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Abstract

Although the nature of dark matter remains elusive, it is estimated to compose ∼ 84% of the
mass of the Universe. This begs the question of its distribution. Gravitational lensing is a powerful
tool for this inquiry, as it is directly sensitive to all massive matter components in cosmological
structures. This opens new pathways to study the interplay between dark and ordinary, baryonic
matter in clusters of galaxies. While the latter is made of composite objects such as stars (∼ 10%),
its vast majority lies under the form of hot gas (∼ 90%). Gauging the correlation between dark
matter and baryons in galaxy clusters is fundamental to uncover their physical properties.

In this thesis, I present the lensing analyses of two galaxy clusters MACS J0242 and
MACS J0949, using a combination of imaging data from HST and DES, together with spectro-
scopic data from VLT/MUSE. In order to understand the relationship between dark matter and the
intra-cluster medium (ICM), the general ICM thermodynamics are calibrated using XMM-Newton
X-rays observations for a sample of clusters. With these models, I then use the gravitational
potential obtained with strong lensing to infer the ICM properties, in the context of dynamically
relaxed clusters. This novel technique allows to derive the electron distribution, opposite to the
method commonly used, whereby one uses the ICM observations to infer the dark matter content.

Combining this powerful technique with the strong lensing, I apply it to cluster Abell S1063,
using the Hubble Frontier Fields data. I perform the joint ICM-strong lensing optimisation, with
25 multiply-imaged systems and Chandra X-ray observations. The ICM is assumed to trace the
large-scale dark matter halo. This hypothesis yields a good quality lens model, in agreement with
the lensing-only and ICM-only optimisations. Moreover, this model matches the results established
with weak lensing in the outskirts of the cluster, further confirming the method to be valid on
large scales. With this new holistic description of galaxy clusters, we show we can derive the ICM
density using multi-scale lensing.

This thesis allows to infer the ICM distribution independently from direct measurements, such
as X-rays and SZ effect. Through strong lensing and ICM modelling, we propose a more general
canvas to describe the gravitational relationship between baryons and dark matter in galaxy clus-
ters. This sets the path to constrain the interactions between these two main components of the
Universe.
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Notations

Conventions
• The bold notations r describe vectors;
• The arrow r⃗ describes a three-dimensional vector (which can be understood as one or two-

dimensional);
• The tilde r̃ describes a four-dimensional vector;
• The hat on a boldsymbol r̂ describes a unitary vector;
• The hat on a function f̂ describes a Fourier transform;
• Conjugated Latin indices (e.g. i in uiui) denote a summation for three spatial dimensions;

conjugated Greek indices denote a summation over four space-time dimensions.

Mathematics
• ∂x = ∂/∂x;
• ∇⃗ = ∂xx̂ + ∂yŷ + ∂zẑ = (∂x; ∂y; ∂z);
• We choose for the Fourier transform the convention:

f̂(k) =
∫

Rn
dnxf(x) exp(ix · k).

Constants
• c = 299, 792, 458 m.s−1 is the celerity of light;
• G = 6.67430 × 10−11 m3.kg−1.s−2 is the constant of gravitation;
• kB = 1.380649 × 10−23 m2.kg.s−2.K−1 is the Boltzmann constant;
• ma = m (12C) /12 = 1.660539 × 10−27 kg is a Dalton, or unified atomic mass unit;
• σT = 6.6525 × 10−29 m2 is Thomson cross-section of the electron;
• M⊙ = 1.989 × 1030 kg is the mass of the Sun;
• L⊙ = 3.828 × 1026 W is the nominal luminosity of the Sun1;
• Z⊙ = 0.0122 is the metallicity of the Sun.

Cosmology
• We choose a metric signature (−; +; +; +);
• ds is the space-time element;
• k ∈ {−1; 0; 1} is the curvature of space;
• η is the conformal time;
• χ is the comoving distance;
1https://www.iau.org/static/resolutions/IAU2015_English.pdf

x
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• D is the transverse comoving distance;

• dΩ =
√

dθ2 + sin2 θdϕ2 is solid angle element;
• t0 is the current age of the Universe;
• z is the cosmological redshift;
• a(t) = (1 + z)−1 is the scale factor;
• H(t) = ȧ/a is the Hubble parameter; H0 = H(t0) is the Hubble constant;
• Λ is the cosmological constant;
• Indices {r; m; k; Λ; b; ν} respectively denote radiation, matter (dark matter included), curva-

ture, dark energy, baryons and neutrinos.
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Acronyms

Acronym Meaning
ALP Axion-like Particles
AGN Active Galaxy Nucleus
BAO Baryon Acoustic Oscillations
BBN Big Bang Nucleosynthesis
BCG Brightest Cluster Galaxy
BSM Beyond Standard Model (of particle physics)
CDM Cold Dark Matter
CMB Cosmic Microwave Background
DM Dark Matter
DMH Dark Matter Halo
FDM Fuzzy Dark Matter
FIMP Feebly Interacting Massive Particle
FLRW metric Friedmann-Lemaître-Robertson-Walker metric
GGL Galaxy-Galaxy Lensing
GR General Relativity
ICM Intra-Cluster Medium
IDM Interacting Dark Matter
HDM Hot Dark Matter
ΛCDM Cosmological model with cold dark matter and a cosmological constant
LSS Large-Scale Structures
MACHO MAssive Compact Halo Object
MG Modified Gravity
MOND Modified Newtonian Dynamics
PBH Primordial Black Hole
PSF Point-Spread Function
QSO Quasi-Stellar Object (quasar)
SED Spectral Energy Distribution
SIDM Self-Interacting Dark Matter
SL Strong Lensing
SM Standard Model (of particle physics)
TeVeS Tensor-Vector-Scalar
WDM Warm Dark Matter
WIMP Weakly Interacting Massive Particle
WL Weak Lensing
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Chapter 1

An introduction to cosmology

In girum imus nocte et consumimur igni

We enter the circle after dark and are consumed by fire

— Unknown

1.1 A relativistic cosmological model

1.1.1 Context
In the 6th century BC, Thales of Miletus described the world as being based on a single

material substance (αρχή): water (Aristotle, Metaphysics, 1992, 983b6 8–11). Nietzsche comments
on this attempt to explain the nature of the world by a material principle, instead of myths and
unobservable supernatural forces (in Philosophy in the Tragic Age of the Greeks, §3, 1962):

‘Greek philosophy seems to begin with an absurd notion, with the proposition that
water is the primal origin and the womb of all things. Is it really necessary for us
to take serious notice of this proposition? It is, and for three reasons. First, because
it tells us something about the primal origin of all things; second, because it does
so in language devoid of image or fable, and finally, because contained in it, if only
embryonically, is the thought, “all things are one”. The first reason still leaves Thales
in the company of the religious and the superstitious; the second takes him out of such
company and shows him as a natural scientist, but the third makes him the first Greek
philosopher.’

Thales’ hypothesis, soon to be followed by many other, was revolutionary in that it did not only
attempt to explain the nature of all things, but also their origin. It was the first known description
of the Universe with observational matter, and thus the first real materialist cosmogony. In that,
Thales could be considered to be the first physicist (Kirk et al., 1983). Today, modern physics
faces the same timeless challenge to explain the nature of matter and its origin.

In order to address this challenge of describing the world rationally, philosopher, mathematician
and physicist René Descartes provided the Discourse on the Method of Rightly Conducting One’s
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Reason and of Seeking Truth in the Sciences (1637), i.e. a scientific method1, and a rational,
a Cartesian description of space. After Newton used this method and this classical and absolute
space to describe motion, a scientific sense of time and space was going to supplant the cosmogonic
traditions. The ‘beginning of the world’ described by most religions and mythologies, from Gaia
emerging from Chaos in the Greek mythology to the five creations of the suns according to the
Aztecs, was doomed to be superseded by the Newtonian understanding of time and space, infinite
and eternal. With philosophers such as Immanuel Kant going as far as to prove time and space to
be a priori forms of the intuition, before any experience, their eternity was not only held to be the
result of observations, but the victory of reason over tradition (Kant, 1998). Classical philosophers
progressively transformed a physical theory into an intuition: the Universe was a frame (space and
time), and thus could not be considered to be bounded or limited2. The dialogue between physics
and philosophy progressively modified the perception of the world for the whole humanity. Not
only did it overtake cosmogonic myths, but it lead to the contemplation of forms which artists
could never have conceived. The quest for a rational explanation of the phenomena3 did not only
lead to a better physical explanation of nature, but also to a philosophical paradigm shift, to
technological and artistic revolutions, and to a form of intimate understanding of space, time, and
the Universe for many, including physicists.

Special and general relativity (see Section 1.1.2) proved this intuition to be a biased, a posteriori
understanding of space and time, as they were unified into a continuum, and their comprehension
was bounded to that of matter. In spite of this, the dominant assumption that the Universe was
eternal remained. After discovering the existence of other galaxies than the Milky Way, Hubble
(1929) proposed his law, according to which the recessional velocity of galaxies increases with
their distance to the observer4. When the priest Georges Lemaître proposed to interpret these
observations through his theory of the ‘primordial atom’ (Lemaître, 1931), stating a constantly
expanding Universe yielded an infinite concentration of matter at some point in the past, he
was criticised by his pairs. Some feared an attempt to re-introduce the ‘beginning of the world’,
and some of the most eminent physicists of the time – amongst whom Albert Einstein – were
reluctant to admit such a possibility at first. Although this Big Bang was later confirmed by
observations, this comes to outline the biases of even the greatest scientists. The millennial struggle
to understand nature, and to free its explanation from tradition, to root it in theory and experience,
did not come without a few prejudices of its own. My understanding of the everlasting dialogue
between philosophy and physics is rooted in this history: science brings empirical and theoretical
innovations, which must be enlightened and justified philosophically a posteriori. Conversely,
scientists can find in epistemology and philosophy of knowledge a way to take a step back on their
field, to consider their own biases. In the past centuries, this dialogue has been one of the most
important motors of history. It is the most ethical and the most efficient way to pursue Thales’
quest to understand matter and the cosmos.

1Descartes was far from being the first scientist as the scientific method was becoming increasingly clear and
widely spread from the late Renaissance, with thinkers as Francis Bacon or Galileo Galilei playing a key role.
Moreover we can trace paradigms such as empiricism at least as far as the great Aristotle. Descartes’ key role must
be sought in his association of a philosophical doubt with a systematic method of enquiry, inspired by mathematics.

2There was never a unique understanding of the Universe; however the common conception of physical time and
space as absolute and infinite, beyond the content of the Universe, dominated the 18th and 19th centuries.

3According to Kant, a phenomenon is an event which appears to an observer.
4Vesto Slipher previously showed galaxies were moving away from the observer. Georges Lemaître proved the

Hubble law two years before Hubble himself, but had a limited impact (Lemaître, 1927).
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1.1.2 Elements of General Relativity
Whether it is due to the outstanding progress of instruments, or to the scientific revolution

atmosphere in physics, the hypothesis of eternity of the Universe collapsed within 26 years after
its absolute, Newtonian, character. Indeed, in 1905 Albert Einstein proposed that space and time
would be bounded through the metric element ds, writing the one time dimension dt and the three
spatial ones (dx, dy, dz):

ds2 = gµνdxµdxν , (1.1)
where gµν is the metric tensor, (µ; ν) ∈ {0; 1; 2; 3} representing respectively the time and the three
spatial dimensions. When these indices appear in a same expression as covariant and contravariant,
they are implicitly summed. In such a space-time continuum, a free particle is only submitted to
the metric curvature, i.e. to gravitation.

Because of the mass-energy equivalence, first established by Einstein (1905), we can introduce
at once all forces in Tµν , the energy-momentum tensor:

Tµν =
(

ρ + P

c2

)
uµuν − Pgµν , (1.2)

where c is the speed of light, uµ is the space-time quadrivector of speed, ρ the mass-energy density
and P the pressure.

Introducing the Ricci tensor Rµν , describing the local space-time curvature, let us write R =
gµνRµν the scalar curvature. The Einstein tensor Gµν describes the space-time geometry, as it is
defined only by the curvature gµν and its derivatives:

Gµν = Rµν − 1
2Rgµν . (1.3)

The intuition of Einstein (1915) was to relate the space-time curvature to the local matter-
energy content. This is the core idea of General Relativity (GR), which writes as the Einstein field
equation:

Gµν + Λgµν = 8πG

c4 Tµν , (1.4)

where G is the Newtonian constant of gravitation and Λ the cosmological constant, added added
by Einstein (1917) to allow for the Universe to be static. Retrospectively, there was no valuable
scientific motivation to add it, as Einstein could not know whether or not the Universe was static.
He accepted the possibility of an evolving Universe in 1931, and called the cosmological constant
‘the greatest stupidity of his life’. κ = 8πG/c4 is called the Einstein gravitational constant.

1.1.3 Friedmann-Lemaître-Robertson-Walker metric
Learning from Copernicus, astronomers did not have any reason to assume a particular position

or direction to be privileged in the Universe. This was elevated to the rank of cosmological principle:
on the large scales, the Universe would have to appear homogeneous and isotropic. Applying GR
to the entire Universe therefore yields a general form for the metric:

ds2 = −c2dτ 2 = −c2dt2 + a(t)2
(

dr2

1 − kr2 + r2dΩ2
)

, (1.5)
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in spherical coordinates (r; θ; ϕ) dΩ2 = dθ2 +sin2 θdϕ2. This is known as the Friedmann-Lemaître-
Robertson-Walker metric (FLRW, see Friedmann, 1922; Lemaître, 1927; Robertson, 1929, 1935,
1936a,b; Walker, 1937). We chose the metric signature (−; +; +; +). This convention yields
equivalent physics to its opposite, but we need to fix the geometric basis.

We introduced τ the proper time. Defining R(t) the radius of the observable Universe at
a given time, and R0 its present day value, one defines a(t) = R(t)/R0 the scale factor (with
a0 = 1). Its existence leads to counter-intuitive results: for instance, the distance between two
distant motionless objects may vary. Moreover, if the local velocities are capped in GR to the
celerity of light, distant regions may move away faster than light. Their peculiar motions matter
little to this result: it is the geometric manifold that is the cosmological space-time which evolves
to carry these regions away from one another. At last, k is the curvature factor. Let us notice
that k ∈ {−1; 0; 1} correspond respectively to an open, flat, and closed Universe (i.e. a hyperbolic,
Euclidean and spherical geometry respectively). With

Sk(χ) =


sinh (χ) k = −1
χ for k = 0
sin (χ) k = 1,

(1.6)

we can define the comoving distance χ such that r = Sk(χ), and use it to rewrite the FLRW
metric:

ds2 = −c2dt2 + a(t)2
(
dχ2 + S2

k(χ)dΩ2
)

. (1.7)

1.1.4 Cosmological redshift
As a direct consequence of the existence of the stretching of the space-time continuum by

the increase of the scale factor with time, the wavelength of a luminous source progressively gets
redshifted, i.e. the wave front emitted at time t, and at wavelength λ(t), extends with physical
distances. It is thus observed at t = t0 with a redshift:

z = λ0

λ(t) − 1 = a0

a(t) − 1, (1.8)

where λ0 is the observed wavelength. As the position and shape of various spectral lines is a
property of chemical elements, detecting a shift in the spectrum of distant cosmological objects
directly lets observers measure their cosmological distances.

In practice, as the scale factor continuously increased during the history of the Universe, the
cosmological redshift z is used as a measurement of distances or cosmic time from the observer (see
e.g. Figure 1.4, and equation 1.23 relating distance and redshift). It is in some situations a more
simple observable because the Hubble flow (Universe expansion) makes the space-time continuum
non-Minkowskian at large distances.

1.1.5 Hubble’s law
One can define the Hubble factor as

H(t) = ȧ

a
. (1.9)

H0, the present-day value of the Hubble constant, was measured by the Planck mission (Planck
Collaboration, 2020) using the Cosmological Microwave Background (CMB, read Durrer, 2015, for
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a review) to be 67.66±0.42 km.s−1.Mpc−1, by the Supernova H0 for the Equation of State collabo-
ration (SH0ES, Riess et al., 2022) on Cepheids and supernovae Ia to be 73.04±1.04 km.s−1.Mpc−1,
by the Pantheon+ collaboration (Brout et al., 2022) on a larger set of supernovae Ia to be
73.40+0.99

−1.22 km.s−1.Mpc−1, and by the H0 Lenses in COSMOGRAIL’s Wellspring collaboration
(H0LiCOW, Wong et al., 2020) on six gravitationally lensed quasars with measured time de-
lays to be 73.3+1.7

−1.8 km.s−1.Mpc−1. This large discrepancy between the local Universe and CMB
measurements for H0 value is known in modern cosmology as the H0 tension, and is the source of
many speculations (see for a review Schöneberg et al., 2022).

The value of H0 allows to predict the recessional velocity v of distant objects, due solely to the
Hubble flow – i.e. the expansion of the Universe. Given D the proper distance, the Hubble law
writes:

v = H0D. (1.10)
We can also define the Hubble radius RH = c/H0, and the age of the Universe 1/H0 ≃ 13.8 Gyr.

1.1.6 Friedmann equations
We can now write the Einstein field equation (1.4) for the FLRW metric. To satisfy the isotropic

principle, the universal fluid must be motionless on average. Thus its quadri-velocity only has a
temporal component: uα = (1, 0, 0, 0). The variation of pressure and energy-momentum density
can thus only be over time. From the time component only of the Einstein field equations, we
derive the first Friedmann equation; from the latter and the trace of equation, we derive the second:(

ȧ

a

)2
= 8πG

3 ρ − k
c2

a2 + Λc2

3 ,

ä

a
= −4πG

3

(
ρ + 3

c2 P
)

+ Λc2

3 .

(1.11)

One can notice that the cosmological constant is still present in these equations, as contempo-
rary cosmology suggests the existence of a dark energy field, acting as a repulsive force, counter-
balancing the effects of gravity (see notably Perlmutter et al., 1998; Riess et al., 1998; Perlmutter et
al., 1999). The most recent measurements suggest a very small value for Λ = (1.01±0.02)×10−35 s−2

(according to Prat et al., 2022).
Using the mass-energy conservation:

∇µTαµ = 0, (1.12)

we can include Λ in the equations defining ρ and P :

ρΛ = − Λc2

8πG
and PΛ = Λc4

8πG
, (1.13)

yielding a reformulation of the two Friedmann equations (1.11):

H2 =
(

ȧ

a

)2
= 8πG

3 ρ − k
c2

a2 ,

Ḣ + H2 = ä

a
= −4πG

3

(
ρ + 3

c2 P
)

,

ρ̇ = −3H
(

ρ + 1
c2 P

)
= −3Hρ(1 + w),

(1.14)
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where w = P/ρc2. We can thus define the critical density of the Universe:

ρc = 3H2

8πG
(1.15)

which evolves with the Hubble factor. This critical density is given in physical units and can thus
be written ρP

c for clarity. In a flat cosmology (k = 0), the first Friedmann equation thus writes
ρ = ρP

c .
For a non-relativistic, matter-dominated Universe, the low velocity of particles allows to neglect

the pressure Pm ≃ 0, leading to an equation of state wm = 0. In the case of a radiation dominated
Universe, the radiative pressure is Pr = ρrc

2/3, thus leading to wr = 1/3. The dark-energy
equation of state writes wΛ = −1, according to equation (1.13). At last, we can reformulate the
first Friedmann equation (1.14) so that the curvature term would be worth ρk = 3kc2/8πGa2. Thus,
the second Friedmann equation necessitates to write Pk = −c2ρk/3, and therefore wk = −1/3.

One can then define the density parameter:

Ω = ρ

ρP
c

, (1.16)

which is composed of a combination of radiation, matter and dark energy components:
Ω = Ωr + Ωm + ΩΛ. (1.17)

The curvature density parameter is then defined as:
Ωk = 1 − (Ωr + Ωm + ΩΛ). (1.18)

so, if for instance Ωk > 0, Ω < 1, implying k = −1, the Universe is open (hyperbolic geometry).
Assuming w to be constant for each substance i of the Universe, we thus can integrate the energy
continuity equation:

ρ =
∑

i

ρ0,ia
−3(1+wi), (1.19)

and thus the first Friedmann equation in the case of a flat Universe may be rewritten:

E2(a) =
(

H

H0

)2
= Ω0,Λ + Ω0,ka−2 + Ω0,ma−3 + Ω0,ra

−4. (1.20)

where the Ω0,i are the density parameters of each substance today. Present-day measurements of
the different density parameters suggest the values given in Table 1.1, and represented in Figure
1.1. Let us assume that non-relativistic matter is divided into visible matter (described by the
standard model of particle physics), and a more mysterious dark matter, whose interaction with
other species is assumed to only be gravitational (read Section 1.2.1 for more details). Using a
combination of the first Friedmann equation (1.14) and equation (1.19), one can find the time
evolution of the scale factor for the domination of the different species – which we call eras of
the Universe. For example, during the eras of radiation, matter and dark energy, the scale factor
evolves respectively as:

a(t) ∝


t1/2 wr = 1/3
t2/3 for wm = 0
exp

√
Λ/3 t wΛ = −1.

(1.21)

By utilising cosmological abundance observations, such as Planck’s, we may find the time of
equality of density of different species with equation (1.19). The dark energy era is that of the
accelerated expansion. The radiation-matter equality occurs at a cosmological redshift z ∼ 3400,
and the dark energy-matter equality at z ∼ 0.3.
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Baryonic matter
4.9%

Dark matter

26.1%

Dark energy

68.9%

Figure 1.1: Content of the Universe according to the satellite Planck (Planck Collaboration,
2020).

Table 1.1: Cosmological parameters measurements. H0 is given in km.s−1.Mpc−1.
h = H0/(100 km.s−1.Mpc−1). Ωb and Ωc denote respectively the density parameters of baryons

and cold dark matter. Planck data are presented in Planck Collaboration (2020).

Planck mission This thesis
H0 67.66 ± 0.42 70
Ωm 0.3111 ± 0.0056 0.30
Ωbh

2 0.0224 ± 0.0001 0.0237
Ωch

2 0.1193 ± 0.0009 0.1233
ΩΛ 0.6889 ± 0.0056 0.70
Ωr (9.18 ± 0.18) × 10−5 0

1.1.7 Remarks on dark energy and curvature
Since Copernicus, cosmologists and scientists in general have become wary of coincidences

placing observers or the mankind as a whole in a specific region of the Universe, without any
better justification than luck. Because the matter-dark energy equality is so close in time to
us as observers (∼ 4 Gyr in the past), the dark energy density approximately equals that of
matter density today. Even though this does not cause any observational problem, it could be
qualified as suspicious in Copernican terms5, suggesting the mankind lives at a ‘special moment’
of cosmological history. This coincidence problem is a philosophy of science argument, but adds
to a number of other criticisms which can be addressed to dark energy. Indeed, as previously
outlined, the cosmological constant was reintroduced to explain the acceleration of the observed
cosmological expansion, but was not motivated by any specific theoretical prediction. This is not
to say there is no explanation to what dark energy could be (a simple field of energy of space-time,
or fifth essence6 i.e. quintessence), but simply that the canonical cosmological model with dark
energy must be considered cautiously and for what it is – an empirical model.

5‘Whenever we find coincidences in a physical theory, we should be highly suspicious about the theory.’ –
D’Inverno (1992).

6The first four essences being radiation, baryons, dark matter and curvature.
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Ωm = 0 ; ΩΛ = 1

Ωm = 10 ; ΩΛ = 0

Figure 1.2: Scale factor a in different cosmologies, obtained solving the second Friedmann
equation. h = 0.6766 in all cases. Blue: Planck values. Red: Einstein-de Sitter cosmology with
matter only Ωm = 1. Green: Underdense Universe with matter only. Cyan: Einstein-de Sitter

cosmology with dark energy only ΩΛ = 1. Magenta: Overdense Universe with Ωm = 10, leading
to a Big Crunch (collapse of the Universe).

Moreover, having this field to be of constant energy is the most simple model, but other
parametrisations exist. The equation of state of dark energy writes (according to Chevallier and
Polarski, 2001; Linder, 2003):

wΛ = w0 + wa(1 − a). (1.22)
Let us notice a number of other dark energy parametrisations are possible (Wetterich, 2004; Bar-
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boza and Alcaniz, 2008; Öztaş et al., 2018; Öztaş, 2018).
The optimisation of solely w0 (with wa = 0) using the Planck dataset yields −1.04 ± 0.10.

Marginalising over all cosmological data (Planck mission; SDSS IV, see Alam et al., 2021, notably
Figure 12) an extended cosmological model allowing non-zero curvature and non-constant dark
energy, one finds values k = 0, w0 = −1 and wa = 0 to be favoured. Similarly to the coincidence
problem, the fact that the Universe appears to have no curvature could be a form of fine tuning
(Ωk could be any value but appears to be 0) and is sometimes referred to as the flatness problem.

In the previous sections and from now on, we choose a cosmological model FLRW metric with
a cosmological constant Λ and cold dark matter (referred to as ΛCDM, or concordance model) –
cold dark matter (CDM) only interacts gravitationally with baryons7. We use the cosmological
parameters presented in Table 1.1, which also contains the reference values considered in this
thesis. The radiation content of the Universe Ω0,r = (9.18 ± 0.18) × 10−5 can be neglected. We
assume a flat cosmology k = 0, and no deviation from the dark energy equation of state wΛ = −1.

1.1.8 Distances in cosmology

1.1.8.1 Comoving distance

Given the definition of the comoving radial distance χ between an observer and an object at a
given redshift z in Section 1.1.3, let us write it (e.g. in Lachièze-Rey et al., 1999; Bernardeau and
Valageas, 2000)8:

χ(z) = d(t)
a(t) = c

H0

∫ z

0

dζ

E(ζ) = c

H0

∫ z

0

dζ√
ΩΛ + Ωk(1 + ζ)2 + Ωm(1 + ζ)3 + Ωr(1 + ζ)4

,
(1.23)

with d the physical distance. We could rewrite Hubble’s law (equation 1.10):

dχ

dt
= 0 =⇒ dd

dt
= ȧ

a
d. (1.24)

1.1.8.2 Transverse comoving distance

The comoving distance is unaffected by expansion. We may define a specific distance, also
unaffected by curvature, the transverse comoving distance fK :

fK(z) =


c

H0
(Ωk)−1/2 sinh

(√
Ωk

H0
c

χ(z)
)

Ωk > 0
χ(z) for Ωk = 0

c
H0

(−Ωk)−1/2 sin
(√

−Ωk
H0
c

χ(z)
)

Ωk < 0.

(1.25)

An sphere at a constant comoving radius χ would have a constant area 4πa2(χ)f 2
K(χ). The

transverse comoving distance is thus sometimes called the areal comoving radius (Fleury, 2015).
7In astronomy, baryonic matter does not only designate protons and neutrons, but also electrons and all objects

formed by them, even in black holes. Neutrinos, radiation, and critically dark matter are not considered to be
baryonic. One can read this on the SAO Encyclopedia of Astronomy.

8To check a comoving distance calculus, one can for instance use iCosmos.
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Figure 1.3: Compared distances in cosmology, with the Planck values.

1.1.8.3 Luminosity distance

Let us denote the bolometric luminosity (i.e. the integrated luminosity over the whole spectrum)
and flux of an astronomical object (e.g. a galaxy) L and F respectively. One can thus define the
luminosity distance dL such that:

F = L

4πd2
L(z) ,

dL(z) = (1 + z)fK(z),
(1.26)

where the factor (1 + z) is due to the redshift of the photon (the spectrum is dilated with time,
on top of the three spatial dimensions dilatation embedded in the comoving fK).
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1.1.8.4 Angular diameter distance

If we examine an object of physical size l, then it will appear under an angle α, allowing to
define dA, the angular diameter distance:

α = arcsin l

dA(z) ≈ l

dA(z) ,

dA(z) = fK(z)
1 + z

.

(1.27)

The division by (1 + z) comes from the fact that the wavefront is a surface, hence only redshifted
in two spatial dimensions (where fK(z) is in three).

1.1.8.5 Comoving volume

The comoving volume element in cosmology thus reads:

dV C = c

H0

(1 + z)2d2
A(z)

E(z) dzdΩ, (1.28)

where E(z) is defined in equation (1.20), for a volume element dΩ. In the case k = 0:

V C = 4π

3 f 3
K(z). (1.29)

1.1.8.6 Comoving density

We can define comoving observables, such as the volume density:

ρC
c = ρP

c a3 = 3H2
0

8πG
a3E2(a). (1.30)

The critical density specific to a matter-dominated Universe reads:

ρC
c,m = 3H2

0
8πG

Ω0,m, (1.31)

and the density contrast (or overdensity):

δ(x⃗, t) =
ρP

m(x⃗, t) − ρP
c,m(t)

ρP
c,m(t) =

ρC
m(x⃗, t) − ρC

c,m(t)
ρC

c,m(t) , (1.32)

which is defined only for matter. The division makes the definition relevant for comoving or
physical densities. This definition is valid in the specific case of flat geometry (k = 0), as it
assumes the critical density equals the mean density of the Universe.

1.1.9 Power spectrum
In order to understand the distribution of matter in the Universe, we use the two-point cor-

relation function of r distant points. We denote this two-point correlation function ζΘΞ(r) =
9Transparent here means free-streaming, as for CMB photons. Interactions are still possible, but extremely rare.
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Figure 1.4: Evolution of the Universe. After Big Bang (BB), the four fundamental forces
decouple and inflation expands the Universe by a factor ∼ e60. Afterwards, as the Universe cools

down while expanding, it becomes transparent to neutrinos9, yielding the Cosmic Neutrino
Background (CνB). Between ∼ 2 and 20 minutes after BB, the Big Bang Nucleosynthesis (BBN)

fuses hydrogen nuclei into a variety of light elements, mostly helium. At zrec ∼ 1100, the
temperature reaches ∼ 3000 K, allowing for electrons to recombine with nuclei, making the

Universe transparent to light. This produces the Cosmic Microwave Background (CMB). The
density fluctuations observed at that time (see Figure 1.5) progressively grew by gravitational
collapse. The CMB decoupling was followed by the Dark Ages, where the only occasional light
production was through hydrogen 21 centimetre line emission. As Large Scale Structures (LSS)
formed, the first galaxies and quasars radiated charged particles, resulting into a reionisation of
the Universe (at zrei ∈ [7; 30]). Through successive mergers, galaxy clusters then grew in scale to

produce the Universe as it is today.
Credits: ESO.

⟨Θ∗(x)Ξ(x + r)⟩x, for homogeneous Θ and Ξ fields. Defining the Fourier transform for a function
f , in a n dimensional real space as:

f̂(k) =
∫

Rn
dnxf(x) exp(ix · k), (1.33)

we define PΘΞ the power spectrum of a wavenumber k in the general case (Harrison, 1970;
Zel’dovich, 1972):

PΘΞ(k) =
∫ d3r

(2π)3 ⟨Θ∗(x)Ξ(x + r)⟩x exp(ik · r) = 1
(2π)3 ⟨Θ∗(k)Ξ(k)⟩, (1.34)

as in general:
⟨Θ∗(k)Ξ(k′)⟩ = (2π)3 δD(k − k′) PΘΞ(k), (1.35)

where δD represents the Dirac distribution.
This power spectrum allows to analyse the correlation of two different observables at different

scales in the Universe. For example, Pδδ, the overdensity power spectrum describes the density
contrast of the Universe as a function of scale.

We may further decompose an observable Θ into spherical harmonics Θlm in order to study
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Figure 1.5: Mollweide projection of the CMB, as observed by satellite Planck. Credits: Planck
Collaboration (2016).

their average value and fluctuation:

Θlm =
∫

dn Y ∗
lm(n) Θ(n) =

∫ dk

(2π)3 4πiljl(kDΘ) Y ∗
lm(k) Θ(k), (1.36)

where
∫

dn is the integral over all directions on a sphere, Ylm are the normalised Laplace spherical
harmonics10, jl are the Bessel spherical functions, only depending on the norm k of k and DΘ =
fK(zΘ) the transverse comoving distance of the decomposition sphere. One can derive the spherical
correlation coefficient (Hu, 2003)11:

CΘΞ
l = ⟨Θ∗

lm(k) Ξlm(k′)⟩ = 1
2π2

∫
d3k jl(kDΘ)jl(kDΞ) PΘΞ(k), (1.37)

In practice, to take a closer look at possible high-order l – small distances – differences, we
examine the correlation coefficients through:

Dl = l(l + 1)
2π

Cl. (1.38)

10Where we have the normalisation |Ylm|2 = 1
4π .

11Let us notice we have implicitly used the ergodic hypothesis to write:〈∫
dk

∫
dk′ Θ∗(k) Ξ(k′)

〉
=
∫

dk

∫
dk′ ⟨Θ∗(k) Ξ(k′)⟩.
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Figure 1.6: Temperature power spectrum (Planck Collaboration, 2016). This shows the
remarkable agreement between the standard model of cosmology ΛCDM and the observational
Planck data. l = 30 is displayed with a grey dashed line. For l ≥ 30, the best fit is provided by

Plik, and for l < 30, with Commander.

At large l ≫ 1, one can use the flat-sky and the Limber approximations (l ≈ kfK(z), see Limber,
1954) to simplify this expression for the temperature contrast:

DT T
l ≈ k3PT T (k)

2π2 . (1.39)

Planck measured precisely this observable as presented on Figure 1.6, concluding to a remarkable
agreement with the ΛCDM cosmological model. More generally, the power spectrum (of temper-
ature, of the overdensity δ, etc.) contains important information on the cosmological model.

1.2 Dark matter
We have already hinted in the previous section at a non-relativistic matter component, not

made of baryons: dark matter (DM). We discuss its observational motivations, and review a few
models to explain its nature.
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1.2.1 Astronomical motivations for dark matter
Excessive velocity dispersions were first discussed, in the case of stars in the Milky Way, by

Lord Kelvin, and Henri Poincaré called this idea ‘matière obscure’ (‘dark matter’, Poincaré, 1906).
Historically, the first evidence of missing massive matter came from the velocity dispersion of in-
dividual galaxies in the Coma and Virgo galaxy clusters. Indeed, Zwicky (1933), Smith (1936),
and Zwicky (1937b) noticed the enormous velocity dispersion of galaxies in these clusters. Zwicky
applied the virial theorem to determine their mass (see equation 1.46), and found evidence of miss-
ing matter he called ‘dunkle Materie’ (‘dark matter’). He was however conscious the intergalactic,
baryonic medium could not be taken into account, as its density had not been measured yet. A
more complete history record of the origins and first ideas of dark matter can be found in Bertone
and Hooper (2018).

The problem was then found to also extend to galaxies themselves. The rotation velocity in
the outskirts of the neighbour spiral galaxy Andromeda (M31) was found to be much higher than
expected, and the mass-to-light ratio to be very small (Babcock, 1939; Oort, 1940). In Davidsen
et al. (1973), the intracluster gas in the Coma cluster was proven to not be sufficient to bound it
gravitationally, excluding a possible baryonic explanation. Moreover, Rubin and Ford (1970) and
Rubin et al. (1980) used stellar observations to provide evidence the rotation curves of galaxies
were approximately flat out of the very core, meaning the rotation speed are constant. This result
was consolidated at larger radii by Bosma (1981), who utilised 21 cm astronomy to observe the
rotation velocity of neutral hydrogen in spiral galaxies. No explanation with observable matter
could be provided, and dark matter started appearing to be a possible beyond-Standard Model
of particle physics element. An empirical explanation was then proposed, under the form of the
existence of a dark matter halo associated to each galaxy and cluster of galaxies (in Einasto et al.,
1974; Ostriker et al., 1974).

In the 1980s, the first strong gravitational lensing observations provided a new probe of total
gravitational potential of galaxy clusters. Indeed, as presented in details in Chapter 2, in GR
massive astrophysical objects (the lenses) may distort the space-time continuum. As a result,
the light travelling from a background luminous source close to the lens – observer line-of-sight
may be deflected. This creates an image of the source with a different position and geometry
than without the foreground lensing object. This lensing effect may even produce one background
source to be multiply-imaged to the observer. With precise lens modelling, it is possible to infer
the gravitational properties of a lensing galaxy cluster, as pioneered in Walsh et al. (1979). As a
result, the massive dark matter could be detected with gravitational lensing, as reviewed in Ellis
(2010). The agreement between this mass measuring technique and dynamical studies pointed to
about 85 % of the mass of clusters missing.

In Clowe et al. (2004, 2006), the merging cluster 1E0657-558, nicknamed the ‘Bullet Cluster’,
was found to present a large offset between the baryonic hot gas ICM observed in the X-rays, and
the gravitational potential distribution, reconstructed with gravitational lensing. This allowed
to set important constraints on the possible self-interaction rate of dark matter as pioneered in
Markevitch et al. (2004): assuming the collision occurs in the plane of the sky, the gas lagging
behind the centre of the main subcluster galaxies provides important information on the difference
of collision occurring in each component. The gas is submitted to ram pressure (see Section 1.3.4.1)
while galaxies and dark matter appear to be collisionless. This scenario was then discovered in
other clusters such as MACS J0025.4-1222 in Bradač et al. (2008). As a result, Markevitch et al.
(2004) find the DM self-interaction cross-section to mass ratio to be σχχ/mχ < 1 cm2.g−1.
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Fig. 1. from A Direct Empirical Proof of the Existence of Dark Matter
Clowe et al. 2006 ApJL 648 L109 doi:10.1086/508162
http://dx.doi.org/10.1086/508162
© 2006. The American Astronomical Society. All rights reserved. Printed in U.S.A.

Figure 1.7: Bullet Cluster, as observed in Clowe et al. (2006). The green contours denote the
convergence κ, reconstructed with weak lensing. The convergence peaks are presented in white,

denoting the highest mass – and thus dark matter – densities. The image presents Chandra
X-ray data, therefore showing the intra-cluster medium to lag behind the massive components of

the cluster, due to the ram stripping pressure.

In the 1980s and 1990s, missions RELIKT-1 and the Cosmic Background Explorer (COBE,
Smoot et al., 1992) provided the first CMB temperature anisotropy measurement, but it is its
successor, the Wilkinson Microwave Anisotropy Probe (WMAP, see Bennett et al., 2003; Hinshaw
et al., 2013) which provided proof of the existence of another type of non-relativistic matter.

At last, N-body simulations in the recent years have also risen new problems. We briefly discuss
the cusp-core problem in Section 1.3.3.2. Simulations also yield a much larger number of satellite
galaxies to the Milky Way than observations (Drlica-Wagner et al., 2015), yielding the Missing
Satellite Galaxies problem (Klypin et al., 1999; Moore et al., 1999b). Probing satellite galaxies to
the Milky Way is also a way to set constraints on some dark matter models (see Boehm et al.,
2014; Nadler et al., 2021). Moreover, the local Universe does not seem to contain as many massive
galaxies as it should according to ΛCDM structure formation models predictions. Because halos
of 1010M⊙ should form stars efficiently, they should be observable. This is referred to as the ‘too-
Big-to-Fail’ problem (Boylan-Kolchin et al., 2011). In 2022, the search for dark matter is one of
the most pressing problems both in astrophysics and particle physics. (for reviews of dark matter
in the context of astronomy, see Bullock and Boylan-Kolchin, 2017; Buckley and Peter, 2018).
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1.2.2 Summary of dark matter models
In Section 1.2.1, we have alluded to astronomical motivations for dark matter, including the

rotation curves of galaxies, galaxy clusters physics, gravitational lensing, the CMB and simulations.
In this Section, we present the more general context of dark matter particle candidates research.

1.2.2.1 Dark matter properties

In spite of being the most precise theoretical model ever elaborated, the Standard Model of
particle physics (SM) can not be considered to be complete. From an observational astronomy
perspective, it notably fails to propose a candidate for dark matter. Indeed, to be a possible DM
candidate, a particle needs to be following the following properties.

• Besides gravitationally, the interaction of DM with SM particles is constrained, i.e. the
σχb cross-section is weaker than the SM electromagnetic or strong interactions. Otherwise,
merging clusters such as the Bullet Cluster could present visible ICM-DM interactions12.
Moreover, this possible interaction should be weak enough not to suppress the matter power
spectrum at early cosmic times, as baryonic matter and radiation could prevent DM density
perturbation growth.

• Strong DM self-interactions could modify the matter power spectrum, e.g. creating dark
matter acoustic oscillations (see Bœhm et al., 2001, 2002, 2003). This could delay the
growth of structures. As a consequence, the observed size of DM halos in clusters and
galaxies constrains the scattering of DM – with other species including itself.

• Dark matter models are commonly distinguished between Cold DM (CDM, see Peebles,
1982), Warm DM (WDM, see Bond et al., 1982; Blumenthal et al., 1982, 1984) and Hot DM
(HDM, see Doroshkevich et al., 1981; Zel’dovich et al., 1982; Bond and Szalay, 1983; White
et al., 1983). These terms however do not refer to the temperature of the DM fluid, but to
the speed of particles in the epoch of structure formation: the ‘hottest’ dark matter scenarios
correspond to the fastest DM particles (Bertone and Hooper, 2018). As a consequence, HDM
presents ultra-relativistic DM velocities, and therefore large free-streaming scales (see Boehm
and Schaeffer, 2005), which results into the suppression of small-scale structures. The early
formed massive structures would then have fragmented to form the Universe known today.
Conversely, CDM presents a much smaller free-streaming scale, allowing the formation of
small structures, and thus for a hierarchical model of structure formation. CMB surveys
such as Planck present an isotropic early Universe, which could not have formed the earliest
galaxies observed if the free-streaming scale of DM was too important. As a consequence,
HDM is considered to be ruled out as the only explanation for DM. Let us note the particle
free-streaming decreases as the DM particle mass is increasing. As this small-scale suppres-
sion depends on DM mass (and free-streaming length), an intermediate mass range WDM
(mχ ∼ keV, see Schaeffer and Silk, 1988; Bode et al., 2001) may be allowed, as long as it
allows to explain the existence of the smallest observed structures requiring DM clustering
from e.g. the Lyman-α forest13 (Yèche et al., 2017; Murgia et al., 2018), stellar streams

12This yields σχb ≲ 10−25 cm2, which is still allowed to be larger than the Thomson scattering, i.e. commensurable
with an electroweak interaction.

13The Lyman-α forest, discovered by Lynds (1971), arises from an electronic transition in neutral hydrogen. This
neutral hydrogen emitted light in the early Universe, e.g. in quasars, yielding a Lyman-α emission peak. The ‘forest’
is composed of absorption lines due to the foreground gas. Its observation allows to constrain the cosmological model
(Weinberg et al., 2003). One can visualise the forest with this animation.
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(Banik et al., 2021) and strong gravitational lensing (Gilman et al., 2020). WDM may even
alleviate the too-Big-to-Fail problem (Lovell et al., 2017). A candidate as WDM could be
sterile neutrinos (Boyarsky et al., 2019).

• The Big Bang Nucleosynthesis (BBN) model predicts extraordinarily well the atomic abun-
dances of light elements, constraining the SM critical density Ωb to be smaller than the total
matter density Ωm: Ωb < Ωm. A possible strong coupling between DM and baryonic matter
is allowed before BBN, but the density of DM should be compatible with BBN, and explain
the Ωm − Ωb difference (see e.g. Bœhm et al., 2013).

• Given that the non-baryonic, non-relativistic critical density observed before BBN and at
present day are sensibly the same, DM can not decay at a significant rate compared to the
lifetime of Universe. This constrain is set by the matter power spectrum (the DM inverse
lifetime must be ≲ 10−2 Gyr−1, see Poulin et al., 2016).

We shortly summarise here a few different types of candidates to explain dark matter, rep-
resented on Figure 1.9. More thorough, useful reviews include Griest and Kamionkowski (1990),
Feng (2010), Bauer and Plehn (2017), Bertone and Hooper (2018), and Lin (2019).

1.2.2.2 Modified gravity

Modified gravity is the main alternative to dark matter. Its core idea is to modify the laws of
gravity. It was first explored by Milgrom’s Modified Newtonian Dynamics (MOND, see Milgrom,
1983a,b,c), which explains the rotation curves of galaxies without dark matter (Sanders, 1996).
According to this model, gravity behaves differently than predicted in Newtonian physics in the
weak acceleration limit. This may explain the baryonic Tully-Fisher relationship (see McGaugh,
2012, and equation 1.50). Another advantage of modifying gravity could be to explain naturally
dark energy, such as in Nojiri and Odintsov (2003). Moreover, Chae et al. (2020) point to a
breakdown of the strong equivalence principal, one of the cornerstones of general relativity but not
of MOND.

In order to unify modified gravity (MG, see Nojiri et al., 2017, for a review) with the obser-
vational successes of GR, Bekenstein proposed a covariant Tensor-Vector-Scalar (TeVeS) modified
gravity, matching MOND in the weak field limit and GR in stronger fields (Bekenstein, 2004).
The major problem of TeVeS however is that it fails to explain CMB observations, and notably
the difference between the baryon density Ωb and the matter density Ωm, or the power spectrum
of large scale structures (Skordis et al., 2006; McGaugh, 2015). Some models try to address this
issue (such as Skordis, 2009; Skordis and Złośnik, 2021).

Nevertheless, the weak lensing KiDS survey appears to be in agreement with MOND as of
Brouwer et al. (2021) and weak lensing surveys may in fact allow to discriminate modified gravity
models from ΛCDM in the future. However, strong lensing may be more powerful tool to rule
out modified gravity models (see Capozziello et al., 2006, for a review). Nieuwenhuizen (2017)
argues the measured potential in the centre of clusters, where Newtonian dynamics should apply,
requires a dark matter explanation. A number of MG analyses indeed need to add more matter
to be justified (Sanders, 2007). Moreover, the joint ICM and lensing analysis of the Bullet Cluster
suggests the ICM (composing the majority of the baryonic mass) presents a strong positional offset
from the mass distribution centres. This tends to favour a matter component rather than MG.
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Figure 1.8: MACHO constraints presented in Brandt (2016). fDM,max represents the maximum
fraction of DM which can be MACHO.

1.2.2.3 Massive compact halo objects (MACHO)

Massive compact halo objects (MACHO) are candidates to explain the missing mass in galaxies
without requiring a new type of matter, but rather dim baryonic objects. These could be composed
of compact objects, brown dwarfs, rogue planets and other faint baryonic objects. These objects
generate microlensing events, i.e. lensing by compact objects as described in Chapter 2. The
observation of the number of occurrences of such events allows to constrain the fraction of MACHO
which may be considered as DM. The present-day surveys suggest such objects are disqualified
to represent a sizeable fraction of dark matter (see Freese et al. 2000; Alcock et al. 2001; surveys
include the MACHO Project, Alcock et al. 1997, the Expérience pour la Recherche d’Objets Sombres
– EROS, Tisserand et al. 2007, and the Optical Gravitational Lensing Experiment – OGLE, Udalski
et al. 1997). Other considerations such as the observation of compact stellar systems (Brandt,
2016) or metallicity measurement also allow to constrain the ‘MACHO as DM’ parameter space:
the maximum fraction of MACHO possible for DM in the stellar mass range is fDM,max ≲ 0.4, as
represented on Figure 1.8. Research in this field continues, and the possibility of MACHO being a
part of the missing mass alongside another component, such as e.g. primordial black holes (Calcino
et al., 2018) is still explored.
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1.2.2.4 Primordial Black Holes (PBH)

Figure 1.9: A few dark matter candidates allowed mass range, taken from Lin (2019).

Primordial Black Holes (PBH, first presented in Zel’dovich and Novikov, 1967; Hawking, 1971;
Carr and Hawking, 1974; Chapline, 1975) are assumed to have formed from the collapse of density
perturbations of the early Universe. In this way, they are a type of MACHO, as they do not
require beyond standard model (BSM) physics to be explained. If forming before the BBN, PBH
could be considered to be non-baryonic, and thus would be similar to CDM and compatible with
BBN. For a review on PBH as DM, one may read Carr and Kühnel (2020, 2021). As MACHO,
they could be constrained using microlensing events (see Tisserand et al., 2007), but also through
their expected Hawking radiation (see Hawking 1975 for Hawking radiation, and Carr et al. 2010
for the constraints on PBH), dynamical effects on stellar systems (Brandt, 2016), extragalactic
lensing (Zumalacárregui and Seljak, 2018) and early accretion (Hektor et al., 2018).

Since 2019 and the detection of an intermediate mass range black hole merger with LIGO/Virgo
(Abbott et al., 2020a,b), PBH as DM have benefited a renewed interest. Indeed, this mass range
of black holes could be explained by PBH (Bird et al., 2016), and not by star formation models.
Assuming PBH to constitute a sizeable fraction of DM, Sasaki et al. (2016) and Ali-Haïmoud et al.
(2017) claim that their binary production rate should be much higher than observed by gravita-
tional wave interferometry LIGO/Virgo. However it may be possible to evade these constraints
in the 30 − 100M⊙ range treating PBH with a Thakurta metric instead of Schwarzschild (Bœhm
et al., 2021).

1.2.2.5 Weakly Interacting Massive Particles (WIMP)

Given the few known DM properties (see Section 1.2.2.1), the remaining class of candidates
needs to be made of weakly interacting massive particles, referred to as WIMP (see Bertone et al.
2005; Bauer and Plehn 2017 for a theoretical review, and Schumann 2019 for WIMP detection
review).
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Figure 1.10: Dark matter freeze-out comoving densities, given different ⟨σv⟩. In the first phase
(mχ < T ), the thermal bath of SM particles is in chemical equilibrium with DM annihilation, and

thus the comoving densities are constant. Under the effect of expansion, the DM annihilation
back reaction stops as the temperature of the Universe drops T < mχ. As a result, the comoving
DM density exponentially decreases. The black curve represents the chemical equilibrium. The
chemical decoupling of the SM and DM densities, due to the statistically low probability of DM
self-interaction, freezes-out the DM comoving density to a constant value, observed in the later

Universe. The value of the comoving DM critical density parameter Ωχh2 is inversely
proportional to the annihilation cross-section times velocity ⟨σχχv⟩, as presented for the blue,

green and red curves. Credits: Arcadi et al. (2018).

Thermal production

The standard mechanism to produce WIMP particles as DM (χ) is to assume they were in
chemical equilibrium with SM particles (f) in the early Universe thermal bath: χχ ⇌ ff , described
by the Boltzmann equation (see Hut, 1977; Lee and Weinberg, 1977; Kolb and Turner, 1990):

dnχ

dt
+ 3Hnχ = −⟨σχχv⟩

[
nχ − (neq

χ )2
]

, (1.40)

where ⟨σχχv⟩ is the thermally averaged DM annihilation cross-section times velocity, and neq
χ the

dark matter equilibrium number density. With s the comoving entropy density, one can rewrite
equation (1.40) with the relic yield Y = nχ/s as a function of x = mχ/T :

dY

dx
= −C⟨σχχv⟩

x2

[
Y 2(x) − Y 2

eq(x)
]

,

C =
√

πg⋆

45 MPlmχ,

(1.41)

where MPl is the Planck mass, and g⋆ the number of relativistic degrees of freedom of the tem-
perature (Steigman et al., 2012). As long as the temperature of the Universe is sufficient, the
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comoving density of both species remains constant. As the Universe expanded, it cooled down.
As a result, the DM annihilation only remained: χχ → ff , as the thermal bath of SM particles
was not energetic enough to yield the reverse reaction (T < mχ). Consequently, the DM density
decreases exponentially, following a distribution nχ ∝ (mχT )3/2 exp(−mχ/T ).

When the annihilation rate of DM Γχ reaches the Hubble factor:

Γχ = neq
χ ⟨σχχv⟩ = H, (1.42)

the self-interaction of DM becomes statistically impossible14, and DM decouples from the SM
thermal bath to keep a constant DM comoving density. As a result, the density of DM in the later
Universe is the relic of this early time chemical decoupling of SM, and of the subsequent DM freeze-
out (see Figure 1.10). The class of DM particles produced thermally in the early Universe and
frozen-out by expansion is known as the thermal relics (Zel’dovich, 1965; Chiu, 1966; Steigman,
1979; Scherrer and Turner, 1986). For a relic abundance generated with a WIMP mass scale
(mχ ∼ 100 GeV), the comoving critical density parameter reads:

Ωχh2 ≃ 0.1
(

3 × 10−26 cm3.s−1

⟨σχχv⟩

)
, (1.43)

i.e. the cross-section ⟨σχχv⟩ ∼ 3 × 10−26 cm3.s−1 is compatible with the present-day measurements
of the DM abundance. This corresponds to the scale of electroweak interactions. The natural
WIMP mass range15 and annihilation cross-section explaining the thermal relic density required
to constitute dark matter belongs to the same range as expected supersymmetric BSM models
(Srednicki et al., 1988; Gondolo and Gelmini, 1991; Jungman et al., 1996). This coincidence is
known as the ‘WIMP miracle’. We present the direct detection WIMP constraints on Figure 1.11.

Non-thermal production

The WIMP mass range can be complemented by another type of candidates: the Feebly In-
teracting Massive Particles (FIMP, see Hall et al., 2010; Bernal et al., 2017; Agrawal et al., 2021,
for a review). In the SM thermal bath of the early Universe, their density would initially have
been insignificant. They would have been produced non-thermally by a freeze-in mechanism – see
Figure 1.12. As FIMP interact very feebly with the SM sector, they were progressively produced
at very high temperature T > mχ in the early Universe SM thermal bath: ff → χχ. Their
comoving density never reached chemical equilibrium with the SM thermal bath (contrarily to
the freeze-out mechanism), and was thermally frozen by expansion, as the temperature dropped
to T < mχ. The FIMP production would have stopped because of the cooling down of the SM
particle bath. The comoving relic density would then depend on the DM coupling. To recover the
present-day DM density, we estimate the self-interaction of DM should be ⟨σχχv⟩ ∼ 10−47 cm3.s−1.
The FIMP mass range could extend much further the WIMP scale, possibly reaching the ultra-
light DM range. Some proposed candidates are also motivated by other SM problems, such as the
strong CP problem or the neutrino mass.

14This does not mean that it can not happen in some localised structures, but it does not govern the Universe as
a whole.

15mχ ∈ [10 GeV, 100 TeV], the higher bound being due to the unitary bound, or overclosure problem (Griest and
Kamionkowski, 1990). Lighter thermal DM candidates are however possible (Bœhm and Fayet, 2004).

16This is not a hard limit, and is described statistically. Here, it is defined as the cross section σd at which a
given experiment has a 90% probability to detect a WIMP with a scattering cross section σ > σd at ≥ 3 sigma.
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Figure 1.11: Direct detection constraints on a spin-independent elastic WIMP-nucleus scattering.
The green background is the excluded (90% probability) parameter space for a WIMP DM. The
yellow dashed line is the ‘neutrino floor’, i.e. the limit under which coherent neutrino scattering is

expected to be detected, and not distinguished from WIMP16. All coloured plain lines refer to
direct detection experiments. This is a reproduction of Figure 3 of Billard et al. (2022).

1.2.2.6 Ultra-light dark matter

Below the eV mass range, we refer to DM candidates as ultra-light dark matter (see Ferreira,
2021, for a review). The statistical behaviour of such light candidates follows that of coherent
fields. In the presence of a gravitational potential, it thus presents a Jeans scale (corresponding
to the de Broglie wavelength in the case of galaxies, i.e. the most compressed particles may be),
below which growth of perturbations is suppressed, resulting into a change of the small scale
power spectrum, and more cored DM halos. Dwarf spheroidal galaxies, the Lyman-α forest and
superradiance can therefore be used to set a constrain on the largest scales which can not be
washed out by ultralight dark matter: as typically these must be RJ = λdB ≲ 1 kpc, this yields a
minimal mass mχ ≳ 10−22 eV. This specific limit case at mχ ∼ 10−22 eV is called fuzzy cold dark
matter (FDM) and was proposed to solve the cusp-core halo problem (Hu et al., 2000; Hui et al.,
2017; Davoudiasl and Denton, 2019).

Axions in particular are pseudoscalar light particles, first proposed to explain the absence of
CP violation in quantum chromodynamics (QCD, see Peccei and Quinn, 1977; Kim and Carosi,
2010, for axions as solutions to this strong CP problem). More generally, string theory has provided
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Figure 1.12: Dark matter freeze-in comoving densities for different ⟨σv⟩. The solid black line
represent the relic yield Y = nχ/s assuming the SM particles to be in equilibrium with the DM,
where s is the entropy density of the plasma. The solid coloured lines represent the freeze-out
evolution of the relic yield; and the dashed coloured lines the freeze-in evolution. The arrows

indicate the effect of increasing the ⟨σv⟩ coupling strength for both processes. This is a
reproduction of Figure 1 of Hall et al. (2010).

motivations to look for axion-like particles (ALP) sharing the same type of properties, with different
theoretical motivations. To explain the possible generation of axions and ALP, a range of non-
thermal mechanisms have been imagined, such as the ‘misalignment mechanism’.

1.2.3 Self-Interacting Dark Matter constraints
In this Section, we present different methods used to constrain Self-Interacting Dark Matter

(SIDM, see Tulin and Yu, 2018, for a review) scenarios. SIDM can alleviate tensions between
the results of DM-only simulations, and observational problems such as the cusp-core problem
(Kochanek and White, 2000), the missing satellite galaxies problem or the too-Big-to-Fail problem
(Vogelsberger et al., 2016).

Gravitational lensing can be used as a probe of the DM self-interaction through the study of the
offset between the luminous galaxies and the dark matter halo (DMH). The strongest constraints
to this day are claimed by Meneghetti et al. (2001) at σχχ/mχ ≲ 0.1 cm2.g−1, in the context of
giant cluster arcs, for a DM-DM particle relative velocity vχχ = 1000 km.s−1.

In CDM scenarios without DM interactions, merging clusters simulations predict the dark
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Figure 1.13: Observational and experimental constraints on axions (and ALP), provided by
O’Hare (2020).

matter halo centre to be the same as that of luminous matter, whilst conversely SIDM scenarios
with a sizeable self-interaction predict the DMH to be slowed down (for SIDM simulations, see
Massey et al., 2011; Harvey et al., 2015; Robertson et al., 2017a,b)17. As a result, comparing the
respective positions of luminous and dark matter allows to set constraints on the self-interaction.

Moreover, including baryons in hydrostatic equilibrium in simulations, CDM scenarios as well
as SIDM appear to be possible, as baryons seem to alleviate a number of CDM-only simulational
problems. For instance, Despali et al. (2022) present simulations including baryons at hydrostatic
equilibrium, compatible with both CDM and with a self-interaction σχχ/mχ = 1 cm2.g−1, while
Robertson et al. (2019) claim to be in slight tension with strong lensing for the same σχχ/mχ value.
Using the X-COP cluster sample and self-interacting DM hydrodynamical simulations of cluster
formation (BAHAMAS-SIDM), Eckert et al. (2022a) find σχχ/mχ < 0.19 cm2.g−1. This outlines the
importance of baryons in understanding the DM distribution, and therefore its physical nature.

Another type of possible observational effect of SIDM is the modification of structure formation.
Using SIDM scattering rates through cosmic times of galaxy clusters, Robertson et al. (2015, 2017a)
present an analytical calculation of the rate of DM-DM scattering events Γχχ, for particle physics
models with velocity-independent (viSIDM) or velocity-dependent (vdSIDM) cross-sections. The
former case is found to mostly affect massive structures (≳ 1012M⊙) at late times (z ≲ 1), while the

17Let us note SIDM simulations may probe different models, e.g. elastic or inelastic scattering, or velocity-
dependent cross section.
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latter may peak at much earlier time, on smaller structures. While the former does not significantly
modify the power spectrum, the latter may wash out some small structures, producing effects
similar to that of WDM.

The study of the density power-spectrum, especially on the small physical scales, thus allows
to set constraints on the nature of DM. The local understanding of the distribution of DM and
of the overall physics of galaxy clusters is one of the most promising pathway to understand dark
matter.

1.3 The physics of galaxy clusters

1.3.1 The formation of galaxy clusters
When the expansion of the Universe cooled down the cosmological fluid to ∼ 3000 K, the elec-

trons combined to the atomic nuclei and the Universe became transparent to photons (see Figure
1.4). This recombination occurred about 380,000 years after Big Bang (i.e. zCMB ∼ 1100) and
produced the Cosmic Microwave Background (CMB) observed for instance by satellite Planck.
The Universe was then isotropic at large scales, but presented small local overdensities (tempera-
ture fluctuations of scale δT/T ≃ 10−5, possibly caused by quantum fluctuations during inflation).
According the hierarchical scenario of structure formation, primordial density fluctuations progres-
sively formed overdense regions through their gravitational collapse. The structures thus formed
would then progressively merge together to assemble into more and more massive objects. This
model is progressively detailed in Press and Schechter (1974), White and Rees (1978), Lacey and
Cole (1993), and Percival (2005). In particular, any self-gravitating structure of average density ρ̄,
whose pressure is insufficient to counter-act the gravitational forces is a Jeans instability. They are
characterised by a limit Jeans mass MJ . A structure of mass M > MJ is unstable and collapses,
where:

MJ = 4π

3 ρ̄R3
J ,

RJ = 2π

kJ

= cS

√
π

Gρ̄
,

(1.44)

with cS is the local speed of sound, RJ Jeans’ length and kJ Jeans’ wavenumber. With γ the ratio
of specific heats of the gas (e.g. γ = 5/3 for a mono-atomic gas), ma = 1 Dalton18 the atomic mass
constant (ma ≃ mH the mass of an atom of hydrogen), and µg the mean molecular weight of gas
(see equation 1.77), the speed of sound writes:

cS =
√√√√ 5kBTg

2π2(γ − 1)µgma

, (1.45)

with kB = 1.3806 × 10−23 m2.kg.s−2.K−1 the Boltzmann constant and Tg the gas temperature.
In an idealised spherical collapse, the structure growth follows four steps: (i) a linear evolution,

(ii) a non-linear collapse, (iii) a transition phase including oscillations of the size of the structure,
evolving towards equilibrium (this phase is sometimes called virialisation), and (iv) a relaxed phase,
at virial equilibrium. In the early Universe, the strong photon pressure in the structure exerted
an opposite force to that of the gravitational collapse. The opposite forces created acoustic waves,

18The Dalton, or unified atomic mass unit, is defined as 1 Da = m(12C)/12 ≃ 1.6605 × 10−27 kg.
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whose effects are bounded to the size of perturbations at a given redshift, i.e. the maximum distance
travelled by a sound wave. This effect, called baryon acoustic oscillations (BAO), is observed in
the (baryonic) large-scale structures (LSS), and as peaks in the density power-spectrum (Peebles
and Yu, 1970; Harrison, 1970; Zel’dovich, 1972; Seljak and Zaldarriaga, 1996; Eisenstein et al.,
2005). Their present day size is ≃ 150 Mpc ≃ 100h−1 Mpc19.

Upon reaching a critical density, baryons clustered into stars, which then formed galaxies,
which themselves evolved into groups and clusters of galaxies (observed as early as in Messier,
1781). The latter two of these structures are bounded gravitationally by a mass much higher than
that of baryons. Assuming General Relativity to be valid at long range, we thus assume dark
matter (DM) to play a fundamental role in the formation of large cosmological structures (as first
suggested by Zwicky, 1933). Relaxed clusters are therefore assumed to be mostly constituted of
three components: the easily observable stars in galaxies (∼ 5%), the hot ionised baryonic gas
known as the intra-cluster medium (ICM, ∼ 15%), and a large-scale dark matter halo (see Flores
and Primack, 1994, DM amounting to ∼ 80% of the clusters’ mass). The hierarchical model of
structure formation is more complex than a simple spherical collapse as it implies the existence of
a number of subhalos in the larger scale halos. These subhalos generally are a mixture of baryons
and dark matter, and their disruption, both through gravity and interactions with the ICM, is
an interesting avenue to probe the formation of structures, the ICM and dark matter itself (on
subhalos of galaxies or clusters, see e.g. Moore et al., 1999b; Gao et al., 2004; Carlberg, 2009;
Boylan-Kolchin et al., 2011; Boehm et al., 2014; Iocco et al., 2015; Dai et al., 2018).

Today galaxy clusters are the largest, most massive gravitationally-bound structures observable.
Their observation has repeatedly proven to be a fantastic laboratory to explore the physics of the
Universe, from the dark matter distribution and the hierarchical model of structure formation to
hot plasma physics (see e.g. Allen et al., 2011; Kravtsov and Borgani, 2012; Eckert et al., 2022a).
Their typical mass varies between orders of 1013 to 1015M⊙. There is no clear objective distinction
between clusters and groups of galaxies, but a rule of thumb can be to define groups of at least
tens of galaxies as a cluster. For a review on clusters, see Voit (2005).

1.3.2 Relaxed galaxy clusters

1.3.2.1 Virial theorem

A self-gravitating structure can be considered relaxed if the changes in the velocities of its
particles, due to encounters or interaction with its gravitational potential, are comparable to their
original velocities Binney and Tremaine (1987, Chapter 4). In other words, a system is relaxed if
it has largely forgotten its initial conditions. Once a structure achieves this sort of stability, it is
well described by it the virial theorem:

2K + U = 0, (1.46)

where K and U are the kinetic and gravitational potential energy of the structure respectively.
Their expressions change depending on the distribution of matter and energy within the structure,
but making a number of assumptions allows to evaluate the mass of galaxies and galaxy clusters,
as was first suggested by Zwicky (1937b). For a spherical body of uniform density, these values

19We remind we took h = 0.7 in this thesis.
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write:
K = 1

2Mv2 = 3
2Mσ2,

U = −3
5

GM2

R
,

(1.47)

where M is the mass of the structure, R the radius of the structure, v the average velocity of
the particles and σ the unidimensional average velocity dispersion. There, we assume that the
relationship between velocity and velocity dispersion to be Gaussian, such as in e.g. Yahil and
Vidal (1977), therefore leading to a mass:

M = 5Rσ2

G
. (1.48)

1.3.2.2 Overdensity mass and radius

More generally, the exact velocity dispersion and size of the structure are quite difficult to
measure for bound structures of numerous particles. For galaxy clusters, for an overdensity ∆
(given as a number, e.g. ∆ = 200), we define a given overdensity mass M∆,c and radius R∆,c (see
e.g. Nelson et al., 2014):

R∆,c =
{

R

∣∣∣∣∣ M(< R)
4
3πR3 = ∆ · ρP

c (z)
}

,

M∆,c = 4π

3 R3
∆,c∆ρP

c (z),
(1.49)

where ρP
c is the physical critical density at the cluster redshift z, and M(< R) the total mass

enclosed within a given radius, R. Let us notice M∆,m and radius R∆,m also exist, and use the
same formula (1.49), but substituting ρP

c by ρP
c,m (see equation 1.31).

1.3.2.3 Empirical luminosity of galaxies

A number of galaxy typologies exist, although the most well-known ones are described in
de Vaucouleurs (1959) and Sérsic (1963). In the interest of establishing empirical laws between
galaxies’ luminosity L and velocity of its members v, we consider spiral and elliptical galaxies.
The former obey the Tully-Fisher relationship described in Tully and Fisher (1977) and McGaugh
et al. (2000):

L ∝ W α, (1.50)
where W (v) is the asymptotic rotation curve of spiral galaxies, and α an exponent, found to range
within 3.5 to 4. In the case of elliptical galaxies, the relationship is given by the Faber-Jackson
empirical relationship (Faber and Jackson, 1976):

L ∝ σγ, (1.51)

where σ is the velocity dispersion in the fundamental plane of elliptical galaxies (see equation 3.1),
and γ ≃ 4 found experimentally.

1.3.3 Density profiles of galaxy clusters

1.3.3.1 Abel projection and deprojection

Galaxy clusters are observed at all possible wavelengths, but we only merely observe a two-
dimensional sky plane. The density profiles of galaxy clusters are obtained notably by de-projecting
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their observed density. In order to relate the densities found within a plane, for instance using
strong gravitational lensing, and in three dimensions, we hereafter describe the Abel transform.
In Cartesian coordinates (x, y, z), writing the three dimensional radius r, and the bidimensional,
projected radius R:

R =
√

x2 + y2,

r =
√

R2 + z2,
(1.52)

the surface and volume densities Σ and ρ are connected by the Abel transform:

Σ(R) = 2
∫ ∞

R

ρ(r)r√
r2 − R2

dr, (1.53)

and, if ∀r, ∃ {α < −1, A ∈ R+∗}| ρ(r) < Arα, then the Abel deprojection writes:

ρ(r) = − 1
π

∫ ∞

r

dΣ
dR

(R) dR√
R2 − r2

. (1.54)

1.3.3.2 Navarro–Frenk–White (NFW) profile

From now on, we will write ρ the total matter density, i.e. the sum of baryons and dark matter.
The determination of a general density function of galaxy clusters ranging from the inner galaxies
to the host dark matter halo (DMH) is important to understand their formation history, but also
the dynamics of the ICM, the formation and interaction of galaxies, the distribution of DM and
its interplay with baryonic matter. For decades, this density was simply modelled by a power-law:

ρ(r) ∝ r−β, (1.55)

with a flat core, using simple number counts of galaxies (for instance in Gunn and Gott, 1972;
Yahil, 1974).

In the era of large N-body simulations, collisionless dark matter particles may form substruc-
tures without spherical symmetry assumptions. Cosmological evolution (expansion) could also be
taken into account. Although there is no ‘perfect’ function to fit all observations, the most popular
is the Navarro-Frenk-White (NFW) profile for clusters in equilibrium:

ρ(r) = ρS

r
rS

(
1 + r

rS

)2 , (1.56)

where ρS the density normalisation, and rS the scale radius, are different parameters for each
halo. A number of analyses (such as Duffy et al., 2008) study the correlation between these two
parameters, both in simulations, and observations (X-rays, lensing). It was introduced in order to
fit dark matter simulations in Navarro et al. (1995, 1996). It was later confirmed to be a strong
candidate in other N-body simulations (e.g. Jing, 2000) and more significantly at large radii with
weak lensing data in Okabe et al. (2013). However, this density profile is cuspy in the core of
clusters. This means it has a minimal radius limit of application, as observations suggest that the
content of dark matter at the centre of galaxies present a flat density profile (Collett et al., 2017).
This so-called cusp-core problem, i.e. the disagreement between cold dark matter simulations and
observations, is summarised in de Blok (2010) and Del Popolo and Le Delliou (2022). A possible
solution would be to introduce interactions between DM and baryons (as in Bœhm et al., 2001,
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2002), or a self-interaction for DM (for instance Li and Chen, 2009; Robertson et al., 2015), or a
fuzzy dark matter.

Let us derive the associated mass contained within a radius:

MNFW(r) = 4πρ0r
3
S

[
ln
(

1 + r

rS

)
− r

r + rS

]
. (1.57)

The total mass is therefore the mass contained within the virial radius. As mentioned in equation
(1.49), we use an overdensity ∆ to characterise arbitrarily the mass. This allows to define the
concentration parameter:

c∆ = rS

R∆
, (1.58)

where R∆ is defined in equation (1.49).
The gravitational potential Ψ = −Φ of this profile writes:

Ψ(r) = 4πGρS
r3

S

r
ln
(

1 + r

rS

)
. (1.59)

Here is the analytical formula of the 2D density of a NFW profile (Bartelmann, 1996):

Σ(R) = 2
∫ +∞

R
dr

rρ(r)√
r2 − R2

=



2ρSr3
S

(r2
S−R2)2/3

[
rS arccosh

(
rS

R

)
−
√

r2
S − R2

]
if R < rS,

2ρSrS

3 if R = rS,
2ρSr3

S

(R2−r2
S)2/3

[√
R2 − r2

S − rS arccos
(

rS

R

)]
if R > rS,

(1.60)

which diverges for R → 0.
This yields a cylindrical mass:

MNFW,2D = 4πr3
SρS

[
ln r

2rS

+ K(R)
]

, (1.61)

where

K(R) =


rS√

r2
S−R2 arccosh

(
rS

R

)
if R < rS,

1 if R = rS,
rS√

R2−r2
S

arccos
(

rS

R

)
if R > rS.

(1.62)

1.3.3.3 Generalised NFW and Moore profiles

A number of other density models have been proposed (see Keeton, 2001, for a review in
clusters). In order to allow for the inner slope of the NFW profile to increase, as suggested in
Moore et al. (1998, 1999a), the generalised NFW profile (gNFW) was introduced. The number of
free parameters can vary from one to three, depending on those being fixed to their NFW value.
It was outlined in Zhao (1996), Kravtsov et al. (1998), and Jing and Suto (2000), although it was
proposed as early as in Hernquist (1990):

ρ(r) = ρ0(
r

rS

)γ [
1 +

(
r

rS

)α](β−γ)/α
. (1.63)
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In particular, the Moore profile is the case (α; β; γ) = (1; 3; 3/2). The standard NFW is (α; β; γ) =
(1; 3; 1). The goal of this collection of profiles was simply to attempt to describe the density
distribution of DM as precisely as possible. For instance, Wyithe et al. (2001) uses a gNFW profile
to describe the density in the case of self-interacting DM.

1.3.3.4 Hernquist profile

This profile was introduced in (Hernquist, 1990), and is the specific gNFW case (α; β; γ) =
(1; 4; 1):

ρ(r) = ρ0(
r

rS

) (
1 + r

rS

)3 . (1.64)

It was proposed in order to describe the density of elliptical galaxies and bulges for a de Vaucouleurs
(1959) luminosity profile.

1.3.3.5 King profile

King (1962, 1966) provide with the King density profile:

ρ(r) = ρ0

[
1 +

(
r

rc

)2
]−3/2

, (1.65)

where rc is the core radius. This profile was first proposed to explain the density distribution in
globular clusters, and is not used much anymore to describe the total density distribution, but it
has inspired an electron density profile which is still commonly used (see equation 1.79).

1.3.3.6 Einasto profile

Einasto (1965) introduced his eponymous profile to describe the stellar density in the Milky
Way:

ρ(r) = ρ−2 exp
{

−2
α

[(
r

r−2

)α

− 1
]}

, (1.66)

however it continues to be an appropriate profile for galaxy clusters (for instance in Gao et al., 2008;
Eckert et al., 2022b). It depends on three parameters: a density normalisation ρ−2, a transition
radius r−2, and an index α representing the density slope at large radii. Comparing its spatial and
lensing properties to NFW by analytical means, Retana-Montenegro et al. (2012) support a better
fit by an Einasto profile.

1.3.3.7 Dual pseudo-isothermal mass distribution (dPIE) profile

The dual pseudo-isothermal mass distribution (dPIE) profile was defined in Kassiola and
Kovner (1993) and detailed in Elíasdóttir et al. (2007):

ρ(r) = ρ0

{[
1 +

(
r

rcore

)2
] [

1 +
(

r

rcut

)2
]}−1

, (1.67)

where ρ0 is the density normalisation, a ≡ rcore the core radius, describing the pivot between the
inner, flat density and the ∝ r−2 isotherm-like region, and s ≡ rcut > a the pivot between this
latter region and a very peaky ∝ r−4 region. For the dark matter halo of a cluster, the typical
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values are rcore ∼ 50 kpc, and rcut ∼ 1 Mpc. It is inspired by the singular isothermal sphere (SIS)
model, which describes the flat rotation curves of spiral galaxies, but differs as a flatter (non-
divergent) core region was added, and a large-scale ‘cut radius’, characterising a rapid cut-off of
the density at a chosen scale, making it quite adaptable for both galaxies and clusters (Natarajan
and Kneib, 1996; Elíasdóttir et al., 2007, see respectively). Keeton (2001) refers to this same
profile as pseudo-Jaffe, as it presents two inflections as the Jaffe profile (Jaffe, 1983), but is more
parametrisable. It is also referred to as the Chameleon profile (Maller et al., 2000; Schuldt et al.,
2019).

We summarise the main properties of this profile:

M3D(r) = 4π
∫ r

0
ρ(x)x2dx = 4πρ0

a2s2

s2 − a2

[
s arctan

(
r

s

)
− a arctan

(
r

a

)]
. (1.68)

The gravitational potential Ψ = −Φ therefore writes:

Ψ(r) = G
∫ ∞

r

M3D(x)
x2 dx

= 4πGρ0
a2s2

s2 − a2

[
s

r
arctan

(
r

s

)
− a

r
arctan

(
r

a

)
+ 1

2 ln
(

r2 + s2

r2 + a2

)]
,

(1.69)

and the cylindrical (projected) mass:

Σ(r) = Σ0
as

s − a

[(
R2 + a2

)−1/2
−
(
R2 + s2

)−1/2
]

, (1.70)

where
Σ0 = π

as

a + s
ρ0. (1.71)

We can thus also provide the 2D mass distribution:

M2D(R) = 2πΣ0
as

s − a

[√
R2 + a2 − a −

√
R2 + s2 + s

]
. (1.72)

The dPIE profile has a finite mass for r → ∞:

MTOT = 2π2ρ0
a2s2

a + s
, (1.73)

but it is rarely used, as M200,c, for instance, is commonly used for all density profiles.
We can also directly read the velocity dispersion σ0 at the centre of the cluster (see Limousin

et al., 2005; Bergamini et al., 2019):

ρ0 = σ2
0

2πG

a + s

a2s
, (1.74)

where, for a DMH, σ0 ∼ 103 km.s−1 typically and thus for a = 50 kpc and s = 1000 kpc, we get
ρ0 ≈ 10−21 kg.m−3.
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1.3.4 Thermodynamics of galaxy clusters

1.3.4.1 The intra-cluster medium (ICM)

As summarised in Vikhlinin et al. (2006) and Bahcall and Kulier (2014), galaxy clusters are
composed of 1% of stars directly observable with optical telescopes, roughly 11% of hot plasma
(temperatures ranging typically around 107 − 108 K), distributed on large scales of the cluster
and observable in the X-rays, and of about 88% dark matter, whose influence can be observed
through its gravitational effect on the baryonic matter (distribution of stars in galaxies, of galaxies
in clusters, gravitational lensing).

As presented in Gunn and Gott (1972), Hester (2006), Vulcani et al. (2022), and Durret et al.
(2022), when galaxies fall into their seed cluster, most of their interstellar plasma falls into the
main cluster DM clump (which becomes the DM halo). This ram pressure stripping leaves galaxies
without the necessary gas to form new stars, and the galaxies’ evolution stops. This was observed
for instance in the Coma and Virgo clusters (in Bravo-Alfaro et al., 2000; Vollmer et al., 2005).
As a consequence, in a relaxed cluster, galaxies are expected to present similar stellar populations
(metallicity, age, colour). This allows for a photometric study of galaxy clusters, indeed relaxed
clusters galaxy members are expected to present main sequences of colour (and most importantly
a red colour sequence, see Gladders and Yee, 2000; Hao et al., 2009). This is by all means an
imperfect categorisation, but allows to identify galaxies in the same field as cluster members or
not, using several pass-band observations. This colour sequence is due, on the one hand, to a same
cosmological redshift of all cluster members, and, on the other hand, to a common metallicity, due
to the cluster mass influencing the supernova feedback in heavy elements (heavier clusters retain
these elements more easily, see Arimoto and Yoshii, 1987; Stott et al., 2009).

This is a simplistic model however, as different galaxies are captured at different times in the
cluster, and therefore their stellar formation rate (SFR) can increase for a limited time, under
the ram pressure compression. This can also yield spectacular tails of stripped plasma, sometimes
of kpc length, and often containing blue knots revealing intense star formation (studied e.g. in
Owen et al., 2006). These galaxies were names ‘jellyfish’ in Bekki (2009) Figure 2, because of the
stripping of their halo leaving these tails as ‘tentacles’, and studied systematically in Ebeling et al.
(2014) and Poggianti et al. (2016).

1.3.4.2 Metallicities

Whichever the case, older, more massive clusters present higher metallicities. The metallicity,
denoted Z, is commonly defined as the abundance in metal. In astronomy, all elements other than
hydrogen and helium are defined as a metal.

Z = 1 − X − Y =
∑

i/∈{H,He}

mi

M
, (1.75)

where X and Y are the hydrogen and helium abundance, mi the total mass of a species i, and M
the total mass of the structure. The dependencies of the metallicity to the cluster mass, merger
state or redshift have been studied in Ellison et al. (2009), McDonald et al. (2016), and Lovisari
and Reiprich (2019). The core metallicity of dynamically relaxed clusters appears to only mildly
depend on the temperature. Disturbed objects tend to present lower core metallicities. The
metallicity cores in the centre of clusters, but more steeply in the relaxed ones. This paints the
picture of cluster mergers scattering heavier elements on large scales.
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1.3.4.3 Baryonic number density and mean molecular weight µ

The number density of a species i, ni is defined as:

ni(r) = FI(r)ρg(r)
µima

, (1.76)

where ρg is the gas volume density, FI is the local ionisation fraction which is taken to be 1 in
this thesis, and µi is the mean molecular weight of species i. Let us define respectively the mean
molecular weight of electron µe, ion µI , and gas µg:

µe =
(∑

i

xiZifi

Ai

)−1

,

µI =
(∑

i

xi

Ai

)−1

,

µg =
(
µ−1

e + µ−1
I

)−1
,

(1.77)

where i are the atomic element’s number, xi the fraction of a species, Ai the atomic weight of a
species, and Zi the atomic number. In practice µg ≈ 0.60, µe ≈ 1.15, µI ≈ 1.25 and µH ≈ 1.35.
We can define:

ng = nI + ne = ρgNA

µg

, (1.78)

where NA is the Avogadro constant.
Let us review a number of density models (see Birkinshaw, 1999). Because these were built

with X-rays, which directly probe the X-rays number density, we use this observable to describe
them.

The β model

With the Cavaliere and Fusco-Femiano (1976) model of the surface brightness of galaxy clusters,
using the King profile (King, 1962, 1966) for total density (see section 1.3.3.5), the electron density
reads:

ne(r) = ne,0

[
1 +

(
r

rc

)2
]−3β/2

, (1.79)

where ne,0 is a normalisation, rc core inflexion radius, and β an exponent. This originally assumed
the temperature of the ICM to be constant, with a constant one-dimensional velocity dispersion
(for more on the history of these assumptions, read e.g. Felten et al., 1966), yielding:

d ln ρg

dr
= −µgma

kBTg

dΦ
dr

= βth
d ln ρt

dr
, (1.80)

through the Poisson equation (Sarazin, 1988; Voit, 2005), where ρt outlines the total matter density
(including DM), described by a King profile. Thus, in theory, the adimensional β exponent reads:

βth = µgmaσ2
1D

kBTg

, (1.81)

where σ1D is the one-dimensional velocity dispersion. However, as mentioned in Sarazin (1988),
it is common knowledge this exponent is not giving the observed density (in practice, βfit ≃ 0.65,
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ranging between 0.5 and 1). This β problem partly arises from the isotropic hypothesis, as shown
in Hallman et al. (2007), but also because the total matter density is not perfectly described
by the King profile. This profile remains however very helpful and popular, mostly with X-rays
observations and analyses, in spite of slightly underestimating the central density and slightly
overestimating the outskirts density (r ≫ rc, see Mohr et al., 1999).

A large range of different cluster density models are possible, as for instance the double beta
model (Shitanishi et al., 2018), the Vikhlinin model (Vikhlinin et al., 2006; Ansarifard et al., 2020),
the alpha-beta parameterisation (Böhringer et al., 2016), and the alpha-beta-eta model (Ghirardini
et al., 2017). These models can all be defined with or without a density cut.

Vikhlinin model

In order to allow more degrees of freedom, and notably to take into account the difference
between the inner and outer regions of a cluster, a number of models were developed. The most
general of these is the Vikhlinin model summarised in Vikhlinin et al. (2006), but some anterior
inspirations are mentioned in other articles such as Pointecouteau et al. (2004). It was forged to
take into account a number of observational effects, thus complexifying the β model. The total
model electron density reads:

ne(r) =

n2
0,1

(
r

rc,1

)−α
1 +

(
r

rc,1

)2
−3β1+α/2 [

1 +
(

r

rs

)γ]−ϵ/γ

+ n2
0,2

1 +
(

r

rc,2

)2
−3β2


1/2

,

(1.82)
where α was added to represent essential features of the observed X-ray surface brightness profiles.
Gas density in the centres of relaxed clusters, usually presents a power-law cusp instead of a flat
core. The ϵ power and rs typical radius were added to take into account the X-ray brightness profile
steepening at large radii, compared to the β power law extrapolated from smaller radii. The γ
parameter controls the width of that transition region. A second β model was added, yielding two
βi powers, core radii rc,i and central densities n0,i, with the second component (i = 2) of smaller
core radius to increase the modelling freedom near the cluster centre.

This is a whopping ten free parameters. This type of profile presenting too many parameters,
it is therefore barely used with all ten free parameters, but reduced versions are. In practice,
all clusters appear to be fit with γ = 3, and ϵ < 5 to exclude unphysical sharp density breaks
(Vikhlinin et al., 2006). We present simpler models hereafter, all reduced, as simpler fits allow to
explain the surface brightness.

Double-β model

A popular reduced model of the Vikhlinin one is the double-β model (see e.g. Shitanishi et al.,
2018):

ne(r) =
n2

0,1

[
1 +

(
r

rc

)2
]−3β

+ n2
0,2

[
1 +

(
r

rs

)2
]−3β


1/2

, (1.83)

where (n0,i)i∈N2
are the electronic central densities for each component and rc and rs the core and

the scale radii respectively. This model is quite popular, and often found to be a good fit of the
underlying physics, notably outlining the separation between the core and the larger radii (Mohr
et al., 1999).
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β - γ - ϵ model

Ansarifard et al. (2020) proposed the reduced model:

ne(r) = n0

[
1 +

(
r

rc

)2
]−3β/2 [

1 +
(

r

rs

)γ]−ϵ/γ

, (1.84)

in order to precisely describe the electron distribution in galaxy clusters, observed with X-rays.
The α power law and the second β power law are avoided in order to focus on the regions of
clusters outside the centre. In practice, fixing γ = 3 further reduces this model to the β - ϵ model.

α - β model

Böhringer et al. (2016) use the reduced model:

ne(r) = n0

(
r

rc

)α
[
1 +

(
r

rc

)2
]−3β/2+α/2

, (1.85)

which is found to be sufficient, in the framework of this study, to fit the electron density (using
the data sets presented in Böhringer et al., 2007). The parameters are adjusted to α = 0.41 and
β = 0.64 for the REXCESS sample of clusters.

In Chapter 4, we derive more electron density models.

1.3.4.4 Hydrostatic equilibrium in galaxy clusters

For relaxed galaxy clusters, one can assume the ICM to be in hydrostatic equilibrium. One
can then write its pressure gradient (see e.g. Eckert et al., 2019):

dPg

dr
= −ρg(r)GM(< r)

r2 , (1.86)

where index g denotes the gas in the ICM. From the ideal gas law,

Pg = kBngTg = kBTgρg

µgma

, (1.87)

we get the hydrostatic mass enclosed in r:

M(< r) = −r
kBTg(r)

G

(
d ln ρg(r)

dr
+ d ln Tg(r)

dr

)
. (1.88)

1.3.4.5 Pressure and temperature models

As the pressure in galaxy clusters is of the order of 1010 Pa, one can safely assume the plasma
to be thermalised, and therefore the temperature of the gas to be the same as that of the electrons.
At low pressure values, a distinction should be established however.

Beyond the most simple model assuming the plasma distribution to be isotropic, it is common
practice to describe the plasma as polytropic, i.e. the pressure to follow a power-law of the density,
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with an index γ20. One can write the polytropic pressure Pe and temperature Te following Capelo
et al. (2012):

Pe(r) = P0

(
ne(r)
ne,0

)γ

,

Te(r) = T0

(
ne(r)
ne,0

)γ−1

,

(1.89)

where P0 and T0 are the central pressure and temperature (respectively). Ghirardini et al. (2017)
provides a range of γ ∈ [0.85; 1.5], and an evolution with redshift. Using the X-COP cluster
sample, Ghirardini et al. (2019a, Table 3, Figure 4) show one can almost universally take γ = 1.2
by analysing the fitted polytropic index at various radii of 12 clusters. This agrees to numerical
simulations (Capelo et al., 2012).

In Chapter 4, we derive an additional polytropic temperature model, fitting the Ghirardini
et al. (2019a) polytropic index analysis at smaller radii for a finer description of the most central
regions.

1.3.4.6 X-ray brightness

The hot ICM radiates in the X-rays through bremsstrahlung, and through the emission lines of
the various elements in the plasma (mostly hydrogen and helium, but heavier elements also play a
role). It contains valuable information on the ICM density, its temperature, metallicity, but also
can reveal the dynamics with the possible presence of shocks. For an overview of cosmology using
galaxy cluster X-rays observations, one can read Clerc and Finoguenov (2022).

For any type of luminous source, with L the luminosity, F the total bolometric flux (in
J.m−2.s−1), d the transverse comoving distance to the object, D the total width of the object,
α the total angle under which the object is perceived, and S the total surface bolometric bright-
ness of the object (in J.m−2.s−1.sr−1), one could write in a Newtonian Universe:

F = L

4πd2 ,

S = F

α2 = L/4πd2

D2/d2 = L

4πD2

(1.90)

but in the expanding Universe (see 1.1.8), we obtain:

S = L/4πd2
L

D2/d2
A

= L

4πD2(1 + z)4 . (1.91)

In practice, for a local flux in redshift Floc:

Floc = 1
4π

∫
ne(r)nH(r)ΛN(E, Te, Z)dl,

S(θ) = Floc

(1 + z)4 ,
(1.92)

with nH the hydrogen density, ΛN the normalised cooling function (in J.m3.s−1) at a given energy
of photons E, electron temperature Te and metallicity Z. The dl element denotes a line-of-sight

20This γ is not related to the indices denoted with the same letter previously introduced.
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Figure 1.14: Chandra X-ray observations of the Perseus cluster. Credits: NASA/Chandra X-ray.

integration. For more information about the cooling function, the difference between net and
normalised, one can read Sutherland and Dopita (1993) and Wang et al. (2014). Hereafter let us
write Λ ≡ ΛN .

If a X-rays telescope has an observational energy band ∆E, the frequency at emission νe should
be taken into account, and not at reception νo:

νe = (1 + z)νo, (1.93)

This relationship is known as the ‘K-correction’ (see Wirtz, 1918; Hogg et al., 2002).
Therefore the X-ray surface brightness within a band writes (see Birkinshaw, 1999; Arnaud

et al., 2002; Arnaud, 2005; Böhringer and Werner, 2010):

SX(∆Eo) = 1
4π(1 + z)4

µe

µH

∫
n2

e(r)Λ(∆Ee, Te, Z)dl, (1.94)
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where Λ(∆E, Te, Z) is the X-ray cooling curve. This function does not necessarily vary a lot within
a galaxy cluster, as it is almost constant at high temperatures and low metallicities. It is therefore
sometimes taken out of the integral, such as in Bonamigo et al. (2017).

A number of equivalent observables can also be used to characterise X-ray observations. For
instance, Sarazin (1986) and Ettori (2000) use X-ray spectral emissivity, which they define as
ϵX = Λn2

P , with nP the proton number density. More precisely, with the emission measure along
the line-of-sight, defined as (Arnaud et al., 2002):

EM(r) =
∫

nenHdl, (1.95)

and approximating the cooling function to be constant across all radii in the observed object, the
surface brightness is:

SX(r, ∆Eo) = 1
4π(1 + z)4 ϵ(Te, z, ∆Eo)EM(r), (1.96)

where ϵ is the emissivity in a band ∆Eo:

ϵ(Te, z, ∆Eo) =
∫

∆Eo
dEA(E)e−σ(E)NH fT ((1 + z)E)(1 + z)2, (1.97)

where A(E) is the effective area of the detector at energy E, σ(E) is the absorption cross-section,
NH is the galactic hydrogen column density, causing the absorption at z = 0, and fT the emissivity
in photons.cm3.s−1.keV−1 (Arnaud et al., 2002). For more details on the cooling function and
emissivity, one can read Peterson and Fabian (2006).

1.3.4.7 Sunyaev-Zel’dovich effect

The CMB photons are permanently bathing the Universe. As a result, they can occasionally
interact with physical objects at an observable scale. The thermal, non-relativistic, hot electrons
of the ICM create the condition for an inverse Compton scattering: in a spectral band-width of
CMB photons, one can observe the broadening of the band due to the Doppler effect. With νi the
incoming frequency of photons, νf the outcoming, and ∆ν = νf − νi, h the Planck constant and θ
the scattering angle:

∆ν

νiνf

= − h

mec
(1 − cos θ). (1.98)

Because of the frequency shift, we can observe small perturbations in the relic radiation, i.e. ‘holes’
in the CMB at some frequencies, and more flux in some others (typically the flux is magnified for
νr > 218 GHz, see Carlstrom et al. 2002). Because the CMB is isotropic and the scattering by the
ICM is also assumed to be, we do not particularly detect a privileged scattering direction. This
effect was first described in Sunyaev and Zel’dovich (1970a,b), and is therefore named after them.
Before the discovery of the Sunyaev-Zel’dovich effect (SZ), Felten and Morrison (1966) had already
investigated the inverse Compton scattering within clusters. One can read Sunyaev and Zel’dovich
(1980, 1981), Rephaeli (1995), Birkinshaw (1999), Carlstrom et al. (2002), and Mroczkowski et al.
(2019) for a review on the SZ effect.

Let us now consider the case of soft CMB photons. This implies the Compton scattering can
be taken in its Thomson limit (as hν ≪ mec

2). Given a CMB temperature Tr ≃ 2.726 K today,
the reduced frequency is defined as:

x = hν

kBTr

, (1.99)
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and its associated xe, the reduced frequency at the electron temperature Te, which, given Te > 107 K
≫ Tr, implies xe ≪ 1.

Thermal SZ effect

Let us write N the photon occupation number for a radiation. Its evolution due to the Thomson
scattering by a non-relativistic, isotropic and Maxwellian electron gas is an approximation of the
Fokker-Planck equation, summarised in the Kompaneets (1957) equation:

∂N

∂t
= kBT

mec2
neσT c

x2
e

∂

∂xe

[
x4

e

(
Te

T

∂N

∂xe

+ N + N2
)]

, (1.100)

where ne and Te are the electron density and temperature, and assumed to be constant, σT =
6.65 × 10−25 cm2 the Thomson cross-section, and T the radiation temperature.

As long as the scattering is weak, the photon occupation number obeys the Bose-Einstein
statistics on the temporary condensate:

N(xe) = (exe − 1)−1 . (1.101)

Introducing the Compton parameter:

y =
∫ kBTe

mec2 neσT cdt = kBσT

mec2

∫
Te(r)ne(r)dl, (1.102)

and the optical depth:
τe =

∫
σT nedl, (1.103)

and using the Bose-Einstein statistics to compare the three terms in the frequency derivative in
equation (1.100) yields the reduced equation (as exe ≃ 1):

∂N

∂y
≃ 1

x2
e

∂

∂xe

[
x4

e

∂N

∂xe

]
. (1.104)

Given the homogeneity of this equation, we can replace xe by x. This equation can be resolved in
the limit of low optical depth and electron temperature, meaning:

∂N

∂y
∼ ∆N

y
=⇒ ∆N ≃ xy

ex

(ex − 1)2

[
x coth

(
x

2

)
− 4

]
. (1.105)

Given the spectral intensity of the CMB:

I0 = 2
c2

k3
BT 3

R

h2 , (1.106)

and the Planck black-body radiation:

I(x) = I0
x3

ex − 1 , (1.107)

the spectral intensity SZ change writes:

∆I = I0x
3∆N. (1.108)
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Deriving the black-body spectral intensity in temperature yields the thermal SZ (tSZ) temperature
contrast:

Θr = ∆T

Tr

= (ex − 1)2

x4ex

∆I

I0
= (ex − 1)2

xex

∆N

N
=
[
x coth

(
x

2

)
− 4

]
y. (1.109)

Let us notice this final expression does not take relativistic corrections into account. For more on
corrections, but also on the polarised SZ effect, one can read Emritte et al. (2016). In the regime
of small frequencies (let us say ν < 10 GHz), this expression can be reduced to:

Θr ≃ −2y. (1.110)

In practice, at a given pass-band, one can simply provide the Compton parameter in order to
infer the electron density and temperature profiles. Telescopes such as the Atacama Cosmology
Telescope (ACT, see Naess et al., 2020; Hilton et al., 2021) or the South Pole Telescope (SPT, see
Bocquet et al., 2019), not to mention the Planck mission (Aghanim et al., 2019), are extensively
using this SZ effect to detect galaxy clusters.

Kinematic SZ effect

If the galaxy cluster exhibits a peculiar velocity projected along the line-of-sight vz, then the
occupation number of the photon condensate changes, and equation (1.101) rewrites:

N(xe) = [exp (xsγz(1 − βz)) − 1]−1 , (1.111)

where βz = vz cos θ/c is the ratio of peculiar velocities along the line-of-sight, with θ the angle
between the incoming photon direction and that of the cluster velocity, γz the associated Lorentz
factor, and xs the shifted reduced frequency. Indeed, because of its peculiar velocity, the reduced
frequency sees its frequency and temperature components evolve, as the CMB temperature changes
with redshift, and the frequency is submitted to the Doppler effect.

This yields a kinematic SZ effect (kSZ):

Θr = ∆Tr

Tr

≃ −τe
vz

c
, (1.112)

added to the tSZ effect. This kinematic effect is usually much fainter than the thermal one. While
this expression does not present any frequency dependence, it is not the case of the measured
signal, the spectral intensity:

∆I

I0
= − x4ex

(ex − 1)2 τe
vz

c
. (1.113)

according to equation (1.109).
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Figure 1.15: Spectral intensity as a function of frequency. Blue: Black-body of the CMB,
according to equation (1.107). It was scaled here, to be sizeable with the SZ effect. Red: Thermal
SZ effect for a Compton parameter y = 10−4, which is rather typical. The grey line at 218 GHz is
the point at which the thermal SZ effect becomes positive and the CMB smaller energy photons

are accelerated to higher energies. Green: Kinematic SZ effect for a cluster of isotropic
temperature 108 K and a line-of-sight velocity vz = 500 km.s−1.
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Chapter 2

An introduction to gravitational lensing

Lens-like action of a star by the deviation of light in the
gravitational field.

Some time ago, R. W. Mandl paid me a visit and asked
me to publish the results of a little calculation, which I
had made at his request. This note complies with his
wish.

— Albert Einstein, Science 84 (1936)

2.1 Theory of gravitational lensing

2.1.1 A short history of gravitational lensing
When Einstein published his theory of General Relativity (GR, in Einstein, 1915, see equation

1.4), it appeared complicated to test. Einstein’s theory was solving the problem of the anomalous
perihelion advance of Mercury, but for such a scientific revolution to be firmly accepted, the theory
needed to make a number of testable predictions1. In Newtonian physics, massive objects were
predicted to deflect light rays, as already noted by Newton in his Opticks (1704). Johann G. von
Soldner made these calculations in Ueber die Ablenkung eines Lichtstrals von seiner geradlinigen
Bewegung (Berliner Astronomisches Jahrbuch, 1804, republished in 1921), at a time the nature of
light was still polemical:

‘Hopefully no one finds it problematic, that I treat a light ray almost as a ponderable
body.’

As it turns out however, the Einstein’s GR predictions for the lensing deflection angle α were
twice those of Soldner’s, yielding a testable observation. During a total solar eclipse in 1919,
Arthur Eddington was mandated by the Royal Society to measure the deflection of a group of
stars, the Hyades, in the near background of the Sun during the total eclipse of the 29th of May.

1We here adopt the definition of a paradigm shift in science as defined in The Structure of Scientific Revolutions,
Kuhn (1962). According to this definition, a new paradigm appears to solve a number of problems, whilst also
explaining pre-existing results. To be validated completely, i.e. for the the paradigm shift, the scientific revolution
to be complete, a paradigm must make testable predictions, which must be successfully verified.
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Their findings, published in Dyson et al. (1920), were rather unambiguous in validating General
Relativity. However, this was later debated to be caused by a confirmation bias, and the results of
their expedition in Príncipe, a small island in western Africa, were in tension with those of another
expedition sent to Sobral (Brazil), more compatible with Soldner’s deflection angle value. This
tension however appeared to have surfaced from the relatively poor instrumental analysis made
available to the Sobral team, and more recent re-analyses (Kennefick, 2007; Gilmore and Tausch-
Pebody, 2020) of these results seem to alleviate the tension in favour of GR. Rather ironically,
Eddington declared in verse to the Royal Astronomical Society:

‘Oh leave the Wise our measures to collate
One thing at least is certain, light has weight
One thing is certain and the rest debate
Light rays, when near the Sun, do not go straight.’

Observational gravitational lensing was born.
It was only formalised later in Einstein (1936). Then, Zwicky (1937a) suggested galaxies and

the ‘missing mass’ in clusters could act as gravitational lenses. The first strong lensing observations
however would have to wait for a significant improvement in instrumentation. In Walsh et al. (1979,
see the left panel of Figure 2.1), the first double image of a background quasar – appropriately
baptised the Twin Quasar, lensed by a giant elliptical cD-type galaxy and its surrounding cluster
was discovered. The corresponding lens was later discovered in Young et al. (1980). It was quickly
followed by the discovery of the first Einstein cross in Huchra et al. (1985, see the right panel
of Figure 2.1), i.e. four multiple images of a same background quasar arranged in a cross around
the lens. This phenomenon occurs when the lens and the source are approximately aligned (see
Figures 2.2 and 2.3). Soucail et al. (1987) were the first to detail the discovery of a giant luminous
arc, i.e. highly magnified images of a background source, in the cluster Abell 370, although the
available data could not quite conclude about its nature. We display this cluster on the bottom
panel of Figure 2.1. Paczyński (1987) was the first to suggest these arcs were an impressive case of
strong gravitational lensing, and Hammer (1987) and Kovner (1987) independently offered the first
lens models. Soucail et al. (1988), Miller and Goodrich (1988), and Lynds and Petrosian (1988)
re-examined the observed candidate lensing arc and found it to be indeed at much higher redshift
than its lens galaxy cluster. Lynds and Petrosian (1989) later drew the attention to a number of
observations which could be interpreted to be giant lensing arcs, which they had mentioned in a
note (Lynds and Petrosian, 1986). Hewitt et al. (1988) reported the first partial Einstein ring2

detection with the Very Large Telescope (VLT). This apparent lensing configuration may only be
observed when the source and lens are almost perfectly aligned. It is important to note that the
difference between an Einstein cross and ring stems from the lens configuration. Spherical lenses
yield Einstein rings, and more elongated lenses yield Einstein crosses. The first full Einstein ring
observation was reported in King et al. (1998). We display the most common lensing configurations
on Figure 2.3.

The size of galaxies is small compared to that of clusters, whose lensing cross-section was first
outlined by Webster (1985). Thanks to the richness of clusters, acting both as sources and lenses,
the observational Universe appears to be filled with gravitational lensing phenomena. It is thus at
the end of the 1980s that astronomers started to give more attention to lensing observations. As
outlined in Tyson et al. (1990), strong gravitational lensing spectacular observations would allow
to directly probe the dark matter distribution. Indeed, as dark matter interacts gravitationally

2Also called ‘Einstein-Chwolson ring’.
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Figure 2.1: Left: QSO 0957+561 A/B, i.e. the Twin Quasar, discovered in Walsh et al. (1979),
are displayed in the centre of the image. They are lensed by the giant elliptical galaxy YGKOW
G1 visible between them. Credits: ESA/Hubble & NASA. Right: Lensed quasar QSO 2237+0305
by the centre of galaxy Huchra’s lens, forming an Einstein cross. Credits: NASA, ESA, STScI.

Bottom: Cluster Abell 370, as observed by HST for the Hubble Frontier Fields programme. The
giant lensing arc is clearly distinguishable in the south. Credits: NASA, ESA/Hubble, HST

Frontier Fields.

but not with ordinary matter in a significant way, detecting its gravitational influence would be
the only way to astronomically characterise it. This was already done for the rotation curves of
galaxies (by construction), but gravitational lensing should allow to map the dark matter density
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Figure 2.2: Gravitational lensing of a quasar source by a galaxy cluster lens. The observed image
is an Einstein cross. Credits: R. Hurt (IPAC/Caltech)/The GraL Collaboration.

and therefore to set constraints on its physical nature eventually. Kassiola et al. (1992), Mellier
et al. (1993), and Kneib et al. (1993) successfully modelled galaxy clusters as lenses producing
multiple arcs, matching observations.

2.1.2 Existing lensing surveys and forthcoming

Table 2.1: Inexhaustive summary of the different types of lensing.

Type Observable Lens Missions Physical interest
Microlensing Time-evolving Compact OGLE, Primordial black

magnification object, star EROS holes, exoplanets
Strong lensing Giant arcs, Galaxies, CLASH, HFF, Clusters mass, DM

multiple images clusters GLASS constraints, cosmology
Weak lensing Distortions, Galaxies, DES, LSST, Clusters, halos,

magnification clusters Euclid cosmology
CMB lensing CMB temperature Large-scale Planck Cosmology

distortions structures

Since the 1990s, a number of gravitational lensing observations campaigns were launched,
amongst which we can quote the Sloan Lens ACS program (SLACS, Bolton et al., 2006), the
Cluster Lensing And Supernovae survey with Hubble (CLASH, Postman et al., 2012), the Hubble
Frontier Fields (HFF, Lotz et al., 2017), the REionization LensIng Cluster Survey (RELICS, Coe
et al., 2019), the SDSS Giant Arcs Survey (SGAS, Sharon et al., 2020), the Gaia gravitational
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Figure 2.3: Gravitational lenses produce different shaped images depending on the shape of the
lensing body. Top: A spherical lens produces an Einstein ring. Middle: An elongated lens

produces an Einstein cross. Bottom: More complex lens geometries, such as that of a galaxy
cluster yield arcs, arclets, and/or a number of multiple images. Credits: ESA.
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lenses (Gaia GraL, Krone-Martins et al., 2018; Stern et al., 2021), the Beyond the Ultra-deep
Frontier Fields And Legacy Observation programme (BUFFALO, Steinhardt et al., 2020), and
the new GLASS-JWST Early Release Science (GLASS-JWST-ERS, Treu et al., 2022) for strong
gravitational lenses.

Galaxy clusters act as magnifying lenses in the sky, and therefore as telescopes, allowing us to
see further in the Universe with equal instruments. More generally, strong gravitational lensing
(SL) plays a key role in various fields of modern day cosmology, amongst which the determination
of the mass distribution within the lens, i.e. galaxy clusters and galaxies, with a remarkable amount
of details (see for instance Richard et al., 2014; Jauzac et al., 2015, 2016b; Diego et al., 2015a,b,
2016, 2018, 2020; Grillo et al., 2015; Caminha et al., 2017; Williams et al., 2018), cosmography
without using the distance ladder or the CMB (see Refsdal, 1964; Suyu et al., 2017; Wong et al.,
2020, the two latter presenting the ideas and results of the H0LiCOW collaboration), including the
dark energy equation (Sim et al., 2013), and, last but not least, to constrain dark matter (see e.g.
Oguri and Keeton, 2004; Gilman et al., 2020), as we already mentioned with the Bullet Cluster
example in Section 1.2.1 (see Markevitch et al., 2004; Clowe et al., 2004, 2006; Bradač et al., 2008,
let us notice this was actually performed with weak lensing). In particular, the offset between the
position of the centre of dark matter, luminous galaxies and X-ray emission in merging galaxy
clusters allows to constrain the cross-section of self-interacting dark matter (SIDM, as introduced
in Section 1.2.3, see Tulin and Yu, 2018, for an overview). This is due to the self-interaction to
create damping in the dark matter dynamics upon collision, and therefore SIDM simulations show
this to lag behind the luminous galaxies (see e.g. Massey et al., 2011; Robertson et al., 2017a,b),
which is not the case in a collisionless model (CDM). Merten et al. (2011), Harvey et al. (2015),
Massey et al. (2015, 2018), and Jauzac et al. (2016b, 2018) use that type of constraints.

In the weak lensing regime, i.e. far enough from the Einstein radius (i.e. the characteristic
radius at which lensed multiple images appear, defined in equation 2.33), lensing does not produce
multiple images of a same source, but still distorts and magnifies the image. This regime is called
weak lensing (WL). With first detections in Bacon et al. (2000), Wittman et al. (2000), and Rhodes
et al. (2001), surveys now include the Sloan Lens ACS program (SLACS, see Gavazzi et al., 2007),
the Kilo-Degree Survey (KiDS, see Giblin et al., 2021), the Dark Energy Survey (DES, see Becker
et al., 2016; Zürcher et al., 2022), the Hyper Suprime-Cam survey (HSC, see Aihara et al., 2018)
and the Extended Baryon Oscillation Spectroscopic Survey (eBOSS, as part of SDSS IV, see Alam
et al., 2021). The Large Synoptic Survey Telescope at the Vera C. Rubin Observatory (LSST, see
LSST Dark Energy Science Collaboration, 2012) and the Euclid spacecraft (Euclid Collaboration,
2022) should be serviceable by the end of 2023. To complete this inexhaustive list, the Nancy
Grace Roman Space Telescope (NGRST, previously known as WFIRST, see Hemmati et al., 2019)
should also be probing weak lensing.

Because of its weaker effect, WL is inherently useful on a large number of objects, where statis-
tics can be performed. Its use include probing large-scale structures, and thus the power-spectrum
of different observables (see Section 1.1.9), allowing to probe cosmology (setting constraints on for
instance H0, σ8 or dark energy equation of state), investigating the formation of structures, and
probing the outskirts density distribution of individual galaxies or clusters. One can read Kilbinger
(2015), Dodelson (2017), Bartelmann and Maturi (2017), and Mandelbaum (2018) for a review.

Other types of lensing include microlensing and CMB lensing, but are not the topic of this
thesis. Microlensing occurs when an intra-galactic object (a planet, a star, a compact object)
acts as a lens. Due to the size and proximity of such phenomena, their evolution can usually be
observed over a reasonable human timescale – this subdomain being called time-domain astronomy.

48



Microlensing is notably being used to constrain some dark matter candidates: the massive compact
halo objects (MACHO, see Alcock et al., 1998, 2000; EROS Collaboration, 2002; Tisserand et al.,
2007, for the MACHO project and EROS surveys) and primordial black holes (PBH, see Niikura
et al., 2019b,a, with Subaru/HSC and OGLE); but also to detect exoplanets (see Bond et al., 2004,
for the first exoplanet detection), and compact objects (Sahu et al., 2022; Lam et al., 2022).

As for CMB lensing, it is the integrated effect of the weak lensing of structures from CMB to
a present-day observer, modifying the temperature and polarisation anisotropies. One can read
Lewis and Challinor (2006) and Hanson et al. (2010) for a review, and Planck Collaboration et al.
(2020) for the Planck quantitative results.

Table 2.1 summarises a few properties of the various forms of lensing.

2.1.3 Formalism of gravitational lensing

Lens equations

In order to introduce the quantitative formalism of gravitational lensing, we refer the reader to
reviews, e.g. Bartelmann and Schneider (2001), Keeton (2001), Treu (2010), Bartelmann (2010),
Wagner (2019), and Meneghetti (2021). Let us consider a system composed of an observer (O), a
source (S) at an angular diameter distance DS of the observer (see Section 1.1.8 for distances defi-
nition), and a lens (L) at an angular diameter distance DL from the observer. This is represented
in Figure 2.4. We assume here a FLRW metric in a ΛCDM Universe, and thus transverse comoving
distances are equal to comoving distances. Let us notice that in cosmology, the angular diameter
distance between the source and the lens DLS is not the difference of angular diameter distances
DLS ̸= DS − DL. We can also define angular distances: β is the angular distance between the
source and the lens (OL), and θ the angular distance between the image and the lens. α = θ − β is
the deflection angle in the observer plane (or reduced deflection angle), and α̂ the deflection angle
in the lens plane. A bit of trigonometry yields:

tan α̂ = DS

DLS

(tan θ − tan β) , (2.1)

where, in the vast majority of cases, the angles are small enough to consider tan θ ≈ θ, as the lens
and source angular size would never be larger than a few arcminutes:

α̂ ≈ DS

DLS

(θ − β) . (2.2)

Therefore, the reduced deflection angle may be rewritten:

α ≈ DLS

DS

α̂. (2.3)

The path of free particles in GR follows the geodesic equation:

d2xα

dλ2 = −Γα
βγ

dxβ

dλ

dxγ

dλ
, (2.4)

where λ is the path parametrisation, xµ the position quadrivector of the particle and Γα
βγ the

Christoffel symbol of the metric.
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Figure 2.4: Gravitational lensing formalism. α is the deflection angle in the observer plane, while
α̂ is the deflection angle in the lens plane. ξ ≈ θDL is the impact parameter in the lens, here

represented in 1D.

In order to determine the path of photons from the source to the observer, one can apply
Fermat’s principle (see Kovner, 1990; Pérez and Françon, 1996; Born and Wolf, 1999): given γ a
null curve connecting the source to the observer, then γ is a null geodesic if, and only if, its proper
time of arrival at the observer τO extremises the arrival times τ of all null curves connecting S to
O. In other words, ‘light always takes the shortest path’:

τO =
∫ τO

0
dt = c−1

∫
γ

ndλ, (2.5)

where n is the refraction index of the fluid in which light travelled, including the pseudo-index of
the gravitational field:

n = c

c′ = c
dt

|dx|
, (2.6)

where c′ is the celerity of light within the gravitational potential.
Let us define the conformal time η:

η =
∫ t

0

dt′

a(t′) . (2.7)

Around an object of mass M , let us assume the metric gµν to be described with the Bardeen
potentials (describing the metric perturbations, see Lewis and Challinor, 2006, for more details),
in the conformal Newtonian gauge:

ds2 = gµνdxµdxν = −a2(η)
[(

1 + 2ΦN

c2

)
c2dη2 −

(
1 + 2ΨN

c2

)
dχ2

]
, (2.8)
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where ΦN = −GM/r is the local Newtonian gravitational potential and ΨN the Newtonian cur-
vature perturbation.

Defining the Weyl potential ΨW ≡ 1
2 (ΨN − ΦN), let us rewrite the metric with Φ = −ΨW .

Given that one shall use this metric only on null geodesics, i.e. ds2 = 0, one can rescale the metric
by any factor, e.g. (1 − 2Φ/c2). In the limit of weak potential, 2Φ/c2 ≪ 1, the metric rewrites:

ds2 ≈ −
(

1 + 4Φ
c2

)
c2dt2 + dx2. (2.9)

Let us notice this weak field hypothesis is verified in almost all cases, as e.g. in galaxy clusters
|Φ/c2| < 10−4. Using the null geodesic equation ds2 = 0 provides the pseudo-refraction index
defined equation (2.6):

n =
√

c2 − 2Φ
c2 + 2Φ ≈ 1 − 2Φ

c2 , (2.10)

in the weak field regime approximation.
Alongside the light path x parameterised by a (normalised) curve parameter λ, we can define

the unitary tangent vector to the light path e = dx
dλ

. x and e point towards the observer. The light
path may be described with the Euler-Lagrange equations alongside a null geodesic (Meneghetti,
2021) as:

d
dλ

(ne) − ∇n = 0. (2.11)

which we may rewrite:
de

dλ
= ∇⊥ ln n, (2.12)

where ∇⊥ is the gradient in the sky plane, pointing away from the line-of-sight. With equation
(2.10), we may further simplify it into:

de

dλ
≈ − 2

c2 ∇⊥Φ. (2.13)

We can define the total deflection angle α̂ as the total deflection variation between the source and
the observer:

α̂ = eS − eO = −
∫ O

S
dλ

de

dλ
. (2.14)

Integrating equation (2.13), we get the general equation for the total deflection angle:

α̂ ≈ − 2
c2

∫ S

0
dλ∇⊥Φ. (2.15)

Let us now define the 3D orthonormal, physical coordinates centred on the observer
(O, ξ1, ξ2, ξ3). Let us notice that ξ3 = aχ represents the depth3, and χ the comoving distance.
We take ξ = (ξ1, ξ2) to be the vector towards the light ray in the sky plane. According to the Born
approximation, we assume the potential alongside the deflected light path to be well approximated
by the potential alongside the unperturbed path. This allows to simplify the parameter λ into a
line-of-sight integration:

α̂(ξ) ≈ 2
c2

∫ S

0
dξ3∇P

⊥Φ(ξ; ξ3), (2.16)

3The depth is measured from the observer. This means that (∇⊥; ξ3) is indirectly oriented.
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where ∇P
⊥ is the gradient on the sky plane, in physical (proper) coordinates. Using dξ3∇P

⊥ =
dχ∇C

⊥, where ∇C
⊥ is the gradient on the sky plane in comoving coordinates, we remap the deflection

angle with comoving coordinates:

α̂(θ) ≈ 2
c2

∫ χS

0
dχ∇C

⊥Φ(θDA(χ); χ), (2.17)

where θ is the angular position vector. In the flat-sky approximation, the relationship between the
different Laplacian derivatives, with ξi the comoving impact parameter in the lens plane according
to coordinate i (for i ∈ N2; and simply the comoving depth coordinate aχ for i = 3), is:

∆θ = ∂2

∂θ2
1

+ ∂2

∂θ2
2

≈ D2
A

(
∂2

∂ξ2
1

+ ∂2

∂ξ2
2

)
= D2

A

(
∆P

3D − ∂2

∂ξ2
3

)
= D2

A∆P
⊥, (2.18)

where ∆P
⊥ is the physical Laplacian on the sky plane (assumed Euclidean by flat-sky approxima-

tion), and ∆P
3D the physical 3D distance Laplacian. Let us notice this relationship is also valuable

for gradients: ∇θ ≈ DA∇P
⊥. We can use the relationship ∇C

⊥ = f−1
K (χ)∇θ to rewrite α̂:

α̂ ≈ 2
c2

∫ χS

0

dχ

fK(χ)∇θΦ(θDA(χ); χ). (2.19)

Differenciating relationship (2.3), we get the reduced deflection angle:

α(θ) ≈ 2
c2

∫ χS

0
dχ

DA(χS − χ)
DA(χS) ∇C

⊥Φ(θDA(χ); χ)

= 2
c2

∫ χS

0
dχ

fK(χS − χ)
fK(χS) ∇C

⊥Φ(θDA(χ); χ)

≈ 2
c2

∫ χS

0

dχ

fK(χ)
fK(χS − χ)

fK(χS) ∇θΦ(θDA(χ); χ),

(2.20)

where DA(χS −χ)/DA(χS) = fK(χS −χ)/fK(χS). We can then introduce the relationship between
the effective lensing potential Ψ4, and the Newtonian, three-dimensional potential Φ, with the
effective lensing potential:

Ψ(θ) = 2
c2

∫ χS

0
dχ

fK(χS − χ)
fK(χ)fK(χS)Φ(θDA(χ); χ) = 2

c2

∫ S

0
dξ3

DA(ξ3,S − ξ3)
DA(ξ3)DA(ξ3,S)Φ(ξ; ξ3), (2.21)

which is related to the reduced deflection angle:

α = ∇θΨ. (2.22)

We can thus rewrite the lens equation (2.1) with the lensing potential (Schneider et al., 1992;
Kneib and Natarajan, 2011):

β = θ − ∇θΨ(θ). (2.23)
If we assume the lens to be thin, as done in the strong lensing regime, the lens is assumed to be
localised at a redshift χL:

α̂(θ) = DS

DLS

α(θ) ≈ 2
c2

∫ S

0
dξ3∇P

⊥Φ(ξ; ξ3),

Ψ(θ) = 2
c2

DLS

DLDS

∫ S

0
dξ3Φ(ξ; ξ3).

(2.24)

4This Ψ is neither the Bardeen nor the Weyl one.
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With the local volume density as given by the Poisson equation:

∆P
3DΦ = 4πGρP

m, (2.25)

We can then define the surface mass density Σ ≡ ΣP at a lens redshift zL:

Σ(ξ) =
∫ S

0
dξ3ρ

P
m(ξ, ξ3) = 1

4πG

∫ S

0
dξ3∆P

3DΦ(ξ, ξ3). (2.26)

With the observation angle θ, integrated over an angle θ′ describing the whole lens plane, and
reminding the relationship to the impact parameter: ξ ≈ θDL, the Laplacian thus can be rewritten
using the Poisson equation associated Green’s function:

Φ(ξ) = −
∫

dξ3

∫
d2ξ′ GρP

m

|ξ′ − ξ|
, (2.27)

where ξ3 is the angular diameter distance alongside the line-of-sight, centred on the lens. Thus the
gradient in the sky plane is:

∇⊥Φ(ξ) ≈ 2G
∫

dξ′Σ(ξ′) ξ − ξ′

|ξ − ξ′|2
, (2.28)

where the factor 2 stems from transforming the integration over ξ3 from ] − ∞; +∞[ into the
interval [0; +∞[. Finally, equation (2.24) can be rewritten using equation (2.26) as:

α̂(θ) ≈ 4G

c2

∫
d2ξ′Σ(ξ′) ξ − ξ′

|ξ − ξ′|2

≈ 4GDL

c2

∫
d2θ′Σ(θ′) θ − θ′

|θ − θ′|2
,

(2.29)

which corresponds to summing the contributions of all the mass elements Σ(ξ)d2ξ. We define the
cylindrical mass contained within an angular radius (Narayan and Bartelmann, 1996):

M(< θ) = 2π
∫ ξ

0
Σ(ξ′)ξ′dξ′ = 2πD2

L

∫ θ

0
Σ(θ′)θ′dθ′, (2.30)

and the critical surface density:
Σcr = c2

4πG

DS

DLSDL

. (2.31)

In the case of a circularly symmetric lens, equation (2.29) reduces to:

α̂(θ) = 4GM(< ξ)
c2ξ

= 4GM(< θ)
c2DLθ

. (2.32)

The Einstein angle (related to the Einstein radius RE = DLθE) is defined as the solution to
equation (2.2) in the case β = 0 (source along the line-of-sight), for a circular source:

θE =
√

4GM(< θE)
c2

DLS

DLDS

, (2.33)

where we note M(< θE), the mass enclosed within the Einstein radius, with M(< θE) = πD2
Lθ2

EΣcr.
The Einstein angle is the size of the Einstein ring, and the typical distance between the lensed
images and the centre of the lens. Roughly speaking, the Einstein angle and the critical surface
density define the outer limit of the strong lensing regime. Out of this angle, the comoving surface
density is too small (Σ ≪ Σcr) to allow multiple images or arcs configuration.
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Short summary of lensing approximations

1. Small angles =⇒ tan θ ≈ θ, i.e. plane-parallel approximation; which is equivalent to the
flat-sky approximation.

2. Weak field |2Φ/c2| ≪ 1.
3. Born approximation, i.e. the deflected potential is approximated by the undeflected one.
4. Thin lens approximation. This is not strictly necessary, but is assumed from Section 2.1.4.

In particular, assumptions 2-4 are by far the strongest, and one can not claim to derive exact
strong lensing results with them.

In terms of strong gravitational lensing, we refer the reader to Schneider et al. (1992) and
Kochanek (2006) for a full review, and as for weak lensing, we refer to the Sachs formalism (defined
in Sachs, 1961), and to Bartelmann and Schneider (2001) and Schneider (2005) for reviews. A
discussion about the separation between the strong and weak lensing formalism, with solutions
to use a more precise formalism for weak lensing and to take line-of-sight integrated effects into
account was proposed by Fleury et al. (2017, 2021).

In cosmology, it is fundamental to avoid some or all of these assumptions. A way to avoid
using them is to deviate from the lensing formalism, and to follow light rays from emission to
observation theoretically (see e.g. Bernardeau et al., 2010, for a full-sky theoretical derivation of
a lensing observable) or numerically (see e.g. Rasera et al., 2022, for a full ray-tracing simulation
suite, from which lensing observables can be derived).

Observables

We can easily define the convergence as a reduced surface density with equations (2.26) and
(2.31):

κ = Σ(θ)
Σcr

. (2.34)

With equation (2.29), the reduced deflection angle can be rewritten:

α(θ) = 1
π

∫
d2θ′κ(θ′) θ − θ′

|θ − θ′|2
. (2.35)

With equations (2.18) and (2.26), we can rewrite the convergence (without the thin lens ap-
proximation):

κ = 1
c2

∫ S

0
dξ3

DA(ξ3,S − ξ3)
ξ3,SDA(ξ) ∆P

3DΦ(ξ, ξ3)

= c−2
∫ χS

0
dχ

fK(χ)fK(χS − χ)
fK(χS) ∆C

3DΦ(θDA(χ); χ),
(2.36)

as ∆C
3D = a2∆P

3D.
There is another manner to define the lensing convergence:

κeff = ∇θ · α = ∆θΨ ≈ 2
c2

∫ χS

0
dχ

fK(χ)fK(χS − χ)
fK(χS) ∆C

⊥Φ(θDA(χ); χ)

≈ 2
c2

∫ χS

0
dχ

fK(χ)fK(χS − χ)
fK(χS)

(
∆C

3D − ∂2
χ

)
Φ(θDA(χ); χ)

= κ⊥ + κ∥,

(2.37)
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where κ⊥ is the convergence on the sky, similar to formula (2.36), and κ∥ the part due to the
comoving distance:

κ⊥ = c−2
∫ χS

0
dz

fK(χS − χ)fK(χ)
fK(χS) ∆3DΦ(θDA(χ); χ),

κ∥ = −c−2
∫ χS

0
dχ

fK(χS − χ)fK(χ)
fK(χS) ∂2

χΦ(θDA(χ); χ),
(2.38)

where ∆C
3D. The non-trivial expression of κ∥ is commonly neglected. Indeed, when applying the

Born approximation (assuming the lens to be a gravitationally bounded structure), the expression
simplifies to κ∥ ∝ ∂χΦ, which is null at the boundaries of the thin lens. For a perfect calculation
of the convergence, notably when probing the large-scale structures, this term should however be
calculated. As noted in Fleury (2015), this partial derivative ∂2

χ takes into account the formation of
structures (similarly to the integrated Sachs-Wolfe effect) and can thus not be trivially integrated
by parts. However, neglecting this time evolution:

dΦ
dχ

= ∂χΦ − dη

dχ
∂ηΦ = ∂χΦ − c−1∂ηΦ ≈ ∂χΦ, (2.39)

as it is much slower than the spatial evolution of structures yields:

κ∥ ≈ c−2
[
−ΦS − Φ0 + 2

∫ χS

0

dχ

χS

f ′
K(χS − 2χ)Φ(θDA(χ); χ)

]
, (2.40)

where f ′
K(χ) is the comoving derivative to the transverse comoving distance defined equation

(1.25):

f ′
K(χ) =


cosh (χ/dk)
1
cos (χ/dk)

for
Ωk > 0
Ωk = 0
Ωk < 0.

(2.41)

with dk = |Ωk|−1/2 c/H0.
Let us disregard the κ∥ effect from now on: κeff ≈ κ⊥ = κ. Under the Born approximation,

with W (z) = fK(χS − χ)fK(χ)/fK(χS) the lensing kernel, defining the lensing efficiency, the
convergence thus writes:

κ ≈ c−2
∫

dχW (χ)∆3DΦ ≈ c−2 DLDLS

DS

∆3D

∫
dχΦ = 1

2∆3DΨ, (2.42)

Computing the lensing kernel numerically shows that the most optimal lensing configuration there-
fore is DL = DLS = DS/2.

With equation (2.35), we write the reduced deflection potential in terms of convergence:

Ψ(θ) = 1
π

∫
d2θ′κ(θ′) ln |θ − θ′| . (2.43)

The convergence κ is a measurement of the magnification of an image caused by lensing: a positive
convergence signals an increase of apparent size (while conserving the same surface brightness),
while a negative convergence (which can be found in under-dense regions of the Universe, between
the large-scale structures) is synonymous with an apparent size decrease.
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We shall define the amplification matrix A(θ) as the Jacobian of the unlensed position β and
the lensed position θ (see Bartelmann and Schneider, 2001):

A(θ) = ∂β

∂θ
=
(

δij − ∂αi

∂θj

)
(i,j)∈N2

2

=
(

δij − ∂2Ψ
∂θi∂θj

)
(i,j)∈N2

2

=
(

1 − κ − γ1 −γ2 + ω
−γ2 − ω 1 − κ + γ1

)
,

(2.44)

where ω is the antisymmetric rotation angle, which will from now on considered to be ω = 0 (as we
can simply rotate the sky plane referential), and with Ψ the deflection potential defined equations
(2.21) and (2.43). Additional terms of higher-order (such as the flexion) can be taken into account
for higher precision measurements, and to use statistical analysis. Such terms are described in e.g.
Bernardeau et al. (2010) and Birrer (2021).

In equation (2.44), the shear component γ is composed of:

γ1 = 1
2(Ψ,11 − Ψ,22) ; γ2 = Ψ,12, (2.45)

where the total shear is:
γ = γ1 + iγ2 = |γ|e2iφ. (2.46)

Identifying this complex notation with C ≡ R2, i.e. the lens plane, γ1 is responsible of the shear
deformation alongside the Cartesian axes, while γ2 performs the same effect at 45 deg. φ is the angle
of shear deformation, when only considering the modulus |γ|. Let us notice that the convergence
can be measured as the trace of the amplification matrix:

κ = 1
2∆θΨ = 1 − 1

2 Tr(A). (2.47)

A circular source of radius R would thus appear as an ellipse of semi-major and semi-minor axes
a and b:

a = R

1 − κ − |γ|
,

b = R

1 − κ + |γ|
.

(2.48)

Let us now introduce the reduced shear g:

g = γ

1 − κ
, (2.49)

which is invariant with the scaling of the Amplification matrix A. Let us note that in weak lensing
κ ≪ 1 and |γ| ≪ 1, implying g ≈ γ. The reduced shear is sometimes referred to, in weak lensing,
as the lensing ellipticity. This effect is only an image distortion, and has nothing to do with the
genuine ellipticity of the source (read Meneghetti, 2021, for more). However, it has the merit to
be a directly measurable observable.

We can also introduce the flux magnification of an image µ:

µ = [det(A)]−1 = 1
(1 − κ)2 − |γ|2

= 1
(1 − κ)2(1 − g)2 . (2.50)
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Figure 2.5: Effects of convergence and shear: the cyan circle represents the size of a circular
source. The green circle shows the effects of the convergence κ, while the red ellipses showcase

the role of shear γ.

In the strong lensing regime, the reduced shear can reach values of g = ±1. This defines two
never crossing lines in the lens plane where the magnification is infinite: the critical lines. Their
equation writes:

det Acrit = (1 − κcrit)2 − |γcrit|2 = 0. (2.51)
The associated projected lines in the source plane are called the caustic lines, and as critical lines,
they are closed, but can intersect. These pairs are usually composed of an internal line, where
deformations are radial, and an external one, where deformations are tangential (see Kneib and
Natarajan, 2011). In empirical strong lensing analyses, these lines are extremely useful to identify
the distribution of multiply-imaged systems.

2.1.4 Strong lensing configurations
The number of multiple images from a same source must be odd, according to the odd number

theorem (proven in McKenzie, 1985)5. In multiply-lensed images configurations, the number is 3
or 5. That number is given by the number of solutions to equation (2.1), where β is constant for
a given source, and θ a variable. If we consider a source far from the line-of-sight and thus only

5Gottlieb (1994) argues they rigorously need not to be. His argument is that the odd number theorem was proven
in a Euclidean space, while the sensibility of strong lensing images requires to take into account the Lorentzian
nature of space.
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weakly lensed, and move it progressively toward the line-of-sight, each crossing of a caustic would
add 2 multiple images on each side of the associated critical line. These new images would appear
to ‘mirror’ each other. Let us notice that in practice, multiple images can ‘merge’, as best shown in
the Einstein ring configuration. Some multiple images can also be strongly demagnified (Schneider
et al., 1992). As a result, an even number of observed images is often observed, as exampled with
the Einstein cross (see Figure 2.6, left panel).

S1

S1

S1

S1

Figure 2.6: Examples of strong lensing configurations (for more examples, see Kneib and
Natarajan, 2011, Fig. 11). Top left: Double multiply-imaged system of one source, also called
radial arc. Top right: Quadruple multiply-imaged system of a source. Bottom left: Cusp arc,

where the source S1 is almost lined with potential. Bottom right: Einstein cross: a specific case
of quadruply-lensed source, where the source is aligned with the lens. The background surface
heat map represents the brightness of the lensed image. The blue curve represents the same
singular isothermal sphere (SIS) potential. It has the same geometry for the both left panels

(ellipticity 0.3), and for both right panels (ellipticity 0.6). The green circle represents the source.
The magenta and red curves are respectively the caustic and critical line (the SIS profile

configuration only yielding one of each).

We here present the most common strong lensing images configurations, following Kneib and
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Natarajan (2011). We present some examples on Figure 2.6. Other configurations are possible,
due to perturbed lens geometries (see Orban de Xivry and Marshall, 2009; Meena and Bagla, 2021,
for a review of more ‘exotic’ configurations).

Doubles

Doubly-lensed images were historically the first type of strong lensing configuration to be
discovered, with the Twin Quasars (as mentioned in Section 2.1.1 and Figure 2.1 top left panel).
These configurations tend to occur when the source is situated out of the tangential (inner) caustic
line (the yellow, astroid-shaped one on Figure 2.3 top left panel).

Quadruple

The first quadruply-imagining lens discovered was the lensing galaxy known as Huchra’s lens
(QSO 2237+0305 G, see Huchra et al., 1985, see the right panel of Figure 2.1). The resulting
Einstein cross is typical of quadruply-imaged configurations, which commonly require the source
to be aligned with the lens, and the lens to be oblong. More generally, quadruply-lensed images
require the source to be within the tangential caustic lines, and the lens to be elliptical. Let us
notice that, as for the doubly-lensed images, there is the same number of images out of the critical
lines as within. A fifth image may appear close to the centre of the lens. It is however often too
dim to be observed, as it is the case for the lensed quasar images of QSO 2237+0305 G.

Arclets and giant arcs

All lensed images are distorted, but when the source is close to the tangential caustic line, this
can cause the images to be distributed following a cusp arc, as presented on the bottom panel of
Figure 2.1 and on the bottom left panel of Figure 2.3. In practice, one or several of the multiple
images is simply extremely distorted, sometimes even appearing connected to the other multiple
images. The most extreme case this can reach is that of the Einstein-Chwolson ring, appearing as
a ring-like structure around the lens.

2.1.5 Lensing in the context of cosmology
In the analysis of large-scale structure, or other large portions of the Universe with weak lensing,

it can be useful to consider lensing indicators in a field, to conduct some posterior statistical
analysis.

With equations (1.30) and (1.32), a the scale factor, δ the overdensity, ρP
c,m the critical density

of matter in physical density units, ρP
m = ρP

c,m(1 + δ) the physical matter density, ρC
m the comoving

matter density, ρC
c,m the critical comoving matter density, and using ρ = ρC

m = ρP
ma3 the local

volume density as given by the Poisson equation, we complete equation (2.25):

∆C
3DΦ = a2∆P

3DΦ = 4πGρP
ma2 = 4πGρP

c,m(1 + δ)a2 = 4πGρC
c,m(1 + δ)a−1, (2.52)

where we can let alone the constant part of the Lagrangian 4πGρC
c,ma−1.

Using the comoving critical matter density parameter defined equation (1.31), the convergence
κ (equation 2.42) rewrites:

κ(θ) ≈ 3H2
0 Ω0,m

2c2

∫ χS

0
dχ(1 + z)W (χ)δ(χθ, χ). (2.53)
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In order to connect the observed shear to the convergence, and thus get a full description of the
weak lensing effect, one can use the Kaiser-Squires theorem (Kaiser and Squires, 1993), allowing
to derive the lensing potential from the shear6.

2.2 Quantitative strong lensing measurements

2.2.1 Lens optimisation techniques
Let us consider the specific case of strong lensing observations with multiply-imaged systems

(for a review, see Kneib and Natarajan, 2011). If the lens is a massive galaxy cluster at intermediate
redshift (0.2 ≤ z ≤ 0.5), we can consider in most cases the lens to be thin, i.e. to respect the Born
approximation. This is due to the rarity of finding two massive clusters extremely well aligned
along the line-of-sight, as clusters are rare objects. Lensing by foreground or background (relative
to the lens) objects is always possible however, and should then be modelled independently. This
is for instance the case if two clusters appear aligned along the line-of-sight, but are distributed at
very different redshifts. Therefore, observations of different multiple images allow to constrain the
Newtonian potential Φ of the lens, i.e. the volume density ρ. However, only the projected density
Σ can be directly probed through lensing without making assumptions about the shape of the
potential (e.g. ellipsoidal symmetry), as an observer may only observe lensed images projected on
the lens plane.

Position of the multiple images

In order to use all the constraints provided by the different lensing configurations (see Section
2.1.4) to describe the lens’ properties, one can incrementally modify the lens model. Using such
a lens model, one may compute the lensing potential Ψ (with equation 2.23). With the multiply-
imaged systems already detected, one may optimise the position of the sources of these systems.
Re-projecting the reconstructed sources into the image plane yields predicted multiple images. The
offset between these and the observations provides an idea of the quality of the model. Moreover,
the predicted multiple images which do not have an observational counterpart may be investigated.
For instance, on Figure 2.3 top right panel, if three out of the four multiple images are observed,
and the lens effectively modelled, the fourth image should be predicted. If further observations
discover the predicted counterpart, this confirms the predictive quality of the model. Otherwise,
it shows its limitations.

In this optimisation, one can choose whether or not to invert the lens equation (2.23), i.e. to
respectively characterise the model error in the lens or in the source plane (see Kochanek, 2006).

• Source plane optimisation: It can be computationally expensive to invert this equation, and
in the case of a model with good priors, it is possible to project the images onto the source
plane and then minimise the difference between the projected source positions. For a single
source, this is:

χ2
source =

Nimages∑
i=1

(
βpred

i − βmod

σs,i

)2

, (2.54)

6Fleury et al. (2017) have however presented the limits of such a technique, which is bounded to the assumption
of infinitesimal beams. This does not take into account properly the lensing effect of point lenses within the light
beam, which statistically matters.
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where βpred
i are the positions of the sources predicted using the lens equation for a given

lens model, βmod is the position of the source in a model, treated as a parameter, and σs,i

are the measurement error on the position of the images, projected on the source plane.
This method allows to compute the error faster, and thus to run a faster optimisation. It
also avoids divergences in the inverse amplification matrix. Nevertheless, it comes with an
important built-in drawback: the error on the images in the source plane σs,i is not known.
The measured errors on the images σl,i are tied to the lens plane, and therefore using them
in the source plane directly makes little physical sense. If the priors on the lens model are
satisfactory however, a way to take the magnification of the error effect into account is to
use the corrected source error:

χ2
source,corr ≈

Nimages∑
i=1

(
βpred

i − βmod
)

× M2
i ×

(
βpred

i − βmod
)

σ2
l,i

, (2.55)

where Mi = A−1
i is the magnification matrix at the position of image i. This approximation

is only valid if
∣∣∣βpred

i − βmod
∣∣∣ → 0.

• Lens plane optimisation: Alternatively, one can invert the lens equation, find the position of
the source image on the lens plane, and thus more generally constrain the model of the lens
without requiring strong priors. In this case, the positional error may be used directly:

χ2
images =

Nimages∑
i=1

(
θpred

i − θobs
i

σl,i

)2

, (2.56)

where θpred
i are the predicted image positions and θobs

i the observed image positions. This is
the exact solution, but is more numerically heavy.

For instance, Remolina González et al. (2018) provide examples of the source and lens plane scatter
assessments, allowing to compare both methods.

Multiple images’ geometry and symmetries

Multiple images exhibit different individual shapes (as presented on Figure 2.3), which allow to
detect the direction and magnitude of the potential. The separation between multiple images of a
same source obeys certain symmetry rules which differ depending on the type of lens. The rule of
thumb is to consider multiple images of a system as symmetric of one another around a critical line.
Therefore, local properties of the lens around a critical point (i.e. a point of infinite amplification)
can be found by the appropriate analysis of the individual images geometry with respect to each
other (i.e. a Taylor expansion of the Fermat potential of order four around each critical point, as
detailed in Wagner, 2019). The investigation of these symmetries utilises geometric constraints on
the multiple images, and as a result, it yields results which may be redundant with the amplification
matrix inversion. It can be used as a complement, putting together the image shapes and their
overall geometric distribution.

Redshift measurement

In addition to these purely geometric information, multiple-band astronomy contains more
information about the redshift of a source. In fact, the comparison between different filters allows
to compare the colour variation of different images. If this colour variation is the same for several
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multiply-imaged system candidates, this hints towards a unique source, as lensing does not modify
the colour. This can also lead to the determination of a photometric redshift, or of a much more
precise spectroscopic redshift. Although these two techniques are detailed in the next Chapter 3,
we shortly present them here:

• Photometry is the measurement of the magnitude of an astronomical object in multiple pass-
band filters. Because of the Hubble flow due to cosmological expansion, objects situated
at a cosmological distance from an observer appear redder (see Section 1.1.4). As a result,
assuming the spectral distribution of an object given its type (galaxy, quasar, etc.), the
typical spectral energy distribution of more distant objects appears redshifted. We can use
this to determine the cosmological distance of the object.

• Spectroscopy is the measurement of the spectrum (or a segment of the spectrum) of an
astronomical object, notably to detect spectral lines, i.e. an excess or a default in the spectrum
due to the abundance of a chemical element. The wavelength of the spectral lines being
bounded to an element, the wavelength of the lines is known at emission. The comparison
with the wavelength of the same lines at reception yields the cosmological redshift. This
allows for a finer measurement of the redshift, as spectral lines are very narrow in wavelength.

Given the distance between pass-band filters is much larger than the spectral resolution, photomet-
ric redshifts have much larger random errors. Spectroscopy also does not require to make strong
predictions on the object spectral distribution, thus presenting smaller systematic errors. However,
photometric redshift measurements retain a major advantage, as they can be performed using a
few pass-bands, which is much less observational time consuming than spectroscopic surveys. With
large sky surveys such as HST, detecting a large number of faint, distant objects, both types of
redshift measurements have a role to play: photometry as a statistically significant but less precise
measurement, and spectroscopy as more precise albeit time consuming. As a result, precise, spec-
troscopic information about the multiply-lensed images allows to set the most stringent constrains
on the lens model.

Fluxes

The lensing magnification also yields different magnitude fluxes for different images of a same
system (see e.g. Figure 2.3). Because they depend on the geometry (position of the source and the
lens), the use of various fluxes to optimise the reconstruction must be conducted in conjunction
with the multiple image geometry analysis. In the mass modelling, the former characterise the
magnitude of the amplification matrix A to be inverted, whilst the latter characterise its geometry.
It may also be difficult to estimate precisely the diffuse source flux and to decorrelate it from the
lens’. As a result, this is mostly used for sources whose luminosity can be efficiently determined,
such as quasars or supernovae (and in particular of the type Ia, as they act as standard candles).

2.2.2 A few lensing observables profiles
Using the definitions of the convergence and shear (respectively equations 2.34 and 2.46), we

can calculate these observables for dark matter or total matter density profiles.
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Navarro-Frenk-White (NFW)

We use here the definition of the surface density in a NFW distribution (see equation 1.56),
and define x ≡ R/rS:

κ(R) = ρSrS

Σcr
A(x),

γ(R) = ρSrS

Σcr
B(x),

(2.57)

where A and B and defined by parts, for x > 0:

A(x) =


2

x2−1

[
1 − 2√

1−x2 arctan
√

1−x
1+x

]
,

2
3 ,

2
x2−1

[
1 − 2√

x2−1 arctan
√

x−1
1+x

]
,

; B(x) =


b(x) if x < 1,
10
3 − 4 ln 2 if x = 1,

b(x) if x > 1,

b(x) = 4
( 2

x2 + 1
x2 − 1

)
|1 − x2|−1/2 arctan

√
|1 − x|
1 + x

+ 4
x2 ln

(
x

2

)
− 2

x2 − 1 .

(2.58)

These expressions were derived in e.g. Golse and Kneib (2002).

Dual Pseudo-Isothermal Elliptical Matter Distribution (dPIE)

We use here the definition of the surface density in a dPIE distribution (see equation 1.70):

κ(R) = Σ0

Σcr

[(
R2 + a2

)−1/2
−
(
R2 + s2

)−1/2
]

,

γ(R) = Σ0

Σcr

as

s − a
×{

2
[(

a +
√

R2 + a2
)−1

−
(
s +

√
R2 + s2

)−1
]

+
[(

R2 + a2
)−1/2

−
(
R2 + s2

)−1/2
]}

.

(2.59)

2.2.3 Lensing software
In order to model the potential of the lens, two families of strong lensing software have been

created:
1. Free-form models, in which the potential is tessellated on a grid, allowing for the local density

in a grid bin to vary7;
2. Parametric models, which assume a certain type of density distribution in the lens (NFW,

dPIE, etc.), and optimise a given number of parameters.
Meneghetti et al. (2017) provide with a thorough comparison between various software in the
context of the Hubble Frontier Fields observation campaign. They submit them to the challenge of
reconstructing the lens model of two simulated clusters Ares and Hera (mimicking the observational
properties of the HFF clusters) using cluster simulated images only. Looking at the performance
of the ten groups who took part to this collaboration, Meneghetti et al. (2017) notably conclude
that:

7They can also be called ‘non-parametric’, but this is not strictly true as the size of the grid, its resolution,
etc. are parameters. Coe et al. (2010) call them ‘non-light-traces-mass’ (non-LTM), as they need not to make
hypotheses over the mass distribution a priori using the lens luminous counterpart.
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• Free-form and parametric methods perform equally well at measuring the convergence and
mass profiles.

• Parametric methods generally capture better the two-dimensional properties of the lens cores
(shape, local values of the convergence and of the magnification).

• The determination of the mass enclosed within the Einstein radius (or any other radius
characteristic of the strong lensing constrains) was extremely robust for all methods.

• The largest uncertainties in the lens models are found near substructures (here cluster galax-
ies) and around the cluster critical lines. Some parametric models allow to constrain the
substructure mass with ∼ 10% error.

• Parametric models appear to generally better model Ares, the purely parametric simulated
cluster. For the more realistic Hera simulation, the gap in quality between parametric and
free-form models models is reduced.

• Several groups use similar software, and yet, despite using the same data, they obtain different
reconstructions. This outlines the modeller’s intervention and the importance of the priors
used in different models, even with a same software.

Let us moreover note that, in both simulated clusters, the cluster galaxies were good tracers of
the mass distributions, which may hide possible weaknesses in the parametric methods. Indeed, in
the case of a disturbed distribution where galaxies would not be at the centre of their dark matter
halo, we would expect parametric models, which require priors, to be at a disadvantage.

Free-form software

The main advantage of free-form models is to avoid assuming a mass profile a priori. They are
notably used to constrain mass distribution with weak lensing constraints, but can be adapted to
strong lensing if enough constraints are available (see e.g. Diego et al., 2018). Indeed, this type of
models divides the field into a mesh, where the lensing observables are mapped, and which is then
transformed into a pixelated mass distribution. As a result, because it does not set strong priors
on the density distribution, a weak number of constraints could easily lead to over-fitting, where
too many degrees of freedom allow for a non-physical distribution. The other possible downside to
these models is ‘dissection’ of the lens information in the grid. Localised constraints may constrain
extremely well the potential in the corresponding regions of the observed field, but not in others,
irrespective of the distance to the centre for instance. Regardless, a posteriori regularisations are
possible. Here is a short, non-exhaustive summary of these techniques:

• PixeLens, presented in Saha and Williams (1997) and Williams and Saha (2004), describes
the mass density directly. Priors may be imposed on the convergence map (non-negative,
smooth), on the symmetry of the lens, on the lens ellipticity, on the radial density profile
slope, and on the external shear.

• SWUnited (Bartelmann et al., 1996) was for weak lensing only, and extended in Bradač
et al. (2004, 2009) to include SL (using multiply-imaged systems). It uses an adaptive grid,
optimised and refined at each iteration. It does not require any potential assumption (such as
light-traces-mass , i.e. a massive component is to be associated to a luminous counterpart),
and performs an optimisation in the source plane, i.e. searches for the best source positions
to produce a system of multiple images, but also over the WL ellipticities.

64



• WSLAP+ (Diego et al., 2005, 2007; Sendra et al., 2014) describes the mass density directly, or
alternatively indirectly using the lensing potential. This means that each bin of a large-scale
grid corresponds to a given mass. Two mass components intervene: that of the red-sequence
galaxies, whose mass is determined using the mass-to-light ratio, Υ = M/L, modulated with
a correction factor; and a diffuse component modelled through a Gaussian superposition on
the grid. The optimisation then occurs in the source plane, i.e. each iteration tries a source
position to describe a multiply-imaged system. It is not an entirely free-form model, as it
assumes some light tracing mass through the galaxy distribution, and is sometimes referred
to as hybrid.

• Grale, described and showcased in Liesenborgs et al. (2006, 2007), Mohammed et al. (2016),
Liesenborgs et al. (2020), and Ghosh et al. (2021), does not make the LTM assumption,
nor does it require to assume a lens plane mass distribution a priori. Instead, it lets the
mass distribution free to be optimised on a grid with a number of basis functions. The
type, number and position of these basis functions are fixed as model parameters, and the
optimisation occurs on the weight of the functions. Liesenborgs et al. (2020) for instance use
projected Plummer density models as basis functions. As Grale uses an adaptive grid, i.e. the
binning evolves with the precision required, the densest regions are more precisely refined.
The inversion of the amplification matrix A is performed following a genetic algorithm (for a
description of such algorithms, see e.g. Eiben and Smith, 2013), allowing to let the parameter
space evolve following multiple objectives (e.g. to invert the amplification matrix, predicting
the position of a source from the lens model which would both reproduce the observed
multiple images, and not produce more than observed).

• LensPerfect (Coe et al., 2008, 2010) is a non-LTM method, which uses inversion to model
the images by exploring curl-free interpolations (i.e. a method to interpolate scattered data
points, see Fuselier, 2008) of the deflection field, and the Kaiser and Squires (1993) weak
lensing inversion method to constrain the distortion of images.

• SaWLens (Cacciato et al., 2006; Merten et al., 2009) primarily estimates the lensing potential
using weak lensing. It optimises lens models in order to optimise the shear. Moreover, it
improves the constraints with strong lensing multiple images where possible, approximating
the location of the critical curves.

• Lenstool was first developed as a SL, parametric software, but this was combined with a
free-form approach in Jullo and Kneib (2009), and later made compatible with weak lensing
in Jauzac et al. (2012). It is only recently that Niemiec et al. (2020) made the joint strong
and weak lensing optimisation possible in hybrid-Lenstool, combining both parametric
and free-form methods. This allows for an optimal multi-scale approach. Whichever the
method utilised, cluster galaxies are always described by parametric mass models, whereas
the smoother, large-scale mass distribution can be either modelled non-parametrically or
with specific profiles.

Parametric software

Parametric lens software assume a potential distribution to start with. They can optimise
these distributions’ parameters, and not only the ‘density’ ones, but also the geometry (position,
ellipticity) of the mass distribution under certain circumstances. We shortly, inexhaustively present
them:
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• LTM, for Light-Traces-Mass was presented in Zitrin et al. (2012, 2013). It allows to quickly
get a cluster lens model, as it assumes mass (including DM) to be located where a luminous
counterpart appears. This highly predictive software uses a minimal number of free parame-
ters: an exponent to the mass-to-light ratio power-law for the whole cluster galaxy catalogue,
a Gaussian kernel degree to smooth with splines the galaxy component in order to describe
the DM distribution on large scales, a ratio between the galaxy and DM halo masses, and
a global lens model normalisation to a redshift or multiply-images system. Some additional
parameters can be added, e.g. the BCG light-to-mass ratio scaling, ellipticity, core radius
or external shear. The optimisation uses a χ2 criterion with a Metropolis-Hastings MCMC
(Markhov Chain Monte-Carlo) algorithm, comparing multiply-imaged systems to their pre-
dictions in the image plane. Its downside is a lower precision than other software because of
less flexibility, due to fewer free parameters.

• PIEMDeNFW (Zitrin et al., 2015) is an extension of LTM, albeit fully parametric. It allows
for more flexibility, lacking in LTM, and improved fits through a semi-independent method,
modelling the DM halo independently from the light component. As it lends itself to a
comparison with LTM, Meneghetti et al. (2017) find that the flexibility comes at a cost,
PIEMDeNFW yielding a lesser predictive power for multiple images, and physical results less
reliable. This is due to the introduction of a large number of free parameters to model
subhalos in complex structures, without justification that these are fundamental parameters.

• Glafic (Oguri, 2010) assumes each galaxy member to be modelled with a projected pseudo-
Jaffe profile, and its velocity dispersion and truncation radius parameters follow the Faber-
Jackson relationship for the former, σ ∝ L1/4, and a power-law for the latter, s ∝ Lη. The
geometric parameters are fixed through photometric data analysis. Glafic can either per-
form the multiple images optimisation in the image or in the source plane, using different
optimisation methods such as the downhill simplex one (i.e., for a parameter space of dimen-
sion N , the iterative reduction of a N + 1 dimensional polytrope, which ends up describing
the final constraints), or through a MCMC. It can also take flux ratios, time delays, external
shear and higher order perturbations into account for lens modelling. It is however limited
when multiple lens modelling is required, i.e. to take into account the effect of several lenses
on the same line-of-sight at different redshifts.

• Lenstool (Kneib et al., 1996; Jullo et al., 2007) can work both as a parametric or free-
form software, and can even run in hybrid mode (see previous paragraph). In the parametric
mode, similarly to Glafic, it uses a galaxy catalogue of detected geometric positions through
photometry. Classically, their luminosities are all related to one another using the Faber-
Jackson profile, however it is possible to let its indices vary. Moreover, any cluster member
can be taken out of this catalogue to be modelled independently, if for instance they are close
to a multiple image and the Faber-Jackson optimisation yields limited results. Although a
large number of profiles are available, dPIE are the most commonly used. Then, each galaxy
is associated to a core assumed to be baryonic and a small dark matter clump, more diffuse.
On top of the luminous component, a dark matter halo (or more if motivated) are added
and optimised in addition to cluster galaxies. It presents a number of degeneracies (most
notably that between the cored and cluster-size components, see Section 2.2.4), relatively well
understood (Limousin et al., 2016). Several algorithms using MCMC methods (BayesSys
introduced in Jullo et al. 2007, which may be used in different manners8 and the Python

8https://projets.lam.fr/projects/lenstool/wiki/RunMode#inverse-int1-float1-float2
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emcee) allow to perform the multiple images optimisation in the image or the source plane.
Errors are propagated using a Bayesian approach.

2.2.4 Lens modelling with Lenstool
All lens models in this thesis were obtained using Lenstool9, in its parametric mode. We

systematically used dPIE profiles, because they present a flat core profile and are parametric.
Binney and Tremaine (1987) and Elíasdóttir et al. (2007) provide the relationship bounding the
velocity dispersion to the galaxy density in general:

σ2(r) = G

ρ(r)

∫ ∞

r
dx

M3D(x)ρ(x)
x2 . (2.60)

One can derive the relationship between the dPIE velocity dispersion σ0, and the normalised
density ρ0 (Limousin et al., 2005):

ρ0 = σ2
0

2πG

a + s

a2s
. (2.61)

However, in Lenstool, the σ parameter really is the line-of-sight velocity dispersion, and thus
writes σ =

√
2/3σ0, as detailed in Bergamini et al. (2019, Appendix C).

Galaxy catalogue

Multi-band photometric data, introduced in Section 2.2.1, was used for two main purposes: on
the one hand, it allowed to detect multiple images systems ; on the other hand, this yielded the
geometric and flux information necessary to establish the cluster member galaxies catalogue. The
position parameters (distance to the cluster centre, ellipticity, rotation angle) of all galaxies, unless
mentioned otherwise, is then fixed. We always utilised the Faber-Jackson relationship (equation
1.51) to establish the dPIE profile parameters, fixing the reference core radius to an arbitrary small
value. Let us notice one can use an extended version, for each individual galaxy (see e.g. Jullo
et al., 2007):

σ0 = σ⋆
0

(
L

L⋆

)1/σslope

,

a0 = a⋆
0

(
L

L⋆

)1/2
,

s0 = s⋆
0

(
L

L⋆

)2/sslope

,

(2.62)

where the starred values σ⋆
0, a⋆

0 and s⋆
0 are the pivot Faber-Jackson optimised values, L⋆ is the

typical luminosity of an elliptical galaxy at the redshift of the cluster. In this thesis, we constantly
assume σslope = 4, and sslope = 4, and fix a⋆

0 to an arbitrary small value. This way, only two dPIE
parameters have to be constrained for the whole catalogue mass to be derived. Leauthaud et al.
(2011) for instance offer a different technique, using the stellar-to-halo mass relation to directly
extract the stellar mass from that of the halo.

9https://projets.lam.fr/projects/lenstool/wiki
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Dark matter halo

In addition, cluster models systematically add a dPIE cluster-scale halo – which we refer to as
the dark matter halo (DMH), mostly representing the dark matter potential, but also the intra-
cluster medium (ICM) to a much lesser extent10. The velocity dispersion σ of these DMH typically
range around 103 km.s−1, and the cut radius s of the DMH fixed to an arbitrary large value, taken
to be much higher than the Einstein radius, and thus it has very little influence on the strong
lensing (see e.g. Elíasdóttir et al., 2007). In the modelling, gravitation is matter-agnostic, i.e. only
probes mass, irrespective of its nature. Therefore, even if one assumes dPIE to model both a
baryonic core and a larger dark matter clump, only the total density of matter ρm is constrained.

Multiple images catalogue

When available, spectroscopy is a very powerful tool to detect multiply-imaged systems, and
to determine precisely their redshifts. The redshift of the lens may also be observed through spec-
troscopy. To these detections, one may add multiple images detected only through imaging data.
If their redshifts are unknown, these may be treated as free parameters. These additional multiple
images assist in constraining lens models, but to a lesser extent than spectroscopic detections.

Incremental model construction

In the models established, one can follow an incremental approach. First, the model is composed
of the DMH dPIE and the cluster galaxies catalogue. The DMH parameters (geometry, core radius
a, velocity dispersion σ) are let free to vary, with an ellipticity constrained to E < 0.7 (to keep to
physical values for relaxed clusters, as shown in Despali et al., 2017), a velocity dispersion typically
of the order of 103 km.s−1, and a cut radius of the DMH fixed to an arbitrary large value s ≫ a
in general. This value is taken to be much higher than the Einstein radius, and thus has very
little influence on the strong lensing. Given this parameter vector, the lens model optimisation is
conducted a first time. For precision, all optimisations are inverting the lens equation, i.e. they
are performed in the lens plane.

Second, in order to take into account the influence of dominant galaxies, these may be detached
from the cluster galaxies catalogue, i.e. their potential is not being tied to the Faber-Jackson rela-
tionship anymore. For example, the brightest cluster galaxy (BCG) is so luminous that it dominates
at the same time the galaxy catalogue optimisation and the total mass it yields. Moreover, the
BCG can present unique features due to its higher mass, but also its position in the centre, mean-
ing it progressively clustered a number of smaller galaxies, which may be older (and thus more
metal-rich). This can lead to a mass-to-light ratio different from the other, main red sequence
galaxies. However, the BCG geometric parameters are still useful, and in a ‘light traces mass’
assumption, one can fix these parameters. Sometimes, they may be left free to vary, as the dark
matter clump associated to the BCG may have a geometry different from the BCG itself. Let us
however notice this BCG optimisation is often degenerated with the DMH one. In other words,
for a central BCG, this means the core radius and velocity dispersion of the DMH are in com-
petition in the optimisation with the cut radius and velocity dispersion of the BCG to describe
the central density. Several observables may allow to minimise this degeneracy, such as a high
number of constraints by multiply-imaged systems at various radii in the cluster. For instance,

10Dynamically relaxed clusters are modelled with one DMH, however merging clusters often require more than
one DMH to explain the lensing potential (such as e.g. MACS J0416.1-2403, see Jauzac et al., 2015).
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Limousin et al. (2008) present a large number of radial arcs in relaxed cluster Abell 1703, coupled
to a central lensed ring in the vicinity of the centre of the cluster. These unique features allow
the authors to stringently constrain the central density of the cluster, and thus to disentangle the
BCG from the DMH parameters. One may also use the emission or the lack of emission in X-rays
to constrain the baryonic density (represented a priori in a dPIE profile by the core region, e.g.
in Limousin et al., 2022). Using the ‘light-traces-mass’ hypothesis for the DMH may also alleviate
some nonphysically large cut radii or velocity dispersions optimisations for the BCG. Newman
et al. (2009) combine three probes of the mass distribution in order to lift the degeneracy: stellar
velocity-dispersion measures in the BCG, strong and weak lensing, which allows to break the de-
generacy. Additionally, other galaxies of high mass or strategic position (close to multiple images)
can be optimised individually too. For instance, in MACS J0416.1-2403, a galaxy re-lenses a mul-
tiple image yielded by the cluster-size lens, producing more multiple images (Vanzella et al., 2017).
At last, if a foreground or background galaxy happens to be in the field, and to be important to
lensing, it must be included in the lens model, and optimised independently. In order to avoid the
Lenstool limitations for multi-plane lensing, one can project the object’s lensing potential in the
lens plane.

If important deformations of the images appear on the field, one can add an external shear field,
accounting for neighbouring lenses and cosmic shear. It is characterised by its normalisation and
rotation angle. This may improve the theoretical quality of the model, reducing the error between
observations and the predicted images. Although there can be well-motivated physical reasons to
justify such a field, in most cases these fields simply reduce the error in the model prediction by
encapsulating lensing effects in an nonphysical field, which should instead be described through
the complexity of the lens model (Etherington et al., 2023). The use of such fields may therefore
degrade the measurement of parameters interpreted as physical, and we avoided them in this thesis.

Analysing a model

The χ2 value optimised by Lenstool for a parameter vector Θ is the sum of the distances
between predicted and observed multiple images11:

χ2(Θ) =
Nsource∑

j=1

Nj
im∑

i=1


∣∣∣xpred

i,j (Θ) − xobs
i,j (Θ)

∣∣∣
∆xi,j

2

, (2.63)

where x is the position on the sky, i the multiple image index, j the index of the system (i.e.
number of source), and ∆xi,j the positional uncertainty of the image. The final goodness of fit
is given in a unit more physically meaningful than the χ2: we take the root-mean-square angular
separation on the sky between the observed multiple images and their predicted counterparts:

rms =
 1

NTot
im

NTot
im∑

i=1

∣∣∣xpred
i − xobs

i

∣∣∣2
1/2

. (2.64)

Once the incremental tests of the model have reached the best rms value possible using real-
istic values for the parameter vector, we retain this best-fit model. Once a satisfactory model
is produced, the photometric and spectroscopic data may be re-analysed to attempt to find the
brightest multiple images predicted by Lenstool. In order to reconstruct the critical and caustic

11This is simply a reformulation of equation (2.56).
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lines, one can use the MARCHINGSQUARE algorithm of Lenstool, described in Jullo et al. (2007,
Appendix A). Comparing the predicted position of these lines to the position and configuration
of the multiply-lensed images constitutes an additional verification of the quality of the best-fit
model.

2.2.5 Clusters as thin lenses
Gravitational lenses, such as galaxy clusters described in this thesis, are triaxial objects. There-

fore, beyond their assumed elliptical shape, one must take into account the depth of the cluster
when describing them, i.e. rescaling the 3D radius to the centre:

r =
√(

x

a

)2
+
(

y

b

)2
+
(

z

c

)2
, (2.65)

where a, b and c are the semi-major axis, semi-minor axis and ‘semi-depth’ respectively. We here
leave aside the rotation angle between the sky plane and ellipsoidal description of clusters, i.e. we
describe the clusters’ projection on the sky plane. However, in strong gravitational lensing and
under the Born approximation, the lens is considered to be thin, and thus the lensing observables
do not constrain this parameter, as the convergence κ is computed to get the deflection potential
and the deflection angle. As these are on-sky observables, no assumption or prediction on c can
be made. From now on, for all lensing purposes, we consider the depth and the rotation angle
between the plane of the sky and the line-of-sight to be redundant parameters, and a and b are
given as the projected semi-major and semi-minor axes observed on the sky.
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Chapter 3

Constraining the mass distribution with
strong gravitational lensing

Night Thoughts

Stars, you are unfortunate, I pity you,
Beautiful as you are, shining in your glory,
Who guide seafaring men through stress and peril
And have no recompense from gods or mortals,
Love you do not, nor do you know what love is.
Hours that are aeons urgently conducting
Your figures in a dance through the vast heaven,
What journey have you ended in this moment,
Since lingering in the arms of my beloved
I lost all memory of you and midnight.

— Johann Wolfgang von Goethe

3.1 Introduction
The knowledge of the distribution of mass in galaxy clusters allows to probe a number of critical

problems of astrophysics, and notably the physical nature of dark matter, as detailed in Section
1.2.1. With strong gravitational lensing (SL), we are able to set stringent constraints on the density
distribution of the lens. All the theoretical tools required to understand SL and its modelling with
Lenstool were introduced in the two previous Chapters. In this Chapter, I showcase how we
can get a lens potential reconstruction of good quality combining imaging data and spectroscopy,
and adding X-rays for a comparison. Such a combination of Hubble Space Telescope (HST ) and
the Multi-Unit Spectroscopic Explorer at the Very Large Telescope data (VLT/MUSE, see Bacon
et al., 2014) has already been exhibited in Treu et al. (2016), Lagattuta et al. (2017, 2019),
Jauzac et al. (2016a, 2019, 2021), Grillo et al. (2016), Mahler et al. (2018), and Caminha et al.
(2019). The same type of analysis was performed by Mahler et al. (2022), Caminha et al. (2022),
and Golubchik et al. (2022), using the James Webb Space Telescope (JWST ) public release on
galaxy cluster SMACS J0723.3-7327, combined to other imaging (HST, from the RELICS survey),
spectroscopic (VLT/MUSE), and X-ray (Chandra) data.
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To perform a similar analysis, I collected data on two galaxy clusters, MACS J0242.5-2132 and
MACS J0949.8+1708 (i.e. RXC J0949.8+1707), hereafter MACS J0242 and MACS J0949 respec-
tively, initially discovered by the MAssive Cluster Survey (MACS, PI: Ebeling, Ebeling et al.,
2001). The imaging data I exploited are composed of multiple HST pass-bands for both clusters,
as well as three pass-bands from the Dark Energy Survey (DES) for cluster MACS J0242. These
were complemented by VLT/MUSE spectroscopy, for cluster member galaxies and multiply-lensed
images redshift identification. At last, the XMM-Newton X-ray satellite observations were used to
compare the lens model density to that measured using the Intra-Cluster Medium (ICM).

We introduce hereafter the techniques used to extract the cluster member galaxies catalogue
and the multiply-lensed images catalogue, using photometric and spectroscopic methods. We
moreover discuss how the stellar mass of clusters may be measured. We present the results of our
spectroscopic, photometric and lens model analyses in our article submission thereafter Section
3.4.

3.2 Spectroscopy

3.2.1 Overview

Figure 3.1: As light from distant quasars is absorbed by the neutral hydrogen on the
line-of-sight, their light is absorbed, producing characteristic absorption features in the spectra of
quasars: the Lyman-α forest. These are located at emission at wavelengths λ < 121.6 nm, but for

a redshift z ∼ 3, the hydrogen emission peak emitted by the quasar is detected at ∼ 490 nm.
Credits: Michael Murphy.
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Figure 3.2: As light from distant quasars travels to the observer from a cosmological distance,
the Hubble flow redshifts the luminous wave packets. As a consequence, identifying specific

emission or absorption features detected from a template allows to measure the spectroscopic
redshift with great precision. Credits: Mortlock et al. (2011).

The fundamental idea of spectroscopy was shortly introduced in Section 2.2.1: luminous sources
such as cluster galaxies or quasars present a typical spectrum shape. These notably present emis-
sion lines for some specific metal transitions, such as the double [OII] peak, and the notable
Lyman-α break, of characteristic shape (peak and break). It is emitted when an excited electron
in a hydrogen atom transitions from orbital n = 2 to the ground state n = 1. Because hydro-
gen constitutes most of the baryons, this transition may be very bright – and thus particularly
noticeable. We present a sketch of the effect of the hydrogen emission in quasars in Figure 3.1,
and an example of quasar spectrum in Figure 3.2, where the red curve is the characteristic quasar
spectrum template, and the black curve the observed spectrum of quasar ULAS J1120+0641. The
emitted typical spectrum is redshifted as the wave packets of light travel through an expanding
Universe. Therefore, fitting the observed spectrum to a redshifted source template spectrum allows
to detect precisely the spectroscopic redshift of the source.

Other spectral rays can be measured, such as those of carbon and silicon. However, there
is a ‘redshift desert’ between the strong spectroscopic features of [OII] and the Lyman break,
corresponding to redshifts of 1.4 ≲ z ≲ 2.5 with ground-base imaging (see e.g. Steidel et al.,
2005; Renzini and Daddi, 2009). This is due to the atmosphere’s almost total opacity to infra-red
and ultra-violet light. Critically, this prevents from fully observing the ‘Cosmic Noon’, i.e. the
time when star formation rate, active galactic nuclei activity, galaxy growth, mass assembly and
morphological differentiation all culminated, at redshift 2 ≲ z ≲ 3. Although this can be lifted
with spatial spectroscopic surveys, or using a range of techniques (such as optical photometric
selection and highly efficient UV spectroscopy, see Steidel et al., 2005), this still hinders ground-
based surveys, which choose the more efficient optical window of wavelengths. MUSE1 is notably
in this case, as 1′ × 1′ field of view samples the spectral window 465 − 930 nm, corresponding to

1https://www.eso.org/sci/facilities/develop/instruments/muse.html
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Lyman-α spectroscopic redshifts 2.9 ≲ z ≲ 6.65.
Let us moreover note that ground-based detectors must take into account the spectral lines of

the atmosphere. This can overshade a number of spectral slices, especially in the redder optical
colours. Hanuschik (2003) describe this phenomenon in details, and Streicher et al. (2011) provide
the values of these lines for VLT/MUSE.

3.2.2 Spectroscopy and gravitational lensing
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Figure 3.3: VLT/MUSE Lyman-α detection in cluster MACS J0949, of image 1.1 of a
multiply-lensed quasar (see Section 3.4, position (α, δ) = (147.4683753, 17.11409360) deg). The

resulting spectroscopic redshift is z1.1 = 4.8888.

In the context of gravitational lensing, spectroscopic detections are crucial to identify cluster
member galaxies, and to unambiguously discriminate galaxies in the field as being members of
the lensing cluster – and thus exerting a weight, or a possible line-of-sight effect. Even more
importantly, it allows to detect the redshift of multiply-imaged sources, to confirm multiple images
share the same emitter, but also to use the source redshift as a powerful constraint of the lensing
mass model.

In our analysis of both lensing cluster MACS J0242 and MACS J0949, we have used VLT/MUSE
spectroscopic observations, centred on the cluster field of view (more details on the observations
can be found Section 3.4). In order to process the data of the 3681 spectral bands of MUSE, we
resorted to a suite of computational methods. The bright galaxies in the field were subtracted
from the field using the MUSE Line Emission Tracker2 (MUSELET, a package of the Muse Python
Data Analysis Framework – MPDAF, see Bacon et al., 2016). This allows for an easier detection of
dim sources, thus maximising the chances to detect multiply-lensed images (Piqueras et al., 2017).

We then could extract the spectrum out of regions of the MUSE datacube, and fit the emission
and absorption lines known for various astronomical objects (stars, galaxies, quasars) to the spec-
tral detections. To automate this spectroscopic image detection, we used CatalogueBuilder (see

2https://mpdaf.readthedocs.io/en/latest/muselet.html
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Richard et al., 2021), a modified version of MARZ (see Hinton et al., 2016) adapted to the MUSE
detections.

On Figure 3.3, we present the spectrum extracted for a region of cluster MACS J0949 from
MUSE observations. We clearly identified the Lyman-α break, thus determining the quasar source
spectroscopic redshift at z = 4.8888.

3.2.3 More applications of spectroscopy
More generally, spectroscopy notably allows to determine line-of-sight velocity dispersion of

galaxies (Lagattuta et al., 2022), which is a much more reliable tool to scale the galaxy catalogue
velocity dispersions than the Faber-Jackson relation (Faber and Jackson, 1976, detailed in Sections
1.3.2.3 and 2.2.4), based on luminosities, and which may contain contamination, exhibiting an
important intrinsic scatter.

The Faber-Jackson relationship was moreover published at a time cosmologists used luminosity
as a cornerstone parameter to describe the physics of clusters, and thus relates the velocity disper-
sion to the luminosity (Schaeffer et al., 1993). A fundamental plane (FP) relation, relating three
observables in elliptical galaxies was later described in Dressler et al. (1987), Djorgovski and Davis
(1987), Bender et al. (1992), and Schaeffer et al. (1993). This bidimensional relationship relates
Re the effective radius, i.e. the radius of the isophote containing half of the total luminosity, σ0
the central stellar velocity dispersion, and ⟨Se⟩ the average surface brightness within Re:

ln Re = α ln σ0 + β⟨Se⟩ + γ, (3.1)

where α, β, γ are parameters for a cluster of elliptical galaxies. This relationship is calibrated with
a combination of photometry and spectroscopy, which offers the advantage of a lower scatter than
the Faber-Jackson relationship, while being more general. In practice, the FP relation is simply
a deprojection of the Faber-Jackson relationship onto the ln Re axis. Granata et al. (2022) apply
this technique to the strong lensing modelling of cluster Abell S1063, and find it to yield better
results than the more classic Faber-Jackson, as they find that a more accurate estimate of the total
mass of the cluster members allows for a reduction in the scatter on the determination of some
parameters of the dark matter halo (DMH).

3.3 Photometry

3.3.1 Overview
As mentioned in the previous Section, astronomical objects present typical spectra associated

to their physical nature. In the absence of spectroscopic information, i.e. of a decomposition of
the spectrum into small wavelength bins (∼ 0.1 nm for MUSE), one can use broadband filters
(a few hundred nm wide, see Figure 3.4 for HST filters). As those capture a larger flux than
a spectrograph band, they require a much smaller exposure time to acquire a neat image. The
trade-off to this luminous efficiency is the reduction of the spectral precision by a factor ∼ 1000.
With multiple pass-band filters, one can therefore describe a spectrum at very low resolution: this
is the Spectral Energy Distribution (SED, see Bolzonella et al., 2000)3.

3Let us notice the SED is technically not a spectrum, as it is the energy as a function of the wavelength E(λ),
and not of the spectral density as a function of wavelength fλ(λ).
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Figure 3.4: Throughput curves of the HST/ACS and WFC3 filters used for the HFF
observations. Credits: Atek et al. (2015).

Baum (1962) was the first to use this technique, comparing the SED of elliptical galaxies in
the Virgo cluster, and in the Abell 0801 cluster. He was able to measure the displacement between
the two energy distributions, and, as the redshift of Virgo was known, that of the second cluster.
This photometric redshift measurement allowed to set constraints on the distance to a handful of
clusters, before spectroscopy overshadowed it with more precise measurements. In the era of large
angular surveys however, the photometric measurement of the redshift gained back momentum,
as it allowed to appoint a redshift to a vast number of objects not surveyed with spectrographs.

Let us note that the technique of Baum (1962) is not the only way to recover a photometric
redshift. For example, using an empirical SED obtained on the Virgo cluster may be substituted
by a theoretical model of stellar populations (such as that of Bruzual and Charlot, 2003), allowing
to extend the model to spiral galaxies. Moreover, instead of using the SED, one may convert the
expected spectra at a given redshift into colours, i.e. differences between magnitudes measured in
different pass-bands. A diagram representing a distribution of one colour as a function of another
colour can then be graphed (Koo, 1985). This method allows to define a region of the colour-colour
plane where a given photometric redshift is permitted by the SED models. In other words, the
redshift of photometric detections, when placed in this colour-colour diagram, could be constrained.

3.3.2 Imaging data and extraction
Even if spectroscopy is much more precise than photometry to determine the 3-dimensional

position of galaxies, its imaging resolution is limited by the long exposure time required, and by
the atmosphere. Moreover its field is also to 1′ diameter, which represents ∼ 300 kpc at the typical
redshift of lensing clusters MACS J0242 and MACS J0949 (z ∈ [0.3, 0.4]). Consequently, we paired
the spectroscopic MUSE observation to optical and near-IR imaging from HST 4 and the Dark

4https://hla.stsci.edu/
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Energy Survey5 (DES), whose field on the clusters is wider, and which allows for a more efficient
extraction of geometric parameters (position, ellipticity, angle) of the emitters.

To this purpose, we used the SExtractor software (see Bertin and Arnouts, 1996) on the
imaging data, yielding a catalogue of parameters for each pass-band, such as the position, the
ellipiticity, the rotation angle, the Kron-like magnitude, etc. We only retained detections judged
to be of sufficient quality, i.e. of sufficient signal-to-noise ratio, identified as a galaxy, and detected
on all the bands of a same instrument.

3.3.3 Photometric selection
For a same instrument (e.g. the HST Advanced Camera for Surveys – ACS), we compared the

colour between two pass-bands to the highest wavelength of the magnitudes constituting this same
colour (for instance the colour (mF606W − mF814W) to the magnitude mF814W as 606 < 814 nm).
In rich galaxy clusters6, this colour-magnitude graph allows to identify clearly a main red colour
sequence for galaxy clusters (see e.g. Gladders and Yee, 2000; Hao et al., 2009). This is due to a
population of coeval, old, red and elliptical galaxies, formed at high redshifts. As these galaxies
do not represent the total population of the cluster, but the most massive members, they are
the most critical to characterise the (galaxy) lensing effect and the stellar mass, i.e. they are the
galaxies which scale according to the Faber-Jackson relationship. We present an example of such
a colour-magnitude diagram for instrument HST/ACS in cluster MACS J0949 in Figure 3.5, with
the colour composed with bands F606W and F814W, (mF606W −mF814W), and the magnitude with
band F814W, mF814W.

In practice, we adjusted the red colour sequence with the spectroscopic detections. We only
retained spectroscopic detections within the cluster redshift boundaries, and linearly fit the remain-
ing spectroscopic detections7. This allows to fit the sequence, and define a selection box around it,
in which the photometric detections are assumed to be elliptical galaxies, of photometric redshift
compatible with that of the cluster.

We thus constitute all possible colour-magnitude diagrams, on all instruments. For an instru-
ment with Nb ≥ 2 pass-bands, we plot

(
Nb

2

)
colour-magnitude diagrams. If a photometric detection

is within the red colour sequence for all these diagrams, we consider it selected for an instrument.
If it is selected for at least half the instruments, we consider it part of the final cluster members
catalogue8. Ultimately, we keep all cluster member spectroscopic detections, and add to these all
photometric detections selected after all these tests.

3.3.4 Stellar mass
Although the main focus of this thesis is the ICM and DM content of clusters, a few percents

(≲ 2%) of the clusters’ mass resides in the baryons of galaxies. For short, we refer to it as the
stellar mass M⋆ of clusters, although galaxies are also host to compact objects, dust, etc.

5https://www.legacysurvey.org/
6i.e. clusters populated by a large number of galaxies.
7As detailed in Section 3.4, we only kept the spectroscopic detections corresponding to photometric detections

of sufficiently low magnitude. The magnitude cut-off depends on the instrument. This is performed as we are
attempting to fit the red colour sequence, and other cluster member detections may be due to other types of
galaxies.

8For clarity, if there were 3 instruments, we would require the detection to be identified on all colour-magnitude
diagrams of at least two instruments.
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Figure 3.5: Colour-magnitude diagram of (mF606W − mF814W, colour) versus mF814W (magnitude),
for instrument HST/Advanced Camera for Surveys (ACS), for cluster MACS J0949. The
magnitudes were extracted with SExtractor. Grey: All SExtractor galaxy detections of

sufficient signal-to-noise ratio, appearing on both pass-bands F606W and F814W. Gold: Cluster
member galaxies, identified with MUSE spectroscopy. Blue: Foreground detections, identified by

MUSE. Red: Background detections, identified by MUSE. Black lines: Red-sequence cut.
Magenta line: Red sequence linear fit. The grey and golden dots within the red sequence limits

are selected red-sequence galaxies (see Section 3.4 for more details; these galaxies are pre-selected
to compose the cluster member galaxies catalogue, alongside spectroscopic detections).
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Using the SED

Using a SED modelling of multicolour photometric observations, it is possible to theoretically
derive an average mass-to-light ratio Υ⋆ ≡ M⋆/L for a given pass-band filter. Indeed, the stellar
population’s SED being known, assuming an stellar initial mass function and a theoretical stellar
population model, the evolution of the cluster can be theoretically modelled. As a consequence,
one can model the average star history in the cluster, both in mass and luminosity. Using scaling
relationships to convert all magnitudes detected across various pass-bands into luminosities in a
given pass-band, a simple multiplication Υ⋆ ×L yields the desired stellar masses. This is showcased
in Newman et al. (2013a,b), Grillo et al. (2015), and Annunziatella et al. (2017).

Using LK luminosities

In this thesis however, we focused primarily on strong lensing, and the limited data to our
disposal did not allow to perform a SED fit. Instead, we used the cluster member catalogues
established though spectroscopy and photometry, using the magnitudes of an arbitrary pass-band
filter. These luminosities were converted into K-band luminosities LK

9. We scaled the magnitudes
to the K-band at the clusters’ redshifts using relationships Hogg et al. (2002) and Lin et al. (2006).
Then, we used all other available filters for the remaining detections, all calibrated with common
detections.

Once this K-band luminosity catalogues created, we used a mass-to-light ratio Υ⋆ ≡ M⋆/L
relationship. We can find such relationships using photometric information at large scales, for disc
galaxies (Schombert et al., 2019, 2022) and for red quiescent galaxies (e.g. López-Sanjuan et al.,
2018, in the ALHAMBRA survey). In this thesis, we used the adapted Salpeter stellar initial
mass function (see Salpeter, 1955), and the mass-to-light relationship for red quiescent galaxies
derived by Arnouts et al. (2007) on the SWIRE-VVDS-CFHTLS surveys, based on the Bruzual and
Charlot (2003) stellar population models, as they match better the type of clusters we investigated.
With parameters {a, b} = {−0.18 ± 0.04, +0.07 ± 0.04}, this relationship writes:

log10

[
M⋆

M⊙

L⊙

LK

]
= az + b. (3.2)

Our studied clusters MACS J0242.5-2132 and MACS J0949.8+1708 are at respective redshifts z =
0.3131 and z = 0.3830. The redshift range 0.3 < z < 0.4, presents large uncertainties in the
relationship presented in Arnouts et al. (2007, see Figure 9). However, Ilbert et al. (2010, Appendix
D, Figure 28) provide a thorough analysis of a large redshift space including that of our clusters. It
concludes that equation (3.2) overestimates the stellar mass by an average 0.2 dex for red sequence
galaxies, but it is reasonably well calibrated for z ∈ [0.3, 0.4]. We thus used this relationship.

9To perform the conversion, we used the SVO website, to get the KPNO Flamingos Ks filter.
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3.4 Article: Joint HST, VLT/MUSE and XMM-Newton
observations to constrain the mass distribution of the
two strong lensing galaxy clusters: MACS J0242.5-
2132 & MACS J0949.8+1708

In order to constrain the density distribution in galaxy clusters through strong gravitational
lensing, including that of dark matter, it is fundamental to understand their luminous content. For
this reason, the understanding of spectroscopy (Section 3.2) and photometry (Section 3.3) is key
to using multiply-imaged sources to yield a lens model (as described in Chapter 2). We present
the combination of these techniques to present galaxy cluster lens models of MACS J0242.5-2132
and MACS J0949.8+1708 in our submitted article:

Joint HST, VLT/MUSE and XMM-Newton observations to constrain the mass distribution of
the two strong lensing galaxy clusters: MACS J0242.5-2132 & MACS J0949.8+1708, Joseph F.
V. Allingham, Mathilde Jauzac, David J. Lagattuta, Guillaume Mahler, Céline Bœhm, Geraint
F. Lewis, Dominique Eckert, Alastair Edge, Stefano Ettori, July 2022, arXiv:2207.10520 [astro-
ph.CO], submitted to MNRAS10.

10If any difference appears between the version submitted here and that of the arXiv, it is because of changes
made to address the referee report given to MNRAS. As of submission of this thesis, the version enclosed here
should be the most recent.
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ABSTRACT
We present the strong lensing analysis of two galaxy clusters: MACS J0242.5-2132 (MACS J0242, 𝑧 = 0.313) and
MACS J0949.8+1708 (MACS J0949, 𝑧 = 0.383). Their total matter distributions are constrained thanks to the powerful com-
bination of observations with the Hubble Space Telescope and the MUSE instrument. Using these observations, we precisely
measure the redshift of six multiple image systems in MACS J0242, and two in MACS J0949. We also include four multiple
image systems in the latter cluster identified in HST imaging without MUSE redshift measurements. For each cluster, our best-fit
mass model consists of a single cluster-scale halo, and 57 (170) galaxy-scale halos for MACS J0242 (MACS J0949). Multiple
images positions are predicted with a 𝑟𝑚𝑠 0.39′′and 0.15′′for MACS J0242 and MACS J0949 models respectively. From these
mass models, we derive aperture masses of 𝑀 (𝑅 <200 kpc) = 1.67+0.03

−0.05 × 1014𝑀⊙ , and 𝑀 (𝑅 <200 kpc) = 2.00+0.05
−0.20 × 1014𝑀⊙ .

Combining our analysis with X-ray observations from the XMM-Newton Observatory, we show that MACS J0242 appears to be
a relatively relaxed cluster, while conversely, MACS J0949 shows a relaxing post-merger state. At 200 kpc, X-ray observations
suggest the hot gas fraction to be respectively 𝑓𝑔 = 0.115+0.003

−0.004 and 0.053+0.007
−0.006 for MACS J0242 and MACS J0949. MACS J0242

being relaxed, its density profile is very well fitted by a NFW distribution, in agreement with X-ray observations. Finally, the
strong lensing analysis of MACS J0949 suggests a flat dark matter density distribution in the core, between 10 and 100 kpc. This
appears consistent with X-ray observations.

Key words: cosmology: observations, cosmology: dark matter, gravitational lensing: strong, galaxies: clusters: general

1 INTRODUCTION

One of the most promising avenues towards understanding the nature
of dark matter is to study its gravitational influence on the Universe’s
large-scale structure, particularly within the most massive galaxy
clusters. These gravitationally bound clusters act as the largest natural
laboratories, allowing not only to observe the large-scale baryonic
physics, but also to indirectly probe dark matter thanks to the effect
of gravitational lensing. Gravitational lensing is the phenomenon of
optical distortion of background images, occurring when a massive
foreground object – like a cluster, the “lens” – is on its line-of-sight.
Gravitational lenses act as magnifying telescopes of objects in the
background, creating in some cases multiple images of a same source,

★ E-mail: joseph.allingham@sydney.edu.au

and allowing observers to study objects in the distant Universe (for a
review, see Kneib & Natarajan 2011).

For all these reasons, since the first discovery of the gravitational
giant arc of Abell 370 (Hammer 1987; Soucail et al. 1988) to the
modern surveys of galaxy clusters and gravitational lenses such as
the Cluster Lensing And Supernovae survey with Hubble (CLASH,
Postman et al. 2012), the Hubble Frontier Fields (HFF, PI: Lotz, Lotz
et al. 2017), the REionization LensIng Cluster Survey (RELICS,
PI: Coe, Coe et al. 2019), the SDSS Giant Arcs Survey (SGAS,
PI: Gladders, Sharon et al. 2020) and the Beyond the Ultra-deep
Frontier Fields And Legacy Observation programme (BUFFALO, PI:
Steinhardt & Jauzac, Steinhardt et al. 2020), gravitational lensing has
emerged as a field of cosmology, capable of bringing key information
to comprehend the structure formation and the nature of dark matter.

In particular, the study of a system of multiple images originating
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from one source through gravitational lensing allows one to con-
strain the mass distribution within the lens, and to characterise the
dark matter density profile within it. The descriptive potential of
gravitational lensing has already been showcased at multiple occa-
sions such as in (Richard et al. 2014a; Jauzac et al. 2014, 2016c;
Diego et al. 2015a,b, 2016, 2018, 2020; Grillo et al. 2015; Caminha
et al. 2017; Williams et al. 2018). Using the combination of high res-
olution images taken with the Hubble Space Telescope (HST) and the
Dark Energy Survey (DES) for photometric analysis in the one hand,
and the Multi-Unit Spectroscopic Explorer (MUSE, see Bacon et al.
2014) for spectroscopy in the other, we were able to securely identify
cluster members and multiple images systems. This combination has
proven to be particularly successful over the past few years (e.g. Treu
et al. 2016; Lagattuta et al. 2017, 2019; Jauzac et al. 2016a, 2019,
2021; Grillo et al. 2016; Mahler et al. 2017; Caminha et al. 2019).

In this paper, we repeat a similar exercise, looking at two galaxy
clusters, MACS J0242.5−2132 and MACS J0949.8+1708 (i.e. RXC
J0949.8+1707), hereafter MACS J0242 and MACS J0949 respec-
tively, initially discovered by the MAssive Cluster Survey (MACS,
PI: Ebeling, Ebeling et al. 2001). We combined multi-band HST and
ground-based imaging with spectroscopy from VLT/MUSE with the
lensing modelling technique presented in detail in Richard et al.
(2014b) which makes use of the publicly available Lenstool soft-
ware (Kneib et al. 1996; Jullo et al. 2007). We then confront our
lensing results to the intra-cluster gas distribution observed by the
XMM-Newton X-ray Observatory.

It is common practice to use the combined baryonic analysis of the
X-ray signal and the Sunyaev-Zel’dovich effect (SZ) to understand
the thermodynamics of galaxy clusters. One can then reconstruct the
total matter density of galaxy clusters by making a number of hy-
potheses such as hydrostatic equilibrium or polytropic temperature
distribution (see Tchernin et al. 2018). Furthermore, as the analy-
sis of multi-wavelengths observations (optical, Sunyaev-Zel’dovich
effect, X-rays) characterises the thermodynamics of the intra-cluster
medium (ICM; see Sereno et al. 2017), a careful comparison between
these and a strong lensing analysis can provide clues on the possible
differences between expected and observed baryon and dark matter
distributions.

As an example, the study in merging galaxy clusters of the offset
between the position of the centre of dark matter, luminous galax-
ies and X-ray emission can be used to constrain the cross-section
of self-interacting dark matter (SIDM, see Tulin & Yu 2018, for an
overview). In fact, simulations of colliding clusters suggests the cold
dark matter (CDM) distribution to be bounded to the luminous dis-
tribution; while in SIDM scenarios dark matter lags behind baryonic
matter (Massey et al. 2011; Robertson et al. 2016, 2017). For instance,
Robertson et al. (2017) present SIDM simulations with anisotropic
scattering, yielding an offset between the galaxies centre and that of
DM smaller than 10 kpc for an interaction 𝜎/𝑚 = 1 cm2.g−1. This
was pioneered in Clowe et al. (2004) and Bradač et al. (2008), and
has now become more and more popular as shown in, e.g. Merten
et al. (2011); Harvey et al. (2015); Massey et al. (2015, 2018); Jauzac
et al. (2016b, 2018).

In this article, we focus on the lensing-based mass reconstructions
of the two clusters. Utilising the ICM detected in the X-rays to infer
the dark matter halo profile, we compare the results of our lensing
reconstruction to the XMM-Newton X-ray data from CHEX-MATE
Collaboration et al. (2021), processed following the X-COP pipeline
(Ghirardini et al. 2019) for these two clusters. We present a broader
context for such comparisons, i.e. new models of baryonic matter
distribution rooted in lensing analysis to constrain the electronic

densities of galaxy clusters, in a companion paper (Allingham et al.
in prep.).

Our paper is organised as follows. In Section 2, we present the
observations used for our analysis. The methods to extract multiple
image candidates, and to build cluster galaxy catalogues are pre-
sented in Section 3. The lensing reconstruction method is introduced
in Section 4, the mass models are described in Section 5, and conclu-
sions are presented in Section 6. Throughout this paper, we assume
the ΛCDM cosmological model, with Ω𝑚 = 0.3, ΩΛ = 0.7, and
𝐻0 = 70 km/s/Mpc. All magnitudes use the AB convention system
(Oke 1974).

2 DATA

To determine the cluster mass distributions as robustly as possible, we
include both imaging and spectroscopic information when construct-
ing lens models. This combination is especially powerful, allowing
us to identify and confirm individual components of the model (such
as multiple-image constraints and cluster members), while simulta-
neously rejecting interlopers along the line of sight. We complement
the observations we have with HST and VLT/MUSE with XMM-
Newton X-ray Observatory observations to cross-check our lensing
model results.

2.1 Imaging

2.1.1 Hubble Space Telescope

As part of the MACS survey (Ebeling et al. 2001), both targets in
our study have publicly available HST data. Snapshot (1200s) imag-
ing of MACS J0242 taken with the Wide Field Planetary Camera
2 (WFPC2, Holtzman et al. 1995) exist for both the F606W and
F814W bands (PID:11103, PI: Ebeling), supplemented by an addi-
tional 1200s image taken with the Advanced Camera for Surveys
(ACS, Ford et al. 1998) in F606W (PID: 12166, PI: Ebeling). Sim-
ilarly, shallow imaging for MACS J0949 have been taken with the
ACS in both F606W (PID:10491, PI: Ebeling) and F814W (PID:
12166, PI: Ebeling). Archival processed versions of these datasets
are available from the Hubble Legacy Archive1.

Following the initial MACS data, MACS J0949 was subsequently
observed as part of the RELICS survey (Coe et al. 2019) – under the
name RXC J0949.8+1707 – and thus there are additional data sets
for this cluster. Specifically, ACS imaging in F435W, F606W and
F814W provide wider, deeper coverage of the cluster field in optical
bands, while coverage in F105W, F125W, F140W and F160W bands
using the Wide Field Camera 3 (WFC3, Kalirai et al. 2009) provide
information in the near-IR regime. These data are also publicly avail-
able2, and therefore in this work combine all of the imaging (save for
the F435W band, which is too low S/N for our purposes) to create
our master data set. A summary of all available HST imaging can be
found in Table 1.

2.1.2 DESI Legacy Survey

Since the available HST imaging for MACS J0242 are shallow and
colour information is limited to a WFPC2-sized footprint, we com-
plement these data with additional multi-band ground-based imag-
ing from the DESI legacy archive. To enhance the HST data as

1 https://hla.stsci.edu/
2 https://archive.stsci.edu/prepds/relics/

MNRAS 000, 1–19 (2023)



Strong lensing mass models of MACS J0242.5−2132 & MACS J0949.8+1708 3

much as possible, we extract cutout images in three optical bands
– g, r and z, see Abbott et al. (2018). The images are centred
around the MACS J0242 brightest cluster galaxy (BCG) located at
(𝛼 = 40.6497 deg, 𝛿 = −21.5406 deg), and extend over a full ACS
field of view. Combining the space- and ground-based information
allow us to improve our galaxy selection function during lens mod-
elling (see section 3). The DESI data are summarised in Table 2.

2.2 Spectroscopy

In addition to imaging, our lensing reconstruction makes use of the
Multi Unit Spectroscopic Explorer (MUSE; Bacon et al. 2014) ob-
servations at the Very Large Telescope. Such observations are invalu-
able to obtain redshift information. Both clusters were observed with
MUSE as part of the filler large programme “A MUSE Survey of the
Most Massive Clusters of Galaxies - the Universe’s Kaleidoscopes”
(PI: Edge). Data for each cluster consists of a single MUSE pointing,
divided in a series of three exposures of 970 seconds. To reduce the
effects of bad pixels, cosmic rays, and other systematics, each succes-
sive exposure is rotated by 90 degrees, and a small (∼ 0.05′′) dither
pattern is applied. We reduce the raw data following the procedure
detailed in Richard et al. (2021). Details of the observations for both
clusters are summarised in Table 3.

2.3 X-ray data

We searched the XMM-Newton archive for publicly available obser-
vations of the two systems of interest. MACS J0242 was observed for
a total of 70 ks (OBSID:0673830101), and MACS J0949 for a total
of 36 ks (OBSID:0827340901). We analysed the two observations
using XMMSAS v17.0, and the most up-to-date calibration files. We
used the XMMSAS tools mos-filter and pn-filter to extract
light curves of the observations and filter out periods of enhanced
background, induced by soft proton flares. After flare filtering, the
available clean exposure time is 61 ks (MOS) and 53 ks (PN) for
MACS J0242, and 35 ks (MOS) and 34 ks (PN) for MACS J0949.

3 SPECTROSCOPIC & PHOTOMETRIC ANALYSES

In this section, we present the key steps to obtain cluster galaxy cata-
logues and (candidate) background multiple image systems for both
MACS J0242 and MACS J0949: from the source extraction to the se-
lections of galaxies and identification of cluster galaxies specifically,
using both the multi-band imaging in hand for the two clusters as
well as the spectroscopy from VLT/MUSE.

3.1 Spectroscopic analysis

We here present the analysis of the spectroscopic observations de-
scribed in Sect. 2.2. In spite of the field of view of the MUSE cubes,
1′ × 1′, being smaller than that of HST or DES, we can still access
the redshift of a large number of foreground, cluster and background
galaxies.

In order to detect specifically multiple image systems, we use
MUSELET (MUSE Line Emission Tracker), a package of MPDAF (Muse
Python Data Analysis Framework) which removes the constant emis-
sion from bright galaxies in the field, and is optimised for the detec-
tion of the faintest objects. For more details about the technique, we
refer the reader to (Bacon et al. 2016) and (Piqueras et al. 2017). We
go through each of the 3681 slices of this subtracted MUSE datacube,
and identify the bright detections.

We complete this technique with CatalogueBuilder (see
Richard et al. 2021) for a thorough and systematic analysis. The latter
embeds the MUSELET analysis, but also uses a modified version of
MARZ (see Hinton et al. 2016), which is better tuned to the resolution
and spectral profiles specific to MUSE data. CatalogueBuilder
also uses the position data of the deepest field available (in this case
HST/ACS). These make it easier to confirm the likely source of the
multiple images which we are looking for. Using the spectroscopic
information, we adjust with our own custom redshifting routine the
detected spectra to the known absorption lines, and notably [OII],
[OIII] and Ly-𝛼. We then obtain catalogues containing coordinates
and redshifts, such as Tables 6 and A1. We also consider multiple
detections within a radius of < 0.5′′ and a redshift separation of
𝛿𝑧 < 0.05 to be a unique object. All redshifts are supposed known
with a precision estimated to 𝛿𝑧 = 0.0001.

We can associate to these detections Signal-to-Noise (S/N) ratios.
As we also know the type of pattern the absorption lines should
match, we can use the S/N ratio and spectral patterns to define dif-
ferent confidence levels. We only keep in all catalogues, including
for example in Sect. A, detections judged to be “good” or “excel-
lent” (identifiers 3 and 4 in MARZ and CatalogueBuilder). In the
case of several detections representing a same object, we merge them
keeping the best quality of detection.

The distribution of redshifts in each cluster is shown in Fig. 3 for
the full MUSE frame. We measure 36 and 96 good spectroscopic
redshifts in MACS J0242 and MACS J0949 respectively. Due to the
small statistics, this distribution is not Gaussian but it is sufficient
to constrain the redshift of the clusters, which we estimate to be
0.300 ≤ 𝑧 ≤ 0.325 and 0.36 ≤ 𝑧 ≤ 0.41 for MACS J0242 and
MACS J0949 respectively. For the current analysis, we define the
redshift of each cluster by that of their BCG, i.e. respectively 0.3131
and 0.383 for MACS J0242 and MACS J0949 respectively.

3.2 Photometric analysis

3.2.1 Source extraction

We first align all images from a given instrument (HST/ACS,
HST/WFC3, HST/WFPC2 and DESI) to the same 𝑤𝑐𝑠 coordinates,
and pixelate them accordingly to allow for direct colour comparison
of detected objects. In order to extract all detected objects from the
multi-band imaging in hand for each cluster, we run the SExtractor
software (Bertin & Arnouts 1996) in dual-image mode, for each pass-
band of each instrument. For each instrument, we adopt a reference
pass-band and a position of reference. The former sets the Kron-like
magnitude of each detection, while the latter sets its location. The
number of bands per instrument as well as the reference pass-band
used are listed in Tables 4 and 5 for MACS J0242 and MACS J0949
respectively.

For each instrument, we then apply several cuts and selection
criteria to the output catalogues from SExtractor. That allows us
to build a complete multi-band catalogue composed only of galaxies.
We summarise the different steps of this process:

(i) All detections without reliable magnitude measurements (i.e.
MAG_AUTO=-99) and incomplete (or corrupted) data are removed
from all catalogues. This includes isophotal data and memory over-
flow that occurs during deblending or extraction.

(ii) All objects with a stellarity greater than 0.2 are removed as
they are likely to be stars rather than galaxies. We additionally mask
all detections very close to bright stars.

(iii) For a given cluster, only objects detected in all pass-bands are
kept.

MNRAS 000, 1–19 (2023)
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Table 1. Summary of the HST observations used in this analysis for MACS J0242 and MACS J0949.

Galaxy cluster Date of observation Proposal Camera/Filter RA (°, J2000) Dec (°, J2000) Exposure time (s)

MACS J0242 29/02/2012 12166 ACS/F606W 40.645985 -21.541129 1200
30/11/2007 11103 WFPC2/F606W 40.649625 -21.540556 1200
27/10/2008 11103 WFPC2/F814W 40.649625 -21.540556 1200

MACS J0949 09/10/2015 14096 WFC3/F105W 147.462029 17.120908 706
09/10/2015 14096 WFC3/F125W 147.462029 17.120908 356
09/10/2015 14096 WFC3/F140W 147.462029 17.120908 331
09/10/2015 14096 WFC3/F160W 147.462029 17.120908 906
20/11/2015 14096 ACS/F606W 147.463077 17.120878 1013
20/11/2015 14096 ACS/F814W 147.463077 17.120878 1013
23/04/2011 14096 ACS/F814W 147.463077 17.120878 1440
25/10/2005 14096 ACS/F606W 147.463077 17.120878 1200

Table 2. Summary of the DESI observations used in this analysis for MACS J0242.

Date of Observation𝑎 Proposal Filter RA (°, J2000) Dec (°, J2000) Exposure time (s) Seeing (′′)𝑎

24/09/2016 2012B-0001 DES/g 40.6497 -21.5406 810 0.738
05/11/2016 2012B-0001 DES/r 40.6497 -21.5406 720 0.701
16/11/2016 2012B-0001 DES/z 40.6497 -21.5406 810 0.859

𝑎 Median values, determined over all observations

Table 3. Summary of MUSE observations for MACS J0242 and MACS J0949. Columns 1 to 3 indicate respectively the name of the cluster, its average redshift,
and the ID of the ESO programme. For each pointing, we then give the observation date in column 4, the right ascension, R.A., and declination, Dec., of the
centre of the field of view in columns 5 and 6, the total exposure time in column 7, and the FWHM of the seeing during the observations in column 8.

Galaxy cluster 𝑧 Date of observation ESO proposal RA (°, J2000) Dec (°, J2000) Exposure time (s) Seeing (′′)

MACS J0242 0.3131 26/12/2017 0100.A-0792(A) 40.650167 -21.5401389 2910 0.63

MACS J0949 0.383 20/02/2020 0104.A-0801(A) 147.465792 17.119528 2910 0.71

Table 4. Number of detections (Nod) after each source extraction selections
as listed in Sect. 3.2.1 for MACS J0242.

Observable DES HST/WFPC2 HST/ACS

Number of bands 3 2 1
Reference band z F814W F606W

Nod (0) 186 808 559
Nod (i) 185 540 559
Nod (ii) 180 492 456
Nod (iii) 180 429 456
Nod (iv) 142 202 402
Colour-Magnitude 51 45 179

Final 58

(iv) All objects with a Signal-to-Noise ratio (S/N) smaller than 10
are removed.

Tables 4 and 5 are listing the number of detections remaining
once each of these criteria are applied for each instrument, for
MACS J0242 and MACS J0949 respectively.

Table 5. Number of detections (Nod) after each source extraction selections
as listed in Sect. 3.2.1 for MACS J0949.

Observable HST/WFC3 HST/ACS

Number of bands 4 2
Reference band F160W F814W

Nod (0) 3114 3055
Nod (i) 2388 2700
Nod (ii) 2172 2639
Nod (iii) 1648 2490
Nod (iv) 773 1708
Colour-Magnitude 42 172

Final 170

3.2.2 Spectroscopic redshift identification

Now that we have a galaxy catalogue for each instrument, we
can match our detection with spectroscopic redshift measurements
from VLT/MUSE. In order to ensure a MUSE detection corre-
sponds to a photometric one, we compare the positions measured by
Sextractor in the different filters for all objects, using a Haversine
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Figure 1. Composite DES colour image of MACS J0242. The gas distribution obtained from XMM-Newton observations is shown with dashed green contours. In
cyan, we highlight the positions of the multiple images used to constrain the mass model, and which are listed in Table 6. Critical lines for a source at 𝑧 = 3.0627
(redshift of system 1) are shown in red. The MUSE field of view is shown in pink.

function3. If the separation angle between objects from the spec-
troscopic and the photometric catalogues is smaller than 0.5′′, we
consider the detection to be of the same objects, and hence associate
the spectroscopic redshift to the photometric detection. This error is
equal to 2.5 MUSE pixels, and captures the positional uncertainty on
spectroscopic detections.

Out of this step, we attribute a spectroscopic redshift to 20, 25,
and 25 sources in the DES, HST/WFPC2 and HST/ACS catalogues
for MACS J0242. In the case of MACS J0949, we attribute a spectro-
scopic redshift to 54, and 49 sources in the HST/ACS and HST/WFC3
catalogues.

3 The Haversine angle reads as

H = 2 arcsin

√︄
sin2

(
𝛿2 − 𝛿1

2

)
+ cos 𝛿1 cos 𝛿2 sin2

( 𝛼2 − 𝛼1
2

)
.

3.2.3 Cluster galaxy selection

The next step is the identification of cluster galaxies specifically. For
that we are using colour-magnitude selections for each clusters.

The first step consists in applying the red sequence technique (e.g.
Gladders & Yee 2000). Using the catalogues after source extrac-
tion selections and spectroscopic redshift identification, we compute
for both clusters a series of colour-magnitude (CM) diagrams. We
compute these for each instrument. As each pass-band represents a
magnitude, we can respectively compute 3 and 1 CM diagrammes for
DES and HST/WFPC2 for MACS J0242 (none for HST/ACS as only
one band is available), and 1 and 6 for HST/ACS and HST/WFC3
for MACS J0949.

As shown in Fig. 4, cluster members are expected to follow a main
sequence (magenta line). To calibrate our selections, we use spec-
troscopically confirmed cluster members. We then remove all detec-
tions with a magnitude exceeding 𝑚max, which varies depending on
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Figure 2. Composite colour HST image of MACS J0949. The critical lines of system 1, at redshift 4.8902, are shown in red. The gas distribution obtained thanks
to XMM-Newton observations are shown with dash green contours. In cyan, we highlight the positions of the multiple images used to constrain the mass model.
They are listed in Table 8. In pink, we display the MUSE field of view.

instruments and filters. For MACS J0242, we have 𝑚max = 22 for
HST/WFPC2, 23.5 for DES/z, and 24.5 for DES/r. For MACS J0949,
we have 𝑚max = 21.5 for HST/WFC3 and 22.5 for HST/ACS. We
then perform a linear regression and obtain the main sequence. We
give in Appendix B the fits for all colour-magnitudes used for both
clusters.

Galaxies selected as cluster members are galaxies which have
a colour within 2𝜎𝐶 of the main red sequence for HST/ACS and
HST/WFC3, and within 3𝜎𝐶 for HST/WFPC2 and DES. 𝜎𝐶 is the
weighed colour standard deviation of the spectroscopically confirmed
cluster galaxy sample. These limits are highlighted as black rectan-
gles in Fig. 4. For an instrument with more than 2 pass-bands, we can
compute more than one CM diagram, and thus only retain cluster
member identifications compatible with all colour-magnitude dia-
gram selections. We summarise in Tables 4 and 5 for MACS J0242
and MACS J0949 respectively, the number of galaxies identified as

cluster members per instrument once these colour-magnitude selec-
tions are applied. In some cases, spectroscopically confirmed cluster
galaxies fall outside the colour-magnitude selection. These objects
are ultimately conserved in our cluster galaxy catalogue. However,
we do not include them in the CM cut counts, to show the effect of
the photometric selection.

3.2.4 Instrument catalogue combination

We now assemble the galaxy catalogues for each instrument before
merging these into a final cluster galaxy catalogue for each cluster.
We match the coordinates of sources with the already defined 0.5′′
separation angle.

MACS J0242 and MACS J0949 were imaged with different in-
struments, and thus have different coverage. We define the cam-
era of reference as the camera with the highest resolution. In the
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Figure 3. Redshift distribution of all MUSE detected objects. Top row: Cluster MACS J0242. Objects identified as being in the cluster are shown in green, while
foreground and background objects are shown in blue and yellow respectively. We highlight Lyman-𝛼 emitters in red. At last, objects within the Milky Way
(stars, etc.) are displayed in purple. Left panel: Redshift distribution of objects located at small redshifts 𝑧 < 1. – Right panel: Redshift distribution of all objects
with a measured redshift. Bottom row: Cluster MACS J0949. Left panel: Redshift distribution of objects located at small redshifts 𝑧 < 1. – Right panel: Redshift
distribution of all objects with a measured redshift.

case of the both clusters, it is HST/ACS, but the reference band is
chosen as F606W for MACS J0242, and F814W for MACS J0949.
MACS J0242 was observed with HST/ACS in only one band. More-
over, MACS J0242 was observed with HST/WFPC2 in 2 pass-bands,
but the shape of the camera field of view does not cover the entire
ACS field of view. MACS J0242 has DES observations in 3 pass-
bands, covering a wide field of view. However the quality of these
observations is lower than the ones we have from space. We therefore
require for a given cluster member selected galaxy in HST/ACS to be
at least present in DES or WFPC2 in order to be included into the final
cluster member catalogue. MACS J0949 was imaged with HST/ACS
and WFC3 cameras. HST/WFC3 has a smaller field of view than
ACS. We detected multiply imaged systems out of the WFC3 field
of view. In order to account for the gravitational effect of individual
galaxies on these systems, we include all galaxies detections from at
least one camera to our galaxies catalogue.

Finally, cluster galaxies located at a distance larger than 40′′from
the cluster centre and with a magnitude difference to the BCG of
Δ𝑚 > 4 are ignored. Due to their small mass, these galaxies would
only have a very small impact on the strong lensing configurations
observed.

3.3 Final catalogues

3.3.1 Cluster galaxy catalogues

Sect. 3.2 describes all the steps for the identification of cluster mem-
bers, including colour-magnitude selections as well as spectroscopic
identifications. All galaxies identified as cluster members and used
for our lensing modelling are listed in Appendix, in Tables A3 and
A4 for MACS J0242 and MACS J0949. Our final catalogues include
58 and 170 galaxies for MACS J0242 and MACS J0949 respectively.

In order to probe the robustness of our catalogues, we conducted

the following verification analysis. We isolated only the spectroscopic
detections, and then reinjected them into our photometric selection.
We found respectively 15 out of 16 and 34 out of 34 galaxies retained
within the photometric selection for MACS J0242 and MACS J0949.
As these spectroscopic detections were used to define these selec-
tions, they are expected to be selected. Thus, in order to estimate
the contamination by galaxies out of the cluster redshift boundaries,
we examined the number of selected spectroscopic detections out
of the cluster. We find a maximum 2 (2) out of 54 (97) galaxies of
our sample contaminants, i.e. 4% (2%) contamination of our sam-
ple in cluster MACS J0242 (MACS J0949). Thus we are confident in
our galaxy selection. Nevertheless, for accuracy, we removed these
known out-of-cluster galaxies from the final catalogue.

3.3.2 Multiple image systems

In Sect. 3.1, we described the preliminary steps leading to the multi-
ple image system catalogue. At this point, this is simply a catalogue
of reliable detections with redshift 𝑧 > 0.6. The second step in the
identification of multiple image systems is to look for similarities
between these detections, starting with their spectra. We then look at
their positions and see if they are compatible with a lensing geometry.
The MUSE field of view being narrower than the HST one, one can
also look at the colour and morphology of possible multiple images.
If a given set of multiple images presents at the same time compat-
ible positions, colours, morphologies and, if available, redshift, we
consider them as a multiple image system.

In Fig. 5, we show a colour composite HST image of four MUSE
detections, 4 multiple images of the same galaxy located at redshift
𝑧 = 4.89. In the case of MACS J0949, we force extract emission from
the MUSE cube corresponding to the location of multiple images
previously identified by the RELICS collaboration (obtained through
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Figure 4. Colour-magnitude diagrams. Top row: Cluster MACS J0242. Left panel: Instrument HST/WFPC2 – 𝑚F814W vs (𝑚F606W−F814W). Right panel:
Instrument DES –𝑚z vs (𝑚g −𝑚z). Grey filled circles (with their error bars) have successfully passed all selections described in Section 3.2.1. The magenta line
represents the main sequence regression. Blue, gold and red dots represent spectroscopic detections of foreground, cluster and background objects respectively.
Bottom row: Cluster MACS J0949. Left panel: Instrument HST/ACS – 𝑚F814W vs (𝑚F606W − 𝑚F814W). Right panel: Instrument HST/WFC3 – 𝑚F160W vs
(𝑚F105W − 𝑚F160W).

private communication); we only reveal marginal identification as
explained in Sec. 5.1.2. The final list of system used in this analysis
is presented in Table 8.

4 STRONG LENSING MASS MODELLING

The mass distribution of each cluster is reconstructed using the
Lenstool software4 (Kneib et al. 1996; Jullo et al. 2007), in its
parametric mode. The optimisation is performed in the image plane
with a Markhov Chain Monte-Carlo algorithm (MCMC) assuring the
sampling of parameter space. It optimises the predicted positions of
multiple images while fitting an underlying mass distribution com-

4 https://projets.lam.fr/projects/lenstool/wiki
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Figure 5. HST composite colour image of the four multiple images of System 1 detected in MACS J0949 with VLT/MUSE observations. Colours were enhanced
to outline the multiple images. Labelled cyan circles show the positions of the multiple images and correspond to the peak of the Lyman-𝛼 emission. The green
contours show flux density levels at 1.500, 2.125 and 4.000 × 10−20 erg s−1 cm−2 Å−1. This narrow-band image is shown in Fig. 9.

posed of large-scale halo(s) to describe the overall cluster potential,
and small-scale halos to account for local perturbers such as cluster
galaxies.

For both clusters, we describe any potential using a dual Pseudo-
Isothermal Elliptical matter distribution (dPIE, see Kassiola &
Kovner 1993) which, as described in Elíasdóttir et al. (2007), has
two different pivot scales: a core radius, which describes the poten-
tial evolution due to the baryonic matter content, and a cut radius that
describes the dark matter potential. A dPIE potential is described by
seven parameters (excluding the redshift): the central coordinates,
the ellipticity 𝑒, the position angle \, the core and cut radii, 𝑟core and
𝑟cut respectively, and a fiducial central velocity dispersion 𝜎. The
fiducial central velocity dispersion in Lenstool 𝜎 relates to the true
three dimensional central velocity dispersion with 𝜎0 =

√︁
3/2𝜎, as

detailed in Bergamini et al. (2019), Appendix C.
For each cluster, we assume one single large-scale dark matter

halo to describe the overall cluster potential. It is described by a large

velocity dispersion (∼ 103 km.s−1), a large core radius (∼ 102 kpc)
and large cut radius. We optimise all the parameters of the potential,
excluding the cut radius which we fixed to values ≥1 Mpc as it
is located far from the strong lensing region and thus cannot be
constrained by multiple images only. The position of each cluster
halo is allowed to vary within 10′′ of the cluster centre, i.e. the
position of the BCG. The ellipticity of the halo is limited to values
< 0.8. The cut radius is fixed to 1.5 Mpc for both MACS J0242 and
MACS J0949, as our investigation to model the ICM through lensing
shows that this value provides a better fit to the X-ray observations
(see our companion paper Allingham et al. in prep.). This value is
in agreement with Chang et al. (2018), taking in consideration the
higher mass range of the clusters we are exploring here.

The BCG of each cluster is also modelled independently, using
a dPIE potential. The BCG has a strong gravitational influence in
the cluster core, and will thus impact the geometry of multiple im-
ages quite strongly (Newman et al. 2013a). We fix their 𝑟core to a
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small value of 0.30 kpc for cluster MACS J0242 and 0.25 kpc for
MACS J0949. For their positions, position angle, and ellipticity, we
fix their values to the shape parameters in outputs of SExtractor.
Finally, we only optimise its their velocity dispersion and cut radius.

Each individual cluster member is modelled by its own dPIE po-
tential. Their positions, ellipticities and position angles are obtained
with the photometric extraction.

We again assume a small but non-null value for 𝑟core. Their cut radii
and velocity dispersions are optimised using their magnitude and
assuming the Faber-Jackson scaling relation (Faber & Jackson 1976).
All cluster members cut radii and velocity dispersions are rescaled
with regard to a unique set of parameters (𝑟cut,0, 𝜎0). This allows us
to optimise each cluster galaxy potential using a remarkably small
number of parameters. 𝑟cut and 𝜎 are allowed to vary between 1 and
50 kpc, and 100 and 300 km.s−1 respectively. As mentioned earlier,
the Faber-Jackson relation being scaled to a reference magnitude
𝑚𝑎𝑔0, we use the reference pass-band of the main camera for each
cluster, ACS/F606W (𝑚𝑎𝑔0 = 20.0205) and ACS/F814W (𝑚𝑎𝑔0 =
19.5085) for MACS J0242 and MACS J0949 respectively.

As the centre of the cluster-scale halo and the BCG are aligned, the
𝑟core, 𝑟cut and 𝜎 parameters of both potentials are degenerate. Due to
the limited number of lensing constraints, we proceed incrementally
to model the potential, to narrow the parameters space. First, we
include the BCG in the scaling relation of the cluster galaxies and
optimise the cluster-scale halo and the scaling relation parameters as
described above. Second, we run a model with the BCG optimised
independently, only optimising 𝑟cut and 𝜎 as explained above. How-
ever in this case, the cluster-scale halo parameters are allowed to vary
within a restricted range, defined gaussianly around the best fit values
obtained from the first model. This way, we can limit the degeneracy
between the cluster-scale and BCG halos, and obtain physical values
to describe the BCG potential.

Finally, we added a completely free dPIE potential south to the
main cluster halo of MACS J0949. This structure has already been
included in the public RELICS models and correspond to the location
of three candidate multiply-imaged systems 4, 5 and 6 as shown in
Fig. 7. We optimised their redshifts as well as the potential and to
prevent nonphysically high value we imposed gaussian priors on
𝑟core, 𝑟cut and velocity dispersion.

5 RESULTS

5.1 Strong lensing mass models

5.1.1 MACS J0242 model

In MACS J0242, we detected six systems of multiple images with
MUSE. Their positions and redshifts are given in Table 6. We pro-
vide the best fit parameters of our model in Table 7. The fixed values
are highlighted by an asterisk. Our best-fit model yields predicted
multiple images with a 𝑟𝑚𝑠 of 0.39′′of the observed positions. The
inclusion of an external shear component does not provide a signif-
icant improvement to the mass model, i.e. a 𝑟𝑚𝑠 of 0.38′′compared
to our best-fit mass model of 0.39′′. This error is smaller than the
positional error associated to spectroscopic detections. However, the
error on the position of the multiply-lensed images is associated to
their photometric detections, with much smaller positional error.

The geometry of the cluster is typical of a relaxed cool-core cluster.
The density profiles peak in the centre, and the transition between
the BCG and the DM halo appears to be very smooth as illustrated
in Fig. 6. No other significant structure are identified. Figure 6 shows
the surface density profile, Σ, and includes a 68% confidence interval

Table 6. List of multiple images detected with VLT/MUSE in MACS J0242.
We here list their ID, coordinates, R.A. and Decl., given in degrees (J2000),
and their measured spectroscopic redshift 𝑧.

Id. R.A. Decl. 𝑧

1.1 40.6574070 -21.5383801 3.0627
1.2 40.6575168 -21.5387136 3.0627
1.3 40.6531265 -21.5473860 3.0627
1.4 40.6446350 -21.5392391 3.0627
2.1 40.6453464 -21.5336906 3.8681
2.2 40.6411296 -21.5407791 3.8681
2.3 40.6419142 -21.5436276 3.8681
2.4 40.6546554 -21.5416287 3.8681
3.1 40.6580815 -21.5363952 3.8682
3.2 40.6454775 -21.5404581 3.8682
4.1 40.6523889 -21.5446358 3.0615
4.2 40.6499994 -21.5316520 3.0615
5.1 40.6529585 -21.5386743 4.9492
5.2 40.6432539 -21.5482627 4.9492
6.1 40.6499320 -21.5354918 1.3010
6.2 40.6541677 -21.5382729 1.3010
6.3 40.6463323 -21.5366811 1.3010
6.4 40.6479134 -21.5470977 1.3010

around the best contours, as a function of the distance to the cluster
centre. The inner part of the profile, 𝑅 ≲ 50 kpc, is dominated by the
BCG potential, while at larger radii, the dark matter halo takes over.
This pivot scale of about 50 kpc corresponds to the core radius of the
DM halo, and the separation between the two different regimes of
the dPIE potential. However, disentangling the potential influence of
the BCG and the DM of the halo would require a much finer study
of the stellar mass distribution of the BCG with a spectral energy
distribution (SED) fit, which is beyond the scope of this article.

We find the total density profile (baryonic and dark matter) of
MACS J0242 to be well fitted by a Navarro-Frenk-White profile
(NFW, see Navarro et al. 1996) in the region between 20 and
1000 kpc. We limit the reconstruction to radii 𝑟 ≥ 20 kpc as the
Kron-like magnitude radius of the BCG is about 10 kpc, and we at-
tempt to limit the influence of stellar physics within the fit. In order
to compare it to the NFW fit of cluster MACS J0949, we arbitrar-
ily take 20 kpc to be a good compromise of strong lensing potential
reconstruction without stellar physics contamination. For regions
𝑟 > 200 kpc, the cluster-scale DM halo should dominate the whole
matter distribution. As the DM halo dPIE parameters 𝜌0 and 𝑟core
are well constrained through strong lensing, this region beyond mul-
tiple images constraints and below the cut-off radius 𝑟cut is expected
to be well represented by a NFW profile. With NFW parameters
𝜌𝑆 = 3.42 × 10−22 kg.m−3 and 𝑟𝑆 = 209.9 kpc, we find a reduced
𝜒2 = 1.11.

In order to compare our results to the X-ray data, we extrapolate
the masses 𝑀Δ,𝑐 comprised within an overdensity Δ using

𝑅Δ =

{
𝑅

����� 𝑀 (< 𝑅)
4
3𝜋𝑅

3
= Δ · 𝜌𝑐 (𝑧)

}
, (1)

where 𝜌𝑐 is the critical density at the cluster redshift, and 𝑀 (< 𝑅)
the total mass enclosed within a given radius, 𝑅. At large radii (𝑅 >
200 kpc), the strong lensing mass reconstruction only provides an
estimate of the true mass distribution as there is no strong lensing
constraints to precisely and accurately estimate the mass distribution
in the outskirts. It therefore only provides a pure extrapolation of
the inner core mass distribution, and only a weak-lensing analysis
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Table 7. Best fit parameters of the strong lensing mass models for MACS J0242 and MACS J0949. We here list the central coordinates, Δ𝛼 and Δ𝛿 in
arcsec, relative to the centre, the ellipticity, 𝑒, the position angle in degrees, \ , the core radius in kpc, 𝑟core, the cut radius in kpc, 𝑟cut, and the velocity
dispersion in km.s−1, 𝜎, for each component of the model. The centres are taken to be respectively (𝛼𝑐 , 𝛿𝑐 ) = (40.649555, −21.540485) deg and (𝛼𝑐 , 𝛿𝑐 ) =
(147.4659012, 17.1195939) deg for MACS J0242 and MACS J0949. The asterisks highlight parameters which are fixed during the optimisation.

Δ𝛼 Δ𝛿 𝑒 \ 𝑟core 𝑟cut 𝜎

MACS J0242

DM halo −0.138+0.085
−0.143 0.136+0.111

−0.179 0.287+0.037
−0.027 17.884+0.762

−1.830 57.194+6.044
−8.414 1500★ 918.479+28.984

−36.074
BCG 0.044★ −0.090★ 0.226★ 155.758+10.766

−9.604 0.300★ 177.575+32.245
−57.950 524.516+58.810

−43.956
Galaxy catalogue 0.030★ 5.625+7.845

−1.808 199.242+30.721
−53.257

MACS J0949

DM halo −1.936+0.215
−2.843 −0.671+0.565

−0.666 0.249+0.398
−0.045 92.434+0.570

−1.289 116.246+24.108
−51.661 1500★ 1236.094+59.307

−310.553
Southern halo 4.800+0.748

−0.464 −60.133+2.391
−1.417 0.097+0.294

−0.061 128.629+41.438
−27.521 20.548+31.596

−8.771 232.502+180.124
−119.902 323.220+120.202

−54.851
BCG 0★ 0★ 0.475★ 120.130★ 0.250★ 98.044+153.739

−34.342 253.749+196.474
−18.473

Galaxy catalogue 0.150★ 23.135+111.473
−2.053 139.314+25.804

−18.547

would provide a precise mass estimate in this region of the cluster,
however this is beyond the scope of this analysis. We also compute
𝑀2𝐷 (𝑅 < 200 kpc), the integrated mass within a radius of 200 kpc.
This mass is a direct output of the lensing mass reconstruction. These
values are all listed in Table 9.

5.1.2 MACS J0949 model

In MACS J0949, we identified several objects located behind the
cluster with the MUSE observations. However most of them appear
to be singly lensed. Through the techniques exposed in Sect. 3, we
detected a multiple image system in the MUSE field at redshift 𝑧 =
4.8902. This system 1 is composed of five multiple images, including
four in the field, and one counterpart 1.3 located outside the MUSE
field of view, and detected in the HST imaging. We also detect a
fifth image, image 1.5, located close the BCG of the cluster. Images
1.4 and 1.5 (see Fig. 2), straddling the central critical curve of the
cluster, allow to set stringent constraints on the inner slope of the
mass density profile (as exhibited in Schneider et al. 1992; Newman
et al. 2013b; Caminha et al. 2017).

Careful consideration of the HST images allowed us to detect
secondary, fainter emission knots for four multiple images in system
1 – all except the central one which is hidden by the emission of
the BCG. This is shown in Fig. 5. The MUSE spectroscopic analysis
of these three images which compose system 2 shows a faint Ly-𝛼
peak for all of them, allowing us to measure a redshift of 4.8844,
very close to that of system 1. We interpret system 2 either as part
of the same galaxy, or a companion galaxy of system 1’s source.
The Ly-𝛼 halo of system 1 extends, and the potential secondary
peak emission coincides with system 2 emission knots. We include
4 multiple images of system 2 as additional constraints to our mass
model, the fifth image being demagnified we restrain ourselves from
including it in our mass model. The coordinates and redshifts of the
multiply imaged systems are given in Table 8. We give a list of the
singly imaged objects in Appendix A.

The inspection of HST images also led to the discovery of system 3,
composed of two multiple images. These faint detections in the South
of the cluster were equally present in the MUSE field. A faint and
a priori inconclusive detection of Ly-𝛼 – see Fig. 8 – is consistent
with the redshift optimisation of this system using only system 1,

or 1 and 2 as constraints. We therefore conclude that this system’s
redshift is 5.8658. However the stack of the spectra presents a S/N
ratio < 2, and the MUSE data are sensible to sky perturbations in
the speculated Ly-𝛼 bandwidth. We therefore decide not to use this
as a redshift constraint, but to let the redshift free during the model
optimisation.

At last, we detect three candidate multiply lensed images in the
South of the HST field of view, in a region not covered by the MUSE
observations. We included these three candidate systems 4, 5 and 6
in our mass model, letting their redshifts as free parameters. Their
detection supposes the presence of a Southern halo as described in
Sect. 4. For systems 3, 4, 5 and 6, our best fit mass model gives the
respective redshifts: 4.85+1.52

−0.70, 3.76+1.57
−0.80, 3.63+1.67

−0.74 and 3.57+0.35
−1.08.

Similarly to MACS J0242, we model the mass distribution of the
cluster scale halo and the BCG galaxy separately. The best-fit mass
model parameters are listed in Table 7, and gives a 𝑟𝑚𝑠 of 0.15′′. The
addition of an external shear component does not improve the mass
model, and gives a 𝑟𝑚𝑠 of 0.16′′. In a similar fashion to MACS J0242,
although the degeneracy between the cluster scale halo and the BCG
is still present, the BCG optimisation converges. The 𝑟𝑚𝑠 is particu-
larly small which may be explained by the lack of constraints in our
model. Indeed, as shown in e.g. Johnson & Sharon (2016), a larger
number of constraints may increase the value of the 𝑟𝑚𝑠 but could
also improve the accuracy of the model. Similarly to MACS J0242,
we compute integrated and 3D masses for MACS J0949. These are
listed in Table 9 and discussed further in Sect. 6.

We compare our model of MACS J0949 to the two publicly avail-
able models from the RELICS collaboration5. Comparing the sur-
face density profiles, we find a 1𝜎 agreement between the model
presented in this article and the Lenstool RELICS model as can
be seen in Fig. 6. As for the RELICS model obtained using the
Glafic lensing algorithm (presented in Oguri 2010), its density
profile is in agreement with our model, although the most stringent
constraints (in the 𝑅 ∈ [40, 100] kpc region) yield a slightly smaller
surface density. The overall profile from the LenstoolRELICS pub-
lic release model presents a flatter density profile and an excess in
mass after 80 kpc (coincidental with the Einstein radius of system
1). This could be partially explained by the more massive structure

5 https://archive.stsci.edu/prepds/relics/

MNRAS 000, 1–19 (2023)



12 Joseph F. V. Allingham et al.

101 102

Radius [kpc]

108

109

1010

S
u

rf
ac

e
d

en
si

ty
Σ

[M
�

.k
p

c−
2
]

This work

Multiple images range

101 102 103

r [kpc]

10−24

10−23

10−22

10−21

10−20

ρ
[k

g/
m

3
]

Full dPIE

dPIE DMH

dPIE BCG

NFW fit

X-ray NFW

X-ray reconstruction

101 102

Radius [kpc]

108

109

1010

S
u

rf
ac

e
d

en
si

ty
Σ

[M
�

.k
p

c−
2
]

This work

RELICS Lenstool model

RELICS Glafic model

Multiple images range

101 102 103

r [kpc]

10−24

10−23

10−22

10−21

10−20

ρ
[k

g/
m

3
]

Full dPIE

dPIE DMH

dPIE BCG

NFW fit

X-ray NFW

X-ray reconstruction

Figure 6. Top row: Cluster MACS J0242. Left panel: Surface mass density profile derived from the best-fit mass model. Shaded regions show the 68% confidence
interval. We display in red the range of the multiple images, and thus the regions in which the constraints are the most stringent. – Right panel: Volume mass
density. The reconstruction of the XMM-Newton observations are shown in black, given with 1𝜎 error bars in yellow. The green and red curves – with error bars
– represent respectively the BCG and DM halo reconstructions, and the full cluster is shown in blue. The magenta dashed line represents the NFW fit of the total
density from Lenstool reconstruction – all galaxies and DM halo. The cyan line shows the fit to the X-ray data. Bottom row: Cluster MACS J0949. Blue: Our
model, with 68% confidence interval. Cyan: Lenstoolmodel from RELICS. We note that error bars were obtained on a different sample (2,000 realisations for
our model, 100 for RELICS). Green: Glafic RELICS model, realised under the same conditions. Red: region of the multiple images constraints.

– Right panel: Volume mass density. The reconstruction of the XMM-Newton data is shown in black, given with 1𝜎 error bars in yellow. The green and red
curves represent respectively the BCG and DM halo reconstruction, and the full cluster is shown in blue. The magenta dashed line represents the NFW fit to the

Lenstool reconstruction. The cyan line shows the fit to the X-ray data.

in the South of the cluster, which is slightly offset from the South
bright galaxy surrounded by systems 4, 5, and 6 as mentioned before
(𝑀2𝐷 (< 100 kpc) = 13.02×1012𝑀⊙ compared to 𝑀2𝐷 (< 100 kpc)
= 7.65 × 1012𝑀⊙ for our model). We report a very good agreement
between the measured spectroscopic redshift obtained from MUSE
observations with the photo-𝑧 used by the RELICS team (obtained

through private communication with K. Sharon). Our model presents
a significantly lower 𝑟𝑚𝑠 of 0.15′′, in comparison to 0.58′′.

The reconstructed mass distribution appears to be more elliptical
than the X-ray surface brightness obtained with XMM-Newton as
shown in Fig. 2. The 3D density profile is presented in Fig. 6. It
confirms the inflexion point in the density profile at 𝑟 ≃ 100 kpc,
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Figure 7. Composite colour HST image of the Southern clump in
MACS J0949. In cyan, we highlight the positions of the multiple images
identified with HST, and listed in Table 8. The external/tangential critical
lines for a source at redshift 𝑧 = 3.65 are represented in red – this redshift be-
ing compatible with sources 4, 5 and 6, according to the best fit optimisation.
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Figure 8. Spectra of images 3.1 and 3.2 of cluster MACS J0949 obtained by
VLT/MUSE. We can observe a faint signal, possibly Ly-𝛼. Blue: spectrum
of 3.1; Red: spectrum of 3.2; Green: summed spectra. The redshift measured
would be of 5.8658. However, the confidence level of our measurements is
low due to high sky noise at this wavelength.

Table 8. List of the multiple images detected with VLT/MUSE in
MACS J0949. We here list their ID, coordinates, R.A. and Decl. given in
degrees (J2000), and their measured spectroscopic redshift 𝑧. Values within
brackets were obtained after Lenstool redshift optimisation.

Id. R.A. Dec. 𝑧

1.1 147.4683753 17.11409360 4.8902
1.2 147.4738000 17.11754490 4.8902
1.3 147.4561230 17.11911410 4.8902
1.4 147.4687438 17.12369520 4.8902
1.5 147.4668972 17.12016960 4.8902
2.1 147.4687829 17.11396160 4.8844
2.2 147.4735428 17.11690610 4.8844
2.3 147.4560463 17.11877380 4.8844
2.4 147.4685346 17.12338060 4.8844
3.1 147.4702800 17.11513600 [4.85+1.52

−0.70]
3.2 147.4714400 17.11579400 [4.85+1.52

−0.70]
4.1 147.4630587 17.10291430 [3.76+1.57

−0.80]
4.2 147.4642781 17.10251570 [3.76+1.57

−0.80]
4.3 147.4663104 17.10264970 [3.76+1.57

−0.80]
5.1 147.4631754 17.10292500 [3.63+1.67

−0.74]
5.2 147.4641921 17.10257190 [3.63+1.67

−0.74]
5.3 147.4664329 17.10269780 [3.63+1.67

−0.74]
6.1 147.4633639 17.10469208 [3.57+0.35

−1.08]
6.2 147.4644174 17.10467818 [3.57+0.35

−1.08]
6.3 147.4665100 17.10432399 [3.57+0.35

−1.08]

and therefore suggests that the cluster is still undergoing a relaxing
phase. The NFW profile fit in the 𝑟 ∈ [20, 1000] kpc region yields
NFW parameters 𝜌𝑆 = 1.23 × 10−22 kg.m−3, 𝑟𝑆 = 405.5 kpc, for a
reduced 𝜒2 = 1.90. The quality of this fit is thus not comparable to
that of cluster MACS J0242, mostly due to the flatter density profile
in the 𝑅 ∈ [40, 100] kpc region.

Looking at the galaxy distribution within the cluster, we observe
four bright and massive galaxies, of comparable magnitude to the
BCG6. We could extrapolate all of these bright galaxies to have been
the BCG of former galaxy clusters, which would have merged with
MACS J0949 in the past. However, the X-ray observations show a
diffuse emission centred on the BCG and thus do not provide any
evidence of recent merger events. Therefore, our analysis strongly
suggests a unique dominant cluster scale dark matter component.
Nonetheless, we stress that the magnitude gap between the BCG and
the second-brightest cluster galaxy in MACS J0242 is much larger
than in MACS J0949. According to Trevisan & Mamon (2017), this
is an additional argument to claim that the former cluster is more
relaxed, and that MACS J0949 went through a recent merging event.

Our interpretation of the dynamical state of MACS J0949 and its
lensing power could be further constrained with additional spec-
troscopic or imaging observations. The clear identification of the
spectroscopic redshift of system 3, and of additional systems would
particularly assist constraining the dark matter halo ellipticity, core
radius and velocity dispersion.

6 The maximum magnitude separation between these five galaxies being 0.29
on the reference band ACS/F814W.
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Figure 9. MACS J0949 reconstruction of the full image plane of system 1
from the unique extended emission images 1.1 and 2.1. Their region, high-
lighted with the yellow box is cut out and deprojected into the source plane,
and casted back in the image plan to produce the full system. We clearly
observe a continuous emission between the North-East image 1.4 and the
central one 1.5. We display in green the contours of the Ly-𝛼 extended emis-
sion from the VLT/MUSE narrow-band image centred at 715.869 nm and
1.625 nm wide, showing the four detected multiple images of system 1, and
three of system 2 (see Fig. 2 for more details). The last images 1.3 and 2.3
of these systems are located outside of the VLT/MUSE field of view. The
critical lines are displayed in red, for redshift 𝑧 = 4.8902 of system 1. The
pink overlay represents the MUSE narrow-band contours.

5.1.3 Relensing in MACS J0949

On Fig. 9, we display the extracted emission of images 1.1 and 2.1
detected in MACS J0949 from the MUSE narrow-band centred on
_ = 715.869 nm within a yellow box. In order to verify the robustness
of the lensing model of MACS J0949, we then infer the emission in
the source plane (𝑧 = 4.8902), before projecting it back to the image
plane with our lens model, to obtain a re-lensed prediction.

The other multiple images on the MUSE field, 1.2, 1.4, 1.5, 2.2
and 2.4 are correctly predicted. Their Lyman-𝛼 detections are also
listed in Table 8. Images 1.4 and 1.5 emission appear to be connected.
This is simply due to the extended source emission of system 1 and
2, as a number of faint multiple images of system 2 are predicted
between 1.4 and 1.5, in agreement to the MUSE observations on the
narrow-band.

5.2 Stellar mass estimate

The strong lensing analyses are giving us an estimate of the total
mass enclosed in each clusters.

We further compare our strong lensing mass with an estimate stel-
lar mass. We use the reference cluster members catalogue magnitudes
described in Sect. 3, converted into K-band luminosity 𝐿𝐾

7, and use
it as a proxy for stellar mass. For the scaling relations we refer the
reader to Hogg et al. (2002); Lin et al. (2006). These catalogues were
established over the entire observable clusters, although the faintest
galaxies were cut out beyond distances of 40′′ from the centre.

7 We take the K-band reference here to be the KPNO Flamingos Ks filter.

Once the 𝐿𝐾 catalogue established, we adapt the Salpeter initial
mass function, and use the mass-to-light relationship for red quiescent
galaxies derived by Arnouts, S. et al. (2007) on the SWIRE-VVDS-
CFHTLS surveys, based on the Bruzual & Charlot (2003) stellar
population models:

log10

[
𝑀★
𝑀⊙

𝐿⊙
𝐿𝐾

]
= 𝑎𝑧 + 𝑏, (2)

given the parameters {𝑎, 𝑏} = {−0.18 ± 0.04, +0.07 ± 0.04}. While
we acknowledge our studied clusters are within a redshift range pre-
senting large uncertainties in the relationship presented in Arnouts,
S. et al. (2007, see Fig. 9), we refer the reader to the detailed compar-
ison made in Appendix D, Fig. 28 of Ilbert et al. (2010). Although
the former appears to overestimate the stellar mass by an average 0.2
dex for red sequence galaxies, it also appears to be reasonably well
calibrated for 𝑧 ∈ [0.3, 0.4]. We present the inferred stellar masses
for both clusters in Table 9.

In order to have a theoretical reference, we compare our estimates
with the stellar mass predicted using the formula derived by Giodini
et al. (2009). This relationship, established for poor clusters, with
redshifts 0.1 ≤ 𝑧 ≤ 1, relates the total mass of the cluster to its stellar
fraction (𝑀★/𝑀500 here) using the relation:

𝑓★500 = 0.05+0.001
−0.001

(
𝑀500

5 × 1013𝑀⊙

)−0.37±0.04
. (3)

Let us notice the high (∼ 50%) logarithmic scatter in the data fitting
this relationship. As this relationship was established using X-ray
measurements of 𝑀500, and that strong lensing is not a direct probe
of this value, we use the NFW reconstruction obtained through X-ray
for the 𝑀500 values (see Fig. 6).

For MACS J0242, the field of view considered is quite large (DES:
182′′), as we consider all galaxy in HST/WFPC2 or DES, and thus
our cluster member catalogue is assumed to be relatively complete.
We measure a stellar mass 𝑀★ = (6.484 ± 0.615) × 1012𝑀⊙ for
MACS J0242. Let us notice these error bars are only associated to
the error on the measured magnitude and the parameters 𝑎 and 𝑏
eq. (2). We obtain a difference between our measured value and the
predicted value of 𝑀★,Giodini = (8.332± 1.128) × 1012𝑀⊙ . We may
explain this discrepancy by the variable conditions for selecting a
galaxy within the galaxy catalogue. Indeed, the field of view being
different between WFPC2, ACS and DES, as well as the poorer
imaging quality of the latter instrument, we expect our error bars to
be far larger than those computed given the error on the measured
magnitude.

For MACS J0949, we require that a galaxy is detected in either
HST/ACS or HST/WFC3 to include it in the final catalogue. Because
the field of view of WFC3 is smaller than that of ACS, a large
number of selected cluster member galaxies are weakly constrained,
as ACS only contains two bands here. This method is adapted to
our lensing analysis, the main goal of this paper, as galaxies far
from the cluster centre are particularly important to constrain the
southern halo. However, when considering the stellar content of the
cluster, we might be selecting too many galaxies. Our analysis yields
𝑀★ = (1.392 ± 0.137) × 1013𝑀⊙ . Similarly to MACS J0242, we
compare our measurement with the predicted value following the
Giodini et al. (2009) formula. We obtain a stellar mass 𝑀★,Giodini =
(1.369± 0.302) × 1013𝑀⊙ . This difference, however small, can give
us an estimate of the overestimation of our cluster member catalogue.
We summarise the estimated stellar fractions for both clusters, 𝑓★500 =
𝑀★/𝑀500, as well as the predicted values with the Giodini et al.
(2009) formula in Table 10.
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Table 9. Mass and radius measurements for MACS J0242 and MACS J0949. All error bars show a 68% confidence interval. We here list 𝑀★, the stellar mass,
𝑀2D (𝑅 < 200 kpc) , the mass distribution obtained in projection on the plane of the cluster, within a radius of 200 kpc, and 𝑀Δ and 𝑅Δ, defined in eq. (1).
Masses are given in 1014𝑀⊙ and distances in kpc. The X-ray masses are following the NFW fit.

MACS J0242 MACS J0949

Mass (1014𝑀⊙) Lensing X-ray Lensing X-ray

𝑀★ 0.065 ± 0.006 0.139 ± 0.014

𝑀2D (𝑅 < 200kpc) 1.667+0.032
−0.052 1.163+0.036

−0.039 1.996+0.051
−0.199 1.635+0.065

−0.072

𝑀2500 3.113+0.160
−0.200 1.875+0.070

−0.069 5.621+0.122
−0.942 3.439+0.281

−0.266

𝑀1000 4.628+0.289
−0.342 2.695+0.122

−0.121 8.848+0.000
−2.215 5.547+0.778

−0.693

𝑀500 5.954+0.400
−0.455 3.379+0.168

−0.168 11.483+0.000
−3.417 7.429+1.310

−1.137

𝑀200 7.748+0.538
−0.598 4.343+0.238

−0.237 14.790+0.000
−4.824 10.165+2.234

−1.799

MACS J0242 MACS J0949

Radius (kpc) Lensing X-ray Lensing X-ray

𝑅2500 541.2+9.1
−11.9 466+5

−6 641.7+4.6
−38.1 555+15

−15

𝑅1000 838.3+17.1
−21.2 713+11

−11 1013.2+0.0
−92.8 884+39

−39

𝑅500 1148.7+25.2
−30.1 969+16

−16 1392.4+0.0
−154.6 1227+68

−66

𝑅200 1702.0+38.5
−45.0 1430+26

−27 2056.1+0.0
−253.5 1849+126

−116

Table 10. Comparison between the star fractions 𝑓★500 = 𝑀★/𝑀500 measured
with this work, and the predictions from the Giodini et al. (2009) formula.
𝑀500 is taken to be the NFW X-ray extrapolated value. All results are in
percentage.

𝑓★500 (%) MACS J0242 MACS J0949

This work 1.919 ± 0.205 1.873 ± 0.360
Prediction 2.466 ± 0.334 1.842 ± 0.407

5.3 X-ray analysis

5.3.1 Analysis procedure

We used the X-COP analysis pipeline (Ghirardini et al. 2019) to
analyse the data and compute the hydrostatic mass profiles of the
two systems. We extracted X-ray photon images in the [0.7-1.2] keV
band, which maximises the signal-to-background ratio. To estimate
the non X-ray background, we used the unexposed corners of the
MOS detectors to estimate the cosmic-ray-induced flux at the time
of the observations. The difference between the scaled high-energy
count rates inside and outside the field of view were then used to
estimate the residual soft proton contribution, which was next mod-
elled following the method described in Ghirardini et al. (2018). To
determine the spectroscopic temperature profile of the two systems,
we extracted spectra in logarithmically spaced concentric annuli cen-
tred on the surface brightness peak. The sky background emission
was measured in regions located well outside of the cluster’s virial
radius and described by a three-component model including the cos-
mic X-ray background, the local hot bubble, and the galactic halo.
The sky background spectrum was then rescaled appropriately to
the source regions and added as an additional model component.
Finally, the source spectrum was modelled by a single-temperature

APEC model (Smith et al. 2001) absorbed by the Galactic 𝑁𝐻 , which
was fixed to the HI4PI value (HI4PI Collaboration et al. 2016).

5.3.2 Hydrostatic mass reconstruction

We used the publicly available Python package hydromass8 (Eckert
et al. 2022) to deproject the X-ray data and recover the mass under the
hypothesis of hydrostatic equilibrium. The X-ray surface brightness
and spectroscopic temperature profiles are fitted jointly using a NFW
profile to recover the X-ray mass profile. The technique employed
here is similar to the method described in Ettori et al. (2019), in
which the gas density profile and the parametric mass profile are
used to integrate the hydrostatic equilibrium equation and predict the
3D pressure and temperature profiles. The 3D temperature profile is
then projected along the line of sight using spectroscopic-like weights
(Mazzotta et al. 2004) and adjusted onto the observed spectroscopic
temperature profile. The model temperature and gas density profiles
are convolved with the XMM-Newton PSF to correct for the smearing
introduced by the telescope’s spatial resolution, in particular in the
cluster’s central regions.

5.3.3 MACS J0242

MACS J0242 exhibits all the features of a relaxed, cool-core clus-
ter. Its X-ray morphology is regular and it shows a pronounced
surface brightness peak, a central temperature drop, and a metal
abundance peak in its core. The dynamical state of the cluster is
best gauged from the X-ray emission, but the optical emission lines
of the BCG is an additional, relatively faithful tracer of the pres-
ence of a cool core. The NFW mass reconstruction returns a mass

8 https://github.com/domeckert/hydromass
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𝑀500 = (3.4 ± 0.2) × 1014 𝑀⊙ . In order to compare it directly
to the lensing mass where multiply imaged systems yield impor-
tant constraints, we project the NFW density in 2D, and compute
𝑀2D (< 200 kpc) = 1.163+0.036

−0.039 × 1014𝑀⊙ . For an average tem-
perature of 4.5 keV, this is in agreement with the expectations of
mass-temperature relations (e.g. Lovisari et al. 2020). The cluster
appears to be highly concentrated, with a fitted NFW concentration
𝑐200 = 8.2 ± 0.5. At 200 kpc, X-ray observations suggest the gas
fraction to be 𝑓𝑔,200 kpc = 0.115+0.003

−0.004. The ellipticity of the cluster
obtained with our lensing mass model is not recovered by the X-ray
analysis, as it presents a spherical surface brightness. The ICM has its
own dynamics and thus is not expected to present a similar ellipticity
to the total density of matter. The discrepancy between the ICM and
DM halo ellipticity is documented in e.g. (Lee & Suto 2003; Debat-
tista et al. 2008; Lau et al. 2012; Umetsu et al. 2018; Stapelberg et al.
2022). It stems from the collisional character of baryons, allowing
the ICM to geometrically relax faster than the cold dark matter halo
counterpart, non-collisional.

5.3.4 MACS J0949

MACS J0949 exhibits a regular X-ray morphology with no obvious
large substructure. However, its brightness distribution is relatively
flat, it shows a high central entropy and central cooling time, and
no temperature drop in its core. Therefore, MACS J0949 is not a
relaxed cool-core cluster, but its regular morphology indicates that it
is not strongly disturbed either. Such properties are typical of post-
merger clusters in the process of relaxation after a merging event.
The hydrostatic mass profile is well described by an NFW model
with 𝑐200 = 5.3+1.3

−1.0 and 𝑀500 = 7.4+1.4
−1.2 × 1014𝑀⊙ . The NFW

projected mass yields 𝑀2D (< 200k̇pc) = 1.635+0.065
−0.072 × 1014𝑀⊙ . Its

hydrostatic gas fraction 𝑓𝑔,500 = 0.155+0.016
−0.014 is consistent with the

Universal baryon fraction (Ade et al. 2016). At 200 kpc, the same
gas fraction is measured at 𝑓𝑔,200 kpc = 0.053+0.007

−0.006. Similarly to
MACS J0242, the X-ray signal does not present any ellipticity.

6 DISCUSSION & CONCLUSION

In order to reconstruct the mass distribution of strong lensing galaxy
clusters MACS J0242 and MACS J0949, we have used the combina-
tion of imaging (HST, DES) and spectroscopic (VLT/MUSE) surveys
to detect respectively 6 and 2 spectroscopically confirmed multiple
image systems. Adding to that, in MACS J0949, we identified four
multiply imaged systems, without a confirmed spectroscopic redshift
– the spectroscopic emission line not fitting spectral templates con-
vincingly enough, or the images being out of the VLT/MUSE field of
view. The imaging data, calibrated with the spectroscopic detections
of cluster members, allowed to establish conservative cluster galaxy
catalogues, of respectively 58 and 170 galaxies for MACS J0242 and
MACS J0949. We then established the strong lensing mass models
of both galaxy clusters. We modelled each individual galaxy with a
dPIE profile, and included for each cluster a dPIE cluster-scale halo.
We present our main results as follows:

(i) The 𝑟𝑚𝑠 on the multiple image positions for the best-fit models
are respectively of 0.39′′ and 0.15′′, which is considered as a good
quality indicator of the reconstruction. We found that adding a shear-
field does not improve the quality of the reconstruction. We note that
degeneracies between the BCG and the dark matter halo could hinder
the lens model optimisations, and could thus affect our conclusion

regarding the morphology of the dark matter distribution in these
clusters (see e.g. Limousin et al. 2016).

(ii) Using XMM-Newton X-ray observations from CHEX-MATE
Collaboration et al. (2021), processed with the X-COP pipeline Ghi-
rardini et al. (2019), we compare the ICM to the reconstructed dark
matter density. The combination of the lensing mass reconstructions
with the X-ray analyses of the ICM and the VLT/MUSE spectroscopy
shows that MACS J0242 is in a cool-core, relaxed dynamical state,
compatible with a NFW profile, while MACS J0949 has a flat distri-
bution between radii of 50 to 100 kpc because it is still undergoing the
relaxing process, being in a post-merger dynamical state. In particu-
lar, the hot gas fractions at 200 kpc of MACS J0242 and MACS J0949
are 𝑓𝑔,200 kpc = 0.115+0.003

−0.004 and 0.053+0.007
−0.006 respectively. We can

for instance compare these results to those of Bonamigo et al. (2018).
In Fig. 6, the authors present the cumulative hot gas fraction of each
of the three clusters analysed. MACS J0416 is presented as a merg-
ing cluster, while MACS J1206 and Abell S1063 (RXC J2248) show
a cool-core. These clusters have 𝑓𝑔,200 kpc ≃ 0.09, 0.11 and 0.13
respectively, thus exhibiting the trend of more relaxed clusters dis-
playing higher hot gas fraction values at 200 kpc. This is an additional
indication of the relaxed dynamical state of MACS J0242, and the
post-merger state of MACS J0949.

(iii) Converting the cluster member catalogue magnitudes into
K-band luminosities, we used the Arnouts, S. et al. (2007) mass-to-
light ratio relationship to extrapolate the stellar mass detected in both
clusters. SED fitting should be performed to obtain a more precise
measurement, but this is beyond the scope of this paper. We compare
the obtained stellar masses of 𝑀★ = (6.48 ± 0.62) × 1012𝑀⊙ and
(1.39 ± 0.14) × 1013𝑀⊙ for MACS J0242 and MACS J0949 respec-
tively to the predictions of Giodini et al. (2009), yielding respectively
(8.33± 1.13) × 1012𝑀⊙ and (1.37± 0.30) × 1013𝑀⊙ . Although not
identical in the case of MACS J0242, this means our stellar mass
estimates appear to be reasonable.

(iv) We fit the XMM-Newton observations to a NFW profile.
Projecting this reconstruction, we can measure 𝑀2D (< 200 kpc),
allowing for a direct comparison with the strong lensing model
mass estimates. For MACS J0242, we measure 𝑀2D (< 200 kpc)
= (1.16 ± 0.04) × 1014𝑀⊙ from the X-rays, to be compared to
1.67+0.03

−0.05 × 1014𝑀⊙ obtained from our strong lensing analysis. We
obtain a sizeable 12.75𝜎 difference between these two values. Dis-
crepancies between the X-ray hydrostatic and lensing masses are
common, and may be explained by the hydrostatic hypothesis bias,
or by the presence of asymmetric structures along the line-of-sight. In
the former case, the gas is not perfectly relaxed, and the thermal pres-
sure only accounts for a fraction of the gravitational pressure. Thus,
the hydrostatic mass would underestimate the true mass. Moreover,
if there is a distribution of substructures or an elongation of the dark
matter component along the line-of-sight, the projected lensing mass
may overestimate the 3D mass. For instance, Umetsu et al. (2015)
display a combination of both these scenarios.

(v) As for MACS J0949, we measure 𝑀2D (< 200 kpc) = (1.64 ±
0.07) × 1014𝑀⊙ with the X-rays, to be compared with 2.00+0.05

−0.20 ×
1014𝑀⊙ obtained with the strong lensing analysis. These values
differ by 3.85𝜎. The Lenstool and Glafic RELICS strong lensing
models provide 𝑀 (𝑅 < 200 kpc) = 1.84+0.03

−0.03×1014𝑀⊙ and 𝑀 (𝑅 <

200 kpc) = 1.85+0.08
−0.07×1014𝑀⊙ respectively, in good agreement with

our model. At last, we compare this latter value to the one obtained
with the Planck SZ data of 𝑀2𝐷 (< 200 kpc) = 1.59+0.38

−0.00 × 1014𝑀⊙
(see Fox et al. 2022), assuming a NFW profile. This 1.49𝜎 difference
with the strong lensing value outlines a good agreement with our
model.
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In order to compare cylindrical masses, we define 𝑅10% =
0.1𝑅200,𝑐 . For MACS J0242, with 𝑅10% = 170.2+0.39

−0.45 kpc, we ob-
tain 𝑀2D (< 𝑅10%) = (1.41 ± 0.03) × 1014𝑀⊙ with our strong
lensing analysis (for which 𝑀200 is extrapolated). With 𝑅10% =
143.0+2.7

−2.6 kpc, we get 𝑀2D (< 𝑅10%) = (8.06 ± 0.21) × 1013𝑀⊙
with the X-rays NFW inferred profile, yielding ratios of 𝑀2D (<
𝑅10%)/𝑀200,𝑐 = 0.181±0.014 and 0.186±0.012 respectively. This
allows us to characterise the ratios of masses measured in the centre
and in the outskirts as quite close for X-ray and lensing, in spite
of the remarkable difference between the mass measurements. As
the strong lensing inferred 𝑀200 mass obtained here is an extrap-
olation at larger radii of a profile based on gravitational lensing
occurring at 𝑅 < 200 kpc, we cannot claim the strong lensing ratios
to be firmly established. Nonetheless, the extrapolated lensing dis-
tribution appears to follow a profile similar to that of the X-rays, at
different masses. We can compare this result to the ratios found by
Bonamigo et al. (2018) for three clusters exhibiting varied dynami-
cal states (Abell S1063, MACS J0416 and MACS J1206), all around
0.13. Let us notice this study uses three to four potentials across
all clusters, and thus our models should be expected to yield larger
ratios of core-to-outskirts densities. Moreover, as this comparison
uses 𝑀200 values from weak-lensing shear-and-magnification analy-
ses (see Umetsu et al. 2014), we can only cautiously compare it to our
X-rays and extrapolated strong lensing measurements. As the ratio
is much higher for MACS J0242, this comparison is one more indi-
cation that the concentration of mass in the centre of MACS J0242
is particularly high relative to its total mass. This is in good agree-
ment with our conclusion of the cluster being in a cool-core, relaxed
dynamical state.

In the case of MACS J0949, the cylindrical mass at 𝑅10% =
205.6+0.00

−25.4 is 𝑀2D (< 𝑅10%) = (2.07 ± 0.14) × 1014𝑀⊙ using our
strong lensing measurements, and with 𝑅10% = 184.9+12.6

−11.6, 𝑀2D (<
𝑅10%) = (1.48±0.05) ×1014𝑀⊙ with the X-rays NFW inferred pro-
file. The respective ratios are 0.140 ± 0.025 and 0.146 ± 0.029. For
this cluster again, we notice these ratios to be quite close to one an-
other, supporting the quality of the strong lensing 𝑀Δ extrapolation
in spite of the large difference between the X-rays and strong lensing
measured masses. Interestingly, the comparison with the 0.13 ratio
from Bonamigo et al. (2018) hints towards a relative concentration
of mass slightly more important in MACS J0949.

As we have established through strong lensing models the total
matter density distribution in two galaxy clusters, we laid the foun-
dations of our companion paper (Allingham et al. in prep.). In this
forthcoming paper, we describe a new method using analytical mod-
els of galaxy cluster potentials to predict the ICM distribution, and in
the foreseeable future to put constraints on interacting dark matter.
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APPENDIX A: SPECTROSCOPIC DETECTIONS OF
INTEREST

We present additional spectroscopic good detections in the back-
ground of both clusters MACS J0242 and MACS J0949, respectively
in Tables A1 and A2. We present in Tables A3 and A4 (respectively
for clusters MACS J0242 and MACS J0949) a few cluster members
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Table A3. The brightest cluster members in the cluster MACS J0242. Coor-
dinates are in degrees (J2000). We remind that the reference coordinates are
(40.649555; −21.540485) deg. Magnitudes are given on the reference band
ACS/F606W. All spectroscopic redshift detections are also provided.

Id. Δ𝛼 Δ𝛿 𝑎 𝑏 \ Mag. 𝑧

1 0.04387 −0.08964 1.886 1.499 1.83 17.765 0.3130
2 −31.28771 72.89640 1.027 0.396 2.34 19.898 _
3 59.25290 79.37028 0.595 0.593 −14.20 20.055 _
4 82.31906 −5.37408 0.829 0.501 23.90 20.081 _
5 −47.40417 −5.82480 0.731 0.410 −4.47 20.214 _

Table A4. Brightest cluster members in the MACS J0949. Coordinates are in
degrees (J2000). We remind that the reference coordinates are (𝛼𝑐 , 𝛿𝑐 ) =
(147.4659012, 17.1195939) . Magnitudes are given on the reference band
ACS/F814W.

Id. Δ𝛼 Δ𝛿 𝑎 𝑏 \ Mag. 𝑧

1 −51.61743 −32.11128 1.344 0.709 45.31 18.761 _
2 0.05608 −0.15120 1.344 0.740 −57.20 18.789 0.3829
3 −17.02960 5.76108 0.704 0.657 60.72 18.875 0.3817
4 51.33490 121.06692 0.742 0.529 50.52 18.970 _
5 15.93092 −74.92248 0.812 0.526 −24.40 19.054 _

Table B1. Equations of the main colour sequences and standard deviations on
colours for all colour-magnitude diagrammes of MACS J0242.𝑚1 represents
the magnitude in abscissa. Associated graphs are Fig. 4 and B1.

Filter 1 Filter 2 𝜎𝐶 Main colour sequence equation

HST/WFPC2

F814W F606W 0.0508 −0.0307𝑚1 + 1.6176

DES

z r 0.0466 −0.0382𝑚1 + 2.078
z g 0.1651 −0.0744𝑚1 + 4.651
r g 0.1319 −0.0415𝑚1 + 2.779

in their final catalogue format: their positions and all geometrical
components (semi-major and minor axes 𝑎 and 𝑏, rotation angle \)
as well as their magnitudes are coming from the photometric analysis,
while the redshifts are detected through spectroscopy.

APPENDIX B: ADDITIONAL INFORMATION ON
COLOUR-MAGNITUDE DIAGRAMMES SELECTIONS

We here provide the equation of each main red colour sequence for
both galaxy cluster MACS J0242 and MACS J0949, according to
process described in Section 3.2.3. We also provide all the additional
colour-magnitude diagrammes we can plot. Tables B1 and B2 provide
respectively the equations of the main colour sequences of clusters
MACS J0242 and MACS J0949, and the weighed colour standard
deviation of the spectroscopically confirmed cluster galaxy sample
𝜎𝐶 . The height of the selection box is 2𝜎𝐶 away from the main red
sequence for HST/ACS and HST/WFC3, and 3𝜎𝐶 for HST/WFPC2
and DES.

This paper has been typeset from a TEX/LATEX file prepared by the author.

Table B2. Equations of the main colour sequences and standard deviations on
colours for all colour-magnitude diagrammes of MACS J0949.𝑚1 represents
the magnitude in abscissa. Associated graphs are Fig. 4 and B2.

Filter 1 Filter 2 𝜎𝐶 Main colour sequence equation

HST/ACS

F814W F606W 0.1956 −0.0317𝑚1 + 2.0530

HST/WFC3

F160W F140W 0.0230 −0.0121𝑚1 + 0.4217
F160W F125W 0.0365 −0.0253𝑚1 + 0.8511
F160W F105W 0.0684 −0.0483𝑚1 + 1.6344
F140W F125W 0.0220 −0.0158𝑚1 + 0.5043
F140W F105W 0.0523 −0.0361𝑚1 + 1.2308
F125W F105W 0.0371 −0.0209𝑚1 + 0.7565
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Figure B1. Colour-magnitude diagramme for MACS J0242, instrument DES. Top row: Left: The colour is (𝑚r − 𝑚z), and the magnitude 𝑚z. Right: 𝑚z vs
(𝑚g − 𝑚r). Grey filled circles (with their error bars) have successfully passed all selections described in Section 3.2.1. The magenta line represents the main
sequence regression. Blue, gold and red dots represent spectroscopic detections of foreground, cluster and background objects respectively.
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Figure B2. Colour-magnitude diagrammes for cluster MACS J0949, instrument HST/WFC3. Top row: Left: The colour is (𝑚F140W −𝑚F160W), and the magnitude
𝑚F160W. Middle: 𝑚F160W vs (𝑚F125W − 𝑚F160W). Right: 𝑚F140W vs (𝑚F105W − 𝑚F140W). Bottom row: Left: 𝑚F140W vs (𝑚F105W − 𝑚F140W). Right: 𝑚F125W
vs (𝑚F105W − 𝑚F125W). Grey filled circles (with their error bars) have successfully passed all selections described in Section 3.2.1. The magenta line represents
the main sequence regression. Blue, gold and red dots represent spectroscopic detections of foreground, cluster and background objects respectively.
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Chapter 4

Intra-cluster medium reconstruction
using strong gravitational lensing

X-rays will prove to be a hoax.

— Lord Kelvin

4.1 Introduction

4.1.1 Motivations
In order to understand the physics of galaxy clusters, parallel observations and descriptions

of their different components is not enough: a general model, relating the history, the dynamics,
the gravitational influence of the multiple components is necessary to a unified understanding.
For example, simulations including the baryonic content of galaxy clusters are quite different
from dark matter (DM) only simulations (Robertson et al., 2019, 2021). The density profiles of
the dark matter component, and of the baryonic content of clusters, mostly in the intra-cluster
medium (ICM), are commonly separated into different, unrelated descriptions (see Sections 1.3.3
and 1.3.4.3). In spite of a number of baryonic effects (summarised in e.g. Tozzi and Norman,
2001; Ghirardini et al., 2019b, such as the Active Galaxy Nuclei and supernovae feedback, and
the cooling of the plasma), which generate a lot of turbulence in the ICM, a more holistic path to
study galaxy clusters may be to describe the DM and ICM contents in a unified model.

After describing the basic physics of galaxy clusters in Section 1.3 and presenting the strong
lensing reconstruction of the total density (DM and baryons) of clusters MACS J0242.5-2132 and
MACS J0949.8+1708 in Chapter 3, we describe in this Chapter the reconstruction of the ICM
observables (electron density ne, electron temperature Te, but also X-ray surface brightness SX or
thermal Sunyaev-Zel’dovich effect – tSZ – temperature contrast Θr) using the strong lensing mod-
els, assuming the clusters to be dynamically relaxed. We present new models for the temperature
and the gas fraction fg. At last, we revert the perspective, optimising the SL parameters with
ICM data, in order to verify the robustness of our method. I present the results of this analysis in
Section 4.3, under the form of an article1. This general workflow, alongside the idea of the whole
thesis, is summarised on Figure 4.1.

1This article has not yet been submitted.
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Figure 4.1: Full workflow diagram of this thesis. Green diamonds: models a priori. Red
rectangles: available data. Blue ellipses: quantitative results. The magenta background denotes
work accomplished in our first article (corresponding to Chapter 3), the white background in the
second article (Chapter 4), the cyan to our projected third article (Chapter 5) and the orange to
our planned work, to utilise SL and ICM models and observations to constrain interacting dark

matter (IDM).
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4.1.2 Observations
In order to verify the robustness of the ICM reconstruction using SL, we use X-ray and SZ effect

observations of the ICM of galaxy clusters MACS J0242 and MACS J0949. The X-ray observations
include XMM-Newton data, presented in the previous Chapter (see Ghirardini et al., 2019b; CHEX-
MATE Collaboration et al., 2021). For the observation of the SZ effect, we use millimetre-wave
data from the Atacama Cosmology Telescope (ACT), f090 and f150 ‘daynight’ DR5 maps 2, centred
on respective frequencies 97.8 and 149.6 GHz (see Naess et al., 2020; Hilton et al., 2021; Mallaby-
Kay et al., 2021). The observation of an important submillimetre source in the field of view of
MACS J0242 makes the use of the SZ effect data impossible to constrain the ICM density in this
cluster. As a consequence, we only use ACT observations for MACS J0949.

Moreover, in order to tune the ICM temperature and gas fraction relationship universally, we
used a larger sample of X-ray observations than two galaxy clusters. The XMM cluster outskirts
project3 (X-COP, described in Eckert et al., 2017), constituted of 12 massive clusters of mass
3 × 1014M⊙ < M500 < 1.2 × 1015M⊙ and redshifts 0.04 < z < 0.1 was used for this purpose.

4.2 General models for ICM reconstruction
In order to derive a general model for galaxy clusters’ density, both in DM and in the ICM, we

need to empirically analyse the electron temperature in a sample of galaxy clusters.

4.2.1 Self-similar polytropic temperature models with varying index4

In order to propose a joint description of a dynamically relaxed ICM and DM distributions, we
need to describe the ICM thermodynamics. The general model for a polytropic temperature profile
was presented in equation (1.89), where the temperature normalisation T0 = Te(r = 0) represents
the central temperature. According to Capelo et al. (2012) and Ghirardini et al. (2019a), one can
almost universally take γ ≈ 1.2 throughout the cluster volume.

More generally, Ghirardini et al. (2019a) used the X-COP data to show that the electron
pressure and temperature profiles of the ionised plasma can be related self-similarly across different
clusters with a low scatter ∼ 15%, independently of a system’s dynamical state :

Pe

P500
= Pref

(
neE(z)−2

nref

)Γ(ne)

,

Te

T500
= Tref

(
neE(z)−2

nref

)Γ(ne)−1

,

(4.1)

where E(z) = H(z)/H0 is the normalised Hubble factor (see equation 1.20). Pref and Tref are
dimensionless proportionality constants, and nref is the volume number density normalisation.
For clarity, let us write T0(z) = T500(z)Tref and n0(z) = nrefE(z)2. These normalisations do not
depend on individual clusters, but are universal parameters, which may be determined with an
optimisation on the X-COP cluster sample.

2https://lambda.gsfc.nasa.gov/product/act/actpol_dr5_coadd_maps_get.html
3https://dominiqueeckert.wixsite.com/xcop
4This subsection research work was performed by D. Eckert.
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Table 4.1: Parameters of the smoothly varying polytropic temperature model defined in
equations (4.1) and (4.2).

Pref nref [m−3] Γ0 ΓS σln Pe

6.05 ± 1.57 (2.26 ± 0.59) × 103 0.97 ± 0.04 −0.15 ± 0.03 0.19 ± 0.02

Observationally, the measured values of the polytropic index closely match the hydrostatic equi-
librium NFW expectation in cluster outskirts (R > 0.2R500), but in the cluster core significantly
deviate because of radiative cooling, where Γ decreases down to ∼ 0.8 (Ghirardini et al., 2019a).
We here propose a new functional form to describe the self-similar polytropic model (supported
by e.g. Mostoghiu et al., 2019), in order to describe the smooth transition of the polytropic index
from the core to the cluster outskirts. The relation for a smoothly varying polytropic index Γ(ne)
is:

d ln Pe

d ln ne

≡ Γ(ne) = Γ0

[
1 + ΓS arctan

(
ln neE(z)−2

nref

)]
, (4.2)

with nref the reference number density around which the transition between core (low Γ ∼ 0.8)
and outskirts (NFW Γ ∼ 1.2) occurs, Γ0 the polytropic index at nrefE(z)2, and ΓS the slope of the
transition.

In order to find the ‘universal’ parameters for this self-similar description of the electron pressure
and temperature equation (4.2), we fit it to a sample of clusters. For this purpose, we used the
X-COP data of high-quality observations of ICM thermodynamic properties over a wide radial
range (r ∈ [0.01 − 2]R500). We fit the X-COP density and pressure data using the Bayesian
analysis package PyMC3 (Salvatier et al., 2016), including uncertainties on both axes and a free
log-normal intrinsic scatter. The model provides an excellent representation of the data over three
decades in electron density, with a low intrinsic scatter of σln Pe = 0.19 ± 0.02. The fit parameters
are included in Table 4.1. Assuming the ICM is an ideal gas, using Ghirardini et al. (2019b), we
obtain Tref ≈ 1.034.

As for the full T500(z), we use the results of Ghirardini et al. (2019b), which we reproduce here:

T500(z) = 8.85 keV
(

M500E(z)
h−1

70 1015M⊙

)2/3 (
µg

0.6

)
, (4.3)

with h70 = h/0.7 = 1 here. We therefore can normalise the temperature universally.

4.2.2 Gas fraction Arctan model
As we have access to the precise ICM measurements of the X-COP data sample, and to equiv-

alent XMM-Newton data for the lensing clusters MACS J0242 and MACS J0949, we name here
‘X-COP+2’ the sample of these 14 clusters. We use the ICM density measurements ρg, and the
hydrostatic equilibrium reconstructions for the total matter density ρm. As we aim to relate the
total matter density to the ICM density in general, we explore here another possibility: that of an
empirical model directly relating these two quantities. To this purpose, we define the integrated

104



10 1 100

R/R500

0.05

0.10

0.15

0.20

0.25
f g

as
,H

SE

R200

b/ m

A1644
A1795
A2029
A2142
A2255
A2319
A3158
A3266
A644
A85
RXC1825
ZW1215

Figure 4.2: Integrated gas fraction over two X-COP clusters. The ICM density was inferred from
X-ray observations, and the total matter density was later reconstructed assuming hydrostatic

equilibrium (HSE). Colours: Reconstruction of the cumulative gas fraction Fg, for the 12 X-COP
clusters. Grey: Universal baryonic fraction, as measured by Planck Collaboration (2016).

Credits: Eckert et al. (2019).

hot gas fraction Fg, which we distinguish from the local gas fraction fg(r):

Fg(r) =
∫ r

0 dss2ρg(s)∫ r
0 dss2ρm(s) = Mg(< r)

Mm(< r) ,

fg(r) = ρg(r)
ρm(r) = dFg

dr
(r)

∫ r
0 dss2ρm(s)

r2ρm(r) + Fg(r),
(4.4)

where indices g and m respectively denote the hot gas (baryons in the ICM, but not stars), and
the total matter (all baryons, including stars, and dark matter).

All 14 clusters of the ‘X-COP+2’ sample present a gas fraction transition between small and
large radii, as may be observed on Figure 4.2, which we propose to describe analytically with an
Arctan model:

Fg(r) = a

[
2
π

arctan
(

exp r − rc

rf

)
− 1

2

]
+ b, (4.5)
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where a and b are defined with the expected gas fractions at the centre and at ‘infinity’ f 0
g and f∞

g

as:

υ = 2
π

arctan
[
exp

(
− rc

rf

)]
,

a =
f 0

g − f∞
g

υ − 1 ,

b = 1
2

[
f 0

g

1 − υ
+

f∞
g (1 − 2υ)

1 − υ

]
,

(4.6)

with rc and rf the core and flattening radii respectively, i.e. the radii of Arctan inflexion point and
the characterisation of the transition slope. Equation (4.6) reflects the necessary normalisation of
the integrated gas fraction parameters.

The universal baryon fraction, Ωb/Ωm = 0.1580±0.0021 (Planck Collaboration, 2016), corrected
by the depletion factor (see Eckert et al., 2019) reads:

fUni
g (r) = Yb(r) Ωb

Ωm

− f⋆, (4.7)

where Yb is the baryon depletion factor, and f⋆ the stellar fraction, not accounted for in the
intracluster gas. Eckert et al. (2019) provide Yb,500 = 0.938+0.028

−0.041 which we use here. Following
equation (4) of the same study, the average error on f⋆,500 is 5 × 10−3. One can thus assume
f∞

g ≈ fUni
g (R500).

Moreover, in our description of the lensing analysis with dPIE profiles (see Section 1.3.3.7
and Chapter 3), we have detailed how a sum of dPIE profiles was assumed to represent the total
matter density of galaxy clusters. Most notably, the core regions, dominated by stellar and baryonic
physics, are separated from the larger radii, dominated by DM, by a core radius a1 associated to
the DM halo (DMH) in the lensing analysis5. In Section 4.3, we tested the hypothesis that rc and
rf would correspond to the lensing DMH core radius a1, for both lensing clusters MACS J0242
and MACS J0949. This would allow to have a gas fraction model controlled with the universal
and lensing parameters only (respectively f 0

g and f∞
g , and rc and rf ), and thus an ICM density

prediction coming only from lensing. The parameters rc and rf were let free in the optimisation,
but their final values were compared to those found in Section 3.4 for the two lensing clusters.

Using the Bayesian analysis package emcee (Foreman-Mackey et al., 2013), the Arctan gas
fraction model is fit to the ‘X-COP+2’ sample. As the X-COP clusters were not analysed through
gravitational lensing, one can not compare rc and rf to their lensing counterpart a1. The assump-
tion that rc ≈ rf ≈ a1 is approximately verified for the lensing clusters considered here (see Section
4.3, for each separate cluster, rc, rf and a1 are of the same order, the strongest variation being
of a factor 2; however the models using this assumption yield acceptable fit for the gas fraction
model).

The general equation of the model, simplified from equation (4.5), then writes:

Fg(r) ≈ (−0.103 − 0.821f⋆) arctan
[
exp

(
r

a1
− 1

)]
− 0.013 − 0.289f⋆. (4.8)

Let us therefore notice that if the total matter density ρm and rcore,DMH are known, we have a
simple expression of the gas density profile ρg(r) = fg(r)ρm(r).

5In the effective lensing models, the gravitational effect probed is ‘agnostic’ to the type of matter deforming the
space-time continuum.
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4.2.3 Analytical ICM density models
In order to describe the electron density with the lensing analysis only, we adopt the temper-

ature profile described in Section 4.2.1. This allows to get a fully analytical model for both the
ICM distribution and its thermodynamics, assuming hydrostatic equilibrium.

4.2.3.1 ICM-total density bijection

Let us consider the total density ρm as a sum of a number of potentials:

ρm(r) =
∑

i

ρ0,m,ifi(r). (4.9)

Each potential can be normalised differently, and the distributions fi are here assumed to be of the
same type, but with different parameters. Here, we consider them to only be radial for simplicity
(in practice all potentials have different geometric parameters – e.g. central position, ellipticity,
rotation angle). Assuming integrability, we introduce:

gi(r) =
∫

dss2fi(s),

hi(r) =
∫

dss−2gi(s),
(4.10)

where integration constants are included. Writing Φ the Newtonian potential, the gravitational
Poisson equation yields the gravitational potential expression:

Φ(r) = −4πG
∑

i

ρ0,m,ihi(r). (4.11)

Let us at last write the thermodynamic toll in the Lagrangian formulation for momentum, i.e.
the momentum Navier-Stokes equation for a perfect fluid (viscosity neglected, see e.g. Landau and
Lifshitz, 1959):

ρg
Dv

Dt
= ρg [∂tv + (v · ∇) v] = −∇Pg + ρg∇Φ, (4.12)

with v the velocity field.
As the pressure in galaxy clusters is of the order of 1010 Pa, one can safely assume the plasma

to be thermalised, and therefore the temperature of the gas to be that of the electrons. With
equation (4.12), one can write the number density of the electron ne as being directly proportional
to the gas density ρg, as µe and FI are assumed to be constant in a given cluster. In the purely
radial case, using the intensive ideal gas law expression (1.87):

kB

µgma

∂r (neTe)
ne

+ ∂tvr + vr∂rvr = −4πG
∑

i

ρ0,m,ir
−2gi(r). (4.13)

As the galaxy clusters used in our study are not strongly perturbed6, we work under the hypothesis
of hydrostatic equilibrium. This is an important approximation, and if one could decompose the
velocity in its radial and temporal dependencies, one could then integrate numerically locally.

6In Section 3.4, we showed MACS J0242 to be relaxed, and MACS J0949 to be probably in an intermediate state:
not relaxed cool-core, but not strongly perturbed either. We call this latter state relaxing, as it may follow a past
merger event. Whatever the case, the ICM as much as the total matter density are not strongly perturbed, and we
assume we can apply the hydrostatic hypothesis to this cluster in the rest of this thesis.
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Assuming a polytropic temperature distribution and the stream to be hydrostatic, i.e. of con-
stant velocity, both in time and in all spatial directions, such as in (Zaroubi et al., 2001), we
get:

∂r (neTe)
ne

= ϵ
∑

i

ρ0,m,ir
−2gi(r), (4.14)

where ϵ = −4πGµgma/kB. The general J function if defined as the normalised integral of equation
(4.14):

J (ne) =
∫ ne

0

d [nTe(n)]
T0n

, (4.15)

where T0 is a temperature normalisation. Using a precise temperature model, such as a classic
polytropic model (1.89) or a self-similar polytropic model with varying exponent (4.1) yields the
precise expression of this integral. We take the respective T0 temperature normalisations of these
models to define J . In the latter case, we denote the integral redshift dependence of T0(z) by
writing Jz.

In the general case, separating variables and integrating equation (4.14), we obtain:

J (ne) = ϵ

T0

∑
i

ρ0,m,ihi(r) = µgma

kBT0
Φ(r). (4.16)

Let us notice that in the case of a polytropic temperature profile with a constant index γ > 1, we
easily compute equation (4.15):

Jz(ne) = γ

γ − 1

(
ne

n0(z)

)γ−1

, (4.17)

which is clearly a bijection, i.e. the ICM density may be entirely determined knowing the total
matter density. The specific case of a polytropic temperature density associated to a NFW profile
has already been studied in Bulbul et al. (2010), where a ‘self-normalisation’ in the centre is used,
i.e. the profile is normalised with the detected electron density ne.

Upon using the varying exponent polytropic temperature model (4.1), we note Jz is also a
bijection, of R+⋆ →∼]0; 10[, meaning there is a limit to the inversion range. The physical ne values
for the ICM we are interested in are in the middle of this interval (∼ [2, 8]), and thus we can
consider this specific case of Jz to be invertible for the rest of this thesis. Under this assumption,
inverting equation (4.16) provides ne(r):

ne(r) = J −1
(

ϵ

T0

∑
i

ρ0,m,ihi(r)
)

= J −1
(

µgma

kBT0
Φ(r)

)
. (4.18)

We can moreover invert and normalise the distribution at a given radius (e.g. 200 kpc, where the
strong lensing signal is strongly constraining the total density profile, or R500,c), if ne,∆ is known.
Writing ∆ such a radius:

ne(r) = J −1
[
J (ne,∆) Φ(r)

Φ(R∆)

]
= J −1

[
J (ne,∆)

∑
i ρ0,m,ihi(r)∑

i ρ0,m,ihi(R∆)

]
. (4.19)

We call this latter expression self-normalised.
Under reasonable physical hypotheses, we have established a general, completely analytical

description of the electron density using only the different potentials found with lensing. To allow
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this reconstruction to be independent from other observations, this analytical model requires an
electron temperature model which we could derive with lensing only.

Alternatively, we can also write the electron density ne, under hydrostatic hypothesis, in the
specific case where we know Te(r) as:

ne(r) = ne,∆
Te,∆

Te(r) exp
[
−ϵ

∑
i

ρ0,m,iξi(r, R∆)
]

, (4.20)

where
ξi(r, R∆) =

∫ R∆

r
dss−2 gi(s)

Te(s) , (4.21)

where gi are defined equation (4.10). While this would require a precise knowledge of ne at a given
radius R∆, and temperature profile. More generally, this would enable to test the hydrostatic
assumption without having to assume a specific model for the temperature.

4.2.3.2 Case of a dPIE density

In the case of a dPIE mass distribution, according to equation (1.67), we provide the integrated
density functions defined in equation (4.10):

f(r) =
{[

1 +
(

r

s

)2
] [

1 +
(

r

a

)2
]}−1

,

g(r) = a2s2

a2 − s2

[
a arctan r

a
− s arctan r

s

]
,

h(r) = a2s2

a2 − s2

[
s

r
arctan r

s
− a

r
arctan r

a
+ 1

2 ln
(

r2 + s2

r2 + a2

)]
,

(4.22)

where a and s represent the core rcore and scale rcut radii of the i-th dPIE potential respectively.
Indices are avoided for clarity. To avoid confusion, let us write idPIE (for ‘integrated dPIE’) the
ne distribution with hi given by a dPIE.

4.2.3.3 Case of a NFW density

In the case of an NFW potential – see equation (1.56), we compute the different integrals given
equation (4.10):

f(r) =
{[

r

rS

] [
1 + r

rS

]2
}−1

,

g(r) = r3
S

[
ln
(

1 + r

rS

)
− r

r + rS

]
,

h(r) = −r3
S

r
ln
(

1 + r

rS

)
,

(4.23)

where indices were avoided for clarity. Here ρ0,m,i of equation (4.16) is interpreted as ρS,m,i. Let
us notice that in case of NFW profile, we assume to only have one profile. We shall write this ne

distribution iNFW.
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4.2.3.4 Case of a generalised NFW density

In the case of a generalised NFW potential – see equation (1.63), we compute the different
integrals given equation (4.10):

f(r) = x−γ (1 + xα)− β−γ
α ,

g(r) = r3
S

x3−γ

3 − γ
2F1 (µ, ξ, 1 + µ, −xα) ,

h(r) = r3
S

{
x2−γ

[
2F1 (ν, ξ, 1 + ν, −xα)

2 − γ
− 2F1 (µ, ξ, 1 + µ, −xα)

3 − γ

]
− Γ(ν)Γ(ξ − ν)

αΓ(ξ)

}
,

(4.24)

where x = r/rS, 2F1 is the Gauss hypergeometric function, Γ the extended factorial function(i.e.
the complete gamma function), and µ, ν and ξ are simple reformulations of the three indices α, β,
γ:

µ = 3 − γ

α
; ν = 2 − γ

α
; ξ = β − γ

α
. (4.25)

Let us notice this integration takes constants into account, but requires α > 0, β > 2 and γ < 2.
We shall write the resulting ne distribution igNFW.

4.2.3.5 Case of an Einasto density

The Einasto potential is provided equation (1.66). Let us rewrite n = 1/α, and write the
reduced radius: s = (2n)nr/r−2, the scale length l = r−2/(2n)n and the central density ρ0 = ρ−2e

2n.
Following Cardone et al. (2005) and Retana-Montenegro et al. (2012), the different functions
equation (4.10) write:

f(r) = exp
(
−sn−1)

,

g(r) = l3n
[
Γ(3n) − Γ

(
3n, sn−1)]

,

h(r) = −nl2

s

[
Γ(3n) − Γ

(
3n, sn−1)+ sΓ

(
2n, sn−1)]

,

(4.26)

where Γ(α) is the complete gamma function, and Γ(α, x) the upper incomplete gamma function:

Γ(α, x) =
∫ ∞

x
dttα−1e−t. (4.27)

We call the ICM ne profile coming from this DM profile iEinasto.

4.2.4 Optimisation of the lensing parameters with the ICM
In Section 4.3, four electron density models are presented: β (see equation 1.79), Arctan gas

fraction, idPIE and iNFW. The three latter models assume the total matter density profile ρm to
be known or the knowledge of parameters such as the DMH core radius a1. One can let a number
of parameters of these models free to vary, for both the classic and varying exponent polytropic
temperature models. These parameters are optimised with the ICM data collected for each galaxy
cluster. For cluster MACS J0242, we only use the X-ray data, while for MACS J0949, we have the
choice to use either X-ray, or SZ, or both.
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Let us define the log-likelihood for the X-ray data: as the photon counts are limited, the X-ray
maps are following a Poissonian distribution. With the noise, we take them to follow the Cash
statistic (Cash, 1979):

ln LX(Θ) = 1
NX

∑
i

[
Ci − Mi(Θ) − Ci ln

(
Ci

Mi(Θ)

)]
, (4.28)

where Ci is the data count in the i-th pixel, NX the number of pixels, and Mi(Θ) the model
prediction for the parameter tuple Θ.

As for the SZ statistic, with Mi now being the temperature contrast model, and Ci its SZ
measurement, we simply take the likelihood to be Gaussian:

ln LSZ(Θ) = − 1
2NSZ

∑
i

(Mi(Θ) − Ci

σi

)2

+ ln σ2
i

 ,

σ2
i = M2

i (Θ) + σ2
C,i,

(4.29)

where σi is the standard deviation in the i-th pixel, and NSZ the number of SZ pixels. The model
standard deviation is the model itself, accordingly to a Gaussian model. σ2

C,i is the instrument
variance of ACT. This does not take into account the CMB variance nor the atmosphere, but at
this order it should be satisfactory. Ci and Mi represent here the data and model respectively, but
for the SZ data. We sum the log-likelihood of the 90 and 150 GHz ACT DR5 bands.

In the case of joint X-SZ optimisation, the data are of the same type, i.e. detections in pixels.
We therefore defined the joint likelihood as the weighed sum:

ln LJ = NX ln LX + NSZ ln LSZ

NX + NSZ

, (4.30)

where NSZ must be understood as the sum of all SZ pixels, both in band f090 and f150. Let us
notice this takes into account the different pixelisations, and attributes equal weights to each pixel
of data. X-ray should thus dominate, given the much better resolution of data.

We provide the results of this total matter density optimisation with the ICM in Section 4.3.

4.3 Article: A full reconstruction of two galaxy clusters
intra-cluster medium with strong gravitational lensing

We present the ICM reconstruction using strong lensing in our unsubmitted article:

A full reconstruction of two galaxy clusters intra-cluster medium with strong gravitational lens-
ing, Joseph F. V. Allingham, Céline Bœhm, Mathilde Jauzac, David J. Lagattuta, Guillaume
Mahler, Dominique Eckert, Matt Hilton, Geraint F. Lewis, Stefano Ettori.

111



MNRAS 000, 1–21 (2022) Preprint April 5, 2023 Compiled using MNRAS LATEX style file v3.0

A full reconstruction of two galaxy clusters intra-cluster medium with
strong gravitational lensing

Joseph F. V. Allingham 1★, Céline Bœhm 1, Mathilde Jauzac 2,3,4,5, David Lagattuta 2,3,
Guillaume Malher 2,3, Dominique Eckert 6, Matt Hilton 4,5, Geraint F. Lewis 1,
and Stefano Ettori 7,8
1School of Physics, A28, The University of Sydney, NSW 2006, Australia;
2Centre for Extragalactic Astronomy, Durham University, South Road, Durham DH1 3LE, UK;
3Institute for Computational Cosmology, Durham University, South Road, Durham DH1 3LE, UK;
4Astrophysics Research Centre, University of KwaZulu-Natal, Westville Campus, Durban 4041, South Africa;
5School of Mathematics, Statistics & Computer Science, University of KwaZulu-Natal, Westville Campus, Durban 4041, South Africa;
6Department of Astronomy, University of Geneva, ch. d’Écogia 16, CH-1290 Versoix Switzerland;
7INAF - Osservatorio di Astrofisica e Scienza dello Spazio di Bologna, via Piero Gobetti 93/3, 40129 Bologna, Italy;
8INFN, Sezione di Bologna, viale Berti Pichat 6/2, 40127 Bologna, Italy.

Draft version; for submission to MNRAS

ABSTRACT

The total matter density of galaxy clusters can be probed with strong gravitational lensing, whilst the properties of the
intra-cluster medium (ICM) are constrained using X-rays and Sunyaev-Zel’dovich (SZ) observations. Although being physically
related, these two components are often described with different physical models. Here, we present a technique to derive the ICM
properties from strong lensing for clusters in hydrostatic equilibrium. In order to derive this model, we present a new universal and
self-similar polytropic temperature profile, which we fit using the X-COP sample of clusters. We subsequently derive an analytical
model for the electron density, which we apply to strong lensing clusters MACS J0242.5-2132 and MACS J0949.8+1708. We
confront the inferred ICM reconstructions to XMM-Newton X-ray Observatory observations, and ACT-DR5 SZ data. We contrast
our analytical electron density reconstructions with the best canonical 𝛽-model, and with comparable gas fraction models
inferred from the X-COP sample. The ICM reconstructions obtained prove to be compatible with observations. However they
appear to be very sensitive to various dark matter halo parameters constrained through strong lensing, and to the halo scale radius
– fixed in the lensing optimisations. With respect to the important baryonic effects, we make the sensitivity on the scale radius
of the reconstruction an asset, and use the inferred potential to constrain the dark matter density profile using ICM observations.
The technique here developed should allow to take a new, and more holistic path to constrain the content of galaxy clusters.

Key words: galaxies: clusters: intracluster medium, X-rays: galaxies: clusters, galaxies: clusters: individual: MACS J0242.5-
2132, galaxies: clusters: individual: MACS J0949.8+1708, hydrodynamics

1 INTRODUCTION

In the last decades, tremendous progress has been achieved in grav-
itational lensing observations (see Kneib & Natarajan 2011, for a
review); from the first mass reconstruction of Abell 370 (Hammer
1987; Soucail et al. 1988) all the way to the Hubble Frontier Fields
(HFF, Lotz et al. 2017) and Beyond the Ultra-deep Frontier Fields
and Legacy Observations (BUFFALO, Steinhardt et al. 2020) sur-
veys. As a result, our understanding of this indirect observation of
dark matter has improved, yet leaving open problems to discussions,
such as the total matter (baryons & dark matter) potential distribution
in galaxy clusters (Lilley et al. 2018; Roncadelli & Galanti 2021),
in particular in their outskirts (Trevisan et al. 2017), or the size of

★ E-mail: joseph.allingham@sydney.edu.au

clusters themselves (see e.g. Chang et al. 2018; Baxter et al. 2021;
Tomooka et al. 2020; Aung et al. 2022).

In parallel, the total matter distribution at large radii is assumed to
be traced by the ionised intergalactic medium, the signature of which
is detectable in the X-rays and thanks to the Sunyaev-Zel’dovich (SZ)
effect. While the projected lensing gravitational potential of galaxy
clusters can be reconstructed from X-rays and SZ data through the
Richardson-Lucy deprojection algorithm (see Konrad et al. 2013;
Majer et al. 2013; Tchernin et al. 2018), the reverse path has not
been explored yet. A complete comparison between the intra-cluster
medium (ICM, composed of ionised gas) and the reconstruction of
the total matter density should light our way towards a more holistic
understanding of the dark matter profile, galaxy clusters thermody-
namics, and relationship(s) between baryons and dark matter.

To compare an ICM prediction to observations, we require a model
allowing us to predict the ICM properties using only strong lensing,

© 2022 The Authors



2 Joseph F. V. Allingham et al.

capable of establishing a general relationship between baryon and
dark matter distributions in galaxy clusters. An offset with the X-ray
observations could for instance hint towards interacting dark matter
scenarios.

Deriving such a model requires to understand the thermodynam-
ics of galaxy clusters. Making precise measurements from X-rays
observations is limited by the required assumptions, such as the halo
geometry (Buote & Humphrey 2012; Sereno et al. 2017), or the dy-
namical state of the cluster (Nelson et al. 2014; Biffi et al. 2016).
Multiple studies have shown the hydrostatic regime to be an accept-
able description of the ICM for cool-core and non-cool-core clusters
(Ettori et al. 2013; Biffi et al. 2016; Vazza et al. 2018; Ettori et al.
2019). Conversely, recent mergers or dynamically disturbed systems
present strong deviations to hydrostatic (Khatri & Gaspari 2016).
Moreover, galaxy clusters have followed a hierarchical model of for-
mation, made of mergers and gravitational collapse. For this reason,
their thermodynamics scale according to the cluster mass (Kaiser
1986; Bryan & Norman 1998), which is confirmed by simulations
(Frenk et al. 1999; Borgani et al. 2005; Voit 2005) and observations
(Ghirardini et al. 2019a). These assumptions (hydrostatic equilib-
rium, self-similarity) are common in joint X-rays and SZ analyses
(cf. Capelo et al. 2012; Ghirardini et al. 2019a,b). In order to describe
the thermodynamic model of galaxy clusters, we adopted an effec-
tive polytropic temperature law. Komatsu & Seljak (2001); Capelo
et al. (2012); Ghirardini et al. (2019b) have studied such a model.
Capelo et al. (2012) predicted a constant Γ ∼ 1.2 polytropic index
for the ICM in hydrostatic equilibrium with a NFW density profile,
and Ghirardini et al. (2019b) recovered this value for the outskirts of
clusters, but found radiative cooling to bring this value to Γ ∼ 0.8
in the centre. In order to produce precise predictions a priori, we
conduct a study of the polytropic index on the X-COP sample of
data (described in Eckert et al. 2017). This set of galaxy clusters was
precisely observed with the XMM-Newton X-ray Observatory (see
Ghirardini et al. 2019a; CHEX-MATE Collaboration et al. 2021).
Their pressure, temperature and ICM density profiles are ideal to de-
rive a general relationship on X-ray observed clusters. We reduce the
polytropic model into a functional form temperature profile, allowing
for universal predictions.

In Allingham et al. (2022), we analysed two galaxy clusters
and reconstructed their gravitational potential with Lenstool (see
Jullo et al. 2007) using strong gravitational lensing. Galaxy clusters
MACS J0242.5-2132 and MACS J0949.8+1708, relaxed and relax-
ing respectively, provide the inputs to the ICM predictions for this
work, and allow to justify the hydrostatic description of the ICM (Biffi
et al. 2016). In this paper, we also test several models commonly used
by the X-ray and SZ communities to describe the ICM density dis-
tribution (see Vikhlinin et al. 2006). We refer to these models as
canonical, in contrast to our models, which are derived analytically
from the full matter density, using the Poisson and Navier-Stokes
equations, following the logic of Bulbul et al. (2010). As our analyt-
ical ICM models scale with the gravitational potential obtained with
strong lensing, no scaling assumptions are being made.

After establishing the theoretical models, the quantitative ICM
results are confronted to the XMM-Newton and the ACT Data Re-
lease 5 millimetre-wave (see Naess et al. 2020; Mallaby-Kay et al.
2021). The quality of the reconstruction is tested through a potential
optimisation using these ICM data.

Moreover, the X-COP sample combined with X-ray data of the
‘lensing’ clusters allows for the empirical tuning of gas fraction
models. This yields another type of ICM density models using the
gravitational potential inferred from strong lensing, which we call
gas fraction models.

This article is structured as follows: the data are presented in Sec-
tion 2; the strong lensing models are summarised in Section 3; the
theoretical possible models for the electron density, the temperature,
the gas fraction, the X-ray surface brightness and the SZ effect are
introduced in Section 4; quantitative results for the density, tempera-
ture, etc are presented in Section 5; observational predictions follow
up with the comparison to data and MCMC optimisation in Section
6; and a discussion on the limitations and possibilities of such a
model is given in Section 7. We assume the ΛCDM cosmological
model, with Ω𝑚 = 0.3, ΩΛ = 0.7, and 𝐻0 = 70 km/s/Mpc.

2 DATA

2.1 X-ray observations

2.1.1 MACS J0242 and MACS J0949

The ICM is primarily probed with X-ray observations. We used the
XMM-Newton publicly available observations of the MACS J0242
and MACS J0949 in the 0.7-1.2 keV band (see CHEX-MATE Col-
laboration et al. 2021). MACS J0242 was observed for a total of 70 ks
(OBSID:0673830101), and MACS J0949 for a total of 36 ks (OB-
SID:0827340901). We analysed the two observations using XMM-
SAS v17.0, and the most up-to-date calibration files. We used the
XMMSAS tools mos-filter and pn-filter to extract light curves
of the observations and filter out periods of enhanced background,
induced by soft proton flares. After flare filtering, the available clean
exposure time is 61 ks (MOS) and 53 ks (PN) for MACS J0242, and
35 ks (MOS) and 34 ks (PN) for MACS J0949. The EPIC MOS filter
maximises the signal-to-noise ratio, thus we used primarily these
data. We extract the X-ray data following the procedure detailed
through Eckert et al. (2020).

With the NASA tool PIMMS, we get access to the conversion
constants from flux to counts per second 𝐶count

flux for both clusters: for
respectively MACS J0242 and MACS J0949, 𝐶count

flux = 2.087 × 1014

and 2.084 × 1014 counts.J−1.m2.

2.1.2 The X-COP clusters

In order to tune our temperature and gas fraction models, we study
a number of comparable clusters. The XMM cluster outskirts project
(X-COP, described in Eckert et al. 2017, see the archive1) is ideal for
this purpose: it gathers data from 13 massive clusters (we however
excluded Abell 780, observed in the [0.5 − 2.0] keV band). These
clusters are comparable to MACS J0242 and MACS J0949, with 3 ×
1014𝑀⊙ < 𝑀500 < 1.2 × 1015𝑀⊙ , but are in the redshift range
0.04 < 𝑧 < 0.1, smaller than for MACS J0242 and MACS J0949, at
redshifts 0.313 and 0.383 respectively.

2.2 SZ observations

It is possible to study the ‘imprint’ of the ICM on the CMB through
the Sunyaev-Zel’dovich (SZ) effect, which is seen as a deficit of CMB
photons in the direction of clusters when observed at frequencies less
than 217 GHz. With the Atacama Cosmology Telescope (ACT), we
use the f090 and f150 ‘daynight’ DR5 maps 2, centred on respective
frequencies 97.8 and 149.6 GHz (see Hilton et al. 2021; Mallaby-Kay

1 https://dominiqueeckert.wixsite.com/xcop
2 https://lambda.gsfc.nasa.gov/product/act/actpol_dr5_
coadd_maps_get.html
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et al. 2021). We only exploit the MACS J0949 data in this article, as
a source is detected on the field of view of MACS J0242, masking
the SZ signal purely associated to the ICM of the cluster.

3 STRONG LENSING ANALYSES OF MACS J0242 &
MACS J0949

If distant background sources happen to be close to the line-of-sight
between a heavy galaxy cluster and an observer, the background
image can be strongly lensed, to the point multiple images appear
to the observer. Using this gravitational lensing effect in the strong
regime, we can precisely map the gravitational potential of the cluster,
and its total – baryonic and dark matter – mass density.

In Allingham et al. (2022), we performed a reconstruction of the
total matter density, 𝜌𝑚, of the two galaxy clusters MACS J0242
and MACS J0949. These lensing models were obtained thanks to
a combination of imaging with the Hubble Space Telescope (HST)
and DES from the ground, together with spectroscopy obtained with
the MUSE instrument at the Very Large Telescope (VLT). Figure 1
shows colour-composite images of the two clusters used in this work,
together with the ICM distribution obtained thanks to X-rays ob-
servations, and density contours from the strong-lensing analyses
presented in Allingham et al. (2022).

With spectroscopy, we detected 6 and 2 systems of multiply-
lensed images in MACS J0242 and MACS J0949 respectively, for
a total of 18 and 9 images with spectroscopic redshifts. 4 additional
systems were detected with imaging HST observations in cluster
MACS J0949, and thus do not present a redshift measurement. Us-
ing a combination of photometry and spectroscopy, we identified
57 and 170 cluster member galaxies respectively. We performed the
strong lensing optimisation with Lenstool (Jullo et al. 2007), using
the multiply-imaged systems to invert the lens equation. We have
assumed the potential of a galaxy cluster to be a superposition of
dPIE potentials. We modelled each cluster with a large-scale dark
matter halo (DMH), a brightest cluster galaxy (BCG), and a 𝐿★

catalogue of elliptical galaxies, scaled using the Faber-Jackson re-
lationship (Faber & Jackson 1976). Additionally, we introduced in
MACS J0949 a clump in the south of the halo, to explain multiply-
lensed images in this region.

Tables 1 and 2 present respectively the summary of the lensing
information available for each cluster, and the best-fit parameters
of the strong-lensing models obtained for the different potentials of
each galaxy clusters. The average distance between the multiple im-
ages predicted with the lensing models and the observations is 0.39′′
and 0.15′′, and the reduced 𝜒2, 𝜒2

red = 0.86 and 0.67, for clusters
MACS J0242 and MACS J0949 respectively, indicating a good qual-
ity reconstruction. The enclosed mass within 200 kpc of the cluster
centre were respectively 𝑀 (𝑅 <200 kpc) = 1.67+0.03

−0.05 × 1014𝑀⊙
for MACS J0242, and 𝑀 (𝑅 <200 kpc) = 2.00+0.05

−0.20 × 1014𝑀⊙ for
MACS J0949. Cluster MACS J0242 is found to be dynamically re-
laxed, with a peaked central density, while MACS J0949 presents a
more flat density distribution in the core (𝑅 ∈ [10, 100] kpc), and is
still relaxing, but not strongly disturbed.

The inferred 3D density profiles were well fit by NFW profiles
(see Section 4.1). For MACS J0242, we found the best fitting NFW
parameters to be 𝜌𝑆 = 3.42× 10−22 kg.m−3 and 𝑟𝑆 = 209.9 kpc, for
a reduced 𝜒2 = 1.11. For MACS J0949, the best fitting parameters
are 𝜌𝑆 = 1.23 × 10−22 kg.m−3, 𝑟𝑆 = 405.5 kpc, for a reduced 𝜒2 =
1.90. In this article, we only use the dark matter halos (DMH) and
brightest cluster galaxies (BCG) potentials to represent the clusters’
gravitational potential.

4 GALAXY CLUSTERS: A THEORETICAL DESCRIPTION

This Section introduces the observables and models necessary to
describe the physics of the ICM using gravitational lensing. Sec-
tion 4.1 introduces the two general full matter density profiles we
use in this work; Section 4.2 presents the canonical description for
the ICM density; Section 4.3 defines the gas fraction, i.e. the ratio
between the ICM density and the total matter density; Section 4.4
shows the derivation of the analytical ICM density using a tempera-
ture model and total matter density; Section 4.5 extends the common
polytropic temperature density to the higher electron densities found
in the centre of clusters; Sections 4.6 and 4.7 define the X-ray sur-
face brightness and the SZ effect temperature contrast respectively,
in order to make observable predictions.

4.1 Galaxy clusters matter density models

The total matter density is here modelled with a parametric model,
i.e. with a predefined profile. In the present article, we write all
profiles as purely radial for clarity, but in our reconstruction, we
use the various geometrical parameters of the individual potentials
inferred from lensing (position of the centre, ellipticity, position
angle) nonetheless. We here present two cases, a Navarro-Frenk-
White (NFW) density profile, and a dual pseudo-isothermal elliptical
mass distribution (dPIE) density profile.

4.1.1 Navarro–Frenk–White (NFW) profile

The NFW profile (introduced in Navarro et al. 1996) describes the
DM density. We here approximate it to the total density distribution,
𝜌𝑚:

𝜌𝑚 (𝑟) = 𝜌𝑆

{
𝑟

𝑟𝑆

(
1 + 𝑟

𝑟𝑆

)2
}−1

, (1)

where 𝜌𝑆 is the density normalisation, and 𝑟𝑆 , the scale radius. These
are parameters different for each cluster. We assume the NFW profile
to describe the total density with one profile for a single cluster.

4.1.2 Dual Pseudo-Isothermal Elliptical Mass Distribution (dPIE)
profile

In Kassiola & Kovner (1993) and Elíasdóttir et al. (2007), the dual
Pseudo-Isothermal Elliptical Matter Distribution (dPIE) scales as:

𝜌𝑚 (𝑟) = 𝜌0

{[
1 +

( 𝑟
𝑠

)2
] [

1 +
( 𝑟
𝑎

)2
]}−1

, (2)

with the core radius, 𝑎, of the order of 100 kpc for the dark matter halo,
and a truncation radius, 𝑠 > 𝑎. Whilst this distribution is spherically
symmetric, we also consider two other parameters: a rotation angle,
\, and an ellipticity, 𝑒. This model is sometimes referred to as pseudo-
Jaffe, as in the review of Keeton (2001).

Contrarily to the NFW density profile, the dPIE profile does not
present any divergence in 𝑟 → 0, i.e. presents a finite density. For
our lensing reconstruction, we used a large scale Dark Matter Halo
(DMH) modelled with a dPIE, and superposed it to individual profiles
fitting individual cluster member galaxies. In the case of the analysed
clusters, their (relative) relaxation allows us to discard all individual
(galaxy) potentials but that of the brightest cluster galaxy (BCG).
Paired with the DMH, the BCG respectively govern the large and
small radii total matter densities. This DMH and BCG superposition
was well fitted by a NFW profile for both clusters (see Section 3).
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Figure 1. Composite RGB colour images of the two lensing clusters. Left: Composite DES colour image of MACS J0242. Right: Composite colour HST image
of MACS J0949. Green: Hot gas distribution, obtained with XMM-Newton observations. Red: Contours of equal density, inferred from lensing models.

Table 1. Summary of the lensing reconstruction of galaxy clusters MACS J0242 and MACS J0949. We here list: (i) the galaxy clusters; (ii) number of galaxies
in the cluster catalogue; (iii) number of multiply-lensed images detected; (iv) number of associated spectroscopic redshift measurements; (v) 𝑟𝑚𝑠 deviation of
predicted multiply-lensed images positions from their observed positions in the image plane; (vi) reduced 𝜒2; (vii) projected mass enclosed within 200 kpc (in
1014𝑀⊙).

Galaxy cluster 𝑁gal 𝑁im 𝑁spec−𝑧 𝑟𝑚𝑠 𝜒2
red 𝑀 (𝑅 < 200 kpc) [1014𝑀⊙]

MACS J0242 57 18 18 0.39′′ 0.86 1.67+0.03
−0.05

MACS J0949 170 20 9 0.15′′ 0.67 2.00+0.05
−0.20

Table 2. Best fit parameters of the strong lensing mass model for MACS J0242 and MACS J0949. We here list the central coordinates, Δ𝛼 and Δ𝛿 , in arcsec,
relative to the centre, the ellipticity, 𝑒, the position angle in degrees, \ , the core radius in kpc, 𝑎, the cut radius in kpc, 𝑠, and the velocity dispersion in km.s−1, 𝜎, for
each component of the model. The centres are taken to be respectively (𝛼𝑐 , 𝛿𝑐 ) = (40.649555, −21.540485) deg and (𝛼𝑐 , 𝛿𝑐 ) = (147.4659012, 17.1195939)
deg for MACS J0242 and MACS J0949. The asterisks highlight parameters which are fixed during the optimisation. 𝐿★ represents the cluster member galaxies
catalogue, scaled with the Faber-Jackson scaling relation (Faber & Jackson 1976). MACS J0949 includes a southern dark matter clump O3.

Δ𝛼 Δ𝛿 𝑒 \ 𝑎 𝑠 𝜎

MACS J0242

DMH −0.138+0.085
−0.143 0.136+0.111

−0.179 0.287+0.037
−0.027 17.884+0.762

−1.830 57.194+6.044
−8.414 1500★ 918.479+28.984

−36.074
BCG 0.044★ −0.090★ 0.226★ 155.758+10.766

−9.604 0.300★ 177.575+32.245
−57.950 524.516+58.810

−43.956
𝐿★ 0.030★ 5.625+7.845

−1.808 199.242+30.721
−53.257

MACS J0949

DMH −1.936+0.215
−2.843 −0.671+0.565

−0.666 0.249+0.398
−0.045 92.434+0.570

−1.289 116.246+24.108
−51.661 1500★ 1236.094+59.307

−310.553
BCG 0★ 0★ 0.475★ 120.130★ 0.250★ 98.044+153.739

−34.342 253.749+196.474
−18.473

Clump O3 4.800+0.748
−0.464 −60.133+2.391

−1.417 0.097+0.294
−0.061 128.629+41.438

−27.521 20.548+31.596
−8.771 232.502+180.124

−119.902 323.220+120.202
−54.851

𝐿★ 0.150★ 23.135+111.473
−2.053 139.314+25.804

−18.547

4.2 ICM density

We now present two models commonly used for X-ray and SZ physics
analyses to model the electron density profile. The general number

density of electrons, 𝑛𝑒, can be written as:

𝑛𝑒 (𝑟) = F𝐼 (𝑟)
𝜌𝑔 (𝑟)
`𝑒𝑚𝑎

, (3)

where 𝜌𝑔 is the gas volume density, F𝐼 is the local ionisation fraction
which is taken to be 1, and the atomic mass constant 𝑚𝑎 = 1 Da. We
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define the mean molecular weight of electron, `𝑒, ion, `𝐼 , and gas,
`𝑔, respectively:

`𝑒 =

(∑︁
𝑖

𝑥𝑖𝑍𝑖 𝑓𝑖
𝐴𝑖

)−1

,

`𝐼 =

(∑︁
𝑖

𝑥𝑖
𝐴𝑖

)−1

,

`𝑔 =
(
`−1
𝑒 + `−1

𝐼

)−1
,

(4)

where 𝑖 are the atomic element’s number, 𝑥𝑖 is the fraction of an
atomic species, 𝐴𝑖 , the atomic weight of a species, 𝑍𝑖 , its atomic
number, F𝐼 , the fraction of ionisation of a species. In practice `𝑔 ≈
0.60, and `𝑒 ≈ 1.15. Here we focus on the electron density because
it is directly observable in the X-rays and thanks to the SZ effect.
However, one could derive the ion or gas density too.

A number of models have been proposed for the electron density
profile, which we refer to as canonical. One of the most complete
model is provided in Vikhlinin et al. (2006). As it relies on a large set
of parameters, not necessary here, we focus on a simplified model,
the (simple) 𝛽 model (see King 1966; Cavaliere & Fusco-Femiano
1976):

𝑛𝑒 (𝑟) = 𝑛𝑒,0

[
1 +

(
𝑟

𝑟𝑐

)2
]− 3

2 𝛽

, (5)

with 𝑟𝑐 , the core radius, and 𝛽 ∈ [0.5; 0.9], an empirical index.
We find this model to fit well both clusters’ ICM distribution (see
Sections 7.1.1 and 7.2.1), thus showing a more complex model to be
unnecessary here.

Even though attempts exist to analytically connect the 𝛽 index to
the thermodynamical and density parameters of the cluster, we treat
it as a parameter to optimise in our study. Theoretically, according to
Sadat (1997),

𝛽th = `𝑔𝑚𝑎
𝜎2
𝑙𝑜𝑠

𝑘𝐵𝑇𝑥
, (6)

where 𝜎𝑙𝑜𝑠 is the line of sight velocity dispersion, and 𝑇𝑥 , the tem-
perature of the cluster. However, as mentioned in Sarazin (1988),
it is common knowledge this exponent is not giving the observed
density (in practice, 𝛽fit ≃ 0.65, ranging between 0.5 and 1). This
𝛽 problem partly arises from the isotropic hypothesis, as shown in
Hallman et al. (2007), but also because the total matter density is not
perfectly described by the 𝛽 profile.

4.3 Gas fraction

We here define the gas fraction as the ratio of the mass of gas and the
total matter density – including dark matter. The gas mass includes all
baryons except stars. We distinguish the local gas fraction, 𝑓𝑔 (𝑟) =
𝜌𝑔 (𝑟)/𝜌𝑚 (𝑟), considered in this article to be a radial function, and
the cumulative gas fraction, 𝐹𝑔, given within a radius, 𝑟:

𝐹𝑔 (𝑟) =
∫ 𝑟
0 d𝑠𝑠2𝜌𝑔 (𝑠)∫ 𝑟
0 d𝑠𝑠2𝜌𝑚 (𝑠)

=
𝑀𝑔 (< 𝑟)
𝑀𝑚 (< 𝑟) ,

𝑓𝑔 (𝑟) =
d𝐹𝑔
d𝑟

(𝑟)
∫ 𝑟
0 d𝑠𝑠2𝜌𝑚 (𝑠)
𝑟2𝜌𝑚 (𝑟)

+ 𝐹𝑔 (𝑟).
(7)

The full knowledge of either of these gas fractions would provide a
bĳective relationship between the gas and matter content of galaxy
clusters. We will therefore name gas density reconstruction our elec-
tron density prediction using an empirical gas density model.

4.4 A fully analytical electron density

4.4.1 General case

We consider the total (DM and baryons) mass density as a sum of
densities:

𝜌𝑚 (𝑟) =
∑︁
𝑖

𝜌0,𝑚,𝑖 𝑓𝑖 (𝑟), (8)

which is constrained by the strong lensing analyses. Each potential
can be normalised differently, and the distributions, 𝑓𝑖 , are assumed
to be of the same type (here NFW or dPIE). Here, we write them
as a sum of radial functions for simplicity. In practice, every profile,
𝑓𝑖 , has its own geometric parameters (central position, ellipticity,
rotation angle), which we consider to be fixed from the strong lensing
analysis.

Assuming integrability, we introduce:

𝑔𝑖 (𝑟) =
∫

d𝑠𝑠2 𝑓𝑖 (𝑠),

ℎ𝑖 (𝑟) =
∫

d𝑠𝑠−2𝑔𝑖 (𝑠),
(9)

where integration constants are included. DenotingΦ, the Newtonian
potential, the gravitational Poisson equation reads:

ΔΦ = −4𝜋𝐺𝜌𝑚, (10)

and thus the gravitational potential:

Φ(𝑟) = −4𝜋𝐺
∑︁
𝑖

𝜌0,𝑚,𝑖ℎ𝑖 (𝑟). (11)

We write intensively the ideal gas law:

𝑃𝑔 = 𝑘𝐵𝑛𝑔𝑇𝑔 =
𝑘𝐵𝑇𝑔𝜌𝑔

`𝑔𝑚𝑎
, (12)

where 𝑃𝑔 and 𝑇𝑔 are the gas pressure and temperature respectively,
and 𝑘𝐵, the Boltzmann constant. We now write the conservation of
momentum in the Lagrangian formalism, i.e. the momentum Navier-
Stokes equation for a perfect fluid (viscosity neglected, see e.g. Lan-
dau & Lifshitz 1959):

𝜌𝑔
D𝒗

D𝑡
= 𝜌𝑔 [𝜕𝑡 𝒗 + (𝒗 · ∇) 𝒗] = −∇𝑃𝑔 + 𝜌𝑔∇Φ, (13)

with 𝒗, the velocity field.
As the pressure in galaxy clusters is of the order of 1010 Pa, the

plasma is thermalised, and therefore the temperature of the gas to
be that of the electrons. With equation (3), we can write the number
density of the electron 𝑛𝑒 as being directly proportional to the gas
density 𝜌𝑔, as `𝑒 and F𝐼 are assumed to be constant in a given cluster.
We rewrite equation (13) in the purely radial case:

𝑘𝐵
`𝑔𝑚𝑎

𝜕𝑟 (𝑛𝑒𝑇𝑒)
𝑛𝑒

+ 𝜕𝑡𝑣𝑟 + 𝑣𝑟𝜕𝑟 𝑣𝑟 = −4𝜋𝐺
∑︁
𝑖

𝜌0,𝑚,𝑖𝑟
−2𝑔𝑖 (𝑟).

(14)

As the galaxy clusters used in our study are not strongly perturbed,
we work under the hypothesis of hydrostatic equilibrium. Assuming
we could decompose the velocity in its radial and temporal depen-
dencies, one could then integrate numerically. Assuming a polytropic
temperature distribution and the stream to be hydrostatic, i.e. of con-
stant velocity, both in time and in all spatial directions, such as in
Zaroubi et al. (2001), we get:

𝜕𝑟 (𝑛𝑒𝑇𝑒)
𝑛𝑒

= 𝜖
∑︁
𝑖

𝜌0,𝑚,𝑖𝑟
−2𝑔𝑖 (𝑟), (15)
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where 𝜖 = −4𝜋𝐺`𝑔𝑚𝑎/𝑘𝐵.
In order to reduce this expression, we define a general J function

as:

J (𝑛𝑒) =
∫ 𝑛𝑒

0

d [𝑛𝑇𝑒 (𝑛)]
𝑇0𝑛

, (16)

where 𝑇0 is a temperature normalisation (see Sect. 4.5). More de-
tails on the definition of J are given in Sect. 5.1, given a precise
temperature model.

Separating variables and integrating equation (15), we obtain:

J (𝑛𝑒) = 𝜖

𝑇0

∑︁
𝑖

𝜌0,𝑚,𝑖ℎ𝑖 (𝑟) =
`𝑔𝑚𝑎

𝑘𝐵𝑇0
Φ(𝑟). (17)

If we assume J to be bĳective (assumption justified given a tempera-
ture model in Sect. 5.1), then inverting this equation simply provides
𝑛𝑒 (𝑟):

𝑛𝑒 (𝑟) = J−1
(
`𝑔𝑚𝑎

𝑘𝐵𝑇0
Φ(𝑟)

)
. (18)

Assuming J to be a bĳection, we can also invert it and normalise
the distribution at a given radius (e.g. 200 kpc, where the strong
lensing signal is strongly constraining the total density profile, or
𝑅500,𝑐), if we happen to know 𝑛𝑒,Δ. Writing Δ such a radius, we can
therefore write:

𝑛𝑒 (𝑟) = J−1
[
J (𝑛𝑒,Δ)

Φ(𝑟)
Φ(𝑅Δ,𝑐)

]
. (19)

We call this latter expression self-normalised.
Under reasonable physical hypotheses, we have provided a gen-

eral, completely analytical description of the electron density using
only the different potentials found with lensing. To allow this recon-
struction to be independent from other observations however, this
analytical model requires an electron temperature model which we
could predict with lensing only. Importantly, we notice this electron
density does not depend on the gas fraction, nor on any unknown
universal parameter.

4.4.2 Case of a dPIE density

In the case of a dPIE mass distribution, we give:

𝑓 (𝑟) =
{[

1 +
( 𝑟
𝑠

)2
] [

1 +
( 𝑟
𝑎

)2
]}−1

,

𝑔(𝑟) = 𝑎2𝑠2

𝑎2 − 𝑠2

[
𝑎 arctan

𝑟

𝑎
− 𝑠 arctan

𝑟

𝑠

]
,

ℎ(𝑟) = 𝑎2𝑠2

𝑎2 − 𝑠2

[
𝑠

𝑟
arctan

𝑟

𝑠
− 𝑎

𝑟
arctan

𝑟

𝑎
+ 1

2
ln

(
𝑟2 + 𝑠2

𝑟2 + 𝑎2

)]
,

(20)

where 𝑎 and 𝑠 represent the core 𝑟core and scale 𝑟cut radii of the
𝑖-th dPIE potential respectively. Indices were avoided for clarity. To
avoid confusion, we write idPIE the 𝑛𝑒 distribution with ℎ𝑖 given
by a dPIE.

4.4.3 Case of a NFW density

In the case of a NFW potential – see equation (1), we can rewrite the
different integrals given equation (20) for the dPIE:

𝑓 (𝑟) =
{[

𝑟

𝑟𝑆

] [
1 + 𝑟

𝑟𝑆

]2
}−1

,

𝑔(𝑟) = 𝑟3
𝑆

[
ln

(
1 + 𝑟

𝑟𝑆

)
− 𝑟

𝑟 + 𝑟𝑆

]
,

ℎ(𝑟) = −
𝑟3
𝑆

𝑟
ln

(
1 + 𝑟

𝑟𝑆

)
,

(21)

where indices were avoided for clarity. Here 𝜌0,𝑚,𝑖 of equation (17)
is 𝜌𝑆,𝑚,𝑖 . We notice that in case of NFW profile, we assume the
total density to be represented by a single profile. We shall write this
distribution iNFW.

4.5 Temperature

In order to write the matter density profile in general terms using
strong lensing constraints only, we need to adopt a general tempera-
ture model, independent of the specific observations of one cluster.
We could consider an isotropic temperature model, but for higher
precision, we preferred using polytropic models, generally written
(for example in Capelo et al. 2012):

𝑇𝑒 (𝑟) = 𝑇0

(
𝑛𝑒 (𝑟)
𝑛𝑒,0

)𝛾−1
, (22)

where 𝑛𝑒,0 is the central electronic density, 𝑇0 is therefore the tem-
perature in the centre, and 𝛾, the polytropic index3. According to
Ghirardini et al. (2019b), we can almost universally take 𝛾 ≈ 1.2.

More generally, the same article claims we can use a self-similar
polytropic temperature model, with a varying polytropic index,
Γ(𝑛𝑒):
𝑃𝑒
𝑃500

= 𝑃ref

(
𝑛𝑒𝐸 (𝑧)−2

𝑛ref

)Γ (𝑛𝑒 )
,

𝑇𝑒
𝑇500

= 𝑇ref

(
𝑛𝑒𝐸 (𝑧)−2

𝑛ref

)Γ (𝑛𝑒 )−1
,

(23)

where 𝐸 (𝑧) = 𝐻 (𝑧)/𝐻0 is the normalised Hubble factor assuming
a ΛCDM cosmology with Ω𝑚 = 0.3 and ΩΛ = 0.7. 𝑃ref and 𝑇ref
are dimensionless proportionality constants, and 𝑛ref the volume
number density normalisation. We write 𝑇0 (𝑧) = 𝑇500 (𝑧)𝑇ref and
𝑛0 (𝑧) = 𝑛ref𝐸 (𝑧)2. Section 5.1.2 presents a new model for this index,
and also provides the quantitative values for the different constants
presented here.

4.6 X-ray surface brightness

In order to compare our results to observations, and therefore to
evaluate the quality of our ICM reconstruction models, we introduce
the observable X-ray brightness. The X-ray surface brightness in
a band of wavelength (such as the [0.7, 1.2] keV band for XMM-
Newton) integrated over the line-of-sight reads (see Böhringer &
Werner 2010, for a review):

𝑆𝑋 (Δ𝐸) =
1

4𝜋(1 + 𝑧)4
`𝑒
`𝐻

∫
𝑛2
𝑒 (𝒓)Λ(Δ𝐸,𝑇𝑒, 𝑍)d𝑙. (24)

3 Throughout this article, we denote 𝛾 the constant polytropic index, and Γ
the radius-dependant one.
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where `𝐻 ≈ 1.35 is the mean molecular weight of hydrogen,
Λ(Δ𝐸,𝑇𝑒, 𝑍) is the X-ray spectral emissivity (or cooling curve),
as a function of the X-ray energy band, Δ𝐸 , the electron temperature
of the gas, 𝑇𝑒, and the metallicity of the gas, 𝑍 . In this article, the
metallicity is assumed to be constant for a given cluster.

4.7 SZ effect

Another observable, depending on the electron density and temper-
ature is the SZ effect. Given an observable frequency, a, we use the
reduced frequency, 𝑥:

𝑥 =
ℎa

𝑘𝐵𝑇𝑟
, (25)

with ℎ, the Planck constant, and 𝑇𝑟 ≃ 2.726 K, the temperature of
the CMB. We define the Compton parameter (see Rephaeli 1995):

𝑦(𝑟) = 𝑘𝐵𝜎𝑇

𝑚𝑒𝑐2

∫
𝑇𝑒 (𝑟)𝑛𝑒 (𝑟)d𝑙, (26)

with𝜎𝑇 , the Thomson cross-section, and𝑚𝑒, the mass of the electron.
The thermal SZ contrast then reads:

ΘSZ (𝑟) =
Δ𝑇
𝑇𝑟

=
[
𝑥 coth

( 𝑥
2

)
− 4

]
𝑦(𝑟). (27)

5 QUANTITATIVE MODELS

We have shown in the previous section two completely different
manners to use the lensing study of galaxy clusters to predict their
baryonic distributions:

1. Through the knowledge of the gas fraction defined Sect. 4.3;
2. Analytically, assuming hydrostatic equilibrium, with a given

temperature distribution, as described equation (18).

In this section, we establish the general models of the temperature
profiles and gas fraction. We thus show how we can use strong lens-
ing observations to learn more about the thermodynamics properties
of clusters. Therefore, we relate a given DM distribution to a ther-
modynamic profile.

5.1 Polytropic index scaling

5.1.1 Constant polytropic index

A self-similar polytropic temperature law with a constant index 𝛾 > 1
would result into:

J𝑧 (𝑛𝑒) = 𝛾

𝛾 − 1

(
𝑛𝑒

𝑛0 (𝑧)

)𝛾−1
, (28)

and thus we could then directly write the electron density from equa-
tion (17) as an analytical bĳection of the total density:

𝑛𝑒 = 𝑛0 (𝑧)
[
𝛾 − 1
𝛾

𝜖

𝑇0 (𝑧)
∑︁
𝑖

𝜌0,𝑚,𝑖ℎ𝑖 (𝑟)
]1/(𝛾−1)

. (29)

However, we find such a description to fail to describe the higher
electron densities (𝑛𝑒 > 105 m−3), which is consistent with a con-
stant 𝛾 index fixed with the largest radii of clusters, i.e. the least dense
regions. We notice the specific case of a polytropic temperature den-
sity associated to a NFW profile has already been studied in Bulbul
et al. (2010), where a self-normalisation in the centre is utilised.

5.1.2 Polytropic index model

To describe the relation between ICM thermodynamic quantities (𝑛𝑒,
𝑃𝑒, 𝑇𝑒), it is common practice to describe the stratification of the
ICM using a polytropic equation of state 𝑃(𝑛𝑒) ∝ 𝑛Γ𝑒 (e.g. Bulbul
et al. 2010; Capelo et al. 2012; Tchernin et al. 2018; Ghirardini
et al. 2019b). Analytic models assuming the ICM to be in hydrostatic
equilibrium within a NFW potential predict that the polytropic index
Γ should be close to a constant value of ∼ 1.2 throughout the cluster
volume (Capelo et al. 2012). Observationally speaking, the measured
values of the polytropic index closely match the NFW expectation in
cluster outskirts (𝑅 > 0.2𝑅500) but significantly deviate from it in
the cluster core, where Γ decreases down to∼ 0.8 under the influence
of radiative cooling (Ghirardini et al. 2019b). Using the data from
the X-COP programme, Ghirardini et al. (2019b) showed that the
𝑃(𝑛𝑒) relation is nearly universal across the cluster population with
a low scatter of ∼ 15%, independently of a system’s dynamical
state. Here we propose a new functional form to describe the self-
similar polytropic model (supported by e.g. Mostoghiu et al. 2019).
We describe the relation with a smoothly varying polytropic index
Γ(𝑛𝑒) as:

d ln 𝑃𝑒
d ln 𝑛𝑒

≡ Γ(𝑛𝑒) = Γ0

[
1 + Γ𝑆 arctan

(
ln

𝑛𝑒𝐸 (𝑧)−2

𝑛ref

)]
, (30)

with 𝑛ref the reference number density around which the transition
between core (lowΓ) and outskirts (NFWΓ) occurs,Γ0 the polytropic
index at 𝑛ref , and Γ𝑆 the slope of the transition.

We used the publicly available X-COP data, which provide high-
quality observations of the ICM thermodynamic properties over a
wide radial range (≈ [0.01 − 2]𝑅500), to calibrate the model and
determine the parameters of equation (30). We fit the X-COP density
and pressure data using the Bayesian analysis package PyMC3 (Sal-
vatier et al. 2016), including uncertainties on both axes, and a free
log-normal intrinsic scatter. The observational data points on both
axes are scaled by their respective self-similar scaling values (Arnaud
et al. 2010). The result of this procedure is shown in Fig. 2. The model
provides an excellent representation of the data over three decades in
electron density, with a low intrinsic scatter of 𝜎ln 𝑃 = 0.19 ± 0.02.
The right-hand panel of Fig. 2 also shows that the results obtained
with the model defined in equation (30) are consistent with the values
estimated by Ghirardini et al. (2019b) when fitting a piece-wise power
law over several ranges in density. The fit parameters are included in
Table 3.

Supposing the ICM to be an ideal gas, following Ghirardini et al.
(2019a), we write:

𝑇ref =
(
387m−3

) 𝑃ref
𝑛ref

𝑓𝑏
0.16

`𝑒
1.14

, (31)

with 𝑓𝑏 is the universal baryon fraction, taken to be 𝑓𝑏 = 0.158 ±
0.002 (Ade et al. 2016). We find 𝑇ref ≈ 1.034.

As for the full 𝑇500 (𝑧), we use the results of Ghirardini et al.
(2019a), which we reproduce here:

𝑇500 (𝑧) = 8.85keV

(
𝑀500𝐸 (𝑧)
ℎ−1

70 1015𝑀⊙

)2/3 ( `𝑔
0.6

)
, (32)

with ℎ70 = ℎ/0.7 = 1. We therefore can normalise the temperature
universally.

5.1.3 Varying polytropic index

At a given redshift, 𝑧, using the self-similar polytropic temperature
described equations (23) and (30), we can define the integral J𝑧 , i.e.
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Figure 2. Calibration of the variable Γ (𝑛𝑒 ) polytropic model (equation 30) on X-COP data. Left: Relation between self-similar scaled ICM pressure and electron
density for the 12 X-COP clusters. The solid black line and the grey shaded area show the best-fit model and the intrinsic scatter around the model, respectively.
Right: Polytropic index Γ = d ln 𝑃𝑒/d ln 𝑛𝑒 as a function of electron density. The black line and shaded area shows the best-fit model with equation (30), whereas
the red data points show the result of a piece-wise fit with constant polytropic index over several ranges in electron density.

Table 3. Parameters of the smoothly varying polytropic model defined in equations (23) and (30).

𝑃ref 𝑛ref [m−3] Γ0 Γ𝑆 𝜎ln 𝑃𝑒

6.05 ± 1.57 (2.26 ± 0.59) × 103 0.97 ± 0.04 −0.15 ± 0.03 0.19 ± 0.02

a redshift dependent J , defined equation (16):

J𝑧 (𝑛𝑒) =

∫ 𝑛𝑒

0


Γ(𝑛) +

Γ0Γ𝑆 ln
(

𝑛
𝑛0 (𝑧)

)
1 +

[
ln

(
𝑛

𝑛0 (𝑧)
)]2


(

𝑛

𝑛0 (𝑧)

)Γ (𝑛)−1
𝑛−1d𝑛.

(33)

In this case, J𝑧 can be easily computed at a given redshift, and
reverted. It is however not analytically solvable. An example of J𝑧
is displayed in Fig. 3.

We find J𝑧 to be indeed a bĳection, and therefore we can take its
inverse function, and fully define 𝑛𝑒 as a function of the radius, as
displayed in equation (17).

5.2 Gas fraction study

We use the ‘X-COP+2’ sample analysis, i.e. the X-COP (XMM Clus-
ter Outskirts Project) sample, complemented with similar analyses
for our two strong-lensing clusters, MACS J0242 and MACS J0949.
We compare the cumulative gas fraction reconstruction (as defined
in Sect. 4.3) in each of the 14 clusters in the sample, and propose two
new ad hoc models.

5.2.1 Proposed models

With respect to the data analysed in Sect. 5.2.2, we propose the
following models. First, we attempt to describe the increasing cumu-

10−1 101 103 105 107

ne [m−3]

2

4

6

8

J z

z = 0.000

z = 0.313

z = 0.383

z = 1.000

Figure 3. J𝑧 (𝑛𝑒 ) in a range of redshifts, including those of galaxy cluster
MACS J0242 and MACS J0949 – which are almost identical.

lative gas fraction, 𝐹𝑔, as a power law:

𝐹𝑔 (𝑟) = 𝑓 0
𝑔

(
1 + 𝑟

𝑟𝑐

) Z
, (34)
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where 𝑟𝑐 is a pivot, or core radius, 𝑓 0
𝑔 = 𝐹𝑔 (𝑟 = 0), the central gas

fraction, i.e. the baryonic fraction excepted the stellar fraction, and
Z , the power exponent to find.

However, for all clusters, the integrated gas fraction presents a
transition between the inner and the outer regions of the cluster, as
represented on Eckert et al. (2019, Fig. 1). We propose to analytically
describe this transition with an Arctan model:

𝐹𝑔 (𝑟) = 𝑎

[
2
𝜋

arctan
(
exp

𝑟 − 𝑟𝑐
𝑟 𝑓

)
− 1

2

]
+ 𝑏, (35)

where 𝑎 and 𝑏 are defined with the expected gas fraction at the centre
and at ‘infinity’ 𝑓 0

𝑔 and 𝑓∞𝑔 :

𝜐 =
2
𝜋

arctan
[
exp

(
− 𝑟𝑐
𝑟 𝑓

)]
,

𝑎 =
𝑓 0
𝑔 − 𝑓∞𝑔
𝜐 − 1

,

𝑏 =
1
2

[
𝑓 0
𝑔

1 − 𝜐
+

𝑓∞𝑔 (1 − 2𝜐)
1 − 𝜐

]
,

(36)

and 𝑟𝑐 and 𝑟 𝑓 are the core and flattening radii respectively, i.e. the
radii of Arctan inflexion point and the characterisation of the slope
of the transition.

We assume a priori 𝑟𝑐 and 𝑟 𝑓 to be provided by the lensing
analysis. In fact, in our lensing analysis we used models based on
the presence of a DMH governing the large scale physics, and a
BCG governing the centre; we can therefore extrapolate the transition
in gas fraction to be caused by the BCG to DMH transition. We
can also formulate the hypothesis that 𝑓∞𝑔 should correspond to the
universal gas fraction 𝑓 Uni

𝑔 . It is defined in Eckert et al. (2019) as the
Universal baryonic fraction Ω𝑏/Ω𝑚 = 0.1580 ± 0.0021 (Ade et al.
2016), corrected for the stellar fraction 𝑓★, not accounted for in the
intracluster gas, and the baryon depletion factor 𝑌𝑏:

𝑓 Uni
𝑔 (𝑟) = 𝑌𝑏 (𝑟)

Ω𝑏
Ω𝑚

− 𝑓★, (37)

Eckert et al. (2019) provides 𝑌𝑏,500 = 0.938+0.028
−0.041, which we use

here. Following the same study, we take the error on 𝑓★,500 to be
5×10−3. The study of the lensing galaxy clusters gives stellar fraction
of 𝑓★ = (1.92±0.21)×10−2 and (1.87±0.36)×10−2 for MACS J0242
and J0949 respectively.

5.2.2 X-COP+2 study

With the power law and Arctan models, equations (34) and (35)
respectively, we conduct a study of the 14 galaxy clusters of the
X-COP+2 sample.

All these clusters were tested with both the power law and Arctan
models, optimised for all respective 3 and 4 parameters ({ 𝑓 0

𝑔 , 𝑟𝑐 , Z
} and { 𝑓 0

𝑔 , 𝑓∞𝑔 , 𝑟𝑐 , 𝑟 𝑓 }) with a MCMC, with package emcee (see
Foreman-Mackey et al. 2013). We define the log-likelihood function
as Gaussian with an underestimated variance of fractional amount,
𝑓 , which is also an optimised parameter:

lnL 𝑓𝑔 (Θ) = −1
2

∑︁
𝑖


©«
𝐹val
𝑔,𝑖 − 𝐹

pred
𝑔,𝑖 (Θ)

𝜎𝑖

ª®¬
2

+ ln𝜎2
𝑖


, (38)

where 𝐹val
𝑔,𝑖 are the values of the cumulative gas fraction in radius bins,

𝜎err
𝑖 , its measured standard deviation error, 𝐹pred

𝑔,𝑖 are the predictions

Table 4. Average over all clusters of the optimised parameters for the gas
fraction power law model. 𝑟𝑐 is in kpc.

𝑓 0
𝑔 (%) 𝑟𝑐 Z

(0.95 ± 0.94) 0.38 ± 0.25 0.41 ± 0.14

Table 5. Average over all clusters of the optimised parameters for the gas
fraction Arctan model. 𝑟𝑐 and 𝑟 𝑓 are in kpc.

𝑓 0
𝑔 (%) 𝑓∞𝑔 (%) 𝑟𝑐 𝑟 𝑓

2.33 ± 1.56 13.6 ± 1.6 21.0 ± 64.6 231.5 ± 111.7

in the same bins, and:

𝜎2
𝑖 =

(
𝜎err
𝑖

)2 +
[
𝐹

pred
𝑔,𝑖 (Θ)

]2
exp (2 ln 𝑓 ) . (39)

We note that in practice ln 𝑓 is optimised. We do not further present
the convergence of this parameter, as at convergence, we always find
𝑓 < 0.01.

Out of the 14 clusters, 5 were found to be best modelled with
the power law, and 9, with the Arctan relationship – including
MACS J0242 and MACS J0949. We performed the optimisation over
all radii accessible in the X-ray data range, except for MACS J0242,
where non-statistically significant perturbations exist in the gas frac-
tion reconstruction. To avoid these, the optimisation was performed
in 𝑟 ∈ [20; 350] kpc for this specific cluster.

We find that the Arctan model is consistently better, not only for
a majority of clusters, but even those better fit by the power law
were well fit with the Arctan model. Moreover, by construction, the
Arctan model can use physical parameters for 𝑓∞𝑔 , 𝑟𝑐 and 𝑟 𝑓 , and
converges at large radii, which is expected from the Universal hot gas
fraction. We give in Table 4 and Table 5 the optimised parameters
for respectively the power law and the Arctan models. These are
the averages of the best parameters found by the MCMC for each
individual cluster.

Trying to relate these parameters to physical values, we notice in
both cases 𝑓 0

𝑔 to be the gas fraction at the centre of the clusters.
The X-COP sample does not precisely provide the hot gas fraction
in the centre of clusters (𝑟 < 20 kpc), due to the stellar effects,
turbulence, and resolution of X-ray surveys. For these reasons, we
may not directly use a physically measurable value for 𝑓 0

𝑔 , and simply
use a fit of a parameter across all radii.

For the power law model, we consider the exponent Z to be purely
empirical. As for the pivot radius, 𝑟𝑐 , its relative error bars are
quite important. However, discarding the two clusters coming from
lensing yields 𝑟𝑐 = 0.34 ± 0.24 kpc, i.e. a result very close the X-
COP+2 one. The same process on Z and 𝑓 0

𝑔 gives results similar
to those presented in Table 4, for respectively Z = 0.41 ± 0.14 and
𝑓 0
𝑔 = (8.8 ± 8.7) × 10−3. We can therefore propose a model:

𝐹𝑔 (𝑟) = 9.54 × 10−3
[
1 + 𝑟

0.379 kpc

]0.412
. (40)

Given the important error bars found on all parameters of this model,
its inability to predict accurately most the gas fraction for most clus-
ters, and the lack of theoretical motivation for its parameters, we
conclude to the ineffectiveness of this model.

As for the Arctan model, all parameters may be physically in-
terpreted. The quantity 𝑓∞𝑔 not only can be found quite precisely,
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Table 6. Updated parameters and model for the gas fraction Arctan model,
for the X-COP clusters only. 𝑟𝑐 and 𝑟 𝑓 are in kpc.

𝑓 0
𝑔 (%) 𝑓∞𝑔 (%) 𝑟𝑐 𝑟 𝑓

2.33 ± 1.56 13.8 ± 1.5 1.16 ± 1.29 257.0 ± 98.7

but is also in agreement with equation (37). Indeed, for all clusters
for which the stellar fraction was considered unknown, we can use
the X-COP average value 𝑓★,500 = 0.015 ± 0.005. This provides
𝑓 Uni
𝑔 = 0.138 ± 0.015, assuming 𝑌𝑏,500 = 0.9315 ± 0.0345 ≃ 𝑌𝑏,∞

according to Eckert et al. (2019). This is the 𝑓∞𝑔 value we shall retain
making the model. These values are in remarkable agreement with
Table 5. As for 𝑟𝑐 and 𝑟 𝑓 , we can not study the X-COP clusters and
our lensing clusters jointly. Indeed, in the one hand, the hypothesis
that these parameters would correspond to the core radius of the
DMH, measured with lensing, can not be verified for the X-COP
sample, for which we have no such value. On the other hand, the
best fit values for the X-COP clusters of 𝑟𝑐 all fall within [0; 5] kpc,
which is not the case our lensing clusters (𝑟𝑐 = 27.0+15.8

−18.0 kpc for
MACS J0242 and 𝑟𝑐 = 252.7+13.6

−26.6 kpc for MACS J0949, we sum-
marise these in Table 7). For the X-COP clusters, we average over
all optimised parameters for all 12 clusters, and present the results
on Table 6. 𝑟𝑐 and 𝑟 𝑓 are simply averaged best-fit parameters, and
a finer study would be necessary to predict the value for each clus-
ter using physical parameters. For instance, fitting all clusters’ ICM
distribution with a 𝛽 profile (eq. 5) would allow to find 𝑟𝑐 for each
cluster, and to compare it to 𝑟𝑐 and 𝑟 𝑓 .

In Table 7, we summarise for the two gravitationally modelled
clusters the comparison between their optimised lensing DMH core
radius 𝑎1 and the 𝑟𝑐 and 𝑟 𝑓 optimisations. For 𝑟 𝑓 as for 𝑟𝑐 , it is
impossible to conclude with only two cluster models. Moreover, they
represent different physical situations – MACS J0242 being dynami-
cally relaxed and MACS J0949 still relaxing. We attempt to propose
a model with physically motivated parameters, which should be fur-
ther studied and refined with more data. dPIE potentials are a priori
constructed so that the core radius inferred from lensing represents a
transition between the baryon influence and that of DM. Using this
hypothesis, we take as a default 𝑟 𝑓 = 𝑎1. We outline this hypothesis
must be further explored, and we simply compared it to the best fit
Arctan model in Table 7. Following the same assumption, with 𝑟𝑐
being a pivot radius, we can assume in fully virialised cases 𝑟𝑐 ∼ 𝑎1
to be a decent approximation (Table 7 shows these parameters to be
of the same order, but not quite equal, with up to order 2 variations).
We retain this ad hoc model, with equations (35) and (36), for our
two lensing clusters:

𝐹𝑔 (𝑟) =(−0.103 − 0.821 𝑓★) arctan
[
exp

(
𝑟

𝑎1
− 1

)]

− 0.013 − 0.289 𝑓★.
(41)

We give an example of the models fit directly to individual clusters,
and to this ‘universal’ model for lensing galaxy clusters MACS J0242
and MACS J0949, on Fig. 4. As expected, the local models appear to
be better fits, but we notice the ‘universal’ model displayed in blue
are reasonable is a good approximations (the X-ray reconstruction
is never distant of more than 2𝜎 from the ‘universal’ models, in the
fitting radii range). In the rest of this article, we retain this universal
Arctan model as the predictive gas fraction model.

5.3 Relating all density models to lensing

We assume the metallicity of clusters MACS J0242 and MACS J0949
to be constant, and the plasma to be fully ionised F𝐼 = 1. The X-
ray data suggest metallicities in the range 0.2 – 0.7 𝑍⊙ for the two
strong lensing clusters. The error bars being large, and the influence
of metallicity being limited at these temperatures, we assume the
metallicity to be 𝑍 = 0.3𝑍⊙ in both clusters (to justify this approxi-
mation, read e.g. McDonald et al. 2016).

For the analytical density profiles (such as idPIE or iNFW), the
parameter priors are directly given from the lensing analysis Sect. 3.
Conversely, we can not assume the parameters of the 𝛽-profile a
priori. However their optimisation requires priors, for which we take
𝛽 = 0.63 (in agreement with e.g. Böhringer et al. 2016), 𝑛𝑒,0 is taken
to be the normalisation of the DMH density, and 𝑟𝑐 = 𝑎1, i.e. the
core radius of the DMH obtained with the lensing optimisation. As
for the gas fractions, we only use the Arctan model given for the
strong lensing clusters by equation (41).

6 MEASURABLE ICM PREDICTIONS AND
OPTIMISATIONS

In this Section, we present the results of the method we developed to
convert the ICM predictions into ICM observables (𝑆𝑋 , Θ𝑟 ), in order
to compare them to observations. Moreover, we use observations
to constrain the total matter density with a MCMC, assuming the
geometry to be fixed to values inferred through strong lensing. We
summarise the whole process undertaken in the present article in
Fig. 5.

6.1 Point spread function of XMM-Newton

In order to analyse the XMM-Newton observations, we reduce
them to smaller maps centred around the cluster, of around 1 Mpc
width (respectively 88 and 78 pixels for clusters MACS J0242 and
MACS J0949). We then need to take into account the point-spread
function (PSF). At first order, we define the PSF signal as:

𝑃𝑆𝐹 (𝑟) =
[
1 +

(
𝑟

𝑟0

)2
]−𝛼

, (42)

with 𝑟 the distance to the centre, 𝑟0 = 5.304 arcsec and 𝛼 = 1.589.
We note that the number of pixels of the PSF must be odd to account
for the centre. The measured surface brightness writes:

𝑆conv
𝑋 (𝑥, 𝑦) = (𝑆model

𝑋 ⊛ 𝑃𝑆𝐹) (𝑥, 𝑦) (43)

where 𝑆model
𝑋 is provided in equation (24).

As the edge effect is quite important, we decide not to use the
borders, and to cut 8 pixels on each side of the map. The final com-
parison maps are respectively 72 and 62 pixels wide for MACS J0242
and MACS J0949. We note that we still have to compute our model
for the full width of the original maps, as they are needed in the
convolution.

6.2 Converting surface brightness into count signal

We use the EPIC count maps of XMM-Newton, masking point-like
sources, including diffuse emission only. As we also have access
to the time of exposure, 𝐸 , and total background, 𝐵 (particle back-
ground, soft protons, PN chip out-of-time events), maps from surface
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Table 7. Comparison for clusters MACS J0242 and MACS J0949 of the best 𝑟𝑐 and 𝑟 𝑓 optimised values and of the lensing DMH core radius 𝑎1 values.

Galaxy cluster 𝑟𝑐 𝑟 𝑓 𝑎1 𝑟𝑐/𝑎1 𝑟 𝑓 /𝑎1

MACS J0242 27.0+15.8
−18.0 37.1+6.9

−8.5 57.2+6.0
−8.4 0.47+0.28

−0.32 0.65+0.14
−0.18

MACS J0949 252.7+13.6
−26.6 120.6+43.5

−14.1 116.3+24.1
−51.7 2.17+0.47

−0.99 1.04+0.43
−0.48
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Figure 4. Cumulative gas fraction 𝐹𝑔 (𝑟 ) in lensing galaxy clusters MACS J0242 (left) and MACS J0949 (right). Black: Reconstructed gas fraction from
XMM-Newton data analysis. Errors are 1𝜎. Green: Universal gas fraction Ω𝑏/Ω𝑚. Orange: Universal gas fraction at infinity 𝑓 Uni

𝑔 (see eq. 37). Red: Arctan gas
fraction model (see equation 35) optimised for the specific cluster. Blue: Arctan model with the cluster lensing parameters ( 𝑓★ and 𝑎1, see eq. 41). As presented
in e.g. Eckert et al. (2022), the baryon fraction is approximately constant out of the central regions of clusters. Baryons are distributed between stars and the
ICM, with a higher concentration of the former in the centre, and of the latter in the outskirts (𝑟 > 0.2𝑅500). This matches the trend presented here.

Lensing models: Allingham et al. (2022)
𝑇𝑒 ∝ 𝑛Γ (𝑛𝑒 )𝑒

X-COP
sample

Gas fraction
models

General
𝑇𝑒 and 𝑓𝑔

models

Predicted X-ray
+ SZ contrast

𝑛𝑒 = J−1
𝑧 (Φ)

model
Lensing
models

HST +
MUSE data

ICM-optimised
potential Φ

XMM-Newton
+ ACT data

Figure 5. Full workflow diagram. Models are denoted by green diamonds, data by red rectangles, while results are in blue ellipses. The light magenta rectangle
denotes work carried out within our previous companion article Allingham et al. (2022).
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Figure 6. Radiated power (cooling curve) for a metallicity 𝑍 = 0.3𝑍⊙ , in
the band [0.7; 1.2] keV, at the respective redshift of MACS J0242 (blue) and
MACS J0949 (red).

brightness models, we can make predictions on the number count of
detection:

𝑆𝑋,𝑐 = 𝐶count
flux 𝑆conv

𝑋 × 𝐸 + 𝐵 + 𝐶sky (44)

where 𝐶sky is the sky constant, measured in the empty regions of the
raw count map.

We also take dust absorption into account, with the absorption
ratio (see e.g. Wilms et al. 2000):

𝐼obs
𝐼em

= exp
[
−𝑛gal
𝐻 𝜎(𝐸𝑋)

]
, (45)

where 𝑛
gal
𝐻 is the galactic hydrogen, and 𝜎, the extinction cross-

section of that same dust for a photon energy, 𝐸𝑋 . We report ab-
sorption factors of 0.9439 and 0.9398 for clusters MACS J0242 and
MACS J0949 respectively.

6.3 Cooling curve

In order to access the X-ray spectral emissivity, Λ(Δ𝐸,𝑇𝑒, 𝑍), men-
tioned in equation (24), we use AtomDB (see Foster et al. 2012).
With the metallicities of set Asplund et al. (2009) adjusted to our
𝑍cl = 0.3𝑍⊙ , we can plot the cooling curve in the energy band of
XMM-Newton (adjusted for K-correction). The results at the redshifts
of clusters MACS J0242 and MACS J0949 are displayed in Fig. 6.

6.4 Sunyaev-Zel’dovich maps filtering

We simply filter the ACT DR5 map Θobs
𝑟 , 𝑓

of MACS J0949 with
a Gaussian filter of radius 0.05 degrees G(0.05 deg), with nemo4.
Although this does not allow to fully remove either the CMB signal

4 https://nemo-sz.readthedocs.io

or the atmosphere variability, at the scale of the cluster, it allows to
smooth and attenuate the CMB variability. In order to compare our
SZ effect model to the filtered data maps, we convolve the modelled
signal map Θmod

𝑟 , 𝑓
with the ACT beam B 𝑓 at the map frequency 𝑓 .

This allows to take the telescope PSF into account. We further apply
the Gaussian filter, and compare the resulting maps:

Θobs,filt
𝑟 , 𝑓

= Θobs
𝑟 , 𝑓 ⊛ G(0.05 deg),

Θmod,filt
𝑟 , 𝑓

=
(
Θmod
𝑟 , 𝑓 ⊛ B 𝑓

)
⊛ G(0.05 deg).

(46)

In a similar fashion to that of the X-ray PSF, we have to remove
the borders of the SZ filtered image because of border effects. We
therefore used model maps of ∼ 4 Mpc initially (26 pixels), reduced
to ∼ 2 Mpc (14 pixels), and compared these predictions to the ACT
DR5 filtered data.

6.5 Working hypotheses on the density distribution

We based our analysis on the mass models described in our previous
work (Allingham et al. 2022). We model the total mass profile of
MACS J0242 and MACS J0949 using strong lensing constraints of
radii ranging in 𝑅 ∈ [50, 200] kpc. While we acknowledge the limi-
tations of the constraining power, we extrapolate the 3D density out
to 𝑅500,𝑐 , and recover a mass 𝑀500,𝑐 = 5.95+0.40

−0.46 × 1014𝑀⊙ and
11.48+0.00

−3.42×1014𝑀⊙ for clusters MACS J0242 and MACS J0949 re-
spectively. With equation (32), we find temperature normalisations
𝑇0 = 𝑇500𝑇ref = 8.47 × 107 K and 1.35 × 108 K respectively.

Given the quality of the X-ray and SZ observations, and the domi-
nant importance of the DMH and BCG in strong lensing models, we
neglect the potentials associated to each individual galaxies here. We
justify this hypothesis by the dynamical state of the clusters, analysed
in Allingham et al. (2022). As they are not strongly perturbed, the
ICM distribution should be governed by the large-scale potential. In
Fig. 1, we can for instance see cluster MACS J0949 Southern halo
mass contours to be undetectable on the X-rays – see the large red
circle in the South of the image, crossed by the dashed green line.

Moreover, we postulate that the ICM density distribution is el-
lipsoidally symmetric, and of the same ellipticity as the DMH dark
content. Although this does not match perfectly observations (see
Fig. 1), this simply follows the hypothesis: ‘ICM follows potential’.
At last, as the line-of-sight ellipticity of the potential is unknown,
we assume it to be a priori equal to the geometric average of the
semi-major and semi-minor axes,

√
𝑎𝑏. As the goal of this article

is to present new methods to predict the density profile of the ICM
using strong lensing analyses, we fix all geometric parameters to
their best lensing values. The ‘semi-depth’ of the cluster is unknown
from lensing, but it is also degenerate with the density distribution.
Therefore, we do not optimise this parameter.

6.6 MCMC optimisations

For the three different types of models of the electron density –
canonical, gas fraction, and analytical – represented by four different
models – 𝛽, Arctan gas fraction, idPIE and iNFW – we let a number
of parameters free. For the 𝛽 profile, we set all three parameters of
the density distribution, {𝜌0; 𝑟𝑐; 𝛽} free. For the idPIE profile, we
initially let

{
𝜌0,1; 𝑎1; 𝑠1; 𝜌0,2; 𝑠2

}
free, but as discussed in Sect. 7,

𝑠2 appears entirely degenerate in the optimisation, and we therefore
fix it to its lensing value from Sect. 7.1.2. The two parameters char-
acterising a NFW distribution, {𝜌𝑆 ; 𝑟𝑆}, are set free for the iNFW
optimisation. At last, for the Arctan gas fraction model, we only let
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Table 8. Best fit of all optimisation models for cluster MACS J0242. 𝜌0,1 denotes the DMH central density in the case of idPIE profile, 𝜌𝑆 in the iNFW case,
and the central gas density in the case of a 𝛽-profile. 𝜌0,2 denotes the BCG central density in the idPIE case. Both of these values are displayed in kg.m−3. 𝑎1
denotes the DMH core radius in the idPIE and gas fraction cases, 𝑟𝑆 the scale radius in the iNFW case, and 𝑟𝑐 in the 𝛽 model. 𝑠1 and 𝑠2 denote respectively the
cut radius of the DMH and of the BCG, in the case idPIE. The optimisation of the core radius of the BCG 𝑎2 does not yield any optimised position. All of these
distances are displayed in kpc. Starred values were fixed. We also remind the dPIE values achieved through our strong lensing model. When a parameter set is
out of the invertible range of function J𝑧 (i.e. ∼ [0, 10]), we note the log-likelihood ln L as infinite.

𝜌0,1 𝑎1 𝑠1 𝜌0,2 𝑠2 𝛽 − ln L

Lens model (dPIE) 1.01+3.42
−0.18 × 10−21 57.19+6.04

−8.41 1500★ 1.15+0.27
−0.18 × 10−17 177.6+32.2

−58.0 _ ∞
Lens model (NFW fit) 3.42+0.48

−0.38 × 10−22 209.9+17.1
−15.8 _ _ _ _ ∞

𝛽-model 2.05+10.52
−1.41 × 10−20 18.89+40.06

−15.17 _ _ _ 0.544+0.199
−0.079 0.68

idPIE 7.38+8.21
−3.53 × 10−22 72.02+24.89

−21.89 2310+480
−750 5.88+2.63

−3.90 × 10−18 187.4+175.0
−120.1 _ 0.68

iNFW 1.52+1.52
−0.83 × 10−22 293.18+133.28

−121.27 _ _ _ _ 0.69

Gas fraction _ 230.97+36.49
−63.24 _ _ _ _ 1.12

the DMH core radius {𝑎1} free, according to model equation (41).
We optimise them with the data for each galaxy cluster. For cluster
MACS J0242, we only use the X-ray data, while for MACS J0949,
we have the choice to use either X-rays, SZ, or both.

We define the log-likelihood for the X-ray data. As the photon
counts are limited, the X-ray maps are following a Poissonian dis-
tribution. With the noise, we take them to follow the Cash statistic
(Cash 1979):

lnL𝑋 (Θ) =
1
𝑁𝑋

∑︁
𝑖

[
𝐶𝑖 − 𝑀𝑖 (Θ) − 𝐶𝑖 ln

(
𝐶𝑖

𝑀𝑖 (Θ)

)]
, (47)

where𝐶𝑖 is the data count in the 𝑖-th pixel, 𝑁𝑋 , the number of pixels,
and 𝑀𝑖 (Θ), the model prediction for the parameter vector, Θ.

As for the SZ statistic, with 𝑀𝑖 now being the temperature contrast
model, and 𝐶𝑖 , its SZ measurement, we simply take the likelihood to
be Gaussian:

lnL𝑆𝑍 (Θ) = − 1
2𝑁𝑆𝑍

∑︁
𝑖

[(
𝑀𝑖 (Θ) − 𝐶𝑖

𝜎𝑖

)2
+ ln𝜎2

𝑖

]
,

𝜎2
𝑖 = 𝑀2

𝑖 (Θ) + 𝜎2
𝐶,𝑖 ,

(48)

where 𝜎𝑖 is the standard deviation in the 𝑖-th pixel, and 𝑁𝑆𝑍 , the
number of SZ pixels. We take the model standard deviation to be the
model itself, accordingly to a Gaussian model. 𝜎2

𝐶,𝑖
is the instrument

variance of ACT. This does not take into account the CMB variance
nor the atmosphere, but these are smoothed out on the scale of a
cluster by the top-hat filtering (we follow Hilton et al. 2018, 2021).
𝐶𝑖 and 𝑀𝑖 represent here the data and model respectively, but for
the SZ data. In the case of cluster MACS J0949, we sum the log-
likelihood of the 90 and 150 GHz ACT DR5 bands.

In the case of the joint optimisation of X-rays and SZ, the data are
of the same type, i.e. detections in pixels. We therefore define the
joint likelihood as the weighed sum:

lnL𝐽 =
𝑁𝑋 lnL𝑋 + 𝑁𝑆𝑍 lnL𝑆𝑍

𝑁𝑋 + 𝑁𝑆𝑍
, (49)

where 𝑁𝑆𝑍 must be understood as the sum of all SZ pixels, both in
band f090 and f150.

We notice that this takes into account the different pixelisations,
and attributes equal weights to each pixel. The X-ray observations
should thus dominate, given the much better resolution (a XMM-
Newton pixel represents 2.5′′, and an ACT pixel 30′′).

We took 2000 walkers, iterated over 500 steps, with a step type
emcee.StretchMove. We provide the cornerplots, realised with
Foreman-Mackey (2016), in Appendix A.

7 RESULTS AND DISCUSSION

We present in this section the results of MCMC optimisations of
each of the four density models, for each galaxy cluster. We here do
not present the self-normalised models, following equation (19), as
these imply to use X-ray data both as inputs (as a normalisation) and
to perform the optimisation. This would result into the degeneracy
of one or several parameters.

7.1 Cluster MACS J0242

7.1.1 𝛽 model

In order to compare our profiles with the most classic profiles de-
scribing the ICM, we run MCMC optimisations for 𝛽 profiles. We
present the optimised parameters in Table 8, alongside all other op-
timisations for MACS J0242. Although we denote the 𝑟𝑐 parameter
of equation (5) as 𝑎1 for clarity, this parameter is tied to the model.
The associated cornerplot is presented Fig. A1. We notice that these
are describing different physical observables, and are a priori not
directly comparable as they are for idPIE or iNFW.

We find the best likelihood to be lnL = −0.68, close enough from
the best possible likelihood,−0.5 , so that we can expect other detailed
classic ICM profiles – such as double-𝛽 – not to significantly improve
the model. The best parameter values a posteriori are different: the
density normalisation 𝜌0,1 is twenty times more important than that
of the DMH for the total matter density, while the best core radius is
about a quarter of the DMH one.

7.1.2 idPIE

The high sensibility of the J𝑧 function could be described as a
double-edged sword: on the one edge, this sensibility means any
sort of imprecision in the determination of the parameters, or even
in the hypotheses (temperature model, temperature normalisation,
determination of the total mass density, etc.) would result in an
increase of the error leading to a prediction error of possibly several
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Figure 7. MCMC optimisation for idPIEmodel of the five relevant parameters for cluster MACS J0242: DMH central density 𝜌0,1, core radius 𝑎1 and cut radius
𝑠1, and BCG central density 𝜌0,2 and cut radius 𝑠2. Blue: Optimisation performed using the available ICM data (X-ray here). Red: Strong lensing optimisation.
Magenta: Best strong lensing model (described in Table 2). Green: Median of the ICM optimisation. Gold: Best ICM optimisation.

orders of magnitude. On the other edge, this should allow to tune
very finely the various parameters, with the outskirts distribution in
galaxy clusters of the full matter density having a direct consequence
on the gas distribution in the central regions (at least through the
expressions of ℎ in the cases idPIE and iNFW). In order to reach
such a quality in the reconstruction, the strong lensing parameters
should be very finely determined, and fixed. The parameters not fit
with strong lensing (𝑠1 here) could then be optimised. Given the
extent of the strong lensing optimisation error bars on parameters

{
𝜌0,1; 𝑎1; 𝜌0,2; 𝑠2

}
, we can not claim to achieve such a good level

of constraints here. Therefore, we optimise all idPIE parameters a
priori.

We display in Fig. 7 and Fig. A2 the strong lensing and ICM op-
timisations in the {𝜌0,1; 𝑎1; 𝑠1; 𝜌0,2; 𝑠2} and {𝜌0,1; 𝑎1; 𝜌0,2; 𝑠2} pa-
rameter spaces respectively. We note that 𝑠1 is not optimised with
Lenstool, and not optimising it here results in a best log-likelihood
lnL < −0.82. On the contrary, when this parameter is being opti-
mised, the best value gets closer to the ‘perfect fit’ −0.5 value (i.e.
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Figure 8. Electron density 𝑛𝑒 for idPIE model, for cluster MACS J0242. Green: X-ray data inferred value. Blue: Best ICM-optimised value, with a idPIE
model. Red: Best lens model inferred value. Left: In the case of the optimisation of parameters 𝜌0,1, 𝑎1, 𝑠1, 𝜌0,2 and 𝑠2, as illustrated on Fig. 7. Right: In the
case of the optimisation of parameters 𝜌0,1, 𝑎1, 𝜌0,2 and 𝑠2, as illustrated on Fig. A2. If 𝑠1 is not optimised, the larger scales (≳ 100 kpc) 𝑛𝑒 densities can not
be properly fitted.
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Figure 9. Expected X-ray surface brightness 𝑆𝑋 for idPIE model, for cluster MACS J0242. Green: X-ray data inferred value. Blue: Best ICM-optimised value,
with a idPIE model. Red: Best lens model inferred value. Left: In the case of the optimisation of parameters 𝜌0,1, 𝑎1, 𝑠1, 𝜌0,2 and 𝑠2, as illustrated on Fig. 7.
Right: In the case of the optimisation of parameters 𝜌0,1, 𝑎1, 𝜌0,2 and 𝑠2, as illustrated on Fig. A2.

reduced 𝜒2 = 1, denoting the observations are well represented by
the model) at lnL < −0.68. We discuss this further in Sect. 7.3.

Although the prediction from lensing is diverging in the cluster
centre (𝑟 → 0) – due to the central matter density being out of the
J𝑧 function bĳective range – we find the ICM optimisation in the
{𝜌0,1; 𝑎1} space to provide results very close to those of Lenstool,
although the ICM error bars are larger. The DMH cut radius, 𝑠1, not

being optimised with strong lensing, we can only notice the X-ray
optimisation is compatible with the fiducial 1.5 Mpc value, albeit the
best optimisation yields 𝑠1 = 2.31+0.48

−0.75 Mpc. The BCG cut radius,
𝑠2, appears not to be optimised with the X-rays, and the density
normalisation of the BCG, 𝜌0,2, yields different results than strong
lensing. This may be explained by the high central matter density,
which yields values out of the J𝑧 function inversion range. The
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Table 9. Best fit of all optimisation models for cluster MACS J0949. 𝜌0,1 denotes the DMH central density in the case of idPIE profile, 𝜌𝑆 in the iNFW case,
and the central gas density in the case of a 𝛽-profile. 𝜌0,2 denotes the BCG central density in the idPIE case. Both of these values are displayed in kg.m−3. 𝑎1
denotes the DMH core radius in the idPIE and gas fraction cases, 𝑟𝑆 the scale radius in the iNFW case, and 𝑟𝑐 in the 𝛽 model. 𝑠1 and 𝑠2 denote respectively the
cut radius of the DMH and of the BCG, in the case idPIE. Let us notice the core radius of the BCG 𝑎2 is model-dependent, and is thus it is not optimised here.
All of these distances are displayed in kpc. Starred values were fixed. We also remind the dPIE values achieved through our strong lensing model. We here only
provide the joint SZ-X-ray log-likelihood ln L𝐽 .

𝜌0,1 𝑎1 𝑠1 𝜌0,2 𝑠2 𝛽 − ln L

Lens model (dPIE) 4.58+3.62
−0.95 × 10−22 116.25+24.11

−51.66 1500★ 3.88+8.32
−0.55 × 10−18 98.04+153.74

−34.34 _ 2.60

Lens model (NFW fit) 1.23+1.57
−0.00 × 10−22 405.5+0.0

−156.1 _ _ _ _ 2.83

𝛽-model 1.73+1.60
−1.05 × 10−21 78.23+157.49

−35.54 _ _ _ 0.460+0.311
−0.098 0.70

idPIE 3.53+7.63
−1.73 × 10−22 96.97+61.49

−33.00 3320+390
−1430 3.85+8.62

−2.43 × 10−18 98.04★ _ 0.60

iNFW 7.57+9.07
−3.08 × 10−23 496.70+133.86

−154.53 _ _ _ _ 0.61

Gas fraction _ 394.99+123.40
−160.33 _ _ _ _ 0.86

validity of equation (23) is not verified beyond 𝑛𝑒 > 105 kg.m−3.
Moreover, the X-ray signal in the centre carrying a high variability,
we can not conclude about its significance.

The electronic densities are represented in Fig. 8, and the XMM-
Newton deconvolved X-ray surface brightness in Fig. 9. We conclude
our method can fit properly the X-ray signal for this cluster, provided
the potential is optimised. We discuss the large discrepancy between
the lens inferred model and the signal in Sect. 7.3.

We note that the ICM optimisation over 𝑠2 is not necessary, as
the parameters appear to be degenerate in the optimisation. We can
therefore present the MCMC optimisation fixing 𝑠2 to its lensing
value, 𝑠2 = 177.57 kpc (see Fig. A3).

7.1.3 iNFW

The NFW distributions attributed to strong lensing are all reductions
of dPIE Lenstool optimisations to NFW best fit. In Fig. A4, we
compare these to the ICM optimised iNFW profiles. We again find a
very satisfactory best likelihood at lnL = −0.69, and although the
{𝜌𝑆 ; 𝑟𝑆} values we find are different from those of the strong lensing
reduction, they are compatible with the total density we found.

7.1.4 Gas fraction model

Assuming an empirical Arctan gas fraction as presented in Sect. 5.2,
combined with only one degree of freedom 𝑟𝑐 = 𝑟 𝑓 = 𝑎1, we opti-
mise the core radius. In Fig. A5, we display the possibility to model
the ICM with strong lensing through this gas fraction model. We find
the core radii of the DM halo optimised with Lenstool and with
the ICM are clearly incompatible. As presented in Sect. 5.2, cluster
MACS J0242 presents non-statistical fluctuations in the gas fraction.
Moreover, the gas fraction model equation (35) is physically moti-
vated, but the assumption 𝑟𝑐 = 𝑟 𝑓 is probably too strong, as shown in
Table 7 (𝑟𝑐/𝑎1 and 𝑟 𝑓 /𝑎1 < 1, at more than 1𝜎 distance). The best
log-likelihood of lnL = −1.12 is reached for 𝑎1 = 231.0+36.5

−63.2 kpc.
This is in contradiction with the best Arctan gas fraction model found
for 𝑟𝑐 and 𝑟 𝑓 (see Table 7). As a result, the approximations in the
‘Universal’ Arctan gas fraction model, and the fluctuations in the gas
fraction profile of MACS J0242 lead to a bad quality reconstruction.
We conclude further studies are required to make this model valid
for this cluster.

7.2 Cluster MACS J0949

Similarly to the study performed on the cluster MACS J0242, we
present the results of the ICM optimisation of MACS J0949. We
primarily present the joint fit results (X-rays and SZ effect).

7.2.1 𝛽 model

The best value for 𝑟𝑐 is of the same order as the best strong lens-
ing values given for the DMH dPIE profile. For the central density,
𝜌0,1, the optimised value with the X-ray data is three times more
important than the DMH central density. As for 𝛽, its best value is
0.46+0.31

−0.10. The cornerplot indicates this parameter to be degenerate
here. Moreover, the error bars cover almost all the space of opti-
misation ([0.3, 0.9]). Figure A6 presents the optimisation with the
ICM data from the XMM-Newton X-ray Observatory and the SZ data
taken with ACT. Using both the X-rays and SZ data for this optimi-
sation, we find the best likelihood to be lnL = −0.70, a value which
supports the good quality of the fit. In detail, the X-ray likelihood
is lnL𝑋 = −0.58, and the SZ likelihood is lnL𝑆𝑍 = −0.84. The
joint fit best likelihood value is worst than if only using the X-ray
data. However, this does not necessarily imply that the reconstructed
ICM is worst, but highlights a discrepancy between the X-ray and SZ
signals at the centre of the cluster. Small-scale density and tempera-
ture variations may be due to the ICM dynamics, radiative cooling,
AGN feedback, etc. Their size may not be observed with SZ surveys,
but may skew observations in the cluster centres, even for relaxed
clusters. The low resolution of SZ surveys also makes the central PSF
quite important, and thus SZ inferred ICM density in the core should
be considered carefully. Moreover, the difference could arise from
the data quality, or from the temperature model, which presents a
large scatter. A wrong temperature evaluation would disproportion-
ally impact more the SZ signal.

7.2.2 idPIE

As for MACS J0242, the optimisation of the BCG cut radius, 𝑠2, is
degenerate. We therefore choose to fix this parameter to its strong
lensing value, 98.04 kpc. We display in Fig. 10 the strong lensing and
ICM optimisations in the {𝜌0,1; 𝑎1; 𝑠1; 𝜌0,2} parameter space. The
best value is lnL𝐽 = −0.60. The overlap between the strong lensing
and ICM optimised spaces is obvious in this cornerplot. However

MNRAS 000, 1–21 (2022)



Reconstruction of ICM through strong lensing 17

ρ0,1 = 3.53+7.63
−1.73 × 10−22

10
0

20
0

a
1

a1 = 96.97+61.49
−33.09

20
00

40
00

s 1

s1 = 3.32+0.39
−1.43 × 103

0.
8

1.
6

ρ
0,

2

×10−17 ρ0,2 = 3.85+8.62
−2.43 × 10−18

2 4

ρ0,1

×10−21

−3

−2

−1

ln
L

10
0

20
0

a1

20
00

40
00

s1

0.
8

1.
6

ρ0,2
×10−17

−3 −2 −1

lnL

lnL = −0.60

ICM Optimisation

Lens

Best lensing

Median opt.

Best opt.

Figure 10. MCMC optimisation for idPIE model of the five relevant parameters for cluster MACS J0949: DMH central density 𝜌0,1, core radius 𝑎1 and cut
radius 𝑠1, and BCG central density 𝜌0,2. The optimisation was performed with the X-ray and SZ data. Blue: Optimisation performed using the available ICM
data (X-ray here). Red: Strong lensing optimisation. Magenta: Best strong lensing model (described in Table 2). Green: Median of the ICM optimisation. Gold:
Best ICM optimisation.

the quality of the reconstruction with the ICM does not converge as
efficiently as that of strong lensing – a result to be expected given the
difference in methods and quality of data.

We present the comparison between the observations, the theoreti-
cal prediction using the lens model and the ICM-optimised model for
observables, 𝑛𝑒, and 𝑆𝑋 , on Fig. 11 and A8 respectively. Again, not
optimising 𝑠1 leads to a worst ICM optimisation (best log-likelihood
−0.82). In Fig. 11, the right panel shows the discrepancy between

the X-rays inferred electron density, 𝑛𝑒, and the best optimisation
with a fixed DM halo cut radius, 𝑠1 = 1.5 Mpc. This demonstrates
the importance of this parameter optimisation to recover the X-ray
measured density profile. We further discuss this in Sect. 7.3.
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Figure 11. Electron density 𝑛𝑒 for idPIE model, for cluster MACS J0949. Green: X-ray data inferred value. Blue: Best ICM-optimised value, with a idPIE
model. Red: Best lens model inferred value. Left: In the case of the optimisation of parameters 𝜌0,1, 𝑎1, 𝑠1, 𝜌0,2 and 𝑠2, as illustrated on Fig. 10. Right: In the
case of the optimisation of parameters 𝜌0,1, 𝑎1 and 𝜌0,2, as illustrated on Fig. A7. Similarly to Fig. 8, we observe that not optimising 𝑠1 prevents our idPIE
model to fit the ICM density properly for 𝑟 ≳ 100 kpc.

7.2.3 iNFW

In Fig. A9, we compare the best strong lensing optimisation fit to
the ICM optimised iNFW profiles. We find a best log-likelihood
oflnL𝐽 = −0.61. The strong lensing fit NFW parameters for
MACS J0949 being {𝜌𝑆 = 1.23 × 10−22 kg.m−3 ; 𝑟𝑆 = 405.5 kpc},
they are both compatible with the ICM-optimised values within 1𝜎.

7.2.4 Gas fraction model

Still assuming only one degree of freedom, 𝑟𝑐 = 𝑟 𝑓 = 𝑎1, we opti-
mise the DMH core radius and display the ICM model for the gas
fraction optimisation in Fig. A10. With a joint X-rays and SZ opti-
misation, we find the best core radius to be 394.99 kpc, as opposed
to the 116.25 kpc with strong lensing. Thus the strong lensing value
is not within 1𝜎 of the ICM one. The best log-likelihood of the joint
optimisation is lnL = −0.86. Similarly to MACS J0242, we con-
clude the Arctan gas fraction model combined with the DMH core
radius measured with strong lensing to be yielding different results
from the measured ICM density. We can attribute this to 𝑟𝑐/𝑎1 > 1,
at more than 1𝜎 confidence (see Table 7). We conclude that more
parameters are required to understand the ICM distribution using the
gas fraction model.

7.3 Optimising the DMH cut radius with ICM core data and
SL priors

As strong lensing is only efficiently probing the most central re-
gions of galaxy clusters (𝑅 < 200 kpc), it only allows to effectively
constrain the ‘central’ parameters amongst those presented in idPIE
optimisations, i.e. 𝜌0,1, 𝑎1, 𝜌0,2 and 𝑠2 – leaving 𝑠1 aside. Even these
strong lensing constrained parameters are not perfectly determined
in the case of our study as we are limited in the number of multiple
images and spectroscopic redshifts detected (Allingham et al. 2022).

In this context, for the idPIE ICM optimisations, we observe the
efficiency of the cut radius optimisation of the dark matter halo,
𝑠1. For MACS J0949, we can use the idPIE model introduced in
Sect. 7.2.2 and Fig. 10, and fix the parameters constrained through
strong lensing, i.e. 𝜌0,1, 𝑎1 and 𝜌0,2. This new model, only perform-
ing the cut radius of the DMH 𝑠1 optimisation, reaches the best fit
value, 𝑠1 = 3040+530

−730 kpc, at lnL𝐽 = −0.63. This is better than opti-
mising all the other parameters, but not 𝑠1 (lnL𝐽 = −0.82). For the
X-ray only optimisation, this value reaches lnL𝑋 = −0.59 for 𝑠1 =
3050+500

−690 kpc, compared to lnL𝑋 = −0.58 for 𝑠1 = 3290+420
−1440 kpc

if all parameters are optimised (i.e. 𝜌0,1, 𝑎1, 𝑠1 and 𝜌0,2). Thus, from
a pure optimisation point of view, optimising 𝑠1 could suffice to fit
the ICM density.

We remind the reader that the full idPIE ICM optimisation
for clusters MACS J0242 and MACS J0949 respectively yielded
𝑠1 = 2310+480

−750 kpc and 3320+390
−1430 kpc – this latter value being com-

patible with the DMH cut radius, 𝑠1, optimisation only. Here, 𝑠1 is
the only parameter not optimised through with strong gravitational
lensing. Given the uncertainty in the determination of the lensing
parameters, due to limited observations, the stiffness of function
J−1
𝑧 allows for these small variations to modify significantly the

lens prediction of the ICM. Indeed, the error bars on the density
parameters can contaminate the 𝑠1 optimised value. If we could fix
all other parameters (density parameters, geometry, and even use a
measured ICM temperature profile), the 𝑠1 optimisation value should
then yield a physical result, with respect to the dPIE profile choice
and the hydrostatic equilibrium hypothesis. In spite of this constraint
on the data quality, we have here presented the importance of the
DMH cut radius parameter, 𝑠1, in the ICM density prediction, as its
optimisation modifies the electron density, 𝑛𝑒, and thus the surface
brightness, 𝑆𝑋 , at all radii. Indeed, this DMH cut radius parameter,
𝑠1, is related to the density in the cluster outskirts. It has a direct
influence, upon optimisation, in the central X-ray surface brightness.

The cut radius values we find are larger than the splashback radius
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measured by Chang et al. (2018). This radius is defined as the largest
distance from the cluster centre connected to the cluster dynamics,
i.e. the largest orbital apocentre at which matter is accreted to the
DMH. The typical values provided in a redshift range corresponding
to our lensing clusters are 1.5 – 2 Mpc, so our cut radius values are
on the higher-end of the values considered reasonable for that type
of clusters. These values are averaged for clusters of typical mass
𝑀200,𝑚 ≃ 2.5 × 1014𝑀⊙ , to compare to the (extrapolated) 5.55 and
10.37 × 1014𝑀⊙ for MACS J0242 and MACS J0949 respectively.

We can also compare the cut radii obtained to the predicted edge
radius, defined as the smallest radius at which no more orbiting
galaxies can be found. According to Tomooka et al. (2020); Aung
et al. (2022), the edge radius can be approximated to 𝑟𝑒 ∼ 2𝑅200,𝑚.
Using the strong lensing extrapolated values for 𝑅200,𝑚, we can
compare the optimised cut radius values to the edge radii for
both clusters. We obtain for MACS J0242, 𝑠1 = 2310+480

−750, and
2𝑅200,𝑚 = 3856+87

−104 kpc. In the case of MACS J0949, we mea-
sure 3320+390

−1430 and 2𝑅200,𝑚 = 4507+0
−1074 kpc. Computing the ra-

tios 𝑠1/𝑟𝑒 = 0.60 and 0.74 for the two clusters respectively, we
obtain values of the same order. It should be noted that the cut and
edge radii are not necessarily assumed to describe the same physical
limit. The 𝑅200,𝑚 value is also based on density profiles assuming
𝑠1 = 1.5 Mpc, and would thus be larger if using the ICM-optimised
𝑠1 values instead, 2𝑅200,𝑚 = 4101+52

−75 and 4569+131
−359 kpc for respec-

tively MACS J0242 and J0949, for ratios 𝑠1/𝑟𝑒 = 0.57 and 0.73. The
shock radius, describing the shock of gas falling into the ICM of a
cluster, is predicted by Baxter et al. (2021) to be equally of order
∼ 2𝑅200,𝑚. Although not quite observable with the ACT resolution,
future SZ surveys will be able to assist detecting this critical ICM
large scale cluster radius. We conclude that the optimised cut radii
is commensurable to these various radii attempting to measure the
‘size’ of galaxy clusters, and we find 𝑠1 to fall between the splashback
and the edge radii. Using our analytical model, the thorough com-
parison of these different cluster-size radii should be greatly assisted
by the combination of strong lensing and ICM observations.

The central ICM density is noticeably affected by the 𝑠1 DM halo
cut radius. In the hydrostatic hypothesis, we can understand this as
the effect of faster clustering of (baryonic) matter due to a larger dark
matter halo, thus increasing the central baryonic density. In other
words, if the gravitational potential at large radii is more important,
a cluster should have accreted gas faster, and thus, the ICM should
be denser in the centre.

In general, relaxed galaxy clusters are expected to present a pri-
ori a cool core, due to the radiated power in X-rays at high ICM
densities. However, this is generally not what is observed (Peterson
et al. 2001; Böhringer et al. 2002), with central temperatures higher
than the X-ray cooling should yield. This is generally explained by
feedback effects, and most notably Active Galaxy Nuclei (AGN, see
e.g. Puchwein et al. 2010). The change produced in the temperature
profile was here taken into account by using the varying index poly-
tropic temperature model, which represents the physically measured
temperatures, without implementing AGN feedback itself.

7.4 ICM and DMH geometries

In order to understand the effect of the density profile parameters
optimisation, one must decorrelate these from the geometric differ-
ences between the DMH and the ICM. The misalignment between
the clusters’ ICM and DMH centres lies below the X-ray pixel size
precision, and can thus be neglected here entirely.

Our measurements suggest that the ICM presents rounder shapes

than the DMH. Indeed, in the case of clusters MACS J0242 and
MACS J0949, the X-ray measured ellipticities are negligible, but the
strong lensing optimisation of the DMH present ellipticities in the
range 0.2 − 0.3. As studied in e.g. Debattista et al. (2008); Lau et al.
(2012), the geometry of the ICM of (relaxed) galaxy clusters may
differ from that of their DMH. Beyond the effects associated to the
turbulence of the ICM, of AGN feedback, plasma cooling etc., this
difference lies in the physics of both fluids. Indeed, in the cold dark
matter paradigm, dark matter is non-collisional, and can thus not dis-
sipate kinetic energy efficiently at the centre of clusters. Conversely,
baryons cluster in the centre of the halo. As they interact, they can lose
kinetic energy faster than dark matter. Thus the more peaky baryonic
profiles make the baryonic fluid evolve faster towards relaxation. This
same effect causes DM particle orbits to change in response to the
baryonic dissipation, thus also making the DMH more spherical. As
these effects are not equal at different radii from the cluster centre,
this can cause a difference in the ellipticity of both fluids. In Lau et al.
(2011), simulations show both fluids’ ellipticity also varies impor-
tantly depending on the radius in which it is measured. As here the
ICM ellipticity is measured in a significantly larger radius < 𝑅500, it
is expected to be smaller. In this article, we modelled the ICM ellip-
ticity to be that of the DMH measured through strong lensing. Any
attempt to optimise the ICM density with spherical profiles yielded
equivalent density profile parameters (𝜌0, 𝑎, 𝑠) and best likelihoods
as using an elliptical profile.

At last, line-of-sight projection effects were entirely neglected
in this paper, and in the strong lensing reconstruction. A priori, the
combination of SZ effect and X-ray observations may allow to inform
asymmetries on the line-of-sight. However, given the SZ effect data
resolution and the adoption of a self-similar temperature profile in
this article, this is beyond the scope of this article. Such effects may
nonetheless affect the quality of the reconstruction. For instance,
Umetsu et al. (2015) display a case of apparent mismatch between
ICM and lensing observations due to the presence of a line-of-sight
asymmetry.

7.5 Discussion

Given the different profiles which the canonical and analytical mod-
els are describing, we do not attempt to reduce the 𝛽 model parameter
space to an expression of the strong lensing parameters. We can sim-
ply note in this case, that we find the core radius of the 𝛽 model
to be of the order of magnitude of that of the dPIE DMH potential,
while the central density is about one to two orders of magnitude
more important. As for the 𝛽 exponent, we find the exponent to be
compatible with the range detailed in the literature, and subjected to
the 𝛽-model problem (see Sadat 1997; Hallman et al. 2007).

As for the analytical density profile reconstruction, a number of
observational effects limits this method. These baryonic effects in-
clude the dynamical offset between the ICM and the DM content of
galaxy clusters, the AGN feedback, and the cooling of the cluster
plasma. They drastically decorrelate the central ICM density from
the DM in the outskirts. For instance, Ghirardini et al. (2019a, Fig. 7)
present up to a 70% intrinsic scatter in the centre in density. The
inclusion of a theoretical model for such baryonic effects would rep-
resent an important improvement to our models. Modelling the ICM
fluid velocity evolution would also allow to understand the evolution
of clusters, thus challenging the hydrostatic hypothesis.

Nevertheless, with precise strong lensing constraints and temper-
ature model measurements in a cluster, we could compare the ICM
data to the parametric strong lensing reconstruction directly given
our analytical models. The difference between the observations and
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the model, with respect to systematic errors, could yield constraints
on dark matter models.

Our results could be used in their general form in simulations to
further verify the validity of the total matter – ICM density bĳection
previously established. Provided better resolution data in the X-rays
or SZ, and the detection of several multiply lensed galaxies in the
centre of galaxy clusters, one could tackle the core-cusp problem, as
we could then study the compatibility of the central densities.

8 CONCLUSION

With a comparison between a parametric strong lensing mass recon-
struction model and the ICM observations (X-rays and SZ) on two
non-perturbed galaxy clusters, we have shown it to be possible to use
a unique model to describe both the total and ICM density profiles.
In fact, under the hydrostatic hypothesis and assuming self-similar
electron temperature profiles, the bĳection (17) we have established
between the total matter density and the ICM density allows to de-
scribe both the electron and dark matter density with the same pa-
rameters. We applied this technique to the dPIE and NFW density
profiles and convincingly found the parameters optimised through
lensing to be either compatible with their ICM optimisation, or to be
degenerate and thus difficult to optimise with the ICM.

Given the sensitivity of the J𝑧 function, and as strong lensing does
not allow to probe regions out of the cluster inner core, we proposed
to couple our models to ICM observations. This could allow to probe
the cut or scale radii of relaxed clusters. Indeed, the ICM central
density appears to be bounded to these matter density large-scale
parameters. This new technique should be verified using clusters’
outskirts surveys, such as weak lensing, and could only be efficiently
applied with stringent constraints on the strong lensing parameters.

We can also reverse this perspective. If we had a perfect description
of the full density mass model, e.g. including the cut radius of the DM
halo through weak lensing, we could then compare the predicted ICM
signal to that detected. If our model were satisfactory enough, we
could then probe possible discrepancies, associated to other physical
phenomena.

We here summarise the main results of this analysis:

1. We have proposed a self-similar polytropic temperature model
with a varying index, using the X-COP sample of clusters. This
allows to predict the ICM temperature for any cluster of measured
mass 𝑀500,𝑐 .

2. We have proposed a general Arctan model for the gas frac-
tion, using the combined X-COP clusters with MACS J0242 and
MACS J0949 galaxy clusters. We used these to propose a gas fraction
model to reconstruct the electron density from strong gravitational
lensing results.

3. As a major result, we exhibited an analytic relationship between
the ICM density and that of DM, assuming hydrostatic equilibrium.
We have further shown this relationship to allow to predict the ICM
density using strong lensing, as a proof of concept.

4. We have demonstrated that the strong lensing ICM predictions
are compatible with data through the ICM optimisation. We expect
the strong lensing prediction to yield convincing results as long as:
(i) the lensing galaxy cluster is not strongly perturbed, and (ii) we
are able to properly predict the large-scale total density profile.

5. This requirement to probe the large scales demonstrates the
limitations of our current analysis. We however foresee weak lensing
constraints as a mitigating solution to adjust our models to large scale
variations, thus allowing us to make precise predictions.

6. Reverting the perspective, this means the combination of X-rays
or SZ data with strong lensing could allow to probe the dark matter
profile of relaxed galaxy clusters far from their centres.

We here presented a proof of concept for the possibility to tie strong
lensing constraints to the ICM. With higher-quality data and more
constraints on the large-scale profile, this should lead to powerful
constraints on galaxy clusters physics.
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APPENDIX A: CORNERPLOTS

We display here the cornerplots of the MCMC optimisations of the
potential of the ICM data, as described Sect. 7. In the following
graphs, densities 𝜌 are displayed in kg.m−3, while core, scale and
cut radii in kpc.
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Figure A1. MCMC optimisation for 𝛽 model of the three relevant parameters for cluster MACS J0242: central density 𝜌0,1, core radius 𝑎1 and density index 𝛽.
As per all other cornerplots, the density 𝜌0,1 is here displayed in kg.m−3 and the core radius 𝑎1 in kpc. Blue: Optimisation performed using the available ICM
data (X-ray here). Magenta: Best strong lensing model (described in Table 2). It is here only presented comparatively. Green: Median of the ICM optimisation.
Gold: Best ICM optimisation. These best ICM-optimisation values are displayed over the histogramme distributions.
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Figure A2. MCMC optimisation for idPIE model, for cluster MACS J0242: DMH central density 𝜌0,1 and core radius 𝑎1, and BCG central density 𝜌0,2 and
cut radius 𝑠2. The DMH cut radius is fixed to the fiducial value of 1.5 Mpc. Densities are displayed in kg.m−3, distances in kpc. Blue: Optimisation performed
using the available ICM data (X-ray here). Red: Strong lensing optimisation. Magenta: Best strong lensing model (described in Table 2). Green: Median of the
ICM optimisation. Gold: Best ICM optimisation.
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Figure A3. MCMC optimisation for idPIE model, for cluster MACS J0242: DMH central density 𝜌0,1, core radius 𝑎1, cut radius 𝑠1, and BCG central density
𝜌0,2. As we saw with Fig. 7, the optimisation of 𝑠2 is not necessary. The BCG cut radius is fixed to the lensing value of 177.6 kpc. Densities are displayed in
kg.m−3, distances in kpc. Blue: Optimisation performed using the available ICM data (X-ray here). Red: Strong lensing optimisation. Magenta: Best strong
lensing model (described in Table 2). Green: Median of the ICM optimisation. Gold: Best ICM optimisation.
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Figure A4. MCMC optimisation for iNFW model of the two relevant parameters for cluster MACS J0242: the density normalisation 𝜌𝑆 and the scale radius 𝑟𝑆 .
Densities are displayed in kg.m−3, distances in kpc. Blue: Optimisation performed using the available ICM data (X-ray here). Red: Strong lensing optimisation.
Magenta: Best strong lensing model (described in Table 2). Green: Median of the ICM optimisation. Gold: Best ICM optimisation.

MNRAS 000, 1–21 (2022)



26 Joseph F. V. Allingham et al.

a1 = 230.97+36.49
−63.24

10
0

20
0

30
0

a1

−4

−2

ln
L

−4 −2

lnL

lnL = −1.12

ICM Optimisation

Best lensing

Median opt.

Best opt.

Figure A5. MCMC optimisation for an empirical gas fraction model of the
core radius for cluster MACS J0242. 𝑎1 is the core radius of the DMH, in
kpc. Blue: Optimisation performed using the available ICM data (X-ray here).
Magenta: Best strong lensing model (described in Table 2). Green: Median
of the ICM optimisation. Gold: Best ICM optimisation.
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Figure A6. MCMC optimisation for the 𝛽 model for cluster MACS J0949. Densities are displayed in kg.m−3, distances in kpc. Left: The optimisation is
performed here only using X-ray data. Right: The optimisation is performed using X-ray and SZ data. Blue: Optimisation performed using the available ICM
data (X-ray here). Magenta: Best strong lensing model (described in Table 2). Green: Median of the ICM optimisation. Gold: Best ICM optimisation.
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Figure A7. MCMC joint optimisation for idPIE model, for cluster MACS J0949: DMH central density 𝜌0,1 and core radius 𝑎1, and BCG central density 𝜌0,2.
The DMH cut radius is fixed to the fiducial value of 1.5 Mpc. Densities are displayed in kg.m−3, distances in kpc. Blue: Optimisation performed using the
available ICM data (X-ray here). Red: Strong lensing optimisation. Magenta: Best strong lensing model (described in Table 2). Green: Median of the ICM
optimisation. Gold: Best ICM optimisation.
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Figure A8. Expected X-ray surface brightness 𝑆𝑋 for idPIE model, for cluster MACS J0949. Green: X-ray data inferred value. Blue: Best ICM-optimised
value, with a idPIE model. Red: Best lens model inferred value. Left: In the case of the optimisation of parameters 𝜌0,1, 𝑎1, 𝑠1, 𝜌0,2 and 𝑠2, as illustrated on
Fig. 10. Right: In the case of the optimisation of parameters 𝜌0,1, 𝑎1, and 𝜌0,2, as illustrated on Fig. A7.
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Chapter 5

Joint Strong Lensing - X-ray galaxy
cluster reconstruction

For it is the business of Ethics, I must insist, not only
to obtain true results, but also to find valid reasons for
them.

— George Edward Moore

In Chapter 4, we showed we could predict the ICM density using the strong lensing optimisation
only for clusters MACS J0242 and MACS J0949. However, this method presents a few issues:

1. The strong lensing optimisations of MACS J0242 and MACS J0949, described in Chapter
3, were performed with respectively 6 and 2 spectroscopically identified multiply-imaged
systems. This limits the quality of the constraints.

2. The cut radius of the dark matter halo (DMH) s1 was always fixed to an arbitrary value.
Although there are physical reasons to choose this value around 1.5 Mpc (see for instance
Chang et al., 2018), we showed in Section 4.3 the importance of this parameter on the ICM
central density, upon using the bijective relationship (4.18) in relaxed or relaxing clusters.
Fixing s1 arbitrarily therefore fundamentally limits the quality of the ICM reconstruction.

3. The ICM optimisation of the analytical models density parameters allowed to reach a good
quality of ICM reconstruction with these profiles. However, a number of parameters were not
optimised (geometry) or were degenerate in their optimisation (e.g. s2 and ρ0,2 to a degree,
for idPIE profiles).

4. The temperature profile was taken to be following equation (4.1), and was normalised with
T500(z) (equation 4.3) and with the extrapolated M500 masses from Section 3.4. Given the
considerable scatter in the temperature relationship (∼ 19%), the fact it was fitted with
X-COP, a cluster data sample at a redshift different from our lensing clusters’, the inherent
scatter of the T500(z) Ghirardini et al. (2019b) relationship, and the extrapolation over M500,
we can not reasonably expect a precise temperature prediction.

In order to address the first problem, we propose in this Chapter to utilise the high quality of
the combined Hubble Frontier Fields1 (HFF, PI: Lotz, Lotz et al., 2017) and VLT/MUSE data of
non-perturbed cluster Abell S1063 (or RXC J2248.7-4431, or SPT-CL J2248-4431, z = 0.3475). To

1https://archive.stsci.edu/prepds/frontier/
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address problems 2. and 3., and more importantly to improve our intrinsic knowledge of galaxy
clusters, we apply to Abell S1063 a joint strong lensing – X-ray fit. In collaboration with Benjamin
Beauchesne, without whom the core coding would not have been possible, we encoded in software
Lenstool (see Section 2.2.3 and 2.2.4) this joint optimisation. This does not allow to determine
s1 directly, but simply to let it free to be optimised, which is relevant to the X-ray data.

The latter problem 4. could be addressed in the future, but comparing the temperature pre-
dicted to that observed with XMM-Newton, they are of the same order of magnitude, and largest
errors are of order ∼ 30%. This is particularly important for SZ effect optimisations, but because
the cooling function Λ(Te) used to compute the X-ray surface brightness varies weakly in this
temperature and metallicity range (∼ 108 K and 0.3Z⊙), this is not too problematic for X-ray
optimisation only (as performed in this Chapter).

5.1 Abell S1063: data

5.1.1 Photometry
We utilised the HFF Advanced Camera for Surveys (ACS, Ford et al., 1998) F435W, F606W

and F814W ‘selfcal’, epoch 1.0 pass-bands, and the Wide Field Camera 3 (WFC3, Kalirai et al.,
2009) F105W, F125W, F140W and F160W pass-bands provide information in the near-IR regime.
These data are publicly available on the HFF website2.

5.1.2 Spectroscopy
We use the two spectroscopic observations of Abell S1063 with VLT/MUSE (Bacon et al., 2010)

(ESO ID: 60.A-9345(A), PI: Caputi & Grillo; 095.A-0653(A), PI: Caputi). The same data have
already been reduced and analysed in Karman et al. (2015, 2017) and Caminha et al. (2016).
Benjamin Beauchesne et al. reduced them with the pipeline presented in Richard et al. (2021),
specifically developed with a focus on cluster fields. To complement this set, Beauchesne et al.
used the CLASH-VLT (ESO ID: 186.A-0798; PI: P. Rosati) VIsible Multi-Object Spectrograph
(VIMOS) observations. The Mercurio et al. (2021) public catalogue assembles almost 4000 spec-
troscopic detections in the cluster field of view, which were used to complement the spectroscopic
catalogue. We provide the multiple images detected with VLT/MUSE Table 5.1.

5.1.3 Preexisting gravitational lensing models
A number of strong gravitational lensing models have been proposed for Abell S1063. Let

us cite Caminha et al. (2016), using CLASH and VLT/MUSE data, the free-form model Diego
et al. (2016), and the Clusters As TelescopeS (CATS, co-PI: Kneib & Natarajan) team models.
Bonamigo et al. (2018) specifically model the mass of the ICM detected with X-ray separately, and
thus disentangle the ICM mass component from the DM. Bergamini et al. (2019) combine CLASH
and HFF imaging data with VLT/MUSE, and propose to use robust stellar kinematics information
on cluster members in order to alleviate the degeneracy between the galaxy-scale DM and the
DMH optimisation. In practice, the spectroscopic measurement of the stellar line-of-sight velocity
distribution of cluster members sets well motivated priors on the mass of the cluster galaxies lensing
catalogue, and samples the Faber-Jackson relationship efficiently (see Section 2.2.4). Sartoris et al.

2https://archive.stsci.edu/prepds/frontier/abells1063.html
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Table 5.1: Spectroscopic detections of 25 multiply-lensed systems in Abell S1063, for a total of 67
images. Coordinates are in degrees (J2000). For reminder, the centre of the cluster is here taken

to be (αc; δc) = (342.18322; −44.530889).

Id. α δ z
1.1 342.1944992 −44.5269980 1.2279
1.2 342.1958996 −44.5289650 1.2279
1.3 342.1864495 −44.5211970 1.2279
2.1 342.1927000 −44.5311350 1.2592
2.2 342.1921899 −44.5299390 1.2592
2.3 342.1798905 −44.5215670 1.2592
4.1 342.1936999 −44.5301380 1.2583
4.2 342.1932997 −44.5294140 1.2583
5.1 342.1791905 −44.5235930 1.3972
5.2 342.1878297 −44.5273130 1.3972
5.3 342.1931610 −44.5365380 1.3972
6.1 342.1742104 −44.5283220 1.4280
6.2 342.1758598 −44.5325530 1.4280
6.3 342.1884908 −44.5399800 1.4280
7.1 342.1694009 −44.5272290 1.8370
7.2 342.1742690 −44.5371080 1.8370
7.3 342.1818598 −44.5404980 1.8370
10.1 342.1902379 −44.5297640 0.7287
10.2 342.1895498 −44.5288420 0.7287
11.1 342.1750686 −44.5410250 3.1160
11.2 342.1731684 −44.5399830 3.1160
11.3 342.1655704 −44.5295300 3.1160
12.1 342.1890499 −44.5300160 6.1070
12.2 342.1810499 −44.5346270 6.1070
12.3 342.1908909 −44.5374610 6.1070
12.4 342.1713023 −44.5198370 6.1070
12.5 342.1840900 −44.5316240 6.1070
13.1 342.1815498 −44.5393580 4.1130
13.2 342.1791695 −44.5387080 4.1130
14.1 342.1788496 −44.5358790 3.1180
14.2 342.1874206 −44.5386990 3.1180
14.3 342.1706519 −44.5220980 3.1180
17.1 342.1858204 −44.5388610 3.6060
17.2 342.1788296 −44.5367360 3.6060
17.3 342.1697821 −44.5219770 3.6060

Id. α δ z
19.1 342.1800496 −44.5384300 1.0350
19.2 342.1755393 −44.5359400 1.0350
19.3 342.1719201 −44.5302500 1.0350
24.1 342.1983813 −44.5357520 2.9780
24.2 342.1924391 −44.5250690 2.9780
24.3 342.1815103 −44.5202540 2.9780
27.1 342.1901500 −44.5309610 5.0510
27.2 342.1908406 −44.5356620 5.0510
30.1 342.2007739 −44.5315052 3.4519
30.2 342.1971164 −44.5248797 3.4519
30.3 342.1858258 −44.5177243 3.4519
31.1 342.1956897 −44.5374213 3.7131
31.2 342.1909905 −44.5267661 3.7131
31.3 342.1763343 −44.5206643 3.7131
33.1 342.1887692 −44.5227760 5.2373
33.2 342.1837999 −44.5212410 5.2373
54.1 342.1829211 −44.5203160 3.1690
54.2 342.1919790 −44.5241800 3.1690
54.3 342.1991014 −44.5360040 3.1690
94.1 342.1892957 −44.5187150 3.2857
94.2 342.1960772 −44.5229570 3.2857
94.3 342.2021704 −44.5321110 3.2857
100.1 342.1969889 −44.5220110 5.8940
100.2 342.1900055 −44.5179556 5.8940
200.1 342.1955895 −44.5283900 1.2279
200.2 342.1948293 −44.5273500 1.2279
303.1 342.1758410 −44.5363610 3.6664
303.2 342.1879175 −44.5404066 3.6664
304.1 342.1738121 −44.5411542 3.2297
304.2 342.1739180 −44.5412128 3.2297
305.1 342.1803066 −44.5246125 3.0816
305.2 342.1838722 −44.5257292 3.0816
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(2020) use the line-of-sight velocity dispersion of individual galaxies to perform a joint fit with an
upgraded MAMPOSSt technique (Mamon et al., 2013). Limousin et al. (2022) utilise a strong light-
traces-mass assumption, and adopt a unimodal cored mass model. Adding a mild perturbation in
the form of a superposition of B-spline potentials, they manage to recover a competitive rms in
spite of strong, physically-motivated priors.

Additionally, Umetsu et al. (2014) studied the weak lensing shear and magnification of
Abell S1063, estimating M500,c = (11.1 ± 3.2) × 1014M⊙ and M200,c = (20.3 ± 6.7) × 1014M⊙.
Williamson et al. (2011) attribute to the cluster M500,c = (13.8 ± 7.6) × 1014M⊙ and M200,c =
(29.0 ± 13.3) × 1014M⊙ with the South Pole Telescope (SPT) SZ effect observations.

5.1.4 X-ray and SZ effect data

Chandra

The X-ray space telescope Chandra archive3 provides with a total available exposure time of
123 ks in VFAINT mode only with the following (ObsId: 4966, PI: Romer, 2004; 18818 and 18611,
PI: Kraft, 2016). The Advanced CCD Imaging Spectrometer (ACIS, see Garmire et al., 2003) I
filter presents three bands4:

• soft: 0.5 – 1.2 keV, of effective average energy 0.92 keV,
• medium: 1.2 – 2.0 keV, of effective average energy 1.56 keV,
• hard: 2.0 – 7.0 keV, of effective average energy 3.80 keV,

for a total broadband 0.5 - 7.0 keV, of effective mean energy 2.3 keV. Benjamin Beauchesne then
reduced these data with the Chandra Interactive Analysis of Observations (CIAO5, see Fruscione
et al., 2006) and CALDB 4.9.6 tools. We can convert counts into flux using the PIMMS NASA
tool. We additionally recovered the background blank-sky associated to the cluster observations
(Hickox and Markevitch, 2006).

We scale down the pixel size to 1.968′′, which is much larger than Chandra on-axis point-spread
function. In first approximation, we therefore neglect the PSF. We cut the image to only keep the
regions immediately around the cluster, for a diameter of 130 pixels (i.e. 1258 kpc).

XMM-Newton

We use the XMM-Newton archive6 publicly available observations of the Abell S1063 cluster. It
was observed for a total of 53 ks (OBSID:0504630101). Dominique Eckert analysed the observation
using XMMSAS v17.0, and the most up-to-date calibration files. With the XMMSAS tools
mos-filter and pn-filter, the light curves of the observations are extracted, and periods of
enhanced background, induced by soft proton flares, are filtered out. After flare filtering, the
available clean exposure time is 32 ks (MOS) and 25 ks (PN) for Abell S1063.

We take the PSF into account as mentioned in Section 4.3. We use maps of diameter ∼ 1000 kpc,
i.e. of 82 pixels. However, after PSF cut to remove border effects, we only keep 66 pixels wide
maps.

3https://cda.harvard.edu/chaser/
4https://cxc.harvard.edu/csc/columns/ebands.html
5https://cxc.cfa.harvard.edu/ciao/
6https://www.cosmos.esa.int/web/xmm-newton/xsa
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ACT

We extracted the SZ effect data of Abell S1063 out of the ACT DR5 map, as in Chapter 5.
However, we do not present how we use these data in this thesis, as the joint model constraints
using SZ effect data is still ongoing work.

5.2 Simple SL model

Cluster catalogue

We take the reference coordinates to be (αc; δc) = (342.183210; −44.530878). Reference mag-
nitudes are taken on the reference band WFC3/F160W, using the AB convention system (Oke,
1974).

To validate a SExtractor detection on one instrument, we require a detection to be included
within all colour-magnitude red sequence cuts, except one. See Section 3.4 for more details on
this method. We then combine WFC3 and ACS, keeping all detections considered detected on at
least one instrument. We provide in Appendix C.3 the cluster member catalogue, Table C.3. We
consider the redshift of all members to be that of the cluster, i.e. z = 0.3475.

SL modelling

Using the 25 multiply-imaged systems for 67 different lensed images summarised in Table 5.1, we
can strongly constrain the mass distribution within cluster Abell S1063. We choose all potentials to
be modelled with a dPIE distribution (see equation 1.67). We turned to existing models of cluster
Abell S1063, cited in Section 5.1.3, to examine lensing priors to optimisation with Lenstool. Most
previous models tend to favour multi-modal distributions, with several cluster-scale halos, on top
of possible gas clumps justified by the X-ray observation, and the BCG optimisation. We notice
that we could place a large-scale halo centred around the north-eastern luminous galaxy 3, which
we will refer to as ‘O3’ from now on. A number of multiply-imaged systems are observable on
the HFF imaging data, although we do not have access to their spectroscopic redshifts (out of the
MUSE field). Using these systems for lensing optimisation is an interesting avenue to explore, but
in the interest of simplicity for the comparison with the X-ray and joint optimisations, we do not
include them in this thesis.

We follow the same sort of modelling procedure as thoroughly described in Sections 2.2.4 and
3.4, and choose to simply model the large-scale mass distribution with one dark matter halo (DMH),
following Limousin et al. (2022). In this strong lensing model, we do not have well motivated cut
radius prior, and therefore fix s1 ≡ rcut,DMH = 1.5 Mpc. All other parameters, geometric and
density, are set free. We fix the geometric parameters of the BCG with photometry, but allow
its density parameters (cut radius, velocity dispersion) to be optimised independently. The BCG
core radius is set to an arbitrary small a2 = 0.5 kpc. As in the MACS 0242 and MACS 0949
models, this presents a risk of seeing the DMH and BCG density parameters degenerate. However,
Abell S1063 presents a much larger set of constraining multiple images, some of which are very
central to the cluster. This should attenuate the parameter degeneracy. At last, we optimise the
whole L⋆ galaxy catalogue with the classic Faber-Jackson relationship (equation 2.62). We take
the reference pivot magnitude corresponding to WFC/F160W magnitudes to be mag0 = 18.2172.
Its core radius is fixed to the arbitrarily small value a⋆

0 = 0.15 kpc, and, noticing the possible
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degeneracy between the velocity dispersion and cut radius, we fix the former σ⋆
0 = 180 km.s−1. We

conduct the inversion in the image plane.

SL model

We find this model to yield a rms = 0.82′′, which is a bit more than most models presented in
Section 5.1.3, but good enough to consider this model as a good description of the cluster physics
in the central regions (R < 200 kpc). We moreover expected this simple cored model to present
a higher rms than models using more degrees of freedom (using external shear, additional large
scale halos such as O3, gas clumps, or B-spline potentials). We find M(< 200 kpc) = 2.174+0.003

−0.004 ×
1014M⊙. The extrapolated mass and radius at 500 × ρc(z) are M500,c = 1.316+0.009

−0.008 × 1015M⊙ and
R500,c = 1476.9+3.2

−3.2 kpc. As in Section 3.4, we remind the reader that these values are speculative,
as the cluster’s outskirts could not be probed using strong lensing only, and assume s2 = 1.5 Mpc
based only on reasonable estimates from the literature.

The optimisation is of good quality, except for parameter rcut,BCG = s2, whose optimisation
appears degenerate (matching previous results on clusters MACS J0242 and MACS J0949). We
summarise the optimised model posterior parameters in Table 5.2.

5.3 X-ray idPIE optimisation

Model

As in Chapter 4, we use X-ray data to optimise the ICM density, assuming a idPIE ne distri-
bution. This optimisation was based on the geometric parameters fixed by the joint optimisation
described in the next Section 5.4. We note that using the parameters of the previous Section
5.2 would not have made a great difference, but this simply allows us to start with a better es-
timate of M500,c, close to the value found with XMM-Newton analysis. Using this value is also
consistent with the idea of an incremental optimisation of the density profile description, including
in the outskirts of clusters, and makes extensive use of Chandra X-ray data. We thus used the
M500,c = 1.523×1015M⊙ result of the joint optimisation as a start, yielding a prior on T0 = 13.8 keV.
We allowed the M500,c value to evolve at each MCMC step, effectively changing the temperature
normalisation.

We have chosen to perform and present two types of ICM optimisation: one accounting for the
BCG in the potential traced by ne alongside the DMH, or another assuming only the DMH was
traced by the ICM. To be clear, as for the L⋆ catalogue, excluding the BCG from the ICM optimi-
sation does not remove its mass from the M500 value used to normalise the temperature. This mass
is still taken into account, but in the ‘DMH only’ model, we simply assume the baryonic physics
of the BCG not to be reducible to the ICM. This assumption could be justified notably because
the stellar fraction of galaxies, including the BCG, is much higher than that of the rest of the
cluster, for equivalent total baryonic fractions. As a consequence, the ionisation fraction, assumed
to be FI = 1 across the whole cluster, may be smaller in the centre. Moreover, non-gravitational
processes such as Active Galaxy Nuclei (AGN) feedback, gas cooling, shocks, turbulence, bulk
motions, cosmic rays and magnetic fields make the cluster centre particularly difficult to model
using only a gravitational model (Ghirardini et al., 2019b).

We also take into account the absorption of foreground gas. The galactic hydrogen column
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density is 1.26×1020 cm−2, according to the galactic hydrogen NASA tool7, yielding an absorption
factor 0.9873 in the 0.7 – 1.2 keV XMM-Newton band.

We also can perform an identical optimisation using the Chandra data, either independently,
or jointly with the XMM-Newton data. In this case, we reduce the Chandra maps to a diameter
of 1 Mpc, i.e. 104 pixels. The respective galactic hydrogen absorption for the soft, medium and
hard bands are 0.9807, 0.9967 and 0.9996. If we use both X-ray telescopes data simultaneously,
we sum the log-likelihoods as in equation (4.30). For the moment, for the sake of simplicity of
X-ray data interpretation, we have not run this joint optimisation, and simply perform the sole
ICM optimisation with XMM-Newton observations.

Results

We display the cornerplots of the DMH only and of the DMH and BCG models on Fig. 5.1 and
5.2 respectively. We compare the X-ray surface brightness SX on Fig. 5.3. The cornerplots are
the most efficient way to see that, in both DMH only and DMH & BCG optimisations, the ICM
optimisation best fitting values agree with the joint optimisation Section 5.4 very tightly. As in
Section 4.3, the constraints yielded by the ICM are nowhere as good as those of SL, as the error
bars are very important.

Using the SX predicted values with the Chandra – strong lensing model only, assuming the
DMH only to trace the ICM yields an under-prediction of the surface brightness (see Figure 5.3,
left panel). Conversely, assuming the DMH and the BCG to represent the gravitational potential
traced with the ICM, the predicted SX appears to match the XMM-Newton observations. As
the joint optimisation of the next Section only uses the DMH only tracing X-ray hypothesis, this
result is troublesome. We may however be able to explain it by the different cooling curve and
temperature models used in both cases, alongside a possible difference in the inferred density ne

by Chandra data. Another explanation may be that the joint optimisation in the cluster centre
is governed by strong lensing, as this is where its constraints are the tightest, and that our choice
in the next Section not to use the BCG to trace ne was unjustified. More realistically, we would
expect the transition between DMH and BCG (10 ≲ r ≲ 50 kpc) to be also a transition in the
nature of baryonic matter between stellar content and ICM. We summarise the corresponding
parameters and M500,c in Tables 5.2 and 5.3.

5.4 Cluster joint reconstruction

Temperature and emissivity priors

As in Section 3.4, assuming hydrostatic equilibrium, we use the hydromass8 (Eckert et al.,
2022b) package to extract the NFW density distribution and thermodynamic profile out of the
XMM-Newton data. This yields R500,c = 1554+42

−40 kpc and M500,c = 1.454+0.123
−0.110 × 1015M⊙. The

comparison between these observables for all models presented here is displayed on Table 5.3.
Using equation (4.3), we take a temperature normalisation for the self-similar varying index

polytropic temperature model (4.1) of T0(z = 0.3475) = 13.4 keV. Contrarily to the X-ray only
optimisation, this normalisation value is here fixed.

7https://heasarc.gsfc.nasa.gov/cgi-bin/Tools/w3nh/w3nh.pl
8https://github.com/domeckert/hydromass
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Table 5.2: Best fit parameters for Abell S1063 of the strong lensing mass model, of the X-ray
optimisation using one DMH idPIE profile, a DMH and a BCG idPIE profile, and of the joint SL

– X-ray optimisation. We here list the central coordinates relative to the centre ∆α and ∆δ in
arcsec, the ellipticity e, the position angle in degrees θ, the core radius in kpc rcore, the cut radius
in kpc rcut, and the velocity dispersion in km.s−1 σ, for each component of the model. The centre
is taken to be (αc; δc) = (342.183210; −44.530878) deg. The asterisks highlight parameters which

are fixed during the optimisation. L⋆ denotes the Faber-Jackson scaled galaxy catalogue.

∆α ∆δ e θ rcore rcut σ

Strong lensing only
DMH −1.20+0.08

−0.13 1.14+0.12
−0.03 0.580+0.005

−0.004 142.72+0.06
−0.09 119.95+2.14

−1.62 1500⋆ 1321.1+5.0
−8.1

BCG 0.00⋆ −0.02⋆ 0.460⋆ −33.47⋆ 0.50⋆ 234.05+129.54
−49.90 311.26+12.03

−9.09

L⋆ 0.15⋆ 17.38+1.03
−1.09 180⋆

X-ray only, DMH
DMH −1.18⋆ 1.11⋆ 0.586⋆ 142.69⋆ 119.00+47.49

−48.67 4710+440
−1120 1235.8+918.0

−319.7

X-ray only, DMH & BCG
DMH −1.18⋆ 1.11⋆ 0.586⋆ 142.69⋆ 163.50+35.12

−75.97 4470+420
−1310 1289.0+1240.5

−186.7

BCG 0.00⋆ −0.02⋆ 0.460⋆ −33.47⋆ 0.50⋆ 216.25⋆ 404.15+140.64
−190.11

Joint X-ray and strong lensing
DMH −1.18+0.07

−0.13 1.11+0.09
−0.04 0.586+0.006

−0.004 142.69+0.06
−0.08 109.21+1.37

−2.18 3663.12+210.26
−89.08 1277.75+4.32

−10.79

BCG 0.00⋆ −0.02⋆ 0.460⋆ −33.47⋆ 0.50⋆ 216.25+125.18
−35.08 305.47+10.76

−12.96

L⋆ 0.15⋆ 15.97+1.02
−1.09 180⋆

Table 5.3: Comparison of M500,c and R500,c for cluster Abell S1063. Error bars show a 68%
confidence interval around the best fit model. Masses are given in 1015M⊙ and distances in kpc.

Columns respectively represent: (i) The XMM-Newton X-ray masses, following a NFW fit,
assuming hydrostatic equilibrium (HSE). (ii) The SL only model. Its constraints on M500 are

very weak, as R500 is of the order of s1, meaning the cut radius of the DMH matters in the M500
calculation, and SL only models can not probe such large radius values. (iii) The ICM

optimisation only, with XMM-Newton data, including only a DMH component. (iv) The ICM
optimisation only with XMM-Newton data, with a DMH and a BCG components. (v) A joint
optimisation with our modified Lenstool, with SL and Chandra data. We find the maximum

M500,c variation to be ∼ 10%.

XMM HSE SL only ICM (DMH) ICM (DMH & BCG) Joint opt.
M500,c 1.454+0.123

−0.110 1.316+0.009
−0.008 1.468+0.979

−0.437 1.591+0.909
−0.412 1.523+0.006

−0.013

R500,c 1554+42
−40 1476.9+3.2

−3.2 1508.1+291.4
−176.6 1561.0+259.2

−152.3 1550.8+2.0
−4.2

150



ρ0,1 = 4.15+8.46
−1.87 × 10−22

80

16
0

a
1

a1 = 119.00+47.49
−48.67

25
00

50
00

s 1

s1 = 4.71+0.44
−1.12 × 103

1.
5

3.
0

ρ0,1
×10−21

−4
.5

−3
.0

−1
.5

ln
L

80 16
0

a1

25
00

50
00

s1

−4
.5

−3
.0

−1
.5

lnL

lnL = −0.91

ICM Optimisation

Lens

Best lensing

Median opt.

Best opt.

Figure 5.1: ICM optimisation with DMH only model cornerplot. Blue: ICM optimisation with
XMM-Newton. Red: Joint optimisation with SL and Chandra. Magenta: Best joint optimisation

parameters values. Green: Median of the ICM optimisation. Gold: Best ICM optimisation.

The optimisation encoded in Lenstool for the moment only allows to use Chandra X-ray
data as additional constraints, although it is projected to add XMM-Newton and SZ effect data
in the long term. The X-ray spectral emissivity (cooling curve) is also not calculated given the
temperature deducted from the electron density, but computed a priori using Chandra data and
the Astrophysical Plasma Emission Code (APEC)9. The emissivity map then remains constant
throughout the optimisation.

9http://atomdb.org/

151

http://atomdb.org/


ρ0,1 = 2.42+6.90
−0.65 × 10−22

80

16
0

a
1

a1 = 163.50+35.12
−75.97

25
00

50
00

s 1

s1 = 4.47+0.42
−1.31 × 103

4

8

ρ
0
,2

×10−18 ρ0,2 = 2.46+2.01
−1.77 × 10−18

1.
5

3.
0

ρ0,1
×10−21

−4
.5

−3
.0

−1
.5

ln
L

80 16
0

a1

25
00

50
00

s1

4 8

ρ0,2

×10−18−4
.5

−3
.0

−1
.5

lnL

lnL = −0.91

ICM Optimisation

Lens

Best lensing

Median opt.

Best opt.

Figure 5.2: ICM optimisation with DMH and BCG model cornerplot. Blue: ICM optimisation
with XMM-Newton. Red: Joint optimisation with SL and Chandra. Magenta: Best joint

optimisation parameters values. Green: Median of the ICM optimisation. Gold: Best ICM
optimisation.

Given the degeneracy between BCG and DMH SL optimisations for clusters MACS J0242 and
MACS J0949, we considered Chapter 4 more appropriate to let the BCG idPIE free to vary.
Posterior distributions showed this resulted into a degenerate optimisation parameter space for
the core and cut radius a2 and s2 (the former not presented then), and in a higher limit on the
BCG density normalisation ρ0,2. In the case of Abell S1063, we notice the X-ray optimisation to be
of better quality if only the DMH is taken to represent the X-ray traced potential. We therefore
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Figure 5.3: X-ray surface brightness SX for idPIE model, for cluster Abell S1063. Green:
XMM-Newton observed surface brightness. Red: Joint optimisation predicted SX (see Section
5.4). Blue: ICM-optimised SX . Left: DMH only model, as illustrated on Fig. 5.1. Right: DMH

and BCG model, as illustrated on Fig. 5.2.

only include a DMH X-ray idPIE counterpart10.

Lens modelling

We utilise the exact same cluster member galaxies and multiply-lensed images catalogues as in
Section 5.2. The fixed and optimised parameters are exactly the same, except for the cut radius
of the DMH s1, which we here can legitimately optimise with ICM data, as it is a main result of
Chapter 4. We let it free to vary between 0.5 and 10 Mpc.

Relative likelihood weight

In Section 4.2.4, we described a joint likelihood between X-ray and SZ effect data through equa-
tion (4.30), which is simply the normalised total log-likelihood of the relative difference between
model predictions and data in all bins. In equation (2.63), we defined the χ2 model error charac-
terisation with Lenstool for SL fits. In the present case of joint likelihood fit however, multiplying
likelihoods of different natures is a non-trivial problem. Indeed, this would give shape to a joint
optimisation, but the relative weight of each component could be absolutely disproportionate, not
to mention this does not take into account the amount of information carried within each X-ray
pixel or multiple image position. A possible way to address this problem would be to Bayesianly
calculate the amount of information carried by each signal, relative to the parameters we optimise
(say here the gravitational potential and electron density ne). Information field theory (see Enßlin,
2013) could be an interesting pathway to explore in the future. More practically, we could run

10The possibility of including the BCG was also explored. This yields an identical optimisation of the SL
parameters, but presents a ∼ 50% increase in the central surface brightness, exceeding the observed signal by
the same margin (on average).
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a joint fit reconstruction on a mocked cluster, and deduct the relative weight required between
X-ray and SL data. In this thesis, we limit ourselves pragmatically to compare two cases:

1. The naive ‘each information is equally valuable’ hypothesis, simply performing:

ln LJ = ln LSL + ln LX . (5.1)

2. The weighed approach, appointing equal weights a priori to the lensing and X-ray data:

ln LJ = 1
NTOT

im
ln LSL + 1

NX

ln LX . (5.2)

We choose in this Section to present the latter case, to avoid having the X-ray optimisation
dominate11. With 67 multiple images and 16900 Chandra pixels, we fixed the new Lenstool
relative weight parameter, multiplying the SL likelihood, to 252.2.

Results

We present cluster Abell S1063 joint SL – X-ray potential model on Figure 5.4. The associated
X-ray surface brightness map, compared to the Chandra observations, is displayed on Figure 5.5.
The final model yields parameter optimisations very close to the SL only model. s1 is an interesting
case: its final optimised value is s1 = 3663.1+210.3

−89.1 kpc. We compare this value to those found with
ICM optimisation only, with XMM-Newton: 4710+440

−1120 and 4470+420
−1370 kpc for DMH only and DMH

& BCG models respectively. Upon careful consideration of the error bars, all these values agree
within 1 ICM-optimisation σ.

We present the 3D density extrapolation on Figure 5.6. The ICM optimisation is of good
quality considering it was only modelled by one DMH idPIE profile. Substructures appear clearly
in the residuals, which we can interpret this in a number of manners:

1. Let us recall the limits of our method: we assume a temperature profile (self-normalised
polytropic with varying index), and hydrostatic equilibrium. The second hypothesis is never
entirely verified, as the ICM dynamics often appear to be a lot more perturbed than that of
galaxies or DM. For example, the cluster and ICM large scale ellipticities are different, with
that of DM always being higher.

2. In this specific case, we assumed the DMH represents the ICM distribution. The local
densities, and notably that of the BCG must be having an effect on the ICM, but because the
ICM is a thermalised hot plasma, we do not expect it to strongly cluster in concentrations
of potential, such as galaxies. In Section 4.3, with the ICM optimisation, we obtained
lower BCG density normalisations too. In this joint optimisation, we did not take the BCG
potential into account; however the proper physical treatment in the very central regions
(R ≲ 20 kpc) might require a dedicated, separate study.

3. Contrarily to a number of models (see Section 5.1.3), we did not include another large-scale
halo, nor gas clumps to explain the X-ray surface brightness. This dedicated treatment of
local effects may in themselves suffice to explain these overdense and underdense clumps.

11We attempted to use this ‘naive’ log-likelihood, but the SL constraints were completely off to rms = 1.91′′ at
best.
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Figure 5.4: Composite RGB colour HST image of Abell S1063. ACS/F814W, F606W and
F435W constitute the respective red, green and blue image colours here. Red: Critical lines of

system 1, at redshift 1.2279. Green: XMM-Newton ICM distribution. Cyan: Positions of the 67
multiple images used to constrain the mass model. They are listed in Table 5.1. Orange: Largest

dPIE potentials. 1 represents the DMH, 2 the BCG, and 4 the possible centre of the O3
cluster-scale halo. We notice a concentration of the heaviest galaxy potentials in this

north-eastern region (3, 4, 5 and 7). 6 is out of the field of view.

With the small X-ray fitting parameter space, we clearly underfit the physical reality (as supported
by the output statistical estimation of the modified Lenstool).

Moreover, the addition of an O3 large-scale DMH, centred on galaxy 3 (potential 4 on the
Figures) improves the SL model to rms = 0.67′′, and even 0.59′′ if we let its ellipticity free to
evolve. This however does not significantly change the X-ray surface brightness model.

Table 5.2 respectively show that all models presented here (Sections 5.2, 5.3 and this present
joint SL – X-ray optimisation) yield best optimised parameters which all recover each other’s
1σ range. We can draw two exceptions, which are not too different, but whose small error bars
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Figure 5.5: Chandra Abell S1063 count maps. We display in green the most dominant galaxy
potentials, similarly to Figure 5.4. Left: Observational data. A few pixels were removed (set to

zero here, but removed from optimisation) due to lack of exposure. All maps are 130 pixels wide
(i.e. 1258 kpc). Middle: Predicted X-ray surface brightness after joint optimisation. The order of

magnitude certainly matches the observational data. Right: Residual map of the observation
minus the prediction. Globally, the idPIE reconstruction provides with the right order of

magnitude surface brightness. We observe our model to be over-predicting the surface brightness
on a north-east - south-west diagonal, and to under-predict on the other diagonal. This sort of

defaults are to be expected from a simple one DMH and no gas clumps such as ours, as the
cluster is not perfectly relaxed.

create small differences: the SL only and the joint SL – X-ray models present different a1 and σ1
parameters. This can be explained by the conjunction of ICM optimisation and the larger s1 in
the latter case.

Table 5.3 displays the R500,c and M500,c of all models. We may disqualify the SL only model,
as its large scale parameter s1 was chosen ad hoc and not optimised. M500,c masses all within
10% error bars, even matching the hydrostatic NFW XMM-Newton profile. The latter presents
M200,c = 2.108+0.221

−0.190 × 1015M⊙, while our joint optimisation model yields 2.275+0.008
−0.014 × 1015M⊙,

still displaying a ∼ 10% difference. We compare these values to Umetsu et al. (2014) M200,c =
(2.03 ± 0.67) × 1015M⊙ and find a ∼ 10% difference with our joint optimisation value. However
we did not directly probed regions as far as R200,c, predicted in our joint optimisation to be
2405.7+2.9

−5.0 kpc, but simply utilised more central probes of X-ray to probe what we expect outer
density profiles to yield. Although we would need to replicate this on another cluster, to seriously
investigate how the BCG should be taken in consideration, and to use combined Chandra and
XMM-Newton data in the whole optimisation set (ICM and joint optimisation), we conclude to
the relative success of our ICM reconstruction with lensing and joint optimisation.

This result represents an important step towards a more holistic understanding of the physics
of galaxy clusters.

5.5 Discussion
A number of avenues can be taken to improve this result. For instance, we could use a nega-

tive binomial distribution to model the X-ray counts more appropriately than through the Cash
statistics (see equation 4.28). This would allow to take the intrinsic count error into account. As
mentioned before, we could also use the fundamental plane relationship (equation 3.1) instead of
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Figure 5.6: Tridimensional density of the joint optimisation of Abell S1063. Blue: Total density
profile. Red: DM halo. Green: BCG. Magenta: Best NFW fit.

Faber-Jackson, or a sum of B-spline functions. These features have been encoded in Lenstool,
notably by Benjamin Beauchesne. We could also utilise the line-of-sight velocity dispersion σlos to
tune the galaxy catalogue velocity distribution, and hence the mass of cluster members galaxies
(Lagattuta et al., 2022; Granata et al., 2022).

More generally, a probe of the large scale potential should confirm or infirm our results on the
large-scale dark matter halo. On top of using the individual spectroscopically measured velocity
dispersions of cluster members, at least two avenues could be taken to probe the large scale
potential:
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1. As already mentioned in the case of Umetsu et al. (2014), we could use weak lensing to probe
the outskirts of relaxed clusters. Abell S1063 is a particularly good candidate, as it is part of
the BUFFALO survey (Steinhardt et al., 2020), particularly efficient at probing the outskirts
of clusters.

2. Galaxy-galaxy strong lensing (GGSL) detections may constrain the larger-scale potential
derivatives, and thus the potential shape (Limousin et al., 2005; Limousin et al., 2006).
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Chapter 6

Conclusion

Continuous progress in gravitational lensing surveys has allowed to precisely describe the grav-
itational content of galaxy clusters. Comparable improvements in X-ray astronomy achieved a
similar success for the baryonic intra-cluster medium (ICM). New telescopes such as the James
Webb Space Telescope and Euclid for gravitational lensing, as well as the X-Ray Imaging and
Spectroscopy Mission or Athena for the ICM will either indicate the presence of interacting dark
matter (DM), or set tighter constraints on DM interactions.

After introducing the general cosmological context (Chapter 1), I have presented strong grav-
itational lensing (SL, Chapter 2), and how to typically reconstruct the density distribution of a
galaxy cluster lens using imaging and spectroscopic data (Chapter 3). Strong lensing clusters
MACS J0242 and MACS J0949 served as examples of the powerful combination of the imaging and
photometric data extracted from optical Hubble Space Telescope observations and of the Multi Unit
Spectroscopic Explorer at the Very Large Telescope spectroscopic data. A thorough comparison
with XMM-Newton X-ray observations was conducted, finding a discrepancy in the case of both
cluster, which may be simply explained by the lack of strong lensing constraints.

These clusters however served to probe the hydrostatic ICM-strong lensing relationship, es-
tablished during this thesis (Chapter 4). After using the X-COP cluster sample to tune both a
universal polytropic ICM density law and a general gas fraction relationship, I could indeed relate
the dark and X-ray luminous contents of clusters with a stiff bijective relationship. Although its
stiffness creates a number of issues, such as requiring an incredibly fine-tuned precision in the
strong lensing parameter fit, it may also be used to constrain the DM density profile. Using dPIE
and NFW parametric models, I showed that the models were at least consistent with strong lensing
outputs, assuming the ICM was following the dark matter halo and the brightest cluster galaxy
(BCG) potentials.

I further investigated this relationship (Chapter 5), using the non-perturbed, Hubble Frontier
Fields strong lensing cluster Abell S1063. Being constrained by 67 different multiple images, it
presents a strong lensing model in concordance with the ICM-optimised XMM-Newton hydrostatic
predictions. Moreover, I proposed a modified version of strong lensing algorithm Lenstool, to
conduct the joint ICM (Chandra data) and strong lensing optimisation. This resulted in consistent
constraints on cluster Abell S1063, aiding to probe the large scales of the potential looking at the
centre ICM and strong lensing. However, more studies on this topic are required, first of which
to determine the exact role to attribute to the BCG potential tracing our bijective ICM-DM
relationship. A more thorough study of stellar physics in the BCG, and joining Chandra and
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XMM-Newton observations may light the path towards this general description of galaxy clusters.
Nonetheless, the joint fit model does not use data from the outskirts of clusters, but agrees with
weak lensing data, showing its robustness. A more general study, e.g. using the Beyond Ultra-deep
Frontier Fields And Legacy Observations to constrain weak lensing, galaxy-galaxy strong lensing
within the cluster halo, or the velocity dispersion of cluster galaxies, should assist confirming or
infirming the validity of this technique in the near future.
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Appendix A

Remarks on Lenstool

As we made an extensive use of Lenstool1 (Kneib et al., 1996; Jullo et al., 2007; Elíasdóttir
et al., 2007; Jullo and Kneib, 2009) during this thesis, we make a few additional remarks on its
usage.

Joint optimisation Lenstool

The version encoded for joint optimisation is new, and therefore still subjected to changes.
Benjamin Beauchesne’s joint optimisation will be part of the Lenstool release version 8. It allows
to take Chandra count maps as inputs, and to select the gravitational potentials which must
be optimised both with gravitational lensing and the X-ray maps. The selected potentials are
appointed a certain fraction of gas, which is X-ray brilliant, and the rest is assumed to be dark
is X-ray. The electron density simply follows that of the global potential, e.g. dPIE. This also
assumes to use a Chandra exposure map, which is the product of the X-ray emissivity and the
exposure time, as well as a total detector background map, presenting the particle background,
soft protons, out-of-time events, etc.

My version utilises a number of these tools, but instead of appointing to the selected poten-
tials a distribution similar to that of the total density, it assumes the potential to be dynamically
relaxed, and uses relationship (4.18). This does not require a gas fraction, and distributes the po-
tential according to the selected profile (e.g. dPIE), while appointing the corresponding hydrostatic
bijective profile (e.g. idPIE). This also assumes the temperature distribution to be polytropic with
a varying index (equations 4.1 and 4.2). Although I plan to make more options available, for the
moment the temperature profile used to compute the electron density ne, and therefore the surface
brightness SX is fixed.

My code is available upon request.

Complement to strong lensing optimisations

To complement Chapter 3, we provide here the cornerplots of the lensing optimisations.

1https://projets.lam.fr/projects/lenstool/wiki
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Figure A.1: MACS J0242 Lenstool optimisation. Best values are displayed in red.
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Figure A.2: MACS J0949 Lenstool optimisation. Best values are displayed in red.
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Figure A.3: Abell S1063 Lenstool joint optimisation. Best values are displayed in red.
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Appendix B

Ellipse and ellipsoid

Ellipse

With a and b respectively semi-major and minor axes of the ellipse, one can define:

c =
√

a2 − b2,

e = c

a
=
√

1 − b2

a2 ,

E = a2 − b2

a2 + b2 ,

f = 1 −
√

1 − E
1 + E

= 1 − b

a
,

(B.1)

where c is the focal radius, e is the eccentricity, f the flattening and E the ellipticity. Lenstool’s
parameter is the ellipticity E .

We remind the ellipse equation for a rotation angle θ:[
x cos θ + y sin θ

a

]2

+
[

x sin θ − y cos θ

b

]2

= 1, (B.2)

which, with R =
√

ab = (1 − f)1/2a = (1 − f)−1/2b, can be rewritten:

(1 − f) [x cos θ + y sin θ]2 + (1 − f)−1 [x sin θ − y cos θ]2 = R2 (B.3)

Ellipsoid

In this thesis, we have considered the rotation angle ϕ between the sky plane and the ellipsoid
representing the gravitational potential or the electron density distribution ne to be null. We
considered the ‘semi-depth’ c to be the geometric average of the measured or optimised semi-
major and semi-minor axes (a and b respectively).

Here, let us however write the general ellipsoid equation, which we encoded but never utilised,
for our models already presented a large number of optimisable parameters. We write the 3D
rotation as a composition of rotations along axes (Ox) and (Oz), where x, y are the abscissa and
ordinate on the sky plane, and z the Cartesian axis pointing towards the observer. We define

V



a rotated Cartesian basis (x′, y′, z′) corresponding to the ellipsoid semi-major, semi-minor and
semi-depth axes respectively. This rotation R3D(θ, ϕ) = Rx (ϕ) Rz(θ) reads:x′

y′

z′

 = R3D(θ, ϕ)

x
y
z

 =

 x cos θ −y sin θ
x sin θ cos ϕ +y cos θ sin ϕ −z sin ϕ
x sin θ sin ϕ +y cos θ sin ϕ +z cos ϕ

 , (B.4)

yielding the coordinates in the initial (x, y, z) basis:


x = x′ cos θ +y′ sin θ cos ϕ +z′ sin θ sin ϕ
y = −x′ sin θ +y′ cos θ cos ϕ +z′ cos θ sin ϕ
z = −y′ sin ϕ +z′ cos ϕ

(B.5)

which, re-indexing the axes notation (x′, y′, z′) → (x, y, z), re-writes as the ellipsoid equation:[
x cos θ + y sin θ cos ϕ + z sin θ sin ϕ

a

]2

+[
−x sin θ + y cos θ cos ϕ + z cos θ sin ϕ

b

]2

+
[

−y sin ϕ + z cos ϕ

c

]2

= 1.

(B.6)

Assuming c =
√

ab = R, we can get the general formula we utilised to compute the X-ray surface
brightness and tSZ temperature contrast:

(1 − f) [x cos θ sin ϕ + y sin θ cos ϕ + z sin θ sin ϕ]2+
(1 − f)−1 [−x sin θ + y cos θ cos ϕ + z cos θ sin ϕ]2 + [−y sin θ + z cos ϕ]2 = R2.

(B.7)

with f the 2D flattening.
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Appendix C

Cluster member catalogues

C.1 MACS J0242

Table C.1: Cluster members in the cluster MACS J0242. Coordinates are in degrees (J2000). We
remind that the reference coordinates are (40.649555; −21.540485) deg. Magnitudes are given on

the reference band ACS/F606W. All spectroscopic redshift detections are also provided.

Id. ∆α ∆δ a b θ Mag. z
1 0.04387 −0.08964 1.886 1.499 1.83 17.765 0.3130
2 −31.28771 72.89640 1.027 0.396 2.34 19.898 _
3 59.25290 79.37028 0.595 0.593 −14.20 20.055 _
4 82.31906 −5.37408 0.829 0.501 23.90 20.081 _
5 −47.40417 −5.82480 0.731 0.410 −4.47 20.214 _
6 −15.10797 −27.08856 0.639 0.579 15.96 20.300 0.3077
7 41.34414 67.98780 0.856 0.250 78.65 20.403 _
8 −40.03867 −37.35648 0.707 0.458 2.19 20.417 _
9 −34.13604 82.73088 0.490 0.361 −57.11 20.497 _
10 −22.17081 −25.28244 0.461 0.398 47.51 20.579 0.3090
11 −39.45615 −9.50292 0.577 0.497 −18.93 20.606 _
12 −0.17410 −85.03488 0.679 0.541 66.40 20.684 _
13 40.07941 −21.35844 0.538 0.298 18.68 20.717 _
14 −55.06516 2.58516 0.510 0.429 −72.09 20.743 _
15 30.35374 27.99936 0.444 0.397 20.70 20.755 0.3048
16 24.94303 −2.78028 0.557 0.453 57.00 20.794 0.3077
17 −0.58699 −10.44720 0.346 0.307 58.47 20.857 0.3146
18 9.65098 58.14252 0.336 0.299 47.29 20.909 _
19 11.11789 −1.36080 0.363 0.278 49.50 20.990 0.3167
20 −0.83987 28.68948 0.449 0.406 −37.30 20.993 0.3165
22 −59.39017 −47.69208 0.429 0.323 −49.35 21.088 _
23 −83.69362 −5.46732 0.465 0.239 9.16 21.138 _

VII



Id. ∆α ∆δ a b θ Mag. z
24 24.38023 −0.91332 0.376 0.346 50.95 21.171 0.3234
25 −3.26758 61.42392 0.535 0.426 65.98 21.194 _
26 −25.07848 −13.18140 0.597 0.561 14.99 21.220 0.3244
27 49.42146 20.32488 0.355 0.300 −26.05 21.256 _
28 20.14277 11.82312 0.326 0.288 72.53 21.293 0.3174
29 −51.34062 64.83132 0.323 0.205 −73.98 21.303 _
30 46.32957 16.15500 0.365 0.294 −16.58 21.355 _
31 −34.59219 72.73908 0.571 0.266 46.59 21.402 _
32 14.82022 −54.79812 0.419 0.352 −62.09 21.412 _
33 38.41846 −45.74088 0.512 0.491 −80.91 21.450 _
34 11.40405 7.20108 0.381 0.265 −46.09 21.532 0.3093
35 −17.83469 −52.88184 0.346 0.225 −57.40 21.535 _
36 78.72372 36.71964 0.533 0.277 −77.10 21.560 _
37 −14.11504 −19.26612 0.336 0.300 −89.74 21.586 0.3193
38 40.39683 −64.76652 0.681 0.221 −33.36 21.641 _
39 84.37511 26.05680 0.376 0.268 73.13 21.694 _
40 41.15684 2.97792 0.275 0.217 48.32 21.719 _
41 −32.93871 −55.83168 0.357 0.316 69.32 21.729 _
42 −52.63506 −14.39172 0.495 0.255 27.71 21.762 _
48 −32.01421 8.88084 0.272 0.234 −37.14 21.934 _
50 −25.28700 5.56740 0.380 0.317 81.31 22.003 0.3170
51 14.86643 −7.60824 0.507 0.149 26.66 22.008 0.3076
53 1.98569 −2.65572 0.220 0.187 −77.60 22.153 _
56 33.50701 −1.86696 0.253 0.233 −82.69 22.360 _
57 2.63497 −4.57524 0.244 0.192 87.82 22.379 _
58 −6.79773 10.08684 0.310 0.139 −59.26 22.411 0.3050
59 −7.93802 15.31008 0.226 0.213 −77.99 22.419 0.3210
60 −12.35902 19.17144 0.360 0.244 −33.30 22.470 0.3033
61 16.68617 18.10188 0.351 0.248 78.90 22.470 0.3029
62 7.92904 −24.42492 0.192 0.165 88.76 22.496 0.3135
63 −6.87397 27.19584 0.169 0.143 −71.32 22.575 0.3162
65 −6.51462 25.22376 0.444 0.165 −72.61 22.621 0.3107
66 −19.21865 5.58900 0.638 0.211 84.91 22.654 0.7707
67 22.83945 12.06684 0.336 0.214 54.66 22.709 0.3219
68 −1.18204 −4.28328 0.269 0.216 84.02 22.716 _
70 21.90377 10.52964 0.248 0.190 −32.20 22.851 0.3200
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C.2 MACS J0949

Table C.2: Cluster members in the MACS J0949. Coordinates are in degrees (J2000). We remind
that the reference coordinates are (αc; δc) = (147.4659012; 17.1195939). Magnitudes are given on

the reference band ACS/F814W.

Id. ∆α ∆δ a b θ Mag. z
1 −51.61743 −32.11128 1.344 0.709 45.31 18.761 _
2 0.05608 −0.15120 1.344 0.740 −57.20 18.789 0.3829
3 −17.02960 5.76108 0.704 0.657 60.72 18.875 0.3817
4 51.33490 121.06692 0.742 0.529 50.52 18.970 _
5 15.93092 −74.92248 0.812 0.526 −24.40 19.054 _
6 40.92259 −16.74180 0.569 0.543 12.07 19.451 _
7 74.12377 −59.79348 0.554 0.385 55.49 19.524 _
8 −73.52793 −48.20544 0.549 0.340 −50.73 19.597 _
9 7.15976 −8.94204 0.647 0.482 43.03 19.608 0.3769
10 11.53996 8.03088 0.568 0.398 −74.03 19.657 0.3668
11 −9.82565 27.00900 0.434 0.362 −37.60 19.665 0.3805
12 85.20617 −42.97716 0.735 0.612 −3.76 19.696 _
13 27.26681 −56.00556 0.749 0.242 −60.37 19.722 _
14 24.32678 73.21680 0.510 0.244 −55.85 19.739 _
15 −56.04044 −12.03984 0.562 0.446 −50.93 19.752 _
16 33.74892 59.50152 0.551 0.317 33.76 19.787 _
17 29.94434 15.16320 0.449 0.333 −72.15 19.877 0.3898
18 −6.84024 48.24144 0.566 0.288 79.42 19.895 _
19 25.08897 104.47272 0.460 0.363 1.77 19.960 _
20 24.52177 112.42044 0.203 0.190 −81.17 20.026 _
21 16.30727 −1.08324 0.463 0.423 −37.71 20.034 0.3803
22 13.72939 −88.98840 0.508 0.296 33.13 20.070 _
23 33.19802 110.46996 0.614 0.182 52.14 20.070 _
24 19.33229 −41.25240 0.374 0.314 3.04 20.081 _
25 5.75828 8.32824 0.584 0.491 −7.41 20.085 0.3761
26 4.64266 −58.25988 0.489 0.417 68.21 20.124 _
27 −60.56020 −7.13520 0.468 0.211 −55.25 20.161 _
28 5.60646 19.56204 0.448 0.263 −16.39 20.201 0.3790
29 49.28402 116.82360 0.796 0.479 66.13 20.203 _
30 −54.49984 −72.26388 0.651 0.172 −40.57 20.210 _
31 −68.13534 49.03092 0.559 0.319 −14.47 20.250 _
32 14.25561 67.99500 0.543 0.188 −9.72 20.262 _
33 104.92209 −44.80956 0.298 0.237 −33.23 20.263 _
34 103.70582 −29.44332 0.528 0.384 −17.67 20.295 _
35 50.20634 −8.07876 0.407 0.202 −4.21 20.298 _
36 −19.94000 −9.47412 0.478 0.391 16.52 20.323 0.3777
37 −4.48016 59.21784 0.655 0.481 −12.16 20.370 _
38 10.34176 −43.63236 0.438 0.209 15.68 20.385 _
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Id. ∆α ∆δ a b θ Mag. z
39 −50.29355 −65.29104 0.425 0.395 28.26 20.477 _
40 −11.61759 −83.76048 0.554 0.221 −33.02 20.488 _
41 65.40625 20.37528 0.467 0.206 53.27 20.499 _
42 2.52367 −17.68032 0.388 0.287 34.30 20.554 0.3723
43 −0.03268 43.45344 0.457 0.199 −0.64 20.564 _
44 −2.06923 73.03680 0.343 0.312 −13.14 20.582 _
45 −66.29775 −64.04112 0.358 0.274 −44.86 20.604 _
46 −101.51854 43.57944 0.491 0.266 −79.50 20.608 _
47 −4.48946 −96.53760 0.372 0.345 −56.17 20.624 _
48 12.93950 63.32760 0.474 0.289 43.20 20.664 _
49 38.57323 −80.23104 0.341 0.312 86.11 20.683 _
50 −50.77367 −89.72424 0.447 0.299 −74.36 20.699 _
51 51.12182 123.06888 0.387 0.361 −1.15 20.704 _
52 55.43051 3.60360 0.328 0.192 44.40 20.706 _
53 37.08662 3.14352 0.520 0.295 21.99 20.727 _
54 −3.03000 8.37720 0.505 0.347 0.83 20.728 0.4008
55 70.93924 −29.88468 0.582 0.189 −7.49 20.736 _
56 18.45968 −52.14672 0.396 0.260 −26.26 20.739 _
57 −22.23491 29.79684 0.318 0.302 −46.68 20.750 _
58 30.39314 41.69880 0.390 0.204 43.66 20.771 _
59 −87.36850 13.62384 0.469 0.209 74.10 20.776 _
60 33.45060 81.29988 0.359 0.252 69.68 20.796 _
61 −18.03311 8.66700 0.328 0.258 0.19 20.806 0.3947
62 5.07298 4.00500 0.239 0.144 24.73 20.825 0.3868
63 −86.52234 68.09400 0.320 0.173 55.31 20.857 _
64 −8.34237 10.57536 0.313 0.239 −58.79 20.882 0.3755
65 55.52461 −60.73704 0.116 0.107 −55.81 20.920 _
66 −68.16216 −48.80628 0.305 0.209 −5.35 20.938 _
67 24.37872 64.05912 0.099 0.092 −56.48 20.948 _
68 23.31981 −4.43124 0.325 0.159 −26.71 20.949 0.3750
69 36.73395 −90.62460 0.259 0.233 −30.59 20.954 _
70 −36.56565 23.44140 0.263 0.223 27.12 20.957 _
71 −29.47979 −84.44016 0.324 0.238 −87.63 20.994 _
72 29.54724 9.01836 0.481 0.413 −38.32 21.022 _
73 −73.15157 4.80348 0.454 0.214 −79.83 21.025 _
74 59.57524 100.30500 0.958 0.264 −45.31 21.036 _
75 5.59924 −22.22244 0.294 0.232 40.00 21.040 0.3768
76 −2.41075 96.76404 0.330 0.279 −66.25 21.049 _
77 −29.60639 −52.55928 0.285 0.257 44.90 21.049 _
78 −61.62315 24.67584 0.414 0.231 −75.93 21.067 _
79 −13.18293 −17.14932 0.404 0.360 31.45 21.103 0.3763
80 −64.05279 −47.85480 0.282 0.271 88.48 21.104 _
81 12.85033 −58.54752 0.323 0.255 −40.67 21.110 _
82 −22.09321 70.20360 0.394 0.182 −13.76 21.185 _
83 −34.55653 −10.98864 0.322 0.190 −35.57 21.187 _
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Id. ∆α ∆δ a b θ Mag. z
84 −47.51160 −21.10932 0.322 0.157 −77.18 21.187 _
85 −28.95310 24.32196 0.325 0.288 −27.66 21.195 0.3993
86 −0.25665 33.03360 0.385 0.225 −29.29 21.248 _
87 10.29380 9.80928 0.357 0.167 −50.43 21.262 0.3897
88 42.85177 52.38720 0.465 0.230 61.20 21.267 _
89 80.02137 −57.51540 0.995 0.209 32.75 21.284 _
90 −56.35137 25.89120 0.442 0.276 23.70 21.284 _
91 3.78273 −45.40248 0.298 0.256 24.62 21.285 _
92 3.87447 −22.83768 0.404 0.243 −22.21 21.291 0.3921
93 −49.14742 −103.03560 0.324 0.183 −20.18 21.293 _
94 29.81464 22.83480 0.336 0.309 73.50 21.298 0.3998
95 16.56800 70.90596 0.373 0.260 −24.35 21.311 _
96 −5.76110 −39.75552 0.334 0.170 65.63 21.315 _
98 −13.43541 −65.79180 0.238 0.167 21.33 21.326 _
99 −1.57935 −69.75432 0.327 0.186 −29.30 21.354 _
100 −51.47603 −59.10228 0.277 0.223 32.08 21.358 _
101 −6.44151 12.79800 0.267 0.247 −2.31 21.382 0.3923
102 33.53576 −4.85784 0.371 0.235 −16.49 21.393 _
103 −42.91185 −63.86292 0.633 0.306 −32.49 21.404 _
104 −0.56465 −73.89864 0.343 0.277 −58.84 21.450 _
105 95.79313 1.15992 0.291 0.211 72.43 21.491 _
106 −59.36306 −55.65168 0.329 0.259 −59.56 21.491 _
107 −6.36500 −9.63324 0.284 0.241 14.30 21.499 _
108 −6.13874 14.56164 0.264 0.245 −81.20 21.505 0.3909
109 78.39978 −75.55032 0.309 0.204 −33.85 21.511 _
110 −47.06945 −99.00540 0.241 0.216 −36.06 21.541 _
111 −28.64775 −35.53380 0.284 0.218 −86.60 21.544 _
112 59.93640 100.70028 0.946 0.225 −45.15 21.567 _
113 −85.19586 −37.62540 0.403 0.116 33.91 21.587 _
114 −42.03407 46.26396 0.318 0.241 65.32 21.602 _
115 −56.37288 15.61032 0.309 0.157 58.03 21.609 _
116 −53.88211 44.36280 0.325 0.225 31.76 21.611 _
117 30.54773 69.21360 0.421 0.190 −27.21 21.630 _
118 −3.23513 64.50228 0.286 0.268 −26.50 21.634 _
119 −10.61614 −31.64004 0.291 0.255 47.72 21.646 _
120 −46.55703 65.13192 0.318 0.273 −6.04 21.664 _
121 −20.11013 19.41552 0.327 0.236 −30.53 21.668 _
122 51.45713 83.83860 0.288 0.194 −37.34 21.669 _
123 −59.43107 11.57940 0.299 0.142 24.40 21.678 _
124 −86.73891 64.02780 0.220 0.174 20.74 21.699 _
125 −28.70804 66.92796 0.253 0.171 −86.74 21.701 _
126 −102.98287 11.32200 0.234 0.185 −14.17 21.706 _
127 −28.87220 17.51400 0.434 0.172 −18.58 21.717 0.3786
128 11.88572 −30.32892 0.201 0.188 80.21 21.739 0.3983
129 −21.84404 31.52196 0.589 0.336 49.20 21.854 _

XI



Id. ∆α ∆δ a b θ Mag. z
130 12.70239 −59.13252 0.281 0.245 −46.42 21.878 _
131 −41.84037 7.94592 0.317 0.164 −76.02 21.883 _
132 −3.44624 −114.37884 0.271 0.231 70.43 21.899 _
133 20.82725 −29.35332 0.289 0.215 −55.11 21.901 0.3786
134 −64.49190 −19.98756 0.227 0.208 −41.19 21.903 _
135 −3.01978 −13.81428 0.311 0.180 63.71 21.905 0.3760
136 −62.01179 −18.64764 0.353 0.254 −33.15 21.916 _
137 −11.83679 −45.95580 0.241 0.176 −21.76 21.919 _
138 111.65538 −41.52672 0.402 0.140 −70.00 21.924 _
139 −50.77885 −17.18388 0.318 0.230 12.49 21.947 _
140 −8.26107 −63.90792 0.258 0.138 40.30 21.970 _
141 36.10611 9.03204 0.241 0.175 −66.63 21.973 _
142 0.84901 83.48832 0.290 0.210 −55.59 21.973 _
143 45.69594 −35.43696 0.319 0.305 −1.29 21.974 _
144 −38.23846 27.71460 0.350 0.175 84.83 21.980 _
145 −29.08770 22.40712 0.249 0.225 −33.31 22.012 0.3992
146 16.27442 −8.17848 0.165 0.142 −82.29 22.048 0.3801
147 3.08895 −15.97680 0.190 0.158 66.92 22.056 _
148 −2.55300 −40.60008 0.243 0.190 −81.39 22.066 _
149 117.41358 −52.37676 0.262 0.225 −85.33 22.117 _
150 8.14705 59.33592 0.230 0.152 23.16 22.124 _
151 46.84910 −33.16608 0.257 0.235 −38.93 22.127 _
152 −46.18349 69.23088 0.300 0.179 46.19 22.144 _
153 76.41350 −25.51752 0.212 0.178 −26.42 22.155 _
154 −54.19009 0.94104 0.274 0.176 −27.70 22.160 _
155 16.58134 46.17684 0.306 0.276 −29.47 22.171 _
156 −73.00179 −25.59960 0.650 0.174 −77.84 22.173 _
157 5.31037 −83.45880 0.212 0.151 −11.10 22.175 _
158 −59.18823 11.01528 0.142 0.119 47.19 22.177 _
160 100.33845 21.17556 0.318 0.208 −13.11 22.247 _
161 −12.83284 −7.65072 0.255 0.184 60.53 22.258 0.3728
162 18.20111 −45.80784 0.228 0.218 16.32 22.261 _
163 70.80831 82.48968 0.228 0.205 61.79 22.266 _
164 102.89882 41.11488 0.223 0.182 −26.34 22.279 _
165 −55.39788 −47.01996 0.374 0.176 −29.92 22.304 _
166 70.57226 −14.82048 0.231 0.208 3.54 22.309 _
167 −20.02531 −31.88664 0.708 0.123 −15.17 22.325 0.3941
168 70.02888 −20.29824 0.186 0.146 −55.01 22.352 _
169 −30.82320 −71.05104 0.281 0.150 −61.70 22.353 _
170 48.09220 −18.61056 0.236 0.197 −77.08 22.356 _
171 −25.81050 37.58976 0.285 0.140 13.69 22.358 _
172 −60.41394 −14.42124 0.152 0.123 −15.88 22.376 _

XII



Id. ∆α ∆δ a b θ Mag. z
173 −62.98513 −62.50284 0.394 0.108 −70.37 22.394 _
174 46.78599 32.90904 0.189 0.181 −20.23 22.427 _
175 −41.14319 21.51684 0.249 0.156 38.87 22.449 _
176 65.62456 50.03352 0.351 0.112 86.01 22.488 _
179 −21.34857 −20.60712 0.147 0.090 63.35 24.093 0.4061

XIII



C.3 Abell S1063

Table C.3: Cluster members in the Abell S1063. Coordinates are in degrees (J2000). We remind
that the reference coordinates are (αc; δc) = (342.183210; −44.530878). Magnitudes are given on

the reference band WFC3/F160W.

Id. ∆α ∆δ a b θ Mag.
1 0.00026 −0.01692 1.951 1.186 −33.47 17.181
2 −73.50677 73.45764 0.959 0.860 −85.60 17.501
3 −84.68872 45.05652 1.149 0.888 6.68 17.632
4 −59.16584 67.77432 1.079 0.778 −30.14 17.723
5 79.68825 33.13620 1.019 0.965 24.68 17.727
6 −56.41634 49.41828 1.408 0.382 47.38 17.951
8 −103.05195 34.47468 1.113 0.524 −82.23 18.229
10 −31.59329 17.58564 0.704 0.641 −83.11 18.344
11 15.83704 −21.84876 0.773 0.639 −36.26 18.396
12 −50.85622 57.39408 0.916 0.559 25.37 18.398
13 −48.18608 −33.77196 1.021 0.813 −32.48 18.487
14 94.65192 −0.30132 0.926 0.319 37.54 18.544
15 −95.04852 46.92348 0.805 0.329 −40.68 18.569
16 −5.61608 44.14284 0.731 0.413 53.85 18.603
17 −95.83921 17.87328 0.721 0.597 6.72 18.653
18 −114.77643 −15.66216 0.836 0.339 −13.81 18.663
19 −82.07152 44.38656 0.694 0.467 −0.62 18.675
20 −72.58733 19.01016 0.872 0.500 43.57 18.697
21 −97.86243 39.34260 0.644 0.498 −19.17 18.767
22 20.78128 73.31652 0.704 0.595 28.30 18.799
23 −75.70292 69.55488 0.515 0.280 −5.26 18.822
24 −25.88915 47.00880 0.532 0.353 −33.87 18.826
25 −0.85075 2.89872 0.640 0.524 20.17 18.861
26 28.05274 −114.51348 0.613 0.511 27.81 18.897
27 21.53388 109.72332 0.642 0.527 −9.18 18.903
28 53.43548 63.04140 0.528 0.465 32.31 18.944
29 7.69799 62.60184 0.618 0.397 −18.99 18.956
30 −83.25585 44.96112 0.427 0.242 60.61 18.963
31 19.89016 −16.32096 0.968 0.507 −74.91 18.966
32 7.49196 108.91152 0.487 0.357 74.23 18.989
33 −12.62747 17.73144 0.472 0.312 61.42 19.003
34 70.47740 −54.12168 0.557 0.501 75.17 19.017
35 −78.73488 37.00584 0.532 0.490 75.66 19.050
36 −45.45542 111.94416 0.741 0.372 −35.35 19.088
37 −20.45901 −93.20940 1.339 0.784 49.83 19.107

XIV



Id. ∆α ∆δ a b θ Mag.
38 73.26637 −30.43440 0.527 0.422 −51.22 19.126
39 16.06518 −11.63628 0.560 0.506 −33.67 19.185
40 −12.65334 4.18212 0.430 0.316 45.66 19.186
41 −70.36003 74.76912 0.567 0.247 −34.70 19.186
42 −105.21103 −11.73744 0.556 0.460 89.17 19.234
43 54.68573 3.23496 1.365 0.580 41.26 19.298
44 −2.99080 −19.13904 0.655 0.418 −4.87 19.313
45 0.71755 1.51092 0.316 0.163 −15.24 19.332
46 55.82809 −89.94852 0.609 0.284 33.15 19.347
47 53.22051 63.62388 0.457 0.243 −39.20 19.355
48 −104.65602 53.19144 0.347 0.280 38.94 19.367
49 10.71823 −6.84036 0.313 0.263 53.55 19.429
50 3.78146 68.73876 0.625 0.464 37.71 19.444
51 −50.12965 39.81996 0.441 0.436 43.32 19.452
52 4.80665 40.24836 0.669 0.403 59.87 19.465
53 −117.81444 −17.13384 0.413 0.365 −17.42 19.476
55 −25.89636 16.01496 0.454 0.395 −89.61 19.520
56 66.80776 −6.46236 0.561 0.377 −63.29 19.535
57 −36.08311 27.39708 0.427 0.336 −4.50 19.547
58 −15.31705 4.85388 0.489 0.453 84.82 19.549
59 −64.87707 18.93348 0.449 0.347 −72.22 19.566
60 −43.85304 20.44260 0.678 0.416 −80.20 19.607
61 −71.87360 −11.60388 0.465 0.314 86.20 19.625
62 −14.68554 −34.23240 0.805 0.448 19.30 19.627
63 1.19154 −1.76112 0.325 0.284 −9.40 19.635
64 −29.59715 135.01512 1.096 0.432 −64.22 19.648
65 −19.25385 104.92740 0.466 0.261 11.02 19.680
66 −38.70961 −62.85636 0.556 0.302 −27.93 19.690
67 −2.16999 14.24268 0.409 0.273 −39.08 19.709
68 34.27382 −16.79076 0.522 0.323 81.48 19.729
69 60.25067 26.45496 0.419 0.287 −66.81 19.729
70 106.08774 17.87436 0.626 0.281 −27.58 19.737
71 −16.16121 −37.46628 0.470 0.364 44.39 19.742
72 29.37409 −34.80264 0.712 0.482 85.33 19.744
73 −53.83217 20.30076 0.578 0.326 0.03 19.759
74 87.98466 27.42984 0.513 0.493 29.41 19.774
75 −55.02077 33.08508 0.781 0.572 −81.68 19.802
76 −41.52380 −52.42032 0.436 0.398 5.88 19.836
77 20.79566 −99.97380 0.356 0.318 −75.28 19.840
78 89.87311 −26.72172 0.479 0.222 34.07 19.862
79 −11.95371 −90.87624 0.370 0.297 −26.34 19.868
80 17.05632 80.85276 0.564 0.291 30.23 19.877

XV



Id. ∆α ∆δ a b θ Mag.
81 17.32352 −10.01088 0.279 0.214 30.37 19.894
82 −32.32067 52.68528 0.453 0.396 29.01 19.934
83 −6.57942 −13.31028 0.533 0.331 −52.17 19.945
84 93.48535 6.21576 0.573 0.361 26.54 19.950
85 87.59111 −89.42688 0.243 0.199 −33.49 19.998
86 −64.50136 −59.32476 0.324 0.229 66.52 20.033
87 16.01207 −82.00188 0.820 0.353 23.58 20.037
88 −8.82538 30.26052 0.436 0.346 72.12 20.042
89 −38.84529 −64.41084 0.945 0.369 48.25 20.047
90 −9.16745 11.04372 0.345 0.307 −43.19 20.107
91 −9.55529 −16.17768 0.449 0.401 34.24 20.114
92 13.53684 −5.43528 0.329 0.243 −0.30 20.123
93 −3.29474 −44.31132 0.595 0.529 55.37 20.129
94 82.02316 −13.60368 0.355 0.266 81.64 20.183
95 −8.84417 −35.56296 0.419 0.368 74.26 20.193
96 −20.86979 −12.40236 0.346 0.313 58.67 20.259
97 55.36634 −46.29168 0.470 0.353 −77.89 20.288
98 −82.87829 52.84368 0.481 0.469 0.92 20.293
99 −66.31073 48.90924 0.418 0.273 23.11 20.303
100 −75.93194 78.86736 0.422 0.391 −64.55 20.322
102 13.49566 24.54048 0.578 0.350 35.85 20.389
103 2.98391 −34.06392 0.460 0.417 −64.38 20.439
104 16.30159 −23.94288 0.356 0.320 −71.58 20.460
105 21.27532 −11.71980 0.456 0.365 64.67 20.481
107 42.59248 −14.19588 0.391 0.320 39.98 20.515
108 −86.21546 −24.97824 0.510 0.285 −31.87 20.531
109 −24.91181 −25.29396 0.544 0.454 25.17 20.549
110 −25.23586 −25.57476 0.544 0.454 25.17 20.549
111 −106.98539 28.19340 0.353 0.321 2.02 20.609
112 −62.02540 42.54804 0.497 0.451 8.34 20.616
113 85.59569 −24.53148 0.376 0.342 −28.77 20.632
114 −6.19941 −55.50156 0.605 0.482 −15.51 20.634
115 −105.96424 30.99132 0.418 0.159 22.13 20.698
116 9.83395 10.69452 0.597 0.344 13.73 20.711
117 38.94071 −72.81900 0.402 0.360 −38.60 20.720
118 −72.53029 33.67260 1.051 0.356 72.45 20.774
119 24.44669 −6.82092 0.426 0.293 −67.08 20.776
120 −76.69812 22.26096 0.365 0.329 −3.62 20.843
121 17.35026 −9.37116 0.170 0.150 9.24 20.854
122 −70.42242 −35.24868 0.541 0.421 −86.81 20.856
123 −21.43600 −8.86572 0.299 0.289 −73.58 20.868
124 −96.67903 11.28996 0.109 0.103 57.95 20.880
125 −34.30740 −32.70600 0.519 0.513 21.98 20.884

XVI



Id. ∆α ∆δ a b θ Mag.
126 −115.16907 8.20116 0.355 0.265 −32.09 20.914
127 −28.33630 −58.54896 0.460 0.320 14.47 20.934
128 −60.74929 −70.34184 0.327 0.310 −14.66 20.935
129 −24.53556 −85.06584 0.213 0.158 −18.08 20.948
130 1.70930 14.41908 0.298 0.278 55.71 20.957
131 −6.40614 1.34532 1.127 0.962 −74.81 20.972
132 62.36088 75.32784 0.259 0.222 −2.87 20.973
133 85.62011 50.36508 0.840 0.423 48.81 20.990
134 −24.63489 57.34368 0.778 0.445 26.70 21.022
135 −43.34367 53.21736 0.440 0.328 64.06 21.034
136 −37.45738 −99.98460 0.526 0.393 55.15 21.040
137 11.03156 22.18032 0.332 0.316 30.25 21.043
138 −14.88919 22.29012 0.467 0.443 −59.40 21.089
139 −15.72414 −21.74256 0.418 0.383 −79.72 21.130
140 −46.61260 36.41004 0.343 0.327 6.91 21.152
141 24.67390 −125.76240 0.302 0.284 −33.40 21.173
142 −74.43680 38.50776 0.247 0.221 20.39 21.199
143 22.35894 6.75468 0.238 0.213 66.63 21.200
144 −14.15855 −48.72060 0.510 0.424 65.88 21.223
145 −14.51182 −49.14468 0.510 0.424 65.88 21.223
146 38.39822 −20.41524 0.274 0.269 −30.00 21.235
147 −3.08673 47.63988 0.450 0.364 71.21 21.249
148 80.53408 −51.49296 0.267 0.243 −5.89 21.258
149 0.35491 −8.00208 0.177 0.172 63.01 21.282
150 −37.53433 120.79080 0.514 0.381 50.83 21.287
151 −82.17038 51.69996 0.234 0.203 5.45 21.343
152 24.11621 22.66524 0.368 0.352 43.17 21.346
153 −49.40459 66.24828 0.314 0.285 −42.60 21.358
154 11.75273 −56.41524 0.366 0.337 −85.98 21.389
155 −22.18906 4.43592 0.297 0.269 −11.56 21.413
156 5.69239 −66.42252 0.382 0.304 47.50 21.417
157 5.69245 −130.60044 0.410 0.354 −73.99 21.420
158 −2.50264 38.13984 0.612 0.418 57.92 21.436
159 −54.52222 7.08300 0.415 0.377 −10.01 21.440
160 −63.84010 78.60024 0.263 0.257 47.03 21.446
161 −0.93054 111.66264 0.297 0.264 69.63 21.447
162 −55.04218 −17.35560 0.411 0.392 −33.00 21.451
164 −26.87761 44.51364 0.374 0.350 69.49 21.488
165 −51.60738 −51.88644 0.481 0.248 28.89 21.498
166 69.73238 39.40056 0.405 0.232 27.36 21.515
167 −6.43179 17.54568 0.324 0.248 3.08 21.521
168 9.04615 −111.61440 0.106 0.098 58.28 21.538
169 −67.56389 43.27056 0.388 0.350 −30.10 21.562
170 40.21828 −103.68360 0.519 0.173 21.99 21.568

XVII



Id. ∆α ∆δ a b θ Mag.
171 29.78927 −31.07484 0.453 0.264 −43.51 21.624
172 44.52599 10.71072 0.472 0.384 −15.92 21.640
173 −53.63316 −22.21236 0.450 0.417 −63.79 21.655
174 −34.60073 6.43788 1.295 0.701 −48.27 21.657
175 −6.00089 −8.33256 0.256 0.239 52.83 21.664
176 26.84415 −52.39044 0.107 0.100 54.91 21.692
177 5.45466 6.04332 0.251 0.205 48.93 21.695
178 −42.76948 129.03408 0.349 0.301 −53.80 21.698
179 52.54440 −26.22312 0.622 0.409 29.75 21.708
180 99.65344 35.83656 0.292 0.257 26.37 21.708
181 −66.52217 62.42832 0.355 0.296 −4.64 21.710
182 −88.40043 −35.34984 0.268 0.173 −31.16 21.747
183 −12.57671 −6.90444 0.400 0.366 58.66 21.762
184 −43.51454 13.17816 0.438 0.313 −58.53 21.796
185 −17.46932 24.34644 0.326 0.284 −30.91 21.801
186 −83.20047 −35.71884 0.412 0.370 −11.60 21.810
187 8.95379 61.98372 0.222 0.178 −59.24 21.818
188 −9.37000 −10.86300 0.462 0.407 −56.62 21.829
189 −103.98423 −8.42184 0.561 0.410 44.42 21.835
190 −8.78481 −0.73512 0.215 0.202 −8.69 21.843
191 −38.49973 12.50316 0.386 0.345 −16.28 21.846
192 28.34327 −60.12540 0.502 0.290 −3.86 21.871
193 0.03053 −46.71180 0.590 0.365 −53.55 21.873
194 4.35192 107.22600 0.392 0.158 85.71 21.909
195 −61.64481 70.77240 0.495 0.270 −18.92 21.963
196 73.18975 −40.40280 0.271 0.214 −78.04 21.968
197 −31.36729 −5.66784 0.395 0.331 52.65 22.019
198 −77.32342 40.56228 0.274 0.187 −42.43 22.046
199 −5.49008 64.93176 0.304 0.215 68.67 22.065
200 −24.32868 39.98988 0.367 0.318 −7.29 22.102
201 −14.28894 −25.34544 0.314 0.263 −7.87 22.133
202 6.27251 −73.28808 0.386 0.199 30.10 22.152
203 83.21819 50.98392 0.403 0.253 50.09 22.159
204 −99.82461 32.53068 0.419 0.258 65.12 22.162
205 18.79764 53.95392 0.266 0.255 −74.64 22.172
206 −31.01389 −14.49468 0.375 0.353 −83.82 22.174
207 3.10204 −27.68112 0.359 0.287 27.19 22.178
208 −27.91660 57.36132 0.432 0.395 −13.44 22.198
209 43.09054 13.11336 0.392 0.355 −25.33 22.201
210 70.96561 26.11800 0.419 0.276 −46.61 22.206
211 63.97916 −42.83784 0.396 0.382 −70.01 22.208
212 77.29221 −20.43144 0.327 0.260 −59.88 22.218
213 −45.74175 110.89440 0.258 0.222 76.79 22.240
214 36.39174 −34.04880 0.353 0.349 −9.91 22.244
215 92.14810 −16.31448 0.288 0.239 −43.77 22.245

XVIII



Id. ∆α ∆δ a b θ Mag.
216 3.20905 56.42136 0.361 0.298 −40.34 22.274
217 0.69350 21.46680 0.345 0.312 −47.34 22.281
218 65.18838 −14.95476 0.496 0.289 −28.16 22.285
219 6.98115 −63.82116 0.436 0.347 86.43 22.289
220 61.18561 61.33500 0.389 0.311 42.14 22.312
221 −39.27090 50.58468 0.424 0.389 −63.25 22.318
222 6.91093 78.89292 0.217 0.215 47.93 22.322
223 17.04930 −5.46660 0.088 0.079 39.33 22.329
224 39.08706 −65.31696 0.389 0.282 14.98 22.345
225 −6.26337 −1.36224 0.248 0.233 −88.77 22.373
226 −53.60785 −39.90132 0.427 0.374 −11.67 22.379
227 −83.97567 −42.00804 0.380 0.325 −3.81 22.392
228 108.95845 11.98080 0.345 0.217 −82.06 22.415
229 9.72260 39.12516 0.420 0.337 −26.13 22.442
230 26.94121 34.10784 0.561 0.279 67.37 22.463
231 −29.25328 −5.01228 0.135 0.127 35.90 22.473
232 −37.79851 79.20072 0.358 0.334 −53.26 22.476
233 28.31850 −44.09316 0.318 0.298 −57.48 22.480
234 −4.26993 −35.11224 0.306 0.278 78.65 22.482
235 48.83321 −68.96808 0.391 0.327 −13.09 22.483
236 38.33606 17.14968 0.375 0.331 −18.29 22.495
237 −68.13270 69.31332 0.259 0.204 −78.23 22.519
238 −101.70454 9.88920 0.252 0.208 42.10 22.543
239 −44.13240 −3.41712 0.326 0.302 −17.68 22.567
240 50.13106 101.57292 0.073 0.066 −31.57 22.584
241 100.37109 −2.27376 0.299 0.265 −53.77 22.595
242 −46.26732 24.56496 0.341 0.297 −10.92 22.601
243 −65.00395 27.52956 0.420 0.390 −18.50 22.608
244 6.38180 −56.50236 0.400 0.358 89.22 22.613
245 −8.51596 77.65704 0.272 0.183 74.34 22.613
247 34.57196 −104.15988 0.318 0.219 84.11 22.651
248 −77.59753 −8.77284 0.368 0.273 −37.49 22.695
249 15.26357 21.11256 0.326 0.313 43.45 22.744
250 −40.28488 57.40992 0.299 0.292 3.87 22.780
251 −73.06204 57.00600 0.294 0.234 56.62 22.787
252 9.09856 8.46648 0.401 0.311 19.48 22.797
253 −6.08040 −27.73764 0.345 0.261 −81.83 22.823
254 −5.48628 −11.69964 0.428 0.318 −41.09 22.827
255 60.78014 52.03404 0.207 0.162 −88.62 22.840
256 −59.69599 −29.51712 0.340 0.293 76.59 22.841
257 −55.68694 17.99172 0.431 0.355 51.07 22.848
258 −35.65798 22.36500 0.337 0.222 −38.47 22.863
259 −46.09786 −6.04404 0.361 0.229 −21.33 22.867
260 −67.41268 47.18160 0.445 0.321 −2.61 22.890

XIX



Id. ∆α ∆δ a b θ Mag.
261 40.91956 −44.61624 0.288 0.267 −83.24 22.896
262 45.40955 42.39180 0.442 0.339 19.34 22.900
263 22.19664 −30.62952 0.724 0.282 34.97 22.948
264 5.19801 −25.27524 0.316 0.258 −76.43 22.967
265 26.81132 23.95944 0.249 0.234 38.17 22.978
266 8.26037 −17.29404 0.351 0.277 54.57 22.985
267 −43.98155 64.16784 0.438 0.212 79.14 23.000
268 −20.48638 −15.24780 0.462 0.243 68.58 23.007
269 37.07781 −11.17548 0.296 0.283 66.49 23.008
270 40.13216 −55.12680 0.284 0.260 55.26 23.011
271 −63.33802 −18.01116 0.354 0.302 −33.53 23.077
272 21.97150 −21.79080 0.335 0.228 36.59 23.088
273 47.26487 10.47312 0.249 0.234 −2.22 23.112
274 −19.45902 −19.41588 0.379 0.348 6.14 23.146
275 51.86171 23.03928 0.367 0.321 39.10 23.153
276 14.27628 44.91936 0.337 0.290 −60.27 23.163
278 47.65056 −12.35772 0.319 0.209 −37.16 23.207
279 −45.23538 13.15728 0.328 0.268 −51.36 23.225
280 −37.79982 10.95984 0.312 0.218 74.36 23.283
281 0.09057 −59.10804 0.219 0.190 47.55 23.297
282 −10.24461 −36.06588 0.280 0.224 85.96 23.308
283 −57.59533 29.74356 0.404 0.344 71.09 23.316
284 −34.24820 40.02768 0.312 0.269 −49.70 23.339
285 −22.82764 −51.48684 0.445 0.260 78.33 23.355
286 −31.19913 −16.45704 0.426 0.321 48.32 23.414
287 41.55628 14.36688 0.302 0.250 31.28 23.415
289 −22.39716 −39.05748 0.506 0.385 26.50 23.451
290 59.13334 −48.36276 0.377 0.243 −85.29 23.493
291 −23.82416 −38.03148 0.325 0.270 −20.78 23.497
292 −22.81639 28.98144 0.328 0.242 45.46 23.548
293 8.86377 −45.14436 0.296 0.264 −78.47 23.552
296 −4.37657 −28.06092 0.341 0.238 48.04 23.597
297 −14.46789 69.02928 0.447 0.370 −55.58 23.612
298 32.09527 55.95336 0.221 0.214 12.59 23.620
299 23.46484 −36.62100 0.371 0.291 84.78 23.633
300 48.67557 −2.10060 0.282 0.262 −39.85 23.685
301 16.21628 47.51892 0.323 0.270 59.84 23.688
302 29.22001 −41.18256 0.323 0.314 −1.19 23.717
303 60.80506 −23.12784 0.279 0.246 −34.79 23.743
304 −52.67346 66.70836 0.267 0.225 5.61 23.755
305 23.79929 −51.36948 0.285 0.229 38.36 23.762

XX



Id. ∆α ∆δ a b θ Mag.
306 −20.27492 −7.44192 0.277 0.242 −28.07 23.774
307 −3.84307 −57.58596 0.418 0.214 −24.00 23.782
308 39.53822 −3.33540 0.410 0.302 −36.96 23.785
309 −25.68395 −62.77716 0.395 0.318 55.12 23.799
310 −32.26084 24.22800 0.306 0.202 68.23 23.802
311 −56.17019 −54.91980 0.328 0.313 54.50 23.820
312 −27.42560 36.40068 0.404 0.349 −59.67 23.823
313 −17.44773 −13.03632 0.282 0.261 −67.17 23.824
314 60.01562 43.70760 0.182 0.145 23.36 23.829
315 −15.07430 15.98184 0.210 0.203 −59.17 23.832
316 −25.81782 24.28704 0.249 0.216 −4.46 23.843
317 −60.30914 −12.95712 0.400 0.263 −69.86 23.870
318 −44.19928 −48.92328 0.274 0.250 29.80 23.881
319 −57.25571 9.85104 0.281 0.225 39.84 23.894
320 30.62022 13.49100 0.310 0.258 32.75 23.919
321 −30.33428 −27.51984 0.151 0.125 69.95 23.974
322 31.51700 −47.65356 0.328 0.315 44.02 23.978
323 −18.76204 60.55632 0.252 0.239 84.20 24.021
324 −31.97240 −27.63828 0.303 0.246 76.38 24.030
325 −8.35449 58.62816 0.295 0.192 −28.24 24.039
326 −35.60488 −40.97088 0.326 0.263 −51.32 24.046
327 −54.44146 5.40432 0.402 0.206 −26.85 24.071
328 47.47627 11.26584 0.330 0.167 −43.16 24.077
329 −11.01547 43.29360 0.125 0.122 80.25 24.087
330 −10.41994 37.79172 0.246 0.223 0.23 24.202
332 −20.87064 39.98988 0.271 0.228 −53.75 24.207
333 −32.56011 25.88724 0.119 0.114 76.89 24.238
334 51.39726 −18.38340 0.366 0.226 78.23 24.243
335 −60.04232 58.97016 0.186 0.168 25.91 24.245
336 53.33493 −20.42316 0.207 0.191 14.97 24.247
337 −47.53534 3.52728 0.297 0.179 −87.54 24.280
338 57.58818 −22.44456 0.223 0.216 25.24 24.318
339 −44.68586 −37.52676 0.200 0.156 49.34 24.371
340 7.48452 −56.32092 0.245 0.237 25.45 24.374
341 −46.23318 28.04868 0.319 0.277 55.18 24.391
342 31.09033 70.17048 0.307 0.179 −10.55 24.399
343 −55.83319 42.88860 0.294 0.206 −43.37 24.409
344 25.28406 3.89088 0.206 0.187 −13.75 24.412
345 −11.77195 25.41564 0.333 0.158 −85.96 24.423
346 −46.01113 6.88032 0.294 0.236 −64.23 24.433
347 47.48435 56.01240 0.243 0.186 −4.88 24.436
348 39.05916 −13.99176 0.365 0.337 75.90 24.448
349 29.04600 43.71804 0.212 0.163 3.46 24.492

XXI



Id. ∆α ∆δ a b θ Mag.
352 20.36775 23.55948 0.301 0.213 66.18 24.515
353 −0.91211 −51.00912 0.318 0.228 −78.60 24.532
355 48.63043 38.99232 0.337 0.189 −62.31 24.539
356 −51.75509 −1.27116 0.276 0.221 6.09 24.545
357 30.13386 9.84492 0.260 0.206 20.15 24.553
358 −44.69093 −49.83588 0.299 0.261 −63.68 24.558
359 29.83900 15.44472 0.242 0.204 30.82 24.574
360 0.40528 27.96696 0.213 0.186 −83.02 24.592
361 −19.36177 −52.70508 0.260 0.233 29.88 24.632
362 −25.78587 −28.87776 0.231 0.213 −10.81 24.643
363 −36.50324 −25.90632 0.302 0.196 −33.85 24.692
364 −13.74169 15.00408 0.183 0.148 −43.96 24.696
365 −18.06891 −58.73796 0.262 0.215 81.02 24.705
366 47.67064 42.12108 0.279 0.250 −2.09 24.705
368 38.33370 −16.84296 0.294 0.208 19.29 24.737
369 −10.93899 −30.20400 0.195 0.149 −63.19 24.770
370 −8.08369 −27.27000 0.263 0.172 87.44 24.802
371 −27.50998 61.29252 0.205 0.159 −87.92 24.802
372 −51.62543 −10.90260 0.130 0.119 82.36 24.804
373 42.17689 4.32792 0.233 0.201 −50.52 24.828
374 −17.61851 16.01532 0.366 0.155 −12.30 24.837
375 38.81487 40.10544 0.209 0.189 −60.14 24.843
376 58.65149 −17.17308 0.224 0.179 28.78 24.862
377 30.31931 7.35840 0.242 0.193 −11.44 24.878
378 −59.13941 −9.56700 0.323 0.214 17.73 24.907
379 44.31483 14.64444 0.310 0.171 7.66 24.933

XXII
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