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This paper presents statistical analysis of data obtained by uniaxial tensile testing of AISI 321 stainless steel. This data 
is required as material input in numerical software, such as Abaqus, Ansys, MSC Marc, Nastran, etc. This data can be 
provided in the software as a set of points (piecewise linear model) that is cumbersome to enter, or it can be pro-
vided as a mathematical model, in the case of which the Finite Element Method (FEM) software calculates desired 
points directly from the mathematical model. Various mathematical models can be used to approximate tensile test 
data depending on the material loading state (linear, elasto-plastic, plastic). In this paper, the same uniaxial test data 
is analyzed, and curve fitting parameters are shown for each mathematical model.
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INTRODUCTION

The tensile test results are often given as a large set 
of data plotted in engineering stress-strain diagram, as 
shown in Figure 1. The tensile testing norm ISO 6892-1 
for metallic materials gives definition of yield strength 
Re

 / MPa, proof strength at plastic extension Rp0,2 / MPa, 
yield strength Rm / MPa, percentage elongation θ / %, 
and percentage reduction Z / %, all of which are used in 
the engineering practice as indication of general mate-
rial mechanical properties.

J. Cumin (jcumin@unisb.hr), D. Novoselović, M. Samardžić, Iva Sa-
mardžić, Mechanical Engineering Faculty in Slavonski Brod, Univer-
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Engineering stress (2) is calculated with respect to 
initial specimen surface A0 and from here, the difference 
among stress strain curves can be seen in Figure 1.

  (2)

The data of true stress-true strain can be appropriately 
described by Ludwik-Hollomon power function (3).

  / MPa (3)

This function is usually used in theoretical and prac-
tical description of parameters in metal forming pro-
cesses, as described in available literature [1-3].

Swift mathematical function (4) is also frequently 
used [1]:
  / MPa (4)

This model deals separately with strains that appear 
in elastic region (φ0), as well as with strains in the plas-
tic region (φ).

The Voce model is usually used for isotropic strain 
hardening of materials (5) [1, 4]. This model is usable 
for high material plasticity and low strain-hardening.

  / MPa (5)

where σs - elasticity limit / MPa; R0, Rinf, b - fitting pa-
rameters of the model.

For complex material behavior, the coupled Swift-
Voce model can be used (6) [1]:

  (6)

where a is measure of contribution of Swift or Voce 
models (i.e. a = 1 ® pure Swift model; a = 0 ® pure 
Voce model).

Figure 1 Engineering and true stress-strain curves

Finite element method-oriented software requires 
data input as true stress (kf / MPa) vs. true strain (φ) 
values, which are calculated in a different way (1).

  (1)

where A - current surface of specimen / mm2.
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Finite element software like MSC Marc requires 
data set to be entered as a true stress-true plastic strain 
function, thus true strain needs to be disassembled to 
elastic strain , and plastic strain  (7) [5]:

  (7)

In order to obtain this data set, it is necessary to pro-
cess true stress-true strain data, as follows (8):

  (8)

MATERIAL

The tensile test results are often given as a large set 
of data. From AISI 321 (X6CrNiTi18-10 / EN 1.4541) 
[6], the tensile test specimens were cut according to EN 
norm ISO 6892-1, as shown in Figure 2.

MATHEMATICAL MODELS

After nonlinear regression analysis the four applica-
ble mathematical models were obtained.

a) Hollomon model
The obtained mathematical model (best fit) is given 

by (9):
  (9)

The coefficient of determination R2, estimated vari-
ance for data fitting σ2, and standard deviation σ are 
given in Table 1.

Figure 2 Tensile test specimen; ISO 6892-1

Figure 3  True stress vs. true strain on AISI 321 tensile test 
specimens

Figure 3 shows true stress-true strain data obtained 
with the Shimadzu AGS-X 10 kN tensile testing ma-
chine.

The most finite element software requires input of 
material data, and some of them offer data fitting op-
tions. Since “piecewise linear” is offered, the user can 
input selected points on the diagram and the software 
interpolates values. However, since it uses linear ex-
trapolation method, the residuals exist between meas-
ured data and used data in the software, which leads to 
accumulated errors. Moreover, the input of large amount 
of data points is cumbersome (the data from Figure 3 
consists of approximate 5 000 sampled data points). To 
overcome this problem, the data needs to be processed 
by nonlinear regression models for best fit.

Table 1 Hollomon model parameters

Hollomon model kf = 1190,08 · φ0,288422

σ = 11,37; σ2 = 129,27; R2 = 0,99607)
Estimate Standard error t -statistic p - value

C 1 190,08 5,00083 237,98 2,20255·10-2 564

n 0,288422 0,00177 162,46 5,18115·10-1 893

b) Ludwik model
The obtained mathematical model (best fit) (10) is 

given by a variant of equation (3):

  (10)

The coefficient of determination R2, estimated vari-
ance for data fitting σ2, and standard deviation σ are 
given in Table 2.

Table 2 Ludwik model parameters

Ludwik model kf = 273,792 + 1544,37 · φ0,705549

σ = 60,56; σ2 = 3667,93; R2 = 0,98887)
Estimate Standard error t -statistic p - value

kf0 273,792 0,5136 533,01 1,53678·10-4 091

C 1 544,37 3,1305 493,32 1,43168·10-3 941

n 0,705549 0,00159 441,28 1,39498·10-3 726

c) Swift model
The obtained mathematical model (best fit) (11) is 

given by equation (4):

  (11)

d) Voce model
The obtained mathematical model (best fit) (12) is 

given by equation (5):

  (12)

Table 4 Voce model parameters

Voce model kf = 285 + 85,059 · φ + 824,86 (1–e–4,33129 · φ)
σ = 5,33; σ2 = 28,413; R2 = 0,99991)

Estimate Standard error t -statistic p - value
Ro 85,0591 35,4947 2,39639 1,65979·10-2

Rinf 824,86 21,3265 38,6777 4,51487·10-283

b 4,33129 0,074503 58,1359 7,831844·10-551

Table 3 Swift model parameters 

Swift model kf = 1252,19 + (0,002 + φ)0,315633

(σ = 43,13; σ2 = 1860,02; R2 = 0,99435)
Estimate Standard error t -statistic p - value

C 1 252,19 3,8054 329,06 4,14067·10-3 167

n 0,315633 0,001308 241,34 4,94790·10-2 590
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Table 3 shows Swift model parameters (11), and Ta-
ble 4 shows Voce model (12) parameters.

Figure 4 shows fitted mathematical models and 
measured tensile test data of the samples. All models 
are similar and provide decent fitting, yet the best ap-
proximation is made by the Voce model (5, 12). The 
Swift-Voce model was also used, but it resulted in a 
very complex expression with minimal difference from 
the Voce model itself, so it is not described in this paper. 
It has been shown in [7] that even more complex math-
ematical models can be used for good approximation of 
true stress-true strain curves, but they are cumbersome 
for programming in FEM software.

CONCLUSION

The uniaxial tensile test data fitting is presented in 
this paper. Description of stress-strain relations for dif-
ferent materials, as well as for the tested AISI 321 
(X6CrNiTi18-10 / EN 1.4541) steel material can be 
found in the literature. It is common to approximate ma-
terial properties in some range. Statistical methods are 
used when close approximation of the material data is 
required (for example, finite element simulation). This 
paper overviews the most common mathematical mod-
els used for true stress-true strain relations. This re-
search confirmed that the Voce model (12) provided the 
best overall fitting for the tested material AISI 321, as 
clearly visible in Figures 4 and 5. The usage of com-
bined Swift-Voce model (6) proved to be cumbersome 
for data fitting, since clear parametric factors could 
barely be obtained, and even then, just a minor differ-
ence from the Voce model (12) was observed. For this 
reason, such model was not included in the statistical 
analysis.
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Figure 4  Comparison of measured tensile test data and fitted 
mathematical models

Figure 5 Residuals for the used mathematical functions

The fitting of the applied models is best seen on the 
diagram of residuals Δ (13), Figure 5.
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