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Abstract We calculate divergent one-loop corrections to
the propagators of the U (1) gauge theory on the truncated
Heisenberg space, which is one of the extensions of the
Grosse—Wulkenhaar model. The model is purely geometric,
based on the Yang—Mills action; the corresponding gauge-
fixed theory is BRST invariant. We quantize perturbatively
and, along with the usual wave-function and mass renormal-
izations, we find divergent nonlocal terms of the 0! and
[0~ type. We discuss the meaning of these terms and possi-
ble improvements of the model.

1 Introduction

Unsuccessful attempts to quantize the gravitational field by
the usual methods indicate that the structure of spacetime at
the Planck scale is very different from the classical one. Such
aconclusion is also indicated by the existence of singularities
in general relativity and divergences in perturbative quantum
field theory. There are many reasons to believe that the theory
of quantum gravity will not be local in the conventional sense
[1]; however, locality is in the core of standard field theories
and one has to solve many problems in order to formulate
a consistent framework to describe nonlocal classical and
quantum fields.

Perhaps the first idea of how to ‘delocalize’ points was
the Kaluza—Klein extension of spacetime by additional com-
pactdimensions. Alternatively, nonlocality can be introduced
through the structure of elementary constituents as in string
theory; in both cases the underlying spacetime is a Rieman-
nian manifold. Another way to introduce nonlocality is to
assume that spacetime is described by an algebra of non-
commuting operators.
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We analyze this approach, presuming that noncommuta-
tivity of the coordinates of ‘quantum spacetime’ is physical;
we further investigate properties of quantum fields defined
on it. Our motivation for this study is twofold. The first is
the expectation that the existing knowledge about operator
algebras and their representations gives enough tools to build
a compact mathematical framework. The second is the hope
that the ‘amount of nonlocality’ introduced algebraically is
restricted and that it can provide us with reasonable and inter-
esting physics.

Mathematical and physical results which concern non-
commutative geometry and noncommutative field theories
are numerous. In a brief summary one can say that geom-
etry and classical field theories are understood fairly well,
whereas quantization is still an open problem. A technical
explanation is that, though in quantization the effects of non-
locality improve the ultraviolet behavior of a theory, the mix-
ing of large and small length scales induced by noncommu-
tativity transfers divergences to the infrared sector (UV/IR
mixing). This is clearly established for theories defined on
the Moyal space. On the other hand, quantum field theories
defined on spaces with finite matrix representations are finite,
and thus they can be viewed as matrix regularizations of (the
corresponding) commutative theories. Moreover, there are
models in which the continuous limit of a matrix theory has
better quantization properties than its commutative predeces-
sor [2].

The first fully renormalizable theory formulated on a non-
commutative space is the Grosse—Wulkenhaar (GW) model
[3,4]. It describes a real scalar field on the Moyal space of
Euclidean signature confined in the oscillator potential. The
potential term induces symmetry between long and short dis-
tances, the so-called Langman—Szabo (LS) duality [5], which
is roughly of the form x < p. The field propagator is given
by the Mehler kernel: it regularizes the UV behavior of the
theory keeping the IR sector finite. Renormalizability of the
GW model is established and thoroughly examined by vari-
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ous methods [6-9]; its exceptional mathematical properties
induced a lot of subsequent work. Two renormalizable spinor
field theories analogous to the GW model have been found:
in the first one [10], the representation of spinors is chosen in
such a way that the square of the propagator is the Mehler ker-
nel. The other model, due to Vignes-Tourneret (VT) [11], is
anoncommutative generalization of the Gross—Neveu model
[12]. In both theories the Lagrangian has an explicit depen-
dence on coordinates and breaks the translation invariance.
To improve the last property an interesting translationally
invariant model, which is also renormalizable, was proposed
in [13]. It contains, instead of the oscillator potential, the
O~! term in the kinetic part of the action, thus introducing
another version of the LS duality: (] <> 7!

All attempts to find a renormalizable gauge model a la
Grosse—Wulkenhaar have been unsuccessful till the present.
Several strategies have been used, all mainly based on paral-
lels with standard gauge theories. As most of the results are
thoroughly reviewed in [14] we will here recall only some
guiding ideas. The first proposal was to transform the gauge
propagator into the Mehler kernel by nonlinear gauge fix-
ing [15]; however, the appearance of the tadpole divergence
made the theory nonrenormalizable. Another strategy was to
impose the LS duality [16, 17]: the action for the gauge field
was defined by minimal coupling to the GW scalar and subse-
quent integration of the scalar field. Although the obtained,
induced theory has good symmetry properties (LS duality
becomes invariance under the exchange [x*, | < {x¥, }),
it does not have the trivial vacuum solution and perturbative
quantization is not well defined. It is important to notice that
the explicit coordinate dependence of the induced gauge the-
ory can be elegantly rewritten using the covariant coordinates
which were introduced much earlier [18]. For recent results
on quantization of this theory in the matrix base we refer to
[19].

The idea which we have developed in the previous papers
is that specific forms of the GW and VT actions are due to the
underlying (noncommutative) geometry. The idea is based on
the result that the two-dimensional GW action can be viewed
as an action defined on particular curved three-dimensional
space after the Kaluza—Klein (KK) reduction [20]. The VT
action, similarly, is the spinor action on the same space [21].
In both cases matter is nonminimally coupled to the back-
ground curvature and torsion. The employed approach gives
also the U (1) Yang—Mills (YM) theory which consists, after
the KK reduction, of interacting gauge and scalar fields. Clas-
sical properties of the model are very good: there are vacuum
solutions which include the trivial vacuum, the BRST invari-
ance is established [22]. The perturbative quantization was
started in [23] with the calculation of divergences of the first
order in the gauge coupling: the obtained divergences were
IR logarithmic and included the tadpole. It was, however,
hard to systematize the computation of the prefactors. The
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2-point divergences which were found can be removed by
the usual mass and wave-function renormalizations, but the
tadpole diagram remains, signaling instability of the trivial
vacuum under quantum fluctuations.

We continue here investigation of the quantization prop-
erties of the proposed gauge model. We calculate one-loop
corrections to the propagators of second order; we find a sys-
tematic way to compute divergent integrals with two or more
parameter integrations, which enables us to compare and add
various contributions. However, in addition to the local terms,
we find new ‘nonlocal’ infrared divergences of the [1~! and
the [0=2 type. Such terms do not exist in the classical action,
thus rendering the theory nonrenormalizable.

The paper is organized as follows. In Sect. 2 we define and
briefly review properties of the truncated Heisenberg space
and the Yang—Mills theory on it, recollecting results from
[22]. In Sect. 3 we go through the main steps and some details
of the calculation and list additional propagator corrections,
completing the earlier result [23]. In Sect. 4 we discuss the
meaning of the obtained results and possibilities to improve
the model. Important details of calculation are given in the
appendices.

2 Fields on the truncated Heisenberg space

Truncated Heisenberg space is a noncommutative space A
generated by three hermitian coordinates x, y, z which satisfy
the commutation relations

[x,y] = ien > (1 — pz), [x,z] =ie (yz+2zy),

[v,z] = —ie (xz + zx). 2.1

The constant p has dimension of the inverse length and €
is a dimensionless noncommutativity parameter. For € = 1
algebra (2.1) has finite-dimensional matrix representations;
€ = 0 defines the ‘commutative limit’. Double scaling limit
u — 0,e - 0,k = eu_z = finite reduces (2.1) to the
Heisenberg algebra

[x, y] =ik. (2.2)

The irreducible representation of the Heisenberg algebra is
infinite-dimensional; in the geometric context it is called the
Moyal plane. Truncation of infinite matrices x, y, z given in
the Fock representation to finite n X n matrices gives algebra
(2.1). In this sense the Heisenberg algebra (2.2) is a contrac-
tion, or z = 0 subspace, of the truncated Heisenberg space
[24]. The limit n — oo, which transforms (2.1) to (2.2), is a
weak operator limit.

The truncated Heisenberg algebra can be endowed with
a differential structure. The space of 1-forms is spanned by
frame {0“}, o = 1, 2, 3; derivations eg dual to % are defined
to satisfy 6% (eg) = Sg. We assume [25]
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[f,0°1=0, df = (eaf)O% = [pa, f10%. (2.3)
The frame derivations e,, are inner and generated by momenta
Pa € A; py are, by convention, antihermitian. An important
property of the inner-derivation calculus is the existence of a
special connection

0= _paea
which generates the differential, d f = —[6, f]. We choose

. . . 1
epr=ipu’y, epy=—ip’x, ep3=ip <MZ — 5) :

2.4)

It can easily be seen that for z = O this differential reduces
to the standard one on the Moyal plane.
The algebra of momenta is in general quadratic [25]

1
2P spyps — FY appy — EKQ,S =0, (2.5)

the Ko, F¥ op,and Pysaﬁ are constants. It defines anoncom-
mutative wedge product. The Hodge dual on the other hand
cannot be defined in the general case as it depends on (the
existence of) the trace: in our case it is almost unique [21].
Finally, one specifies the connection: the metric-compatible
connection used in [20] defines a noncommutative space with
curvature and torsion.

The U(1) gauge symmetry is introduced through the
gauge potential A, which is an antihermitian 1-form, and
the field strength F:

A=ighA6%, F=dA+A?= ’5 Fop0®0F (2.6)
The g denotes the U (1) coupling constant; the U (1) group
consists of all unitary elements of .A. A remarkable property
of noncommutative differential which we use is a possibility
to construct a gauge-covariant 1-form: the difference
X=X0"=A—-0, Xy=py+igAy 2.7
transforms in the adjoint representation of the gauge group.
The coefficients X, are called covariant coordinates (a more
appropriate name would perhaps be covariant momenta).
Expressing the field strength in terms of X and the structure
constants we find

1 1
F=X>— 5 FrapXy 6%9F — 5 Kap 0%0P.

(2.8)
The existence of X means that there are covariant observables
which depend only on the potentials, and it opens a possi-
bility to define alternative actions for gauge fields, with dif-
ferent properties from the Yang—Mills or the Chern—Simons

actions. This is a new effect characteristic for noncommuta-
tive spaces. Our model is, however, built as a noncommuta-
tive generalization of the Yang—Mills theory so we shall keep
only the original YM term in the action; we discuss possible
new terms in the last section.

The YM action on the truncated Heisenberg space is given
by

Sym = Tr (F(+F) + (+F)F). (2.9)

1
1692
Dimensional reduction to z = 0 is done by considering
only fields A, (x, ¥, z = 0), by (formally) integrating over z,
and by rescaling the gauge coupling constant (g — g) and
gauge fields. This gives the Kaluza—Klein reduced action on
the Moyal plane. In order to distinguish the values of the
gauge fields Ay, Fog, o, B = 1,2, 3, defined in three dimen-
sions from the gauge fields defined intrinsically on the Moyal
plane, we denote the latter by Ay, Fug, o, B = 1, 2. Fields
and coupling constants have different mass dimension in two
and three dimensions: dimensional reduction procedure takes
care of this automatically. For z = 0O the third component of
the momentum is constant, p3 = —iu/2¢, e3 = 0, and A3
transforms as a scalar field in the adjoint representation. We
denote

A3 = g9,

The field strength and covariant derivative in two dimensions
are defined as

Da¢ = ey + ig[Aota ¢]’
g 'Fip =e1Ay —epAy +ig[Ay, A2l

0A1 =gA1, JAx =gAs. (2.10)

@2.11)

After the KK reduction, components of the three-dimensional
F become [22]

2
9 'Fu=g¢ 'Fu—pup=g" (_i[Xl, Xa2] + %) —1,

g 'Fi3 = Di¢p —ie{pr +igAar, ¢} = [X1, pl—ie{Xa, ¢},
9 'Fa3 = Dagp +ie{p) +igAr, ¢} = [Xa, pl+ie{X, ¢}.

(2.12)
Introducing
a=1—¢> (2.13)
we obtain
1
Symy = —=Tr (Cl F12F12 + F13F13 + F23F23), (2.14)

2g2
that is,
1 a 2a L
Srm =5 Tr (55 (F)? = =5 Fiog
2 g g
+ 4+ a),udqu2 — 4eF12¢2
+(D19)* + (D29)* — X{p1 +igAr, ¢}

@ Springer
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— i +igha, o)
1 a 2 2.2
- sz<‘ 2 X GT +ar®

B 2ap’ b+ 2iapn
g€

+4ie [X1, X219 + [X1, ¢]?

+ X, 0 — X1, 91 = €Kz, 612).

[X1, X2 ¢

(2.15)

The two expressions are the same up to terms which are
constant or proportional to a commutator, that is, to surface
and cosmological constant terms. !

Let us briefly analyze the actions (2.9) and (2.15). Clearly,
they are defined only when the trace is defined, that is, in
a fixed representation of the algebra. One way to proceed
is to consider finite matrix representations, that is, € = 1,
a = 0: it gives a non-propagating gauge field which interacts
with the scalar. Another possibility, which we choose here,
is to go to the continuous limit and represent fields on the
Moyal space. There are various advantages and drawbacks
of this choice. On the one hand, the resulting action is rela-
tively complicated as gauge and scalar fields are mixed in the
kinetic term. This fact on the other hand indicates that the har-
monic potential confines both fields, gauge and scalar. The
action is manifestly gauge invariant, but the status of the LS
duality is not clear: (2.15) is not invariant under the exchange
[X1, Xa] < {X1, X3}. However, one hopes that the geometric
origin of the action could induce cancelation of divergences
as in supersymmetry.

The action (2.15) has two classical vacua,

A1=0, Ay=0, ¢—0 (2.16)
2

A= P4 = ’”, o= 2.17)
ge ge ge’

The first is the usual trivial vacuum; the second describes a
configuration with constant value of the field strength Fjp =
w? /€. In quantization we expand around the trivial vacuum.
After gauge fixing and inclusion of the ghost terms, we obtain
(23]

S = Sym + Sgr + Sen = Skin + Sint, (2.18)
with
1
Skin =~ / aAyOAY +2a1e®? (3,Ap)p + 0
— (4 +a) n2¢? — 4u*xxqp” + 2¢0c, (2.19)

! The background noncommutative space is curved but gravity is not
dynamical.
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1
Sint = —5/4egealg(8aAﬂ +igAY x AP) x ¢?

—2ig(Bu.P)[A” * ¢]

+ 2iapgeqpA” * APy — 2iag6aﬁ8“AﬂeyﬁAV * AS
+ag?(eqp A% * AP + g%[Ag * PI[A” * @]

— 2 g% Aq T PHAY 1 p)

+2uegeaplx® * QHAP ¥ ¢} — igla[A” * cl.

(2.20)

This is the action which we will analyze.

3 Propagators: the one-loop structure

Let us recall some results from [23] and introduce new nota-
tion which enables us to perform calculations more effi-
ciently. We start with the kinetic term. The scalar and gauge
fields in the kinetic term are mixed: because of noncommuta-
tivity itis not possible to diagonalize it. We therefore consider
fields as multiplet ®7 = (A*, ¢) (which they were before
the KK reduction), and write the Kinetic term as

1 a s —apeysds AY
o n wv né
Skm 2/(A ¢)<aﬂevn8n K_l_a/L2> (¢ )

+2cUc

1

=—§/chG*1cI>+2EDc (3.1
where we introduced

=0 — dptxex® — 4p>. (3.2)

The corresponding inverse operator, the momentum-space
Mehler kernel for the massive scalar field, has in two dimen-
sions the following parametric form [26]:

K(r,s) = —%/ ;

Mass of the scalar field is 2 ; for other values of mass, factor
(¢ — 1)/(£ + 1) has a different exponent. We denote

— # ((r—}—s)zé‘+(r—s)2 El) ‘

(3.3)

- € -
it =e"r,, V= —r-S. (3.4)
m

€ I
l’/\S:—zEMUFS
m

The momentum-space kernel of the kinetic operator is

Gl s)
o —ar?s,,Qm)28(r +5)  —iapi, Q)28 (r +5)
T\ —iaus,2m)28(r +s5) —ap’@m) S +s5)+ K7, s)
(3.5)

Inverting it, for the matrix elements of the propagator G (r, s)
we obtain
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dr)P(s) = K(r,5),

[E—

{07

A% () = —ip 5 K(r.s).
[ r

...a..,ﬂ
A (AP () = (—iw)? Sy K (r,s)
[ r<s

_@r)?* 850 +5)

r2

These matrix elements obey the recurrence relations

A% (s) = —ipn 5 pIP(s),
1 r< 1

o B - N2 P
AT (r) AT (s) = (=ip)” — 5 (o) —
[ [

75

}’25 a r2

which we will later use.
The interaction contains three- and four-vertices. In
momentum space they are

Sint,l =

Sint,2 =

Sint,3 =

Sint,4 =

Sint,S =

int,6 =

int,7 =

int,§ =

2ieg

A

T 51 A,L(p) d(q) p (k)

4
X COS

/dpdqdka(p+q + k)

ANg

2ig
2m)*

. P
X sin

Plo(p)d(q) Ap(k),
_4ieu2g
Qm)*
pPANg

2

aug
——=° [ dpdgdks k
(271)4/ pdg (p+q+k)

PNg
2

/dpdqdk&(p+q+k)

X COS

d
E¢(P)¢(Q) Ay k),

X sin

€ Au(p) Av(q) 9 (b),
iag
W/dpdqdkr?(p—i—q +k)

/\ ~
x sin ”2_" MEP AL (p) Av(q) Ap(k),

2ig
2m)*

/dpdqdk(S(p—i-q + k)

. DA
X sin

L o e(p) clg) Ap(h),
2
W/dpdqdp’dq’ﬁ(pﬁw +p +4)

pAqg . p'Aq
Sin

2 2

x 8" AL (p) ¢(q) Av(p) ¢(q),

62g2

(2m)°

X sin

/dpdqdp’dq’S(erq +p' +4)

/ /

P Ng
2

pNg
X COS cos

(3.6)

2m)2 8Ps(r +5)

(3.7)

x 8" AL (p) ¢(q) Av(P) (g,

2682 ’ oy / ’
T2t dpdgdp'dg” d(p+q+p +4q")

prng  p'Ag
COS
2 2

x el Au(p) Av(@) ¢ (P (q),
2

ag ’ oy ’ ’
—— | dpdgdp’dq’ d
Z(Zn)ﬁf pdgdp dg d(p+q+p +4q)

A "N
PG Gn P2 o
2 2

x €77 AL (p) Av(q) Ap(p)) As(q).

Sint,9 =

X sin

Sint, 10 =

X sin

We want to calculate the one-loop corrections to the prop-
agators, that is, the sum of the expectation values,

Ppprij(r,s) = —(F(r)F'(s) Sint,i Sint,j ), 6, j=1,...,6,
(3.8)

Prpi(r,s) = —(F(r)F'(s) Sinti ), i=7,...,10, (3.9)
where F an F’ are fields ¢ or A* and i, j label different
interaction vertices, 1-10. Expressions of the form (3.8) cor-
respond to the 2-point functions; (3.9) are the 1-point func-
tions. We have previously calculated divergent 1-point func-
tions Pr; [23]. In fact, as we wish to obtain divergent terms
as they appear in the effective action, we can go a step further
and calculate the amputated graphs I1(7, s). The removal of
the external legs of P (r, s) is nontrivial because of the Mehler
propagators and amounts to

(p,q)= fdrdsG_l(p, —r)P(r, )G ' (=s, q).

(3.10)

2m)*

In fact, it simplifies the final result as it decreases the number
of the Mehler-kernel factors, that is, the number of parameter
integrals.

Due to the recurrence relations (3.7) all field contraction
reduce to contractions of the scalar fields. Let us introduce
shorthand notation for multiple contractions. In the case of
two Mehler kernels we denote

Ko(r,s,p,q) = K(r,s)K(p,q) + K, p)K (s, q)

+K(r,q)K (s, p). (3.11)

When there are several external momenta (in this case » and
s), we separate them from the internal ones by a vertical line
and write

Ko(r,s|p,q) = K(r, p)K (s, q) + K(r,q)K(s, p).

With m external and n internal momenta (n > m), this gen-
eralizes to K+, defined as

(3.12)

n—m n—m
272 T "Kign(r1, oo s mlp1, oo Dn)

@ Springer
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=> K1, pr)K (2. pry) - .. K (s pr,,)

p
XK(pnerl ’ p7TW+2) e K(p”nfl ’ pnn)

where 7, are permutations of the internal momenta. K,
is symmetric under exchange of any two internal or any two
external momenta. Calculation of contractions can also be
aided by the recurrence relation

Kpin(ri, oo Fmlp1s -o o, Pn)
n
= Z K (r1, pi) Kmsn—1
i=1
X(r2s <o s Tm|P1s « o s Pie1s Pitls -+ s Pn)- (3.13)

Applying (3.7), the sum of one-loop contributions can be
simplified to

Pyy = Z (2 —68i)) Ppy,ij + Z Pyo i (3.14)
i<j<6 7<k<10
Pia= D Q=8)Piay+ D Poax
i<j<6 7<k<10
FC\(
= —ipt — Py + P2 (3.15)
2 o PA> .
Pgﬁ = Z (2_5&/)[’?:,1']‘ + Z Pffﬁ,k
i<j<6 7<k<10
~ ~IB ~ ~
zras . r 18 .S 10
=M 55 Pyp—ip = Py, —in 2 P(;‘f4+PAA ,
(3.16)

where due to the similarity of vertices 4 and 5 we have

Pygis = —Ppgp.ia + P¢§¢,15’ (3.17)
P
Piais=—Pyaia— Wr_zpq/>¢,i5 + Py iss (3.18)
~ ~ﬂ ~o
af af 2ras , . T B
Popis = —Paaia— K1 252 Pygis —im r_2P¢A,i5
5 P (3.19)
— i — <, .
H $2 L AiS
withi = 1, ..., 5. This leads to a significant cancelation and

absorption of terms.

In principle we have two kinds of divergent one-loop con-
tributions to the propagators. The four-vertices give first-
order divergences which were found in [23]:

/¢¢’ /AMAH,, /E’”xﬂA,}(p.

(3.20)

There are also second-order contributions from the three-
vertices which we calculate here. It is clear that, having so
many types of interactions, there will be a large number of
terms. We shall therefore not attempt to present our calcu-
lation to its full extent, but we will rather explain its logic
and go through the main steps. Some parts of the calculation
are straightforward albeit long; but to extract and quantify the
final results we have to define a specific prescription adjusted
to divergent multiple parameter integrals of rational expres-
sions.

Let us first consider Py, which is the most divergent of
the matrix elements. The diagram containing two vertices 1
is given by

Py 11 = —46;’585’2 /dpdq dk dp/dg’dk’
X 8(p+q +k8(p +q +K)cos L2 amﬂ§¢
X €77 ppel pl, (6 $(5) Aa (p) $(@) ()
x 4v(p) (@) $K)). (321)

where the correlation function (¢ (r)¢(s)As(p)d(q)d (k)
A, (pHo(qg")p (k') is a sum of contractions of external fields
with fields in the vertices. There are 90 terms of the type
6 (N9 () As (PP (@S KA (P19 (g1 (K'), which sum up
to Kq(r,s|p,q,k, p’,q’, k') and 12 terms with the AA con-
tractions which produce K3(r, s|p, g, p’, ¢'): K3 and s play
the role of the usual symmetry factors. We find

462/1/282 ,

x8(p+qg+ks(p'+q +k)

pAqg _ P'Aq
COS

Ppp 11 = —

X COS Ku(r, s|p,q.k, p’q’ k')

4€2g2 / / / /
@n)a dpdgdp'dg's(p+q+p+q)
/ /

A A
4 qcosp qK3(r,S|P,6],P/»q/)-

(3.22)

X COS

Contributions of other vertices to the Pyy propagator are
given in Appendix 1. Representing the ¢¢ propagator by a
straight line, the A A by a wiggly line and the ¢ A by a mixed
line, these contributions correspond to diagranTs

(1
A

@ Springer
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The one-loop quantum correction is the sum of all enumer-
ated terms. In order to calculate it one first expresses Mehler
kernels K3, K4 etc. as parameter integrals which are Gaussian
in p, ¢, k; momentum integration can then be performed.”
The result is a divergent multiple parameter integral which,
except in the simplest cases, cannot be done explicitly when
there is more than one integration.

A more useful way to analyze divergences is to use the
amputated propagators, in which K3 and K4 for example
reduce to K and K. But in order to find the amputated prop-
agators we need to find all matrix elements, that is, Pg4 and
P4 4 as well. They are of a form similar to Py and somewhat
longer; the full expressions are given in [27]. Multiplication
of the amputated propagator by a multiplet of classical exter-
nal fields gives the one-loop effective action:

r= % / drds @7 (=r) T1(r, 5) (=s). (3.23)

Our main goal is to extract the divergent parts of the last
expression. We find

" (p. q) = a’>p*q* Pl (p. q).
(p. q) = —ia’up*G, Py (p. q)
- a—pzfdk P (p, K™\ (=k, q), (3.25)
(2m)? pANT T
M(p.q) = —a* 1 ppdo Py (p.q)

(3.24)

iappp p -1
dk P MK (—k
+ (27T)2/ ¢A(p7 ) ( "])
iapgp p -1
dkP ,k K _ks
(271)2/ pa(d: )K" (=k, p)
R dn'd /K—l - Y2 /’ ’
+ (2n)4f p'dq (P, =P)Pps(P.q)
x K~'(=q', ). (3.26)

In comparison to full propagators, these expressions are con-
siderably simpler. For exact forms of P(;’A and PX) X we refer
to [28].

4 Divergences
4.1 The ¢p¢p-sector

Part of the effective action which gives the one-loop quantum
corrections to the propagators is given by (3.23). In the usual
case, 2-point functions have the form

2 This is true if the denominator of the rational expression which
appears as a factor in the course of integrations is of relatively
low degree: otherwise one has to introduce additional Schwinger
parametrizations.

I[(r,s) =T1(r)5(r +5) “.1)
which reflects the translational invariance. (In our convention
for the Fourier transformation, all momenta are incoming.)
However, we are dealing with a nonlocal action which is
not translationally invariant. Therefore in order to recover
the form of divergences in the effective action in position
space we introduce the so-called ‘short’ and ‘long variable’,
respectively, u and v:

r+s
u= , v=

2

r—s

2

4.2)

Here u denotes the difference between the incoming and out-
going momenta in a vertex or along a line. In translation-
ally invariant case one integrates over u and the divergences
remain in IT(v),

= /du dv @7 (—u — v) T + v)8 Qu) ®(—u + v)

1

=§/£v©%—wnao¢w>

Here the é-function is smeared, roughly replaced by an expo-
nentially decreasing factor

u2
S(u) = li 207, 4.3
() = lim 772 ¢ 4.3)

which is hidden in parameter integrations. The exponential
factors regularize all momentum integrations in the UV sec-
tor: divergences occur in the IR sector, for small values of
u. Our strategy to calculate them is as follows. We expand
terms in the effective action (3.23) around u = 0, keeping
all parameter integrals which come from the Mehler ker-
nels and Schwinger parametrizations. This gives momentum
integrals of the Poisson type (which one can calculate) and
usually leaves two parameter integrations. In order to identify
the types of divergences we introduce appropriate regulators,
expand fields in powers of u, as in (4.5), and integrate term
by term: only the first few terms are infinite. As mentioned,
we consider only the lower bound in momentum integrals as
that is where divergences lie. Eventually, we find new non-
local divergences of the form

oo, /¢D”¢

Let us discuss details of the calculation of Fggv). After
removal of the external legs we obtain lengthy expression
which contains several hundred terms. Most of them are
finite, which can be checked by power counting. We con-
sider divergent terms in the increasing order of powers of
the momentum, expecting to find in the lowest order only
mass and wave-function renormalizations. However, a closer

4.4)
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inspection shows that divergent terms of the lowest degree
can, and do, contain nonlocal [1=2 and (J~! terms which are
new. We focus therefore on them; we denote the correspond-
ing parts of I'l, I" by a tilde. Parts of the amputated propagator
IT which contain nonlocal divergent contributions are

8,2
a _ 32aug rAS . r/\s/
I sin dpd

0 (21)2€2 r252(r + 5)2 2 peq

pqpq

X 8(—r —s+ p+q)sin

8,2
=2 _  Sapg” 1
H¢¢_—Wﬂ/dpdq5(—r—s+p+q)

gAs (pATr)(gAs)

P AN 2
By K(p,q),

X sin sin
2 2 p

5 8 4,2 1
(3) _ SKH'8 o

PAr . gAs (p-r)(q-s)
in 55— K. 9),
2 2 p°q

X sin

~(4) 8(1M 1
My, =— a2 2 2/dpdqé(—r—s—i—p-l-q)

. PAr . gNs (pAT)(GNS)
X sin sin K(p,q)
2 2 p(p—r)?
+ (r < 3).

Introducing the short and long variables and expressing the
Mehler kernel in parametric form we find the following con-
tributions to the effective action:

Foy _ 2a8’ %/ dudy U VP + D)

(u +v)2(u — 1))2u2

X(U u)u e ”,{/\v/déé_l _($+ )

1

- 2
. p . _pu 1 p 1 pu
1€~ 1€~ —so5tr>
X/dpp (e wo—e 2>e §22 T8l

90 = 1

- ag’ ¢<—u — V)P (—u +v)
. = N
¢ T 272 u+v)2u —v)?
o0 o0 P
x eiu/\v/ _5‘5 / (§+%+477)2L;7
§ &+
1 0
/ (p-(@+v)(p-@—0)+2u-v)
x [ dp 2
p
X e_(5+r’) p2+(5+2n)pu (e_iel%ﬁ — eis%),

¢(—u—v)p(—u+v)
(u +v)*(u — v)?

[e¢]

1 u?
/ e

~(3) g2
C5 = 50 m/ du dv

iu/\v]o S

X e -

§
1

@ Springer

M‘m

/ (p-w~+v)(Qu—p)-(u—0v)
x [ dp 2

2 - -
S BT P W SR T X A X
¢ ETiz TN (eleuz —e léuz>,

2 _y — _
Py =20 m/dudv¢( “ V)Pt v)
2 2 (u +v)>(u —v)?
o0 o
Xemmfﬁﬂ/d,,
EE+1
1 0
_(S+ +77) u v22+2uv
i

/ (p-@+0)(p-@—0)+2u-v)
x [ dp 2

p pu pv pv . pi
,( +1)5 2Jr(5+77) iy (efze Z eleﬁTz).
In order to analyze the behavior of these integrals, we first

perform the Gaussian integration over p. For f‘;l(;, which is
the simplest, we obtain

—Zaeg2 / du dv

x (u - v)sm(u/\v)/dém

¢(—u —v)p(—u+v)

r _
(u +v)2(u — v)2u?

¢

2yg uZ
—(1+€°)& 22

We need to estimate this expression at the lower bound u = 0,
so we expand field ¢ around this point,

¢(—u+v) =) — ) u” +--- 4.5)

The leading-order term is

p__2ae’g? [ 6(v)$@)

¢0 = T 2 VT2
o 1 ) 5
x fdu/ds 51 -0redes (4.6)
E+1

1

One can easily see that this expression is divergent, that is,
that the result of the last two integrations at the lower u-bound
is infinite: we either put # = 0, in which case the £-integral,
floo dé (¢ — 1)/(§ + 1), is divergent at & = o0, or we first
perform the &-integration and obtain | du e /u?, which is
logarithmically divergent at u = 0.

Using the regularlzation described in Appendix 4, for the
divergent part of F ¢ we obtain

16n3ae

~(1,div)
l" —
1+¢€2

i = — 4.7)

1gA/¢D b,

where A is the regularization parameter. The analysis of the
remaining three terms is similar albeit more complicated,
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as the corresponding leading-order expressions, after expan-
sion in u, contain integration in two parameters £ and 7;
relevant terms are written in Appendix 3. A systematic pro-
cedure which enables one to estimate these integrals, that is,
to introduce a regulator and sum up different contributions,
is described in Appendix 4. Adding all divergent nonlocal
contributions in the ¢¢-sector we obtain

F(dw)

8
PP <€—2 — 14 +€2> n3u4g2 log A

x /¢D_2¢+62n3u2g2A2/¢D_1¢. (4.8)

In addition, Fé‘g”) contains the / ¢¢ term found before with

a corrected infinite prefactor.
4.2 The AA-sector

The most important obstacle in constructing renormalizable
noncommutative gauge theory on the Moyal space is quadrat-
ically divergent IR term of the form IT*¥ o p*p¥/(p?)?
which comes from the non-planar part of the gauge-field self
energy [29-32] and seems to be independent on the gauge
fixing. It gives rise to a nonlocal counterterm [33,34]

fF‘”* 21~2*F/w.
D*D

As we will see, there is no such term in our theory, but other
nonlocal terms exist.

Analyzing the form of IT,, we find only two amputated-
propagator terms in the AA sector which can be sources of
nonlocal divergences:

(4.9)

2,2
. PAT
H(l)(r 5) = (;)‘i /dpdqa(—r—s+p+q)51np
xsinq quU K( q)
2
861/1/2 2
X I‘[(2)(r §) = on )(g; /dpqu(—r—s+p+q)
A A
xsinpzrsi q2s ]P;I;Z; K(p,q).

In fact they are, up to replacement p, — Pu, qv —> qv,
almost the same and they have the same divergent parts: we
therefore analyze only the first. The computational details are
very similar to those which we developed and explained in
Appendix 4 for the ¢p¢-sector. As before, we want to examine
the behavior of the integrals for small «. Introducing the short
and long variables, ﬁf}v) (r, s) becomes

2,2
- a ANu+v
Hggzﬂ_zg/dpsmu
4

2u — - 2u —
>(Sin( u—p)A@u—uv) p,QCu—p K(p.2u
2 p?Qu — p)?

Using the Schwinger parametrization and expressing the
Mehler kernel in the parameter form, we obtain

(1)(14 v) = dp (cos(p Au+u Av)

ZP;LMV — PuPv
p

—cos(p/\v—u/\v)) 5

[ [de&-
[

<2u p>2

oz EEe-0?)

(4.10)
As we wish to single out terms proportional to 547" /(v?)?
we can neglect the first cosine. After the Gaussian integration
we obtain

2
& m/ dudv Ay (—u — 0) Ay (—u +v)

= (1) a
[, =—
AA 8

IM/\L

*fiz _ & v 14 2pEu-d
X dne 22 o — —
J I+n§2n 1+n§ 2n
(1 4 20&)%utu® + 2ieE v u®
(1 +2n&)2u? — £2e20v2 + ie&(1 + 2nE) (u - D)
Eu’

P 0T e 2 1 i1+ ) - 5)
b 2014208)%utu’ —2€2E2 515 +ieE (14+208) (U B +u’ 1)
X («5" + - ~
(14208)2u? —E2e2v2 +iek(14+2n&) (u - D)
2(1+2n§)2u“u"—262§2v“v +ie&(1 + 2n&)(utv” +u"v”)))
28(1 + né)p?

The singular part of this long expression is in fact quite sim-
ple,

F(ldw)_ /d o A= v)A (v) /O‘O?g: _2»:722
1

(0.¢]
U, 0
xfdn <5,w+2 sz
0

so in the A-leading order we obtain

€2 TJME,,)
14+ng p? )’

ag?

(.div) _
r =32

AA

. v)Au(v f_s S
£
1
4.1D

Y an?ulg?

[dn = —zﬂAlogA/A“ D_IAM.
€

0
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Adding T3 to (4.11) we find

3,,2,2

ridv = T8 gatog A / dx A% (x) 0714, (x),
€
(4.12)
which after setting 8 = 1 becomes
, 3,22
réin . _HEE AlogA/A“ 074, (4.13)
€

5 Conclusion and outlook

We calculated in this paper the one-loop corrections to the
propagators in a dimensionally reduced Yang—Mills gauge
theory defined on the truncated Heisenberg space. The clas-
sical action is given by (2.19), (2.20) and the theory is per-
turbatively quantized around its vacuum solution ¢ = O,
A, = 0. In the previous paper [23] we found the one-loop
divergences of the effective action of the first order. They
comprise tadpoles

/cﬁ, /e“”xMAv, (5.1
and mass terms
/¢¢, /A,LA”, /e’”xﬂAV(p. (5.2)

Here we calculated the one-loop divergent corrections of the
second order to the ¢p¢p and AA propagators and found the
following additional terms:

/¢D‘2¢, /¢D‘1¢, fAMD_lA“.

We have not calculated the ¢ A one-loop divergences, but
from symmetry we expect that there are nonvanishing non-
local corrections in this sector too.

The result is not what we expected or hoped for. Namely, in
related models with scalar and spinor matter it was possible
to attribute renormalizability to the background geometry,
that is, to an adequate inclusion of geometric quantities in
the Lagrangian [21]. It is well known on the other hand that
on commutative curved spaces scalar and spinor theories are
renormalizable only if matter is nonminimally coupled to
the background curvature and torsion [35], and this pattern
is exactly followed in the Grosse—Wulkenhaar and Vignes-
Tourneret models. We expected a similar behavior of our
noncommutative U (1) model; however, the outcome of our
calculation proves differently.

(5.3)

@ Springer

Gauge theories on noncommutative spaces have an addi-
tional freedom which comes with the existence of covariant
coordinates. This means that one can include the gauge poten-
tials via X in the action directly, for example as (X, X*)" or
exp(a, X*), to obtain new classes of theories. Even if one
restricts oneself to theories written geometrically, that is, by
considering only terms which are proportional to the vol-
ume form, there are new gauge-invariant quantities. In our
three-dimensional case they are,
TrX(X), TrX3, TrXF, TrX*(*F). (5.4)
However, not all of these expressions are independent
because of Eq. (2.8), which on the truncated Heisenberg
space reads

i

2 _ u* 1 52
X=F+pux=X)——160",0°].
de

(5.5)
Calculating the first two terms of (5.4) we obtain
Tr X(xX) = Tr (Xf + X% + (1 - ez)Xg)
1 — 2 2 2
_ r(( € )ug¢+ w ge““x,LAv
€ €
—(1— Mg — ngHA“), (5.6)
TrX3 = Tr ((3 — D) [X1, Xo X3 + 2ieXz (X2 + xg)),
) 24 2,3
:Tr((3 €)1 g¢+ lad g)mX”(P"‘MG”UXMAU
€ € €
— (B —€MgpFip — 217 g2 (xu Ay + Avxy)
— ug*A, A" + 2€g3A,LA"“¢>, (5.7)

where we neglected the boundary and cosmological terms.
The second pair gives

1 — 2y,,2
TeXF = TrX? — p Tr X(+X) — Tr% b, (5.8
1— 2y,,3
Tr X?(xF) = TrF(«F) + u Tr XF — Tr(zi ¢.
€
(5.9)

We see therefore that, were only divergences (5.1), (5.2)
present, the theory would have been renormalizable as we
could expand the initial action by adding purely geometric
terms. It is also interesting to note that addition of the new
terms can translate the classical vacuum ¢ = 0, A, = 0
arbitrarily, which is a point that needs further understanding.
But obviously, it is not possible to cancel nonlocal diver-
gences (5.3) in this way, using only polynomial expressions
of covariant coordinates. We come again, in this model,
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across an occurrence of the UV/IR mixing. We therefore con-
clude that geometric gauge theories cannot render a renor-
malizable theory.

Perhaps a correct way to find a renormalizable gauge
model is to consider nonpolynomial interactions, or to add
nonlocal terms imposing, as a version of LS duality, sym-
metry under exchange [J <> ! The latter was imple-
mented for the scalar field theory in [13]. Several general-
izations were studied for the gauge fields, for example mod-
els defined in [33,34] and [36,37]; however, the complexity
of the actions prevented the complete analysis so it remains
unclear which nonlocal operators could render the gauge the-
ory renormalizable. Our present result shows that [J~! terms
appear in quantization even in a local version of gauge theory.
The other direction of research would be to analyze a matrix
model which corresponds to our gauge model. This numeri-
cal study could give important information about properties
of the gauge fields, and it would then enlarge our understand-
ing of the matrix regularizations.

Finally, a possible explanation of nonrenormalizability of
gauge theories is that on noncommutative spaces they are
intimately related to gravity. Not only is this seen in the fact
that we can combine momenta p, € .A with the gauge poten-
tials into a unique covariant object. The gauge and coordinate
transformations in noncommutative case cannot be clearly
separated: indeed, infinitesimal local translations

8¢ = aa[polv ¢]

have the same form as infinitesimal U (1) transformations

(5.10)

8¢ = €[Ag, 9], (5.11)
that is, (5.10) is a special case of (5.11). If gauge theories
are a part of gravity or vice versa, then the correct way to
understand their renormalizability would be to understand
the noncommutative gravity first.
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Appendix 1

The rest of the contributions — and the respective diagrams
—needed for finding the second-order propagator correction
Pyg via (3.17) are given now:

Pyp.12 =

Py 13 =

/

Pyg 15 =

Ppp 20 =

utg?

- (2n)8
X 8(p'+q'+ k)

/ dpdg dkdp'dg'dk's(p + q + k)

PANg . PNg
sin
2 2

pP’Aqg ]
2 (p+9)7?

x K4(r,s1p,q.k, p'q’ k')
8 2.2
- i /dpdq dp'dq's(p+q+p'+4q)
(27)%a
PANq . PAg p’rng 1

X Sin COS B
2 2 2 (p+9

x K3(r, sIp.q, P’ q),

X COS

6.1

8e2ptg?
(2m)8

x8(p'+q'+ k)
PAq pPAg (p+qt

COS —_—

2 2 (p+q)? opH

x Ka(r,slp,q.k, p'q’ k')

/ dpdq dkdp'dg'dk's(p + q + k)

X COS

- 8e2 ;2
(2m)%a
pPANg

/ dpdgdp'dg’s(p +q+ p'+4")

X COS 2
P’Ag (p+* D

2 (p+q)?opH
x K3(r,s; p.q, P’ q'),

X COS

6.2)

4utg?
2 [dpdgdpdg
(27[)6/ pdgdp'dg
x8(p+q+p+4q")
PAG . PAG
X — SIn ——
2 2

/ /7

ANg

1
X COS p2_q2K3(rv Slpv ‘L P/’ q/)3 (63)

16M6g2

—— 2% [ dpdgdkdp'dg’dk’s k
(Zn)gezf pdqdkdpdg dk’é(p +q +k)
x8(p'+q +k)

. pAg . PN (pAq)(P'AG)
X Sin Sin

2 2 Ap+qR(p'+q)?

x Kq(r,s|p,q,k, p’,q’ k')

482 Iy / /
— > [ dpdgdpdgé(p+q+p+q)

(27)%a

. pAq . pP'Ag p-p
X Sin Sin 2
2 2 (p+9q)

x K3(r,slp.q. p’.q"),

(6.4)
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Ppp 23 =

Piyos =

Py 33 =

/

P¢¢,35 =

- @2m)ba

16 6,2
ﬁ/dpdqdkdp/dq’dk/S(p+q+k)

x8(p'+q'+ k)

wcos PN o Prd D'Ad) (pt )t D
2 2 2(p+@>(p'+4q")? ap*
x Ka(r,s|p,q.k, p',q’ k')
86M2g2
X / dpdgdp'dq's(p+q+ p'+4)
pAg . p'Ang P G
X COS Sin 5 E—
2 2 (p+aq) dpH
x K3(r,s|p,q, P’ q'), (6.5)
6,2
/ /
G / dpdgdpdg
x8(p+q+p+4q")
. pAg . P'Ag (pAg)(P'AG)
X Sin 5 Sin ) 2 DN
(p+q9)°p“q
x K3(r,slp,q, p’,q"), (6.6)

16 2,,6,2
—e—p‘;"/dp dg dk dp'dg'dk's(p + q + k)
(2m)
x 8(p'+q'+ k)
pAg  P'AG (PP’ +4),
X COS COS
2 2 (p+*p'+4q)?
82
dpudpy
1662M4g2

X Ku(r,s|p.q.k, p'.q" k')

/ dpdgdp'dqg’
x8(p+q+p+4q")
pAqg  p'ag 1 9?
X COS COoS 3 7
(p+4q)° dptdp,,

2 2

x K3(r,s|p.q, P’ q'), (6.7)

8/*L6g2 I / /
g dpdgdpdqs(p+qg+p+4q)

. PAqg PN (pAD) P+
X Sin COS

2 2 2p%q*(p+q)?

a K / /
; 3(”»S|PanPaQ)9
ap;,

X (6.8)
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Plyas =

/

P¢¢,55 =

Py 66 =

SaMSgZ/ rq
— P2 [ dpdgdpd
e | dpdadrida
x8(p+q+p+4q")
pAg . P'Ag (pAg)(P'AG)
Sin

2 2 4p2q2p/2(p/+ (]/)2

X K3(rvs|pv q, p/v q/)

2u%g? Ag 1
+ kS /dpdqsinzpzq—

X sin

Q2m)* pq?
x Ka(r,slp+q,—p —q), (6.9)
Sa/,Lng/ Iy / /
—= 2 _[dpdgdp'dq’s

anyeez | dpdadrdg (p+a+p+4q)

. PAQ
X Sin

- P'Ag (pAg) (P'AG)
X Sin

2 4p2q2p/2(p/+q/)2
x K3(r,s|p,q, p’,q")
4a’u8g2
W/dp dg dp/dq/
x8(p+q+p'+4")
PAG P’Ang (pAg) (p'Ag))
2 2 4p2q2p/2q/2
x K3(r,s|p,q, p’q")
412 g2 N
ad g4 /dpdq sin? pPna
Q2n) 2
1 pP-q
x| = +
( p*q*>  p*q*(p+q)?
1 (p-9)* )
P+o*  p¢*(p+g9*
x Ka(r,slp+q,—p—q),

2.2
~ Gy [ araa
2 PAY 1 (r-q)?

2 <(p +ot Pq(p +q>4>
x Ka(r,slp+q,—p —q).

X sin

(6.10)

X sin

(6.11)
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They correspond to the additional diagrams:

SN Y

2M2g2

(2m)*

N
/dp dg sin’ P

A

O.w

O O~
O D~

The dashed line is the ghost propagator ce. The one-
loop propagator corrections Pgg 7, Ppg.8, Ppg,9, and Pgg 10,
which were calculated in [23], are

2,2

Pyy.1 = 2m)8 /dp dgdp'dq's(p +q + p'+ 4"
PAqG .
S

2 ! 2 pzp/

L e /d d
Qn)ta ] P
.2opAg 1

x sin? > ?Kz(r,slq,—q),

pP’rng p-p
n

X sin 5 Ka(r.slp.q. P’ q"

_ T/dpdq dp'dg’s(p+q+ p'+4)

A P’Ag p-p '
X COS cos Ks(r,s|p,q, p,
> > e 3(r.slp g, p.q)

42 g2
+—g/dpdq
7)%a

2P NG

X COS

1
pKZ(rs*ﬂqv_q)a (612)

/,L4g2
Pyg0 = — (25 fdp dgdp'dq’s(p+q+p'+q")
pAg _ P'AG pAg
COS
2 2 2p%q?
x K3(r,slp,q, p’q"),

8,2

_—(220:)62 / dpdgdp'dq’
x8(p+q+p'+4"H
pAg . p'Ag

2 2

(rAq)(P'AG)

X sin

(6.13)

Pypg 10 =

X sin sin

K3(r,s|p,q,p’q")

)
2p%q*  p?¢*(p+9)*

X Ka(r,s|lp+q,—p —q). (6.14)

The ghost contributions are zero.

Appendix 2

Some of the Gaussian integrals in two dimensions are

/ dp e D —
—ap*4bp T babp '\ 124
[ v g = 2 <‘S°‘“$ e
/dP (pH e’ thr =
fdp Pabp —ap+bp _ 2T (bzaaﬂ — 2bybp
; — 2 Jup ~ 2O
p

b? b?
babp ) ebz /4a_

T
T b /4a

+

2a

Switching from u-integration to u>-integration:
Ugll i
/ du f () =5F = Zbup f d@?) fu?)

x/du f(uz) Hallptylts

(u?)?

T
= % Gupdys + baydps + Basdpy) / dw?) fu?)

Some formulas used to evaluate the amputated propaga-
tors are

W / du KZ(P’ q, kv M)K_l(_l/t, I")
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=38(p+r)K(g,k)+68(q+r)
x K(p,q) +8k+r)K(p,q)

X e /dudv K~ '(r, —u)K3(u, v|p, q, p’. q")

X K_l(—u,r)
=38(p+r8qg+s)K(p.q)+8(p+r)

x 8(p'+5)K(q.q") +8(p+1r)8(q'+ $)K(q. p")

+8(q+r)8(p+9K(p.q")+8(q+r)

x 8(q"+)K(p, p)+8(g +r)s(p'+)K(p.q)

+ (r < 5).

Appendix 3

Divergent contributions to the ¢¢@-part of the effective action
after expansion around u = 0 are

fdudv
o0

op — €2
,‘572 g2 2
42 /dne T+0€ 2,2
0

/ é
1
w

—ag2/dudv — 5

v

< ltz Y €2 1)2

x/dége_ m/d—ne_'i”gm
E+1 / 1+ né

+a§ /d 4 2 v)¢(v)

3ulag?
F(2)_ n-ag

¢ (—v)¢ )

(v?)?

§—1 fs“—[
d
X/ ES—H (1+2n5)2—62$2
1
( 1 + €282 2623 2 + n)
x(2— — ,
1 +né (1+2n6)? — €282 14 né
8.1
y W g $(—0)p (V)
Fé:; = dudv (v2)2
Mz 52 U2
d;zli b dne*linszjz
0
$(—0)$(v)
+M2g2/dude
E-1 e [ (1+206)° +%
/dgEEJrl ’ /d” (1 + 296)2 — %22
1 0
d
_zézﬂzgz-/ uZd P(— U)¢(v)
sE—1
/dgé s+1 /((1+2n$)2—€252)2

1
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gZ/dudv ¢(—U)2¢>(U)
v
x/dggﬂe’fz%fdn
1 0

2
L8 /d a2 v)¢>(v)

v?

(14 2n¢)?
(1 +2n§)? — €2¢2

/ ot ”z/ dp (14206 + €2
X dg 2u
J Er1f , L+ né (1+2n§)? — €22

+62g2/dudv ASLUIO)

V2

/ geg? E L s [ €&+
| N L+ nE ((1+298)? — 26227
8.2)
l"gg _auzngdu de
()
% L¢2 OO n v2
X/ﬁf_le“?z?/dje—mm
EE+1 n?
1 0
—au%g{/dudv%
® u e n+Ee2 v?
X ﬁs_le_EZ/L dnﬂe_%m
R (2 = e)?
+a62g2/du dv 7¢(—v)q’>(v)
E_ _E / dn e nlt_s,,eg 21;2
T (% — 21 +né)
(8.3)

Appendix 4
4.1 Relation between the &-integral and the u?-divergence

As seen in the formulas throughout the paper, the integrals
over £ contain an exponent A = u?/2u?%, which regularizes
them at the upper bound

o0

/ dE F(&) e,

1

©.1)

This exponent is lost if we expand in small x? by putting

2 = 0: in that case the IR divergence in u is transferred to

divergence in £. For better control, we will keep the exponent.
The encountered integrals can be written as

o0 o0

/ dE f(8) e = / d g(8) h(1/8) e %,

1 1

9.2)
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where g (&) is a simpler function of £ and A (&) has the form

h(§)=H+ O(1/§), H = const. 9.3)
Let us analyze two integrals
i [ s
Loy = fdé g& e, b= fds gT e,
1 1
h _ (9.4)
a '
The last equation implies that if I, = O(A") when A — 0,
then I; = O(A\"~!) and
153
T -0, »—>0 9.5)
1

In other words if both I} and I, are divergent, then the ;-
divergence is of the higher order. Since we are interested
in the leading divergence in A, we can discard the O(1/&)
contribution in (9.3) and simplify the initial integral:

o0

/ dé f(&)e™ — H / dé g(g)e™*
1

1

(9.6)

The actual simplified integrals appearing in the effective
action are the following (n > 0, y is the Euler-Mascheroni
constant):

i n_—Aé n! 1
/déée = -+ 00,
? _—og/\—y+0(k),
1
T d 1
[ e =5+ 00,
1

/ dg 1088 —xe _

1
: zlogz)\—i-ylogk
1

ramy 0.
> T2

4.2 Detailed analysis

Expansion around u = 0 gives, besides (4.6), further terms
listed in Appendix 3 which are potentially divergent at the
lower boundary of integration in u. The selected terms con-
tain

¢ (—v)¢(v) d ¢ (—v)¢(v)
LA p 7

dv ( 2)2 ’ v2 ’

9.7

which give nonlocal contributions to the one-loop effective
action,

f¢D”¢ /¢D”¢

All expressions contain integrations over two parameters:
we wish to sum divergent contributions and see weather the
result is zero, finite or divergent. We first observe the expo-
nentials in v? in Fﬁ and Fgg. In order to extract the (™!~

9.8)

and [0~ 2-parts of the one-loop effective action, we expand
this exponential in power series and consider only the first
two terms: the remaining ones give local contributions.

To explain the regularization procedure, we start with the
integral

w2

= [ v;;;w e g
1
Jo

We introduce regularizations in the u#- and in the n-integrals.
We choose the regulators to be defined by the same large
parameter A:

m""

9.9)

/du fw?) — 7 / dw?) fu?),

w2/ A
BA
/dn—) / dn.
B2/ A
We find
(div) _ ¢ (—v)¢(v) ’
Ilv—ﬂ'/de d(u)
2/A

OOE 752
ks
1
2 2
[ (i)
1+ ng 2u>
B2/

We can set the lower boundary of the integral over 7 to zero
since it contains no divergence. Integration over  and Fourier
transformation give

(9.10)
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1<d"“>:4n3(ﬂA/¢D—2¢ / d(u?)

/A

—1 _&?

e 2)1.2
+1

o

X

4@
3

o

2

‘ N

s [ o079 / d(u?)

u2/A

4

n

X

de g —1 ;‘:72
? 1 log(,BAE+1)e )

o

In accordance with the previous discussion leading to (9.6),
we keep only the leading contribution at § — 0o and obtain

1<‘“”>=4n3<51\/¢52¢ f d(u?)
U2/ A
<JEA
§
1

€ _
—m/ o071 / d(u?)
u2/A

2

o0

_sut
/?s (log A +log&) e 2"2)'
1

The remaining integration gives the following leading con-
tributions in A:

J(div) =4n3u2<—ﬂlogA/¢D_2¢
3 21 A
€ og /¢D ¢>

The second term vanishes for A — oco.

Inspecting the other terms given in Appendix 3 we see
that some of the integrals have singular points which are
inside the integration domain. In such cases the regulators are
introduced in the following manner. Let ¢ = &, n denote the
integration parameter and ¢ = ¢o the pole of the integration
function. We regularize as before using the same regulator
A, replacing

&
/d§—>

where « is a positive constant. Concretely, we make the fol-
lowing substitutions:

9.11)

0%

d¢ + / de,

So+%

@ Springer

— for ¢ = n and the pole arising from 7> — € = 0, we
denote o = y,

— for ¢ = n and the pole arising from (14 2n£)? — €282 =
0, =y,

— for ¢ = & and the pole arising from log |(1 — €&)/(1 +
€&)| =00, =4.

We regularize all integrals given in Appendix 3. Calculat-
ing them and adding different contributions, we find that the
leading-order propagator divergences of the one-loop effec-
tive action are

—47T3M4(1_3(1,3 i_g_’_l—i-a)
€2 B v An

xlogA/¢D*2¢ 9.12)
and
23,2
_ErTHR Along/ o 16, 9.13)
2y»

An additional divergent (1~ -term comes from the gauge ver-
tices with no Mehler kernel. It is quadratic in A and equal to

2..3,,2
”“A2/¢D ¢.

Our results contain yet undefined parameters 8, f2, v, 2.
They were introduced to examine the possibility to cancel
divergences by an appropriate choice of the regulators. This
method of course is a kind of fine tuning, since one really does
not wish to introduce a large number of different regulators.
We, however, find that in any case it is impossible to remove
the O0~! divergence: since B2 # oo, divergence in (9.14)
always remains. On the other hand, divergent (12 term (9.12)
can be removed for some values of a by an appropriate choice
of B, B2, v, ¥2; however, in the non-propagating case a =
0, the term remains. In the light of this, we shall set the
parameters to the simplest value

9.14)

B=B=y=n=1,

with which the leading one-loop ¢¢-propagator divergences
become

8
(—2 — 14+ 62> w3utg? 1ogA/¢>D*2¢
€

and

62n3u2g2A2/¢D’1¢.

References

1. M.R. Douglas, N.A. Nekrasov, Rev. Mod. Phys. 73, 977 (2001).
doi:10.1103/RevModPhys.73.977. arXiv:hep-th/0106048


http://dx.doi.org/10.1103/RevModPhys.73.977
http://arxiv.org/abs/hep-th/0106048

Eur. Phys. J. C (2016) 76:672

Page 17 of 17 672

2.

3.

4.

10.

11.

12.
13.

14.

15.

16.

17.

18.

19.

C.S. Chu, J. Madore, H. Steinacker, JHEP 0108, 038 (2001). doi: 10.
1088/1126-6708/2001/08/038. arXiv:hep-th/0106205
H. Grosse, R. Wulkenhaar, JHEP 0312, 019
arXiv:hep-th/0307017

H. Grosse, R. Wulkenhaar, Commun. Math. Phys. 256, 305 (2005).
arXiv:hep-th/0401128

E. Langmann, R.J. Szabo, Phys. Lett. B 533, 168 (2002).
arXiv:hep-th/0202039

R. Gurau, J. Magnen, V. Rivasseau, F. Vignes-Tourneret, Commun.
Math. Phys. 267, 515 (2006). arXiv:hep-th/0512271

V. Rivasseau, F. Vignes-Tourneret, R. Wulkenhaar, Commun.
Math. Phys. 262, 565-594 (2006)

H. Grosse, R. Wulkenhaar, Eur. Phys. J. C 35, 277 (2004).
arXiv:hep-th/0402093

M. Disertori, R. Gurau, J. Magnen, V. Rivasseau, Phys. Lett. B 649,
95 (2007). arXiv:hep-th/0612251

H. Grosse, R. Wulkenhaar, J. Geom. Phys. 62, 1583 (2012).
arXiv:0709.0095 [hep-th]

F. Vignes-Tourneret, Annales Henri Poincare 8, 427 (2007).
arXiv:math-ph/0606069

D.J. Gross, A. Neveu, Phys. Rev. D 10, 3235 (1974)

R. Gurau, J. Mangen, V. Rivasseau, A. Tanasa, Commun. Math.
Phys. 287, 275-290 (2009). arXiv:0802.0791

D.N. Blaschke, E. Kronberger, R.I.P. Sedmik, M. Wohlgenannt,
SIGMA 6, 06 (2010). arXiv:1004.2127 [hep-th]

D.N. Blaschke, H. Grosse, M. Schweda, Europhys. Lett. 79, 61002
(2007). arXiv:0705.4205 [hep-th]

A. de Goursac, J.C. Wallet, R. Wulkenhaar, Eur. Phys. J. C 51, 977
(2007). arXiv:hep-th/0703075 [HEP-TH]

H. Grosse, M. Wohlgenannt, Eur. Phys. J. C 52, 435 (2007).
arXiv:hep-th/0703169

J. Madore, S. Schraml, P. Schupp, J. Wess, Eur. Phys. J. C 16, 161
(2000). arXiv:hep-th/0001203

P. Martinetti, P. Vitale, J.C. Wallet, JHEP 1309, 051 (2013).
arXiv:1303.7185 [hep-th]

(2003).

20.

21.
22.

23.

24.

25.

26.

217.
28.
29.
30.
31.
32.
33.

34.

35.

36.

37.

M. Buric, M. Wohlgenannt,
arXiv:0902.3408 [hep-th]

M. Buric, J. Madore, L. Nenadovic. arXiv:1502.00761 [hep-th]
M. Buric, H. Grosse, J. Madore, JHEP 1007, 010 (2010).
arXiv:1003.2284 [hep-th]

M. Buric, M. Dimitrijevic, V. Radovanovic, M. Wohlgenannt, Phys.
Rev. D 86, 105024 (2012)

M. Buric, J. Madore, PoS QGQGS 2011, 010 (2011)

J. Madore, An introduction to noncommutative differential geom-
etry and its physical applications. Lond. Math. Soc. Lect. Note Ser.
257, 1 (2000)

E. Kronberger, Models with oscillator terms in noncommutative
quantum field theory. Ph.D. Thesis, Technical University of Vienna,
2010

L. Nenadovic, PhD Thesis. University of Belgrade, 2016

L. Nenadovic, D. Prekrat, (In preparation)

M. Hayakawa. arXiv:hep-th/9912167

M. Hayakawa, Phys. Lett. B 478, 394 (2000). doi:10.1016/
S0370-2693(00)00242-2. arXiv:hep-th/9912094

FER. Ruiz, Phys. Lett. B 502, 274 (2001). doi:10.1016/
S0370-2693(01)00145-9. arXiv:hep-th/0012171

M. Attems, D.N. Blaschke, M. Ortner, M. Schweda, S. Stricker, M.
Weiretmayr, JHEP 0507, 071 (2005). arXiv:hep-th/0506117

D.N. Blaschke, F. Gieres, E. Kronberger, M. Schweda, M. Wohlge-
nannt, J. Phys. A 41, 252002 (2008). arXiv:0804.1914 [hep-th]
D.N. Blaschke, A. Rofner, M. Schweda, R.I.P. Sedmik, Eur.
Phys. J. C 62, 433 (2009). doi:10.1140/epjc/s10052-009-1031-1.
arXiv:0901.1681 [hep-th]

I.L. Shapiro, Phys. Rep. 357, 113 (2002).
S0370-1573(01)00030-8. arXiv:hep-th/0103093
D.N. Blaschke, A. Rofner, R.I.P. Sedmik, M. Wohlgenannt,
J. Phys. A 43, 425401 (2010). doi:10.1088/1751-8113/43/42/
425401. arXiv:0912.2634 [hep-th]

D.N. Blaschke, Europhys. Lett. 91, 11001 (2010). doi:10.1209/
0295-5075/91/11001. arXiv:1005.1578 [hep-th]

JHEP 1003, 053 (2010).

doi:10.1016/

@ Springer


http://dx.doi.org/10.1088/1126-6708/2001/08/038
http://dx.doi.org/10.1088/1126-6708/2001/08/038
http://arxiv.org/abs/hep-th/0106205
http://arxiv.org/abs/hep-th/0307017
http://arxiv.org/abs/hep-th/0401128
http://arxiv.org/abs/hep-th/0202039
http://arxiv.org/abs/hep-th/0512271
http://arxiv.org/abs/hep-th/0402093
http://arxiv.org/abs/hep-th/0612251
http://arxiv.org/abs/0709.0095
http://arxiv.org/abs/math-ph/0606069
http://arxiv.org/abs/0802.0791
http://arxiv.org/abs/1004.2127
http://arxiv.org/abs/0705.4205
http://arxiv.org/abs/hep-th/0703075
http://arxiv.org/abs/hep-th/0703169
http://arxiv.org/abs/hep-th/0001203
http://arxiv.org/abs/1303.7185
http://arxiv.org/abs/0902.3408
http://arxiv.org/abs/1502.00761
http://arxiv.org/abs/1003.2284
http://arxiv.org/abs/hep-th/9912167
http://dx.doi.org/10.1016/S0370-2693(00)00242-2
http://dx.doi.org/10.1016/S0370-2693(00)00242-2
http://arxiv.org/abs/hep-th/9912094
http://dx.doi.org/10.1016/S0370-2693(01)00145-9
http://dx.doi.org/10.1016/S0370-2693(01)00145-9
http://arxiv.org/abs/hep-th/0012171
http://arxiv.org/abs/hep-th/0506117
http://arxiv.org/abs/0804.1914
http://dx.doi.org/10.1140/epjc/s10052-009-1031-1
http://arxiv.org/abs/0901.1681
http://dx.doi.org/10.1016/S0370-1573(01)00030-8
http://dx.doi.org/10.1016/S0370-1573(01)00030-8
http://arxiv.org/abs/hep-th/0103093
http://dx.doi.org/10.1088/1751-8113/43/42/425401
http://dx.doi.org/10.1088/1751-8113/43/42/425401
http://arxiv.org/abs/0912.2634
http://dx.doi.org/10.1209/0295-5075/91/11001
http://dx.doi.org/10.1209/0295-5075/91/11001
http://arxiv.org/abs/1005.1578

	One-loop structure of the U(1) gauge model on the truncated Heisenberg space
	Abstract 
	1 Introduction
	2 Fields on the truncated Heisenberg space
	3 Propagators: the one-loop structure
	4 Divergences
	4.1 The φφ-sector
	4.2 The AA-sector

	5 Conclusion and outlook
	Acknowledgements
	Appendix 1
	Appendix 2
	Appendix 3
	Appendix 4
	4.1 Relation between the ξ-integral and the u2-divergence
	4.2 Detailed analysis

	References




