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Abstract

Microdevices such as microelectromechanical system(MEMS) have been used

in many science and technology applications. These devices and systems often

involve fluid flow and heat transfer processes in microchannles. Hence, the

study of fluid flow in microchannels and the associated heat transfer process

is important for the design and application of microdevices and systems. This

project will focus on the study of various microflow and heat transfer problems in

the slip regime, including heat transfer in fluids flowing through microchannels,

velocity and temperature fields in mixed electroosmotic and pressure-driven flow

of fluids, and unsteady flow of fluids in rectangular microchannels in the slip

regime.

A mathematical model has been constructed to study the transient temperature

field in fluids flowing through microchannels driven by pressure gradient in the

slip regime. Based on the finite difference method, a computation scheme is then

developed to obtain the solution of the temperature field. A subsequent numerical

analysis, based on the established computation scheme, is then conducted to

investigate the influence of boundary slip and heat convection due to fluid flow

on the temperature field.

Heat transfer in a mixed electroosmotic and pressure-driven flow is examined

in the slip system. Exact solutions have been obtained analytically for the fluid

flow and heat transfer problems. The influence of the axial dependence of both

the dimensionless bulk temperature θb and the dimensionless wall temperature
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θw for various Péclet number Pe and wall flux functions under slip condition are

examined.

The slip flow of an incompressible fluid flow through a rectangular microchannel

has also been studied. A mathematical model, including the governing differential

equation and boundary conditions, has been constructed for the problem. A new

exact solution has been deduced analytically by using Fourier series expansion

in the time domain and the separation of variable method in the spatial domain.

Numerical analysis has also been carried out for some special cases to examine

the influence of slip parameters on the velocity field.
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Chapter 1

Introduction

1.1 Background

Various applications in advanced technologies involve heat transfer and fluid

flow, for example, cooling and heating, thermal sources, transportation of fluids,

and development of microelectromechanical systems. Micro-scale transport

processes have been explored by the research community in order to perform

efficient design for microfluidic systems. The efficiency of such devices can

be improved by altering the physical properties of the fluids, geometry of the

flow channel and modification of boundary conditions [1]. Slip-flow and heat

transfer in microchannels have been investigated by several researchers [2–6].

The slip-flow and heat transfer processes are governed by the Navier-Stokes

and energy equations supplemented by boundary conditions. It is found that the

temperature-jump effect plays a significant role in the modeling of the slip-flow

and heat transfer problems, and over prediction of heat transfer rate may occur if

such effect is neglected [7].

Convective heat transfer in an isoflux rectangular microchannel has been exam-

ined analytically for a fully developed flow field both thermally and hydrodynam-

ically [8]. Shojaeian investigated the convective heat transfer of non-Newtonian
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fluid flow in the circular channel [9]. They realized from their investigation that

the heat transfer properties and the entropy generation are affected by neglecting

the property variation. Considerable studies have been focused on the behavior

of flow and heat transfer in the channels and microchannels. In particular, the

research examined the effect of Reynolds number, layout of channels cross-

sections, and geometric properties. The forced convection of a non-Newtonian

nanofluid in a microchannel has been investigated [10]. It was under the fixed

temperature and heat flux boundary conditions. It was found that as Nusselt

number increased, the convection in the tube is slowed down by higher slip of

particles. It was also demonstrated that the impact of slip coefficient under fixed

heat flux was more significant than under fixed temperature boundary condition.

Laminar flow in a microchannel has been investigated numerically under the slip

and no-slip boundary conditions [11]. The effects of Reynolds number, volume

fraction, and slip velocity on heat transfer rate of forced convection flow were

investigated. The numerical solution for the three-dimensional Navier-Stokes

and energy equations has been achieved by the control volume method [7]. It

was done under velocity-slip and temperature-jump boundary conditions and

included the investigation of the axial molecular diffusion of heat.

Several theoretical studies have considered the description of the hydrodynam-

ics of electroosmotic flow through microchannels with various different cross-

sections, but little work has been done on convective heat transfer in electroos-

motic flows. Essentially, the Knudsen number is the ratio of the mean free path

to the macroscopic length scale of the flow and can be used to classify flow

regimes if the boundary conditions are properly modified. Electroosmosis has

been utilized fundamentally in Biochip technology to transport liquid samples of

nanovolumes applications used for chemical and biological analysis and medical

diagnosis [12]. The electroosmotic flow in fluid dynamics differs from traditional

pressure-driven flow, and hence the thermal transport dynamics are also expected

to be quite different. Numerous recent works have examined the electroosmotic

velocity distribution, and the associated momentum transport of electroosmotic
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velocity and capillary momentum as a function of channel diameter-to-Debye

length ratio [13, 14]. The influences of electrokinetics on pressure-driven flow

and heat transfer properties have been explored for both round and rectangular

microchannels [15, 16].

1.2 Objectives

Study of fluid flow and heat transfer has great significance in science, engineering,

and industry. However, although a lot of results have been obtained, there are

still many issues and problems which need to be considered particularly in the

slip system.

This work focuses on fluid flow and heat transfer in microchannels of various

types of cross-sections in the slip regime. The aim is to derive solutions for

the fluid flow and heat transfer problems and investigate the fluid flow and heat

transfer characteristics under different conditions as well as the influence of

boundary slip. The specific objectives are as follows:

(i) Construct a mathematical model for the transient temperature field in

the fluid flowing through a circular microchannel under slip boundary

conditions, then construct a numerical scheme to investigate the influence

of boundary slip and convection heat transfer due to fluid flow on the

temperature field in the microchannel.

(ii) Investigate the electroosmotic flow under slip condition. This includes the

construction of the governing field equations for the velocity field and the

temperature field, derivation of analytical solutions, and investigation of

the slip parameter on the temperature distribution.

(iii) Study the transient fluid flow in a rectangular microchannel under slip

condition. This includes the derivation of a new exact solution and investi-
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gation of the boundary slip parameter on the velocity distribution and flow

rate.

1.3 Outline of the thesis

This thesis develops various analytical and numerical results for fluid flow and

heat transfer in microchannels in the slip regime. The thesis consists of 6 chapters.

Chapter 1 introduces the background of this research and presents the objectives

of this study.

Chapter 2 reviews previous research relevant to the field of study, including a

review of existing models and results relevant to this research.

Chapter 3 studies the transfer of heat in the fluid flowing through a circular

microchannel. A numerical scheme is constructed to determine the transient

temperature field, and the influences of the convection term and boundary slip

are investigated.

Chapter 4 investigates the electroosmotic flow in the slip regime. Analytical solu-

tions are derived in the slip regime. The features of such flow are demonstrated,

and the influences of boundary slip on flow velocity and temperature fields are

investigated.

Chapter 5 studies the flow of an incompressible Newtonian fluid through a

rectangular microchannel. New exact solutions for the velocity field and flow

rate are derived, and the influences of boundary slip on the axial velocity are

investigated in the chapter.
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Chapter 2

Literature Review

Over the last couple of decades, many biological and engineering devices and

systems at microscale have been developed. These devices and systems often

involve fluid flow and heat transfer in microchannels. Hence, a great deal of

research work has been carried out in recent years to study the behaviour of fluid

flow and heat transfer in microchannels of various types of cross-sections. The

Navier-Stokes equations and energy equations are employed by many researchers

for such investigations. These equations are often supplemented by a variety of

boundary conditions including velocity slip or temperature jump on the walls of

the ducts. Many results have been obtained, including numerical and analytical

results.

This chapter will give a review of previous work relevant to the research. Section

2.1 will review previous research on fluid flows, including steady flow and

unsteady flow, through microchannels of various types of cross-sections. Section

2.2 will review previous work on heat transfer and temperature distribution in

fluids flowing through microchannles of various types of cross-sections in the

slip regime.
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2.1 Slip flow of fluids in microchannels

2.1.1 Flow of fluids through circular microchannels

Heterogeneous boundary was considered priority by investigating configurations

of surface heterogeneity. These configurations were examined transversely and

longitudinally. In 2003, Ericlauga and Stone [17] investigated a steady pressure-

driven Stokes flow in a circular tube. The model for transverse flow was presented

by dimensionless Stokes and continuity equations

∇
2u = ∇p,

∇ ·u = 0,

subject to the boundary conditions: u = 0 for r = 1, 1
2 l < |z|≤ 1

2L, 0≤ θ < 2π ,

ur = 0, σrz = σrθ = 0 for r = 1, |z|≤ 1
2 l, 0 ≤ θ < 2π . The longitudinal flow

where the slip regions were formed parallel to the flow direction satisfies the slip

equation:

u = λn · ((∇u)+(∇u)T ),

where λ is the slip length and the dimensionless velocity profile in this situation

was given by

u(r) =
1
4
(1− r2)+

1
2

λ

R
.

The effective slip length of the parallel flow was defined by

λe f f

R
=

1
4
(
8Q
π
−1),

where Q is the total dimensionless flow rate.

The influence of partial slip condition on the velocity and resistance of the

flow has been examined through a curved tube by Wang (2003) [18]. The

flow in a circular channel of tiny curvature was investigated by the perturbation

method. The effect of Knudsen number has been investigated for slip flow in
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hydrodynamic entrance region [19]. The studies considered circular ducts and

parallel plates under the assumptions of steady state laminar flow, and body forces

were neglected. Wang (2016) [20] investigated slip flow in a curved circular

channel. Zero Reynolds number was considered in small curvature via circular

channel and the flow was perturbed. An analytical result, for zero Reynolds

number, was derived

V =
1
8

[
1+4λ +

1
c2

(1+7λ −288λ 2

48(1+λ )

)
+O(c−4)

]
.

It has been found that the maximum velocity was located off-centered at low slip

whereas it went off the symmetry line at high slip. The comparison results were

tabulated [20].

In 2008, the pressure field with a pressure gradient q̄(t) is employed for a

derivation of the transient velocity flow, that is

∂ p
∂ z

= q̄(t) = a0 +
∞

∑
n=1

[an cos(nwt)+bn sin(nwt)].

The influence of the slip condition on velocity and flow rate behavior has been

investigated. This is based on the derivation of the exact solution for the transient

flow of an incompressible Newtonian fluid in microchannels with a supplemented

slip condition on the boundary [21]. In addition, an explicit formula for the flow

rate was derived, namely

Q∗(t) =− 2µ

a0πR3 Q = (l +
R
4
),

which can be useful to define the slip length in a simple experiment. Moreover,

the normalized velocity depends on the dimensionless parameter β̄ as well as the

slip parameter l∗.

Pressure gradient driven transient flow has been investigated in 2009 [22]. The

flow was an incompressible Newtonian in micro-annulus of inner radius a and
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outer radius R with the z-axis being in the axial direction. The flow was formu-

lated via the continuity equation and Navier-Stokes equations as follows

µ

ρ
(
∂ 2u
∂ r2 +

1
r

∂u
∂ r

)− ∂u
∂ t

=
1
ρ

∂ p
∂ z

.

The fluid flow is driven by the pressure gradient which can be represented by the

Fourier series

∂ p
∂ z

= q̄(t) = a0 +
∞

∑
n=1

[an cos(nwt)+bn sin(nwt)].

This problem was supplemented by the Navier slip boundary condition, namely

u(a, t) =±L1
∂u
∂ r

(a, t) u(R, t) =±L2
∂u
∂ r

(R, t)

where L1,L2 indicate the slip parameters of the inner and outer surface respec-

tively. The exact solution of such problem was achieved by using analytical

approach. The effect of the slip parameter and the geometry of the cross-section

on the flow rate was also examined in [22].

2.1.2 Flow of fluids through microchannels with elliptic cross-
section

Duan and Muzychka performed in 2007 a theoretical analysis for slip flow in

elliptic micro channels [23]. They examined the prediction of the Poiseuille

number for slip flow which relies on the geometry of the cross-section. An

elliptic cylinder coordinate system was used to derive the analytical solution of

Poiseulle number. The momentum equation was written in elliptic coordinates

by
∂ 2u
∂η2 +

∂ 2u
∂ξ 2 =

c2

µ

d p
dz

(cosh2
η− cos2

ξ ),

which is subject to the first-order slip boundary condition assumed in one quarter

basic cell
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1√
g2

∂u
∂ξ

= 0 at ξ = 0

1√
g2

∂u
∂ξ

= 0 at ξ = π

2

1√
g1

∂u
∂η

= 0 at η = 0

u =−λ
2−σ

σ√
g1

∂u
∂η

at η = η0

where g1 = g2 = c2(cosh2
η − cos2 ξ ) is the metric coefficients for the elliptic

coordinates, λ represents the molecular mean free path and σ indicates the

tangential momentum. They obtained a comparison of the achieved Poiseuille

number

P0Dh =
τ̄Dh

µ ū
=
−A

P
d p
dz Dh

µ ū
=

−d p
dz ( πb

E(e))
2

4µ ū
,

where Dh = 4A/P is the hydraulic diameter, E(e) is the complete elliptical

integral of the second kind, Kn = λ/Dh, P is the perimeter of ellipse, p is the

pressure. Different values for the obtained Poiseuille number, P0, have been

investigated by using one to four terms of binomial series. Poiseuille number

was also compared with respect to different ratios ε and Knudsen number. They

have found that the increase of Kn for the same aspect ratio will lead to the drop

of the values of P0.

The constitutive equation which was expressed as

σ =−pI +2µd,

describes the relationship between the stress field and the velocity field where d

is the rate of deformation tensor defined by

d =
1
2
(∇v+(∇v)T ).

In 2008, an analytical solution for the pulsatile velocity field in a straight annulus

of elliptic cross section was deduced [24]. This was under the assumption of vis-

cous laminar flow of an incompressible Newtonian fluid, driven by an oscillatory
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pressure gradient. The flow was formulated mathematically by the Navier-Stokes

equations. It assumed that the flow is fully developed in an unlimited length and

constant form of elliptic annulus. The transverse components of the velocity

were neglected. This gets to the Navier-Stokes equations as follows

∂ 2uz

∂x2 (x,y, t)+
∂ 2uz

∂y2 (x,y, t)− ρ

µ

∂uz

∂ t
(x,y, t) =

1
µ

∂ p
∂ z

(z, t),

which is then converted by coordinate transformation from the rectangular coor-

dinate system(x,y) to the elliptic coordinate system (ξ ,η), namely

2
h2(cosh2ξ − cos2η)

[
∂ 2uz(ξ ,η , t)

∂ξ 2 +
∂ 2uz(ξ ,η , t)

∂η2 ]− ρ

µ

∂uz(ξ ,η)

∂ t
=

1
µ

∂ p
∂ z

(z, t).

The exact solution of the steady state flow was studied. By integrating it over

the annulus area, the steady flow rate Q̇s as a function of pressure gradient was

obtained. The steady velocity solution after some work was given by

uz,s(ξ ,η) =
Q̇s

πh2 (
Ns(ξ ,η)

Ds
),

where

Ns(ξ ,η) =
( (ξ0−ξ )

(ξ0−ξi)
cosh2ξi +

(ξ −ξi)

(ξ0−ξi)
cosh2ξ0+

cosh(2ξ −ξi−ξ0)

cosh(ξ0−ξi)
cos2η− (cosh2ξ + cos2η)

)
,

and Ds was represented as

Ds =
((sinh4ξ0− sinh4ξi)

8
− (cosh2ξ0− cosh2ξi)

2

4(ξ0−ξi)
− cosh2(ξ0−ξi)−1

2sinh2(ξ0−ξi)

)
.

Gupta [24] also obtained the solution for the oscillatory velocity component of

the flow which requires the computation of the Mathieu and modified Mathieu

functions of the first and second kinds. This was done over three steps. In

addition, the total velocity solution in the straight elliptic annulus was derived.

This model minimizes the cost and develops numerical and experimental models.

11



Slip flow in straight ducts has emerged significantly in research in microchannels.

On the other hand, scarce research was focused on slip flow in curved ducts. The

Ritz variational method has been used to approximate the solution for viscous

flow in a curved channel. Wang (2016) considered the fluid characteristics for

Stokes flow in a curved channel as well as the Ritz method for elliptic cross

section [20]. The flow rate was found to be larger in a curved duct than those in

a straight duct. The reduced Stokes equation in cylindrical coordinates (r,θ ,z)

for the problem was given by

∂ 2v
∂ r2 +

1
r

∂v
∂ r
− v

r2 +
∂ 2v
∂ z2 =−c

r
,

where the azimuthal velocity directed in θ was represented by v(r,z), and the

normalized radial distance from the symmetry axis was represented by r. The

normalized length was produced as

∆v
∣∣∣
wall

+λτnθ = 0.

The directional derivative of velocity in the normal direction of the surface was

given by
∂v
∂n

=−→n ·∇v = nr
∂v
∂ r

+nz
∂v
∂ z

,

while the stress components were given by

τrθ = ∂v
∂ r −

v
r , τzθ = ∂v

∂ z ,

τnθ = nrτrθ +nzτrz =
∂v
∂n −

nr
r v.

The Navier slip boundary condition in cylindrical coordinates was expressed as

v+λ (
∂v
∂n
− nr

r
v) = 0.

Based on the Ritz method,

v = Σaiφi,

12



where {φi} = {1,x,x2,z2, ......} is a set of Ritz functions appropriate to the

symmetry in z. Wang(2016) accomplished the average velocity after some

algebraic attempts which evaluate the flow, that is

V =
1
A
=
∫ ∫

νdrdz =
1
A

N

∑
1

ciBi.

The author realized that the Poiseuille number and friction factor Reynolds

number product were unsuitable quantities in the case of curved ducts. The Ritz

method was applied to the curved elliptic duct of any constant cross-section by

assuming

r = c+ x,

with the boundary

H(x,z) = 1− x2− (
z
b
)2 = 0.

The convergence of the average velocity V was shown and compared with the

known outcomes. The results for curved elliptic ducts were tabulated. The

average velocity was found to be increased if slip represented by the slip factor λ

or the aspect ratio b increase. For elliptic curved ducts, the flow rate for a straight

duct was found to be larger than a curved duct in the case of a large slip factor.

However, in the case of a small slip factor, the flow rate is seen to be larger for a

curved duct than a straight duct.

Gaseous slip flow in elliptic cross-section was investigated in 2016. An analytical

solution of velocity was established by Das and Tahmouresi [25]. The non-

dimensional form of the governing equation ( momentum equation) and the

boundary conditions were given as follows

∂ 2u
∂x2 +

∂ 2u
∂y2 = P,

u = βs =−βvkn
∂u
∂n
|Γ,

where

P =
(
√

Ac)
2

µu∗m

d p
dz

,
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βs =
u∗s
u∗m

,

where Γ denotes the boundary of the non-dimensional elliptic micro channel

Ω : x2

a2 +
y2

b2 = 1. The integral transform approach was used by transforming

the rectangular coordinate system to elliptic cylindrical coordinates (ξ ,η). The

governing equation and boundary conditions then can be written as

∂ 2ũ
∂ξ 2 +

∂ 2ũ
∂η2 = c2(cosh2

ξ − cos2
η)P,

∂ ũ
∂η

= 0 at η = 0,

∂ ũ
∂η

= 0 at η =
π

2
,

∂ ũ
∂ξ

= 0 at ξ = 0,

ũ = 0 at ξ = ξ0.

The final form of the velocity profile was achieved analytically for various ratios

ε = b
a , namely

u(ξ ,η) =
∞

∑
n=1

[c2An(cos(2η)− cosh(2ξ0))p]cos(µnξ )

N
1
2
n

+βs.

Applying different characteristic lengths for elliptic cross-section, the friction

factor Reynolds number was given by

f ReDh =
2(−Ac

Pc

d p
dz )Dh

µum
,

and the simple expression of the Poiseuille number was

PoLc =
f ReLc

2
.

Das and Tahmouresi [25] showed consistent data of friction factor and Reynolds

number product and normalized Poiseuille number for elliptic micro channels

in [23] and [26].
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By assuming that the velocity of the fluid on the surface of the channel is

proportional to the shear stress, in 2018, Wilmott et.al [27] investigated the slip

flow considering a variation of the elliptic cross-section. The model is described

by the incompressible Stokes equations:

µ∇
2u = ∇p, ∇ ·u = 0,

subject to the boundary condition

µ +β
∂u
∂n

= 0,

with the central axis of the channel lying along the straight z-axis as well as an

angle φ(z) being assumed between the semi-major axis and the x-axis in the

(x,y) plane. After introducing the non-dimensionalize variables, the boundary

conditions of the problem were simplified by using the elliptic coordinates

(η ,ξ ,z) by the following change of variables:

x = a(z)coshη cosξ cosφ −a(z)sinhη sinξ sinφ 0≤ η ≤ η0

y = a(z)coshη cosξ sinφ +a(z)sinhη sinξ cosφ 0≤ ξ ≤ 2π

Then, the incompressible Stokes equations with boundary conditions were ex-

pressed as

∂ 2w
∂η2 +

∂ 2w
∂ξ 2 = a2h2 ∂ p

∂ z ,
∂ p
∂η

= 0, ∂ p
∂ξ

= 0,

1
a2h2

[
∂

∂η
(ahu)+ ∂

∂ξ
(ahv)

]
+ 1

a2
∂

∂ z(a
2w) = 0,

subject to

{
p=1 at z=0
p=0 at z=1,
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w = −ε2
ah

∂w
∂η

, at η = η0,

ahdN
dz w−u = 0, at η = η0,

where

h =
√

1
2(cosh2η− cos2ξ ).

The solution was required to be subject to

∂w
∂η

= 0 at η = 0,

because the problem is symmetric under a rotation of π . The flux through the

channel was obtained. The flux with the variation of the cross-section was given

by the harmonic mean of the equivalent flux via a uniform channel. Furthermore,

the flux through three elliptic channels was evaluated. The flux computed by

two existing methods was compared. In addition, they found that the flux

through a pore threat extracted from a micro-CT image of a Berea sandstone was

approximated by the most adequate method.

In 2018, the solution of unsteady slip flow with constant pressure gradient in the

elliptic micro tube was achieved analytically [28]. This derivation is based on

the method of separation of variables. The flow was formulated by transforming

the Navier-Stokes equations from rectangular coordinates to elliptic cylindrical

coordinates.

Micro-flow behavior can be obtained factually through the velocity slip condition.

This was prevalent in the literature. A micro-fluidic examination and pulsating

pressure gradient were treated together to make the problem appropriate in many

reports. In 2017, the solution for such a problem was obtained [29]. An elliptic

cylindrical microchannel supplemented by Navier slip condition was used to

formulate the problem. The problem for an incompressible Newtonian fluid was

introduced via the fundamental equations as follows
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∇ · v = 0,

ρ

(
∂v
∂ t +(v ·∇)v

)
=−∇p+µ∇2v+Fek.

The above equations govern the transient electroosmotic flow through an elliptical

duct. The Poisson equation which describes the distributions of electric potential

was given by

∇
2
ψ(ξ ,η) =−ρe

ε
.

The pressure gradient ∂ p
∂ z was approximated by

∂ p
∂ z

(t) = a0 +
∞

∑
n=1

[an cos(nωt)+bn sin(nωt)].

By assuming U = u−(εEµ−1)ψ and making some simplifying assumptions, the

incompressible Navier-Stokes equation in the axial direction in elliptic coordinate

can be written as

1
c2(cosh2ξ − cos2 η)

(
∂ 2U
∂ξ 2 +

∂ 2U
∂η2

)
− ρ

µ

∂U
∂ t

=
1
µ

∂ p
∂ z

.

The corresponding boundary conditions in elliptic cylindrical coordinates were

given by

∂U
∂η

(ξ ,0, t) = 0,

∂U
∂η

(
ξ , π

2 , t
)
= 0,

∂U
∂ξ

(0,η , t) = 0,

U(ξ0,η , t)+ l
c
√

cosh2
ξ0−cos2 η

∂U
∂ξ

(ξ0,η , t) = 0,

ψ(ξ0,η) = ζ .

Numerical and analytical solutions have been derived for the velocity profile.

These derivations were under the oscillating pressure gradient and at different
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times. The Mathieu and modified Mathieu equations were employed to analyze

the influence of pulsatile pressure gradients. It has been distinguished that the

oscillatory of pulsatile pressure behaves critically. Moreover, the volumetric rate

became more adequate when a higher number of terms in the Fourier expansion

is used.

2.1.3 Flow of fluids through channels of triangular cross-section

Flow of fluids through equilateral triangular ducts has been studied in terms of

local and global fluid dynamic properties [30]. The no-slip velocity is expressed

as

w0 =−
x2 + y2

4
− x2−3xy2

12
+

1
3
,

and the slip flow is given by

w = w0 +ws,

based on the constant slip assumption, where ws is the slip velocity which

is equal to ws =
λ

2 by using Navier’s slip condition. Constant velocity lines

were compared for the equilateral triangular duct between exact solution and

using constant velocity assumption. This leads to that local properties were not

predicted by the constant slip approximation. A comparison of the Poiseuille

number was illustrated as well in [30] which has shown growth in the error.

2.1.4 Flow of fluids through channels of rectangular cross-
section

The Lattice Boltzmann equation method was employed to examine gaseous slip

flow in rectangular tubes [31]. The influences of the outlet Knudsen number on

slip velocity, flow rate, nonlinear pressure, and the proportion of the channel
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were considered. This consideration was found to be consistent with parallel

plate microchannel limiting cases.

In 2011 [32], the transient flow of an incompressible Newtonian fluid through a

rectangular microchannel was investigated for Reynolds number between 2000-

2500. The flow is symmetric about the xz and yz planes and horizontally. These

simplify the Navier-Stokes equations and the continuity equation to

ρ(
∂v
∂ t

) = µ(
∂ 2v
∂x2 +

∂ 2v
∂y2 )−

∂ p
∂ z

,

∂v
∂ z

= 0.

Fourier series expansion was employed to approximate the pressure gradient q(t),

that is
∂ p
∂ z

= q(t) = a0 +
∞

∑
n=1

[an cos(nwt)+bn sin(nwt)].

Navier slip conditions were applied on the boundary. Then, the exact solution

for the transient velocity field was achieved, namely

v(x,y,z)=
∞

∑
n=1

Re[einwt(An cosh(γnx)cos(kny)+Bn cos(αnx).cosh(βny)− cn

inwρ
)].

2.1.5 Flow of fluids in super-elliptic duct

Since rolled rectangular ducts have rounded corners that shrink the frictional

perimeter, Wang [33] in 2009 studied the effect of corner rounding on flow and

heat transfer. The author obtained that both flow and heat transfer decreased

depending on the aspect ratio, while wall shear stress increased. The author

assumed that the length of the major axis is 2L and the length of the minor axis

is 2CL. Super-ellipse was written as

x2n +(
y1

c
)2n = 1,
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and the Navier-Stokes equations became the Poisson equation

∇
2w =−1,

where w is the normalized axial velocity. The Ritz method was used to solve the

flow and heat transfer problems by first approximating the axial velocity by

w = [1− x2n− (
y
c
)2n]Q(x,y) =

N

∑
i=1

aiφi(x,y),

where Q is defined by

Q = a1 +a2x2 +a3y2 +a4x4 +a5x2y2 +a6y4 +a7x6 + .....

The heat transfer problem was also examined by the Ritz method by assuming:

τ = [1− x2n− (
y
c
)2n]R(x,y) =

N

∑
i=1

biφi(x,y),

where R is a polynomial. Constant lines of both velocity and temperature were

illustrated. It was found that the velocity has its maximum at the center whereas

the temperature has its minimum at the center. Rounded corner has an impact on

the area, perimeter, flow rate, and heat transfer. Shear stress on the boundary is

also influenced by rounded corner. However, shear stress is zero in rectangular

duct at the sharp corner whilst the shear stress for super-elliptic duct normalized

by µV0
L is

σ = n̂.∇w =−
x2n−1wx+y2n−1wy

c2n√
x4n−2+y4n−2

c4n

.

The computation results show that the rounded corners lead to the drops in both

flow rate and heat transfer but an increase in the minimum wall shear stress.

A numerical approach has been used to derive solutions for problems in fluid

dynamics such as slip flow in ducts as well as no-slip fluid flow in tubes. In 2014,

the Ritz method was employed originally to study the slip flow in supanelliptic

ducts [34].
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The average velocity and the friction factor-Reynolds number were given by

V = Q
A , f Re = 8A2

V P2 , where Q is the flow rate, A and P represent the normalized

area and the normalized perimeter length of the cross-section respectively. In

addition, the exact solution for slip flow in a circular duct was established in [17].

The Ritz method was powerful for slip flow. But since λ 6= 0, the Ritz method is

not useful for no-slip flow.

2.1.6 Studies on other flow problems

Shale gas flow has been developed in nanoporous reservoirs. This was in 2014

[35] by using the classical Kn scale which primarily was obtained from the

physics of rarefied gas flow. The classical Hagen-Poiseuille equation with slip

correction has been utilized to explore slip flow in natural gas through nanoporous.

Such equation was expressed as

Q =
πR4

16µL
(P2

1 −P2
2 )

[
1+4(

2
f
−1)

λm
R

]
,

where the term 1+4( 2
f −1)λm

R represents the slip correction. The results were

accomplished without time consuming molecular dynamics and lab experiments

by employing PVT(Pressure–Volume–Temperatures). It was realized that slip

flow is anticipated when the temperature is higher and the pressure is lower for

exact tight shale (R=1nm). However, there was no slip flow corresponding for

large pore size (R=1000nm) whatever the temperature and the pressure. This

agrees with the results by Roy and Raju [36] when they have examined the flow

rate via (R = 10nm). They have shown that the flow velocity is higher for slip

flow than no-slip flow with identical pressure ratio. The mean free path varies at

low temperatures slightly and slip flow varies trivially. Natural gas flow system

is almost independent of the classical Kn scale at all temperatures and pressures.

In 2007, Hayat, Khan and Ayub studied the oldroyd 6-constant flow and slip

flow on three non-linear boundary problems [37]. Their study investigated
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the effects of slip and non-Newtonian parameters. It focused on three steady

flows (Couette, Poiseuille and generalized couette). They found that velocity is

reduced near the moving plate when the slip coefficient increased for couette and

generalized couette flows whereas near the fixed plate the velocity is increased. In

poiseuille flow, the velocity is symmetric and increased with the slip coefficient.

Moreover, the Homotoby analysis method was used to obtain analytical solutions

for the governing non-linear equations. The entry length of a laminar Newtonian

steady Poiseuille flow has been investigated [38]. Oldroyd-B and PPT-linear

mechanisms were considered to develop the entry region. These developments

have focused on the characteristics of the flow such as velocity, axial stress and

pressure. It is based on the collocated grid arrangement which includes five

different meshes. It has been shown that the velocities in the oldryd-B model

converged to the same value and rose slightly when the Weissenberg number

(We) reaches 0.3. However, the velocity of PPT-linear fluid became smaller when

(We) increased. Moreover, the effect of maximum stress in the case of Oldroyd-B

fluid appears to be close to each other with the variation of (We) whilst stress

relaxation imposes longer distances at higher (We). The maximum stress values

on the other hand for the PPT-linear fluid declined with the growth of (We). The

influence of pressure quantity in entry region showed an increase in the pressure

with respect to (We) where PTT-linear fluid effects were lower than those in the

Oldroyd-B model at specific (We).

The pressure drop of fully-developed flow has been investigated for the slip-flow

regime [39]. It was an extension work for Bahrami’s model. It was suggested that

pressure drop is modeled by a function of geometrical variables of the channel:

cross-sectional area, perimeter, polar moment of inertia and the Knudsen number.

Based on the first order Maxwell boundary condition for slip-velocity and ne-

glecting the thermal creep effects term, pressure drop under some assumptions

was found to be governed by the momentum equation:

d p
dx

= µ(
∂ 2u
∂y2 +

∂ 2u
∂ z2 ),
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subject to the boundary condition:

us =
σ −2

σ
λ

τw

µ
, τw = µ

∂u
∂n

∣∣∣∣
wall

.

It was noticed that the momentum equation and boundary condition form a

Poisson’s equation with slip boundary condition. The pressure drop was predicted

by analytical solution for circular micro-channel, rectangular microchannel,

trapezoidal micro-channel, double-trapezoidal microchannel. It was found that

the analytical model supports the numerical and experimental data in the literature

with a difference of around 8%. The Poiseuille number can be evaluated by

determining only the nondimensional parameter I∗p
√

A
Γ

. However, the velocity

field and the mean velocity can be found by solving Poisson’s equation with slip

boundary that leads to evaluating f Re√A after calculating wall shear stress.

Microfluidic mechanisms have been developed recently by comprehensive stud-

ies. These studies concern time periodic electroosmotic flow under slip boundary

condition. The flow of an incompressible ionized fluid is governed by the Navier-

Stokes equations:

ρ f (
∂
−→
V

∂ t
+(
−→
V ·∇)

−→
V ) =−∇P+µ∇

2−→V +ρe
−→
E ,

which is reduced under some assumptions [40] to

ρ f
∂u
∂ t

= µ
∂ 2u
∂ 2y

+ρeEx sin(Ωt).

The superposition principle was used to solve the problem. The exact solution

for the fluid flow is accomplished by solving the differential equation subject to

the following boundary and initial conditions

u(0, t)+ l
∂u
∂y

(0, t) = 0,

∂u
∂y

(h, t) = 0, u(y,0) = u0(y).
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The general solution for this boundary value problem has been obtained. The

authors also investigated the influence of the slip parameters on the flow behavior.

The velocity was found to drop to zero in the centre when the normalized

parameter k = (Ωλ 2

µ
)

1
2 increases.

The influence of oscillatory motion was examined on the Stokes and Couette

flows [41]. It was studied in terms of sinusoidal behavior. The exact solutions

for both Stokes and Couette flows were obtained under slip condition for both

small and large times. In this case, the Stokes flow was governed by

∂u
∂ t

= v
∂ 2u
∂y2 ,

subject to the boundary and initial conditions

u(0, t)−β
∂u(0,t)

∂y = uw,

u(y,0) = 0,

u(y→ ∞, t) = 0,

where β represents the slip coefficient, and the speed of the wall uw is expressed

by either

uw = u0 cos(ωt) or

uw = u0 sin(ωt).

The steady periodic velocity and the transient velocity were achieved by utilizing

the Laplace transform approach. They are respectively,

usp(η ,τ)

u0
=

[(1+λ )cos(τ− η√
2
)+λ sin(τ− η√

2
)

2λ 2 +2λ +1

]
e
−η√

2 ,

ut(η ,τ)

u0
=− 1

π

∫
∞

0

re−rτ

(r2 +1)

[
sin(
√

rη)+λ
√

2r cos(
√

rη)

1+2λ 2r

]
dr,
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which describe a motion in cosine form. This velocity became zero asymptot-

ically when the dimensionless coordinate η and the oscillating slip parameter

reach their asymptote lower values:

ut(η ,τ)

u0
≈− 3

4
√

π

(η +
√

2λ )

τ
5
2

as τ → ∞.

In addition, for the case when the motion of the flow takes sine form, the results

can be described in a similar way. It was observed that the effects of the motion

in cosine form have less transient than the motion in sine form. The normalized

equation for the Couette flow was given by

∂U
∂τ

=
1
R

∂ 2U
∂Y 2 ,

subject to the following normalized wall slip conditions and initial condition

U(0,τ)− β

h
∂U(0,τ)

∂Y = R0 sin(τ),

U(1,τ)+ β

h
∂U(1,τ)

∂Y = 0,

U(Y,0) = 0.

It was noticed that a reduction in the transient velocity occurs for Stokes flow

with wall slip, whereas a reduction for transient effects for the Couette flow

occurs only for large and small values of the wall slip coefficient.

2.2 Heat transfer in slip flow of fluids

2.2.1 Heat transfer in fluids in channels of circular cross-section

In 2008, annular microchannels were selected to investigate heat transfer in slip

flow of fluids [42]. The velocity problem has been examined at first due to the
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dependence of heat transfer analysis on the velocity distributions. Then, the

velocity was determined by the reduced momentum equation

µ

(
d2u
dr2 +

1
r

du
dr

)
=

d p
dx

,

since the micro channels were long enough (L/Dh >> 1) and the Reynolds

number was relatively low. The supplementing slip boundary conditions on the

walls were expressed as

u = λ
2−σ

σ

du
dr at r = b,

u =−λ
2−σ

σ

du
dr at r = a.

The Knudsen number was defined as the ratio between the molecular mean free

path λ and the hydraulic diameter, that is

Kn =
λ

Dh
=

λ

2(a−b)
,

and the authors in [42] have obtained the solution for this problem. The heat flux

was analyzed under hydrodynamically and thermally fully developed condition

through the following energy equation

ρcpu
∂T
∂x

=
k
r

∂

∂ r

(
r

∂T
∂ r

)
.

The temperature distribution was then computed with the following boundary

conditions:

dT
dr = 0 at r = a,

T −Tw = 2−σT
σT

2γ

γ+1
λ

Pr
dT
dr at r = b.

On the other hand, the energy equation together with the boundary condition for

uniform wall heat flux on the outer wall can be given by

2qa
(a2−b2)

u
ū
=

k
r

∂

∂ r

(
r

∂T
∂ r

)
,
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dT
dr

= 0 at r = b,

T −Tw =−2−σT

σT

2γ

γ +1
λ

Pr

dT
dr

at r = a.

In addition, uniform wall heat flux on both walls was also considered. The

consequence of this analysis has shown that the Nusselt numbers for the slip flow

are lower than those for no-slip flow. An increase in Knudsen’s number has led to

a drop in the Nusselt number for useful applications. Heat transfer characteristics

were found to be influenced by the Knudsen number, radius rational heat flux

ratio as indicated.

Heat transfer in slip flow was reviewed in 2012 [43] . Pressure-driven flows

of gases with heat transfer in microchannels of circular cross-sections were

investigated. Their review includes the analytical solution of hydrodynamic and

thermal fully developed flow with uniform wall heat flux achieved by Sparrow

and Lin [44]. The classic first-order boundary conditions were used to get an

exact expression of the Nusselt Number, namely

U−uw =
2−σu

σu
λ

∂u
∂n
|
Γ
, (2.1)

T −Tw =
2−σT

σT

2γ

γ +1
λ

Pr
∂T
∂n
|
Γ
. (2.2)

2.2.2 Heat transfer in fluids in channels of rectangular cross-
section

In 2001, an examination of heat transfer in slip flow of fluids in rectangular

microchannels was conducted [45]. Velocity slip and temperature jump boundary

conditions on the gas-surface interface in the y-direction were given by

u(x,b) =
[
−βvλ

∂u
∂y +3

(
ℜT
8π

) 1
2

λ

T
∂T
∂ z

]
y=b

,
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T (x,b,z)−Tw =

[
−βtλ

∂T
∂y +

1
4ℜ

u2
]

y=b
,

where βv and βt were determined by

βv =
2−Fv

Fv
,

βt =
2−Ft

Ft

2γ

γ+1
1

Pr ,

in which Fv and Ft are the tangential momentum accommodation coefficient and

thermal accommodation coefficient respectively. The slip-flow boundary condi-

tions in the x-direction have the same form as that in the y-direction. Velocity

slip in the y-direction transverse velocity gradient yields the first term in the

first equation, whereas the thermal creep due to temperature gradient in the flow

direction forms the second term of the first equation. The second term in the

first equation was ignored because ∂

∂y >> ∂

∂ z . Based on the typical low Eckert

number assumption, the second term of the second equation was ignored. Under

the assumption of Newtonian fluid, negligible body forces, constant properties

and steady-state flow, the velocity profile for slip-flow can be determined from

the z-momentum equation, namely

∂ 2U
∂X2 +

∂ 2U
∂Y 2 =

1
Pr

dP
dZ

.

For the rectangular channel of sides 2a and 2b with the origin of the coordinate

system being located at the centreline of the rectangular channel, the supple-

mented boundary conditions were given by

∂U
∂X

∣∣∣∣
X=0

= 0,

[
U +(βvKn)∂U

∂X

]
X=â

= 0,

∂U
∂Y

∣∣∣∣
Y=0

= 0,
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[
U +(βvKn)∂U

∂Y

]
Y=b

= 0.

The dimensionless energy equation and thermal boundary conditions and initial

condition under the assumption of hydrodynamically fully developed flow, high

Péclet number, negligible energy dissipation and constant properties, were given

by

∂ 2θ

∂X2 +
∂ 2θ

∂Y 2 =U(X ,Y )∂θ

∂Z ,

∂θ

∂X

∣∣∣∣
X=0

= 0,

[
θ +β (βvKn) ∂θ

∂X

]
X=â

= 0,

∂θ

∂Y

∣∣∣∣
Y=0

= 0,

[
θ +β (βvKn)∂θ

∂Y

]
Y=b

= 0,

θ

∣∣∣∣
Z=0

= 1.

The modified generalized integral transform method has been used to solve the

problem of thermally fully developed laminar flow in a rectangular channel. Such

method is computationally efficient.

The heat transfer problem in rectangular microchannels was considered in 2002

[46]. An analytical model in a such microchannel in the slip flow regime was

examined for hydrodynamics of gases with second-order boundary conditions.

Heat transfer in slip flow in a rectangular microchannel was investigated in recent

years under some assumptions [43].

A control-Volume based numerical method was employed to solve the initial-

value problem for incompressible gas flows and heat transfer in rectangular
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microchannels. The problem was formulated in 2006 [7] by the three-dimensional

Navier-Stokes equations, continuity equation and energy equations

∇ ·−→V = 0,

ρ
D
−→
V

Dt =−∇p+µ∇2−→V ,

ρcp
DT
Dt = k∇2T ,

where body forces and viscous dissipation were neglected. Profiles for the inflow

boundary conditions were uniform, namely

u =Ui =Um,

v = w = 0,

T = Ti,

and zero-gradients along the axial flow direction were considered outflow, that is
∂ f
∂x = 0, where f = u,v,w,T . The complementary slip/jump boundary conditions

were given respectively by

u−uw = α

(
2−σv

σv

)
λ

(
∂u
∂n

)
w
+ 3

4
µ

ρTw

(
∂T
∂ s

)
w
,

T −Tw = β

(
2−σT

σT

)(
2γ

γ+1

)
λ

Pr

(
∂T
∂n

)
w
+ u2

4ℜ
,

where only the first terms were considered for simplicity. The influence on the

slip-flow and heat transfer by varying Reynolds number (0.1 ≤ Re ≤ 10) and

channel aspect ratio (0≤ α∗ ≤ 1) was investigated in the slip-flow regime. In

the entrance region, the velocity and pressure fields were examined depending

on the axial variations to achieve the flow characteristics. The results on pressure
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distributions show that the local maxima appears near the walls with validity of

the no-slip boundary condition. Reduction in pressure gradients occurred due

to slip on the wall. The flow was pushed toward the core as well as the fluid

near the wall due to strong pressure gradients, in the axial direction. The slip

velocity on the wall was dictated. When the flow approaches the fully developed

region, at Kn = 0.1 the amount of slip drooped because the velocity gradients

on the wall are reduced. In addition, lower velocities resulted in higher slip as

illustrated for all four axial locations. The temperature profile illustrated that the

central region was independent of the wall temperature whereas strong gradients

emerged near the walls, for the Kn = 0.05 and 0.1 cases. For a square channel,

the variations in the heat transfer rate were demonstrated for different values of

Knudsen number.

Microelectromechanical systems technology have motivated micro scale fluid

dynamics. Velocity slip and temperature jump have activated at the duct walls

when the mean free path of the gas was comparable to the channel’s characteristic

dimension.

2.2.3 Heat transfer in fluids in channels of elliptic cross-section

Spiga and Vocale considered the dynamic and thermal representation of rarefied

flow in 2012 [47]. They studied the flow in a microchannel with elliptical cross-

section under the assumption of slip flow, laminar, steady state, fully developed

forced convection, and the range of Knudsen number between 0.001-0.1, as well

as H1 boundary condition. The fluid and wall temperatures under their proposed

hypotheses on the gas flow and the walls were modeled via the Navier Stokes

and energy equations

−∂ p
∂ z

+µ(
∂ 2u
∂x2 +

∂ 2u
∂y2 ) = 0, (2.3)

q
A

u
W

= λ (
∂ 2T
∂x2 +

∂ 2T
∂y2 ) = 0. (2.4)
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The dimensionless independent variables were given by

η =
x
a
, ξ =

y
a
, z =

z
a
, (2.5)

and the dimensionless dependent functions were given by

p∗ =− a2

µW
∂ p
∂ z

, U =
u

W
, θ =

λ (T −Tw)

q
. (2.6)

Then, the dimensionless Navier Stokes and energy equations became

p∗+
∂ 2U
∂η2 +

∂ 2U
∂ξ 2 = 0, (2.7)

∂ 2θ

∂η2 +
∂ 2θ

∂ξ 2 =
1

πγ
U. (2.8)

The supplemented dimensionless first-order slip flow boundary conditions for

velocity and temperature on the wall were

Us =
2−σv

σv
Kn

Dh

a
(
∂U
∂n

)w = βvKn
Dh

a
(
∂U
∂n

), (2.9)

θ j =
2−σT

σT

2k
k+1

Kn
Pr

Dh

a
(
∂θ

∂n
) = βtKn

Dh

a
(
∂θ

∂n
). (2.10)

A numerical solution for such problem was obtained and compared to the analyt-

ical solution in the literature. The effects of friction factors and convective heat

transfer coefficients were also examined in [47].

2.2.4 Heat transfer in Transient and Starting flows

In 2010, the unsteady flow and heat transfer was examined by Makinde and

Chinyoka [48]. These examinations considered electrically conducting, incom-

pressible dusty fluids together with temperature dependant viscosity and thermal

conductivity. The fluid flow was between two isolated infinite plates where their

temperatures sustained constant but different with the Navier wall slip condition.

The dusty-fluid equations were used. The governing momentum and energy

equations and boundary conditions for the flow of fluid and dust particles were

expressed as follows
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∂u
∂ t = α + 1

Re
∂

∂y

(
µ(T )∂u

∂y

)
− Ha2

Re u− R
Re(u−up),

∂up
∂ t = 1

ReG(u−up),

∂T
∂ t = 1

RePr
∂

∂y

(
k(T )∂T

∂y

)
+ Ec

Re µ(T )
(

∂u
∂y

)2

+ Ec
Re Ha2u2+ 2R

3RePr Re(Tp−T ),

∂Tp
∂ t =−L(Tp−T ), with

u(y, t) = up(y, t) = T (y, t) = Tp(y, t) = 0, for t ≤ 0,

up(0, t) = up(1, t) = Tp(0, t) = T (0, t) = 0, for t > 0,

β
∂u
∂y = u, for y = 0,1, t > 0,

Tp(1, t) = T (1, t) = 1, for t > 0,

where the viscosity and thermal conductivity depending on the temperature as

given below

µ(T ) = exp(−aT ), k(T ) = exp(bT ).

These equations were simplified by using dimensionless parameters, and were

then solved numerically by using the semi-implicit finite difference method. The

investigation of this problem illustrated that the velocity and temperature increase

until the appearance of a steady state. Fluid velocity increases with decreasing in

the viscosity value. Under the Navier slip conditions, there is no effect on the

temperature distribution, whereas an increase occurs in the velocity.
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Chapter 3

Temperature field in fluids in
circular microchannels in the slip
regime

3.1 General

In recent years, with the advancement of nano-science and technologies, many

biological and engineering devices in microscale have been developed [49, 50].

These include, for example, drug delivery systems [51] and micro-electro-

mechanical systems (MEMS) [52] etc. These systems usually involve fluid

flow and heat transfer processes, and the behaviour of these processes deter-

mines the functional characteristics of the devices/systems. Hence, the study

of fluid flow in micro-channels and the associated heat transfer process is ex-

tremely important in order to get a better understanding and consequently better

characteristics or performance of the associated devices or systems.

The fluid and heat transfer processes are governed by the continuity equation,

the Navier-Stokes equations, and the energy equation. Conventionally the field

equations for fluid flows are supplemented by the so-called no-slip boundary

condition for the velocity field. However, many recent experimental results
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show evidence of slip of a fluid on a solid boundary [53]. Through intensive

investigations and simulation studies in micrometerscale (see for example [54],

[55], [4]), it has now been established that the flow of fluids in microchannels is

granular and slip on the solid surface may occur [6,56–58]. Hence, slip boundary

conditions have been used for fluid flows in micro-systems.

Although closed form exact solutions for many fluid flow problems are available

in literature, only a few closed form solutions for the slip boundary case have

been obtained in recent years. Various steady state solutions have been derived

for flows through channels of various types of cross-sections in the slip regime

[59, 60]. Various exact solutions of the velocity field for the transient flows

of fluids through microtubes have also been developed in [61]. However, the

associated temperature field in the microflow has not been investigated. In this

work, a mathematical model is constructed and applied to investigate the heat

transfer processes and temperature field in microflows in the slip regime. The rest

of this chapter is organized as follows. The mathematical model is formulated in

section 3.2. Then, a computation scheme based on the finite difference method is

derived in section 3.3 for the determination of the transient temperature field. In

section 3.4, the computation scheme is applied to investigate the influences of

boundary slip and convection heat transfer due to fluid flow on the temperature

field. A conducting remark is given in section 3.5.

3.2 Mathematical model

In this work, we consider the heat transfer of an incompressible Newtonian fluid

flowing through a circular microchannel with the z-axis being in the axial direc-

tion. The problem involves both fluid flow and heat transfer and the interaction

between the two processes. From the principle of continuum mechanics, the heat

transfer process is governed by the convection-diffusion equation as follows

ρcp(
∂T
∂ t

+v ·∇T ) = ∇ · (k∇T )+µΦ, (3.1)
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where T denotes the temperature in the fluid, v is the velocity vector of the

fluid, ρ,cp,k,µ , and Φ are respectively the fluid density, specific heat, thermal

conductivity, fluid viscosity, and dissipation function. Based on the material

assumption, from the principle of fluid dynamics, the equations governing the

velocity field include the standard continuity equation and the Navier-Stokes

equations, namely

∇ ·v = 0, (3.2)
∂v
∂ t

+(v ·∇)v =
µ

ρ
∇

2v− 1
ρ

∇p− f , (3.3)

where p denotes the fluid pressure, and f represents the body force acting in the

fluid. As the problem is axially symmetric, it is more convenient to formulate the

equations in cylindrical coordinates. In cylindrical polar coordinates,

v = ervr + eθ vθ + ezvz, (3.4)

∇ = er
∂

∂ r
+ eθ

∂

r∂ r
+ ez

∂

∂ z
, (3.5)

where er,eθ and ez are unit vectors in the radial, transverse and axial directions

respectively. Thus, the energy equation becomes

ρcp(
∂T
∂ t

+υr
∂T
∂ r

+
υθ

r
∂T
∂θ

+υz
∂T
∂ z

) = k[
1
r

∂

∂ r
(r

∂T
∂ r

)+
1
r2

∂ 2T
∂θ 2 +

∂ 2T
∂ z2 ]+µΦ.

(3.6)

As the flow is axially symmetric in the axial direction, we have υθ = 0, and the

flow in the radial direction is negligible. The temperature field is also independent

of the angle θ for axial symmetric flows. Moreover, the dissipation function Φ is

to be neglected. Hence, the energy equation simplifies to

ρcp(
∂T
∂ t

+υz
∂T
∂ z

) = k(
∂ 2T
∂ z2 +

∂ 2T
∂ r2 +

1
r

∂T
∂ r

). (3.7)

As derived in [21], the velocity υz can be shown to be governed by

∂υz

∂ t
=−1

p
+

∂ p
∂υz

+
µ

p
(
∂ 2υz

∂ r2 +
1
r

∂υz

∂ r
). (3.8)
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Without lose of generality, Wu et al [21] consider the fluid flow driven by the

pressure gradient which can be approximated by

∂ p
∂ z

= a0 +
∞

∑
n=1

an cos(nωt)+bn sin(nωt), (3.9)

and study the fluid flow field in the slip regime. Under the Navier boundary slip

assumption, solutions for the velocity field and stress field have been derived.

However, no closed-form exact work has been done on the associated energy

equation and the temperature field. The previous study on the velocity field has

laid a solid foundation for the study of the temperature field, and the results will

be used in solving the associated heat transfer problem.

To solve the energy equation (3.7), we need to construct proper boundary condi-

tions and initial condition since the flow is unsteady. In general, there are three

types of boundary conditions, including Dirichlet type in which the temperature

(T ) is prescribed on the boundary, Neumann type in which the heat flux (∂T
∂n ) is

prescribed on the boundary, and Robin type in which the mixture of temperature

and heat flux is prescribed. For the problem investigated in cylindrical coor-

dinates (r,θ ,z), the boundary conditions based on Robin type may be written

as

α1
∂T
∂ r + k1T = f1 on r = R,

−α2
∂T
∂ z + k2T = f2 on z = 0,

α2
∂T
∂ z + k2T = f2 on z = L,

∂T
∂ r

∣∣∣
r=0

= 0,

where R is the radius of the circular micorchannel.
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Figure 3.1: Diagram showing the 5-point finite difference scheme

3.3 Computational Scheme

Firstly, we subdivide the domain in the (r,z)-plane as shown in Fig.3.1, i.e the

domain (a,b)× (c,d) in the rz-plane, into a set of equal rectangles, since the

flow is axially symmetric. The lengths of the sides of these rectangles are:

δ r = h =
b−a

nr
,δ z =

d− c
nz

.

In the selected coordinate system, we have

(ri,z j) = (a+ ih,c+ jk),(i = 0,nr; j = 1,nz).

We also use (i, j) to represent position (ri,z j) and T n
i, j to indicate T (ri,z j, tn). The

differential equation (3.7) is a field equation defined in the domain (a,b)× (c,d).

To find a numerical solution by the finite difference method, we consider the

differential equation at a finite number of points in the domain (a,b)× (c,d), and

hence get

ρ
cp

k
[
∂T n

i, j

∂ t
+υz

∂T n
i, j

∂ z
] = [

∂ 2T n
i, j

∂ z2 +
∂ 2T n

i, j

∂ r2 +
1
r

∂T n
i, j

∂ r
], (3.10)
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where i = 0, · · · ,nr, j = 1, · · · ,nz, n = 0, · · · ,nt . Then, based on Taylor’s

Theorem, we have

T (ri +h,z j) = Ti+1, j = Ti, j +hTr +
h2

2 Trr + · · ·

T (ri−h,z j) = Ti−1, j = Ti, j−hTr +
h2

2 Trr−·· ·

where Tr and Trr are all evaluated at (ri,z j). The central finite-difference formulae

based on Taylor’s Theorem can then be applied to calculate the derivatives in

(3.10), namely,
∂T n

i, j

∂ r
=

T n
i+1, j−T n

i−1, j

2h
+O(h2), (3.11)

∂ 2T n
i, j

∂ r2 =
T n

i−1, j−2T n
i, j +T n

i+1, j

h2 +O(h2), (3.12)

∂T n
i, j

∂ z
=

T n
i, j+1−T n

i, j−1

2g
+O(g2), (3.13)

∂ 2T n
i, j

∂ z2 =
T n

i, j−1−2T n
i, j +T n

i, j+1

g2 +O(g2). (3.14)

For h = g, we have the five points of the central difference scheme,

∇
2T n

i, j =
1
h2

[
T n

i−1, j +T n
i+1, j +T n

i, j−1 +T n
i, j+1−4T n

i, j

]
+O(h2). (3.15)

Equation (3.10) can be written as

ρ
cp

k
[
∂T n

i, j

∂ t
+υz

∂T n
i, j

∂ z
]− 1

r

∂T n
i, j

∂ r
= ∇

2T n
i, j. (3.16)

To derive a computational scheme for the problem investigated, at first, as

an example, we discretize the domain into a mesh with 6× 6 grid points, as

shown in Fig.3.2. These points (i, j) are called nodes with i = 0,1,2,3,4,5 and

j = 1,2,3,4,5,6.

39



r

z

1 2 3 4 5 6

7 8 9 10 11 12

13 14 15 16 17 18

19 20 21 22 23 24

25 26 27 28 29 30

31 32 33 34 35 36

0 1 2 3 4 5 6 7
0

1

2

3

4

5

6

7

Figure 3.2: The finite difference mesh

Then, we can set up an equation at each of these nodes. Therefore, the total

number of equations equals to the number of unknown, i.e., 36. These equations

define T n
i, j(i = 0,5, j = 1,6).

To construct such equations we substitute equations (3.11)-(3.14) into equation

(3.10) and obtain:

T n
i, j−1 +T n

i−1, j−4T n
i, j +T n

i+1, j +T n
i, j+1 =

ρh2cp

k
[
∂T n

i, j

∂ t
+

T n
i, j+1−T n

i, j−1

2h
vz(ri, t)]−

h2

ri

T n
i+1, j−T n

i−1, j

2h
, (i = 0,5, j = 1,6)

(3.17)

Let ρh2cp
k = α , vz(ri,t)

2h = βi, h
2ri

= γi, we get

(1+αβi)T n
i, j−1 +(1− γi)T n

i−1, j−4T n
i, j +(1+ γi)T n

i+1, j+

(1−αβi)T n
i, j+1 = α

∂T n
i, j

∂ t
. (3.18)
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These equations can be established row by row. Now, for i = 0, the above

equation becomes:

(1+αβ0)T n
0, j−1 +(1− γ0)T n

−1, j−4T n
0, j +(1+ γ0)T n

1, j+

(1−αβ0)T n
0, j+1 = α

∂T n
0, j

∂ t
, (3.19)

where the terms T n
−1, j are at the nodes outside the range considered. Then, we

need to eliminate this term by using the symmetrical boundary condition

T n
−i, j = T n

i, j, (3.20)

Hence, by substituting (3.20) into (3.19) we get

(1+αβ0)T n
0, j−1 +2T n

1, j−4T n
0, j +(1−αβ0)T n

0, j+1 = α
∂T n

0, j

∂ t
. (3.21)

For i = 5, Eq. (3.18) becomes

(1+αβ5)T n
5, j−1 +(1− γ5)T n

4, j−4T n
5, j +(1+ γ5)T n

6, j+

(1−αβ5)T n
5, j+1 = α

∂T n
5, j

∂ t
, (3.22)

where the terms T n
6, j are located outside the defined region. Thus, we need to

express these terms using other values via the boundary conditions on r = R

α1
∂T
∂ r

+ k1T = f1. (3.23)

Thus, by using the finite difference scheme for the derivative in the boundary

condition on i = 5, we get from the above

α1[
T n

6, j−T n
4, j

2h
]+ k1T n

5, j = f1, (3.24)

which gives

T n
6, j =

2h f1

α1
+T n

4, j−
2k1h
α1

T n
5, j, (3.25)
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that is,

T n
6, j = fn +T n

4, j−mT n
5, j, (3.26)

where fn =
2h f1
α1

,m = 2k1h
α1

.

Substituting Eq. (3.26) into Eq. (3.22) we get

(1+αβ5)T n
5, j−1 +(1− γ5)T n

4, j−4T n
5, j +(1+ γ5)( fn +T n

4, j−mT n
5, j)+

(1−αβ5)T n
5, j+1 = α

∂T n
5, j

∂ t
, (3.27)

which yields

(1+αβ5)T n
5, j−1 +2T n

4, j− (m+ γ5m+4)T n
5, j +(1−αβ5)T n

5, j+1

+(1+ γ5) fn = α
∂T n

5, j

∂ t
. (3.28)

For j = 1, Eq. (3.18) becomes

(1+αβi)T n
i,0 +(1− γi)T n

i−1,1−4T n
i,1 +(1+ γi)T n

i+1,1 +(1−αβi)T n
i,2 = α

∂T n
i,1

∂ t
,

(3.29)

where T n
i,0 are outside the region. So we use the boundary condition

−α2
∂T
∂ z

+ k2T = f2 on z = 0. (3.30)

By using the central finite difference scheme for the derivative in the boundary

condition on z = 0, we have

−α2
T n

i,2−T n
i,0

2g
+ k2T n

i,1 = f2, (3.31)

which gives

T n
i,0 = fw +T n

i,2−dT n
i,1, (3.32)

where fw = 2g f2
α2

,d = 2gk2
α2

.

Substituting (3.32) into (3.29), we get

(1− γi)T n
i−1,1− (4+d +dαβi)T n

i,1 +2T n
i,2 +(1+ γi)T n

i+1,1 =

− (1+αβi) fw +α
∂T n

i,1

∂ t
. (3.33)
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For j = 6, Eq. (3.18) becomes

(1+αβi)T n
i,5 +(1− γi)T n

i−1,6−4T n
i,6 +(1+ γi)T n

i+1,6

+(1−αβi)T n
i,7 = α

∂T n
i,6

∂ t
, (3.34)

where T n
i,7 are outside the domain. Then, we use the boundary condition

α2
∂T
∂ z

+ k2T = f2 on z = L, (3.35)

to eliminate them. By using the central finite difference scheme for the derivative

above on z = L, we have

α2
T n

i,7−T n
i,5

2g
+ k2T n

i,6 = f2, (3.36)

which gives

T n
i,7 = fw +T n

i,5−dT n
i,6. (3.37)

Substituting (3.37) into (3.34) we get

2T n
i,5 +((αβi−1)d−4)T n

i,6 +(1− γi)T n
i−1,6 +(1+ γi)T n

i+1,6

+(1−αβi) fw = α
∂T n

i,6

∂ t
. (3.38)

Now we discuss the corner points. At the point (i, j) = (0,1), from (3.21) with

j = 1 we have

(1+αβ0)T n
0,0 +2T n

1,1−4T n
0,1 +(1−αβ0)T n

0,2 = α
∂T n

0,1

∂ t
. (3.39)

As the term T n
0,0 is outside the domain, equation (3.32) for i = 0 gives

T n
0,0 = fw−dT n

0,1 +T n
0,2. (3.40)

Substituting (3.40) into (3.39), we have

2T n
1,1 +(−4−dαβ0−d)T n

0,1 +2T n
0,2 = α

∂T n
0,1

∂ t
− fw− fwαβ0. (3.41)
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At the corner point (0,6), from (3.21) with j = 6, we have

(1+αβ0)T n
0,5 +2T n

1,6−4T n
0,6 +(1−αβ0)T n

0,7 = α
∂T n

0,6

∂ t
. (3.42)

Since the term T n
0,7 is outside the defined domain, we use the boundary condition

to eliminate it. Substituting (3.37) with i = 0 into (3.42) we get

2T n
0,5 +2T n

1,6 +(−4−d +dαβ0)T n
0,6 +(1−αβ0) fw = α

∂T n
0,6

∂ t
. (3.43)

At the corner point (5,1), we use Eq. (3.28) with j = 1, then we have

(1+αβ5)T n
5,0 +2T n

4,1− (m+ γ5m+4)T n
5,1 +(1−αβ5)T n

5,2

+(1+ γ5) fn = α
∂T n

5,1

∂ t
. (3.44)

Since the term T n
5,0 is outside the range, we reduce it using Eq. (3.32) for i = 5.

Then, we get

T n
5,0 = fw−dT n

5,1 +T n
5,2, (3.45)

and then substituting (3.45) into (3.44), we have

2T n
4,1 +(−(1+αβ5)d +(−(1+ γ5)m−4))T n

5,1 +2T n
5,2 +(1+ γ5) fn

+(1+αβ5) fw = α
∂T n

5,1

∂ t
. (3.46)

For the corner point (5,6), we use Eq. (3.28) with j = 6, we have

(1+αβ5)T n
5,5+2T n

4,6−(m+γ5m+4)T n
5,6+(1−αβ5)T n

5,7+(1+γ5) fn =α
∂T n

5,6

∂ t
.

(3.47)

As the term T n
5,7 is outside the range, we use Eq. (3.37) with i = 5 to eliminate it,

and hence,

2T n
5,5 +2T n

4,6 +(−(1+ γ5)m−4− (1−αβ5)d)T n
5,6 +(1+ γ5) fn

+(1−αβ5) fw = α
∂T n

5,6

∂ t
. (3.48)
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These equations can be assembled together to get a system of 36 equations as

follows
B0 Ib 0 0 0 0

I + Ic B1 I− Ic 0 0 0
0 I + Ic B1 I− Ic 0 0
0 0 I + Ic B1 I− Ic 0
0 0 0 I + Ic B1 I− Ic
0 0 0 0 2I B2

T = αI
∂T
∂ t

+


F0
F1
F1
F1
F1
F2

 , (3.49)

where

B0 =


−4−d−dαβ0 2 0 0 0 0

1−γ1 −4−d−dαβ1 1+γ1 0 0 0
0 1−γ2 −4−d−dαβ2 1+γ2 0 0
0 0 1−γ3 −4−d−dαβ3 1+γ3 0
0 0 0 1−γ4 −4−d−dαβ4 1+γ4
0 0 0 0 2 −d−dαβ5−(1+γ5)m−4

 ,

B1 =


−4 2 0 0 0 0

1−γ1 −4 1+γ1 0 0 0
0 1−γ2 −4 1+γ2 0 0
0 0 1−γ3 −4 1+γ3 0
0 0 0 1−γ4 −4 1+γ4
0 0 0 0 2 −(1+γ5)m−4

 ,

Ib = 2I, Ic =


αβ0 0 0 0 0 0

0 αβ1 0 0 0 0
0 0 αβ2 0 0 0
0 0 0 αβ3 0 0
0 0 0 0 αβ4 0
0 0 0 0 0 αβ5

 ,

B2 =


−4−d+dαβ0 2 0 0 0 0

1−γ1 −4−d+dαβ1 1+γ1 0 0 0
0 1−γ2 −4−d+dαβ2 1+γ2 0 0
0 0 1−γ3 −4−d+dαβ3 1+γ3 0
0 0 0 1−γ4 −4−d+dαβ4 1+γ4
0 0 0 0 2 −d+dαβ5−(1+γ5)m−4

 ,

F0 =


− fw− fwαβ0
−(1+αβ1) fw
−(1+αβ2) fw
−(1+αβ3) fw
−(1+αβ4) fw

−(1+γ5) fn−(1+αβ5) fw

 ,
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F1 =


0
0
0
0
0

−(1+γ5) fn

 ,F2 =


−(1−αβ0) fw
−(1−αβ1) fw
−(1−αβ2) fw
−(1−αβ3) fw
−(1−αβ4) fw

(−(1+γ5) fn−(1−αβ5) fw)

 .

The system (3.49) can be written as

MT−αI
∂T
∂ t

= F. (3.50)

The Crank-Nicolson Scheme can then be used to find numerical solutions. For

this purpose, let
∂T
∂ t

(t+
∆t
2
) =

T (t+∆t)−T (t)
∆t

, (3.51)

T (t+
∆t
2
) =

1
2
[T (t)+T (t+∆t)]. (3.52)

Then, by considering Eq. (3.50) at t+∆t
2 , we get

M[
1
2

T (t)+
1
2

T (t+∆t)] = α[
T (t+∆t)−T (t)

∆t
]+F, (3.53)

which can be rewritten as

(I− ∆t
2α

M)T n+1 = (I+
∆t
2α

M)T n−∆t
α

F. (3.54)

To analyse the convergence of the numerical scheme for the system of differential

equations, based on the work in [62], let e(t) be the error in T (t) due to a small

change in T , then,

(I− ∆t
2α

M)(T n+1+en+1) = (I+
∆t
2α

M)(T n+en)−
∆t
α

F,

and hence,

(I− ∆t
2α

M)en+1 = (I+
∆t
2α

M)en, (3.55)

that is,

en+1 = R−1
− R+en, (3.56)
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where R− = I− ∆t
2α

M, R+ = I+ ∆t
2α

M. Further, assume that M has N linearly

independent eigenvectors ωi, and λi be eigenvalues. Then, we can approximate

the error at t = 0 as

e0 =
N

∑
i=1

αiωi.

Further, through some calculations, we get

en+1 =
N

∑
i=1

ρ
n+1
i αiωi,

where ρi =
1+ ∆t

2α
λi

1− ∆t
2α

λi
. If the eigenvalues λi are all negative, |ρi| ≤ 1, then, the error

will not grow and the scheme is stable.

Based on the above time stepping scheme, the following algorithm is used for

solving the problem numerically.

Numerical algorithm:

Input:k,ρ,cp,µ,α1,k1, f1,α2,k2, f2, l,ω,R,h,g,dt,Nt(Number of time steps)

Set T (1) = T0

Set t = 1

while (t < Nt) do

Calculate vz(r, t)

Calculate α,β ,γ

Calculate B0,B1,B2, Ib, Ic,F0,F1,F2

Construct M and F

Solve (I− ∆t
2α

M)T (t+1) = (I+ ∆t
2α

M)T (t)−∆t
α

F

Set t = t+1, then go to the next cycle of the while loop

while.
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3.4 Numerical investigations

In this section, the computation method established in section 3.3 is applied

to study the transient temperature field in microchannels and investigate the

influence of the slip parameter l and the convection heat transfer due to fluid flow

in microchannels.

For the investigation, we choose the fluid axial velocity vz as given by Eq. (29)

in [21] for the case where a pressure field has a cosine wave form pressure

gradient d p
dz = a0+a1 cos(ωt), namely

vz =−
a0R2

4µ
[1−( r

R
)2+

2l
R
]−Re[

c1i
ρω

(
J0(β1r)

J0(β1R)−lβ1J1(β1R)
−1)eiωt ],

where l denotes the boundary slip parameter, J0 is the zero-order Bessel function

of the first kind.

For the input parameter values for the investigation, we choose the parameters in

the boundary conditions as α1 = α2 = k,k1 = k2 = h∞, f1 = h∞T∞1, f2 = h∞T∞1

on z = 0 and f2 = h∞T∞2 on z = L. The values of k,h∞,T∞1,T∞2 together with

the input values for all other parameters are given in Table 3.1.

From the governing partial differential equation, for vz = 0, the heat transfer is

by diffusion only. For vz 6= 0, transfer of heat by convection will occur. Hence,

to investigate the influence of convection heat transfer due to fluid flow on the

temperature field, the value of a0 in vz is varied from 0 to -0.02. Figures 3.3-3.5

show the essential features of the temperature fields obtained respectively for

a0 = 0,−0.01 and -0.02. By comparing the corresponding figures for different

a0 values, it can be noted that the convection heat transfer affects the temperature

field significantly. As a0 and consequently the fluid axial velocity vz increases,

the temperature in the channel decreases significantly.

For the conventional no-slip boundary condition, l = 0. As slip occurs at micro-

scale, l > 0, and the intensity of slip on boundary is measured by the l value
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Table 3.1: Input parameters values

Parameters Their values
R 0.005 m
h 0.001 m
g 0.001 m
k 0.5918 Wm−2K−1

µ 0.003 kgm−1s−1

ω 1 s−1

ρ 1000 kgm−3

cp 4000 Jkg−1K−1

T∞1 0◦C
T∞2 20◦C
T0 20◦C
h∞ 3000 Wm−2K−1

l 0.005
a0 -0.01 N/m3

a1 -0.01 N/m3

which consequently affects the velocity vz. Hence, to investigate the influence

of boundary slip on the temperature field, the l value is varied from l = 0 for

the no-slip case to l = 0.005 and 0.02, while all other parameter values remain

unchanged. Figures 3.6-3.8 show the temperature fields obtained respectively

by l = 0,0.005 and 0.02. It can be noted from the figures, boundary slip has

a significant effect on the temperature field in the channel. As l increases, the

temperature decreases.

3.5 Concluding Remarks

In this chapter, a computation scheme has been developed based on the finite

difference method to solve the heat transfer problem numerically. Numerical

experiments show that the developed computational method can capture the

essential features of the temperature field in microchannels and the influence of

the system parameters. The numerical simulation results show that boundary slip
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(a) Distribution of temperature in the channel at
t = T

(b) Evolution of Temperature at the cross-section
z = L/2

(c) Distribution of temperature along r at z =
L/2, t = T

Figure 3.3: Temperature field T (r,z, t) in microchannel for a0 = 0
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(a) Distribution of temperature in the channel at
t = T

(b) Evolution of temperature at the cross-section
z = L/2

(c) Distribution of temperature along r at z =
L/2, t = T

Figure 3.4: Temperature field T (r,z, t) in microchannel for a0 =−0.01
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(a) Distribution of temperature in the channel at
t = T

(b) Evolution of temperature at the cross-section
z = L/2

(c) Distribution of temperature along r at z =
L/2, t = T

Figure 3.5: Temperature field T (r,z, t) in microchannel for a0 =−0.02
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(a) Distribution of temperature in the channel at
t = T

(b) Evolution of temperature at the cross-section
z = L/2

(c) Distribution of temperature along r at z =
L/2, t = T

Figure 3.6: Temperature field T (r,z, t) in microchannel for l = 0
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(a) Distribution of temperature in the channel at
t = T

(b) Evolution of temperature at the cross-section
z = L/2

(c) Distribution of temperature along r at z =
L/2, t = T

Figure 3.7: Temperature field T (r,z, t) in microchannel for l = 0.005

54



(a) Distribution of temperature in the channel at
t = T

(b) Evolution of temperature at the cross-section
z = L/2

(c) Distribution of temperature along r at z =
L/2, t = T

Figure 3.8: Temperature field T (r,z, t) in microchannel for l = 0.02
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as well as convection heat transfer have significant effects on the temperature

field.
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Chapter 4

Velocity and temperature fields in
mixed electroosmotic and
pressure-driven flow of fluids in slip
regime

4.1 General

The hydrodynamic characteristics of combined electroosmotic and pressure-

driven flows have been studied for several micro-geometries [63–66]. A mixed

flow occurs once a pressure-driven system and the electrokinetic mechanism

are combined together to minimize the effect of the joule heating associated

with electro-osmosis. The other way in which a mixed flow can be created is

when a liquid can be carried through a micrometer channel by using a pressure

gradient [67–70].

The thermal characteristics of electro-kinetic flow have been studied by Myness

and Webb’s research group [71–73]. They focused on exploring the features of

the thermally fully developed electro-osmotic flow. Such a flow was considered

at low [71] and high [73] zeta potentials. Their studies involve a mixed electro-

osmotic and pressure-driven flow [74].
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Electro-osmosis flows are employed in several applications due to its various

advantages. For example, the operations become simpler once any moving parts

of the mechanisms are loosed, for example, de-watering of waste sludges and

removing of contaminants from soils [75]. An analytical solution was derived

for Electro-osmosis flow in cylindrical annulus model in 2000 [75].

Research communities focused recently on micro-scale transport processes in the

applications of biomedical and biotechnological [76]. The electro-osmotic flow in

comparison to the conventional pressure-driven has many features. On the other

hand, electro-osmotic flow mechanisms have side effects of Joule heating. The

effects have been shown by research studies in low column separation efficiency,

and reducing the resolution of research. In addition, the electro-osmotic flow

may have certain benefits by using mechanical pressure pumping. Namely,

mechanical pumping on its own may not be a chosen mechanism to drive the flow

through micro applications. Mixed electro-osmotic and pressure-driven transport

mechanisms are thus suggested by many researchers for pumping the flow of

liquids via microchannels, in particular for biotechnological implementations.

Solutions for temperature distributions were obtained in the thermally developing

systems of electro-osmotic flows Dutta [77]. However, only a few results have

been obtained in solving the Graetz problem identified on an acceptable physical

basis for electro-osmotic derived flow in microchannels. The Graetz problem

concerns the laminar forced convective heat transfer in a circular channel that

was initially solved by Graetz using analytical method [78]. It was under certain

assumptions such as hydro-dynamically fully developed flow whereas both

stream-wise heat conduction and viscous dissipation were neglected. The original

Graetz problem was extended by Sellars et al [5]. They used effective techniques

to solve the eigenvalues problem. The solution of the Graetz problem was also

expanded to involve the effects of stream-wise conduction by Lahjomri et al. [79].

In the recent past, some researchers obtained analytical solutions of the Graetz

problem for gas flows in microchannels, that is associated with wall-slip boundary

conditions [2, 80].

58



Several recent technologies have an interest in utilising microfluidic transport to

generate micropower, separate chemical processes and other biomedical mecha-

nisms [71]. Since considerable pressures are demanded in pressure-driven flow,

they are complicated to manufacture and maintain [81]. Elctroosmotic flow might

produce an applicable alternative to pressure-driven liquid flow in microchannel.

Electroosmosis has been first notified and observed by Reuss approximately two

centuries ago [82]. The electroosmotic character of the flow results in a strong

velocity profile function that affects the temperature distribution and resulting

heat transfer. Joule heating in the fluid is established by the applied voltage

gradient, and its electric conduction and volumetric energy then emerge therein.

The aim of this chapter is to study the velocity field and temperature field

for mixed electroosmotic and pressure-driven flow in the slip regime. This

study focuses on analytical solution for heat transfer equation and fluid flow by

constructing the mathematical model under the Navier slip boundary condition.

The rest of the chapter is organised as follows. A brief description of the problem,

together with the mathematical model, is presented in section 4.2. Then based on

previous work for the case with no-slip boundary conditions, analytical solutions

for the case with slip boundary conditions are derived in section 4.3. Then

numerical investigation of the temperature field under slip condition as well

as the influence of the slip parameter are given in section 4.4, followed by a

concluding remark in section 4.5.

4.2 Problem Description and Mathematical Model

The aim is to investigate the heat transfer in a mixed electroosmotic and pressure-

driven flow of a Newtonian fluid through a circular microchannel. The diameter

of this channel is denoted D. The length of the heating section is finite and is

denoted by L. The geometry of the microchannel, together with the coordinates,

the applied electric field and other details, are shown in Fig.4.1. Throughout this
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Figure 4.1: Schematic of the physical problem

investigation, the following assumptions are made as in [83]:

• The start point for the fluid to flow through the channel is x =−L−. The

velocity profile is fully developed with a uniform temperature of T0.

• Fluid is assumed to be heated by Joule heat.

• The heating section has a length L starting at the point x = 0.

• The channel is insulated for x ∈ [L,L+L+].

• The net conductive heat flux at the exit is secured to be zero since L+ is

chosen to be sufficiently large.

• The characteristics of the thermo-physico-chemical are all constants.

• The employment of Debye-Hückel linearization is ensured since the zeta

potential is sufficiently low.

• The Péclet number is low enough to assume that the transverse variations

of the temperature are small.
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The problem to be investigated involves both heat transfer and fluid flow driven

by mixed pressure gradient and electroosmotic pumping mechanisms. From the

principle of continuum mechanisms, the governing equations for the velocity

field of the mixed electroosmotic and pressure-driven flow include the continuity

equation and the Navier-Stokes equations, namely

∇·v = 0, (4.1)

ρ

(
∂v
∂ t

+(v·∇)v
)
=−∇p+µ∇

2v+ρeE, (4.2)

where v denotes the velocity vector, p is the pressure, µ and ρ are the viscosity

and the density respectively, E denotes the externally applied electric field, ρe is

the net electrical chase density, and in cylindrical polar coordinates

v = vrer+vθ eθ+uex, (4.3)

∇ = er
∂

∂ r
+eθ

∂

r∂ r
+ex

∂

∂x
. (4.4)

For steady-state fully developed axially symmetric flows through micro-channels

of circular cross-section, the velocity components in the transverse and radial

directions vanish, that is

vr = 0, vθ = 0. (4.5)

Hence, the continuity equation becomes

∂u
∂x

= 0, (4.6)

which requires u = u(r,θ), and further as the problem is axially symmetric,

u = u(r). Therefore, by substituting Eqs.(4.5),(4.6) into Eq.(4.2), the governing

equation for u(r) is as given in [84] as follows

1
r

d
dr

(µr
du
dr

) =
d p
dx
−ρeEx. (4.7)

By introducing the dimensionless parameters Γ= uPD/uHS where uHS =−εζ Ex/µ

is the Helmholtz-Smoluchowski velocity and uPD =−R2(d p/dx)/4µ represents
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the pressure-driven velocity, the equation for the axial velocity is given in [83] in

dimensionless form as follows

1
r∗

d
dr∗

(r∗
du∗

dr∗
) =−4Γ−K2 I0(Kr∗)

I0(K)
. (4.8)

In previous work, Eq. (4.8) is solved subject to no-slip boundary condition.

However, as microslip has been found to occur at microscale, we propose to

use the Navier slip boundary condition, namely at the solid-fluid interface with

r∗ = 1, we assume

u∗(1)+l
du∗(1)

dr∗
= 0. (4.9)

Due to axial symmetry, we also have

∂u∗

∂ r∗

∣∣∣
r∗=0

= 0. (4.10)

The heat transfer process is governed by the standard convection-diffusion equa-

tion with a source term due to the externally applied electric field. By using

dimensionless variables, the heat transfer equation is given in [83] in dimension-

less form as follows

Peα

4
u∗

∂θ

∂x∗
=

1
r∗

∂

∂ r∗
(r∗

∂θ

∂ r∗
)+

α2

4
∂ 2θ

∂x∗2
+S, (4.11)

subject to boundary conditions

θ

∣∣∣
x∗=−β

= 0,
∂θ

∂x∗

∣∣∣
x∗=1+β+

=
4S

Peαu∗m
,

∂θ

∂ r∗

∣∣∣
r∗=0

= 0,

∂θ

∂ r∗

∣∣∣
r∗=1

= Qw(x∗) =

{
qw(x∗) for 0≤ x∗ ≤ 1
0 otherwise

(4.12)

where qav =
1
L
∫ L

0 qw(x)dx denotes the average wall heat flux, Pe = uHSD
k/ρcp

is the

Péclet number, S =
RE2

x
qavσ0

demonstrates the heat sources, and α = D
L represents

the channel diameter-to-length ratio. β− = L−/L,β+ = L+/L, and qw(x∗) =

qw(x∗)/qav. In previous work, the heat transfer problem has been solved for the

no-slip case. In this work, we will focus on solving and investigating the problem

for the slip case.
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4.3 Derivation of Analytical solutions

Firstly, we solve the velocity equation subject to the slip boundary condition to

obtain the velocity u∗(r). To solve Eq.(4.12), we first solve the homogeneous

equation
1
r∗

d
dr∗

(r∗
du∗

dr∗
) = 0, (4.13)

and get

u∗c = A lnr∗+B, (4.14)

where A,B are arbitrary constants. From Eq.(4.8) the particular solution has the

form

u∗p = Γ(1−r∗2)−I0(Kr∗)
I0(K)

. (4.15)

Thus, the general solution is

u∗ = A lnr∗+B+Γ(1−r∗2)−I0(Kr∗)
I0(K)

. (4.16)

The coefficients A and B can be determined by using the symmetrical condition

and the slip boundary condition. Now from Eq. (4.12), we get
du∗

dr∗
= A

1
r∗
−2r∗Γ− d

dr∗
[
I0(Kr∗)
I0(K)

],

= A
1
r∗
−2r∗Γ− K

I0(K)
I1(Kr∗). (4.17)

From (4.10), we get

A
1
r∗
−2r∗Γ− K

I0(K)
I1(0) = 0, (4.18)

which gives A = 0 since the modified Bessel function of order 1 at the origin is

zero. Now from Eq.(4.9) we have

B = l[2Γ+
K

I0(K)
I1(K)]+1. (4.19)

Then, the exact solution is

u∗ = 1+l[2Γ+
K

I0(K)
I1(K)]+Γ(1−r∗2)−I0(Kr∗)

I0(K)
. (4.20)

Further, the dimensionless mean velocity is given by

u∗m = 2
∫ 1

0
u∗r∗dr∗ = 1+l[2Γ+

K
I0(K)

I1(K)]+
Γ

2
− 2I1(K)

KI0(K)
. (4.21)
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Remark 4.3.1 In comparison with the solution in [83], the solution (4.20) de-

rived in this work has two additional terms, that is the second or third terms

above. The solution u∗m in Eq.(4.21) also has two additional terms, the second

and the third terms, in comparison with the corresponding solutions for the

no-slip case.

Now we consider solving the heat transfer equation (4.11) subject to the boundary

condition (4.12). As the diameter of the channel is very small, it results in a low

Péclet number flow, and hence a small variation should occur on the temperature

over the radial coordinate [85]. To take advantage of these flow thermal properties,

as in [83], θ is divided into two parts

θ(x∗,r∗) = θb(x∗)+φ(x∗,r∗), (4.22)

where θb(x∗) = 2
u∗m

∫ 1
0 θ(x∗,r∗)u∗r∗dr∗ represents the dimensionless bulk temper-

ature, while φ(x∗,r∗) is subject to∫ 1

0
φ(x∗,r∗)u∗r∗dr∗ = 0. (4.23)

Further, by assuming that ∂φ

∂x∗ �
dθb
dx∗ and ∂ 2φ

∂x∗2 �
d2θb
dx∗2 , it has been shown

in [83] that θb and φ satisfy the following equation

Peα

4
u∗(

dθb

dx∗
) =

1
r∗

∂

∂ r∗
(r∗

∂φ

∂ r∗
)+

α2

4
d2θb

dx∗2
+S, (4.24)

subject to

θ

∣∣∣
x∗=−β−

= 0,
dθb

dx∗

∣∣∣
x∗=1+β+

=
4S

Peαu∗m
∂φ

∂ r∗

∣∣∣
r∗=0

= 0,
∂φ

∂ r∗

∣∣∣
r∗=1

= Qw(x∗).
(4.25)

The solution of the problem for the no-slip case has been derived in [83]. Here

the focus is on the slip case. Through some computation, it is found that θb for

the slip case can be expressed in the same form as that for the no-slip case except

for some differences detailed in the remark below, namely
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θb =
8

Peu∗mα

[
IntQw+ f (x∗)− f (−β

−)+
S
2
(x∗+β

−)
]
, (4.26)

where

f (x∗) = e
u∗mPe

α
x∗
∫ 1

x∗
Qw(x∗∗)e−

u∗mPe
α

x∗∗dx∗∗,

IntQw =
∫ x∗

0
Qw(x∗∗)dx∗∗.

Remark 4.3.2 The solution of θb in Eq.(4.26) has the same form as that for the

no-slip case. However, the u∗m in the above formula has two additional terms

due to boundary slip as mentioned in Remark 4.3.1. The function f (x∗), which

involves u∗m, is thus also different to that for the no-slip case.

Now we focus on finding the solution of φ . From Eq.(4.26), one get

dθb

dx∗
=

8
α2 e

Peu∗m
α

x∗
∫ 1

x∗
Qwe−

Peu∗m
α

x∗dx∗+
4S

Peu∗mα
, (4.27)

dθ 2
b

dx∗2
=

8
α2

Peu∗m
α

e
Peu∗m

α
x∗
∫ 1

x∗
Qwe−

Peu∗m
α

x∗dx∗− 8
α2 Qw. (4.28)

Substituting the above into Eq. (4.24), we get

2Peu∗

α
f (x∗)+

Su∗

u∗m
=

1
r∗

∂

∂ r∗
(r∗

∂φ

∂ r∗
)+2

Peu∗m
α

f (x∗)−2Qw+S. (4.29)

Substituting for u∗ from (4.20) into (4.29), we have

1
r∗

∂

∂ r∗
(r∗

∂φ

∂ r∗
) =

[2Pe
α

f (x∗)+
S

u∗m

][
1+l[2Γ+

K
I0(K)

I1(K)]+Γ(1−r∗2)−I0(Kr∗)
I0(K)

]
−2u∗m

α
Pe f (x∗)+2Qw−S. (4.30)

By integrating with respect to r∗, we have

r∗
∂φ

∂ r∗
=
∫

r∗
[2Pe

α
f (x∗)+

S
u∗m

][
1+l[2Γ+

K
I0(K)

I1(K)]+Γ(1−r∗2)−I0(Kr∗)
I0(K)

]
dr∗

−
∫ 2u∗m

α
Pe f (x∗)r∗dr∗+

∫
2Qwr∗dr∗−

∫
Sr∗dr∗+C3
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=
r∗2

2

[2Pe
α

f (x∗)+
S

u∗m

][
1+l[2Γ+

K
I0(K)

I1(K)]
]
+(

2Pe
α

f (x∗)+
S

u∗m
)
[r∗2

2
Γ−r∗4

4
Γ

]

− 1
I0(K)

(
2Pe
α

f (x∗)+
S

u∗m
)
[ 1

K
r∗I1(Kr∗)

]
−Peu∗m

α
f (x∗)r∗2+Qwr∗2−S

2
r∗2+C3,

∂φ

∂ r∗
=

r∗

2

[2Pe
α

f (x∗)+
S

u∗m

][
1+l[2Γ+

K
I0(K)

I1(K)]
]
+(

2Pe
α

f (x∗)+
S

u∗m
)
[r∗

2
Γ−r∗3

4
Γ

]

− 1
I0(K)

(
2Pe
α

f (x∗)+
S

u∗m
)
[ 1

K
I1(Kr∗)

]
−Peu∗m

α
f (x∗)r∗+Qwr∗−S

2
r∗+

C3

r∗
,

φ =
r∗2

4

[2Pe
α

f (x∗)+
S

u∗m

][
1+l[2Γ+

K
I0(K)

I1(K)]
]
+(

2Pe
α

f (x∗)+
S

u∗m
)
[r∗2

4
Γ−r∗4

16
Γ

]

− 1
K2I0(K)

(
2Pe
α

f (x∗)+
S

u∗m
)
[
I0(Kr∗)

]
−Peu∗m

2α
f (x∗)r∗2+

1
2
Qwr∗2−S

4
r∗2+C3 lnr∗+C4.

Rearranging, we have

φ =
[2Pe

α
f (x∗)+

S
u∗m

][r∗2

4
+l

r∗2

4
[2Γ+

K
I0(K)

I1(K)]+
r∗2

4
Γ−r∗4

16
Γ− I0(Kr∗)

K2I0(K)

]
(4.31)

+
r∗2

4

[
2Qw(x∗)−2

Peu∗m
α

f (x∗)−S
]
+C3 lnr∗+C4,

which can be rewritten in the following form

φ = a·A(r∗)+r∗2

4
·d+C3 lnr∗+C4, (4.32)

where

A(r∗) =
r∗2

4
+l

r∗2

4
b+

r∗2

4
Γ−r∗4

16
Γ− I0(Kr∗)

K2I0(K)
,

a =
[2Pe

α
f (x∗)+

S
u∗m

]
,

b = [2Γ+
K

I0(K)
I1(K)],
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d =
[
2Qw(x∗)−2

Peu∗m
α

f (x∗)−S
]
.

Now we use the condition (4.23) to calculate the integration constants∫ 1

0

{
a
[r∗2

4
+l

r∗2

4
b+

r∗2

4
Γ−r∗4

16
Γ− I0(Kr∗)

K2I0(K)

]
+

r∗2

4
d+C3 lnr∗+C4

}
{

1+lb+Γ(1−r∗2)−I0(Kr∗)
I0(K)

}
r∗dr∗ = 0. (4.33)

We need to choose C3 = 0 as lnr∗ tends to −∞ as r∗→ 0, to get a reasonable

solution. Then,∫ 1

0

{
a
[r∗2

4
+l

r∗2

4
b+

r∗2

4
Γ−r∗4

16
Γ− I0(Kr∗)

K2I0(K)

]
+

r∗2

4
d+C4

}
{

1+lb+Γ(1−r∗2)−I0(Kr∗)
I0(K)

}
r∗dr∗ = 0, (4.34)

which gives∫ 1

0
a
[r∗3

4
+l

r∗3

4
b+

r∗3

4
Γ−r∗5

16
Γ−r∗I0(Kr∗)

K2I0(K)

]
dr∗

+
∫ 1

0
bal
[r∗3

4
+l

r∗3

4
b+

r∗3

4
Γ−r∗5

16
Γ−r∗I0(Kr∗)

K2I0(K)

]
dr∗+∫ 1

0
aΓ(1−r∗2)

[r∗3

4
+l

r∗3

4
b+

r∗3

4
Γ−r∗5

16
Γ−r∗I0(Kr∗)

K2I0(K)

]
dr∗−

a
I0(K)

{∫ 1

0

(
I0(Kr∗)

r∗3

4
+lb

r∗3

4
I0(Kr∗)+

r∗3

4
ΓI0(Kr∗)−

r∗5

16
ΓI0(Kr∗)−r∗

I2
0 (Kr∗)

K2I0(K)

)
dr∗
}
+
∫ 1

0

(r∗3

4
d+

r∗3

4
dlb+

r∗3

4
dΓ(1−r∗2)−

r∗3

4
d

I0(Kr∗)
I0(K)

)
dr∗+C4

∫ 1

0

(
r∗+lbr∗+r∗Γ(1−r∗2)−r∗I0(Kr∗)

I0(K)

)
dr∗ = 0.

(4.35)
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Consequently,

a
[r∗4

16
+lb

r∗4

16
+Γ

r∗4

16
−r∗6

96
Γ− 1

K2I0(K)

∫ 1

0
r∗I0(Kr∗)dr∗

]
+bal

[r∗4

16
+lb

r∗4

16
+

r∗4

16
Γ−r∗6

96
Γ− 1

K2I0(K)

∫ 1

0
r∗I0(Kr∗)dr∗

]
+a
∫ 1

0

{r∗3

4
Γ−r∗5

4
Γ+lb

[r∗3

4
Γ−r∗5

4
Γ

]
+

r∗3

4
Γ

2−r∗5

4
Γ

2

−r∗5

16
Γ

2+
r∗7

16
Γ

2− Γ

K2I0(K)
(r∗I0(Kr∗)−r∗3I0(Kr∗))

}
dr∗

− a
I0(K)

{∫ 1

0

r∗3

4
I0(Kr∗)dr∗+

∫ 1

0

lb
4

r∗3I0(Kr∗)dr∗+
∫ 1

0

Γ

4
r∗3I0(Kr∗)dr∗

−
∫ 1

0

Γ

16
r∗5I0(Kr∗)dr∗−

∫ 1

0

1
K2I0(K)

r∗I2
0 (Kr∗)dr∗

}
+
∫ 1

0

(r∗3

4
d+dlb

r∗3

4
+dΓ(

r∗3

4
−r∗5

4
)− d

4I0(K)
r∗3I0(Kr∗)

)
dr∗

+C4

∫ 1

0

(
r∗+lbr∗+Γ(r∗−r∗3)− 1

I0(K)
r∗I0(Kr∗)

)
dr∗ = 0,

and

(a+bal)
[r∗4

16
+lb

r∗4

16
+Γ

r∗4

16
−r∗6

96
Γ− 1

K3I0(K)
r∗I1(Kr∗)

]1

0
+

a
[r∗4

16
Γ−r∗6

24
Γ+lbΓ

r∗4

16
−lbΓ

r∗6

24
+

r∗4

16
Γ

2−r∗6

24
Γ

2−r∗6

96
Γ

2+

r∗8

128
Γ

2− Γ

K3I0(K)
r∗I1(Kr∗)+

Γ

K2I0(K)

∫ 1

0
r∗3I0(Kr∗)dr∗

]
− a

I0(K)

{∫ 1

0
r∗3I0(Kr∗)dr∗

(1
4
+

lb
4
+

Γ

4

)
−
∫ 1

0

Γ

16
r∗5I0(Kr∗)dr∗−∫ 1

0

1
K2I0(K)

r∗I2
0 (Kr∗)dr∗

}
+

r∗4

16
d+dlb

r∗4

16
+dΓ

r∗4

16
−r∗6

24
dΓ

− d
4I0(K)

∫ 1

0
r∗3I0(Kr∗)dr∗+C4

[r∗2

2
+lb

r∗2

2
+Γ

r∗2

2
−Γ

r∗4

4
− 1

I0(K)

1
K

r∗I1(Kr∗)
]
= 0.

(4.36)

The above formula involves the integrals of r∗3I0(Kr∗),r∗5I0(Kr∗) and r∗I2
0 (Kr∗).
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We first evaluate these integrals below.

(i)
∫

r∗3I0(Kr∗)dr∗ =
∫

r∗2r∗I0(Kr∗)dr∗

= r∗2
1
K

r∗I1(Kr∗)−
∫ 1

K
r∗I1(Kr∗)2r∗dr∗

= r∗3
1
K

I1(Kr∗)− 2
K

∫
r∗2I1(Kr∗)dr∗

= r∗3
1
K

I1(Kr∗)− 2
K

1
K

r∗2I2(Kr∗)

= r∗3
1
K

I1(Kr∗)+
2r∗

K3

(
2I1(Kr∗)−Kr∗I0(Kr∗)

)
,

where we have used the following Modified Bessel function properties in the

above formulation,∫
r∗2I1(Kr∗)dr∗ =

1
K

r∗2I2(Kr∗),

Kr∗I2(Kr∗) =−2I1(Kr∗)+Kr∗I0(Kr∗),
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(ii)
∫

r∗5I0(Kr∗)dr∗

=
∫

r∗4r∗I0(Kr∗)dr∗

= r∗4
1
K

r∗I1(Kr∗)−
∫ 1

K
r∗I1(Kr∗)4r∗3dr∗

=
r∗5

K
I1(Kr∗)− 4

K

∫
r∗4I1(Kr∗)dr∗,

where
∫

r∗4I1(Kr∗)dr∗

=
∫

r∗2r∗2I1(Kr∗)dr∗

= r∗2
1

K3 K2r∗2I2(Kr∗)−
∫ 1

K
r∗2I2(Kr∗)2r∗dr∗

=
1
K

r∗4I2(Kr∗)− 2
K

∫
r∗3I2(Kr∗)dr∗

=
1
K

r∗4I2(Kr∗)− 2
K

1
K

r∗3I3(Kr∗)

=
1
K

r∗4I2(Kr∗)− 2
K2 r∗3I3(Kr∗)

=
1

K2 r∗3Kr∗I2(Kr∗)− 2
K3 r∗2Kr∗I3(Kr∗)

=− 1
K2 r∗3

(
2I1(Kr∗)−Kr∗I0(Kr∗)

)
+

2
K3 r∗2

(
4I2(Kr∗)−Kr∗I1(Kr∗)

)
=− 2

K2 r∗3I1(Kr∗)+
1
K

r∗4I0(Kr∗)+
8

K3 r∗2I2(Kr∗)− 2
K2 r∗3I1(Kr∗)

=− 4
K2 r∗3I1(Kr∗)+

1
K

r∗4I0(Kr∗)− 8
K4 r∗

(
2I1(Kr∗)−Kr∗I0(Kr∗)

)
.

(iii)
∫

r∗I2
0 (Kr∗)dr∗. To evaluate this integral, we use the following integral

relation ∫ a

0
r∗I2

n (Kr∗)dr∗ =
a2

2

[
−{I′n(Ka)}2+(1+

n2

K2a2 ){In(Ka)}2
]
.

That is, ∫ 1

0
r∗I2

0 (Kr∗)dr∗ =
1
2
[I2

0 (K)]−1
2
[I
′2
0 (K)].
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By using the properties of Modified Bessel functions, we have∫ 1

0
r∗I2

0 (Kr∗)dr∗ =
1
2
[I2

0 (K)]−1
2
[I2

1 (K)].

Substituting the results of the above integrals into (4.36) yields

(a+bal)
[r∗4

16
+lb

r∗4

16
+

r∗4

16
Γ−r∗6

96
Γ− 1

K3I0(K)
r∗I1(Kr∗)

]1

0

+a
[r∗4

16
Γ−r∗6

24
Γ+

r∗4

16
lbΓ−r∗6

24
lbΓ+

r∗4

16
Γ

2−r∗6

24
Γ

2−r∗6

96
Γ

2+
r∗8

128
Γ

2

− Γ

K3I0(K)
r∗I1(Kr∗)+

Γ

K2I0(K)

[(
r∗3

1
K

I1(Kr∗)+
4

K3 r∗I1(Kr∗)− 2
K2 r∗2I0(Kr∗)

)]]1

0

− a
I0(K)

{(1
4
+

lb
4
+

Γ

4

)[
r∗3

1
K

I1(Kr∗)+
4

K3 r∗I1(Kr∗)− 2
K2 r∗2I0(Kr∗)

]1

0

−Γ

[ r∗5

16K
I1(Kr∗)+

1
K3 r∗3I1(Kr∗)− 1

4K2 r∗4I0(Kr∗)+
4

K5 r∗I1(Kr∗)− 2
K4 r∗2I0(Kr∗)

]1

0

− 1
K2I0(K)

(1
2

I2
0 (K)−1

2
I2
1 (K)

)}
+
[r∗4

16
d+

r∗4

16
dlb+

r∗4

16
dΓ−r∗6

24
dΓ

− d
4I0(K)

(
r∗3

1
K

I1(Kr∗)+
4

K3 r∗I1(Kr∗)− 2
K2 r∗2I0(Kr∗)

)
+C4

[r∗2

2
+

r∗2

2
lb+

r∗2

2
Γ−r∗4

4
Γ− 1

I0(K)

1
K

r∗I1(Kr∗)
]1

0
= 0.

Now we substitute the limits of integration to yield

(a+bal)
[ 1

16
+

1
16

lb+
1

16
Γ− 1

96
Γ− 1

K3I0(K)
I1(K)

]
+a
[ 1

16
Γ− 1

24
Γ+

1
16

lbΓ− 1
24

lbΓ+
1

16
Γ

2− 1
24

Γ
2− 1

96
Γ

2

+
1

128
Γ

2− Γ

K3I0(K)
I1(K)+

Γ

K2I0(K)

[( 1
K

I1(K)+
4

K3 I1(K)− 2
K2 I0(K)

)]]
− a

I0(K)

{(1
4
+

lb
4
+

Γ

4

)( 1
K

I1(K)+
4

K3 I1(K)− 2
K2 I0(K)

)
−Γ

[ 1
16K

I1(K)+
1

K3 I1(K)− 1
4K2 I0(K)+

4
K5 I1(K)− 2

K4 I0(K)
]

− 1
K2I0(K)

(1
2

I2
0 (K)−1

2
I2
1 (K)

)}
+

1
16

d+
1

16
dlb+

1
16

dΓ− 1
24

dΓ

− d
4I0(K)

( 1
K

I1(K)+
4

K3 I1(K)− 2
K2 I0(K)

)
+C4

[1
2
+

1
2

lb+
1
2

Γ−1
4

Γ

− 1
I0(K)

1
K

I1(K)
]
= 0.
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Then, we have

C4 =
−2

1+lb+Γ

2−
2I1(K)
KI0(K)

{
(a+bal)

[ 1
16

+
1

16
lb+

1
16

Γ− 1
96

Γ− 1
K2I0(K)

1
K

I1(K)
]

+a
[ 1

16
Γ− 1

24
Γ+

1
16

lbΓ− 1
24

lbΓ+
1
16

Γ
2− 1

24
Γ

2− 1
96

Γ
2

+
1

128
Γ

2− Γ

K3I0(K)
I1(K)+

Γ

K2I0(K)

[( 1
K

I1(K)+
4

K3 I1(K)− 2
K2 I0(K)

)]]
− a

I0(K)

{(1
4
+

lb
4
+

Γ

4

)( 1
K

I1(K)+
4

K3 I1(K)− 2
K2 I0(K)

)
−Γ

[ 1
16K

I1(K)+
1

K3 I1(K)− 1
4K2 I0(K)+

4
K5 I1(K)− 2

K4 I0(K)
]

− 1
K2I0(K)

(1
2

I2
0 (K)−1

2
I2
1 (K)

)}
+

1
16

d+
1
16

dlb+
1

16
dΓ− 1

24
dΓ

− d
4I0(K)

( 1
K

I1(K)+
4

K3 I1(K)− 2
K2 I0(K)

)}
,

that is,

C4 =
−2
u∗m

{
(a+bal)

[ 1
16

+
1

16
lb+

1
16

Γ− 1
96

Γ− 1
K2I0(K)

1
K

I1(K)
]

+a
[ 1

16
Γ− 1

24
Γ+

1
16

lbΓ− 1
24

lbΓ+
1

16
Γ

2− 1
24

Γ
2− 1

96
Γ

2

+
1

128
Γ

2− Γ

K3I0(K)
I1(K)+

Γ

K2I0(K)

[( 1
K

I1(K)+
4

K3 I1(K)− 2
K2 I0(K)

)]]
− a

I0(K)

{(1
4
+

lb
4
+

Γ

4

)( 1
K

I1(K)+
4

K3 I1(K)− 2
K2 I0(K)

)
−Γ

[ 1
16K

I1(K)+
1

K3 I1(K)− 1
4K2 I0(K)+

4
K5 I1(K)− 2

K4 I0(K)
]

− 1
K2I0(K)

(1
2

I2
0 (K)−1

2
I2
1 (K)

)}
+

1
16

d+
1

16
dlb+

1
16

dΓ− 1
24

dΓ

− d
4I0(K)

( 1
K

I1(K)+
4

K3 I1(K)− 2
K2 I0(K)

)}
,

which can be written as

−C4 =
a

u∗m
E+

d
u∗m

F, (4.37)
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where

E =
1
8
+

lb
4
+

b2l2

8
+

7
48

Γ+
7lb
48

Γ+
lb
K2+

7
192

Γ
2

−8Γ

K4+
Γ

2K2+
2

K2+
I1(K)

I0(K)

{16Γ

K5 −
4

K3−
4bl
K3

− 1
2K
− lb

2K
− 3Γ

8K

}
−
[ I1(K)

KI0(K)

]2
,

F =
1
8
+

1
8

lb+
1

24
Γ+

1
K2−

I1(K)

I0(K)

[ 1
2K

+
2

K3

]
.

By substituting (4.37) into (4.32), we have

φ =
[
2

Pe
α

f (x∗)+
S

u∗m

][
A(r∗)− E

u∗m

]
+
[
2Qw(x∗)−2u∗m

Pe
α

f (x∗)−S
][r∗2

4
− F

u∗m

]
.

(4.38)

Remark 4.3.3 In comparison with the work for the no-slip case in [83], the

solution for the slip case can be expressed in the same form. However, the

formulae for A(r∗),E and F are different to those for the no-slip case. All of

the A(r∗),E and F have some additional terms for the slip case. In addition, u∗m
and f (x∗) are also different to those for the no-slip case. A careful examination

indicates that the solutions for the slip case include the no-slip case as a special

case.

4.4 Investigation of Temperature field

In this section, we first investigate the distributions of θb(x∗), θw(x∗) and the

Nusselt number Nu(x∗) along the axial direction for the slip case, where θb is

the dimensionless bulk temperature as defined before, θw(x∗) = θ(x∗,1) denotes

the dimensionless temperature on the wall r∗ = 1, Nu(x∗) = 2Qw(x∗)
θw(x∗)−θb(x∗)

is the

local Nusselt number evaluating the heat transfer rate. Three different forms of

heat flux from the wall are considered for the investigation, namely, Qw = 2x∗,

(4e4x∗−1)/(e4−2) and π

2 sin(πx∗) respectively.
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The axial distributions of θb and θw for various Pe values and different form of

qw(x∗) for the slip case are shown in Fig.4.2 and Fig.4.3 respectively. It can be

noted from the figures that the fluid temperature decreases as the value of Pe

increases. This is as expected and is consistent with the results for the no-slip

case in literature because a higher Pe indicates a higher flow rate and, as a result,

the energy storage capacity becomes larger.

Figure 4.4 shows the distribution of the local Nusselt number Nu(x∗) along the

axial direction for two different Pe values, 0.01 and 40, for the slip case. As

illustrated in the figure, the distribution of the local Nusselt number along the

axial direction is similar to that of qw(x∗). For example, for the linear case

qw(x∗) = 2x∗, Nu(x∗) is zero at qw(x∗) = 0 and increases as qw(x∗) increases.

For the qw(x∗) = π

2 sin(x∗), the axial distribution of Nu(x∗) is very close to the

shape of a sine function in the interval x∗ ∈ [0,1]. Although qualitatively, the

axial distributions of θb(x∗),θw(x∗) for the slip case are similar to those for the

no-slip case, the values are different for the two cases. As the fluid flow velocity

is affected by the slip parameter l, we will investigate the influence of l on θb(x∗)

and θw(x∗).

Figures 4.5 and 4.6 show the influences of the variation of the slip parameter l

on θb and θw at three different locations x∗ =−0.5,0.5 and 1.5. It is clear from

the figures that, the slip parameter l has significant effects on both θb(x∗) and

θw(x∗). As l increases, both θb(x∗) and θw(x∗) decrease as shown in the figures.

4.5 Concluding Remarks

The properties and features of heat transfer in a mixed electroosmotic and

pressure-driven flow are analyzed in this chapter. By considering the Navier slip

boundary condition, new analytical solutions for the velocity and temperature

fields have been obtained based on previous work in the field for the no-slip
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(a) qw = 2x∗

(b) qw = (4e4x∗−1)/(e4−2)

(c) qw = π/2sin(πx∗)

Figure 4.2: Distribution of θb along the axial direction for different Pe values for
three different wall heat flux qw
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(a) qw = 2x∗

(b) qw = (4e4x∗−1)/(e4−2)

(c) qw = π/2sin(πx∗)

Figure 4.3: Distribution of θw along the axial direction at different Pe values for
three different wall heat flux qw
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(a) qw = 2x∗

(b) qw = (4e4x∗−1)/(e4−2)

(c) qw = π/2sin(πx∗)

Figure 4.4: Axial distributions of the local Nusselt number at different Pe values
for three different wall heat flux qw

77



(a) qw = 2x∗

(b) qw = (4e4x∗−1)/(e4−2)

(c) qw = π/2sin(πx∗)

Figure 4.5: Influence of the slip parameter l on θb for three different wall heat
flux qw
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(a) qw = 2x∗

(b) qw = (4e4x∗−1)/(e4−2)

(c) qw = π/2sin(πx∗)

Figure 4.6: Influence of the slip parameter l on θw for three different wall heat
flux qw
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case. The results are more general than those in the literature and include the

no-slip case as a special case. The axial dependence of the dimensionless bulk

temperature and the dimensionless wall temperature that are involved in our so-

lutions have been derived and shown graphically in this chapter. They have been

demonstrated for three different types of wall heat flux and different values of

Péclet number. The results obtained for the axial dependence in the slip case are

consistent with the previous study for the non-slip case. The influence of the slip

parameter l on the temperature field has been investigated. The numerical results

show that the slip parameter l has a significant influence on the temperature field.

As l increases, the temperature decreases as shown graphically in the chapter.
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Chapter 5

Unsteady slip flow of fluids in
rectangular microchannels

5.1 Introduction

Over the past couple of decades, micro-fluidic devices have been developed

and used in many engineering applications, including micro-electrical systems

(MEMS), integrated micro-electric system cooler, digital microprocessors, micro-

reactors, and hot heating devices. Hence, scientists have been attracted to the

study of fluid flow through microchannels due to its usage in developing microde-

vices. For both commercial and scientific objectives, microchannels with various

cross-sectional geometries have been manufactured recently.

In recent years, a lot of work was conducted to study fluid flow in microchannels

under slip conditions, and many results, both analytical and numerical, have been

achieved. The slip coefficient in slip conditions was predicted by obtaining an

analytical slip flow solution in [8]. Colin et al. [86] proposed a slip-flow model

to study gaseous flow in rectangular microchannels and developed experiment

device for measuring gaseous microflow rates. Slip flow via parabolic microchan-

nels was investigated in 2014 [87]. With thermal radiation heat transfer, the
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effects of slip on unsteady flow over a stretching surface were explored in [88].

Slip flow in rectangular microchannels was also studied in [89]. The problem of

slip flow and heat transfer in rectangular microchannels was studied in 2001 [45].

The temperature field was developed by solving the heat transfer equation using

a modified generalized integral transform method. Many other investigations on

slip flow have also been carried as reviewed in chapter two.

Based on previous work and results achieved, this chapter focuses on the study of

unsteady flow of incompressible Newtonian fluids through rectangular microchan-

nels under slip conditions. The rest of the chapter is organized as follows. Section

5.2 presents the mathematical model. Section 5.3 focuses on the derivation of a

new analytical solution for the problem. Section 5.4 applies the developed analyt-

ical solution to investigate the flow characteristics of fluids through rectangular

channels under slip conditions and the influences of boundary slip, followed by a

concluding remark in section 5.5.

5.2 Mathematical Model

In this chapter, we consider the slip flow of an incompressible Newtonian fluid

through a rectangular microchannel. The geometry of the channel together with

the coordinate system used is as shown in Fig. 5.1. The velocity vector v is given

by v = vxi+vy j+uk. The Navier-Stokes equation in z direction can be expressed

as

ρ

(
∂u
∂ t

+vx
∂u
∂x

+vy
∂u
∂y

+u
∂u
∂ z

)
= ρgz−

∂ p
∂ z

+µ

(
∂ 2u
∂x2+

∂ 2u
∂y2+

∂ 2u
∂ z2

)
. (5.1)

Since we assume that the flow is parallel to the z axis, vx and vy both vanish.

To satisfy the standard continuity equation for incompressible fluids, namely

∂vx

∂x
+

∂vy

∂y
+

∂u
∂ z

= 0,
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z

x

y
2b

2a

Figure 5.1: The coordinate system for the rectangular microchannel

we get u = u(t,x,y). Furthermore, since the flow is horizontal, gz = 0. In our

case, it is assumed that the flow is unsteady. Hence, the governing equation (5.1)

for the axial velocity u(t,x,y) is simplified to(
∂ 2u
∂x2+

∂ 2u
∂y2

)
−ρ

µ

(
∂u
∂ t

)
=

1
µ

∂ p
∂ z

. (5.2)

As the problem is symmetric about the xz-plane and the yz-plane, the velocity

field must satisfy the symmetrical conditions,

∂u
∂x

(t,0,y) = 0,
∂u
∂y

(t,x,0) = 0. (5.3)

As boundary slip occurs at microscale, the Navier slip boundary condition is

used for the problem, namely

u(t,a,y) =−l
∂u
∂x

(t,a,y), (5.4)

u(t,x,b) =−l
∂u
∂y

(t,x,b). (5.5)

Hence, the axial velocity of the fluid flow in the rectangular microchannel is

governed by Eq. (5.2) subject to the symmetrical condition (5.3) and boundary

conditions (5.4) and (5.5).
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5.3 Derivation of New Analytical solutions

To solve the problem in section (5.2), firstly, the pressure gradient is expressed

as a Fourier series in exponential form

∂ p
∂ z

=
∞

∑
n=0

[an cos(nωt)+bn sin(nωt)] = Re
( ∞

∑
n=0

cneinωt
)
, (5.6)

where cn = an−bni, einωt = cos(nωt)+isin(nωt).

As many functions can be written in Fourier series form, the above formula can

be used to approximate the general pressure field. As the underlying boundary

value problem is linear, we can let

u =
∞

∑
n=0

Re(un), (5.7)

where un is governed by

(
∂ 2un

∂x2 +
∂ 2un

∂y2 )−ρ

µ

∂un

∂ t
=

cn

µ
einωt . (5.8)

From the symmetrical condition (5.3) and the boundary conditions (5.4) and

(5.5), we have
∂un

∂x
(t,0,y) = 0,

∂un

∂y
(t,x,0) = 0, (5.9)

un(t,a,y) =−l
∂un

∂x
(t,a,y), (5.10)

un(t,x,b) =−l
∂un

∂y
(t,x,b). (5.11)

To solve Eq. (5.8) subject to (5.9)-(5.11), let

un = fneinωt , (5.12)

where fn = fn(x,y). Then Eq. (5.8) becomes

(
∂ 2 fn

∂x2 +
∂ 2 fn

∂y2 )− inωρ

µ
fn =

cn

µ
, (5.13)
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which is a non-homogeneous equation. To solve the equation, first, consider the

homogeneous equation

(
∂ 2 fn

∂x2 +
∂ 2 fn

∂y2 )− inωρ

µ
fn = 0. (5.14)

Let

fn = X(x)Y (y), (5.15)

then, one gets from Eq. (5.14) that

X
′′
Y+XY

′′
− inωρ

µ
XY = 0,

which gives
X
′′

X
=−Y

′′

Y
+

inωρ

µ
=−δ

2
n . (5.16)

Then, we have two ordinary differential equations.

X
′′
+δ

2
n X = 0,

Y
′′
−(δ 2

n+
inωρ

µ
)Y = 0.

Hence,

X = Acos(δnx)+Bsin(δnx). (5.17)

From (5.9)1, (5.12), and (5.15), we have

X
′
(0) = [−Aδn sin(δnx)+Bδn cos(δnx)]x=0 = Bδn = 0.

Hence,

X = Acos(δnx). (5.18)

From (5.10), (5.12), and (5.15), we get

[X(a)+lX
′
(a)]Y (y) = 0

and so

X(a)+lX
′
(a) = 0.
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Further from (5.18), we get

Acos(δna)−Alδn sin(δna) = 0.

Hence,

δn−
cot(δna)

l
= 0, (5.19)

which is a nonlinear equation for δn and can be solved to get a series of solutions

δn j( j = 1,2,3, . . .).

Now, we consider the non-homogeneous equation (5.13), and try a solution of

the following form

fn =
∞

∑
j=1

Yn j(y)cos(δn jx), (5.20)

with the δn j determined by Eq. (5.19). With this solution form, the boundary

conditions of (5.9)1 and (5.10) have been satisfied. Hence, Y (y) needs to be

determined to satisfy the nonhomogeneous equation (5.13), the symmetrical

condition (5.9)2, and the slip boundary condition (5.11). Substituting (5.20) into

Eq. (5.13) yields

∞

∑
j=1

[
−δ

2
n jYn j(y)cos(δn jx)+Y

′′
n j(y)cos(δn jx)−

inωρ

µ
Yn j(y)cos(δn jx)

]
=

cn

µ
,

that is
∞

∑
j=1

[
Y
′′
n j(y)−(δ 2

n j+
inωρ

µ
)Yn j

]
cos(δn jx) =

cn

µ
. (5.21)

Multiplying both sides by cos(δnmx), one gets

∞

∑
j=1

[
Y
′′
n j−(δ 2

n j+
inωρ

µ
)Yn j

]
cos(δn jx)cos(δnmx) =

cn

µ
cos(δnmx). (5.22)

It can be proved that the family of cos(δn jx)
∞

j=1 is orthogonal, that is

∫ a

0
cos(δn jx)cos(δnmx)dx =

{
0 if j 6= m
6= 0 if j = m
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By integrating Eq. (5.22) with respect to x on both sides from 0 to a, one gets

Y
′′
nm−(δ 2

nm+
inωρ

µ
)Ynm =

cn
µ

∫ a
0 cos(δnmx)dx∫ a

0 cos2(δnmx)dx
,

which gives

Ynm =Cnme
√

γnmy+Dnme−
√

γnmy−θnm(δnm,a)
γnm

,

where

γnm = δ
2
nm+

inωρ

µ
, (5.23)

θnm =

cn
µ

∫ a
0 cos(δnmx)dx∫ a

0 cos2(δnmx)dx
=

cn
µ

sin(δnma)
1
2δnma+1

4 sin(2δnma)
. (5.24)

Now consider the boundary condition (5.9)2,

∞

∑
m=1

Y
′
nm(0)cos(δnmx) = 0.

That is
∞

∑
m=1

[
Cnm−Dnm

]√
γnm cos(δnmx) = 0,

which gives

Cnm = Dnm.

Hence,

Ynm =Cnm

[
e
√

γnmy+e−
√

γnmy
]
−θnm(δnm,a)

γnm
=Cnm cosh(

√
γnmy)−θnm

γnm
. (5.25)

Substituting Eq. (5.25) into Eq. (5.20), we have

fn =
∞

∑
m=1

[Cnm cosh(
√

γnmy)−θnm

γnm
]cos(δnmx), (5.26)

∂ fn

∂y
=

∞

∑
m=1

Cnm
√

γnm sinh(
√

γnmy)cos(δnmx).

Now from boundary condition (5.11), we get

∞

∑
m=1

[Cnm cosh(
√

γnmb)−θnm

γnm
]cos(δnmx)=−l

∞

∑
m=1

Cnm
√

γnm sinh(
√

γnmb)cos(δnmx),
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that is

∞

∑
m=1

{
Cnm[cosh(

√
γnmb)+l

√
γnm sinh(

√
γnmb)]−θnm

γnm

}
cos(δnmx) = 0,

Hence,

Cnm =
θnm(δnm,a)

γnm

[
cosh(

√
γnmb)+l

√
γnm sinh(

√
γnmb)

] . (5.27)

Substituting (5.26) into (5.12) and (5.7) gives the solution for the axial velocity

as follows

u(t,x,y) =
∞

∑
n=0

Re
{[ ∞

∑
m=1

[Cnm cosh(
√

γnmy)−θnm

γnm
]cos(δnmx)

]
einωt

}
. (5.28)

Now the flow rate and the stress field need to be determined. The flow rate can

be calculated by

Q(t) = 4
∫ b

0

∫ a

0
u(x,y, t)dxdy = Q0+

∞

∑
n=1

Qn, (5.29)

where Q0 and Qn respectively are the flow rate corresponding to the constant

pressure gradient and the nth harmonic component. They are given as follows

Q0 = 4
[
Re
{ ∞

∑
m=1

[C0m sinh(δ0mb)sin(δ0ma)
δ 2

0m
−bθ0m sin(δ0ma)

δ 3
0m

]}]
, (5.30)

Qn = 4
[
Re
{ ∞

∑
m=1

[Cnm sinh(
√

γnmb)sin(δnma)
δnm
√

γnm
−bθnm sin(δnma)

δnmγnm

]}
einωt

]
.

(5.31)

The stress in the fluid can be determined by the standard constitutive equation

for incompressible Newtonian fluid, namely

σ =−pI+2µd, (5.32)

where d is the rate of deformation which can be determined by the geometric

equations

d =
1
2
(∇v+(∇v)T ), (5.33)
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In what follows, we will evaluate the stress field in the fluid. From v=(0,0,u(t,x,y)),

we can get

d =
1
2

 0 0 ∂u
∂x

0 0 ∂u
∂y

∂u
∂x

∂u
∂y 0

 . (5.34)

From the above formula and using Eq. (5.33) and Eq. (5.28), we achieve

dxx = dyy = dzz = dxy = 0 and

dxz =
1
2

∞

∑
n=0

Re
{[ ∞

∑
m=1

(
θnm

γnm
−Cnm cosh(

√
γnmy))δnm sin(δnmx)

]
einωt

}
, (5.35)

dyz =
1
2

∞

∑
n=0

Re
{[ ∞

∑
m=1

(Cnm
√

γnm sinh(
√

γnmy)cos(δnmx)
]
einωt

}
. (5.36)

Therefore, from Eq. (5.32) we have

σxx = σyy = σzz =−p = q(t)z+p0(t),σxz = 2µdxz,σyz = 2µdyz, (5.37)

where q(t) represents the pressure gradiant ∂ p
∂ z , whilst p0(t) is a constant based

on the pressure condition.

5.4 Investigation of flow characteristics and influ-
ence of boundary slip

This section investigates the flow characteristics and the influence of boundary

slip. Without losing generality, in this discussion, we consider two different forms

of pressure gradient which drive the flow of fluids through the microchannel.

5.4.1 Case 1: ∂ p
∂ z = a0

Since
∂ p
∂ z

= Re(
∞

∑
n=0

cneinωt),
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(a) l = 0.01 (b) l = 0.1 (c) l = 0.5

Figure 5.2: Axial velocity profiles on the cross-section z = L/2 of the channel
for various different values of l

in this condition we have c0 = a0,cn = 0 for all n 6= 0. As the pressure gradient

is constant, the corresponding u function can be assumed to be time independent,

and so for n = 0, following the same procedure as for finding un(x,y, t), we

achieve

u0(x,y) =
∞

∑
m=1

[
C0m cosh(δ0my)−θ0m

δ 2
0m

]
cos(δ0mx), (5.38)

where δ0m,θ0m,C0m are determined by (5.19), (5.24), and (5.27) with n = 0. The

flow rate in this condition is defined above by (5.30). The axial velocity, the flow

rate, and shear stress are time independent.

By taking different values of the slip parameter l, we demonstrate the solutions

graphically and investigate the influence of the slip parameter l on the velocity

profiles. Fig.5.2 and Fig.5.3 show respectively 3D graphs and 2D graphs of the

axial velocity profiles for different values of slip parameters. The influence of the

slip parameters l on the flow rate Q is shown in Fig.5.4. It can be realized from

these graphs that the slip parameter has a significant influence on the velocity

and flow rate. As l increases, the magnitudes of velocity and flow rate increase.
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(a) Along the x−axis (b) Along the y−axis

Figure 5.3: Axial velocity profiles along the x−axis and y−axis at z = L/2 for
different l values

5.4.2 Case 2: ∂ p
∂ z = b1 sin(ωt)

For this case, c1 =−b1i,cn = 0 for n 6= 1. The pressure gradient then becomes

sinusoidal with amplitude b1. In this case, the axial velocity becomes

u1(t,x,y) = Re
{

eiωt
[ ∞

∑
m=1

[C1m cosh(
√

γ1my)−θ1m

γ1m
]cos(δ1mx)

]}
, (5.39)

where

C1m =
θ1m

γ1m[cosh(
√

γ1mb)+l
√

γ1m sinh(
√

γ1mb)]
,

γ1m = δ
2
1m+

iωρ

µ
,

θ1m =

−b1i
µ

sin(δ1ma)
1
2δ1ma+1

4 sin(2aδ1m
= A1mi, where A1m =

−b1
µ

sin(δ1ma)
1
2δ1ma+1

4 sin(2aδ1m)
.

Let
√

γ1m =

√
δ 2

1m+i
ωρ

µ
= α1m+iβ1m.

By using imaginary number properties, we have√
δ 4

1m+(
ωρ

µ
)2 cosθ = δ

2
1m,

√
δ 4

1m+(
ωρ

µ
)2 sinθ =

ωρ

µ
,
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Figure 5.4: Variation of flow rate with slip parameter l

thus, we have

α1m =
(

δ
4
1m+(

ωρ

µ
)2
) 1

4 cos
θ

2
, β1m =

(
δ

4
1m+(

ωρ

µ
)2
) 1

4 sin
θ

2
,

θ = arc tan(
ρω

µδ 2
1m

).

Hence, we have the following properties

cosh(
√

γ1mb) = cosh(bα1m)cos(bβ1m)+isinh(bα1m)sin(bβ1m),

sinh(
√

γ1mb) = sinh(bα1m)cos(bβ1m)+icosh(bα1m)sin(bβ1m).

By an extensive derivation and using the above properties, we get

C1m =θ1m

{
(δ 2

1m+
iωρ

µ
)
[

cosh(bα1m)cos(bβ1m)+isinh(bα1m)sin(bβ1m)+

(lα1m+ilβ1m)sinh(bα1m)cos(bβ1m)+(lα1m+liβ1m)icosh(bα1m)sin(bβ1m)
]}−1

.

Then, we obtain

C1m =
iAd1m+Ad2m

d2
1m+d2

2m
, (5.40)
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where

d1m = δ
2
1m cosh(bα1m)cos(bβ1m)−

ωρ

µ
sinh(bα1m)sin(bβ1m)+

lδ 2
1mα1m sinh(bα1m)cos(bβ1m)−l

ωρ

µ
β1m sinh(bα1m)cos(bβ1m)−

lδ 2
1mβ1m cosh(bα1m)sin(bβ1m)−lα1m

ωρ

µ
cosh(bα1m)sin(bβ1m),

d2m = δ
2
1m sinh(bα1m)sin(bβ1m)+

ωρ

µ
cosh(bα1m)cos(bβ1m)+

lδ 2
1mβ1m sinh(bα1m)cos(bβ1m)+

ωρ

µ
lα1m sinh(bα1m)cos(bβ1m)+

lδ 2
1mα1m cosh(bα1m)sin(bβ1m)−lβ1m

ωρ

µ
cosh(bα1m)sin(bβ1m).

The flow rate is

Q1 = 4Re
{

eiωt
∞

∑
m=1

[ C1m

δ1m
√

γ1m
sin(δ1ma)sinh(

√
γ1mb)− bθ1m

γ1mδ1m
sin(δ1ma)

]}
.

(5.41)

By the above results, through extensive calculation, we get

C1m√
γ1m

sinh(
√

γ1mb)=
C1m

α1m+iβ1m

[
sinh(bα1m)cos(bβ1m)+icosh(bα1m)sin(bβ1m)

]

=
1

(d2
1m+d2

2m)(α1m+iβ1m)

[
iAd1m sinh(bα1m)cos(bβ1m)−Ad1m cosh(bα1m)sin(bβ1m)+

Ad2m sinh(bα1m)cos(bβ1m)+iAd2m cosh(bα1m)sin(bβ1m)
]
.

Then,

C1m√
γ1m

sinh(
√

γ1mb) =
α1md3m+β1md4m

(d2
1m+d2

2m)(α
2
1m+β 2

1m)
+i

(α1md4m−d3mβ1m)

(d2
1m+d2

2m)(α
2
1m+β 2

1m)
,

where

d3m =−Ad1m cosh(bα1m)sin(bβ1m)+Ad2m sinh(bα1m)cos(bβ1m),

d4m =Ad1m sinh(bα1m)cos(bβ1m)+Ad2m cosh(bα1m)sin(bβ1m),

θ1m

γ1m
[

b
δ1m

sin(δ1ma)] = iF+G,
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where

F =
Aδ 2

1mbsin(δ1ma)
δ1m(δ

4
1m+(ωρ

µ
)2)

,

G =
Aωρ

µ
bsin(δ1ma)

δ1m(δ
4
1m+(ωρ

µ
)2)

,

C1m√
γ1m

sinh(
√

γ1mb)
sin(δ1ma)

δ1m
= D+iE,

where

D =
(α1md3m+β1md4m)sin(δ1ma)

δ1m(d2
1m+d2

2m)(α
2
1m+β 2

1m)
,

E =
(α1md4m−d3mβ1m)sin(δ1ma)
(d2

1m+d2
2m)(α

2
1m+β 2

1m)δ1m
.

Substituting these values into Eq. (5.41), we have

Q1 = 4Re
{
[cos(ωt)+isin(ωt)]

∞

∑
m=1

[D+iE−G−iF ]
}

= 4
∞

∑
m=1

[
(D−G)cos(ωt)+(F−E)sin(ωt)

]
=
[
4

∞

∑
m=1

(D−G)
]

cos(ωt)+
[
4

∞

∑
m=1

(F−E)
]

sin(ωt)

= Qm cos(ωt)cos(φ)+Qm sin(ωt)sin(φ)

= Qm cos(ωt−φ),

where Qm cos(φ) = 4
∞

∑
m=1

(D−G),

Qm sin(φ) = 4
∞

∑
m=1

(F−E),

Thus,

Qm = 4
[( ∞

∑
m=1

(D−G)
)2

+
( ∞

∑
m=1

(F−E)
)2] 1

2 (5.42)

is the amplitude of the flow rate, and

φ = tan−1
[(∑

∞
m=1(F−E)

)
(

∑
∞
m=1(D−G)

)].
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(a) (b)

Figure 5.5: Axial Velocity profile along the x−axis and y−axis at different
instants of time

Hence, the flow rate is in the form of a cosine wave function and the amplitude

of the wave is influenced by the slip length.

The following figures show how the axial velocity is influenced by the slip length

and time. Fig.5.5 shows 2D graphs of the axial velocity at various instants of

time. 3D graphs of the axial velocity are shown in Fig.5.6 at different instants

of time whilst Fig.5.7 shows 3D graphs of the axial velocity profiles at various

values of slip parameters l. Significant changes occur on the axial velocity when

l and t change as shown in Fig.5.8. The influence of slip parameter l on flow rate

is demonstrated at various instants of time in Fig.5.9.

5.5 Concluding remarks

In summary, this chapter concerns the slip flow of fluids in rectangular mi-

crochannels. New analytical solutions for the axial velocity and the flow rate

have been obtained. The influence of slip parameters on axial velocity and flow

rate has been investigated. The investigation shows that the slip parameter l has

a substantial influence on the velocity field. However, the characteristics of the

influence for flow driven by different types of pressure gradients are different.
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(a) t = 0 (b) t = 0.78 (c) t = 1.57

(d) t = 2.5 (e) t = 3.14 (f) t = 3.56

(g) t = 4.71 (h) t = 5.3 (i) t = 6.28

Figure 5.6: 3D graphs demonstrating the axial velocity profiles on the cross-
section z = L/2 of the channel at various instants of time

(a) l = 0.01 (b) l = 0.1 (c) l = 0.5

Figure 5.7: 3D graphs showing the axial velocity profiles on the cross-section
z = L/2 of the channel for different values of slip parameter l
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(a) t = 0 (b) t = 0.78 (c) t = 3.14

Figure 5.8: Influence of slip parameter l on velocity profile at different time

For flow driven by a constant pressure gradient, the velocity in the central part of

the channel cross-section increases much faster than on the edge as l increases as

shown graphically by the figures in this chapter.
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Chapter 6

Summary and Further Research

6.1 Summary

In this thesis, we examined various slip flow and heat transfer problems in

microchannels in the slip regime, including heat transfer in fluids in circular

microchannels, mixed electroosmotic and pressure-driven flow, and unsteady

flow of fluids in rectangular microchannels. Based on previous work in the field,

various new results have been derived, including analytical and numerical results

as well as investigation results. The main results from this study are summarized

as follows.

(i) A mathematical model has been constructed for the transient temperature

of an incompressible Newtonian fluid flowing through a microchannel with

boundary slip. The governing field equation is the energy equation with

the velocity field determined by the Navier-Stokes equations subject to

the slip boundary condition. Numerical solutions for the temperature field

have been developed based on the finite difference method. The algorithm

has then been applied to investigate the influences of boundary slip and

convection heat transfer due to axial fluid flow on the temperature field. The
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numerical results obtained show that the convection heat transfer affects

the temperature field significantly. As the fluid axial velocity increases,

the temperature in the microchannel decreases significantly, as shown

graphically in Chapter 3. It has also been found that as the slip parameter

increases, the temperature decreases.

(ii) A mathematical model for slip flow and heat transfer in a mixed elec-

troosmotic and pressure-driven flow of Newtonian fluid through a circular

microchannel has been formulated based on the Navier-Stokes equation,

continuity equation and the energy equation. The entire set of boundary

conditions imposed to the field equations are developed based on the Navier

slip condition. Based on previous work for the no-slip case, analytical solu-

tions of velocity and temperature fields for the slip case have been derived.

The new analytical results have some additional terms in comparison with

results for the no-slip case, and include the results for the no-slip case as a

special case. Numerical investigation of the temperature field under slip

conditions and the influence of the slip parameter have been conducted. It

has been found that (i) the fluid temperature decreases as the value of the

Péclet number Pe increases; (ii) the axial distribution of the local Nusselt

number is similar to that of the heat flux on the wall; (iii) As the slip

parameter l increases, both the bulk average temperature on cross-section

and the temperature on the wall decrease as shown graphically in Chapter

4.

(iii) The governing partial differential equations for incompressible Newtonian

fluid flow through rectangular microchannels have been formulated based

on some assumptions. It is complemented by symmetrical condition and

Navier slip condition. A new analytical solution in series form for the

problem has been derived and applied to study the flow characteristics

of fluid through rectangular channels under slip conditions as well as the

influences of boundary slip. It has been found from the investigation that
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(i) For the case where the fluid is driven by a constant pressure gradient,

as the slip parameter increases, the amplitude of velocity and flow rate

increase. (ii) For the case where the fluid is driven by a wave from pressure

gradient, the flow rate is also in wave form with the amplitude influenced

by the slip parameter. (iii) The influences of the slip parameter on flow

driven by different forms of pressure gradient are different. For flow driven

by a constant pressure gradient, the axial velocity in the central part of

the channel cross-section increases much faster than on the edge as the

slip parameter l increases, while for wave form pressure gradient, the

increase of axial velocity is relatively more uniform across the channel

cross-section.

6.2 Further research

In this thesis, various fluid flow and heat transfer problems in the slip regime

have been investigated. However, numerous problems in the field still need to be

studied. Further work from this thesis is to extend the work to non-Newtonian

fluids. Another possible further work is to extend the results to microchannels

with other types of cross-section, such as elliptic cross-section.
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