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Abstract

Modeling complex systems with large numbers of degrees of freedom have be-
come a grand challenge over the past decades. Typically, only a few variables of
complex systems are observed in terms of measured time series, while the major-
ity of them — which potentially interact with the observed ones - remain hidden.
Hence, to analyze and model the behavior of such systems from available data, a
broad spectrum of data-driven methods ranging from network theory to machine
learning have been proposed. Throughout this thesis, we tackle the problem of
reconstructing and predicting the underlying dynamics of complex systems using
different data-driven approaches.

In the first part, we address the inverse problem of inferring an unknown net-
work structure of complex systems, reflecting spreading phenomena, from observed
event series. For this purpose, we numerically investigate two types of event-based
processes; I) a general model of events propagation with spontaneous events and
triggered events, and IT) Susceptible-Infected-Recovered-Susceptible (SIRS) model
of epidemic spreading. Then we study the pairwise statistical similarity between
the sequences of event timings at all nodes through event synchronization (ES)
and event coincidence analysis (ECA), relying on the idea that functional connec-
tivity can serve as a proxy for structural connectivity. We demonstrate that both
ES and ECA indeed can accurately infer the underlying network structure from
the timing of events without using any prior knowledge of the type of observed
spreading dynamics.

In the second part, we focus on reconstructing the underlying dynamics of com-
plex systems from their dominant macroscopic variables using different Stochastic
Differential Equations (SDEs). Since the microscopic dynamics of complex systems
are often not accessible, SDEs attempt to model the macroscopic variables explic-
itly and represent the microscopic variables in terms of noise. We investigate the
performance of three different SDEs — the Langevin Equation (LE), Generalized
Langevin Equation (GLE), and the Empirical Model Reduction (EMR) approach
in this thesis. Our results reveal that LE demonstrates better results for systems
with weak memory while it fails to reconstruct underlying dynamics of systems
with memory effects and colored-noise forcing. In these situations, the GLE and
EMR are more suitable candidates since the interactions between observed and
unobserved variables are considered in terms of memory effects. Later, we conduct
a data-driven analysis of the Greenland temperature and atmospheric circulation
proxies under the purview of stochastic processes. Our results unravel the fea-
tures of the climate system’s stability landscape that helps understand candidate
mechanisms underlying these abrupt climate changes.

After gaining knowledge about the underlying dynamics of complex systems, the
next step is to predict their behavior. In the last part of this thesis, we develop
a model based on the Echo State Network (ESN), combined with the past noise
forecasting (PNF) method, to predict real-world complex systems. One of the
highly complex physical systems is the Earth’s climate system which consists of
several interconnected subsystems. We attempt to forecast the behavior of various
climate oscillations such as the El Nino/Southern Oscillation (ENSO), the Pacific
Decadal Oscillation (PDO), and the Atlantic Multidecadal Oscillation (AMO)
using our ESN-based model. Our results show that the proposed model captures
the crucial features of the underlying dynamics of climate variability. Moreover,
the predictive power of our model suggests that cross-scale interactions are indeed
important for accurately modeling these systems.
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Zusammenfassung

Die Modellierung komplexer Systeme mit einer groflen Anzahl von Freiheits-
graden ist in den letzten Jahrzehnten zu einer grofien Herausforderung geworden.
In der Regel werden nur einige wenige Variablen komplexer Systeme in Form von
gemessenen Zeitreihen beobachtet, wihrend die meisten von ihnen - die méglicher-
weise mit den beobachteten Variablen interagieren - verborgen bleiben. Um das
Verhalten solcher Systeme anhand der verfiigharen Daten zu analysieren und zu
modellieren, wurde daher ein breites Spektrum datengesteuerter Methoden vor-
geschlagen, die von der Netzwerktheorie bis zum maschinellen Lernen reichen. In
dieser Arbeit befassen wir uns mit dem Problem der Rekonstruktion und Vorher-
sage der zugrunde liegenden Dynamik komplexer Systeme mit Hilfe verschiedener
datengestiitzter Ansétze.

Im ersten Teil befassen wir uns mit dem inversen Problem, eine unbekannte
Netzwerkstruktur eines komplexen Systems, das Ausbreitungsphdnomene wider-
spiegelt, aus beobachteten Ereignisreihen abzuleiten. Zu diesem Zweck untersuchen
wir numerisch zwei Arten von ereignisbasierten Prozessen: I) ein allgemeines Mo-
dell der Ereignisausbreitung mit spontanen und ausgelosten Ereignissen und IT)
das SIRS-Modell (Susceptible-Infected-Recovered-Susceptible) der epidemischen
Ausbreitung. Anschliefend untersuchen wir die paarweise statistische Ahnlichkeit
zwischen den Sequenzen der Ereigniszeitpunkte an allen Knoten durch Ereignis-
synchronisation (ES) und Ereignis-Koinzidenz-Analyse (ECA), wobei wir uns auf
die Idee stiitzen, dass funktionale Konnektivitat als Stellvertreter fiir strukturelle
Konnektivitit dienen kann. Wir zeigen, dass sowohl ES als auch ECA in der Tat
die zugrunde liegende Netzwerkstruktur aus dem Timing von Ereignissen ableiten
koénnen, ohne vorheriges Wissen iiber die Art der beobachteten Ausbreitungsdy-
namik zu verwenden.

Im zweiten Teil der Arbeit konzentrieren wir uns auf die Rekonstruktion der
zugrundeliegenden Dynamik komplexer Systeme aus ihren dominanten makrosko-
pischen Variablen unter Verwendung verschiedener stochastischer Differentialglei-
chungen (SDEs). Da die mikroskopische Dynamik komplexer Systeme oft nicht
zugénglich ist, versuchen SDEs, die makroskopischen Variablen explizit zu mo-
dellieren und die mikroskopischen Variablen als Rauschen darzustellen. In dieser
Arbeit untersuchen wir die Leistung von drei verschiedenen SDEs - der Langevin-
Gleichung (LE), der verallgemeinerten Langevin-Gleichung (GLE) und dem An-
satz der empirischen Modellreduktion (EMR). Unsere Ergebnisse zeigen, dass die
LE bessere Ergebnisse fiir Systeme mit schwachem Gedéchtnis zeigt, wihrend sie
die zugrunde liegende Dynamik von Systemen mit Gedéchtniseffekten und far-
bigem Rauschen nicht rekonstruieren kann. In diesen Situationen sind GLE und
EMR besser geeignet, da die Wechselwirkungen zwischen beobachteten und unbe-
obachteten Variablen in Form von Speichereffekten beriicksichtigt werden. Spéater
fithren wir eine datengestiitzte Analyse der gronldndischen Temperatur- und atmo-
sphérischen Zirkulationsproxies unter dem Gesichtspunkt stochastischer Prozesse
durch. Unsere Ergebnisse entschliisseln die Merkmale der Stabilitdatslandschaft des
Klimasystems, was zum Verstdndnis der moglichen Mechanismen beitragt, die die-
sen abrupten Klimadnderungen zugrunde liegen.

Nach dem Erwerb von Kenntnissen iiber die zugrunde liegende Dynamik kom-
plexer Systeme besteht der néchste Schritt darin, ihr Verhalten vorherzusagen.
Im letzten Teil dieser Arbeit entwickeln wir ein Modell auf der Grundlage des
Echo State Network (ESN) in Kombination mit der PNF-Methode (Past Noi-
se Forecasting), um komplexe Systeme in der realen Welt vorherzusagen. Eines
der hochkomplexen physikalischen Systeme ist das Klimasystem der Erde, das
aus mehreren miteinander verbundenen Teilsystemen besteht. Wir versuchen, das
Verhalten verschiedener Klimaschwingungen wie der El Nino/Southern Oscillati-
on (ENSO), der Pacific Decadal Oscillation (PDO) und der Atlantic Multidecadal
Oscillation (AMO) mit unserem ESN-basierten Modell vorherzusagen. Unsere Er-
gebnisse zeigen, dass das vorgeschlagene Modell die entscheidenden Merkmale der
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zugrunde liegenden Dynamik der Klimavariabilitat erfasst. Dariiber hinaus deutet
die Vorhersagekraft unseres Modells darauf hin, dass skaleniibergreifende Wech-
selwirkungen tatséichlich wichtig fiir die genaue Modellierung dieser Systeme sind.
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1. Introduction

” How do we know that the world’s creation is not determined by falling grains of
sand” (Victor Hugo 1862). Consider a single grain of sand in a sand pile; any change
in its position can cause a massive avalanche, altering the sand pile’s shape. Systems
with many coupled degrees of freedom, whose macroscopic dynamics cannot easily be
predicted from the behavior of the individual components, are called complex sys-
tems [152]. Ecosystems, financial markets, granular materials, and the Internet [11,
192, 204] are all well-known instances of complex systems. The prevalence of these
systems and their colossal influences on human lives, highlight the theoretical and
transnational importance of understanding, modeling, and predicting them.

The complexity of complex systems does not come only from many interacting enti-
ties but also from nonlinear interactions that constantly change their internal patterns
and structures. Unlike simple linear systems, where an ensemble of individual fea-
tures can provide complete knowledge of the overall dynamics, in complex systems,
the whole is more than the sum of the components. Notably, complex systems exhibit
some distinct features that make their dynamics challenging to investigate, such as
adaptiveness, unexpected or unpredictable emergence, sensitivity to initial conditions,
and self-organization [37, 187]. For instance, short- to medium-range weather forecast-
ing is prone to error due to sensitivity to initial conditions [130]. Due to this intrinsic
complexity and interactions in a wide range of time scales, capturing detailed local
knowledge of every microscopic degree of freedom is difficult. However, in the study of
complex systems, we are often interested in global emergent behaviors that occur at a
larger scale than the microscopic variables’ behavior. To derive such macroscopic-level
information, one possible approach is to observe the system at a particular time scale
and abstract away unnecessary details on the finer scale that cannot be resolved ex-
plicitly [192]. For example, to capture the essential information on the global climate
system, one can investigate the evolution of sea surface temperature (SST) instead of
understanding each microscopic component of oceans and atmosphere.

Describing the long-term dynamics of a complex system by macroscopic variables
fluctuating in time is the heart of stochastic modelling [75, 138]. Depending on the
time scale differences between microscopic and macroscopic variables, one can achieve
a stochastic description of a system’s dynamic based on a desired level of abstraction.
In scenarios where the macroscopic behavior of a system occurs at a far larger scale
than the microscopic variables, one can study macroscopic variables independently
and consider microscopic variations as noise (i.e., Markov processes). For instance,
it has been demonstrated that one can consider turbulent free jet as a Markov pro-
cess and establish a model based on the Fokker-Planck equation [57]. However, this
scale separation approach cannot be easily applied when the macroscopic behavior
depends on the nonlinear microscopic interactions, which can lead to long memory
effects [123]. For example, one can consider the Earth’s climate system which consists
of several interconnected subsystems (i.e., oceans and atmosphere) taking place on
different time and spatial scales. Even though these subsystems may be investigated
separately, our growing understanding of nonlinear interactions and feedback loops
among them demonstrates that such interrelations must be taken into account to un-
derstand the emergent behaviors of the Earth’s system [46]. Accordingly, to capture
these cross-scale interactions, a model needs to have additional terms that consider
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memory effects. For example, the Mori—Zwanzig [154, 225] formalism has been devel-
oped to construct a coarse-grained model from high-dimensional systems and derive
closed equations of motion of resolved variables by considering cross-scale interactions.
However, analyzing the dynamics of a complex system using such models can be a
complicated and no-trivial task. Additionally, establishing mathematical models can
be challenging for complex dynamical systems where systems’ dynamics are driven by
non-Gaussian processes (e.g., Lévy motion).

As an alternative approach, data-driven techniques can be employed to extract hid-
den patterns of an unknown complex system from the evolution of observed data. Dif-
ferent data-driven methods, from network science to time series analysis and machine
learning, have been introduced to identify emergent properties of complex systems [27,
71]. For example, in climate science, data-driven methods, successfully are employed
for weather forecast [29, 178] and climate variability prediction [72, 149, 219]. A major
advantage of these data-driven approaches is that they do not require a prior assump-
tion about the dynamics of the target system. The overarching aim of the current
thesis is to shed light on data-driven approaches to understand and reconstruct the
underlying dynamics of complex systems and subsequently predict their future behav-
ior. More specifically, the current thesis will address three questions:

I. Is it possible to reconstruct the structural connectivity of an unknown complex
network from observed event-series?

One common approach to represent an abstraction of a system is a network. Com-
plex networks are widely applied for modeling and analyzing real-world phenomena
across disciplines [51]. In real-world situations, the network structure underlying some
observed macroscopic dynamics is often unknown. In such cases, the common task
is to infer the unobserved connectivity patterns based on long-term observations of
the emerging dynamics. The fundamental assumption underlying this concept is that
strong pairwise statistical associations between the dynamics at each pair of nodes can
be interpreted as functional connectivity between them [78, 79, 208]. This functional
connectivity can be used to proxy the (unobservable) actual structural connectivity
of the network. However, the associated problem of statistical inference of the under-
lying linkage structure — the so-called network topology — from observed dynamical
processes is still a subject of ongoing research. Specifically, only a few studies have
deeply addressed whether we could correctly “predict” the placement of connections
from specific measures of statistical similarities between event sequences [44, 217]. To
solve the problem of inferring structural connectivity of the target systems, we will use
suitable similarity measures, i.e., event synchronization and event coincidence analysis.

I1. How to reconstruct the underlying dynamics of complex systems form time series
using stochastic differential equation (SDE)?

Due to insufficient prior knowledge about the underlying physical processes, deriving
governing laws (in the forms of ordinary, partial, or stochastic differential equations)
often analytically is difficult [139]. In the last several decades, there have been consid-
erable methodological advances in discovering governing laws underlying the evolution
of complex systems from experimental and observational data [23, 25, 104]. The time
evolution of a complex system’s state can be a continuous trajectory, exhibit jump
discontinuities, or even in some cases, stochastic. Notably, the stochasticity might
stem from random forcing or the presence of interactions in different time (length)
scales. This is where the concept of stochastic models becomes more relevant to de-
scribing the underlying dynamics of a system. Stochastic modeling is commonly em-
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ployed in domains such as finance [49, 52], power grid [8, 65] and climate systems [19,
137]. In this framework, the evolution of a complex system can be described by its
macroscopic dynamics. Further, the microscopic interactions are accounted as fluc-
tuating forces modeled by suitable noise terms. The noise term serves as a tool for
taking non-specified components into account that cannot be captured by a determin-
istic model [181]. Notably, depending on the intrinsic dynamics of the target system
(e.g., from weak history-dependence to strong state-dependence), different forms of the
stochastic equation of motion can be derived. We will employ some data-driven meth-
ods to extract underlying mechanism and corresponding SDEs of complex systems.

III. How to improve the prediction of future behavior of complex systems from
limited time series using artificial neural networks (ANNs)?

Aside from identifying, predicting complex systems’ behavior is essential in many
fields, particularly in Earth’s climate system (e.g, forecasting weather and extreme
events). However, due to the complex nature of such systems and often their chaotic
characteristics (i.e., high sensitivity to initial conditions), there is an intrinsic limit
to predicting their behavior. In recent years, different machine learning techniques,
particularly artificial neural networks (ANNs), have been advanced as popular tools
to classify, optimize, and diagnose the characteristics of complex systems [129, 212].
The central issue of these techniques is how to extract useful information efficiently
from available data. However, a pivotal problem in forecasting natural systems, like
climate, is understanding the influence of unresolved (high-frequency variables) on the
dynamics of resolved (low-frequency variables) [10]. To circumvent this problem, we
developed an ANN algorithm that is not only able to predict the variable of interest
but can also estimate fast fluctuations and their impact on the resolved parts of the
dynamics.

1.1. Organization of the thesis

This thesis is split into two parts: the theory and applications. In chapter (2), I
start with an overview of the basic concepts of complex networks and explain how
functional connectivity can be estimated based on the temporal similarity measures
of event sequences. In the second section, I introduce several dimension-reduction
methods commonly used to reconstruct the governing dynamics of stochastic systems.
Finally, I close the theoretical foundation chapter with an overview of ANNs and
present our developed ANN based on the interactions between the slow and the fast
scales in real-world data. From chapter (3) onward, I present our original results
employing these theoretical foundations for addressing above-mentioned questions. In
chapter (3), we aim to infer the (unknown) structural connectivity of complex networks,
exhibiting some spreading process, from the functional connectivity. In chapter (4),
first, we reconstruct SDEs governing the dynamics of various synthetics and real-world
processes. Then, we investigate the underlying stochastic process deriving sudden
climatic transitions observed during the last glacial period. In chapter (5), we evaluate
the prediction skill of the developed ANN by applying it to three different climate
variability indices. Finally, in chapter (6), I summarize the main conclusions derived
from chapter (3) to chapter (5) and outline potential avenues for future research.
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2. Theoretical Foundations

2.1. Measures of Similarity in Complex Networks

We live in a world of complex systems. It is usually challenging to model such sys-
tems due to their highly complex nature and many interdependencies. One popular
approach used to extract information from structural and behavioral characteristics of
complex systems is complex network theory [10, 22, 163, 196]. According to this the-
ory, many complex systems ranging from biological and social systems to ecosystems
and the Internet can be described as networks of interacting entities. This powerful
approach that has traditionally been the domain of graph theory, attempts to uncover
the signature behavior of complex systems using a visual-mathematical abstraction of
a set of interactions and removes all unnecessary details. However, constructing the
structural network of many real-world systems (e.g., climate and brain) is not always
straightforward. In such circumstances, the unknown connectivity patterns should be
inferred from the statistical interrelationships among entities of a network [81]. The
fundamental assumption underlying this concept is that strong pairwise statistical as-
sociations between two entities can be interpreted as functional connectivity between
them, which can be used as a proxy of the (unobservable) actual structural connec-
tivity [26, 45, 47, 164]. To capture such functional connectivity, different similarity
measures have been proposed [44, 174]. In the following section, we briefly introduce
some fundamentals of network theory and present some similarity measures used in
this thesis to infer network topology.

2.1.1. Complex Networks

Mathematically, a network consists of a set of nodes N and links £ that represent

various entities or systems. Properties of a network can be characterized by its connec-

tivity matrix— known as adjacency matrix A — which keeps tracking of the topological
structure of the network [16].

1 if there is a link from 7 to j

Aij = { (2.1)

0 otherwise.

In an undirected network, the adjacency matrix is symmetric, A;; = Aj; indicating
a connection between two nodes is bidirectional. However, in applications, complex
networks are not always symmetric, and a link between two nodes has a specified
orientation A;; # Aj; (e.g., neural connections in the brain and internet). For such
directed networks, a link from a source node ¢ to a target node j is not equivalent to
a connection from j to i. Moreover, a network can have self-loops, where the A;; = 1.
In both directed and undirected networks, the strength of links between nodes can
also be represented by weights (WWj;). Such weighted physical linkages are the basis of
the architecture of weighted networks where the entries of the adjacency matrix are:
Ai; = W;;. In addition, each node in a network can possess a weight that represents
how significantly a node contributes to a domain of interest.
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Several global and local measures can be defined as indicators of the network’s
topology using the adjacency matrix. For instance, we can quantify the number of
edges on a network using the link density p.

Zij Qi j
N(N —-1)
Here the denominator represents the maximum number of edges that could potentially
exist in a given network. Note that, for an undirected network, the numerator must
be multiplied by 2.

A network’s average shortest path length is an effective method for learning how a
network is arranged and connected. This quantity measures the average number of
steps with the shortest paths for all possible pairs of network nodes.

p= (2.2)

1

N
< L(i,j) >= ]V(T—I) % Li,j (2'3)

Another frequently used tool for analyzing a network’s topology is the clustering
coefficient, representing the probability that two randomly selected neighbors of a
node are connected. This metric, known as local clustering coefficients, is defined as

follows:
N

7
ki(ki —1)
Where k; denotes the degree of node i and n; stands for the number of links that
connect the neighbors of node i. We can calculate the global clustering coefficient by
averaging this measure for all nodes in the network.

The question arising here is how to interpret these measurements for an empirical
network in a meaningful manner. Random network models provide suitable reference
points for determining whether the measured properties of a network of interest are
exceptional. This framework treats links between nodes as random variables governed
by specific probabilistic laws. Three types of random network models are considered in
this thesis: Erdés-Rényi random graphs, scale-free Barabdsi-Albert networks [12](SF),
and small-world Watts-Strogatz networks [214] (SW). The Erdés-Rényi model (ER)
generates fully random networks in which a possible edge between two pairs of nodes is
chosen randomly with a certain probability (p). Random networks evolved under the
ER model exhibit small average shortest path length and small clustering coefficient.
On the other hand, the small-world network (SW) is a class of random graphs with
a rewiring probability p of the original underlying ring lattice. In this structure, the
edge between two nodes is disconnected and then randomly connected to another node
( see Fig. 2.1). By varying the p, one can study the transition of the network from a
ring lattice to a random structure.

In contrast to the ER and SW networks, a SF network’s degree distribution (P)
exhibits a power-law behavior where P decays as the degree k increases. The algorithm
of generating ER and SW networks is based on a network with a fixed number of nodes,
while the common models to construct a SF network starts with an initial small network
with n nodes and k degree. Then, at each time step ¢, a new node is added into the
network and connected to m existing nodes chosen with a probability proportional to
their current degree.

< C(i,j) >= (2.4)

2.1.2. Similarity Measures

Determining pairwise similarity is a key problem when dealing with time series. Such
inter-dependencies can be characterized by many different measures, the use of which
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Regular Netwrok (p = 0) Watts-Strogatz Network (p = 0.2) Erdés-Renyi Network (p = 1)

FI1GURE 2.1.: Representation of Watts-Strogatz network as an intermediary state be-
tween regular and random network, from left to right.

should be guided by the specific research question and type of recorded observables. For
example, Pearson’s correlation coefficient (PCC) [45] is one of the most commonly used
similarity metrics. The PCC is restricted to measuring linear dependencies’ strength
between two normalized time series. It can take values between -1 and 1, where the
positive and negative signs correspond to the direction of the linear relationship. For
two time series 2" and z" of length T, the PCC can be defined as follows:

n T (2P — 7
PCC(.ZL‘T,I‘p) — Zz:l(‘rz xl)'(xl ‘Tz)

(2.5)
Ogr.Ogp

where o, and o, are the standard deviation. The PCC(z", 2P) = 0 indicates that
the two time series are perpendicular and are not correlated.

In many complex systems, the pertinent information is carried by specific events
in a time series, for instance, heavy rainfall events in daily precipitation records or
neuronal spikes in electroencephalogram (EEG) signals. In such situations where the
variables of interest are not continuous, the classical linear statistical association mea-
sures may not provide reliable information on the co-occurrence of events. Among
the recent methodological developments, Event synchronization (ES) and Event coin-
cidence analysis (ECA) are known as non-linear similarity measures suitable for binary
data. These methods allow to identify instantaneous and delayed coupling patterns
among paired event time series.

2.1.2.1. Event Synchronization (ES)

Event synchronization (ES) was initially introduced by Quian Quiroga [174] as a
parameter-free method to measure the strength of mutual synchronization (and asso-
ciated time delay) between neurophysiological signals exhibiting spiky dynamics (like
in electroencephalogram (EEG) recordings). Beyond various applications in the neu-
roscience context, this approach has also been applied to climatological time series in
recent years. For instance, to investigate the synchronicity of the timing of extreme
events at different locations, to identify essential regional interdependence patterns
and the preferred direction of propagation of such extremes [17, 18, 139].

Let us consider two series containing information on the times of occurrence of two
specific types of events, A and u (e.g., heavy rainfall events at different meteorological
measurement stations). We enumerate the corresponding events as [ = 1,2, ...,n) and

m = 1,2,...,n,, respectively. Within the framework of ES, two events el)‘ and el
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FIGURE 2.2.: Schematic illustration of event synchronization.

are considered synchronized if and only if they both took place with a mutual time
difference smaller than a specific, data-adaptive interval 7; ,,,. In this thesis, we refer
to this quantity as a dynamical coincidence interval. The dynamical nature of this
time interval implies that the more frequent the events occur (i.e., the shorter the
inter-event or waiting time between subsequent events of the same type), the smaller
this dynamical coincidence interval is.

A L A A A A
Tim = 5 in{tiy = 0587 =ty gy — 0 =ty ) (2.6)
With this definition, we can assess for each pair of events e} and e, in the two event
series whether or not they have occurred in close succession in comparison with their
respective dynamical coincidence interval Tl)‘;r’j . Thereby, we can simply count the

number of times an event in series \ is close to a previously occurred event in series p
(and vice versa) as

nx Nu
_ A1
9w =D D (2.7)
=1 m=1
with
1, if Toin < tl)‘ —th < TZAT’?fj,
by . '
o = 0.5, if Tin = ] — 8, (2.8)
0, otherwise.

Then we can measure the strength of event synchronization between two nodes in a
symmetric fashion, where the temporal order of events does not matter,

dw T 9(ul)

QLI = 2.9
(Alw) \/m ( )
Q&gm = 1 implies complete synchronization between two sequences. Fig. (2.2)

systematically illustrates the general concept of ES.

Note that, if we are interested in identifying directed influences among the units of
a networked system, we might however solely consider the directed quantity Qg\?u)’

thereby acknowledging that Q{J)\'SM) %+ ng)\) is possible. In this thesis, we employ

symmetric version of Q&fﬂ) to infer possible interconnection between components of a

10
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complex network.

2.1.2.2. Event Coincidence Analysis (ECA)

As described above, the ES method utilizes a dynamical and data-adaptive coincidence
interval. Even though this has the advantage of not choosing a specific value a priori,
it implies that ES is beneficial if there is some typical inter-event waiting time in the
two series to be compared. This might be presumed in the case of EEG recordings
exhibiting relatively regular inter-spike intervals, but not necessarily in the context
of successions of, e.g., natural disasters which may occur clustered in time. Further,
the ES method does not require explicitly determining coincidence interval, which may
cause merging information from different timescales and make it difficult to distinguish
certain processes. Moreover, depending on the specific application, there might be prior
knowledge of typical time scales of the process under study (e.g., a finite propagation
speed of events in a spatially extended system) that might be explicitly considered in
the corresponding analysis.

Another recently proposed method, event coincidence analysis (ECA), takes the
more general viewpoint of possibly coupled point processes. Similar to ES, it is based
on counting the cases in which two events of different types have occurred in close
succession [44]. However, unlike ES, closeness is defined here in a prescribed static
coincidence interval AT. We note that, most previous applications of ECA have ex-
plicitly acknowledged the fact that the number of coinciding events depends on which
series is taken as the reference (which is shared by the ES), thereby distinguishing
between the trigger and precursor coincidence rates [44]. In addition to the static
coincidence interval AT, in its general formulation ECA also considers a second exter-
nal parameter, the time delay 7, which allows for studying systematic mutual delays
between events of two types. Notably, this effect can also be straightforwardly imple-
mented into ES by shifting all event times in one of the series to be compared by a
fixed value of 7.

With the aforementioned presumptions, for event sequence A taken as a reference,
the fraction of events in this series that have been preceded by at least one event in the
second series p within a given time window AT is referred to as the precursor event
coincidence rate between the two event series (see Fig. (2.3)):

(AT, 7) Z@ [Z Loar (8 —7) —th) | - (2.10)

/\_”/\11 m—1

Here O represents the left-continuous Heaviside step function preventing events from
being counted twice and 1; indicates the indicator function of the interval I :

1, ifzel
Li(z) = {0, otherwise. (2.11)

For a correct normalization of the precursor event coincidence rate, we subtract
the total number of events occurring at [to, T + AT + to] interval (n)y) from the total
number of events (ny). Simply put, due to the nonzero time lag 7, it is not possible
for events at A occurring at [to, T + to) to coincide with any event at u. Sequentially,
considering the events in p as the basis for normalization, we can define the trigger
event coincidence rate as follows:

(AT, 7) Ze Zl[om th —1)—t)] . (2.12)

#ml
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FIGURE 2.3.: Schematic illustration of event coincidence analysis

Correspondingly, for the trigger event coincidence rate we exclude those events that
occur at [ty — (7 + AT),ts] interval to avoid possible errors. Now we can define a
symmetric matrix of pairwise coincidence rate based on the maximum or the mean
value of the two directed trigger events:

QM = maz(r(N s AT), r(u|A; AT)) (2.13)
ECAM r(Ap; AT) + r(p|A; AT
QECAMem _ (r(Al )2 (| ) (2.14)
ECA,Mazx . . . . . 9 . .
Here @ i is preferred for highlighting bidirectional dependencies. In contrast,
QfﬁA’an is employed when one needs to determine a strong unidirectional connection

between two event time series.

2.1.2.3. Comparison Between Pearson’s Correlation Coefficient and Event
Synchronization and Event Coincidence Analysis

To demonstrate the difference between the performance of the PCC analysis, ES and
ECA approaches, we produce three different binary time series with length t = 10000
and 100 independently and uniformly randomly chosen components equal to 1. In this
setup, time series x; and xo are considered to be independent, while event series x3 and
x1 are dependent. To construct the dependency between z3 and x1, we shift non-zero
components of x1 event series forward in time by a time point randomly selected from
the set {1,...,8}. Therefore, events in x3 follow events in 1 with some time window.
Then we attempt to quantify the similarity between x1 and xo using the three methods
mentioned earlier. This procedure is repeated 1000 times and the resulting histograms
of the corresponding PCC, ES, and ECA values can be seen in Fig. (2.4). According to
Fig. (2.4)a, all the three approaches show no strong relationship between events in 1
and z2, as we expected. However, Fig. (2.4)b reveals that PCC analysis can not capture
the lagged relationship between x; and x3, where there is an unfixed delay between
events in two different time series, while values of ES and ECA are considerably higher.
We refer to chapter 3, where we pursue a comprehensive numerical study for inter-
comparing the potentials of ES and ECA to identify the underlying network structure
based on event-type dynamics.

12
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FI1GURE 2.4.: Comparison between the performance of Pearson’s correlation coefficient
(PCC), Event Synchronization (ES) and Event Coincidence Analysis (ECA) for binary
data. Here we produce three different event series where x; and xo are independent,
while events in x; are followed by events in z3 within 8 time steps.

2.2. Fundamentals of Stochastic Modelling of Dynamical
Systems

The dynamics of complex systems can be represented by different forms of mathemat-
ical models [56, 69]. In the last decades, a wide range of mathematical modelings that
differ in several aspects (i.e., level of detail or the approximations) has been intro-
duced. Among them, differential equations (e.g., ordinary and stochastic differential
equations) are by far the most preferred mathematical tool for modeling real-world
phenomena. For instance, deterministic ordinary differential equations (ODEs) have
broad applications in fluid mechanics, quantum physics, and statistical physics [109,
128]. An ODE allows us to estimate the evolution of a state variable using the informa-
tion of its previous states. Typically, for any set of parameters and initial conditions,
the solution for a deterministic differential equation is unique and can predict the
future perfectly because ODE contains no stochastic elements [86]. However, com-
plex systems are often governed by nonlinear interactions and intricate fluctuations.
Therefore, the assumption that a deterministic differential equation can fully explain
real-world data is often unrealistic.

A typical approach is then to focus on the comparably few observed, macroscopic
variables, assuming that they determine the key dynamics of the system, while the re-
maining ones are represented by noise. This leads to an approximate, inverse modelling
of such systems in terms of Stochastic Differential Equations (SDEs). In the following,
we introduce and review three different examples of SDEs (i.e., Langevin equation,
Generalized Langevin equation, and Empirical Model Reduction) that are widely used
to identify and reconstruct the time evolution of complex systems [59, 108]. Further,
we discuss how to extract different terms of these equations from stochastic time series
data by employing other data analysis techniques.

13
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2.2.1. Langevin Equation (LE)

In the early twentieth century, Paul Langevin [116] proposed a quantitative description
of the random motion of colloidal particles suspended in a fluid, known as a critical
problem of non-equilibrium statistical mechanics. This theory’s applicability later has
been extended to express the dynamical behavior of varieties of macroscopic systems
without genuine particle ontologies. The original Langevin Equation is a first-order
differential equation, which represents the time evolution of a subset of degrees of
freedom containing both frictional and random forces that are associated with the
fluctuation-dissipation theorem (FDT) [111]. This theorem implies a systematic inter-
nal relationship between the magnitude of the friction and the strength of fluctuating
forces.

Consider a system for which the evolution of the macroscopic states x(t) obeys the
following equation of motion:

dx(t)
dt

= a(x,t) + bz, t)n(t). (2.15)

where a(x,t) and b(x,t)n(t) represent the deterministic force (e.g., friction and grav-
ity) and stochastic forces (e.g., noise and chaotic particle interactions in many-body
systems), respectively. Here, n(t) is conventionally a stationary, d-correlated Gaussian
process with zero mean: < n(t) >= 0 and < n(t)n(t') >= §(t —t'). The presence of
d-correlated noise indicates that the Langevin process is a Markov process.

Stochastic processes can be also viewed from a different perspective, in terms of
the evolution of their conditional probability density function p(zx,t|z’,t’). If a single
particle’s motion is governed by the Langevin equation, its probability density can be
developed according to the Fokker—Planck equation (FPE) [97].

& pla 1) = S )p e’ 1)
t T (2.16)

8 AT
+ wg(m,t)p(x,t\:c 7t )7

Where p(x,t|2’,t") refers to the probability of a system to be found in state x at
time ¢. In Eq. 2.16, terms subject to the first and second derivatives are known as drift
and diffusion terms, which can depend on position and time. In practice, the drift
term determines the deterministic part (slow macroscopic variables) of the underlying
dynamics, while the diffusion term reflects fluctuations. One common way to derive the
FPE associated with a Langevin process is the Kramers-Moyal (KM) expansion [58, 59].
The KM terms are constructed from a Taylor series of the fundamental master equation
of a system which describes the probability evolution of a Markov process [203]. The
KM expansion is also called the Generalized FPE since by truncation of the KM
expansion after two terms, one can recover the FPE.

For a Markov process, the evolution of the conditional probability densities given by
the KM equation is as follows:

0 1oyt _OO 9\’ ) 1oyt
(ot 1) =3 () Dy@pla. b ), (217)

=1
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where the D,,(z) denotes the mth-order KM coefficients that can be defined by
conditional moments M7 (x,7) of the variable z and at time 7:

T (2.18)

=5 Hm = ((z(t+7) = 2(t))’ |o@t)=a) -

The beauty of this approach is that one can estimate KM coefficients D;(x) directly
from experimental data by computing transition probability densities in the limit of
At — 0 (numerically, this represents the shortest time increment in the data):

Dy(@) % 3 {(alt+ 20 = 2() L) (219)

Here ((x(t 4+ At) — z(t))’ |2(t)=z) Tepresents the mth conditional moment M™. In
this study, to calculate conditional moments from time-discrete data, we employed the
non-parametric Nadaraya-Watson estimator [155, 213] which relies on convergence in
probability:

1 j 1 K(Lm}iﬁ) )(x(i+1)At - Q?iAt)j
< (z( — zint)’ |z=a >= . (2.20)

Here, to calculate Dj(z), we assign each data point in the state space to a kernel
density and then take a weighted average over all data points. Note that, in the
Nadaraya— Watson kernel framework, we need to estimate the kernel and the smoothing
parameter called bandwidth. In this study, the kernel function K is assumed to be
Gaussian.

It has been demonstrated that the performance of the Nadaraya— Watson kernel
estimator largely depends on the smoothing parameter that controls the trade-off be-
tween goodness-of-fit and model complexity [48]. Hence choosing an incorrect band-
width value can lead to an undesirable transformation of the density plot. For in-
stance, a large bandwidth increases the bias by over-smoothing the curve, while a
small bandwidth results in a rough estimation. Various methods have been introduced
to determine optimal bandwidth, such as the rule of thumb, unbiased and biased
cross-validation, and direct plug-in (DPI) [31, 96]. In this thesis the bandwidth A is
determined using Silverman’s rule of thumb: h = 1.060 N = where o is the standard
deviation of the time series under investigation.

As mentioned earlier, for a continuous diffusion process, there is equivalence between
the LE and the FPE descriptions. Therefore we can substitute the drift and the dif-
fusion functions in Eq. 2.15 by the first Dy (z) and second Dy(z) KM coefficients. In
other words, the drift and the diffusion terms are approximated by average displace-
ment and conditional variance over time interval 7. Using numerical discretization, in
It6 ’s interpretation of stochastic integration (see Appendix B.1), the time derivative
of the system’s trajectory can be written as follows:

dz(t) = Dy (z,t)dt ++/ Do (x, t)dW (t), (2.21)

where dWW denotes the increments of a Wiener process (known as a stochastic process
with stationary independent normally distributed increments). In this thesis, the nu-
merical integration of the Eq. 2.21 is implemented by the Euler-Maruyama scheme [142]
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which is similar to the Euler scheme but also can deal with the stochastic term:

x(t+ At) = x(t) + Di(z,t) At +y/ Da(z, t) Atn(t). (2.22)

Moreover, the higher-order terms in the KM expansion provide a distinguished test
for the continuity of the underlying process. According to Pawula’s theorem [168], a
stochastic process is statistically continuous and is driven by Gaussian noise if the third
and all higher-order KM coefficients tend to zero. Accordingly, three possible processes
can be classified in terms of KM coefficients. I) Deterministic processes; where the
KM expansion stops at n = 1. II) The KM equation reduces to the Fokker—Planck
equation when the KM coefficients with order n > 2 are negligible. III) For non-
vanishing KM coefficients with n > 2, the system cannot be accounted as a continuous
diffusion process, and the expansion may contain an infinite number of terms. In
this circumstance, to reconstruct the relevant aspect of a system in the presence of
discontinuous jumps, classical KM formalism requires to be revisited.

2.2.1.1. A two-dimensional Diffusion Process

Further in this thesis, we investigate the potential coupling between two well-known
proxies of Greenland ice sheets that contain sudden climate transitions. To this end,
we utilize the bivariant diffusion process and try to non-parametrically estimate the
parameters of the process.

Consider a two-dimensional diffusion process with form:

4 a b dw
—_——~ —_——
d(L‘l (t) al bl 1 bl 2 dw1
() e (P (2.23)
(amse) = (o) (o o) (o)
———
drift diffusion

Analogous to the one-dimensional setting, the unknown functions in the above equa-
tion can be estimated non-parametrically from a bivariate time series (x1(t), z2(t))
using KM analysis. The higher KM coefficients in a two-dimensional setting are given
by [66] :

D = li
m’n(xth) min! TIL% T (2‘24)

1
- min! 71'136 ;<AxTA:Eg|£U1(t):ac1,ac2(t):a:2>~

Subsequently, the relationship between the functions in Eq. 2.23 and KM coefficients
in Eq. 2.24 can be recovered as follows:

Dig=ai, Do1 = as, (2.25)

D11 = b1,1b21 + b12b22,
1
Dy = 3 {b%,l + biQ} )

Do = % {55,1 + 55,2} .
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2.2.2. Generalized Langevin Equation (GLE)

In the Langevin equation, the dependencies between slow and fast variables are as-
sumed to be negligible due to the separation of time scales. However, this assumption
is not always well-grounded; for instance, in Brownian motion, when the mass of par-
ticles is comparable with that of the surrounding particles, the random force does not
obey white noise behavior anymore. As van Kampen [98] stated, “Non-Markov is the
rule, Markov is the exception”. In this scenario, employing the Langevin equation does
not lead to an appropriate approximation if the time scale of the macroscopic variables
is not much longer than that of the microscopic variables. Moreover, it is also nec-
essary to modify the fluctuation-dissipation theorem to consider how the correlation
function of fluctuations varies with the memory of the frictional force. Accordingly,
Generalized Langevin Equations (GLE) have been proposed to account for long-range
correlations and memory effects of complex systems that do not exhibit strong time
scale separation. It is shown that the generalized equation fulfills a particular funda-
mental consistency condition, which links the memory function to the auto-correlation
of the stochastic force.

One of the practical tools to derive a GLE is the Mori-Zwanzig (MZ) formalism [38,
77] which has been initially developed in non-equilibrium statistical mechanics for
constructing coarse-grained models. The MZ is a projection-based dimension reduction
method that redefines a set of ordinary differential equations into a reduced system
with a time-independent Hamiltonian as long as the system is close to equilibrium. The
MZ formalism assumes that a macroscopic system can be well described by projecting
the full microscopic dynamics of a system onto the space of macroscopic variables. In
the following, we briefly show how the GLE can be derived using MZ formalism.

Consider a set of observables q(z,t) = f(®(x,t)), where f : RN — R?. The time
evolution of such observables can be defined in the Liouville form as follows :

dq(z,t)

pra Lq(z,t), (2.26)

where L is the Liouville operator and ¢(x,0) = f(®(x,0)) = f(z). The solution of
Eq. 2.28 can be written:

q(z,t) = e“q(x,0) = e~ f(z). (2.27)
L

e~ is known as the propagator operator and can commute with the Liouville oper-
ator. By substituting ¢(z,t) with e“! f(x), we can rewrite Eq. 2.28:

de® f ()
dt

To construct the reduced-order representation of a system from N components to

d components, MZ exploits a projection operator P, which maps the general system

variables onto the subspace of the resolved observables. Subsequently, a projection

onto an orthogonal subspace is defined as © = I — P which is the complement of the

projection operator P and satisfies QP = QP = 0. Applying the identity operator
(Q + P), the Eq. 2.28 is converted into :

= FILf(x). (2.28)

d(eLt
(ed{(x)) = PPLf(2) + S QL (). (2.29)
Using the well-known Dyson Identity [87]:
t
eﬁt — e(P“l‘Q)ﬁt — eQLt + ds eﬁ(t—S)Pﬁegﬁs, (230)
to
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we can rewrite the Eq. 2.29 in the following form:

d(e“ f(x)) ct b (s Cs
= PLf(z) + S QLf(z) + | ds eF=9PLeC QL f(x).  (2.31)
to

Different terms on the right-hand side of Eq. 2.31 have well-known interpretations.
The first term is a Markovian term that refers to the self-interactions of the macroscopic
variables. The second term is related to unresolved variables in the orthogonal space
F(x,t), which often is regarded as random noise. Finally, the last term describes mem-
ory dependencies between the observable and F'(x,t). The resulting lower-dimensional
model is known as the generalized Langevin equation that is described as follows:

t
% P t) = Qf(t) — [ Kt — ) F()dt + Fla, D). (2.32)
to

Note that the functional form of MZ may vary depending on the choice of projection
operators. For instance, the Chorin’s Projection [34] provides the evolution equation for
a conditional mean of f while applying the Mori’s projection [226] yields the evolution
of temporal auto-correlation. In this thesis, we focus on MZ formulation based on the
Mori’s finite rank projection operator, which is given by:

d
Ph(f(z)) =Y <h, fi><fi,f; > f(x). (2.33)

ij=1

So far, we have seen the MZ formulation in the continuous-time form. However, to
construct the evolution equation of a system from empirical data where the outputs
are discrete-time snapshots, we require the discrete counterpart of MZ formalism [125,
158]:

P+ DAY = Oaf (A0 — 3K S (0~ DAY + i (), (2.340)
k=1

where ) and K represent the deterministic function and memory kernel, respectively
and can be obtained directly from collected data. Using the evolution of two-time
correlation function, we can calculate the Markov matrix Q = C€'(0).C(0)~! and the
memory kernel [124, 224] as follows:

%= (C((n+1)At) — Z K4, C((n —1)At)CL(0) (2.35)

Considering the orthogonal association between the basis function f(0) and the un-
resolved variables, the noise term is eliminated from the evolution equation of C. After
obtaining the memory kernel and the Markov term, we can readily calculate the or-
thogonal term.

2.2.3. Empirical Model Reduction (EMR)

Over the past few years, various linear and nonlinear inverse stochastic modeling ap-
proaches have been intensively developed and applied to obtain reduced models that
can explain the statistics of a full system [3, 169]. One commonly used type of inverse
stochastic model is the Linear inverse model (LIM). The LIM assumes that the relevant
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dynamics can be decomposed into a linear deterministic term and a stochastic white
noise process given by:

dx; = Lijl‘jdt + d?](t), (236)

where L is a D x D dynamical matrix and 7 is a vector of Gaussian white noise. This
approach allows modeling dynamical systems in which the fast variables and nonlinear
interactions are so fast that they can be approximated by Gaussian white noise.

Although linear simplification (i.e., linearity and stable dynamic) can be considered
a proper tool for describing dynamical systems, it may lead to inaccurate results in the
presence of nonlinearity and serial correlations. To overcome this drawback, the empir-
ical model reduction (EMR) [110] has been proposed as a nonlinear generalization of
LIMs. It has been shown that the EMR with quadratic nonlinearity and additive noise
can adequately capture underlying properties of the whole system’s variability and can
be used later for predictive purposes [30]. For instance, in the context of climate sys-
tems, it has been demonstrated that the EMR can successfully model Madden-Julian
Oscillation [106] and El Nino-Southern Oscillation [110]. In this thesis, we employ the
EMR to reconstruct the dynamics of various synthetic and real-world systems from
available time series.

The EMR approach has the following form:

dx; = (Aijkl‘jxk + Lij$j + Ci)dt + TO,idta (2'37)

where matrices A and L describe quadratic self-interactions and linear dissipation
processes. Here ¢; represents intercept vector. Typically to estimate the coefficients in
Eq. 2.37, multiple linear regression is used, which attempts to minimize the difference
between the observed variables and the model outcome. To account for correlated
noise, the EMR models the residual at each level as a linear function of x; and r;,
given by :

dro.;
d(;’l = b} [z, 7] + 714
dri;
d“ = b2 [z, 7, 71] + 72,
; (2.38)
dry;
dtﬂ = bi‘—‘rl [x7 TT1,7T2, .0 7’[] + rl+1’i'

The presence of these hidden variables that explicitly depend on the past values
of slow variables brings forth “memory” effects. An optimal number of levels [ can
be determined by considering specific stopping criteria. The basic idea is that once
the auto-correlation of the last level of residual noise approaches zero and is well
approximated by a spatially correlated white-noise process, the process of adding more
levels can be terminated. In other words, the residual at the last level in Eq. 2.38, is
assumed to obey the Wiener process.

2.3. Fundamentals of Artificial Neural Networks

The rapid growth of data production/acquisition and advancements of computing
power brought us closer to understanding complex systems. For instance, in climate-
related problems, having access to vast amounts of data gathered from satellites, nu-
merical climate models, and stationary measurement units allow us to extract impor-
tant spatiotemporal interaction among climate variables through constructing data-
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driven models [21, 189]. In recent years, machine learning strategies have emerged as a
powerful tool to distill information and make predictions from piles of raw data, besides
other data-driven techniques [179]. Machine learning algorithms aim to instruct com-
puters to model a system directly without relying on the driving equations. The two
main types of machine learning techniques are supervised, and unsupervised learning,
which are applied in different problems with different datasets [5, 54, 194]. Supervised
learning aims to teach models to produce desired outcomes based on a labeled training
set. In this scenario, we have prior knowledge of what the output should look like.
When conducting supervised learning, the main consideration is to develop a model
that can determine a function, which maps the input variable (x) to the output ob-
servable (y), by minimizing a loss function. On the other hand, unsupervised learning
finds inherent structures and patterns without supervision, e.g., principal component
analysis [118]. This study focuses on predicting the evolution of complex systems using
a form of supervised learning called artificial neural networks (ANNs).

ANNSs are information-processing paradigms, inspired by a human brain’s structure,
designed to mimic the brain functions, such as recognition, classification, perception,
and reasoning [129, 179, 212]. The first version of ANNs, known as the Pitts neuron
model (MCP), was created in 1943 to model biological neurons, building brain units,
using electrical circuits. Later in 1950, with the advent of computers, it was possible to
simulate a hypothetical neural network that allows neurons to learn the function that
maps inputs into output. However, computer processors were inferior in numerical
calculations, logical inference, and data storage compared to the human brain. Due
to the recent advance of "big data" and increasing computational power, ANNs have
become the center of a technological revolution in many disciplines [179].

Analogous to interconnection in the human brain’s neurons, ANNs utilize artificial
cells arranged in a layered structure that communicates through weighted connections.
There are several different architectures of ANNs, including Feed-forward Neural Net-
works (FFNNs) [14], Recurrent Neural Networks (RNNs) [67, 146], and Convolutional
Neural Networks (CNNs) [160]. One of the most common and well-known ANNs is
FFNNs, where the information flows in only one direction from input to output. Hence
there exist no feedback connections or loops in this architecture. Generally, FFNNs
comprise of three different layers (see Fig. (2.5)):

1) an input layer that receives input data.

2) hidden layers where the number of layers depends on the complexity of the func-
tion.

3) an output layer.

In FFNN architecture, each node calculates the sum of the weight of the input and
passes this sum to a continuous and differentiable activation function to obtain output
values. The output of the node (i) in the (j) layer can be calculated as follows:

N
rlj = ]-"(Z wljkxk + bf) . (2.39)
k

Here F is a nonlinear activation function that allows constructing a complex mapping
from input to the output. Nonlinear activation functions are preferable since linear
functions can not capture and learn the complex features of input data. There are dif-
ferent possible choices for the activation function; the most commonly used activation
functions are sigmoid, logistic function, hyperbolic tangent, and ReLu functions [190].
In the training process, after a sufficiently large number of training cycles, the weights
are adjusted to minimize the loss function by reducing the difference between the actual
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Feed-Forward Neural Network

FIGURE 2.5.: A depiction of a simple feed-forward neural network

value and the computed output.

L= (y—9)?. (2.40)

The question is how to minimize the loss function and improve the model perfor-
mance by changing the parameters of the network’s layer (e.g., weights and biases). It
can be efficiently evaluated by a supervised learning method called the Backpropaga-
tion algorithm (BP) that calculates the gradients of the cost function with respect to
the parameters. The key idea is to propagate errors from the output to the input layer
and adjust parameters in an iterative process using gradient descent. For instance,
consider a FFNN with two hidden layers in Fig. (2.5). First, we try to calculate the
gradient of the last weight in the network using the chain rule. Hence we get :

oLy, oLy 0y (2
500 = 9 90 =(y— y)r( ) , (2.41)

Then, we calculate the gradient of layers (2) and (1) as follows:

oL, oLy 0y or®?

= 2.42
Ow®?) 0y or® ow® ’ ( )

oLy oLy, 9y or® or®
w0y ar® or() g

Eventually, the model’s parameters can be updated based on the computed gradient:

(i) — -, 9Lk 2.44

Aw LEwor (2.44)

Here  represents the learning rate that scales the magnitude of parameters updates.
We note that selecting an optimal learning rate can be challenging. For instance, a
too low learning rate requires many updates resulting in slow convergence, while a too
high learning rate can interfere with the convergence leading to divergent behavior.

Therefore we must find a rate range where the loss function falls sharply.

(2.43)
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FIGURE 2.6.: A depiction of a single hidden layer Recurrent Neural Network (RNN).
The red chain displays the Back-propagation through time (BPTT).

Even though FFNNs are easy to design and are fast, like other techniques, they
show some drawbacks. Their performance is sensitive to the initialization of random
weights and requires lengthy training data. One of the desirable aspects of modeling
a complex system is learning long-term temporal dependencies. However, FFNNs,
have no memory of the input. For instance, given a sequence of letters "COMPLEX"
when it gets to "L," the FFNN algorithm has already forgotten that it just read "P".
Therefore, to learn the temporal behavior, a specific learning framework is required
that can preserve past information and keep track of long-term dependencies.

2.3.1. Echo State Networks (ESN)

A specific kind of NNs best suited to interpret time-dependant and sequential data
(e.g., climate time series) is Recurrent Neural Network (RNN). Unlike traditional
FFNN, where all the inputs and outputs are independent, RNN makes a decision
based on the prior information obtained from the sequence of previous inputs. In
other words, in the RNN algorithm, the output of the current step becomes the input
of the next step allowing the information to persist.

re = F(xg,re-130) . (2.45)

The above equation updates the hidden states using the current input vector x(t)
and the context of the previous state r(¢). Each hidden state contains information
from all states before r(t) for as long as memory can retain. The expression above can
be re-arranged in a recursive setting as follows:

re = F(xe, F(xp—1, F(oooy F(x1,70;0)...50);0) . (2.46)

RNNs exploit the backpropagation through time (BPTT) algorithm to update weights.
Conceptually in the BPTT algorithm, errors are first calculated at each time step and
accumulated. Then the network is roll-up and parameters are updated [165, 216] (see
red chain in Fig. (2.6)).The gradients can be written as a sum of products from the
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Despite its advantages, we can face two problems during the backpropagation of
time-series data, known as the vanishing and exploding gradient problems. The first
problem arises when H%Hg in Eq. 2.47 goes to zero exponentially fast. When the
gradient vanishes, updating the model’s parameters will no longer be significant in
the learning process, making it difficult to capture some long-range dependencies. In
the second case, the gradient norm grows exponentially fast during training, ending
up with NaNs. To avoid the exploding and vanishing gradients problem, an alter-
native new paradigm called the Reservoir computing (RC) approach has been intro-
duced [135]. In the traditional RRN algorithm, both the hidden layer and the readout
weights get updated during the training phase (see Fig (2.6)). While the reservoir
connection weights in RC are randomly generated and kept unchanged. In the RC
framework, the training is mainly for the readout part, where only weights of the
connections from the reservoir units to the readout are tuned. Since most of the
parameters are fixed, RC requires fewer training data, making the learning process
quick and stable. The three well-known examples of the RC class are Echo State Net-
works (ESNs) [89], backpropagation-decorrelation neural networks, and Liquid State
machines (LSTM) [197]. In this thesis, we concentrate on the simplest form of RC
model, ESN, to predict climate variability.

ESN has been applied in a variety of tasks from classical time-series prediction [120,
167] to language modeling and speech recognition [207] to dynamic pattern classifi-
cation. ESNs are comprised of three parts: an input layer, a so-called reservoir that
processes the input, and an output layer that uses the reservoir output for prediction
(see Fig (2.7)). The internal unit can be considered as a high-dimensional dynamical
system with states r(t) that evolve according to the following equation:

r(t+1) = FWor(t) + Winz(t)) . (2.48)

Where Wy, € RV*L is the input matrix mapping the input of dimension L to the
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reservoir space of dimension N. W, € RV*N is a sparse, weighted adjacency matrix

with elements drawn randomly from a normal distribution with zero mean. Here F
indicates a nonlinear activation function for which we choose the hyperbolic tangent.
Contrary to most conventional NN models, in the ESN setup, the values of W;, and
W, are not optimized but fixed at randomly chosen values. Hence, the only trainable
connections are given by the reservoir-to-output layer matrix W, through which the
reservoir states are mapped back to the L-dimensional outputs y(t). Moreover, the
reservoir does not require remembering the entire temporal information of the past;
hence, it skips unnecessary information after some time, resulting in extremely fast
converging of the training. The linear readout can be computed as:

y(t +1) = (Wour(t +1)) . (2.49)

Optimal values for W,,; that minimize the loss function can be easily determined
by simple linear regression. However, traditional linear regression can cause unreliable
parameters estimation in ill-posed problems, leading to less generalizability. There are
different variants of ordinary least square methods (OLS), e.g., Ridge regression and
LASSO [80, 205], that have been suggested to improve the numerical instability and
reduce overfilling by introducing a penalty term. This thesis calculates the output unit
weights using Ridge regression (also known as Tikhonov Regularization). The Ridge
regression cost function can be demonstrated mathematically as:

T
L= [[Wourr(t) = za(t)]] + M[Wourl[* - (2.50)
t=0

where ||..|| is the Lg-norm of a vector and X is a regularization parameter which
penalizes larger output weights W,,:. Accordingly, the regularized optimal output
matrix W, is determined via:

Wout = (RTR+ M) "' RT 2, (2.51)

Here R refers to the network’s states, and I is the N x N identity matrix. Then
the prediction phase initiates with the information of the reservoir state r(t*) at the
last time step of the training phase to make the prediction y(¢* 4 1) using the trained
output weights Wy,;. Further predictions are then iteratively made forward in time
by passing y(t* + 1) to the ESN as input to produce a forecast y(t* + 2), and so on.
Therefore, with well-defined inner weights, the reservoir can capture the particulars of
the input by developing a high memory capacity.

2.3.1.1. Hyper Parameters of Echo Stat Network

In analogy to other NNs, the predictive performance of the ESN depends on various
hyperparameters, such as the choice of the reservoir size (N), the sparsity (p) of Wi,
and the spectral radius p of W,.. Reservoir size N identifies the dimension of the space
of the reservoir. Generally speaking, the larger the reservoir, the better the approxi-
mation of the underlying dynamics of the system, and the easier it is to find a linear
combination of the signals to approximate output. However, an extensive network
can be computationally expensive; hence, selecting optimal hyperparameters with a
smaller network and later scaling it to the larger one is advised. Sparsity p is an-
other critical parameter in designing a good ESN, which determines the distribution of
nonzero elements in the reservoir matrix W,. This can be implemented by a uniform or
normal distribution centered around zero. Sparser networks are preferable to increase
the ESN architecture’s computational efficiency. We note that the input matrix W,
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is usually generated by the same type of distribution as W,. Another key parameter
affecting the ESN performance is the input scaling of the W;,, which determines the
overall nonlinearity of the reservoir units. In other words, the input scaling dictates
how far the network’s hidden states are pushed away from the linear part of the acti-
vation function [148]. For instance, using hyperbolic tangent (tanh) as an activation
function, a small input scaling results in the operation of reservoir states in the more
linear part of the tanh curve.

One of the most critical parameters is the spectral radius p of the reservoir connection
matrix W,. This hyperparameter is the largest absolute eigenvalue of the matrix W,
and scales the width of the distribution of nonzero elements. This parameter controls
the echo state properties (ESP) [90, 133, 134] of the reservoir, which indicates the rate
at which the history of the input vanishes gradually in time. For a task requiring longer
input memory, the closer p is to one, the longer the network’s capability is to memorize
past inputs. It is commonly assumed that p must not exceed unity for a reservoir to
show ESP. However, Yildiz et al. [222] demonstrated that spectral radius below unity is
insufficient to guarantee the ESP. Therefore, there is no general condition for optimal
spectral radius, and it must be determined by task-specific experimentation.

2.3.1.2. Comparison Between the ESN and FFNN Performance

Conventional ESN and FFNN have been applied to various nonlinear deterministic
systems (e.g. Lorenz system in Fig. (2.8) and data with low level of noise [28]. Here
we compare the performance of the ESN and FFNN on the Lorenz system which is
a simplified model for atmospheric convection. The dynamics of a Lorenz system can
be described by a set of coupled nonlinear equations for the variables x, y and z as a
function of time:

#(t) = oy — ),
yt) =x(p—z) — vy, (2.52)
z(t) = xy — Pz.

We generate a long trajectory with 13000 points separated by a time interval At =
0.01. Here, we choose the standard set of parameters ¢ = 10, p = 28, and § = %.
Fig. (2.8) shows the short-term prediction skills of ESN (solid lines) and FENN (dashed
lines). We see that the ESN predictions follow the true trajectory with high precision
for a long time, while the predictions from FFNN diverge from the true state after
200At. It can be concluded that the ESN significantly outperforms FFNN in the
short-term perdition of sequential data. The x-axis in Fig. (2.8) is in units of the

Lyapunov time AL where A\pqz is the maximum Lyapunov exponent.

As we mentioned in section 2.3.1.1, the performance of the ESN algorithm substan-
tially depends on the value of hyperparameters. Fig. (2.9) displays the performance of
the ESN on forecasting the Lorenz system for hyper-parameters (a) the input scaling,
(b) spectral radius, and (c) reservoir size. For the Lorenz system, we could achieve
the highest performance for the set ( input-scaling= 0.1, p = 0.2, and N = 400).
The FNN employed in this study contains three hidden layers, each with 100 neurons.
The network weights are optimized accordingly by the Adam optimizer, a stochastic
gradient descent algorithm.
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2.3.2. Past Noise Forecasting

Most real-world time series are subjected to stochastic forces making it difficult to
fully predict the evolution of variables of interest in the presence of noise. In this
thesis, to improve the prediction of real-world time series, we propose an efficient
technique based on the ESN in combination with a time-series decomposition method
to model the high-frequency fluctuations that have posed substantial problems for
training neural networks in the past. To model the high-frequency component, we
apply the Past-Noise Forecasting (PNF) method [30].

A possible solution is to estimate the time-dependent high-frequency forcing from
suitable samples from its history. Chekroun et al. [30] originally developed a partic-
ular prediction methodology called Past Noise Forecasting (PNF) to circumvent this
problem. The purpose of PNF is to select the best sample of past stochastic forcing to
drive the system into the future, using the knowledge of the past noise trajectory. To
find such potential noise realizations from past parts of the time series, the stochas-
tic forcing is conditioned on the low-frequency component of the underlying system.
They employed the non-parametric Singular Spectrum Analysis (SSA)[74, 209] as a
technique to decompose the time series into a low-frequency component and the cor-
responding high-frequency part. The key idea behind the PNF method is that the
model’s sensitivity to the initial state exhibits linear or weak response in time scales
less than L, and we can assume that the stochastic forcing determines the phase of the
system.

Now, consider the time series of high-frequency variability x; of a system of interest.
One can derive samples of stochastic forcing from the past by splitting the x; time series
into N continuous fragments of length L each {x% : i = 1,..., N} with ¢; € [t* — L]
that can potentially drive the system, from arbitrary ¢* to t* — L. To select the best
noise segment x', the phase of the system at time ¢ must be inspected. To do so,
the low-frequency component (LFC) is split into different segments of length A and
searched for those segments that resemble the reference LFC segment just preceding
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FIGURE 2.9.: Root Mean Square Error (RMSE) of the Lorenz system with respect to
variations of (a) input scaling, (b) spectral radius, and (c) reservoir size. The errors
are averaged over 100 realizations for each parameter.

time step t*, at which we initiate the forecast:

RMSE(LFC(t; + A,t;) — LEC(t" — A, t%)) < a (253)
CORR(LFC(tj + A, t;) — LFC(t" — A t7)) > v '

In practice, the skill of the PNF method depends on the parameters A, choice of K
(number of leading reconstructed components that capture the LFC), and L. Hence
they must be appropriately tuned. With these selection criteria, one can then identify
high-frequency components starting at different ¢; < t* — A, which we then use to force
the ESN prediction for times ¢t > t*.

S (a,y) == {t; € [0,t" — A]} (2.54)
Ft* = {th € Fi« 1 t; € Et*} (255)

Here F'y« is the subset of noise segments that can be used to drive the system into
the future for times ¢ > t*.
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3. Using Event Synchrony Measures for
Network Inference From the Timing of
Events

One of the most important types of dynamical processes on real-world complex net-
works are spreading processes in which the effect of a localized incident is propa-
gated throughout the system along the existing connections with a specific proba-
bility. This event (or more generally information) propagation process reflects the
dynamics of many real-world networks, describing such opinion formation [92], disease
outbreak [24], and climate-related extreme events propagation [22]. While the effects
of network topology on spreading efficiency have been vastly studied [166], we here
address the inverse problem of whether we can infer an unknown network structure
from the timing of events observed at different nodes. For this purpose, we numeri-
cally investigate two types of event-based stochastic processes. On the one hand, we
consider a generic model of event propagation on networks where the nodes exhibit
two types of event-like activity: (I) spontaneous events reflecting mutually indepen-
dent Poisson processes, and (II) triggered events that occur with a certain probability
whenever one of the neighboring nodes exhibits any of these two kinds of events. On
the other hand, we study a variant of the well-known Susceptible-Infected-Recovered-
Susceptible (SIRS) model [83] from epidemiology and record only the timings of state
switching events of individual nodes, irrespective of the specific states involved. Based
on simulations of both models on different prototypical network architectures, we study
the pairwise statistical similarity between the sequences of event timings at all nodes
through event synchronization (ES) [174] and event coincidence analysis (ECA) [44]
(see section 2.1.2 in chapter 2). By taking strong mutual similarities of event sequences
(functional connectivity) as proxies for actual physical links (structural connectivity),
we demonstrate that both approaches lead to reasonable prediction accuracy. The
results presented and the figures shown in this chapter are based on publication (Has-
sanibesheli, F., Donner, R. V. (2019). Network inference from the timing of events in
coupled dynamical systems. Chaos: An Interdisciplinary Journal of Nonlinear Science,
29(8), 083125) with the permission of AIP Publishing.

3.1. Generic Event propagation model

Event sequences are discrete events that occur at specific times and can be regarded
as stochastic point processes. The first part of our research is to create a stochastic
process model for the propagation of events on a network. Here, we initialize seed
events independently and randomly at each node, which results in homogeneous Pois-
son processes at each node. To simplify the process, we keep the intensity (rate) « of
those processes the same for each node. At this stage, the inter-event times at any
given node follow an exponential distribution with the same characteristic parameter,
while the number of events observed in a given period of time exhibits a Poisson dis-
tribution with the same parameter. To model event propagation along the edges of
G, we now let each individual event at a given node propagate to any of its neighbors
in the network with a certain probability p and time delay 7,. Fig. (3.1) provides a
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Fi1GURE 3.1.: Schematic illustration of the propagation process between two series of
random events observed at two neighboring nodes i and j. Events can be propagated
through the existing link with a prescribed probability p and time delay 7,. Accord-
ingly, some events at node ¢ are followed by events at neighbor j, while others are
not.

schematic illustration of this propagation process. Suppose that at time ¢, an event
takes place at node i. Then, there is a probability p of this event being propagated
to any of its neighbors independent of each other, which means that at time ¢ + 7,
each of the neighboring nodes can experience such a triggered event with probability
p. In order to avoid back-and-forth propagation of events between two neighbors, we
restrict this propagation to one direction at a time. Hence, the event originally taking
place at time ¢ at node 7 and being propagated from node ¢ to node j, cannot reappear
at node 7 at time t + 27,.

Based upon this construction principle, we can express the appearance of an event
at node i and time ¢ by the binary indicator variable S! where it equals 1 if and only
if the event takes place. Therefore the probability of an arbitrary node i to experience
an event at time ¢ 4 7, that has been triggered by an event at one of its neighbors at
time ¢ can be approximated by:

P(SHY = 1) =1 (1 - p)Xia Aust) (3.1)
where A;; = 1 (A;; = 0) describes the existence (non-existence) of a link from i to
j. Note that we neglected the probability of emergence of a random seed event at
node 4 (if time is assumed continuous, this would be zero; for discrete-time, we would
just have to add a constant) as well as the above-described prohibition of an event
traveling back-and-forth along with the same bidirectional link. Moreover, the values
of A and p should be chosen carefully to avoid too frequent events, in which case purely
random co-occurrences may be observed too often to still be able to infer the underlying
network connectivity from the timing of events anymore. Since the inclination of this
study is to work with extreme (rare) event series, we restrict ourselves here to the case
of a fixed 7, = 1 and global p = 0.4. It is easy to see that increasing the propagation
probability would increase the event rate.

3.2. Network Inference

One important fact to be realized is that the numerical values of both QﬁgA(AT, T)

and Qf‘f\ (see Eq. 2.14 and Eq. 2.9) may have only limited utility for the actual statisti-
cal inference of network links, depending on the respective number of events recorded
and their associated inter-event time distribution [44]. For the case of ECA, corre-
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sponding pairwise statistical significance tests have been discussed in great detail by
Donges et al. [44]. On the one hand, there exists a simple analytical significance test
against the null hypothesis of two sequences of mutually independent Poisson pro-
cesses, which under the assumption of sufficiently rare events can be formulated as
an exact binomial test. In turn, due to the consideration of data-adaptive dynamical
coincidence intervals (for definition see Eq. 2.6), such an analytical test does not ex-
ist for ES. Therefore, and because the underlying assumptions for the analytical test
for ECA are very restrictive, it is recommended to consistently employ a simple form
of surrogate-based significance tests making use of shuffled events for estimating the
expected distribution of QESA(AT,T) and QE& in the case of independent event se-
quences. Therefore, we follow the aforementioned concerns regarding the applicability
of statistical tests with analytical form to both ES and ECA and focus on the numer-
ical approximation of the respective test statistics (ES strength and event coincidence
rate, respectively) based on surrogate data. For this purpose, we randomly shuffle
each binary event time series 300 times without replacement (hence, conserving only
the number of events in each series, which is justified as long as serial dependencies
within each sequence are negligible) and calculate the two similarity measures for each
pair of surrogate event series. Then, the distribution of all values from the surrogate
ensemble is used as a numerical estimate of the unknown analytical distribution of the
test statistic, and the empirical values of ES strength and event coincidence rate for
the original sequences are compared with those distributions. Ultimately, we employ
a typical confidence level of 0.05 by considering a link between two nodes to be likely
present if the similarity coefficient of the original event series is larger than the respec-
tive 95th percentile of the test distribution. In other words, when the p-value of the
pairwise ES or ECA based similarity measure is smaller than the associated confidence
level of 0.05, the synchronization between event series likely cannot be explained by
chance.

In summary, we thus obtain an estimate of the unknown adjacency matrix of the
underlying network as follows:

Alp

1, if QECA(AT, 1) > QECA(AT, 1),

0, else

(respectively, the same for Qf‘i), where the superscript * indicates the value of the
similarity measure corresponding to the respective confidence level of 0.05 obtained
from the surrogates.

3.3. Results and Discussion

We first perform a numerical simulation of the generic event propagation model (see
section 3.1) with an initial event rate of seed events av = 0.006 and 7" = 5000 time steps
(i.e., having a spontaneous event each 165 time steps on average). As a typical network
size allowing for efficient numerical analysis, we focus on the case of N = 50 unless
stated otherwise. Based on the 50 event series resulting from different model runs,
we have checked those series’ empirical waiting time distributions for their consistency
with an exponential distribution. By employing the Kolmogorov-Smirnov test [145] as
a goodness-of-fit measure that compares the empirical distribution of the data with a
known reference, we find that the observed waiting times of the combined sequences
of spontaneous (seed) and triggered events are statistically indistinguishable from an
exponential distribution.
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F1aure 3.2.: ROC analysis characterizing the performance of network inference based
on ECA (blue) and ES (red). From left to right, the results correspond to Erdos-Rényi
(ER) random graphs, Barabasi-Albert (BA) scale-free networks, and Watts-Strogatz
(WS) small-world networks (with a rewiring probability of the original underlying
ring lattice of w = 0.3). Top row: ROC curves for randomly chosen realizations of ER
networks with link densities of 0.1 (solid lines) and 0.3 (dashed lines), BA networks and
WS networks with a mean degree of 5 (solid lines) and 10 (dashed lines), respectively,
each with N = 50 nodes. Middle row: Dependency of the reconstruction performance
as expressed by the area under the ROC curve (AUC) on the link density p for the
corresponding network topologies for networks consisting of 20 (solid lines) and 50
nodes (dashed lines), respectively. Shown are the mean values and standard deviations
obtained from ensembles of 300 simulations for each setting. Bottom row: Minimum
distance of the ROC curve from the upper left corner of the ROC diagram as a function
of the link density for networks with N = 50 nodes.

We now discuss the performance of both ES and ECA in reconstructing the network
connectivity based on the observed event dynamics. We emphasize that starting with
the directed similarity measures r and ¢, we have tested two versions of symmetrization
based on taking the mean or maximum of both directions between each pair of nodes
(see Eq. 2.9 and Eq. 2.14), finding no significant differences between the corresponding
results obtained in all situations studied in the following. Accordingly, we will only
report the results where the maxima of the respective similarity coefficients in both
possible directions are considered. To provide a quantitative comparison between ES
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and ECA regarding their performance in the network inference task (discussed in
section 3.2), a corresponding evaluation criterion is required. As a corresponding
framework that is widely applied in binary classification problems, we utilize here the
receiver operating characteristic (ROC) [53, 73] (see Appendix A.2 for more details).
This approach allows quantifying how successfully both similarity measures correctly
identify the presence of links in the underlying network structure. Hence to determine
the optimal threshold for transforming the pairwise similarity matrices resulting from
ES and ECA into the binary adjacency matrix, we first consider all possible values and
subsequently examine the resulting ROC curves. For each point of the obtained curves,
we compute the distance from the upper left corner of the ROC diagram (TPR = 1,
FPR = 0) and identify the point with the shortest distance. Here TPR and FPR stand
for true positive and false positive rates, respectively. The associated threshold value is
then considered the best choice and will be referred to in all following results. To assess
the performance of ES and ECA on different structures, we considered three types of
random graphs: Erdos-Rényi random graphs, scale-free Barabasi-Albert networks [12],
and small-world Watts-Strogatz networks [214].

Fig. (3.2) displays the resulting reconstruction performance for different network
topologies. Different colors indicate the two similarity measures for the network recon-
struction (blue: ECA, red: ES). As demonstrated by the resulting area under the curve
(AUC) values, the accuracy of both methods depends on the underlying topology of
the network. In all cases, increasing the mean degree (i.e., increasing the link density
p = (k) /(N —1)) for networks with 50 and 20 nodes, respectively, generally reduces
the AUC. In other words, we obtain a better accuracy of link prediction for sparser
networks. This effect could partially result from the rising number of closed loops in
the network, which generate events circulating among groups of nodes. To account
for the two possible parameters of the ECA, the resulting reconstruction accuracy has
been carefully checked for different combinations, revealing the best performance for
AT =1 and 7 = 1, i.e., a coincidence delay of one time step corresponding to the
imposed propagation delay as one should have expected. Both similarity measures
successfully identify a vast part of the existing links in all cases. The ECA approach
exhibits a tendency towards achieving slightly higher accuracy than ES at sparse net-
works (for example, in the case of the Erdés-Rényi network with N = 50 nodes and a
link density of p =0.2, the AUC based on ECA is 0.869 while dropping to 0.82 for ES).
For denser networks, using ES for link identification commonly results in better net-
work reconstruction, which could be related to the fact that the dynamical coincidence
interval of ES captures associations at different time scales rather than a single scale
as that fixed by the ECA parameters, thereby considering a larger number of events
as coinciding events.

In order to investigate the overall reliability of the respective reconstruction ap-
proaches for a single network realization, we study the empirical distributions of TPR
and FPR as well as AUC obtained from in total 300 different realization of each model,
which are shown in Fig. (3.3). For the specific settings investigated here, ECA shows
its benefit for the Watts-Strogatz network as seen by considerably higher AUC and
TPR values than for the ES based reconstruction at similar FPR values. In turn, for
the Erdos-Rényi networks, both TPR and FPR are larger for the ECA based recon-
struction as compared to the results of ES, leading to overall similar AUC values.

Finally, we examine the sensitivity of the obtained results regarding changes in
the network density p and propagation probability p for the example case of ECA-
based network reconstruction applied to an Erdos-Rényi random network with N = 20
nodes. Fig. (3.4) shows the corresponding results. First of all, regarding the effect of
p, we see that in the absence of triggered events (p = 0), the node dynamics exhibits
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F1cure 3.3.: Histograms of TPR, FPR and AUC (from top to bottom) for network
reconstructions based on ECA (blue) and ES (red) obtained from 300 realizations of the
generic event propagation model on Erdés-Rényi, Barabési-Albert and Watts-Strogatz
networks with 7 = 0.3 (from left to right) with 50 nodes and link densities of 0.2.

pairwise independent Poisson processes, so that the network inference behaves like a
random guess (AUC =~ 0.5) as expected. For very small propagation probabilities, the
random seed events still blur the information provided by the triggered events at small
network density, thereby leading to an imperfect network inference. However, as soon
as sufficiently many events are propagated through the network, the link prediction
becomes rather reliable in sparse networks (small p) while successively decreasing in
performance as the network gets denser. In general, we find a maximum link prediction
accuracy at still relatively small yet clearly non-zero propagation probabilities, which
is successively shifted towards smaller p for larger link densities. It is interesting
to note that, if considering the combined effect of (k)p, the resulting AUC values
approximately collapse to a unique, monotonically decreasing curve (for sufficiently
large p = 0.3). The shape of this curve can be related to the changing character of the
considered process at (k) p > 1, becoming essentially a growing branching process. We
only find some deviations from this limiting curve for smaller p and larger p, possibly
reflecting the finite network size. In general, alternating the network size (e.g., using
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FIGURE 3.4.: Dependence of the area under the ROC curve (AUC) for ECA-based
network inference for Erdds-Rényi random networks with N = 20 nodes on the link
density p and propagation probability p.
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FIGURE 3.5.: ROC curves for network inference based on ECA (blue) and ES (red)
for a single realization of the SIRS model on Erdés-Rényi, Barabasi-Albert and Watts-
Strogatz networks with 7 = 0.3 (from left to right) with NV = 60 nodes and a mean
node degree of 4 (i.e., a link density of p ~ 0.068).

N = 30 nodes) does not change the reported results qualitatively.
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Further, to investigate the generality of our results obtained for the generic event
propagation model, we perform the same type of analyses for simulations of the SIRS
model (see Appendix A.1 for more details). Considering a microscopic version of the
SIRS model, changes from one state to another depend on the individual’s current
state and contemporary interactions with their neighbors on the network. Susceptible
individuals can become infected by an infected neighbor with a fixed probability 5.
Hence, the higher the number of infected neighbors at time ¢, the more probable a node
becomes infective itself. By choosing the infectious period to be larger than the immune
period (during which an individual can get reinfected by any of its neighbors with
nonzero probability), we guarantee that the spreading process at the individual node’s
scale presents an oscillatory behavior. We note that under the considered parameter
values, there have been some simulation runs leading to a saturated dynamics since the
infectious state has completely disappeared from the network. The results presented
in the following therefore refer to only a single realization where non-trivial dynamics
has been observed over the whole simulation period. For ECA, we have chosen the
parameters AT = 1 and 7 = 0, reflecting that there is no intrinsic propagation delay as
in the previously considered generic event propagation model. Fig. (3.5) demonstrates
that under a parameter setting with a relatively small link density, network inference
based on ECA outperforms the results based on ES for Erdés-Rényi and Barabasi-
Albert networks. In contrast, the results are almost equivalent for small-world networks
generated via the Watts-Strogatz algorithm. This general tendency qualitatively agrees
with the results of the generic event propagation model, though exhibiting certain
differences in the details. Since the underlying network topologies are generally the
same for both models (despite the different parameter values), any observable difference
might point to effects due to the specific dynamics differing among the two considered
models.

3.4. Summary

In the last couple of years, there have been considerable methodological advances in
understanding how different topologies shape the resulting dynamics of different types
of processes on a complex network. Among others, much work has been devoted to
different types of spreading dynamics[166], like in the context of epidemiology, and
cascading failures of functional units (e.g., in electricity or communication networks).
Here, we addressed the inverse problem of network inference from observed event se-
ries reflecting such kind of spreading phenomena on an unknown network structure.
Drawing upon the idea of functional connectivity serving as a proxy for structural con-
nectivity, we presented an inter-comparison between two similarity measures for event
sequences: event synchronization (ES) and event coincidence analysis rates (ECA).
Both methods are based on the same general idea, while differing mainly in utilizing
a static (ECA) versus data-adaptive "dynamic” coincidence interval (ES) to define
simultaneity of events. Our results revealed that both ES and ECA, indeed, allow
an accurate inference of the underlying network structures from the pattern of events
without employing any prior knowledge on the type of the observed spreading dy-
namics. However, theoretical reasoning suggests that in specific situations with events
arising as clusters in time (i.e., with very short inter-event waiting times) ES might
underestimate the actual number of simultaneous events in two sequences. On the
other hand, ECA does not suffer from the same issue as the fixed coincidence interval
of ECA may still identify events with a certain mutual time lag as being statistically
related.
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4. Reconstructing dynamics of Complex
System Using Stochastic Differential
Models

Generally, real-world systems are subjected to noise and stochastic fluctuations (e.g.,
thermal fluctuations or internal dynamics) that profoundly affect the overall evolution
of such systems. To consider the effect of these fluctuations on the underlying dynam-
ics, stochastic differential equations (SDEs) have been employed for various random
phenomena such as turbulent cascades [57], nano-friction fluctuations [93], and molec-
ular dynamics [76]. In the framework of SDEs, one can solve the governing motion
equation for a reduced-dimensional system by explicitly modeling macroscopic vari-
ables while microscopic variables are represented by noise. A well-known approach
to retrieving such SDEs from small sets of observed time series is to reconstruct the
drift and diffusion terms of a Langevin equation from the data-derived Kramers-Moyal
(KM) coefficients. For systems where interactions between the observed and the unob-
served variables are crucial, the Mori-Zwanzig formalism (MZ) allows deriving General-
ized Langevin equations (GLEs) that contain non-Markovian terms representing these
interactions. Similarly, the Empirical Model Reduction (EMR) approach has more
recently been introduced. The results presented and the figures shown in this chapter
are based on publication ( Hassanibesheli, F., Boers, N., and Kurths, J. (2020). Re-
constructing complex system dynamics from time series: a method comparison. New
Journal of Physics, 22(7), 073053)

This chapter is organized as follows: In the first part, we systematically investigate
the statistical properties of different dynamical systems using the three aforementioned
methods (KM, MZ, and EMR) (see section 2.2 in chapter 2). To do so, we reconstruct
the dynamical equations of motion of various synthetical and real-world processes
obtained from these three approaches. In the second part, we utilize KM expansion
to analyze abrupt transitions in paleoclimatic records that can be observed in %0
and dust counts in Greenland’s ice sheet. Additionally, we investigate the possible
coupling between the temperature and the concentration of dust in the atmosphere.
The results presented in this chapter are based on publication (Rydin, L., Riechers,
K., Hassanibesheli, F., Witthaut, D., Lind, P. G., and Boers,N. (2021). Data-driven
Reconstruction of Last Glacials’ Climate Dynamics Suggests Monostable Greenland
Temperatures and a Bistable Northern Hemisphere Atmosphere. Earth Syst. Dynam.
Discuss. in review. )

4.1. Results and Discussion Part |

4.1.1. Unimodal Synthetic Time Series
As a first example, we begin by considering the dynamics of the Ornstein—Uhlenbeck

(OU) process, which is a stationary Gaussian-Markov process with continuous paths.
Analogous to Brownian motion, which is the scaling limit of a random walk, the OU
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process is known as the scaling limit of the Ehrenfest urn model [100] describing the
diffusion process as a Markov chain. An OU process, satisfies the following SDE:

B0 o~ 2(1)) + ontt) (4.1)

where 7)(t) denotes a Gaussian white noise with <n(¢)n(t')> = §(¢tt’). Here o is the
volatility of the process that controls the intensity of the noise. The OU process is
known to be mean-reverting, where the drift coefficient controls the forcing of the state
variable z(t) back to its mean u with the rate of mean reversion of . When approaches
zero, the conventional Gaussian white noise is recovered. Since finding the analytical
solution of stochastic differential equations is challenging, numerical solutions, such as
Euler-Maruyama and the Euler-Milstein methods, can be considered an alternative to
approximate the solution. In this study, to numerically integrate Eq. 4.1, we employ
the Euler-Maruyama method that is based on stochastic calculus. Through stochastic
integration, the discrete-time evolution of z(t) can be written as follows:

z(t+1) =x(t) + 0(n — x(t)) At + o An(t) (4.2)

where An(t) is independent identically distributed Wiener increments and can be ap-
proximated byv/oN (0, 1).

In addition, we consider an OU process subjected to multiplicative noise [84, 171,
202], where fluctuations are modeled as a function of a random variable. For a system
subjected to an additive noise the deterministic potential corresponds to stochastic
steady-state potentials through V; = %, where o is the intensity of fluctuations that
are independent of the system state x. It implies that the system exhibits stochastic
fluctuations from its deterministic attractor in response to the stochastic force. In the
case of multiplicative noise, a noise-induced drift becomes visible, and consequently, a
new attractor basin is generated that does not exist in the absence of state-dependent
fluctuations. If we substitute the additive noise in Eq. 4.1 with a multiplicative noise
(i.e., the diffusion term is multiplied by 1 4 2?) whose variance depends on the state
variable x(t):

dx(t)
dt

We recall that for stochastic integration, there are two different approaches, It6 and
Stratonovich (see Appendix B.1 for more details). In the case of the OU process, we
observed that these two interpretations are equivalent. To generate an OU process,
we produce 10% data points with = 1, u = 0, o = 0.5 and time sampling At = 0.01.
Panels (e) and (f) in Fig. (4.1) illustrate the generated OU processes subjected to
additive and multiplicative noise, respectively.

= 0(p — (1)) + (L +2?)n(t) (4.3)

We begin by investigating the non-parametric estimates of the first Dy (z) and second
Dy(z) KM coefficients (see Eq. 2.19). Panels (a) and (c) in Fig. (4.1) show the KM
coefficients of an one-dimensional time series generated by Eq. 4.1. Panels (b) and
(d) illustrate the D;(z) and the corresponding Da(z) of an OU process subjected to
a multiplicative noise (see Eq. 4.3). As it can be seen, the drift and diffusion terms
of both OU processes can be successfully restored. We usually do not have access to
infinite time resolution. Hence, to investigate the effect of finite sampling interval on
the estimation of Dj(x) and Dy(z), we compared the analytical solution of AFPE (see
Appendix B.2) with the estimated KM coefficients for OU processes subjected to an
additive and multiplicative noise based on Lade [114, 117] interpretation. As can be
concluded from top (bottom) panels of Fig. (4.2), the values of the KM coefficients
estimated from discrete times series of an OU process with additive (multiplicative)
noise and the corresponding exact solution from AFPE are in a good agreement.
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FI1GURE 4.1.: The non-parametric estimates of KM coefficients. The left column illus-
trates the associated Dj(z) and the second Da(z) KM coefficients for an OU process
subject to arbitrary additive noise. Panels (b) and (c¢) in the right column show the
corresponding estimated KM coefficients for an OU process subjected to the multi-
plicative noise of form 1 + 22. (e) and (f) display original time series of OU processes
subjected to additive and multiplicative noise respectively.

Using the first and second KM coefficients, we can derive the LE (see Eq. 2.21) for the
two OU processes mentioned above. Additionally, we reconstruct the time evolution
of target systems’ underlying dynamics using the GLE and EMR (for definition, see
Eq. 2.32 and Eq. 2.37). We note that throughout this study, the deterministic terms
of simulated time series constructed by the GLE and EMR are estimated directly from
the first KM coefficient. Assuming that the deterministic function of the GLE, Q(x;),
is known explicitly, we obtain the memory kernel IC in Eq. 2.32 as follows:

k
cy,=-> K'ckl, (4.4)
=1

where yy = x4 — x4—1 — Q(z4—1). After estimating the memory kernel from the known
correlation structure, we can easily calculate the noise term in Eq. 2.32 from the
available time series.

Fig. (4.3) displays the statistical properties of the time series that obey the OU
dynamics obtained from the three different inverse modeling methods (KM, MZ, and
EMR) in comparison with the original time series. Here, we obtain the PDFs as aver-
ages over 1000 simulated time series, and the error bars are based on the +o deviations
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FIGURE 4.2.: Comparison of the estimated drift (D;(x)) and diffusion (Dz(z)) coef-
ficients with corresponding exact solutions for an OU process containing 10 points
with sampling frequency of 1072, (a) Estimated D;(x) and Do(x) (red) and the values
obtained from the analytical solution via AFPE (blue) for an OU process with additive
noise. (b) Same as (a) for an OU process subject to the multiplicative noise 1 + 2.

around the averages for these 1000 realizations. According to Fig. (4.3) all three SDE
models could perfectly reproduce samples of series obeying the statistic of the un-
derlying dynamics. Here the auto-correlation exponentially decays, and the memory
coefficients of GLE are zero except at 7 = 1, which indicates the process is Marko-
vian. Similarly, we repeat the analysis for an OU process subjected to multiplicative
noise. As it can be observed from Fig. (4.4), all three methods work very well in re-
producing the statistical features of the linear system also when exposed to symmetric
multiplicative noise.

For more comparison, we analyzed a system subjected to asymmetric noise, which
results in a skewed distribution. We thus multiply the noise term in Eq. 4.1 by (1+ )
(instead of (14 22)) and evaluate the statistical properties of the system. According to
Fig. (4.5), the KM model exhibits better performance in comparison to the two other
models since it can directly estimate the (in this case, asymmetric) state-dependent
noise from the time series.

So far, we have considered additive and multiplicative noise, with 7 given by Gaus-
sian white noise. However, in many physical and biological systems, fluctuations ex-
hibit some degree of correlation that cannot be explained by uncorrelated white noise.
Therefore we substitute the stochastic term of Eq. 4.1 with a first-order autoregressive
process AR(1) and investigate the performance of the three methods mentioned above
to derive SDEs in the presence of colored noise. An AR(1) process is given by:

Yip1 = oY +n(t) (4.5)

where 7 is a Gaussian white noise process with zero mean and constant variance.
According to Fig. (4.6), the statistical properties of simulated time series constructed
via the KM method can not perfectly follow the original ones. From Tables B.1 and
B.2 it can also be concluded that MZ and EMR perform better (with smaller MSEs).
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results obtained as averages over 1000 realization with uncertainties in blue color. The
right column displays the ACFs of ensembles of simulated time series constructed based
on the three different stochastic models (KM, MZ, and EMR, from top to bottom).

This is expected, since the presence of colored noise implies a deviation from the
white-noise assumption of the LE and the KM method to derive it.

It is also of interest to evaluate the performance of these SDEs when the system
exhibits some short-term memory in the deterministic part. For this purpose, we
consider a stochastic delay differential equation given by:

dx(t)
dt

= ax(t) + fz(t — 1) + R(t) (4.6)

The random force R is given by serially correlated noise produced by a second-order
autoregressive AR(2) process in which the current value depends on the two previous
values. As can be observed from Fig. (4.7), the EMR and MZ methods yield signifi-
cantly better approximations of the PDF and ACF than the KM method for this system
with short-term memory in the drift and colored noise. This provides an instructive
example for situations where the MZ and EMR approaches clearly outperform the KM
approach (as theoretically expected).

4.1.2. Bimodal Synthetic Time series

Until now, we studied processes with a unique mode; however, there are various
stochastic dynamics in natural systems that do not exhibit uni-modality. We start
with generating a synthetic process in which a particle moves in a double-well (DW)
potential at /8, driven by additive Gaussian noise.

dX(t)

—— = 0(a(t) — (1) + on(®) (4.7)
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According to Eq. 4.7, we generated a process consists of 10° points with sampling
interval At = 0.01. The summary of non-parametric estimations of the first and
second KM coefficients of the process can be found in Fig. (4.8a) and Fig. (4.8¢),
respectively. Considering the Markov property of the underlying system, the KM
analysis captures precisely the nonlinear interactions taking place in the macroscopic
scale (see Fig. (4.8a)). In Fig. (4.9), we evaluated the performance of the three SDEs
mentioned above in reconstructing the dynamics of the underlying system. The left
column in Fig. (4.9) illustrates the average PDFs of model-simulated time series in
comparison with the original time series for 1000 realizations, and the right column
displays the associated ACFs. It can be seen that these three stochastic models can
mimic the key features of the original time series very well.

We repeated the KM analysis for a DW process subjected to a multiplicative noise,
see Fig. (4.8b) and Fig. (4.8d). In the presence of a multiplicative noise, estimating
the underlying dynamic is not trivial anymore for the EMR and GLE. As it can be
observed in Fig. (4.10), the average ACFs deviate from the original ones for the MZ
and EMR methods, while the KM method still achieves an excellent approximation of
the PDF and ACF.

4.1.3. Real-World systems

To complement our analysis, we continue by studying three real-world time series, i.e.,
S& P500 stock index, El Nino-Southern Oscillation (ENSO), and the concentration of
[Ca?*] in the Greenland’s ice core.

4.1.3.1. S&P500 Stock Index

In recent years, quantifying stochastic dynamics of financial time series (e.g., stock
prices and stock market indices) using SDEs to describe their evolution has attracted
considerable attention[52, 61]. In this study, we analyzed the weekly S&P500 stock
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FIGURE 4.7.: Statistical properties of the observed (red) and simulated (blue) time
series from a delayed OU process, with tau = 2, subject to correlated noise produced
by an AR(2) process. The simulated time series were constructed using KM, MZ, and
EMR methods (from top to bottom), averaged over 1000 different realizations.

index for the time span of 35 years (1950-1985) and analyze its distinctive statistical
properties. Here the stock return price inZ (;z;‘;t) represents the state variable z(¢). The
statistical results of the simulated time series estimated by the three inverse modeling
methods are shown in Fig. (4.11). According to the KM coefficients, the deterministic
part of the dynamics is described by a linear function of the state variable, while the

stochastic term exhibits nonlinear behavior.

In this first real-world case, the approximation of the PDFs is not perfect anymore.
The results reveal that the MZ formalism outperforms the two other methods in terms
of the ACF, with the perfect agreement to the original return series ( see Fig. (4.11),
second row, second column). It is worth mentioning that the statistical properties of
financial time series exhibit a time-scale dependence and long-range correlations [63,
115]. Therefore we conclude that the memory effects of recent returns occurring in
different time scales (from minutes to several days) can be modeled well by the MZ
technique.

4.1.3.2. EIl Nifio-Southern Oscillation (ENSQO)

Another empirical time series that we use is the Nino-3 index [180], which is one of
several ENSO indicators of tropical Pacific sea surface temperatures (SST). During the
last decades, understanding the mechanisms underlying ENSO variability and predic-
tion of future fluctuations has attracted substantial attention [2, 30, 94, 108]. ENSO
describes variations in temperature and pressure in the eastern Pacific ocean and has
significant impacts on global climate variability. We reconstruct the Nino-3 monthly
sea surface temperature (SST) index averages across (5°N-5°S, 150°-90°W) from 1891
to 2015 using the KM, MZ, and EMR inverse modeling approaches. The Non-Gaussian
behavior of Nifno-3 indicates a nonlinear process, quantified by the positive skewness
of the SST distribution, which may reside in the interaction of oceanic variables of
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interest and the fast atmospheric forcing [144]. This interaction introduces memory
into the system dynamics that should not be expected to be fully captured by models
established based on Markovian assumptions. Fig. (4.12) displays the PDFs and ACFs
of the resulting simulated time series. Although all three inverse methods produce
similarly skewed and heavy-tailed distributions, comparing the AFCs, MZ achieves a
higher accuracy approximation than KM and EMR. We repeated this procedure for
the Nino-4 index and also, in that case, found that the MZ approach outperforms the
other two methods. According to these results, the most significant characteristic of
these real-world processes leading to ENSO variability is the presence of serial correla-
tions connected to internal interactions between observed (slow) and unobserved (fast)
variables, which can be captured best by the MZ approach.

To investigate whether our results are prone to overfitting, we first calibrated the
three SDEs on the first half of the time series. Then, to validate the parameters, we
compared the resulting time series statistics with the ones of the second half of the
time series Nifio-3, see Fig. (B.2). It can be inferred that the longer-term variations
in the ACF are still captured to some degree by the MZ method. For the ENSO case,
the slow variations of the ACF correspond to low-frequency variability present in this
time series, which is not noise but an essential part of (internal) climate variability.
The fact that the reproduction of these slow variability modes is less accurate when
only calibrating on the first half of the time series is due to the fact that capturing
these slow variability modes is harder when considering only a shorter part of the time
series.
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FiGURE 4.12.: Comparison of model performance of KM, MZ, and EMR in recon-
structing dynamics of Nifio-3 monthly sea surface temperature (SST) index. The figure
depicts the statistical properties of the observed (red) and simulated (blue) monthly
Nifio-3 SST indices from 1891 to 2015.
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4.1.3.3. Ca** Proxy

As the final example, we investigated the high-resolution (20yr-average) Ca?* (inter-
preted as a proxy for atmospheric circulation patterns), collected from the NGRIP ice
core on the GICCO5 time scale [177]. Because of the substantially better signal-to-
noise ratio, we focused here on the Ca?t time series between 60ka and 30ka b2k. We
apply the KM, MZ, and EMR approaches to reproduce dynamical and statistical prop-
erties of the underlying dynamics of Ca?". Fig. (4.13) shows the statistical properties
(PDFs and ACFs) of the observed and simulated Ca?T time series. Because of the
large amplitude of the Ca®t concentration variations, the calculations were conducted
in natural logarithmic scale [19]. The results presented in Fig. (4.13) show that the
modeled time series for all three methods could accurately reproduce the bimodality
of the observed PDFs. However, it should be noted that the LE derived with the KM
approach approximates the observed PDF better than the GLE and EMR approaches.
The depth of the two potential wells in MZ and EMR are shallower than the observed
PDF suggests. It is clear from the results illustrated in the right column of Fig. (4.13)
that the MZ and EMR methods have better performances to construct the underlying
auto-correlation structure of the Ca®t. To study the underlying dynamics of Ca?*
time series we employed Stratonovich calculus instead of Ito (see Appendix B.1.1).
In the Stratonovich calculus, white noise is approximated by continuously fluctuating
noise with finite memory, which may be more suitable for approximating real-world
time series [1].
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FIGURE 4.13.: Statistical properties of the observed and simulated Ca?* time series
in the interval between 60ka and 30ka b2k. The PDF of the original data is shown in
red color while simulated time series obtained from KM, MZ, and EMR models (from
top to bottom) can be found in blue color. The PDFs for the three stochastic models
are averaged over 1000 realization and therefore considerably smoothed.
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FIGURE 4.14.: The dust (blue) and the §'80 (red) records from the NGRIP ice core in
Greenland. The dust data is the natural logarithm of the actual dust concentrations.

4.2. Results and Discussion Part Il

4.2.1. Dansgaard—Oeschger Events (DO)

Understanding the triggering mechanism of sudden climate transitions in the past is
essential to better identify abrupt warming events and sea ice loss in the future. One
of the best-documented examples is abrupt temperature shifts during the last glacial
period (roughly from 115.000 years to 12.000 years BP), known as Dansgaard-Oeschger
(DO) events which involve a wide range of time scales [19, 20, 41, 43, 113, 126, 127].
These rapid and strong warming events (ranging from 8 to 16.5° ) followed by slow-
paced cooling phases can be inferred from the content of stable isotope composition
of water 'O in different Greenland ice cores. The concentration of §'¥0 in the ice
core provides reliable information about the evolution of Arctic temperature. Other
properties of the ice, such as dust content and concentration of Calcium ions, can also
be used to study these swift changes [143] (See Fig. (4.14)). The climate of the last
glacial period witnessed about 26 distinct DO events. It has been suggested that the
time interval between two consecutive DO events is roughly about 1500 yr and seems to
be sampled from a Poisson process [42]. It should be emphasized that the corresponding
exponential distribution of waiting times does not support the existence of the periodic
pattern. Many physical mechanisms have been proposed as candidates for explaining
such abrupt transitions; however, the origin and leading causes of DO events are still
debated. One classical hypothesis attributes the DO cycles to the swing between two
stable states of Atlantic meridional overturning circulation (AMOC) [35, 175] due to
freshwater perturbations. In this context, it has been shown that DO events could
be triggered by freshwater from the melting of iceberg discharges [206]. Even though
the AMOC hypothesis mostly reproduces the spatial patterns of the abrupt changes,
due to the insufficient paleoceanographic data, the exact causal relation between DO
events and changes in AMOC still remains unknown. In recenter years, alternative
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FIGURE 4.15.: Auto-correlation of the increments of §*80 and dust records.

mechanisms such as sea-ice-shelf fluctuation [172], interhemispheric interactions [9],
and internal variabilties [42] have also been introduced to generate DO events. In the
context of dynamical systems, these abrupt changes may be induced by bifurcation
or stochastic perturbations when a stable equilibrium is lost and a system tips to
another attractor. Several studies have been conducted to simulate time series that
reproduce the statistical and dynamical properties of paleoclimate records using data-
driven stochastic models [19, 107]. In the following, we estimate the parameters of
the stochastic process (i.e., drift and the stochastic diffusion components) driving the
580 and dust records using non-parametric KM analysis.

4.2.1.1. §'%0 and Dust Proxies in a One-dimensional Setting

We considered the paleoclimate records as the realization of a Markovian and station-
ary stochastic process [107, 108]. The ice measurements were taken at a fixed 5 cm
and are not temporally uniform. Therefore, we interpolated the data to an equidistant
time axis of 5 year intervals and fill the missing data with a next-neighbor interpolation
(See Fig. (4.14)). Here, to evaluate whether the data of interest exhibits Markov prop-
erty, we investigated the behavior of the auto-covariance function of its increments. To
do so, we calculated the differences Axy = x411 — x4, and obtain the auto-correlation
function p(7) as follows:

p(T) _ E [(Aﬂft — ) (Azp 7 — NH-T)], (4.8)

Ot0t+4r

As it can be concluded from Fig. (4.15), both §'%0 and dust records display weak
anti-correlation at the lag 7 = 1, and no correlation for 7 > 1.

After fulfilling the Markovian assumption, we estimated the first and second KM
coefficients of the dust and the §'¥0 records derived from Eq. 2.17 in a one-dimensional
setting. Panel (a) and (b) in Fig. (4.16) illustrate the estimated first KM coefficient
for the dust and 680 respectively. As it can be observed, the drift term for the dust
record exhibits a nonlinear behavior with three fixed points, while in the §'® case, the
drift has only a single stable fixed point. Panels (¢) and (d) display the corresponding
second KM coefficients of the dust and the the §'® records.

To further understand the physical interpretation of the first KM coefficient, we took
the integral over Dj(x), which can be associated with the potential well where the drift
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FIGURE 4.17.: Potential landscape of the drift for the dust and §'8O records.

term drives a particle to the bottom of it
V(z)=— / Di(2) da’ +c. (4.9)

We employed the concept of potential to show the stability configuration of §'*0 and
the dust recordings. Fig. (4.17) displays the reconstructed potential wells associated
with the 680 and the dust recordings. The suggested bistable dynamics for the
dust recording can also be confirmed from the constructed potential with two minima
shown in Fig. (4.17a). Here, the stochastic noise can trigger the switch from one stable
state to another. Despite the apparent sudden regime shifts in the 60 records, the
reconstructed potential well does not show bistability. According to Fig. (4.17b) 6*¥0
lives in a single-well potential with a fixed point around zero.

In the following, to distinguish continuous from discontinuous processes, we con-
ducted two distinct analyses. According to the Pawula’s theorem, we consider a
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FIGURE 4.18.: The ratio Dy(x)/Do(x) for the dust (in blue) and the §'%0 (in red)
records in a one-dimensional setting.

stochastic process z(t) continuous if higher-order of KM coefficients (D,,(z) = 0;m >
2) are negligible. However, in various real-world systems, we observed non-vanishing
higher-order KM coefficients. To investigate whether our data belong to the class of
continuous processes or not, we calculated the ratio between the fourth and second
KM coefficients (D4(x)/D2(z)) which explains the ratio of jumps to diffusive motion.
As illustrated in Fig. (4.18a), the (D4(z)/D2(x)) ratio for the dust record is negligible,
indicating the underlying dynamics can be regarded as a continuous stochastic process
at the time scale of 5 yr. In other words, the time evolution of the dust record can be
described by a Langevin equation in which the regime shifts are induced by stochastic
force. On the other hand, for the 6'®0 record, the non-negligible (Dy(z)/D2(x)) ra-
tio reflects the contribution of discontinuous events or jumps (see Fig. (4.18b)). The
persistence fourth KM coefficient in the §'®0 may suggest a source of forcing other
than Gaussian white noise, which could indicate an external trigger affecting Green-
land temperatures directly. We note here that the interpretation of the fourth KM
coefficient is not straightforward and Further analysis is required to determine the role
of discontinuities in the 60 record.
To support our assessment regarding the continuity or discontinuity of a process, we
calculate the Lehnertz—Tabar @Q-ratio [114].
Qo 7) = Mg(z,7) N { 7, for ('iiffusions, (4.10)
S5My(x,T) ¢, for jumpy processes.

The Q-ratio allows distinguishing diffusive and jumpy behavior in time series in
terms of the convergence of the conditional moments with the scaling 7. For a process
with a discontinuous trajectory, Q(z,7) exhibits no significant scaling relation with
time t. In contrast, Q(x,7) is linearly dependent on 7 for a continuous process. In
Fig. (4.19) we calculated the Q-ratio for the dust and the '%0 records in a double-
logarithmic scale. Accordingly, it can be seen that there is a linear relation between
Q-ratio and time for the dust record while this quantity remains constant for §'20.
Therefore, we can rule out that the underlying process of the 620 is diffusive.

4.2.1.2. 5'%0 and Dust Proxies in a Two-dimensional Setting

As stated above, we used the KM analysis for the §'%0 and the dust records in a one-
dimensional setting. Even though the trajectories of the dust and the §'®O are very
similar, we observed that the reconstructed potential of 680 does not explain regime
shifts of the underlying dynamics. Two plausible scenarios can be considered leading
to these abrupt transitions; 1) It can be due to the presence of correlated noise or 2)
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FIGURE 4.20.: Two-dimensional PDF of the 680 and dust records. The dotted ele-
ments are the records, separated into stadials (GS) and interstadials (GI).

possible coupling of dust and the 680 in which one record acts as an external control
parameter for another one. In the following we employ a two-dimensional analysis
(introduced in section 2.2.1.1) to investigate the coupling between these two proxies
(see Fig. (4.20)).

Similar to the one-dimensional setting, we inspect the conditional potentials from
the drift coefficients defined by:

1

Vio(zi|ze) = — / Dio(7, 2) dzy (4.11a)
T2

Vo(z2|z1) = — / Do 1 (w1, xh) dah (4.11D)
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FIGURE 4.21.: In panel (a) the two-dimensional potential landscape V; o(z1|x2) of the
dust, conditional to the value of §'%0 has been shown. Depending on the value of
5180 dust can dust can have three different fixed points. In panel (b) we illustrate
the two-dimensional potential landscape Vo 1(wa|x1) of the §'80 conditioned on dust
record .

Where (Vp1) and (Vi) are the conditional potentials describing the motion of one
variable conditioned on a fixed second dynamical variable. Fig. (4.21a) displays the
reconstructed conditional potential V; o(z1,x2) for the dust conditioned on 5180. The
dust appears to have a different number of fixed points, changing from a mono-stable
to a bistable regime, depending on the value of 6'¥0. According to Fig. (4.21a), the
type of regime-switching in the dust record, from stadial to interstadial phases, can
be related to a double-fold bifurcation. Where for approximately §'*0 < —1.0 there
is only one stable fixed point (a global minimum), and for approximately —1.0 < §¥0
< 0.6 there are three fixed points, two stable ones (a local minimum and a global
minimum) and an unstable one (the local maximum) between them. In a similar
manner we investigated the conditional potential V; o(z1,z2) of the 5180 conditioned
to a value of dust ( see Fig. (4.21b)). We found that the 6'*0 has one minimum - given
any value of the dust variable— indicating the characteristic of a mono-stable process.
Notably, the position of the minimum of the §'%0 potential landscape is explicitly
dependent on the value of the dust. Our results reveal that the abrupt changes are not
intrinsic features of the 680 proxy and may stem from the coupling to other climate
variables.

4.3. Summary

Stochastic differential equations (SDEs) are a promising approach for studying dynam-
ics of complex systems in situations where only a few variables are actually measured.
For some typical example settings, we studied the performance of three methods to de-
rive SDEs — the Kramer-Moyal approach to derive Langevin equations (LE) with poten-
tially multiplicative noise, the Mori-Zwanzig approach to derive Generalized Langevin
Equation (GLE) including a non-Markovian term, and the Empirical Model Reduction
(EMR) approach to derive GLEs — for various synthetic and real-world time series.
In the first part of this chapter, corresponding numerical simulations of all three
inverse methods (KM, MZ, and EMR) were examined in terms of PDFs and ACFs of the
simulated time series, as metrics for assessing the models’ performance. We generally
observed a nearly optimal performance of all three approaches for unimodal Markovian
systems. For non-Markovian systems, the MZ and EMR strongly outperformed the
KM approach as theoretically expected. According to our results, the performance of
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SDEs strongly relies on the effects of memory on the underlying dynamics. We could
show that LEs (as derived by the KM approach) obtain better results for systems
with weak memory contribution but asymmetric multiplicative noise since they can
directly estimate the state-dependent noise with higher precision. On the other hand,
for systems with memory effects and colored-noise forcing, it is essential to consider the
non-Markovian closure terms. Hence, the MZ and EMR approaches can be regarded
as more reliable in reconstructing the dynamics of systems exhibiting strong memory
effects. In these two methods, the interactions between observed and unobserved
variables are taken into account in terms of memory effects. That is, the EMR approach
incorporates adaptive numbers of memory steps, while the MZ method considers the
full memory of a system via the kernel K.

In the second part, using a data-driven KM approach, we analyzed the stability
landscape of the §'¥0 and dust recordings in one and two-dimensional frameworks.
We found that, in the decoupled setting, the §'80 displays mono-stable dynamics,
whereas the dust record displays bistability features. An abrupt transition in the
5180 could then entail a regime switch in the atmospheric configuration. We observed
non-vanishing higher-order KM coefficients in the §'80 suggesting that the dynamics of
5180, unlike the dynamics of the dust record, cannot be modeled as a purely continuous
stochastic process. We observed that, even though trajectories of both proxies look
similar, the reconstructed potential from drift dynamics are different. To explore the
origin of this discrepancy, we analyzed the coupled system of 680 and dust records. In
the two-dimensional setting, we found the position of §'%0’s stable fixed is controlled
by the current value of the dust, suggesting that couplings between the two are indeed
highly relevant.
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5. Predicting Climate Variability Using
Machine Learning Approach

After reconstructing the underlying dynamics of complex systems in the previous chap-
ter, we now continue to forecast their behavior using ANN approach. The main focus of
this chapter is to develop a method based on a recurrent neural network, called Echo
State Network (ESN) (see section 2.3.1) that can reliably predict non-deterministic
time series with comparably low signal-to-noise ratios, which frequently arises in cli-
mate science. In this study, we will apply our developed algorithm to three different
climate oscillations, the El Nino/Southern Oscillation (ENSO), the Pacific Decadal Os-
cillation (PDO), and the Atlantic Multidecadal Oscillation (AMO). These oscillations
are associated with large-scale fluctuations in air pressure, sea temperature, and wind
direction that can substantially impact global weather patterns. Therefore providing
skillful forecasts of these climate modes are essential for society and policymakers. No-
tably, the predictive skill of the conventional ESN algorithm is significantly affected by
the intrinsic characteristic of climate data (i.e., low signal-to-noise ratio). Exploiting
the peculiar aspects of climate variability in which the slow mode can be perturbed by
high-frequency forcing (e.g., westerly wind bursts or the Madden- Julian Oscillation),
we estimate the future behavior of high-frequency variability from its past history us-
ing PNF method [30] (introduced in section 2.3.2). By incorporating such information
into the ESN model, we aim to enhance its ability to forecast the target time series
for a longer lead-time.

The chapter is organized as follows: we first briefly introduce the three climate
oscillations used in this study, then we explain the methodological setup for conducting
the analysis. Finally, the feasibility of our approach will be evaluated based on the
predictive skill of the resulting model. The results presented and the figures shown in
this chapter closely follow the publications ( Hassanibesheli, F., Boers, N., and Kurths,
J. (2021). Long-term ENSO Prediction with Echo-State Network. Environmental
Research: Climate, in review) and ( Hassanibesheli, F., Boers, N., and Kurths, J.
(2022). Predicting Climate Oscillations Using Echo-State Network, in preparation).

5.1. Large-Scale Climate Index Data

5.1.1. El Nino-Southern Oscillation

The El Nino-Southern Oscillation (ENSO) is the dominant variability mode of the
global climate system on interannual time scales originating in the Tropical Pacific
Ocean [173]. This strong climate variability is generated through the atmosphere and
ocean interactions and can impact climate patterns in various parts of the world (e.g.,
associated with floods and droughts). ENSO can be classified into three main vari-
ability modes, namely the warm (i.e., El Nifio) and cool (i.e., La Nifia) phases with
sea-surface temperature (SST) anomalies substantially above and below average, re-
spectively, as well as the remaining neutral phases [161]. The warm ENSO phases have
typical yet irregular return periods between 3 and 7 years, rendering them challeng-
ing to predict [210]. In the neutral phase, the trade winds blow west resulting in a
pile-up of warm water masses at the western boundary of the tropical Pacific Ocean.
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FIGURE 5.1.: Monthly sea-surface temperature (SST) anomalies in the Pacific ocean
for the 1997 El Nifio event, and SST-based ENSO indices. (a) SST anomalies [99]
in the Pacific ocean for December 1997, known as the strongest El Nino on record.
The blue and black boxes delineate the Nino 3 (5N-5S, 150W-90W) and the Nino 3.4
(5N-5S, 170W-120W) regions from where SST anomalies are used to define the Nifio-3
and Nino-3.4 indices [60], respectively. (b) The Nino-3 index, given by a time series
of SST anomalies averaged over the Nino-3 region in the eastern tropical Pacific as
shown in (a), from 1890 to 2019. (c) SST anomalies averaged over the Nifio-3.4 region
from 1890 to 2019. Red and blue colors indicate SST anomalies above and below zero,
respectively.

The resulting east-west SST gradient causes air to ascend in the western Pacific and
circulate back to the eastern boundary of the tropical Pacific Ocean, where it de-
scends again. This atmospheric circulation system is called the Walker cell. During El
Nirnio (La Nina) phases, this circulation is weakened (strengthened), leading to warm
(cool) SST anomalies in the central and eastern parts of the tropical Pacific. The pre-
dictability of ENSO at interseasonal and longer time scales has attracted substantial
attention, using process-based general circulation models [70, 102] and statistical ap-
proaches [91, 108, 170]. Since ENSO dynamics is arguably nonlinear [7], also nonlinear
statistical models have been introduced [30, 108]. In addition to these data-driven
inverse modelling approaches, several statistical forecasts of El Nifio events based on
complex network theory have been proposed. Nevertheless, as for the classical sta-
tistical approaches above, the forecast horizon of network-based approaches remains
limited to one year[132, 149]. Here, we employ monthly SST anomalies for the period
1890-2019 [60], averaged over the Nifno-3 (5N-5S, 150W-90W) and Nino-3.4 (5N-58,
170W-120W) regions in the tropical Pacific, which are commonly used to define the
Nino-3 (Fig. (5.1b)) and Nifno-3.4 indices (Fig. (5.1c)).
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FIGURE 5.2.: Pacific Decadal Oscillation (PDO) index time series during 1854-2019,
with warm and cold phases illustrated in red and blue, respectively. The lower panel
displays the distribution of PDO phase lengths.

5.1.2. Pacific Decadal Oscillation (PDO)

In the second case study, we focus on the prominent mode of decadal climate variabil-
ity in the Pacific Ocean known as Pacific Decadal Oscillation (PDO) [140, 157]. PDO
has been first identified in the late 1990s [141] as the leading empirical orthogonal
function (EOF) of monthly North Pacific SST variability. It represents a long-lived
El Nino-like pattern in the North Pacific basin that can cause decadal-scale increases
in drought and heavy rainfall frequency over the United States, Canada, and Siberia
through atmospheric teleconnections [211]. The PDO comprises two modes, the warm
phase, which is associated with negative SST anomalies in the central and western
regions of the North Pacific, and the cold phase, during which the opposite pattern
occurs. The amplitude of the PDO reaches its climax during November to June and
then strongly drops throughout the late summer-early autumn. Multiple processes
of different origins may drive PDO variability on different time scales. For instance,
ENSO variability is known as the driving factor for the PDO on the interannual time
scale through the "atmospheric bridge" [200]. Another candidate mechanism is related
to the regional ocean-atmosphere interactions over the mid-latitudes in the North Pa-
cific [218]. Remote forcing from the western Pacific and the eastern Indian Ocean is
another relevant driving process [95]. Some other research on the PDO demonstrated
the impact of stochastic forcing from internal atmospheric dynamics on North Pacific
SST anomalies [221]. Different approaches from stochastic models [188] and linear
inverse models [156] to fully coupled climate models [147, 195] have been introduced
to identify and predict the underlying dynamics of PDO variability. Although mecha-
nisms contributing to the PDO are relatively well-understood, tracing out the actual
evolution of this phenomenon remains challenging. A possible explanation for this com-
plication is that PDO variability emerges as a manifestation of interactions of multiple
phenomena on different timescales with different forces. For instance, it has been
shown that under the influence of greenhouse-gas-induced warming conditions [122],
the PDO prediction skill of coupled general circulation models drastically decreases.
It has been demonstrated that greenhouse warming forces can prompt Rossby waves
to propagate faster, which consequently results in decreasing the amplitude of the
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— AMO

FIGURE 5.3.: Atlantic Multidecadal Oscillation (AMO) index time series. Warm and
cold phases are illustrated in red and blue respectively.

PDO [122]. The PDO index used in this study is a monthly SST anomaly poleward of
20N in the Pacific basin from 1854-2019 (see Fig. (5.2)).

5.1.3. Atlantic Multidecadal Oscillation (AMO)

As the final case study, we apply our model to predict Atlantic Multidecadal Oscil-
lation (AMO) index. AMO is a significant component of climate variability in the
North Atlantic basin constructed based on average sea surface temperature anomalies
(SST). By changing the air temperatures and rainfall, the AMO can trigger promi-
nent decadal-scale climate anomalies, including drought in Africa, severe hurricanes in
northern America regions [85], and variability in northeast Brazilian rainfall [55]. It has
also been shown that AMO can significantly affect the Indian monsoon rainfall [121]
that consequently impacts the southern part of Central Asia. The transition between
warm and cold phases of AMO occurs every 20-40 years [4]. During AMO’s warm
phase, more hurricanes occur in the Atlantic region. While its cooler phase is associ-
ated with reduced rainfall in the Sahel region of Africa. Due to AMO’s multidecadal
time scale and intricate interactions of various climate sub-components, understanding
possible forcing mechanisms driving the AMO are under considerable debate. Accord-
ing to one school of thought, based on climate model simulations, Atlantic Meridional
Overturning Circulation (AMOC) [39] is the primary driver of AMO, which is asso-
ciated with internal ocean variability. On the other hand, others argue that external
forcing such as volcanic eruption and solar variability contribute to the multidecadal
SST variability and are key drivers of AMO [105, 162]. Some other processes, such as
changes in the strength of the ocean gyres and Gulf Stream or decadal fluctuations in
sea ice, can also contribute to decadal variability over the Atlantic [40]. During the
last decades, substantial progress has been made to model and predict the temporal
structure of the AMO using different methods from coupled global atmosphere—ocean
models [33] to probabilistic approaches [201] and statistical methodologies [220]. In
this study we use the unsmoothed monthly AMO index calculated from the Kaplan
SST dataset [50] that covers the period from 1856 to 2020.

62



5.2. Method

Reservoir

Input Layer I . Output Layer P (t+1)
Variables Win Sl Wout

> >

Training:  forigina(t + 1)
Prediction: fpyp(t+1)

-

FIGURE 5.4.: Schematic diagram of ESN-PNF setup.

5.2. Method

5.2.1. ESN Implementation and Combination with PNF method

Our proposed ESN implementation consists of two main steps; the training phase
during which a loss function is minimized to find optimal output weights, and the
prediction phase during which the optimized ESN is used to predict unseen data.

Our approach’s fundamental assumption is that climate variability can be disen-
tangled into high- and low-frequency modes, where the dynamics of low-frequency
variability is under the influence of high-frequency forcing. Several methodologies and
techniques have been developed to decompose time series into slow and fast variability
components, such as, e.g., singular spectrum analysis (SSA) [74, 209], spectral meth-
ods such as the Butterworth (BW) filter [62, 182], or moving average (MA) filters [6].
Upon a careful evaluation of their performance, we employ the BW filter to decompose
the training data into a low- and high-frequency component. The latter is treated as
noise forcing. We then pass both components as input to the ESN. At each time, we
perturb the low-frequency component at time ¢ by noise at time ¢ + 1. We train the
ESN based on 80% of the original dataset which is prior to ¢*, the time that we aim
to commence the prediction task (see Fig. (5.4)). The weights of the output matrix
Wout (see Eq. 2.51) are then optimized by minimizing the loss function given by the
root-mean-squared error (RMSE) between the values of the actual time series confined
to the training interval and the corresponding simulated values, using ridge regres-
sion [80]. For an appropriate ESN, numerous iterations with random initializations
must be carried out to tune the hyperparameters (see section 2.3.1.1).

Then, using the optimized W, the trained model starts recursively forecasting L
consecutive time steps ahead of ¢*. In the prediction phase, since we do not have any
information about the future of the noise, we apply the Past-Noise Forecasting (PNF)
method (for further details, see section 2.3.2). Based on perturbation techniques, this
approach attempts to forecast the actual path of the future noise from the past noise
segments. Within the framework of PNF, we select noise segments with length L = 25
where the phase of the system resembles the one just preceding the state at ¢*. To
find an analogous phase, we look at the difference between t* — A and [t;,t; + A] in
the smoothed version of the target time series obtained from BW low-pass filter. We
consider these two segments analogous if & < 0.5 and v > 0.9 ( see Eq. 2.53). Here,
respectively, @ and v denote RMSE and PCC threshold values. Depending on the
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system of interest, these two parameters must be tuned accordingly to avoid an empty
set. Once the selection criteria are fulfilled, we can determine noise segments from
the time series of the noise [t;,¢; + L] that potentially can drive the system into the
future from t* to t* + L. The prediction for the first time step is then, together with
corresponding candidate noise analogues, passed to the ESN as inputs to predict the
second time step, and so on. We repeat these training and prediction procedures for
each time step ¢ within the prediction interval. Finally, we can extract the predicted
time series based on different lead times ranging from 1 to 25 time steps.

5.3. Results and Discussion

5.3.1. ESN-PNF Performance on Predicting ENSO Indices

In the following, We focus on forecasting the Nino-3 and Nifio-3.4 indices (Fig. (5.5))
using the ESN-PNF model during the period of 1982-2019. To evaluate the skill of the
proposed model, we consider four different metrics, namely (I) the Root Mean Square
Error (RMSE) and (II) the Pearson correlation coefficient (PCC) to evaluate the overall
performance in predicting the ENSO index, as well as (IIT) the Heidke-Skill Score (HSS)
and (IV) the probability of detection (POD) to evaluate the binary prediction of El
Nifio events ( for more details see Appendix C.1.1). For Nifo-3 (Nifo-3.4) the RMSE
remains almost constant at around 0.5°C for lead times between one and 14 months
and then increases linearly up to about 1.4°C at 24 months lead-time (Fig. (5.5a)). The
PCC between the observed and simulated time series for the prediction phase remains
constant around 0.8 also up to lead times of around 14 months and drops below 0.5
after 18 months (Fig. (5.5b)). To better evaluate the performance of our ESN-based
model in comparison to the existing predictive models, we depict the ENSO correlation
skill of the previously introduced CNN [72] and some dynamical forecast systems [36,
136, 150]. It can be observed from (Fig. (5.5b)) that our model is superior to dynamical
systems at lead times longer than six months. For instance, the correlation skill of the
Nino-3 index in the ESN model (red) is above 0.5 for a lead time of up to 18 months,
while it is 0.35 at a lead of 18 months in the SINTEX-F5 [136](green). Note that,
following [72] we consider forecasts as skillful if the correlation coefficients are above
0.5. To assess the skill of our model in predicting El Nifio events (i.e., time steps with
ENSO index larger than one), we applied the Heidke skill score (HSS) and the the
Probability of Detection (POD) (for more details see C.1). According to panels ¢ and
d in Fig. (5.5, both event-based metrics show high skill up to forecast lead times of
18 months. Our results remain similar when 5-month running averages of the Nino-3
index are considered and when El Nifio events are defined as periods for which the
smoothed index is above 0.5° for six consecutive months.

Generally, the performance of a predictive model depends on the length of the pro-
vided training data. One of the fundamental questions during training NNs is how
much data is required to reasonably approximate the unknown mapping function from
input to output. It is common knowledge that training a model on larger volumes of
data can result in better performance since it can capture the inherent features and
dependencies more efficiently. In Fig. (5.6), we demonstrate how the size of the train-
ing dataset can directly affect our model’s prediction skills. It can be observed that
with increasing the size of the training data, the forecast skill of the ESN-PNF model
increases (i.e., higher values in terms of PCC, HSS, and POD). Additionally, similar
to Fig. (5.5), we evaluate the overall performance of the ESN-PNF model trained on
longer data from 1981-1991 (see Fig. (5.7)). We can see that the model achieves an
even higher skill during the first 14 months compared to the training data from the
interval 1891-1982.
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FIGURE 5.5.: Summary of the ESN-PNF forecast skill for the Nifo-3 and Nino-3.4
indices. Panels (a) and (b) show the prediction skill of the model in terms of the Root
Mean Square Error (RMSE) and the Pearson correlation coefficient (PCC) between
predicted and observed values, respectively. The model is trained with a fixed training
data length T = 1092 and the prediction task starts from 1982. Results for Nino-3
are shown in blue and results for Nifio-3.4 in red color. In panel (b) the magenta
curve shows the ENSO correlation skill of a previously introduced CNNI[72] together
with a comparison to other process-based based ENSO predictions. The ability of our
ESN-PNF model to predict El Nino events (i.e., times with Nino-3 index above 1 °C)
are assessed by two binary classifiers, the Heidke Skill Score (HSS) and the Probability
Of Detection (POD), in (c) and (d), respectively. Solid lines indicate the average over
100 realizations of the forecast, and shading around the lines represent +1o.
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FIGURE 5.6.: Dependency of the forecast skill on the training length. Panel (a)
illustrates the RMSE and Pearson correlation coefficient (PCC) values between the
predicted and absolute values of Nifio-3 index at a lead of 12 months with respect to
different starting points. Panel (b) shows HSS and POD for the corresponding lead
time. Our ESN model exhibits overall better performance the longer the training data.
Shading around lines represents +1o.

65



5. Predicting Climate Variability Using Machine Learning Approach

(@) (b)

1.6 1.0

—— RMSE —— CORR
0.8
1.2
w 0.6
Qos o
o
: > \
0.4
0.2
0.0 0.0
1 3 5 7 9 11 13 15 17 19 21 23 25 1 3 5 7 9 11 13 15 17 19 21 23 25
Forecast lead (months) Forecast lead (months)
C d
( )1.0 ( )1.0
—— HSS —— POD

0.8 0.8
0.6 0.6
0.4 0.4 \

0.2 0.2

HSS
POD

0.0 0.0
1 3 5 7 9 11 13 15 17 19 21 23 25 1 3 5 7 9 11 13 15 17 19 21 23 25

Forecast lead (months) Forecast lead (months)

FIGURE 5.7.: Summary of the ESN-PNF forecast skill for the Nino-3 index. Panels
(a) and (b) respectively show the prediction skill of the model in terms of Root Mean
Square Error (RMSE) and Pearson correlation coefficient (PCC) between predicted and
observed values. The ability of the model to detect El Nifo events (i.e., times with
Nifio-3 index above 1 °C) are assessed by two binary classifiers, the Heidke skill score
(HSS) and the Probability of detection (POD), in (c) and (d), respectively. Solid
lines indicate the average over 100 realizations of the forecast, and shading around
lines represent +=10. The results correspond to the reservoir setup trained with a fixed
training data length T = 1212 and the prediction starts from 1992.

To further evaluate the reliability of our ENSO forecast, we investigated the sensi-
tivity of the model’s forecast skill to the target months at different lags, see Fig. (5.8).
In agreement with previous study [72], our ESN model exhibits the longest forecast
horizon for target months in boreal winter (the correlation between the observed and
simulated ENSO index is above 0.5 for 21 months) and the shortest forecast hori-
zon (18 months) for target months in late boreal spring. This spring predictability
barrier [215] may be a result of the comparably weak Walker circulation and suscepti-
bility of the coupled ocean-atmosphere system to the external forcing at that time of
the year. Nevertheless, a recent CNN model [72] has a valid forecast horizon (i.e., lead
times at which the correlation remains above 0.5) substantially longer than process-
based dynamical models (11 months vs. 4 months) for the May-June-July season. For
the May—June—July season, the valid forecast horizon of our ESN-PNF model is even
substantially longer compared to the CNN model(18 months vs. 11 months). This
indicates that our method is less affected by the spring predictability barrier than the
CNN and process-based models, possibly because we estimate the future fast vari-
ables that can drive the system. As an example, the predicted SST anomaly between
1983 and 2019, at the 18-month lead-time, shows a high visual resemblance to the
observational Nino-3 index (Fig. (5.9a)), although this is the longest lead time for
which we consider our forecast to exhibit skill. The predicted values are computed
as averages over 100 realizations at the 18-month lead-time. We also examined the

66



5.3. Results and Discussion

performance of our ESN-PNF model by comparing the statistical properties such as
the auto-correlation functions (ACFs, Fig. (5.9b)) and probability density functions
(PDFs, Fig. (5.9¢)) of the predicted and observational time series. The ACF shows a
very close resemblance between the observed and simulated indices in terms of their
correlation structure, and according to the Kolmogorov—Smirnov test, the hypothesis
that the underlying distributions of the observed and simulated indices are identical
cannot be rejected (p = 0.35).
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Fi1GURE 5.8.: Correlation skill of the ESN-PNF model as function of lead time and
target month for the Nifio-3 index. The Pearson correlation coefficient (PCC) between
the predicted and observed Nifno-3 index targeted to each calendar month at different
lead times, averaged over 100 realizations. Here we train the model on a fixed training
data length T" = 1092 and start forecasting from 1982.

Note that the prediction accuracy of our ESN-PNF model varies moderately over
time, depending on the absolute values of the employed ENSO index. In Fig. (5.10)
we have analyzed the twelve-month running mean of the Nifio-3 index from 1983 to
2018. We can observe higher RMSEs during the 1997-98 and 2015-2016 El Nifno events
when the maximum SST anomalies reaches about 3.5° in both cases. Hence, for El
Nino and La Nina events with particularly high or low values of the ENSO index,
the RMSE is comparably higher. Additionally, the performance of our ESN-based
prediction scheme can be slightly affected by varying the cutoff value C' of the low-
pass filter used to separate the low- from the high-frequency components of the ENSO
index. We found that C' = 0.03 is the optimal choice of the cutoff value in terms of
the overall forecast skill ( see Fig. (C.1)).

Further, we evaluated the ESN-PNF performance in predicting the Nifio-3.4 index
and compared its predictive skill with the SINTEX-F dynamical model [72] in terms of
PCC. Fig. (5.11a) displays the PCC between the predicted and observed Nifio-3.4 index
targeted for each calendar month at different lead times. We trained the model on a
fixed training data length T" = 1092 and started forecasting from 1984 to 2017. It can be
observed from Fig. (5.11b) that the forecast skill targeting the May—June—July season
has a correlation skill above 0.5 only up to a lead of four months in the SINTEX-F dy-
namical model, while the ESN-based model shows a higher correlation skill for almost
all targeted seasons. Additionally, we compared the predicted time series of the De-
cember—January-February (DJF) Nifo-3.4 index for the 17-month-lead obtained from
our model with the CNN and SINTEX-F dynamical models. It can be observed from
Fig. (5.12) that the ESN-based model (blue) correctly predicts the ENSO amplitude
and exhibits better performance. We further investigated the statistical properties of
the predicted and observed Nifio-3.4 index for a 17-month-lead forecast using the ESN-
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F1GURE 5.9.: Comparison between the statistical properties of the predicted and ob-
served Nino-3 indices. (a) Time series of SST anomalies of the Nifio-3 index (red)
and the predicted time series (blue) at the 18-month lead-time. The model is trained
with a fixed training data length 7" = 1092 and the prediction task starts from 1982.
(b) and (c) compare the statistics (ACF and PDF) of the original and predicted time
series; for the predictions, averages over 100 realizations at the 18-month lead-time are
taken.

based model (see Fig. (5.13)). Similar to the Nino-3 index, our model can successfully
follow the underlying statistical properties of the Nino-3.4 index.

5.3.2. ESN-PNF Performance on Predicting PDO Index

In contrast to ENSO, there have been relatively fewer efforts to forecast PDO vari-
ability using ANNs [64]. Here, we proceed with an analogous analysis conducted in
section 5.3.1 by employing the ESN-PNF model on the monthly PDO index. Some of
the previous studies [119, 131] applied low-pass filters with 5 to 11-year cutoffs to filter
out higher interannual frequencies. However, we try to predict the temporal evolution
of the monthly PDO index using the information of both low and high-frequency vari-
ability. To learn the underlying features of the PDO index, we trained the ESN-PNF
with a fixed training data length of T' = 1450 months and started prediction from 1981
onward until 2019.

As we mentioned in section 5.3.1, the performance of our model can be influenced
by varying the cutoff value of the low-pass filter. To investigate that, we measured
the RMSE and PCC between observational and predicted data at different cutoffs.
We observed that the most extended forecast horizon can be obtained at C = 0.03
(months™1) (see Fig. (C.3) and Fig. (C.4)). Asit can be observed from Fig. (5.14a), the
RMSE at this cutoff remains almost constant at around 0.5°C for lead times between 1
to 10 months and then increases linearly up to about 1.8°C at 24-month lead-time. The
corresponding PCC remains constant at around 0.8 also up to lead times of around 10
months and eventually drops below 0.5 after 18 months (see Fig. (5.14b)). Compared
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F1GURE 5.10.: Dependence of the forecast skill on the target year for the Nino-3
index. (a) Twelve-month running mean of the Nifio-3 index from 1983 to 2018, here
the training length is equal to 1092 . (b) Forecast skill of our ESN model from 1983 to
2018 in terms of the RMSE. Each yearly value is the average RMSE over all months of
the corresponding year, calculated on 12-month lead. We note that in some years with
exceptionally strong El Nifio events, the prediction accuracy of the model is affected
slightly.
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FIGURE 5.11.: Same as (Fig. 5.8) but for Nino-3.4 index. (a) The Pearson correlation
coefficient (PCC) between the predicted (obtained from ESN-PNF) and observed Nifio-
3.4 index targeted to each calendar month from January to December, at different lead
times. Hatches indicate combinations of target months and lead times for which the
correlation of observed and predicted ENSO index is above 0.5. (b) The correlation
skill of the Nifo-3.4 index in the SINTEX-F dynamical forecast system [72]. The
prediction period for both models is between 1984 and 2017.

to the model proposed by Gordon et.al. [64], our model exhibits better performance.

69



5. Predicting Climate Variability Using Machine Learning Approach

SST(°C)

— OBS

®- Sintex-F

~@- CNN —-@- ESN-based

1986 1988 1990 1992 1994 1996

1998 2000 2002

Time(year)

2004

2006 2008 2010 2012 2014 2016

FIGURE 5.12.: Time series of December—January-February (DJF) season Nino-3.4
index for an 17-month lead forecast using the ESN-based model (blue), CNN (green),

and the SINTEX-F model (red).
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FIGURE 5.13.: Same as (Fig.( 5.9)) of the main text, but for the Nifio 3.4 index.
(a) Time series of SST anomalies of the Nino 3 index (red) and the predicted time
series (blue) at the 17-month lead-time during 1984-2017. (b) and (c) compare the
statistics (ACF and PDF) of the original time series and predicted time series; for for
the predictions averages over 100 realizations at the 17-month lead-time are taken.
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Their model, which is based on a single-layer ANN, could only predict PDO for up to
12 months.
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FIGURE 5.14.: Summary of the ESN forecast skill for PDO. Panels (a) and (b) show
the prediction skill of the model in terms of Root Mean Square Error (RMSE) and
Pearson correlation coefficient (PCC) between predicted and observed values.

Finally, in Fig. (5.15), we compared the statistical properties of the predicted and ob-
servational data at the 18-month lead-time in terms of the ACF and PDF. In particular,
Fig. (5.15a) shows that most of the transitions between positive and negative phases
can be captured by the model, even at the 18-month lead-time (see also Fig. (C.6)).
Even though the PCC stays above 0.5 up to 18 months, the statistical properties of
the predicted time series can not properly follow the original PDO index as we expect.
That may be due to the low signal-to-noise ratio of the PDO index, which can decrease
the ability of the ESN-PNF to predict accurately at a longer lead-time. Comparing
the PDO and ENSO indices in terms of spectrum frequencies ( see Fig. (C.2)), we can
observe that the PDO has a high amplitude at higher frequencies.

5.3.3. ESN-PNF Performance on Predicting AMO Index

In the final case study, we use ESN-PNF to predict the monthly AMO index dur-
ing 1969-2017. Similar to the previous cases, we evaluated the performance of our
model with different smoothing levels in terms of RMSE and PCC (see Fig. (C.5)).
We observed that our model achieves better performance at low-pass cutoff C' = 0.03
(months™1). According to Fig. (5.16b), the correlation skill of the AMO index in the
ESN-PNF model exceeds 0.5 for lead times up to 16 months. Additionally, we com-
pared 6-,9-,12-, and 15-month-lead AMO index prediction to evaluate the ESN-PNF
performance at different lead times effectively. Conspicuously, the higher the lead-time,
the poorer ESN-PNF can follow the trajectory of the original index (see Fig. (5.17)).
This observation was corroborated by comparing the PDFs of the predicted and cor-
responding original data. Fig. (5.18) displays the PDFs associated with 6-,9-,12-, and
15-month lead times of AMO index predictions. According to the p-values of the
Kolmogorov-Smirnov (KS) test at different lead times, we can see that the predictive
skill of the ESN-PNF at 6-, 9-, and 12-months are significantly higher than 15-month
lead-time. The p-value at 15-month lead-time is equal to 0.04, indicating that the
underlying distributions of the observed and predicted indices are not identical. This
poor performance may stem from the complexity of the high-frequency components in
the AMO index.
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FIGURE 5.15.: (a) Time series of SST anomalies of the PDO index (red) and the
predicted time series (blue) at the 18-month lead-time. The model is trained with a
fixed training data length T' = 1450 months and the prediction task starts from 1981.
(b) compare the ACF of the original and predicted time series; for the predictions,
averages over 100 realizations at the 18-month lead-time are taken.

5.4. Summary

There have been considerable advances in machine-learning-based approaches to pre-
dict SST variability in different ocean basins. One of the critical obstacles most deep
learning models encounter in predicting climate phenomena is the unavailability of
sufficiently long observational time series. Therefore, deep-learning models must be
additionally trained on process-based dynamical model simulations to tackle this lim-
itation. This approach forces deep-learning models to learn the biases and structural
errors present in these climate models. In contrast to deep ANNSs, the comparably
simple ESN we employed here can learn the dynamics of the underlying system from
limited amounts of training data. Here, we expanded the ESN approach to predict
climate time series. To do so, we combined the ESN model for the low-frequency com-
ponent with the previously introduced past-noise forecasting (PNF) method, which
models the high-frequency component of the time series in question.

In the first case study, we decomposed ENSO indices (i.e., Nifo-3, Nifio-3.4) into
dominant low- and high-frequency variability using low-pass filter techniques and
trained the ESN model on the slow mode of the system. To model the effect of the high-
frequency forcing on the low-frequency variability, we estimated the potential future
high-frequency forcing of the system by relying on the PNF method. This improved
predictability shows that interactions across multiple time scales play a crucial role in
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FIGURE 5.16.: Summary of the ESN-PNF forecast skill for the AMO index. Panels (a)
and (b) show the prediction skill of the model in terms of Root Mean Square Error
(RMSE) and Pearson correlation coefficient (PCC) between predicted and observed
values. Panel (c) displays time series of SST anomalies of AMO (green) and the
predicted time series (blue) at the 12-month lead-time during 1969-2017. Panel (d)
illustrates the comparison between the ACF of the original time series and predicted
time series.

generating ENSO dynamics. Our ESN-PNF model exhibits high skill in forecasting
ENSO variability and predicting El Nino events up to lead times of 18 months, despite
the fact that we have trained our model only on single scalar ENSO indices. Our
approach outperforms existing statistical, process-based, and deep-learning methods
at lead times beyond one year.

In the second and third case studies, we focused on predicting the PDO and AMO
indices using the ESN-PNF. Similarly, we showed that our model can capture the
critical features of the underlying dynamics of the PDO and AMO. For instance, in
the case of monthly PDO, we showed that the predictive skill of our model is much
higher than the model presented in [64]. Following the same rationale used in predicting

ENSO indices, we demonstrated that cross-scale interactions are also highly relevant
for predicting PDO and AMO indices.
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FIGURE 5.17.: Predicted and actual values of AMO index for different lead-times.
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6. Conclusions and Outlook

The main objective of this thesis is to advance our understanding of complex systems.
Two overarching questions that were investigated are: (I) how one can infer the un-
derlying dynamics of complex systems from given time series and (II) how one can
enhance the prediction of future behaviors of such systems. In the following, we re-
view the main findings of the five studies conducted for achieving the mentioned aims
and finally finish the thesis with an outlook on future research.

6.1. Conclusion from study 1: Reconstructing Complex
Network’s Structure from the Timing of Events

In Chapter 3, we have comprehensively compared different strategies to reconstruct
the structural connectivity of unknown networks based on their associated functional
networks. The functional representations of networks were obtained from statistical
associations between the dynamics at each pair of nodes from given event series. To ob-
tain the statistical relationships, we employed event coincidence analysis (ECA) and
event synchronization (ES). These two nonlinear similarity measures are commonly
used for identifying pairwise statistical associations among discrete event series in neu-
roscience [174] and climatology [44]. We specifically considered complex networks that
exhibit event propagation occurring simultaneously or with some delay from one node
to another. To simulate event propagation processes, we studied two different spread-
ing models (i.e., a generic event propagation model and SIRS model) on three different
network architectures (i.e., Erdos-Rényi, Barabési-Albert, and Watts-Strogatz net-
works). In all studied cases, we showed that both similarity measures can successfully
capture a vast part of the existing links. However, we showed that in sparse networks,
ECA results in a better network reconstruction than ES. On the other hand, in the
case of denser networks, we observed that ES compared to ECA performs better in
identifying existing connections. Notably, the disparity between the performance of
Es and ECA might be related to the characteristics of their coincidence intervals. The
coincidence interval in ES is dynamic and local, while it is global and fixed in ECA.
Our findings imply that implementing the data-adaptive "dynamic" coincidence inter-
val in ES allows for studying associations at different time scales non-parametrically.
Additionally, using the ES for studying synchrony between two event series, which
are clustered in time, results in underestimating the number of existing events. This
underestimation is due to ES’s dynamical coincidence interval shrinkage. Finally, our
results revealed that ECA is more suitable than Es when one has prior knowledge
about the possible propagation delays. This stems from the fixed coincidence interval
of ECA that permits the time scale of interest to be manually determined.

6.1.1. Outlook

In Chapter 3, we employed ES and ECA to capture the statistical similarities between
time series of events. However, various alternative approaches can be used to quantify
the similarities of regularly sampled event sequences. For instance, one possible strat-
egy would be to use distance measures (e.g., Euclidean or Hamming distances) [159],
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which can be easily computed for binary sequences. A second strategy is to inter-
pret individual binary values as symbolic sequences and utilize mutual information as
a corresponding similarity measure [198]. Therefore, a systematic comparison of the
performance of network inference based on ES and ECA with those measures would be
an interesting topic for further studies. Moreover, we considered an unconditional ap-
proach, which may lead to overestimating the number of existing links due to indirect
linkages (mediated via third nodes). For further investigations, conditional associa-
tion measures can be employed to disentangle direct from such indirect connections.
To the best of our knowledge, only few studies tried to expand the causal network
inference developed for time-continuous dynamics [184, 185] to the case of discrete
event data [15]. Within the framework of ECA, multivariate and conditional versions
have been recently introduced [193] but not yet systematically applied. Future studies
should, therefore, focus on the future development of conditional versions of event dis-
crete statistical association measures and their utilization in combination with causal
inference algorithms.

6.2. Conclusion from study 2 & 3 : Reconstructing
Underlying Dynamics of Complex Systems using
Data-Driven Approaches

In chapter 4, we reconstructed equations of motion and corresponding statistical prop-
erties of underlying dynamics of complex systems from time series. For this purpose,
we employed different reduced-dimension models which characterize the underlying
dynamics by isolating a small number of relatively slow degrees of freedom. Using
this approach, we could solve the governing equation of motion for different sys-
tems using three different stochastic differential equations (SDEs): Langevin equation
(LE) [82], generalized Langevin equation (GLE) [38], and Empirical Model Reduc-
tion (EMR) [110]. We retrieved the LE and GLE from the Kramers-Moyal analysis
(KM) [82] and the Mori-Zwanzig formalism (MZ) [154], respectively. To derive the
EMR, we estimated the deterministic term from KM and the stochastic term from
data using a recursive procedure. The results in this chapter were divided into two
parts.

In the first part, we investigated the performance of three SDEs (i.e., LE, GLE,
and EMR) in reconstructing the underlying dynamics of various synthetic and real-
world time series. A primary motivation was to comprehensively evaluate the ability
of these approaches to solve particular classes of problems. Our results indicated
that intrinsic dynamics of systems of interest greatly influence the performance of the
resulting SDEs. For instance, statistical properties of systems exhibiting weak history-
dependence but strong state-dependence to the noise forcing (i.e., Markov processes)
can be approximated better by LE than by the GLE and EMR. In such situations,
the LE is of a considerable advantage since it can directly approximate the state-
dependent noises. However, we showed that limitations of LE approximation arise
in cases where non-Markovian effects are crucial in the system’s dynamics. Through
extensive analyses of various systems, our results signify that SDEs considering memory
effects, i.e., GLE and EMR, are comparatively better approaches for understanding
complex systems. For instance we observed that GLE can reproduce the underlying
dynamics of Nino-3 index with higher accuracy than LE.

In the second part, using the knowledge gained from the first part, we employed
KM to study the underlying mechanism of paleoclimate proxy records (i.e., 6'*¥0 and
dust concentrations) obtained from the NGRIP ice core. The central point here was to
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examine the stability configuration of the coupled §'8O-dust process by reconstructing
its potential landscape. We observed that the minimums’ positions in the monostable
potential of the 6'80 are controlled by the value of the dust record. According to this
finding, we could confirm the existence of possible couplings between the §¥0 and
dust time series. Additionally, we found non-vanishing higher-order KM coefficients
for 6'80, indicating the presence of discontinuities in the record. This led to the
conclusion that the conventional LE is not suitable to fully describe the underlying
process of the 580 and requires adding a new term that takes into account jumps.
Conversely, we observed that isolated dust record is a continuous process that LE can
describe it successfully.

6.2.1. Outlook

Understanding the physical causes of past abrupt climate changes is crucial for im-
proving the predictive capability of Earth System Models. In chapter 4, we considered
only coupling between two Greenland ice core proxies (the 60 and dust records)
to understand the triggering mechanism of abrupt transitions. However, it has been
argued that abrupt transitions can be the results of a more complex interplay of the
North Atlantic and Nordic Sea’s ice cover and several climatic subsystems, such as
ice sheets or the East Asian Monsoon system [32]. As an extension of the approach
described in this chapter, we suggest analogous analyses for other pairs of Greenland
proxies. Additionally, we considered classical Gaussian random noise to describe the
high-frequency variability. However, it has been shown that selecting stochastic forc-
ing other than Gaussian can provide insight into the abrupt climate changes [223].
Therefore, in real-world phenomena, it is vital to consider an adaptive SDE framework
capable of reconstruct the underlying dynamics of systems driven by, e.g., Lévy noise.
The adaptability of the three investigated SDE models can be further investigated for
reproducing dynamical characteristics of multi-variate time series.

6.3. Conclusion from study 4 & 5: Predicting Complex
Systems Dynamics Using Artificial Neural Network

In the last part of this thesis (chapter 5), we focused on developing an ANN algorithm
that can predict climate variability from limited-time series with a low signal-to-noise
ratio. For this purpose, we chose Echo State Network (ESN), which is suitable for in-
vestigating complex nonlinear time series. The challenging part of predicting climate
time series was understanding the dynamics of high-frequency variability that can influ-
ence the prediction of low-frequency variability. To tackle this problem, we estimated
the future behavior of high-frequency variability from its past history using the PNF
method [30]. By providing the essential information about the high-frequency vari-
ability of the target system (e.g., external forcings), we could predict different climate
indices, such as ENSO, PDO, and AMO. The rationale behind our proposed model
(called ESN-PNF) was that climate can be approximately decomposed into slow and
fast variability modes, where the slow mode is only mildly perturbed by high-frequency
forcing. Our results demonstrated that the ESN-PNF model can capture the key fea-
tures of the target indices and predict their dynamics with a reasonable long forecast
horizon. For instance, we could achieve long-term perdition of ENSO indices far be-
yond the spring barrier. The improved predictability demonstrated that interactions
across multiple time scale play a crucial role in generating the dynamics of ENSO,
PDO, and AMO indices. Moreover, in contrast to different ANNs and deep-learning
models [72], we showed that our model does not require massive data for training. This
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feature is especially important considering that additional data provided by process-
based models might cause unintended biases and structural errors.

6.3.1. Qutlook

In chapter 5, we focused on predicting complex systems’ behavior using the ANN ap-
proach. As an extension of this methodology, one can combine physics-based models
with different ANN algorithms to enhance the predictions of the system in question.
Even though physics-based models advanced our understanding of natural principles,
they mostly rely on existing knowledge and cannot extract more information from
available data. On the other hand, even though ANNs are skillful in predicting with-
out theoretical knowledge of the underlying dynamics, their large data requirements
make the training procedure computationally expensive. Moreover, the performance
of ANNs can be adversely affected when the quality of data is low. Understandably,
there is a consensus [101, 151, 176, 186] that ANNs can be assisted by providing ad-
ditional information derived from mathematical models and physical laws. This prior
knowledge about the system can constrain the space of possible solutions by neglecting
irrelevant ones, which results in faster convergence to the optimal solution and better
predictive performance.
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FIGURE A.1.: Schematic illustration of the epidemic spreading models. Panels (a) and
(b) show a single realization of the SIR and SIRS models respectively with 5 = 0.3,
v=0.1and § =0.1.

A. Using Event Synchrony Measures for
Network Inference From the Timing of
Events

A.1. SIRS Model

The Susceptible-Infected-Recovered (SIR) model emerged from the area of epidemiol-
ogy to understand the time evolution of infectious diseases in a fixed population of N.
This model assumes that the interaction between individuals can be descried by two
specific parameters, the disease transmission and removal rates. However, in various
real-world examples like the seasonal influenza, in which an infection can be spread
repeatedly among a given population, it is not realistic to presume individuals have
permanent immunity . In this thesis, we therefore employ one variant of the well-known
SIRS (Susceptible-Infected-Recovered-Susceptible) model of epidemic spreading [83].
This model comprises three distinctive “health” states of each individual: susceptible
(S), infected (I) and recovered (R). In the conventional SIRS model, the densities of
individuals in each of those three states follow the macroscopic evolutionary equations:

ds
_— = — I
0 8IS + 6R,
dI
= BIS AL, (A1)
dR
il S
7 y OR,

where § and  denote the infection rate and natural recovery rate, respectively, while
¢ describes the probability of recovered individuals to lose their immunity.
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A.2. Receiver operating characteristic (ROC)

Instead of predicting the class of binary events, we can alternatively predict the proba-
bilities of the classes. This alternate approach enables us to choose the optimal thresh-
old in which the model exhibit better performance in classification task. The receiver
operating characteristic (ROC) [53, 73] is ubiquitously employed in many areas such
as medicine, natural hazards, and machine learning, when predicting the probability of
binary classification problems. The ROC curve shows the trade-off between true posi-
tive rates (TPR) and false positive rates (FPR) over a range of different cut-off points
of a parameter. The TPR rate (also known as sensitivity rate) indicates the propor-
tion of positive classes that the model could correctly classify, and by contrast, FPR
measures the proportion of negative classes that have been incorrectly classified in the
presence of a predetermined condition. The area under the ROC curve (AUC) provides
a convenient way to summarize the model skill. This value reflects the overall accuracy
of a classification approach and demonstrate how a model can distinguish between
different classes. A ROC curve that falls together with the diagonal (TPR = FPR)
is characterized by a value of AUC = 0.5, which indicates a classification with a per-
formance equal to that of a random forecast (and, hence, the inability to discriminate
between true and false links), while AUC = 1 would indicate a perfect classification.
The probabilistic interpretation of the AUC can be demonstrated as follows.

AUC = P(p(X') :> p(X)|L(X") = 1, L(X) = 0) (A.2)

Where p(X) denotes the probability score that the model assigns to a random variable
X if it belongs to the binary class 1, and the L(.) determines class labels. According
to the Eq. A.2, AUC shows that the model give higher score to X’ rather than X.
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B. Fundamentals of Dynamical Systems

B.1. Stochastic calculus

Equation (2.15) with a given initial condition x(tp) = zp has a unique solution which
satisfies the following integral form:

t t
z(t) = x(to) + | fx(t))dt’ + ) g(x()n(t')dt (B.1)
0 0

A Wiener process is non-smooth and nowhere differentiable, hence translating the
second integral in the equation (B.1) using a conventional Riemann sum is not uniquely
defined. To interpret the noise term, two different formulations of stochastic calcu-
lus have been introduced for computing the solutions of SDEs; known as Ito and
Stratonovich calculi, respectively [103, 199].

In the Ito prescription, the evaluations of the function g(x(t)) are uncorrelated with
the (infinitesimal) increments of the Wiener process dW (t). In fact, the Ito integral
is defined as the limit of a left Riemann sum (where the function g(x(t)) is evaluated
at the left of the interval [t,¢ 4+ At]) with an Ito correction. The resulting stochastic
integration in the Ito scheme is given:

¢
W (s)aw (s)ds = S0V20) = W2(10)) = (¢ = ). (B2
Although the Ito convention does not preserve the chain rule of calculus, employing
Ito’s Lemma maintains the Martingale property. Owing to this property, the Ito cal-
culus is used extensively in finance [191].

The most common alternative to the Ito integral that does satisfy the chain rule of
classical calculus is the Stratonovich scheme. From that point of view, a function can
be evaluated at the midpoint of the time interval [t,¢ + At]. Because the midpoint
selection rule is associated with the finite noise autocorrelation [153], the Martingale
property does not hold. In contrast to the Ito, the Stratonovich calculus approximates
the Wiener process as the limit of a correlated process when the correlation time
approaches zero: .

W (s) 0 dW(s) = S W2(t) ~ W(to) (B.3)
0
This approximation leads to difficulties e.g. for the calculation of expectation values,
since stochastic variables and noise are not independent: < x(t)n(t) ># 0. It should
be underlined that the It6 and Stratonovich calculi have the same solution if their drift
terms fulfill the following relationship, which is called Ito-Stratonovich drift correction:

fst(t)) = fralt) — 1 o(a () 20D (B.4)
where f; denotes the drift of the Ito calculus and fg the drift of the Stratonovich
calculus.

Even though both interpretations are mathematically consistent, one obvious ques-
tion that may arise is which interpretation is the right one for desribing or approx-
imating a particular set of physical processes. In order to answer this, we have to
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Ficure B.1.: Comparison between PDFs obtained from the Ito scheme (left panel)
and the Stratonovich scheme (right panel) for the Ca* ice core time series.

look at the origin of the noise in the stochastic system. It has been shown that, if the
relaxation time of a system is large enough in comparison with the noise correlation
time, then the Ito interpretation is appropriate. On the other hand, if the noise is
colored, i.e., it has finite correlation time, the limiting SDE must be treated in the
Stratonovich framework [88, 112, 153].

As noted above, different stochastic calculi (Ito or Stratonovich) are associated
with different kinds of discritization for numerical integration [183]. It must hence
be stated upfront which stochastic calculus is going to be considered. The simplest
and most widely used discretization scheme to numerically integrate SDEs is the Euler-
Maruyama method, which converges to the Ito interpretation:

2t + At) = 2(t) + f(a(D) At + g(x(t) (VAL (B.5)

Another numerical method that we used in this paper (for approximating the Ca?*
ice core time series), called Heun method[68], leads to the Stratonovich scheme. This
method is an example of a predictor-corrector method in which the predictor is calcu-
lated by a simple Euler type integration as follows:

B(t 4+ At) = (1) + f(2(t) At + g(w(t)V Atn(t) (B.6)

o(t+ At) = 2(t) + %(f(:p(t)) + F(&(t+ At))At
(B.7)

+5(g(a(t)) + g(@(t + AV Atn(t)

In this thesis, based on different systems we utilized both methods.

B.1.1. Comparison between Ito and Stratonovich

We compared the performances of both stochastic calculi and corresponding discretiza-
tion schemes (Euler-Maruyama and Heun, respectively) for the Ca?* ice core time
series. According to Fig. (B.1), we observed that the Stratonovich calculus performs
better than the Ito calculus in terms of approximating the PDF.

B.2. Adjoint Fokker-Planck Equation (AFPE)

The estimation of KM coefficients obtained from equation 2.17 requires small 7 — 0,
whereas we always deal with time series that are recorded at finite sampling inter-
vals [114, 117]. Therefore the effect of finite-time distortions can reduce the accuracy
of the estimated drift and diffusion terms using KM method. An elegant way to obtain
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B.3. Supplementary Figures

H Time Series

KM

MZ

EMR H

OU additive noise 0.00003 0.00032 0.00003
OU multiplicative noise  0.0013  0.0021 0.004

OU colored noise 0.002  0.00001 0.00001
S&P500 0.05 0.03 0.06
Nifio-3 0.01 0.001 0.001

DW additive noise 0.0004 0.00042 0.0021
DW multiplicative noise  0.0008  0.0009 0.001
[Ca?T] 0.004  0.009  0.009

TABLE B.1.: Summary of Mean Squared Error (MSE) between PDFs of different
systems and corresponding averaged PDF of simulated time series over several realiza-
tions.

the effect of finite-time distortions is adjoint Fokker-Planck equation (AFPE) [82]. If
we define the FPE operator as 7,

0 0?
j == %Dl + wDQ (B'8)

Then the solution of FPE with the initial condition §(z’ — z) can be defined as follows:

p(a’ t+7|z,t) = exp T (2')76(2' — x) (B.9)
By substituting the p(a’,t + 7|z,t) in the Dj(z) = %ffooo(x(t +7) —2(t))p(x(t +

7)|x(t)), dx, which is the continuous version of Eq. 2.19, we obtain:

D™(z) =exp I (2 )r(a' — 2) |2’ = = (B.10)

Where J 7 denotes the adjoint FPE operator. Using Heisenberg approach, Lade[114]
proposed that the solution of the following partial differential equation will give us
D™ (x).

0
51 Q@0 = T,

with initial condition of Q;(x,t) = %(x’ —x).

(B.11)

B.3. Supplementary Figures
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Time Series KM MZ EMR
| H

OU additive noise 0.00013 0.00021 0.00034
OU multiplicative noise  0.00038  0.0003  0.00027

OU colored noise 0.07 0.00004 0.00013
S&P500 0.002 0.001 0.0008
Nino-3 0.01 0.003 0.006

DW additive noise 0.00015 0.00002 0.00031
DW multiplicative noise  0.0009 0.005 0.001
[Ca®*] 0.026 0.004 0.004

TABLE B.2.: The table illustrates MSE (as an error metric) between ACFs of original
systems and corresponding average ACFs of simulated time series.
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F1cUure B.2.: Comparison between ACFs obtained from calibrating different models
(KM,MZ,EMR) on the first half of Nifio-3 monthly SST.
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C. Predicting Climate Variability Using
Machine learning Approach

C.1. Forecasting skill scores

Extreme events are rare events that ubiquitously observed in many natural systems
from financial crisis and natural disaster. Therefore, accurately forecasting rare high-
impact events, like extreme temperature and high precipitation, will be of high value
for decision makers. The usage of binary classification happens frequently when we
need to characterize and predict extreme events in the observed time series. In such
models, extremes are often displayed as probability levels such as above or below a
critical value. Several scores have been developed to evaluate the predictive capability
of binary classifiers for choosing “the best” model that can identifies these rare events.
In this study we employ Heidke Skill Score and probability of detection.

C.1.1. Heidke Skill Score (HSS)

One of the scores that is widely applied for assessing categorical forecast performance
is the Heidke Skill Score (HSS) [13], known outside of meteorology as kappa. The
derivation of HSS is based on information summarized in a contingency table, known
as an error matrix. This table indicates the relationship between the forecasts and the
respective observation.

Observation = Yes | Observation = No
Forecasting = Yes | TP FP
Forecasting = No | FN TN

The HSS measures the accuracy of a forecast with respect to a randomly generated
forecast, adjusted to predictions that are correct by chance:

TP+ TN — CRF
HSS = C.1
55 N — CRF (C.1)
where TP and T'N stand for true positives and true negatives, respectively, N is
the total number of possible events, and CRF indicates the number of correct random

forecasts, which can be calculated as follows:

cpp_ (TP+FN)(TP+ FP) ]+V(TN+FN)(TN+FP) | ©2)

Negative HSS values imply that the forecast skill of the model is worse than a random
forecast, HSS = 0 indicates that the forecast is just as good as the random forecast,
and HSS = 1 would indicate a perfect binary forecast.
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C. Predicting Climate Variability Using Machine learning Approach

C.1.2. Probability of detection (POD)

The probability of detection is another quantitative evaluation metric widely used
to interpret the model’s success in forecasting events correctly. POD measures the
number of correct event forecasts divided by the total number of observed events.

TP

POD = ——"
OD=TpTFN

(C.3)

C.2. Supplementary Figures
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Ficure C.1.: Summary of the ESN-PNF forecast skill for Nino-3 index for different
cutoff choices to decompose the index into slow and fast components. Panels (a)
and (b) show the prediction skill of the model in terms of Root Mean Square Error
(RMSE) and Pearson correlation coefficient (PCC) between predicted and observed
values. The ability of the model to detect El Nifio events (i.e., months with Nifo-3
index above 1 °C) is assessed by two binary classifiers, the Heidke score skill (HSS)
and the Probability of detection (POD), panels (c) and (d), respectively. The model
is trained with a fixed training data length 7" = 1092 and the prediction task starts
from 1982. Here the solid lines indicate the average over 100 different realizations and
colored shadings around lines correspond to +1o¢. Different colors, as indicated in the
legend of panel (a), correspond to results for different cutoff thresholds to decompose
the ENSO index. In order to determine the optimal cutoff value, we additionally
investigated the dependency of the binary forecast skill of predicting El Nino events,
using HSS and POD metrics. The ESN model exhibits overall best performance at a
cutoff value of C' = 0.03 (months™!). Even though a cutoff at C' = 0.02 (months™1!)
displays a higher correlation skill for very long lead times, the forecast of El Nifo
events, and also the reproduction of statistical properties such as the ACF and PDF
is worse in this case.
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Ficgure C.3.: Summary of the ESN forecast skill for PDO index at different cutoff
choices used to decompose the index into slow and fast components. Panels (a) and
(b) show the prediction skill of the model in terms of Root Mean Square Error (RMSE)
and Pearson correlation coefficient (PCC) between predicted and observed values
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Ficure C.4.: Summary of the ESN forecast skill for PDO index for different cutoff
choices to decompose the index into slow and fast components. This figure illustrates
the boundary - marked in magenta- in which we can narrow down our search for the
best low-pass filter cutoff.
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Ficure C.5.: Summary of the ESN forecast skill for AMO index at different cutoff
choices used to decompose the index into slow and fast components. Panels (a) and
(b) show the prediction skill of the model in terms of Root Mean Square Error (RMSE)
and Pearson correlation coefficient (PCC) between predicted and observed values
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FiGUrRE C.6.: Detecting phase changes from five years moving average of predicted
PDO index (solid lines). As it can be seen the ESN-PNF model can perfectly detect
shifts between warm and cold phases at the 18-month lead-time.
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FicGure C.7.: Detecting phase changes from five years moving average of predicted
AMO index (solid lines). As it can be seen the ESN-PNF model can successfully detect
shifts between warm and cold phases at the 16-month lead-time.
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