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Phenomenological-based model for the gas humidification in a PEM fuel-cell assembly.
Momentum transfer effects and influences to heat and mass transfers are included.
Comparative assessment with experimental data shows the model effectiveness.
Useful for obtaining estimation- and control-oriented models afterwards.
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A B S T R A C T

This paper presents the deduction of a phenomenological-based semi-physical model (PBSM) for the gas
humidification in a fuel-cell assembly. Unlike previously published models, the one proposed here includes the
momentum transfer effects and their influences over simultaneous heat and mass transfers occurring into the
process as a whole. These effects strongly affect the model precision due to the compressible characteristics
of the air. High sensitivity of gas properties regarding changes in both pressure and temperature are also
included by modelling the gas as a compressible fluid. The model reproduces the air–water vapour mixture
behaviour from the compressor discharge to the fuel-cell inlet port. Since the air humidity and temperature
conditions must be maintained at their set-points to guarantee an optimal fuel-cell performance, a model
such as the one presented here can be used for designing any model-based control strategy towards achieving
desirable operative conditions taking also into account the operational context of the considered assembly.
The comparative assessment done with experimental data from a real test bench has shown the effectiveness
of the proposed model in accurately reproduce the behaviour of such complex systems.
1. Introduction

Efficient control of some processes, qualified at a glance as simple
process, is not as easy as it is suggested by that process qualification.
Frequently, the most known simple control strategies are both designed
and tested for such processes without a successful result. Contrary to
the expected simplicity of the control task, a complex control system
should be implemented to obtain a closed-loop response of the process
to reach some acceptable performance conditions. Most of the time,
this fact indicates a lack of suitable knowledge about the dynamic
behaviour of the considered process. Commonly, such a lack comes
from simplifications applied to apparently less important secondary
dynamics. Therefore, the qualification of that process as simple should
be removed and a more accurate dynamic model, containing further
details, must be obtained. This more complete model allows a deeper
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analysis of the process dynamics and, in most of the cases, a better
closed-loop control performance under diverse operation scenarios [1].

Several quite detailed models describing the internal phenomenol-
ogy of humidifier assemblies are already reported in the literature
for diverse types of such devices. General/transversal methodologies
focused on humidification tasks involving fuel cells (mainly of polymer
electrolyte membrane nature) are collected and reviewed up to 2018
in [2]. Since then and specifically, [3] has proposed the design of a
planar humidifier where heat and mass transfers of such a designed de-
vice are detailed, discussed and experimentally validated. Afterwards,
same authors in [4] have proposed an updated experimental evaluation
of the system by using three key performance indices and considering
different channel structures to reflect their effect over the device oper-
ation. These works are complemented via numerical studies in [5] for
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planar humidifiers, and in [6] for plate-type membrane humidifiers. An
alternative study considering slightly different experimental conditions
but sharing the same goal of deeply analysing the humidifier assembly
behaviour (for air-to-air planar humidifiers) is reported in [7]. Other
numerical and experimental validations, as those reported in [8], have
been also proposed from mathematical model that include most of the
main dynamics of those planar humidifiers. More recently, new re-
ported studies have included the need of more accurate models towards
the full understanding of inner dynamics related to water transport
in membrane-based humidifiers [9], highlighting the importance of
such dynamical model assistance in tasks of the system analysis and
synthesis of management approaches (if needed).

However and in contrast with the previously presented works from
the literature, in available models of industrial processes, particularly
those related to humidifier assemblies (given the scope of this pa-
per), the interaction among momentum, heat and mass transfers is
often neglected or modelled by using static relationships. For liquids
and mixtures with liquid as the continuous phase (incompressible
fluids), the momentum-transfer effects over the fluid properties can
be considered as insignificant. Instead, when gases or vapours are
involved, those effects are strong. If momentum transfer effects are
neglected in a model of gases or vapours streams, the result is a poor
representation of fluid dynamic behaviours under common operation
disturbances. Therefore, if a control system is designed by using such
either inaccurate or incomplete model, a poor performance in closed-
loop operation will be obtained. To improve any model-based structure
for a gas humidifier assembly, the associated model must include all
phenomena taking place in the process. One way to obtain such a
model is to use the phenomenological-based semi-physical modelling
framework [10,11]. This methodological procedure allows including
all dynamic behaviours, which are formulated by applying conser-
vation laws. Secondary dynamics, in principle disregarded, are able
to be added afterwards due to the modularity feature of this type
of modelling methodology. The final model is a valuable tool for
process engineering when design, optimization, and control tasks are
executed [12,13].

Therefore, this paper proposes a model for the humidification pro-
cess of gases used to feed a fuel-cell-based system. Control of relative
humidity (RH) and temperature (𝑇𝑔) of the gases feeding both an-
de and cathode of a fuel cell has been reported [12,14], in some
ases as non-satisfactory for experimental purposes [15]. One of the
ain difficulties is the overshoot in both RH and 𝑇 responses. These

onditions increase the risk of fuel-cell membrane damage and drive
he fuel cell to operate at low efficiency regarding its energy pro-
uction. In spite of detecting these changes, to provide the controller
ith the ability to commute its setting is a quite hard task without
aving available a model of the process including all dynamical ef-
ects. Currently, no conclusive studies on gas humidification control
re published and their extension to fuel-cell gases humidification is
n preliminary/intermediate steps [13,15,16]. Available models were
educed without considering further and practical interactions among
ransfers, which gives models without the full ability to follow changes
n gas properties, fact that would enrich and make accurate the poten-
ial results of analysing the synergies among elements and side effects
n fuel-cell-based assemblies [17].

Hence, the main contribution of this paper is the deduction of an
ccurate dynamical model related to the gas humidification process as
whole for a fuel-cell-based system. Such a deduction yields in the full
escription of the constitutive variables, parameters and relationships
ppeared in the system dynamics. Furthermore, the proposed dynami-
al model is validated by using real data taken from an experimental
ssembly located at the Universitat Politècnica de Catalunya (UPC) in
arcelona, Spain. The resultant proposed model is suitable for its use
ith advanced model-based control strategies as a simulation-oriented
2

odel, being also sensible to be reduced/simplified towards its use
also as estimation- and/or control-oriented model in diagnosis and
closed-loop control schemes for fuel-cell-based systems [18,19].

The remainder of this paper is organized as follows. In Section 1,
the humidification process of the feeding gas for a fuel cell is described.
Section 2 follows a ten-steps procedure to deduce a phenomenological-
based semi-physical model (PBSM) for the dynamical behaviour of the
fuel cell air humidification assembly. Section 3 presents a comparison
of the model with data from a real set-up and discusses the results of
such a testing campaign. Finally, in Section 4 some conclusions and
proposed lines of future work are drawn.

2. Materials and methods

2.1. Considered system description

In order to avoid damage in the fuel-cell membrane when op-
erating at either dry or flooded condition, feeding gases must be
at right humidity and temperature conditions. Therefore, each gas
line has a gas humidifier. The most known type of humidifiers are
the spray nozzle [15] but they have quite strong dynamic response,
which implies the design of a highly complex control strategy for
managing their performance [13]. Membrane-based humidifiers are a
well-established proposal bringing better dynamic behaviour to gas
humidity and temperature [20–23]. This humidifier acts as the final
control element to regulate gas humidity. Nevertheless, RH, one of
the interesting variables to handle for suitable fuel-cell operation, is
strongly dependent from gas temperature (𝑇𝑔). This high humidity–
temperature interaction complicates the control of gases fed to the fuel
cell, forcing the controller to regulate not only the humidity but also
the temperature of the gas (affected when it is humidified). In order
to add degrees of freedom (DoF) to any considered control strategy,
two heaters must be installed along each gas line. The former is placed
before the humidifiers while the latter is located after them. In this
way, a double action over the gas temperature can be executed due
to the inherent temperature change when the gas passes through the
humidifier. Any control system regulating these variables must consider
the strong interaction between RH and 𝑇𝑔 in order to execute a proper
process control. The previous discussion evidences the need of a model-
based control strategy rather than a feedback controller operating with
input–output system relationships. The mathematical model to be used
as the support of the model-based controller must consider all dynamic
interactions in order to provide the controller with enough insights to
perform a better gas RH and 𝑇𝑔 control.

The process considered in this paper is the assembly of pieces of
equipment used to provide air, with regulated humidity and tempera-
ture, to either the cathode or the anode of a fuel cell. The assembly,
illustrated in Fig. 1, consists of a compressor, a gas filter, two electric
heaters (for both liquid water and air), and a commercial membrane-
based humidifier (Cellkraft P series 10). All these elements are con-
nected through pipes and fittings of known diameter, configuration
and materials (teflon hose and stainless steel tube). The most complex
device in this assembly is the humidifier. This equipment is a sealed
unit consisting in a bank of Nafion membrane tubes into a stainless steel
cylindrical shield, arranged like a tubes-and-shield heat exchanger.
Liquid water fills the shield space until a certain level, which is reached
by using a local regulator. The air to be humidified flows through the
tubes. The Nafion is Poly-Tetra-Fluor-Ethylene (PTFE) known commer-
cially as Teflon, a material highly resistant to chemical reactions and
permeable to water. Nafion allows a regulated mass transfer from liquid
water to gas according to the membrane temperature [24]. In order to
perform mass transfer manipulation, an electric-band heater for liquid
water is externally installed at the bottom of the humidifier unit shield,

covering a third of its cylindrical shield surface.
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Fig. 1. General flow diagram for the air-humidification process.
2.2. Modelling approach

As mentioned, the approach used here to deduce the model is a com-
bination of both white-box and black-box models called phenomenolog-
ical based semi-physical models (PBSM). The proposal followed here
is reported in [10,11] and it has been used in several works [25–28].
The ten steps of this methodology are applied as follows for the PBSM
of a gas humidification process, previously installed into a fuel-cell
assembly.

2.2.1. Step 1: Process description and model objective
A general description of the laboratory setup was given in Sec-

tion 2.1. In brief, the phenomena taken place are three, the momentum
exchange causing the flow of the gases, the heat exchange from heaters
to flowing gases, and the mass transfer of water to air into the hu-
midifier. The model objective is to represent changes in pressure,
temperature, and humidity of the air flowing through the assembly just
before the fuel cell, when main process inputs (gas supply temperature
and humidity) suffer bounded variations.

2.2.2. Step 2: Modelling hypothesis and level of detail of the proposed model
The modelling hypothesis is a short description of real phenomena

taken place in the process. This hypothesis is complemented with a
list of assumptions and considerations regarding the process operation.
For the process considered in this paper, all its phenomena are well
known and extensively documented in the literature [29]. Therefore,
the modelling hypothesis in brief is as follows: the flow of gases is
caused by the pressure difference between inlet and outlet points of this
stream. The gas heating takes place due to the temperature difference
between heated wall and gases. Finally, the gases humidification occurs
due to the difference in concentration of water in air regarding water
concentration of the gas boundary layer formed over the internal
wall of the Nafion tubes. The list of assumptions, all being valid
simplifications for this processes, is outlined as follows:

A1. There is not mechanical work (shaft work) at any part of the
process.

A2. The heat exchanged with the surroundings is directly subtracted
from the electric heater power during the parameter identifica-
tion.
3

A3. Liquid water stream has enough pressure to flow through the
humidifier, therefore no mechanical energy balances are required
in this stream.

A4. The humidified air is an incompressible fluid and an ideal gas due
to the low-pressure drops experienced during its pass through the
process.

A5. Mechanical equilibrium of fluid streams is immediate due to the
small diameter and the short length of the tube line, but the
pressure losses are not null while the gas is passing through tubes
and fittings.

A6. The Nafion membrane forming the humidifier does not have
appreciable heat exchange effects. Therefore, its role on mass
transfer is only due to net temperature gradient.

The level of detail in a model is related to the size of partition
taken for determining the model equations. Detail and specification are
complementary features during a model construction. Level of detail
is related to size while level of specification indicates the depth of
knowledge used. Moreover, a lumped-parameters model is formulated
at macroscopic level of detail.

2.2.3. Step 3: Process systems definition
A process system (PS) is an abstraction took from the real process

as one of its parts or portions, allowing to consider such a part as a
system in order to apply over this abstraction all available tools for the
corresponding analysis [30]. A hint to determine the PSs for a model
is to look for physical walls into the process, distinguishable phases
or any mass features marking spatial differences. Fig. 2 shows the
declared PSs in accordance to the mass, heat and momentum transfers
that take place into the gas humidifier process. In this figure, thin
arrows indicate mass flows and thick arrows represent energy flows.
The Nafion membrane is depicted with a thick rectangle and no PS
is declared for it, following Assumption A6 stated in Step 2. Electric
heaters are not considered as PSs due to their simple function as power
supplies. A brief description for each PS is given next.

• 𝑃𝑆𝐼 is the air contained into the stainless-steel tube and fittings
assembly, from point 0 to point 1. The indicated points are marked
in Figs. 1 and 2.

• 𝑃𝑆𝐼𝐼 represents the air contained into the plastic hose, from point
1 to point 2.
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Fig. 2. Block diagram of proposed process systems (PSs).
• 𝑃𝑆𝐼𝐼𝐼 indicates the air contained into the stainless-steel tube and
fittings assembly, from point 2 to 3.

• 𝑃𝑆𝐼𝑉 is the air contained into the plastic hose, from point 3 to
point 4.

• 𝑃𝑆𝑉 indicates the air contained into the Nafion tubes of the
humidifier, from point 4 to point 5.

• 𝑃𝑆𝑉 𝐼 represents the liquid water contained into the humidifier
shield.

• 𝑃𝑆𝑉 𝐼𝐼 is the air contained into the heated plastic hose, from point
5 to point 6.

It should be highlighted the detailed specification given to each
section of air conduction looking for a precise evaluation of pressure
losses and air conditions at different points of the assembly.

2.2.4. Step 4: Conservation principle application
This step provides enough balance equations to conform the basic

model structure. All balances are taken in mass units, but conversion to
kmol unit is done to evaluate relative humidity RH using water vapour
molar fraction at both current and saturation conditions. In the sequel,
the conservation principle is applied to each one of those PSs with
useful information to fulfil the model objective.

A. 𝑃𝑆𝐼 to 𝑃𝑆𝐼𝑉 – humid air into conduction and fittings: These
PSs share the same behaviour, only different by the material
of the conduction and the type of fittings used for each tubing
assembly. There, only momentum exchange takes place without
important mass or heat interactions due to the low effect of
pressure on total humidity.

• Total Mass Balances (TMB). These four PSs satisfy the
continuity of mass at each PS volume. In addition, no
concentration changes take place. Therefore, the following
trivial total mass balance yields the single equation to
apply, without requiring a component mass balance in
these four PSs:

�̇�𝑖+1 = �̇�𝑖, (1)

being �̇�𝑖 the mass flow of gas mixture and 𝑖 = 1,… , 4
an index for the stream numbers into circles, in accor-
dance with the block diagram in Fig. 2. Eq. (1) assumes
the output stream of each tubing section as unknown. In
the following, the thermal energy and mechanical energy
balances are presented. These balances are considered in
separate way due to their big difference in magnitude.
4

• Thermal Energy Balance (TEB). The balance for each one of
the four PSs is the same, i.e.,

𝑑𝐸𝑘
𝑑𝑡

=
𝑑(𝑀𝑘 𝐶𝑉𝑘 𝑇𝑘)

𝑑𝑡
= �̇�𝑖 �̂�𝑖 − �̇�𝑖+1 �̂�𝑖+1 + �̇�𝑘 − �̇�𝑘,

where 𝑘 ∈ {𝐼,… 𝐼𝑉 } indicates the PS being considered.
Moreover, 𝐸𝑘 is the total energy, 𝑀𝑘 is the total mass, 𝐶𝑉𝑘
is the mass specific heat capacity at constant volume, and
𝑇𝑘 is the temperature into the process system, respectively.
Besides, �̇�𝑘 and �̇�𝑘 are flows of heat and work entering (+
sign) and leaving (- sign) from the 𝑃𝑆𝑘, respectively, while
�̂�𝑖 is the specific mass enthalpy of stream 𝑖, for 𝑖 = 1,… , 4.
Assume (i) constant heat capacity, ii) constant mass quan-
tity, and iii) isothermal operation due to the small tem-
perature change between input–output at each PS, which
conducts to constant enthalpy operation �̂�𝑖+1 = �̂�𝑖. There-
fore, the expression for the thermal energy balance is
written as follows:

�̇�𝑃𝑆𝑘
= �̇�𝑃𝑆𝑘

,

indicating the known situation in this kind of systems,
thermal energy entering the mixture is equivalent to the
frictional work flow. This thermal energy is negligible since
its effect has small impact over the fluid temperature. Most
of this energy is dissipated as small amplitude and high
frequency mechanical vibrations. Therefore, this balance
does not give information to the model in 𝑃𝑆𝐼 to 𝑃𝑆𝐼𝑉 .

• Mechanical Energy Balances (MEB). This balance is the same
for PSs from 𝑃𝑆𝐼 to 𝑃𝑆𝐼𝑉 , indicating with indices 𝑖 and 𝑖+1
the inlet and outlet ports of the PS, respectively. The values
for 𝑖 and 𝑖+1 correspond to the stream circled numbers in
Fig. 2. An MEB equation or Bernoulli’s equation is valid for
a gas flowing by a tube if the pressure losses are less than
10% of gas absolute pressure at the tube inlet port [31].
This condition is totally fulfilled in the current process,
allowing to use the following MEB for this PS:

𝑃𝑖
𝜌𝑎,𝑖

+ 𝑔 𝑧𝑖 + 𝛼𝑖
𝑣2𝑖
2

=
𝑃𝑖+1
𝜌𝑎𝑖+1

+ 𝑔 𝑧𝑖+1 + 𝛼𝑖+1
𝑣2𝑖+1
2

+ ℎ𝑓𝑖→𝑖+1
, (2)

being 𝑃𝑖 the pressure of the stream, 𝜌𝑎,𝑖 the density of
the dry air and water vapour mixture 𝑎, 𝑔 the gravity
constant, 𝑧𝑖 the height or current point with respect to a
reference point, 𝛼𝑖 the flow regime correction factor, and 𝑣𝑖
the velocity, all for the gas mixture at point 𝑖. Moreover, 𝑔
is the gravity universal constant and ℎ represents the
𝑓𝑖→𝑖+1
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friction losses due to mixture flow between points 𝑖 and
𝑖 + 1. Besides, 𝛼𝑖 is a constant indicating either laminar or
turbulent flow profile, evaluated in accordance with the
Reynolds dimensionless number, i.e., 𝛼 = 2.0 for laminar
flow and 𝛼 = 1.01 for turbulent flow.
Considering the mixture density as constant at each anal-
ysed section, and keeping in mind that the tube diameter is
also constant for each section, the velocity will be constant
too, and both velocity terms can be cancelled from the
MEB. Mind that the density changes with pressure losses
in case the distance was high, the gas density is taken
as constant at each section. Due to the small size of the
assembly, the maximum difference of heights is 0.6 m, and
as air density is quite low, the term accounting the hy-
drostatic effect is also negligible. Under all these assumed
conditions, the next final MEB equation, without knowing
the pressure in the terminal point 𝑖 + 1, is obtained as
follows:

𝑃𝑖+1 = 𝑃𝑖 − 𝜌𝑎 ℎ𝑓𝑖→𝑖+1
. (3)

Eq. (3) allows, for example, that in spite of knowing the
pressure in a given point from a pressure transmitter in-
stalled there, this variable could be obtained from the
points 𝑖 to 𝑖 + 1 using the MEB. In this way, a comparison
of the model behaviour with respect to real data can be
successfully performed.

B. 𝑃𝑆𝑉 – humid air contained into the humidifier: This PS con-
sider all the dry air and water vapour mixture contained into
the humidifier, flowing through the Nafion tubes during its
humidification by mass transfer effect.

• Total Mass Balance. The total mass balance for this PS,
taken in mass units (kg), is
𝑑𝑀𝑃𝑆𝑉

𝑑𝑡
= �̇�4 − �̇�5 + �̇�8, (4)

being 𝑀𝑃𝑆𝑉
the total amount of substance contained in

𝑃𝑆𝑉 , �̇�4 and �̇�5 the inlet and outlet mass flows of gas
mixture, respectively, and �̇�8 the mass transferred from
water side to air side into the humidifier. �̇�4, �̇�5, and �̇�8
are parameters developed in Step 7 below. Although (4)
could be developed to obtain an expression for predicting
changes in density into 𝑃𝑆𝑉 , such a density is better eval-
uated using an expression in function of molar fractions
of the mixture components. Since these molar fractions
will be found next from component mass balances, (4) is
used as differential equation to evaluate 𝑀𝑃𝑆𝑉

or used
as algebraic equation to evaluate its change taken as a
parameter 𝛥𝑀𝑃𝑆𝑉

= �̇�4 − �̇�5 + �̇�8. The values of 𝑀𝑃𝑆𝑉
and 𝛥𝑀𝑃𝑆𝑉

are required in other model equations.
• Component Mass Balance (CMB): water vapour. After ap-

plied the conservation principle over the water vapour
component, the following expression is obtained:
𝑑𝑀𝑤𝑣,𝑃𝑆𝑉

𝑑𝑡
= 𝑤𝑤𝑣,4 �̇�4 −𝑤𝑤𝑣,5 �̇�5 +𝑤𝑤𝑣,8 �̇�8.

Using the equivalence 𝑀𝑤𝑣,𝑃𝑆𝑉
= 𝑤𝑤𝑣,𝑃𝑆𝑉

𝑀𝑃𝑆𝑉
it is

possible to apply the derivative, considering 𝛥𝑀𝑃𝑆𝑉
as

a parameter. Keeping in mind that the mass fraction of
vapour in stream 8 is 1.0 (all this stream is water), and con-
sidering that 𝑃𝑆𝑉 is perfectly stirred regarding its output
stream, therefore the vapour mass fraction of the stream
𝑤𝑤𝑣,5 is equal to the mass fraction of 𝑃𝑆𝑉 as a whole. In
this way, the final expression for the vapour component
balance is

𝑑𝑤𝑤𝑣,5

𝑑𝑡
= 1

𝑀𝑃𝑆𝑉

[

𝑤𝑤𝑣,4 �̇�4 −𝑤𝑤𝑣,5 �̇�5 + �̇�8 −𝑤𝑤𝑣,5 𝛥𝑀𝑃𝑆𝑉

]

.

(5)
5

• Component Mass Balance (CMB): dry air. This balance is not
required because the mixture is binary, then knowing one
of the mass fractions (𝑤𝑤𝑣 for water vapour), the other
(𝑤𝑑𝑎 for dry air), is straightforwardly found by using the
constitutive equation 𝑤𝑑𝑎 = 1 −𝑤𝑤𝑣 (see Step 7 below).

• Thermal Energy Balance (ThEB). In similar way as for pre-
vious PSs, the total energy is expressed as the product
of the heat capacity of the mixture at constant volume
𝐶𝑉𝑎 , total mass 𝑀𝑃𝑆𝑉

and the PS temperature 𝑇𝑃𝑆𝑉
. Then,

the derivative is computed under constant heat capacity,
keeping in mind that the total mass differential was pre-
viously obtained in (4). In addition, assuming a perfect
stirred system 𝑇𝑃𝑆𝑉

= 𝑇5. Therefore, the main differential
operator for (4) is the one related to 𝑇 moving 𝛥𝑀𝑃𝑆𝑉

to
the right-hand side of (5) to indicate it will be considered
in the sequel as a parameter. Operating with enthalpies and
heat capacities, the final ThEB for 𝑃𝑆𝑉 is obtained as
𝑑𝑇5
𝑑𝑡

= 1
𝐶𝑉𝑎,5 𝑀𝑃𝑆𝑉

[

−�̇�8 𝐶𝑃𝑤𝑣,8
(𝑇5 − 𝑇6) + �̇�𝑇−𝐴

]

, (6)

where 𝐶𝑃𝑤𝑣,8
is the heat capacity at constant pressure of

the water vapour at stream 8 conditions, 𝑇6 is the tem-
perature of liquid water into the humidifier, the water
vapour origin. �̇�𝑇−𝐴 is the heat transferred from hot Nafion
tubes into the humidifier shield to the flowing wet air
inside the Nafion tubes. The flow of mechanical work
leaving the fluid during its pass through 𝑃𝑆𝑉 is evalu-
ated as the frictional losses between the inlet and outlet
ports of the section, obtained as a term of the mechani-
cal energy balance. Transforming this mechanical energy
into its equivalent thermal energy, a small value of such
an energy is obtained. Therefore, as usual in the related
literature [32,33], this energy is neglected in the ThEB.

• Mechanical Energy Balances (MEB). The same mechanical
energy balance (Bernoulli’s equation (2)) applied to PSs
from 𝑃𝑆𝐼 to 𝑃𝑆𝐼𝑉 is valid here and it is used between
points 4 and 5 (see Figs. 1 and 2). In this expression,
the velocity at the input point is not the same as the
velocity at the output point due to the density change of
the mixture (𝜌𝑎,4 ≠ 𝜌𝑎,5). This density change is due to the
mixture heating and water vapour addition given by mass
transfer. The final equation to evaluate the pressure at the
humidifier outlet is

𝑃5 = 𝑃4
𝜌𝑎,5
𝜌𝑎,4

− 𝛥𝑃4→5, (7)

grouping all terms of flow and energy losses into the
pressure losses term 𝛥𝑃4→5 of humid air flowing through
the humidifier tubes. The amount of these pressure losses
is given by the humidifier manufacturer at nominal flow.
Considering a linear pressure losses variation regarding air
flow, a constitutive equation for evaluating those pressure
losses will be obtained in Section 2.2.7.

C. 𝑃𝑆𝑉 𝐼 – water into the humidifier:

• Total Mass Balance (TMB). For this mass balance, the total
mass into 𝑃𝑆𝑉 𝐼 is the product of volume and density of
water, considering constant density in this PS since the
fluid is liquid water and the temperature change is narrow
during the process operation. In addition, the humidifier
shield is a vertical cylinder with constant cross area 𝐴𝑆ℎ,
and the liquid water volume can be expresses as the prod-
uct of the effective tank cross area and the liquid level,
i.e., 𝑉𝑃𝑆𝑉 𝐼

= 𝐴∗
𝑆ℎ 𝐿. The effective tank cross area (𝐴∗

𝑆ℎ) is
the total tank cross area minus the area occupied by the
Nafion tubes. Using the level 𝐿 as the main variable,
𝑃𝑆𝑉 𝐼
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computing its derivative and replacing it into the typical
balance expression, the final balance equation is
𝑑𝐿𝑃𝑆𝑉 𝐼

𝑑𝑡
= 1

𝐴∗
𝑆ℎ 𝜌𝑊

[

�̇�7 − �̇�8
]

, (8)

being 𝜌𝑊 the density of liquid water and �̇�7 the make-
up water to be supplied to the humidifier. Using (8), it
is possible to follow the changes of water level into the
humidifier. However, this level is controlled in the current
assembly. Therefore, this condition conduces to

𝑑𝐿𝑃𝑆𝑉 𝐼
𝑑𝑡 = 0

and then (8) is reduced to

�̇�7 = �̇�8, (9)

a trivial expression to find the make-up water. However, it
is also a basic model equation.

• Component Mass Balance (CMB). In this PS, the concentra-
tion is constant because the fluid is pure water along the
process. Therefore, no component balances are required.

• Thermal Energy Balance (ThEB). This balance is obtained as
for previous PS, but here with the heat capacity at constant
pressure because the water is in liquid phase (𝐶𝑃𝑤𝐿

). In
addition, 𝑇𝑃𝑆𝑉 𝐼

= 𝑇8, assuming a perfect stirred system and
due to the level controller a null mass change is considered.
Therefore, the ThEB for 𝑃𝑆𝑉 𝐼 is

𝑑𝑇8
𝑑𝑡

= 1
𝐶𝑃𝑤𝐿

𝑀𝑃𝑆𝑉 𝐼

[

−�̇�8 𝜆𝑉 𝑎𝑝−�̇�8 𝐶𝑃𝑤𝐿
(𝑇8−𝑇7)+�̇�𝐻1−𝑊 −�̇�𝐿𝑜𝑠𝑡

]

,

(10)

being 𝑀𝑃𝑆𝑉 𝐼
the liquid water mass into the humidifiers,

𝜆𝑉 𝑎𝑝 the vaporization heat of water, 𝑇7 the temperature of
the make-up water, �̇�𝐻−𝑊 the heat transferred from the
electric heater of the humidifier to the liquid water, and
�̇�𝐿𝑜𝑠𝑡 the heat lost from the humidifier to the surrounding
environment.

• Mechanical Energy Balance (MEB). For this PS, the MEB
gives trivial information, i.e., the friction losses due to the
water movement into the humidifier. Water is supplied due
to an On–Off controller during a few seconds when its level
is below its set-point. The quantity of supplied water is
small since it only corresponds to the water transferred
to the air by mass transfer. Thus, pressure losses will be
quite small due to the low velocity of water ascending into
the cylinder. Mentioned pressure losses have no interest to
answer the model question. Therefore, an MEB for 𝑃𝑆𝑉 𝐼 is
not required in this model.

D. 𝑃𝑆𝑉 𝐼𝐼 – humidified air:

• Total Mass Balance (TMB). By continuity of mass flow,
this balance is trivial. In addition, considering density and
process system volume as constants, the mass is constant
too

( 𝑑𝑀𝑃𝑆𝑉 𝐼𝐼
𝑑𝑡 = 0

)

, producing the algebraic equation

�̇�6 = �̇�5, (11)

which only confirms the mass flow continuity. However, it
is also a basic model equation.

• Component Mass Balances (CMB). In this PS, the mass flow
behaviour is similar to that of the mixture in PSs from 𝑃𝑆𝐼
to 𝑃𝑆𝐼𝑉 . Therefore, no CMB are required since no changes
in gas mixture composition occur.

• Thermal Energy Balance (ThEB). Proceeding in the same
way that applied for the other PSs and using the equiv-
alence give by (11), the ThEB here is written as follows:

𝑑𝑇6
𝑑𝑡

= 1
̂

[

�̇�6 𝐶𝑃𝑎,6 (𝑇5 − 𝑇6) + �̇�𝐻2−𝐴

]

, (12)
6

𝐶𝑉𝑎,6 𝑀𝑃𝑆𝑉 𝐼𝐼
V

Table 1
Equations of the model basic structure.

Process system Equationsa

𝑃𝑆𝐼 to 𝑃𝑆𝐼𝑉

�̇�𝑖+1 = �̇�𝑖

𝑃𝑖+1 = 𝑃𝑖 − 𝜌𝑎 ℎ𝑓𝑖→𝑖+1

𝑃𝑆𝑉

𝑑𝑀𝑃𝑆𝑉

𝑑𝑡
= �̇�4 − �̇�5 + �̇�8

𝑑𝑤𝑤𝑣,5

𝑑𝑡
= 1

𝑀𝑃𝑆𝑉

[

𝑤𝑤𝑣,4 �̇�4 −𝑤𝑤𝑣,5 �̇�5 + �̇�8 −𝑤𝑤𝑣,5 𝛥𝑀𝑃𝑆𝑉

]

𝑑𝑇5
𝑑𝑡

= 1
𝐶𝑉𝑎,5

𝑀𝑃𝑆𝑉

[

−�̇�8 𝐶𝑃𝑤𝑣,8
(𝑇5 − 𝑇6) + �̇�𝑇−𝐴

]

𝑃5 = 𝑃4
𝜌𝑎,5
𝜌𝑎,4

− 𝛥𝑃4→5

𝑃𝑆𝑉 𝐼

�̇�7 = �̇�8

𝑑𝑇8
𝑑𝑡

= 1
𝐶𝑃𝑤𝐿

𝑀𝑃𝑆𝑉 𝐼

[

−�̇�8 𝜆𝑉 𝑎𝑝 − �̇�8 𝐶𝑃𝑤𝐿
(𝑇8 − 𝑇7)

+ �̇�𝐻1−𝑊 − �̇�𝐿𝑜𝑠𝑡

]

𝑃𝑆𝑉 𝐼𝐼

�̇�6 = �̇�5

𝑑𝑇6
𝑑𝑡

= 1
𝐶𝑉𝑎,6

𝑀𝑃𝑆𝑉 𝐼𝐼

[

�̇�6 𝐶𝑃𝑎,6
(𝑇5 − 𝑇6) + �̇�𝐻2−𝐴

]

𝑃6 = 𝑃5 − 𝜌𝑎,6 ℎ𝑓5→6

aSubindex 𝑖 denotes the different circled points indicated in Fig. 2.

being 𝑇6 the exit temperature of the wet air from the
assembly (the fuel cell inlet), 𝑀𝑃𝑆𝑉 𝐼𝐼

the wet air mass into
the tube, 𝐶𝑉𝑎,6 and 𝐶𝑃𝑎,6 are the heat capacities of wet air at
constant volume and pressure, respectively, and �̇�𝐻−𝐴 the
heat transferred from the external heater installed around
this assembly section.

• Mechanical energy balances (MEB). The same MEB applied
to PSs from 𝑃𝑆𝐼 to 𝑃𝑆𝐼𝑉 is valid here. Despite the option
of considering that both input and output velocities differ
each other due to density changes of the mixture caused
by added heat, this difference is very short. Therefore, no
velocity effects are included and density difference is not
considered. In addition, input and output of this section are
at the same height and hydrostatic head effect in gases is
negligible. Assuming a turbulent flow (𝛼5 = 𝛼6 = 1.0), the
balance equation is

𝑃6 = 𝑃5 − 𝜌𝑎,6 ℎ𝑓5→6
. (13)

.2.5. Step 5. Basic structure determination of the model
The basic structure is composed of the essential dynamic equations

f the model reported in Table 1. It should be highlighted that some of
hese equations produce several expressions since they are written for
ndex 𝑖, indicating a section of tube and fittings assembly.

.2.6. Step 6. Variables, parameters and constants
Diverse interpretations exist in the literature related to the concept

f variable. To avoid confusions, the difference among terms variable
nd unknown is here properly established, where the latter is used be-
ow (Step 8) to evaluate the DoF of the model. Model variables ever are
part of the model unknown parameters, but not all such parameters

re model variables. All parameters are unknown for the mathematical
et of equations forming the model extended structure, including those
arameter fixed by the modeller. However, not all model parameters
ust be identified during the model adjusting process. Constants are

nown values of fixing value. Regarding variables, they are determined
nly after solving the mathematical model, contrary to parameters,
hich should be known before any solution of the mathematical model.
ariables, parameters and constants of the model are listed in Table 2.
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Table 2
Model variables and structural parameters.

𝑃𝑆𝐼−𝐼𝑉 𝑃𝑆𝑉 𝑃𝑆𝑉 𝐼 𝑃𝑆𝑉 𝐼𝐼 Total

Variablesa �̇�𝑖+1, 𝑃𝑖+1 𝑀𝑃𝑆𝑉
, 𝑤𝑤𝑣5 , 𝑇5, 𝑃5 �̇�7, 𝑇8 �̇�6, 𝑇6, 𝑃6 17

Structural Parametersa �̇�0, 𝜌𝑎,𝑖, 𝑃0,
ℎ𝑓𝑖→𝑖+1

�̇�5, �̇�8, 𝑤𝑤𝑣,4, 𝛥𝑀𝑃𝑆𝑉
,

𝐶𝑉𝑎,5
, 𝐶𝑃𝑤𝑣,8

, �̇�𝑇−𝐴, 𝜌𝑎,5,
𝛥𝑃4→5,

𝐶𝑃𝑤𝐿
, 𝑀𝑃𝑆𝑉 𝐼

,
�̇�𝐻1−𝑊 , �̇�𝐿𝑜𝑠𝑡

𝐶𝑉𝑎,6
, 𝑀𝑃𝑆𝑉 𝐼𝐼

,
𝐶𝑃𝑎,6

, �̇�𝐻2−𝐴,
𝜌𝑎,5, ℎ𝑓5→6

33

aSubindex 𝑖 denotes the different circled points indicated in Fig. 2. Note that inlet mass flows and input pressures from
𝑃𝑆𝐼 to 𝑃𝑆𝐼𝑉 only produce two parameters. All other mass flows and pressures are variables given by the model after its
mathematical solution.
.2.7. Step 7. Constitutive and assessment equations for model parameters
This step implies to find the either constitutive or assessment

quations for calculating the largest number of structural and func-
ional parameters at each PS. Those parameters without a constitu-
ive/assessment equation must be either identified from experimental
ata [34] or determined from a correlation sub-model. The remainder
tructural parameters have a trivial assessment equation due to they
re directly taken from data related to the process operation, i.e., �̇�0 =
𝚊𝚝𝚞𝚖, 𝑃0 = 𝙳𝚊𝚝𝚞𝚖. It is important to highlight that data are not
he same as constant values, because the former can change during
peration, being their variations defined by the modeller.

A constitutive equation for a given parameter can produce new
arameters, which must be also determined. When a function is used
or determining a parameter, new parameters produced by such a
unction are called functional parameters. The new function is part of
he model extended structure and the new parameters should be im-
ediately specified to illustrate the solution sequence of the primitive
arameters. In the sequel, a brief rationale about the determination of
onstitutive and assessment equations for two of the structural model
arameters, namely the flow of water vapour due to mass transfer into
he humidifier Nafion tubes and the friction energy losses, is presented.
heir no-so-short deduction illustrates the procedure followed to find
xpressions and/or values for all the remainder model parameters.

A. Water mass transfer �̇�8: For evaluating this mass transfer flow,
the following expression is used:

�̇�8 = 𝐴𝑀 𝑀 ′
𝑤𝑣, (14)

where 𝐴𝑀 is the mass transfer area and 𝑀 ′
𝑤𝑣 is the flux of mass

transfer, both functional parameters, evaluated as follows. The
mass transfer area is calculated from the Nafion tube dimensions
and the number of tubes into the humidifier as

𝐴𝑀 = 𝑁𝑁𝑇 (𝜋 𝐷𝑀𝑒𝑎𝑛,𝑇 𝑢𝑏𝑒 𝐿𝐸𝑓𝑒𝑐,𝑇 𝑢𝑏𝑒), (15)

being 𝑁𝑁𝑇 the number of Nafion tubes, 𝐷𝑀𝑒𝑎𝑛,𝑇 𝑢𝑏𝑒 the mean
diameter of a Nafion tube, and 𝐿𝐸𝑓𝑒𝑐,𝑇 𝑢𝑏𝑒 the effective height
in contact with water liquid of the Nafion tubes. The first new
functional parameter is evaluated as 𝑁𝑁𝑇 = 𝙳𝚊𝚝𝚞𝚖. The second
new functional parameter is calculated using

𝐷𝑀𝑒𝑎𝑛,𝑇 𝑢𝑏𝑒 =
𝐷𝐸𝑥𝑡,𝑇 𝑢𝑏𝑒 +𝐷𝐼𝑛𝑡,𝑇 𝑢𝑏𝑒

2
, (16)

with the simple relations 𝐷𝐸𝑥𝑡,𝑇 𝑢𝑏𝑒 = 𝙳𝚊𝚝𝚞𝚖 and 𝐷𝐼𝑛𝑡,𝑇 𝑢𝑏𝑒 = 𝙳𝚊𝚝𝚞𝚖

for the new functional parameters. The third new functional
parameter is also a datum, taken from level controller of the
humidifier, i.e., 𝐿𝐸𝑓𝑒𝑐,𝑇 𝑢𝑏𝑒 = 𝙳𝚊𝚝𝚞𝚖. For the other new func-
tional parameter produced by (14), the used expression is taken
from [15], i.e.,

𝑀 ′
𝑤𝑣 = 𝐾𝑀 (𝐶𝑊𝑀𝑒𝑚,𝑊 − 𝐶𝑊𝑀𝑒𝑚,𝐴𝑖𝑟), (17)

being the new functional parameters 𝐾𝑀 the mass transfer over-
all coefficient, and 𝐶𝑊𝑀𝑒𝑚,𝑊 and 𝐶𝑊𝑀𝑒𝑚,𝐴𝑖𝑟 the water-side and
air-side water concentration of the Nafion membrane, respec-
tively. Each parameters has a function to evaluate its value as
7

shown in Table 4.
B. Friction energy losses ℎ𝑓𝑖→𝑖+1
: The losses are evaluated in ac-

cordance to the mechanical characteristic and material of the
section being considered, i.e., straight line or fitting. The total
losses are the sum of individual losses in all straight tubes and
their fittings, that is

ℎ𝑓𝑖→𝑖+1
=
∑

𝑗
ℎ𝑓𝑡𝑢𝑏𝑒,𝑗 +

∑

𝑘
ℎ𝑓𝑓𝑖𝑡𝑡𝑖𝑛𝑔,𝑘 , (18)

where 𝑗 and 𝑘 are indices for sections and fitting, respectively.
Besides, 𝑗+𝑘 new functional parameters appear, which are ℎ𝑓𝑡𝑢𝑏𝑒,𝑗
and ℎ𝑓𝑓𝑖𝑡𝑡𝑖𝑛𝑔,𝑘 . For the energy losses in tube straight lines ℎ𝑓𝑡𝑢𝑏𝑒,𝑗 ,
the Darcy–Weisbach equation is used as

ℎ𝑓𝑡𝑢𝑏𝑒,𝑗 = 𝑓𝐷
𝐿
𝐷

𝑣2𝑗
2
, (19)

being 𝑓𝐷 the Darcy friction factor calculated using the Shacham
equation [35]. Moreover, 𝐿𝑗 and 𝐷𝑗 are the length and internal
diameter of the tube in 𝑗th section, respectively. These parame-
ters have constant value from the assembly scheme. Besides, 𝑣𝑗
is the velocity of the mixture into the tube, parameter evaluated
using

𝑣𝑗 =
�̇�𝑗

1
𝜌𝑎

𝐴𝐹 ,𝑗
, (20)

where �̇�𝑗 and 𝐴𝐹 ,𝑗 are mass flow and the flow area of the 𝑗th
tube or straight section, respectively. 𝜌𝑎 is the mean density of
the mixture. The flow area is calculated with the well-known
formula for a circle area

𝐴𝐹 ,𝑗 =
𝜋 𝐷2

𝑗

4
.

Regarding the energy losses in fittings ℎ𝑓𝑓𝑖𝑡𝑡𝑖𝑛𝑔,𝑘 , the following
expression is used:

ℎ𝑓𝑓𝑖𝑡𝑡𝑖𝑛𝑔,𝑘 = 𝐾𝐹𝑘
𝑣2

2
, (21)

where 𝐾𝐹𝑘 is the friction factor of the fitting, which is evaluated
with the 2𝐾 method proposed by Hooper [36], i.e.,

𝐾𝐹𝑘 =
𝐾1
𝑁𝑅𝑒

+𝐾∞

(

1 + 1
𝐼𝐷𝑘

)

, (22)

being 𝐾1 and 𝐾∞ both constants associated to each kind of
fittings and reported by Hooper in his work [36]. Moreover,
𝐼𝐷𝑘 is the internal diameter of the fitting (in inches), taken
equal to the internal diameter of the straight tube of less internal
diameter connected to the fitting. Finally, 𝑁𝑅𝑒 is the Reynolds
number evaluated at the fitting flow conditions, i.e.,

𝑁𝑅𝑒 =
𝜌𝑎 𝑣𝑗 𝐷𝑗

𝜇𝑎
, (23)

where 𝜇𝑎 is the viscosity of the mixture evaluated as is presented
in Table 4. For space limitations, the deduction procedure for
the rest of model parameters is not presented here, but all
model equations are outlined in Table 4, following the sequence
used during the deduction of the model extended structure. This
sequence is the same as the one stated for structural parameters
in Table 2. In this table, expressions or values are given for each
structural or functional parameter of the model.
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Fig. 3. Comparison among predicted and real behaviours for key humidifier variables.
Table 3
Values of model structural and functional constants [31].

Symbol Description Value Units

𝑅 Universal constant for ideal gas 8.31441 kPa m3

kmol K

M𝑑𝑎 Molecular mass of dry air 29 kg
kmol

m𝑤𝑣 Molecular mass of water 18 kg
kmol

𝜆𝑉 𝑎𝑝 Water heat of vaporization 2360 kJ
kg

To finish this step dedicated to variables, parameter and constants,
the values of the model constants are presented in Table 3.

2.2.8. Step 8. Degree of freedom account
This step aims to verify the DoF of the model extended structure,

mathematical systems formed by all model equations. The DoF are
evaluated as the difference between the number of both unknown
parameters and equations. The amount of DoF must be zero for a
solvable model but for an specific PS they can be different to zero,
indicating that this PS requires or gives information from or to other
PSs in the model. In this case, the variables of the model are 17, the
structural parameters are 33 and the functional parameters are 132, all
counting the instances for each variable or parameter. Therefore, the
total of unknown parameters is 182. In the same way, the number of
equations from basic and extended model structures are 182, indicating
the model is solvable in its current form. The number of parameters
of the model seems so big, but only five of them are identified from
experimental data, as is discussed Section 3.

2.2.9. Step 9. Computational model construction
This step leads to build a computational model, i.e., a computer pro-

gram able to solve the model equations without altering the true math-
ematical model response. The model was solved using Euler method
directly programmed in MatLab® with a 0.01 s fixed step. This
method is quite simple and highly didactic. In addition, using this short
time allows to reconstruct the strong non-linear effects caused by fast
changes on flows and temperatures at the low mass flow of this process.

Despite the number of model parameters seems so high, it must
be highlighted that only the next five parameter were adjusted from
experimental data. Three of them are correction factors for indicated
parameters, applied after parameter evaluation using its constitutive or
assessment equation, as indicates in Table 4. The identified corrections
factors are for: the overall mass transfer coefficient, the heat lost from
heater of the humidifier, the heat lost from the heater of the last
section. The other identified parameter for the models are: the heat
transfer coefficient from Nafion tubes to air flowing through them
8

Fig. 4. Predicted pressure (dotted) vs. real pressure (solid line) at humidifier output
(zoom included at right bottom).

and the number of Nafion tubes forming the humidifier. Regarding
the last parameter, the humidifier maker does not provide this datum,
but the reported configuration giving in [37] was used as a baseline
for estimating a seed value for such a parameter. In addition, the net
volume of water into the humidifier was measured and used as a limit
value to estimate the number of Nafion tubes.

The data captured from two open-loop runs were used to identify
the model parameters. Both tests change the flow of air and the power
applied to the humidifier, but do not use the heater of the last section.
Both tests use a flow of 2.5 NL

min during the first 5 h and after that, the
air flow changed to 8.0 NL

min for the last 5.3 h. In the first test, the power
applied was 21.3 W along such a test. For the second open-loop test, the
power applied to the humidifier was 34 W along such the entire test.
For space limitations, the model results regarding these two test are
not presented here. The model predictions regarding the test reported
in [15] are presented and analysed in Section 3.

3. Results and discussion

Although the comparison of the proposed model behaviour with
respect to real data is included into the employed methodology as its
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Fig. 5. Predicted RH of air mixture at points 1 to 4 (in dashed–dotted and solid lines)
and points 5 (dashed) and 6 (solid thick line).

Step 10, we have defined such a step as this section in order to highlight
the promising results given by the simulation of the proposed model,
showing its effectiveness in reproducing the behaviour of a real test
bench known through its measured data.

As previously explained, in order to analyse the behaviour of the
proposed dynamic model, data reported in [15] have been used, par-
ticularly the test with a power of 123 W applied to the humidifier heater
and a flow of 5 NL

min of air mixture feeding the assembly. In such a test,
he heater placed at the last model section is turned off. Fig. 3(a) shows
comparison between the RH computed by using the proposed model

ersus the experimental date of air RH at the humidifier output.
The simulated temperature of the humid air leaving the humidifier

dashed line) is plotted in Fig. 3(b) and compared to the measured
emperature (solid line). As can be seen, the model is able to accurately
eproduce the real behaviour according to the collected experimental
ata for this scenario. Besides, the simulated temperature is quite close
o the real temperature of the mixture at this point of the assembly.
esults from both comparisons validate the ability of the proposed
ynamic model to reproduce the actual evolution of the key variables
easured from the particular case study.

To end up the comparison assessment of the proposed model re-
arding the available experimental measurements, Fig. 4 shows the
easured pressure at the humidifier output versus its simulated value
9

by using the obtained model. The increase in this pressure due to the
water vapour addition and the temperature change of the mixture can
be noticed from both curves. However, the increase of the simulated
pressure is lower than the change of its measured counterpart. A
possible cause of this mismatch is the non-stationary nature of the
reported data from [15], fact that is possible to be noted from the zoom
in the right bottom of Fig. 4, contrary to the initial and final stationary
states of the simulated pressure.

On the other hand, some complementary results are presented and
discussed next. First, the behaviour of the RH in percentage for the
air mixture at points 1 to 6 of the assembly is presented in Fig. 5.
The effects of pressure and temperature over the RH can be seen in
such a figure. Particularly, a pressure drop causes a decrease in RH
while a temperature increase produces a decrease in RH, following the
thermodynamics relationships.

Two additional simulated variables of interest are the resultant hu-
midity and temperature of the air–water vapour mixture. The fuel cell
is straightforwardly fed with these variables. Then, any control strategy
must affect the evolution of such inputs in a proper manner according
to the desired performance to the entire assembly. In Fig. 6(a), the
difference between the RH at the humidifier output (dashed line) and
the fuel cell input (solid line) is presented. In Fig. 6(b), the tempera-
tures at humidifier outlet (dashed line) and fuel-cell input (solid line)
are illustrated. From these figures, the role of manipulated variables
(heaters) over final humidity (heater of humidifier) and temperature
(heater of the last model section) of the air–water vapour mixture is
clearly appreciated.

The effect of heat addition can be used to modify the RH due to
the relationships among 𝑇 , 𝑃 and RH. In this sense, Fig. 7 shows the
esponse of the temperature and humidity of the air at the assembly
utput after applying a positive step change over the air inlet tem-
erature of only 3% at the operation time 𝑡 = 6000 s. As it can be

seen, the inlet air temperature is the main disturbance since a little
change in the inlet air temperature would produce a big effect over
the air temperature, changing from 73.6 ◦C to 84.6 ◦C, while over the
air humidity, changing from 80.2% to 52.5%. This test is performed
in open loop, clearly showing the requirement of a control system to
maintain the air conditions prior its inlet to the fuel cell.

The effect of another typical disturbance, the inlet air humidity,
over the temperature and humidity of outlet air of the assembly is less
severe, as can be seen in Fig. 8. There, the response of the process after
applying a positive step of 10% over the inlet humidity operating at
open loop is shown. The outlet air temperature only changes 1.4 ◦C
and the outlet air humidity changes 3.8%. Obviously, in spite of these
small changes in process outputs, a control system is required to reject
these undesired effects of mentioned disturbances over process outputs.
Fig. 6. RH and temperature evolutions between humidifier and fuel-cell stack.
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Fig. 7. Disturbance effects over key assembly variables: air inlet temperature step change (3%).
Fig. 8. Disturbance effects over key assembly variables: inlet humidity step change (10%).
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4. Conclusions

In this paper, an exhaustive and complete dynamic model of a hu-
midifier system for a fuel-cell-based assembly is proposed and properly
validated with experimental data. The model, obtained by using the
phenomenological-based semi-physical approach well established in
the literature, allows to simulate the behaviour of the entire system and
its constitutive process systems, providing with accurate information
about the dynamical evolution of the variables and the suitable values
of the constitutive parameters. All the equations and expressions for
the computation of the system parameters are provided, fact that make
the proposed model possible to be used in similar assemblies after the
corresponding parametric identification. Comparisons with real data
available in the literature suitably validate the proposed model. Fur-
ther model behavioural analysis facing typical input disturbances also
shows the effectiveness of the proposed model in reproducing suitable
results according to actual expected behaviours of such assemblies.

The future research lines this proposed model have opened in-
clude its complete nonlinear analysis, which appears as an important
challenge given the dimension of the model (in the sense of number
of variables, parameters and differential equations) and the stiffness
nature of the behaviours it represents. Furthermore, future research is
also focused on obtaining simple models from the proposed one which
can be oriented to estimation and control purposes. Those resultant
models, coming from either traditional methods for model reduction
10
or obtained by using phenomenological simplification, are expected to
be more accurate for their task with respect to already reported models
of simpler structures.
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Table 4
Constitutive and assessment equations for model parameters: 𝑖 for streams; 𝑗 for assembly sections.

Description Constitutive/assessment equation Units

Mass flow of the fed mixture �̇�0 = 𝙳𝚊𝚝𝚞𝚖
kg
s

Density of the mixture 𝜌𝑎,𝑖 =
𝑃𝑖

𝑅𝑇𝑖
M𝑑𝑎

[

1 − 𝑦𝑤𝑣,𝑖

(

1 − M𝑤𝑣

M𝑑𝑎

)]

kg
m3

Pressure at assembly inlet 𝑃0 = 𝙳𝚊𝚝𝚞𝚖 Pa
Temperature of fed mixture 𝑇0 = 𝙳𝚊𝚝𝚞𝚖 K
Molar fraction of water vapour in the mixture 𝑦𝑤𝑣,𝑖 = 𝑤𝑤𝑣,𝑖

M𝑑𝑎

M𝑤𝑣

kmol water
kmol a

Mass fraction of vapour in fed mixture 𝑤𝑤𝑣,4 = 𝙳𝚊𝚝𝚞𝚖
kmol water

kmol

Friction energy losses ℎ𝑓𝑖→𝑖+1
=
∑

𝑗 ℎ𝑓𝑡𝑢𝑏𝑒 𝑗 +
∑

𝑘 ℎ𝑓𝑓𝑖𝑡𝑡𝑖𝑛𝑔 𝑘
m2

s2

Tube straight line losses ℎ𝑓𝑡𝑢𝑏𝑒 𝑗 = 𝑓𝐷
𝐿𝑗

𝐷𝑗

𝑣2𝑗
2

m2

s2

Darcy friction factor [35] 𝑓𝐷 : Shacham –
Length of the tube 𝐿𝑗 = 𝙳𝚊𝚝𝚞𝚖 m
Internal Diameter of the tube 𝐷𝑗 = 𝙳𝚊𝚝𝚞𝚖 m

Mixture velocity into the tube 𝑣𝑗 =
�̇�𝑗

1
𝜌𝑎

𝐴𝐹 ,𝑗

m
s

Flow area of the tube 𝐴𝐹 ,𝑗 =
𝜋 𝐷2

𝑗

4
m2

Energy losses in fittings ℎ𝑓𝑓𝑖𝑡𝑡𝑖𝑛𝑔 𝑘 = 𝐾𝐹𝑘

𝑣2𝑗
2

m2

s2

Friction factor of the fitting [36] 𝐾𝐹𝑘
= 𝐾1

𝑁𝑅𝑒
+𝐾∞

(

1 + 1
𝐼𝐷𝑘

)

–
Flow fitting constant [36] 𝐾1 = 𝙳𝚊𝚝𝚞𝚖 –
Reynolds number 𝑁𝑅𝑒 =

𝜌𝑎 𝑣𝑗 𝐷𝑗

𝜇𝑎
–

Viscosity of the mixture 𝜇𝑎 =
𝑦𝑑𝑎 𝜇𝑑𝑎

𝑦𝑑𝑎+𝑦𝑤𝑣 𝛷𝑑𝑎−𝑤𝑣
+ 𝑦𝑤𝑣 𝜇𝑤𝑣

𝑦𝑤𝑣+𝑦𝑑𝑎 𝜙𝑤𝑣−𝑑𝑎

kg
m s

Dry air viscosity

𝜇𝑑𝑎 = 10−6
(

−9.8601 × 10−1 + 9.08012 × 10−2𝑇

− 1.17635575 × 10−4𝑇 2

+ 1.2349703 × 10−7𝑇 3

−5.7971299 × 10−11𝑇 4)

kg
m s

Vapour viscosity 𝜇𝑤𝑣 = 10−6
(

80.581318 + 4.000549 × 10−1𝑇
) kg

m s

Air–Vapour correction 𝛷𝑑𝑎−𝑤𝑣 = 𝜉𝑎

[

1 +
(

𝜇𝑑𝑎

𝜇𝑤𝑣

)
1
2
(

M𝑤𝑣

M𝑑𝑎

)
1
4
]

2

with 𝜉𝑎 =
√

2
4

(

1 + M𝑑𝑎

M𝑤𝑣

)− 1
2 –

Vapour–Air correction 𝛷𝑤𝑣−𝑎 = 𝜉𝑏 ,
[

1 +
(

𝜇𝑤𝑣

𝜇𝑑𝑎

)
1
2
(

M𝑑𝑎

M𝑤𝑣

)
1
4
]

2

with 𝜉𝑏 =
√

2
4

(

1 + M𝑤𝑣

M𝑑𝑎

)− 1
2 –

Size fitting constant [36] 𝐾∞ = 𝙳𝚊𝚝𝚞𝚖 –
Internal diameter of tube in inches 𝐼𝐷𝐾 = 39.37𝐷𝐾 m

Mass flow from humidifier �̇�5 = �̇�4 + �̇�8
kg
s

Mass flow at humidifier inlet �̇�4 = �̇�0
kg
s

Water vapour flow due by mass transfer �̇�8 = 𝐴𝑀 𝑀 ′
𝑤𝑣

kg
m2s

Mass transfer area 𝐴𝑀𝑒𝑚 = 𝑁𝑁𝑇 (𝜋 𝐷𝑀𝑒𝑎𝑛,𝑇 𝑢𝑏𝑒 𝐿𝐸𝑓𝑒𝑐,𝑇 𝑢𝑏𝑒) m2

Number of Nafion tubes into the humidifier 𝑁𝑁𝑇 = 1100 –
Mean diameter of a Nafion tube 𝐷𝑀𝑒𝑎𝑛,𝑇 𝑢𝑏𝑒 =

(𝐷𝐼𝑛𝑡,𝑇 𝑢𝑏𝑒+𝐷𝐸𝑥𝑡,𝑇 𝑢𝑏𝑒 )
2

m
Effective length of a Nafion tube 𝐿𝐸𝑓𝑒𝑐,𝑇 𝑢𝑏𝑒 = 𝙳𝚊𝚝𝚞𝚖 m
Mass transfer flux of water vapour [15] 𝑀 ′

𝑤𝑣 = 𝐾𝑀 (𝐶𝑊𝑀𝑒𝑚,𝑊 − 𝐶𝑊𝑀𝑒𝑚,𝐴𝑖𝑟)
kg

m2s
Overall mass transfer coefficient [15] 𝐾𝑀 = D𝑀𝑒𝑚

𝜖𝑀𝑒𝑚

m kg
s kmol

Diffusivity of water through Nafion membrane D𝑀𝑒𝑚 = D
𝐸0

(

1
303

− 1
𝑇

)

𝜆𝑚
m2

s
Activation energy for the membrane [15] 𝐸0 = 61340.7 J

mol

Intra-diffusion coefficient D𝜆𝑚 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

10−1 if 𝜆𝑚 < 2
(1 + 2(𝜆𝑚 − 2)) × 10−6 if 2 ≥ 𝜆𝑚 ≥ 3
(3 − 1.67(𝜆𝑚 − 3)) × 10−6 if 3 ≥ 𝜆𝑚 < 4.5
1.25 × 10−6 if 𝜆𝑚 ≥ 4.5,

m2

s

Membrane humidity coefficient
𝜆𝑚 = 36 (𝑅𝐻𝑀𝑒𝑚)3 − 39.85 (𝑅𝐻𝑀𝑒𝑚)2

+ 17.81𝑅𝐻𝑀𝑒𝑚 + 0.043
–

Mean relative humidity at membrane 𝑅𝐻𝑀𝑒𝑚 = 𝑅𝐻5+𝑅𝐻water side
2

–
Relative humidity air 𝑅𝐻𝑖 =

𝑦𝑤𝑣,𝑖

𝑦∗𝑤𝑣,𝑖
–

Air humidity at saturation [31] 𝑦∗𝑤𝑣,𝑖 =
𝑃𝑉 𝑎𝑝,𝑖

𝑃𝑖
–

Vapour pressure at saturation [33] 𝑃𝑉 𝑎𝑝,𝑖 (from Antoine’s Equation) Pa
Relative humidity water side 𝑅𝐻water side = 1.0 –
Membrane thickness 𝜖𝑀𝑒𝑚 = 133.5 𝜇 m

Water molar-volumetric concentration in
membrane at water-side

𝐶𝑊𝑀𝑒𝑚,𝑊 = 28.3636 kmol
m3

Water molar-volumetric concentration in
membrane at air-side

𝐶𝑊𝑀𝑒𝑚,𝐴𝑖𝑟 =
𝜌𝑀𝑒𝑚,𝑆

M𝑀𝑒𝑚,𝑆
𝜆𝑚

kmol
m3

(continued on next page)
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Table 4 (continued).
Description Constitutive/assessment equation Units

Mass fraction of water vapour 𝑤𝑤,𝑖 = 𝑦𝑤𝑣,𝑖
M𝑤

M𝑑𝑎,5

kg w
kg a

Molar fraction of water vapour at
humidifier inlet

𝑦𝑤𝑣,4 = 𝑦𝑤,0 = 𝙳𝚊𝚝𝚞𝚖
kmol w
kmol a

Molar mass of humid air at humidifier outlet M𝑑𝑎,5 = 𝑦𝑤𝑣,5 M𝑤 + (1 − 𝑦𝑤𝑣,5)M𝑑𝑎
kg

kmol

Change of mass into 𝑃𝑆𝑉 𝛥𝑀𝑃𝑆𝑉
= �̇�4 − �̇�5 + �̇�8

kg
s

Heat capacity at constant volume of humid air
at humidifier outlet

𝐶𝑉𝑎,𝑖
= 𝐶𝑃𝑎,𝑖

− 𝑅𝑑𝑎
kJ

kg K

Heat capacity at constant pressure of humid air at
humidifier outlet

𝐶𝑃𝑎,𝑖
= 𝐶𝑃𝑑𝑎

(1 − 𝑦𝑤𝑣,𝑖)
M𝑑𝑎

M𝑣

+ 𝐶𝑃𝑤𝑣
𝑦𝑤𝑣,𝑖

M𝑤𝑣

M𝑑𝑎

𝑘𝐽
𝑘𝑔−𝐾

Heat capacity at constant pressure of dry air [31]

𝐶𝑃𝑑𝑎
= 0.1077024 × 10−12 𝑇 4

− 0.4970786 × 10−9 𝑇 3

+ 0.7816818 × 10−6 𝑇 2

− 0.284887 × 10−3 𝑇 + 1.03409

kJ
kg K

with 𝑇 in degrees Celsius

Heat capacity at constant pressure of water vapour
[31]

𝐶𝑃𝑤𝑣
= 1.941058941 × 10−5 𝑇 2

− 2.578421578 10−4 𝑇 + 1.86910989
kJ

kg K

with 𝑇 in degrees Celsius

Ideal gas universal constant for dry air 𝑅𝑑𝑎 =
𝑅

M𝑑𝑎

Heat flow from tubes to air into humidifier �̇�𝑇−𝐴 = 𝙳𝚊𝚝𝚞𝚖
kJ
s

Pressure drop into humidifier [38] 𝛥𝑃4→5
= 1.2597 × 108 �̇�𝑎 Pa

Liquid water specific heat capacity 𝐶𝑃𝑊 𝑙
= 4.184 kJ

kg◦C

Liquid water mass into humidifier 𝑀𝑃𝑆𝑉 𝐼
= 𝙳𝚊𝚝𝚞𝚖 m3

Heat flow from heater to liquid water into
humidifier

�̇�𝐻1−𝑊 = 𝙳𝚊𝚝𝚞𝚖
kJ
s

Lost heat from humidifier �̇�𝐿𝑜𝑠𝑡 = 𝙳𝚊𝚝𝚞𝚖
kJ
s

Mass into last section 𝑀𝑃𝑆𝑉 𝐼𝐼
= 𝑉𝑃𝑆𝑉 𝐼𝐼

𝜌𝑎,6 kg
Volume of last section 𝑉𝑃𝑆𝑉 𝐼𝐼

= 𝐿5−6
𝜋 𝐷2

5−6

4
m3

Length of last section 𝐿5−6 = 𝙳𝚊𝚝𝚞𝚖 m
Diameter of tube of last section 𝐷5−6 = 𝙳𝚊𝚝𝚞𝚖 m

Heat flow from heater to air into last section �̇�𝐻2−𝐴 = 𝙳𝚊𝚝𝚞𝚖
kJ
s
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Appendix

See Table 4.

PBSM phenomenological-based semi-physical model
RH relative humidity
PTFE Poly-Tetra-Fluor-Ethylene
PS process system
TMB total mass balance
TEB total energy balance
MEB mechanical energy balance
ThEB thermal energy balance
CMB component mass balance
DoF degree of freedom
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