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1. Introduction. Let =2 be a fixed integer. Any positive integer n can
be uniquely written in the form

(N n= 2 a4yt =0, 0 ax,
=
where each a; is one of 0, 1, -+, r—1 and
1
@) k=kn)=[ 2" ]+1,
log »

where [u] is the integral part of the real number u. We put
k
s(n)= 2 a;.
i=1

I Katai [1] proved, assuming the validity of density hypothesis for the
Riemann zeta function, that

r—1 , X
Exs(p)“ 2logr ’”TO( (log log x)® )

where in the sum p runs through the prime numbers. The second-named author
[6] proved, without any hypothesis, the result of Kétai with an improved
remainder term
log 1/2
(3) OO(MEL) >
log x

His method is to appeal to a simple combinatorial inequality (see Lemma in §4),
and the deepest result on which he depends is the prime number theorem in a

weak form

L, X x
@ p}_{'zl% log x +O< (log x)? )
E. Heppner [2] independently proved a more general result by making use of a

Chebyshev’s inequality to the sum of independent random variables (cf. [5] p.
387, Theorem 2): Let B be a set of positive integers such that

Received May 29, 1978. Revised January 12, 1980.



128 Ryuji KANEIWA and lekata SHIOKAWA

x -
log By =o(log x),

where
Bx)=>1.
K
Then
B kixf 1/2
3 stmym T X B(x)(l+0(< loglog x-tlog ~ 5y ) )
ki o0gr log x .

This together with (4) implies (3).
In the present paper we shall show that the estimate (3) is also valid, in
some sense, for primes in each imaginary quadratic field @(+~/—m), where m is

any positive square free integer.

2. Representation of integers in @(+/—m) in the scale of . Let o be the
ring of all integers in @(v/—m). Any a<o can be expressed in a unique way as
a=a-t+bw (a, b=Z),

where
v —m if —m=2, 3 (mod4),
@ l’f—?z/:l?? if —m=1 (mod4),

and Z denotes as usual the set of all rational integers. So by means of the
expessions

lal=aia, " araan, 1bl=biby- Dy

given by (1), we can define coordinatewisely the representation of a<o in the
scale of r; i.e.

(5) = A!g‘ a;rt i =qa, oy,
Jj=1
where
(6) k="lk(a)=max {k(|al), R(|b])} , k£(0)=1,

a;=sgn (a)a;+sgn(h)b;mw,
and sgn (¢)=c¢/|c| if ¢#£0, =0 otherwise. We define
k
sta)= 20 aj.
j=1

We write
A={a+bwl|a, beZ; a=0, b=0},
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Ay={—at+bwlatboc A},
Ay={—a—bowlat+bocs A},
A={a—bolatbows A},

so that 0= A4,V LI A, JA,. We denote by &, the set of all ‘digits’ «; needed
for the expressions (5) of all a= A, Then

={c+dwl|c, d=0, 1, ---, r—1},
By={—c+do|ct+dos s},
By={—c—dw|ctdwc 38},

={c—dw|ct+dos 3},

and card 8,=r* (1=:=4). So we may say that the r-adic expression (5) of a<»p
is a kind of representation in the scale of % For any fixed A<, we denote
by Fla, ) the number of 3 appearing in the expression (5) of an integer a = 4,.
By definition

7 s((x)::ﬁé\_‘_éﬂf’(a, B) (ac Ay
and
&) Fla+bw, c+dw)=F(—a+bw, —c+dw)

=F—a—bw, —c—dw)=Fla—bw, c—dw) (a, beZ).

The norm of a=a--bwep is a rational integer

a*+mb? it —m=2,3 (mod4)
MO MLy i w1 (mod )
so that for a0
© |rw— R <,

where ¢, isTa constant depending only on m, since by definition

max (log |a|, log [b])

| k(a)— | <
| k@) log 1 =1
(we¥mean that max (log 0, x)==x) and
12 max'(log |a|, log |b])—log N(a)|
log (1+m) if —m=2,3 (mod4),

liA

<2+ﬁi ) —m=1  (mod4).
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3. A prime number theorem (A. Mitsui [3], [4]). An integer a&o is said
to be prime if (a) is an prime ideal in @(+/—m). Let 0,, 6, be two real numbers
such that 0=0,<#,=2x. Then

_ O=Opw = dt_
(10) g’:(%';én}e 1= 2h Sz log t

fysargasly

+0(x exp (—cs(log x)**(log log x)™'%)) ,

4 if m=1,
w={ 6 if m=3,
2 otherwise

We note that a weaker estimate O(x/(log x)*) is sufficient for the proof of

our theorem.

4. A combinatorial lemma (I. Shiokawa [6]). Let f,, -, B, be given g
symbols and let A’ be the set of all sequences of these symbols of length j=1.
Denote by Fia, f) the number of any fixed symbol § appearing in a sequence
ac Al. Then for any ¢ with 0<e<1/2 there exist a positive integer j, inde-
pendent of ¢ such that the number of sequences a= A’ satisfying

. ] \aee
Fe, )=L|> e
is less that jg?exp (—csj*) for all j=j,, where ¢, is an absolute constant.
5. Theerem. Let ¢,=0, ¢,=2r, p,=argw, ¢,;=x, and @,;=p,+ . Then for
any 0y, 0, satisfying ¢;=<0,<0,<¢;., for some j we have

_ (B—)w__(r—1)
(D a;pzr‘fme sle)= 2nh 4logr 4
N@sT
01sargasly

+ O(x(-lf%,g,_l_‘?;gi_)m) ’

log x
where
14+ if j=1,
1= —14+w if j=2,
T —l—w if j=8,
1—w if j=4,

and the O-constant depends at most en r and m.
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6. Proof of Theorem. By (7) and (8) we may assume j=1. We define for
acd; and fE B,

(12) Dia, )= Fla, ﬁ)—_ﬁ%“)~ .

Put for brevity
Cx)={a<so|a: prime, Na)Zx, 0, =arg a<0,} .

ThenYby (7) and (12)

> =3 }
13) ue?zms(“) ﬁglﬁamr)ﬁ(a, 8)
r—1 1 <
="y A3, o5, 2, D B).
By (9) and (10) we have
(00w x X
(14 aeuz‘(x)kGX)— 2rh 2log 7 +O< log x )

Put D(a)=D(a, B,), where B, is any fixed integer in @8, We have from (9),
(10), and (12)
(15) Y Dlays X kla)V*++ O{Z D(a)

(=16 VEC (X C(x
TEC@ agen Dly>E@1/2+e

=0( % (og Ne)*)=0( % Dl

N@ e
Deay>k(ayl/2+s
=0(x log x)*"'"*)+O(log x > .
ac AL

N@)sx
D(ay>ECaytl2te

Besides, using (9),

> 1= 03 I,
ae ) JEl(x) ac Ay
N(@)sx ka)=j
Deay>k(ayli2+e D(ay>jliz+e
where
log x
((x)=—5 B e,
2logr

Applying now the lemma in §4 with g=7* and A'=3,, we get
b2 1< jr* exp (—¢s5%)

ac, 1
k(a)=j
Deay>jli2+e

for all j=j, which leads to

(16) = 1=0)+ X jriiexp(—cyg®)

Ag(iyshr Jo<isl(a)
DCary>k(aylliz+e
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=0+ )
Jo<isl(xy/2 Lz [2<islcx

- 2 __Cs (logx

=0(x(log x) exp< 4 \ logr ) ))

where the O-constant is uniform in e.
If we take a constant c¢,=c,(r) large enough and choose e=¢(x, ) with
0<e<1/2 in such a way that
(log x)**=c, log log x
we obtain from (15) and (16)

,19,%1051)“2) .

EI)D(a, ﬂ°):0(x( log x

acC(

This together with (13) and (14) yealds the theorem.
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