analytic in the unit disc £ = {z: |z] < 1}. A function f(z) belonging to
A is said to be starlike of order y if it satisfies

#f'(2)
()
for some y (0 <y < 1). We denote by S*(y) the subclass of 4 consisting of

functions which are starlike of order y in E. Also, a function f(z) in A4 is said to
be convex of order y if it satisfies zf'(z) € S*(y), or

(1.2) Re{ } >y (zekE)

(1.3) Re{l +;((Z)>} >y (zeE)
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for some y (0 <y < 1). We denote by C(y) the subclass of 4 consisting of all

functions which are convex of order y in E.
If f(z) e A satisfies

(1.4)

arg(i"}é—j)—y)|<§ﬁ (-cE)

for some y (0 <y < 1)and § (0 < B < 1), then f(z) is said to be strongly starlike
of order § and type y in E, and denoted by f(z) € SY(B,y). If f(z) € A satisfies

oy 55)

for some y (0 <y<1) and B (0 <pB <1), then we say that f(z) is strongly
convex of order f and type y in E, and we denote by C(B,y) the class of all
such functions. It is obvious that f(z) € A belongs to C(B,y) if and only if
zf'(z) e S"(B,7). Also, we note that S™(1,y) = S*(y) and C(1,y) = C(y).

Let f(z)=z+3 ,anz"€Ad and g(z)=z+ S buz" €A, then the
Hadamard product (or convolution product) (f * g)(z) of f(z) and g(z) is defined
by

(1.5) <g/>’ (ze E)

(1.6) (f ) (=) =2+ 3 anbue".
n=2
By the Hadamard product, we define
(1.7) DY) = el (22D

for f(z) € A. D*f(z) is called the Ruscheweyh derivative and was introduced by
Ruscheweyh in [1].
We now introduce the following classes:

(D% (2))'

S, (B,y) = {f(z) eAd:D*(z)eS (B,y),x=—1 and D 7(2)

#y for zeE}

and

(D (2)"

Cx(/f,w—{f(z)eA:D“f(Z)eC(ﬁvWZ Land T4 =iy

#y for ”eE}

In this note, we shall investigate some properties of S,(8,7) and Cy(f,7).
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2. Main Results

We shall need the following lemma.

LEMMA. (see [2] [3]). Let a function p(z) = 1+ byz + --- be analytic in E and
p(z) #0 (ze E). If there exists a point zo € E such that

fare(p(2)] <34 (1 < [l) and Jare(p(o)| =38 (O <f =)
then we have

zop'(z0) .
p(z0) P

where

=~

. (a%) (st arg(p(z0) = 3).

N =

k

IA

(a + %) (when arg(p(z0)) = — gﬂ>

R -

and (p(zo))"* = +ia (a>0).
Turorem 1. S, (,7) = 8,(B.y) for « = —y and 0 <y < 1.
Proor. Let f(z)eS,. (7). Then we set

@2.1)

where p(z) =1+ c1z+ cz? + -+ is analytic in E and p(z) #0 for all ze E.
According to the well known identity (see [1] [4])

(2.2) 2D () = (a+ DD f(2) — aDf (2),

we have

Dl(z) 1 {Z(Daf(f L “}

23) D) —atl| D)

=1+1[(1 —y)p(z) +y+ .

Differentiating both sides of (2.3) logarithmically, it follows that
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(D (2)" _ 2D (2) (1 —y)zp'(2)
D+lf(z) Dif(z)  (1—yp(z)+y+a
PN (1 =9)zp'(2)
= (1 y)p(~)+/+(1_y)p(z)+y+a,
or

2(D*f () B ) (1 —y)zp'(2)
24 o) TP TG e

Suppose that there exists a point zp € E such that

jarg(p(2)| < 2B (] <lzal) and Jarg(p(zu))| =35

Then, applying the Lemma, we can write that zop'(z0)/p(z0) = ik and
(p(z0))"f = xia (a>0).

Therefore, if arg(p(zo)) :gﬁ, then
20(D*f(20) zop'(20)/P(20)
iy~ mptn |+ T 7 ;
—(1_ inf] ikp
= (1 — y)aPe™? {1 T e OJ.

This implies that

20(D*f(20))
arg{ D/ (z0) y}
4 ikp

2ﬁ+arg{ + 0= )deri +y+a}

= g[f + Tan™!

k/}(y+a+(l —y)af cos(%ﬁ))
(y+a)’ +2(y+a) (1 —y)af cos((n/2)B) +(1 —9)*a? +kp(1—y)a? sin((n/2)B)

1 1
> g/)" (where k= §(a+a> > 1),
which contradicts the hypothesis that f(z) € S a(By)-
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Similarly, if arg(p(z9)) = —(n/2)B, then we obtain that

a+1 /
),

-2
which also contradicts the hypothesis that f(z) e S; +1(/)’ ).

Thus the function p(z) has to satisfy |arg(p(z))| < ﬁ (z € E). This shows
that

ol )| <5 e

or f(z) €S, (B,7)-
THEOREM 2. Let o> —y and 0 <y <1, then C,1(B,7) < C.(8,7).

PROOF.  f(z) € Cur1(B,7) & D*'f(z) € C(B,y) & 2(D*/(2)) € 57 (B,7)
& D (f'(2)) e §7(B,7) © 2f'(2) € 51,1 (B.7)
= 2f'(2) € S,(B,7) & D*(zf"(z)) € 7 (B,7)
& 2(Df(2)) € §7(B,7) & D*f(2) € C(B,7)
& f(z) e CulBy).
For ¢> —1, and f(z) € 4, we define the integral operator L.(f) as

2.3) L= e wa

The operator L.(f) when ce N ={1,2,3,...} was studied by Bernardi [6]. For
c=1,Li(f) was investigated by Libera [5].

TueorREM 3. Let c¢>-—y and O<y<l. If f(z)eS.(B.y) with
2(D*(L(f))) /(D*(L(f))) # v for all z€E, then we have L(f)e S;(ﬂ, ).

PrOOF. Set

(2.6) w =7+ (1 =7)p(2),

DH(Le(f)

where p(z) is analytic in E, p(0) =1 and p(z) #0 (z € E). From (2.5), we have
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2.7) 2(D*(Le(f))) = (¢ + 1)D°f = eD*(Le(f))-
Using (2.6) and (2.7), we get

D*f
D*(Lc(f))

Differentiating (2.8) logarithmically, we obtain

2(D*f(2))’
D*f(2)

Suppose that there exists a point zg € £ such that

(2.8) (c+1) =c+y+(1—y)p(2).

(1 —7y)zp'(2)
c+y+ (1 =yp(z)

—y=(—-yp(z)+

[N

jarg(p(:))| < 3B (2 <lz0l) and farg(p(z0))| = 3
Then, applying the Lemma, we can write that zop'(z0)/p(z0) = ikf} and
(p(zo))F = +ia (a>0).
If arg(p(z0)) = ~(n/2)p. then

2D () z0p'(20) /p(20)
pify ”"(‘0’{1 c+y+<1—y>p(20>]

=(1- y)aﬂgf"n/j/2 [1 + ikp } .

c + y + (1 — y)a/fg_i”ﬂ/z
This shows that

w57

n ikp
— _“Btargll :
7B+ drg{ + T y)aﬂe—m/fﬂ}

= ,g[; + Tan™!

kB (c+y+(1 —)aP cos (g;;))

“Vern) T+ 2cn (U =p)ak cos((n/2)B)+ (1) a —kB(1=7)a? sin((x/2)f)

< —E,B (where k< L (a—}-l) < 1),
2 2 a

which contradicts the condition f(z) € S ;(ﬁ, 7).
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Similarly, we can prove the case arg(p(zo)) = (n/2)B. Thus we conclude that
the function p(z) has to satisfy |arg(p(z))| < (n/2)p for all z € E. This gives that

)] e
or Le(f) €S, (B7).

TueoreM 4. Let c¢>-—y and 0<y<]1. If f(z)eCy(B,y) and
1+ 2(D*(L ()" /(D*(L:(f))) #y for all z € E, then we have Lc(f) € Cu(B,7).

ProoF. [ € Co(fy) & 2f € 8,(B,y) = Le(af") € S,(B.7)

& 2(Le(f)) € S,(B.7) & Le(f) € Cu(B, ).
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