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Abstract

We determine the minimum possible column multiplicity of even, doubly-, and triply-even codes given
their length. This refines a classification result for the possible lengths of ¢"-divisible codes over F,. We
also give a few computational results for field sizes ¢ > 2. Non-existence results of divisible codes with
restricted column multiplicities for a given length have applications e.g. in Galois geometry and can be
used for upper bounds on the maximum cardinality of subspace codes.
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1 Introduction

Adding a parity check bit to a binary linear code yields an even code, i.e., all codewords have an even
weight. Doubly-even binary linear codes, where the weights of the codewords are multiples of four, have
been the subject of extensive research for decades, see e.g. [DFJT11]. Also linear codes where all occurring
weights are divisible by eight, so-called triply-even codes, have been studied in the literature, see e.g. [BM12|
MNT19, [Rod22]. The mentioned classes of linear codes are special cases of so-called A-divisible codes where
the weights of the codewords all are divisible by some integer A > 1. They have e.g. applications for the
maximum size of partial k-spreads, i.e., sets of pairwise disjoint k-dimensional subspaces, see e.g. [HKK1S].
More concretely, the non-existence of ¢*~!-divisible codes over IF, of a certain length implies an upper bound
on the cardinality of partial k-spreads. In [KK20|] the possible lengths of ¢"-divisible codes over F, have
been completely characterized. However, on the constructive side some of these codes require a relatively
large column multiplicity. In some applications upper bounds on the maximum possible column multiplicity
are known. E.g. in the situation of partial k-spread the codes have a maximum column multiplicity of
one, i.e., the codes have to be projective. This special case has received quite some attention, see e.g.
[HKKW19, [Kur20]. Here we ask more generally for the minimum possible column multiplicity of a A-
divisible code over IF;, having length n. Those results imply classification results for the possible lengths of
A-divisible codes over [, given any upper bound v on the allowed column multiplicity refining the results
from [KK20]. A general parametric solution to this problem seems very unlikely, so that we solve the first
few smallest cases in this paper. Our utilized arguments will mostly be of geometric nature so that we will
use the geometric reformulation of linear codes as multisets of points in projective spaces. Non-existence
results for divisible codes of a certain length have applications for covering and packing problems in Galois
geometry, see e.g. [Etz14] EKO()ZO]. They can also be used to improve upon the so-called Johnson bound on
the size of constant-dimension codes, see [KK20], as well as more general mixed dimension subspaces codes,
see [HKK19b].

The remaining part of this paper is structured as follows. In Section [2] we introduce the necessary
preliminaries and state our main result as Theorem i.e., for the binary case we completely determine the



minimum possible column multiplicity of A-divisible codes of length n for each A € {2,4,8}. Classification
results for even and doubly-even binary codes are obtained in Section [3| and used to conclude results for
triply-even binary codes in Section [d] We draw a brief conclusion in Section

All of the used arguments are completely theoretical and do not rely on any computer calculations. As
a verification and continuation we present computational results in Section [B]in the appendix. As a small
justification why some of our arguments are quite lengthy we also give some information on the combinatorial
richness of a special case in Section [A]

2 Preliminaries

For a prime power ¢ let F; be the finite field with g elements. Let V' >~ Fy be a v-dimensional vector space
over F, and PG(v — 1, q) the projective space associated to it. By a k-space of PG(v — 1,¢) we mean a
k-dimensional linear subspace of V', also using the terms points, lines, planes, and hyperplanes for 1-, 2-,
3-spaces, and (v — 1)-spaces, respectively. We define a multiset M of points via its point multiplicities
M(P) € N for each point P. We allow the addition, subtraction, and scaling with rational factors of
multisets of points componentwise as long as the resulting point multiplicities are all natural integers. For
an arbitrary subspace K in PG(v — 1,¢) we define M(K) := 3, M(P), where we write A < B if Ais a
subspace of B and the summation is over all points P. With this, we define the cardinality or size of M as
H#M = M(V), i.e. as the sum over all point multiplicities M(P). A multiset M of points in PG(v — 1, q)
is called spanning if (P : M(P) > 1>Fq = F;. The maximum occurring point multiplicity of M is denoted
by v1(M), or just ; whenever M is clear from the context. More generally, for each 1 < i < v we denote
by ~;, more precisely «;(M), the maximum of M(K) where K runs over all i-spaces. Le., v, = #M.

To each multiset M of n points in PG(v — 1,¢q) we can assign a g-ary linear code C (M) defined by
a generator matrix whose n columns consist of representatives of the n points of M. It is well-known,
see e.g. [DS9g], that this relation between C'(M) and M associating a full-length linear [n,v], code with a
multiset M of n points in PG(v—1, ¢) induces a one-to-one correspondence between classes of (semi-)linearly
equivalent spanning multisets of points and classes of (semi-)linearly equivalent full-length linear codes. The
maximum point multiplicity v; of a multiset M of points is the same as the maximum column multiplicity
of the corresponding linear code C (given an arbitrary generator matrix). So, C is projective iff M is indeed
a set, i.e., M(P) <1 for all points P.

A linear code C is said to be A-divisible, where A € N4, if all of its weights are divisible by A. A
multiset M of points is called A-divisible iff its corresponding linear code C(M) is A-divisible. More directly,
a multiset M of points is A-divisible iff we have M(H) = #M (mod A) for all hyperplanes H. As for binary
linear codes we speak of even, doubly-even, and triply-even multisets of points in PG(v — 1,2) when they
are 2-, 4-, and 8-divisible, respectively.

If M is a multiset of points in PG(v — 1,¢) and K some subset of all points (usually a subspace in
PG(v — 1,¢)), then M|k denotes the restriction of M to K, i.e., M|g(P) = M(P) for all P < K and
M|k (P) = 0 otherwise. If K is a hyperplane then the restricted multiset M|g inherits divisibility with a
small divisibility constant, see e.g. [HKKIS8| Lemma 7].

Lemma 1. Let M be a A-divisible multiset of points in PG(v — 1,q). If q divides A, then M|y is (A/q)-
divisible for each hyperplane H.

Of course we can apply the lemma recursively so that M|g is (A / qi)-divisible for each subspace S of
codimension i, i.e., dimension v — 4, if A is divisible by ¢*.

For an arbitrary subspace K we denote by y its characteristic function, i.e., xx(P) = 1 iff P < K
and x i (P) = 0 otherwise. The support supp(M) of a multiset of points M is the set of points that have
non-zero multiplicity.

For a given multiset M of points in PG(v — 1,¢) we denote by a; the number of hyperplanes H such
that M(H) = 4. If M is spanning, then we have axr = 0. We say that M has dimension k if its span is
a k-dimensional subspace K. By considering M restricted to K = PG(k — 1,¢) we can always assume that



M is spanning if we choose a suitable integer for k. For the ease of notation we assume that M is spanning
in PG(k — 1, ¢) in the following. Counting the number of hyperplanes in PG(k — 1, ¢) gives

k
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and counting the number of pairs of points and hyperplanes gives
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By A; we denote the number of points P such that M(P) = 4, so that

k
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and
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Double-counting the incidences between pairs of elements in M and hyperplanes gives

Z (;) a; = (#é\/l> . qkq_i—ll +q"2. ZZ: (;) i (5)
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We call the equations — the standard equations for multisets of points. If M is a set of points, then

Equation simplifies to
Z 7 - #M L]ki2 —1
—\2/"" \ 2 q—1
and is complemented to the standard equations (for sets of points) by equations and . We call the
vector (a;);cy the spectrum of M. As an abbreviation we set [k], := (¢* — 1) /(¢ — 1) for all k € N.

If all hyperplanes have the same multiplicity, then there is a well known classification of the corresponding
multisets of points. In order to keep the paper self-contained we give a direct proof.

Lemma 2. Let M be a spanning multiset of points of cardinality n in PG(k—1,q) such that every hyperplane
H has multiplicity M(H) = s. Then, we have M(P) =t for every point P, wheret = n/[kl,. If k > 2, then
we additionally have s = t[k — 1],.

Proof. If k = 1, then we can choose t = n. The unique point P then satisfies M(P) = #M = n =t. Now
assume k > 2. Equation gives as = [k|q, so that Equation yields s[k]y = n[k —1]4. If k = 2, then
we have M(P) = s = t[k — 1], =t for every point P since every hyperplane is a point for k = 2. For k > 3
double-counting the points of M via the hyperplanes that contain P gives M(P) = t. O

Proposition 3. Let 0 < I < r be integers and M be a q"-divisible multiset of points in PG(v — 1,q) of
cardinality n = ¢* - [r +1 — ll4. Then, there exists a (r +1 —1)-space K such that M = ¢ xk.

Proof. If | = r, then M is ¢"-divisible with cardinality ¢", so that M corresponds to a ¢"-fold point. If
I < r, then we have ¢" < n < 2¢" and all hyperplanes that do not contain all points of M have the same
multiplicity so that we can apply Lemma [2} O

Corollary 4. Let M be a A-divisible multiset of points in PG(v — 1,2) of cardinality n.
o [fA =2 andn =2, then M is the characteristic function of a double point.

o [fA =2 andn =3, then M is the characteristic function of a line.



o [fA =4 andn =4, then M is the characteristic function of a 4-fold point.

o [fA =4 andn =6, then M is the characteristic function of a double line.

o [fA =4 andn =7, then M is the characteristic function of a plane.

o If A =8 and n =8, then M is the characteristic function of an 8-fold point.
o [fA =8 andn =12, then M is the characteristic function of an 4-fold line.
o [fA =8 andn =14, then M is the characteristic function of a double plane.
o [f A =8 andn =15, then M is the characteristic function of a solid.

If M is a multiset of points and @ a point in PG(v — 1, ¢), where v > 2, then we can construct a multiset
Mg in PG(v—2, q) by projection trough @, that is the multiset image under the map P — (P, Q)/Q setting
Mo(L/Q) = M(L)—M(Q) for every line L > P in PG(v—1, k). We directly verify the following properties:

Lemma 5. Let M be a spanning A-divisible multiset of points in PG(k — 1,q), where k > 2, and let Mg
arise from M by projection through a point Q. Then we have # Mg = #M — M(Q), Mg is A-divisible,
the span of Mg has dimension k — 1, and v1(Mg) = M(L) — M(Q), where L is a line containing Q and
mazimizing M(L).

In the binary case also 2"-divisible multisets of points of cardinality 2"+! can be characterized easily for
each r € N. We first state an auxiliary result that is also used later on.

Lemma 6. Let M be a spanning multiset of points in PG(k — 1,q) with cardinality n, 1 <1 < k — 2,
and K be an arbitrary [-dimensional subspace. If all hyperplanes containing K have cardinality s, then

M(K)=s— % + qk,ﬁif(sq_l) > 5 — 2:18. If all hyperplanes containing K have cardinality at least s, then
M(K)287%+Wﬂfm>572:f'

Proof. Counting points via the hyperplanes containing K yields
[k =1lq- (s = M(K)) = [k =1 = 1]g - (n = M(K))
in the first case. Solving for M(K) yields
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In the second case the same reasoning yields
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Proposition 7. Let r > 1 be an integer and M be a 2"-divisible multiset of points in PG(v — 1,2) with
cardinality 2"+1. Then, either M = 2"t . xp for a point P or there exist subspaces K and E < K with
r+1>dim(E) = dim(K) —1 > 1 such that M = 2r+1-dim(E) “XK\E = ortl—dim(E) .y o — grtl—dim(E)

Proof. Let k be the dimension of the span of M. If k = 1, then there clearly exists a point P with
M =2"t1.yp. For k > 2 the standard equations yield ap = 1 and asr = 2%k — 9. We choose E as the unique
hyperplane with multiplicity zero (and K as the entire ambient space). If P is a point with M(P) > 0, then
Lemma |§| yields M(P) = 2"=%+2_ Since there are exactly 2¥~! points outside of FE, all points P outside of
E have multiplicity 27 —*+2 = gr+1-dim(E) O



In other words, the corresponding multisets of points are suitable multiples of affine spaces or are given
by 2"*!-fold points, which might be considered as a degenerated case. We remark that the corresponding
situation for ¢ > 2 is more complicated, see papers on the so-called cylinder conjecture [DBDMS19, [KM21].

Definition 8. By I';(A,n) we denote the minimum of (M) over all A-divisible multisets of points M
in PG(v — 1,q) with cardinality n, where v is sufficiently large. If no such multiset of points exist we set
I'y(A,n) = oc0.

In [War81l Theorem 1] it was shown that each (p°d)-divisible code over a finite field with characteristic p,
where ged(p, d) = 1, is a d-fold repetition of a p°-divisible code. So it suffices to determine I'j(A, n) for the
cases when A has no non-trivial factor that is coprime to ¢. In [KK20, Theorem 1] the possible (effective)
lengths of ¢"-divisible codes over I, were completely characterized for all » € N. In order to state the result
we need a bit more notation. For each r € N and each integer 0 < i < r we define s,(r,4) := ¢' - [r —i + 1],.
Note that the number s,(r, ) is divisible by ¢* but not by ¢**. This allows us to create kind of a positional
system upon the sequence of base numbers S;(r) := (sq(r, 0), s4(r,1),...,sq(r, r)) With this, each integer
n has a unique Sy(7)-adic expansion

-
n= Z eisq(r,1)
i=0

with eg,...,eq—1 € {0,...,q—1} and leading coefficient e, € Z. Rewritten to our geometrical setting [KK20l
Theorem 1] says:

Theorem 9. Forn € Z and r € N the following are equivalent:
(i) For sufficiently large v there exists a q"-divisible multiset of points of cardinality n in PG(v — 1, q).
(i1) The leading coefficient e, of the Sy(r)-adic expansion of n is non-negative.

Since the S3(2)-adic expansion of 9 is given by 1-7 4 1.6 — 1 -4, there is no 4-divisible multiset of
points with cardinality 9 in PG(v — 1, 2), where the dimension v of the ambient space is arbitrary. A direct
implication of Theorem [9] is:

Proposition 10. We have I'3(2,1) = oo, I'2(4,n) = oo for n € {1,2,3,5,9}, and I'3(8,n) = oo for
ne{l,2,3,4,5,6,7,9,10,11,13,17,18,19, 21, 25, 33}.

For A € {2,4, 8} the possible cardinalities of A-divisible sets of points over Fy are completely determined,
see e.g. [HKK1S8] and [HKKW19l Theorem 2], where it was shown that no binary 8-divisible projective linear
code of effective length 59 exists. In our context this implies:

Proposition 11. We have I'2(2,n) =1 iff n > 3, T'2(4,n) =1 iff n € {7,8} orn > 14, and T'3(8,n) =1 iff
n € {15,16,30, 31,32, 45, 46, 47, 48, 49,50, 51} or n > 60.

We can use the corresponding examples to construct multisets of points of larger divisibility or larger
cardinality. If M is a A-divisible multiset of points in PG(v — 1,¢), then ¢ - M is a gA-divisible multiset
of points in PG(v — 1, ¢) with cardinality ¢ - #M and maximum point multiplicity ¢ - y1(M). Using the
decomposition Fy' @Fy? = 12 we can also combine two A-divisible multisets of points M; in PG(v1—1, ¢),
where i = 1,2, to a A-divisible multiset of points in PG(v; + vy — 1,¢) with cardinality #M; + #My and
maximum point multiplicity max{y; (M), v1(Mz)}. Applied recursively we obtain:

Proposition 12.

(i) We haveT'9(2,2) = 2,3(4,n) = 2 forn € {6,10,12,13}, and T'2(8,n) = 2 forn € {14, 28,29, 34, 36, 38,
40,42, 43,44,52, 53,54, 55,56, 57, 58, 59}.

(i) We have T'y(4,n) <4 forn € {4,11} and T'3(8,n) < 4 for n € {12,20,24, 26,27,35,39,41}.
(i1i) We have I'y(8,n) < 8 for n € {8,22,23,37}.



The main goal of the remaining part of this paper is to show that the upper bounds in (ii) and (iii
are indeed sharp, see Theorem We remark that the constructions used in [KK20] imply T';(¢",n) < r
whenever I';(¢",n) # co and r € N.

Theorem 13.

o We have'3(2,1) = 0o, I'2(4,n) = 0o forn € {1,2,3,5,9}, and'3(8,n) = 0o forn € {1,2,3,4,5,6,7,9,
10,11,13,17,18, 19, 21,25, 33} .

o We have T'a(2,n) = 1 iff n > 3, T2(4,n) = 1 iff n € {7,8} ormn > 14, and T2(8,n) = 1 iff n €
(15,16, 30, 31, 32, 45, 46, 47, 48, 49,50, 51} or n > 60.

e WehaveT'5(2,2) =2,T5(4,n) =2 forn € {6,10,12,13}, andT'2(8,n) = 2 forn € {14, 28,29, 34, 36, 38,
40,42, 43, 44,52, 53,54, 55, 56, 57, 58, 59}.

o We have I'y(4,n) =4 forn € {4,11} and T'2(8,n) =4 for n € {12,20,24,26,27,35,39,41}.
e We have T'2(8,n) =8 forn € {8,22,23,37}.

Another tool that we can use in the task of proving Theorem [13]is the classification of A-divisible codes
spanned by codewords of weight A [KKar]. An exemplary implication is:

Lemma 14. Let C be a binary code with non-zero weights in {8,16,24} that is spanned by codewords of
weight 8. Then, we have

As €{0,1,2,3,4,6,7,8,9,10,11,13,14,15,16,17, 18, 21, 22, 25, 29, 30, 31, 33, 37,45}
for the number Ag of the number of codewords of weight 8 in C' (including the case that C' is empty).

Proof. We apply the classification of [KKar]: The possible weight enumerators of the indecomposable sub-
codes are given by 1 + 128, 1 4+ 328, 1 4+ 728, 1 + 1528, 1 4 628 + 126, 1 4 1028 + 5216, 1 + 1428 4 1216,
14 302% + 1216, 1 + 1528 + 1520 + 1224, and 1 + 2128 + 3526 + 7224, Combining two such blocks with
maximum weight 8 gives the further possibilities 1 +228 4+ 1216, 14428 + 3216, 1 +828 + 7216, 14228 + 1216,
1+ 1628 + 1521, 1 4+ 228 + 126, 1 + 628 + 9216, 1 + 102% + 21216, 1 + 1828 + 4526, 1 + 1428 + 49216,
1+ 2228 4 105216, and 1 + 302% + 2252'6. Combining these or a block with maximum weight 16 with
a block with maximum weight 16 further possibilities 1 + 7% + 720 + 1224, 1 + 928 + 19216 + 3224,
1+ 1328 4 43216 4+ 7224, 1 4 2128 + 91216 + 15224, 1 + 1128 + 1526 4 5224, 1 + 728 + 7216 + 1224,
14 1328 + 35216 4 15224, 1 + 1728 + 75216 + 35224, 1 4 252% + 155216 + 75224, 1 + 1528 + 15216 4 1224,
1+ 172% + 43216 + 3224, 1 + 212 + 99216 + 7224, 1 + 2928 + 211216 + 15224, 1 + 3128 + 31216 + 1224,
143328 + 91216 4+ 3224, 1 + 3728 + 211216 4+ 7224, and 1 + 4528 + 451216 + 15224, O]

3 Classification results for even and doubly-even multisets of points

A few classification results are already stated in Corollary [l Here the characterized multisets of points are
given by A - xx for some subspace K. For n > 3 another construction of a spanning even set of n points in
PG(n — 2,2) is given by a so-called projective base B,, of size n, i.e., a set of n points such that each n — 1
points span an (n — 1)-space.

Proposition 15. Let M be a 2-divisible multiset of points in PG(v — 1,2) with cardinality 5. Then either
M= xr+2-xp, where L is a line and P a point, or M is the characteristic function of a projective base
Bs of size 5.

Proof. If there exists a point P with M(P) > 2, then M — 2. xp is also 2-divisible with cardinality 3, so
that we can apply Proposition [3| Thus, we can assume 7, (M) = 1 in the following so that the standard
equations yield k& = 4 for the dimension of the span of M. Since 71(M) = 1 no three points form a line
L (since otherwise M — x, would be the characteristic function of a double point). Finally, 2-divisibility
implies that no four points can span a plane, which is a hyperplane in our situation. O



Proposition 16. Let M be a 2-divisible multiset of points in PG(v — 1,2) with cardinality 4. Then either
M =2-xp, +2-xp, for two points Py, P> (that may also be equal) or there exists a plane E and line L < E
with M = Xg — XL = XB\L-

Proof. This is a special case of Proposition O

Proposition 17. Let M be a 2-divisible multiset of points in PG(v — 1,2) with cardinality 6. Then either
M contains a point of multiplicity at least two, M 1is the characteristic function of a projective base Bg of
size 6, or M = x1, + XL, for two (disjoint) lines Ly, Lo.

Proof. If there is no point of multiplicity at least two, then we have v (M) = 1, which we assume in the
following. If M contains three points forming a line L, then M — x, is also 2-divisible of cardinality 3, so
that we can apply Proposition [3] In the remaining part we can assume that each three points span a plane
and denote the dimension of the span of M by k. Since each line contains at most two points of M we
have k > 4. If k = 4, then there has to be a plane F containing four points. Since no three points of M|g
form a line there exists a line L < E such that M|g = xg — xr = xg\r- However, then M|g is 2-divisible,
c.f. Proposition and M — M|g = 2 xp for a suitable point P. Thus, it remains to consider the case
k = 5. Here 2-divisibility implies M(E) < 3 for every plane E since otherwise M((E, P)) = 6 for each point
P ¢ E with M(P) = 1, which contradicts & = 5. Moreover, no five points can span a solid, which is a
hyperplane for k = 5. O

In the case where M contains a point P of multiplicity at least two we can apply Proposition to
M—-2- XP-

Proposition 18. Let M be a 2-divisible multiset of points in PG(v — 1,2) with cardinality 7. Then either
M contains a point of multiplicity at least two, there exists a line L such that M — xr, > 0, or M is the
characteristic function of a projective base By of size 7.

Proof. W.l.o.g. we assume y1(M) = 1 and M(L) < 2 for every line L. If there would be a plane E with
M(E) > 4, then there would be a line L < E such that M|g = xp\z. However, in this case M| is
2-divisible and M — M|g would be 2-divisible with cardinality 3, which is possible for the characteristic
function of a line only. Thus, we assume M (FE) < 3 for every plane and that each three points of M span a
plane. Thus, we have k > 5 for the dimension of the span of M since the standard equations do not have a
solution with as = 0 for k = 4. For k = 5 there would be a solid S with M(S) = 5. Noting that M(L) < 2
for each line L < S and M(E) < 3 for each plane F < S we conclude that M|g would be a projective base
of size 5, so that M — M|g = 2. xp for a suitable point P, which contradicts our assumption. Thus, it
remains to consider the case k = 6. Here we have M(S) < 4 for each solid since otherwise M((S, P)) =7
for each point P ¢ S with M(P) = 1. From 2-divisibility we conclude M(H) < 5 for each hyperplane H, so
that M has to be the characteristic function of a projective base of size 7. O

In the case where M contains a point P of multiplicity at least two we can apply Proposition to
M—=2-xp. If aline L with M — xp > 0 exists, then can apply Proposition [16|to M — x;. We remark that
for each dimension 3 < k < 7 of the span of M there exists an up to symmetry unique example if we assume
v1(M) = 1. For even sets of points over Fs of cardinality n > 8 the classification gets more involved, see
[HHK™17| for computational resultsﬂ

Let M be a doubly-even multiset of points over Fy. Cardinalities n € {4,6,7} are characterized in
Corollary [ and cardinality n = 8 is characterized in Proposition[7] Due to Proposition [I0] we have #M > 10
for all other feasible cases.

Proposition 19. Let M be a 4-divisible multiset of points in PG(v — 1,2) with cardinality 10. Then there
either exists a point P with M(P) >4 or M = 2 - xp, where Bs denotes a projective base of size 5.

1Note that adding a parity check bit to an arbitrary binary linear code yields a 2-divisible linear code whose effective length
is increased by one, so that the classification of even sets of points over Fa is equivalent to the classification of sets of points
over Fa.



Proof. W.l.o.g. we assume (M) < 3 and that M is spanning with dimension k. From the standard
equations we compute a; = 2¥72 + 1 and ag = 3 -2¥"2 — 2, so that Ay > 1 since each hyperplane with
multiplicity 2 is 2-divisible, see Lemmal[l] and so contains a double point P,. If P is a point with multiplicity
3, then each hyperplane H containing Ps has multiplicity M(H) = 6, so that Lemma |§| yields k = 4 via
M(P3) = 2+2*F, For the line L spanned by P, and P3 we have M(H) = 6 for all hyperplanes H containing
L, so that Lemma [6] yields M(L) = 4 < M(P2) + M(P3) — contradiction. Thus, we have v;(M) = 2 and
k > 3 since (22 —1)-2 = 6 < 10. Moreover, k # 3 since M’ defined by M'(P) = 2 — M(P) is also 4-divisible
with cardinality 2 - (2]C - 1) — 10 = 4, which is impossible.

Let L be a line with M(L) > 3, which clearly exists due to Ay > 1 and A1 + Ay > 2. Each hyperplane H
containing L has multiplicity M(H) = 6, so that Lemma |§| yields M(L) = 4 and k = 4. With this, solving
the standard equations gives A\; = 0 and Ae = 5. Thus, % - M is 2-divisible with cardinality 5 and we can
apply Proposition O

Using Corollary [4 and Proposition [I9] we conclude:

Corollary 20. Let M be a 4-divisible multiset of points in PG(v — 1,2) with cardinality 10. Then, we have
M(P) € {0,2,4,6} for every point P.

Lemma 21. Let 0 <[ < r be integers and M be a spanning q"-divisible multiset of points in PG(k — 1,q)
™ - l 24r—k
of cardinality n = q' - % +q". Then v1(M) = ¢ or y(M) =q" — qugfik.

r+1-1_q - ! gml—1
T —"—4q and mg :=¢"- )

Due to Lemma [2[ both multiplicities indeed occur. If H is a hyperplane with multiplicity M(H) = mg =

r—1
g -4 q71717 then Proposition [3|implies the existence of an (r — [)-dimensional subspace S’ in H with M|y =

q

Proof. The possible hyperplane multiplicities are m; := ¢*- =n—2q".

¢' - xs. Thus we have v;(M) > ¢'. If P is a point with multiplicity M(P) > ¢, then each hyperplane
through P has cardinality m;. Lemma [f] yields

ql _ q2+7‘—k

qg—1

qk_Q '[k_l]q:qr_

O

Proposition 22. Let M be a 4-divisible multiset of points in PG(v — 1,2) with cardinality 11. Then,
M=xg+4-xp, where E is a plane and P a point.

Proof. Since no 4-divisible set of 11 points in PG(v— 1, 2) exists, Lemma [21|implies v; (M) = 3+22+7=F > 4,
where k is the dimension of the span of M and r = 2. Reducing the multiplicity of a point P with maximum
multiplicity by four gives a 4-divisible multiset of points with cardinality 7, which is the characteristic
function of a plane by Proposition [3] O

Proposition 23. Let M be a 4-divisible multiset of points in PG(v — 1,2) with cardinality 12. Then either
there exists a point with multiplicity at least four or all points have even multiplicity.

Proof. W.l.o.g. we assume v, (M) < 3. Assume that P is a point with multiplicity M(P) = 3. If H is a
hyperplane with P < H and M(H) = 4, then we can apply Proposition [16|to conclude a contradiction since
M|y is 2-divisible, see Lemma Thus, all hyperplanes containing P have multiplicity 8 and Lemma |§|
yields a contradiction. So, we conclude (M) = 2 from Proposition

Denoting the dimension of the span of M by k we conclude k > 3 from 2- (2k — 1) > 11. Moreover, k # 3
since M’ defined by M'(P) = 2 — M(P) is also 4-divisible with cardinality 2 -7 — 12 = 2 otherwise, which
is clearly impossible. Now assume that Pj is a point with multiplicity 1 and P, a point with multiplicity 2.
Consider the line L spanned by P; and P». Now observe that M(H) # 4 for each hyperplane H containing
L since M|y is 2-divisible and Proposition [16| would yield a contradiction otherwise. Since we have Ay > 1
this implies A\; = 0. O



So, we can read off the explicit classification from Proposition [7] or Proposition

Proposition 24. Let M be a 4-divisible multiset of points in PG(v — 1,2) with cardinality 13. Then, either
M = xg +2-xL, where E is a plane and L a line, or there exists a projective base Bs of size 5 and a
point C' outside of the span of Bs such that M(C) = 3, M(Q) =1 if there exists a point P in Bs such that
Qe (P,C), Q#C, and M(Q) =0 otherwise.

Proof. Since no 4-divisible multiset of points in PG(v — 1,2) with cardinality 9 exists, we have v, (M) < 4
and k > 3 for the dimension k of the span of M. Due to Corollary [ it suffices to show the existence of a
plane E with M > xg. If k = 3, then we consider M’ defined by M’(P) = 3 — M(P). With this, M’ is
also 4-divisible, has cardinality 3 - (2k — 1) — #M = 8 and maximum point multiplicity at most 3. From
Proposition |z| we conclude 1 (M’) < 2, so that we can choose F as the ambient space. In the remaining
part we have k > 4. Since there is no 2-divisible multiset of cardinality 1, we can use the standard equations
to compute a5 = 52573 + 1, a9 =3-2F3 -2 and Ay =1 — 3\3 + 26%.

Assume that Py, P, are two different points with M(Py), M(Py) > 2. Let L be the line spanned by Py, P»
and H be an arbitrary hyperplane containing L. Since M|y is 2-divisible and contains both P; and Ps,
Proposition |15| yields M(H) = 9. Applying Lemma |§| yields M(L) =5+ 257% If k = 5, then Ay = 3 — 3\3
and the assumption Ay + Az > 2 implies A3 = 0 and Ay = 3, so that M > 2. x (using M(L) =6). If k =4,
then we have M(L) = 7 and A3 < 1 also implies M > 2 - x. Since 2 - x, is 4-divisible M — 2 -y, is also
4-divisible with cardinality 7, Corollary [] implies the existence of a plane E with M =2 x1 + x&-

If \g + A3 < 1, then Ay = 1 — 33 + 267% implies Ay = 0, \3 = 1, and k = 5. If P is a point
with multiplicity 1, then all hyperplanes containing the line L spanned by P and the unique point of
multiplicity 3 have multiplicity 9, so that Lemma |§| yields M(L) = 5. In other words there exist five
pairwise different lines L1, ..., Ls that all contain the unique point of multiplicity 3, denoted by Pj3, such

that M = —2xp, + Zle XL, If S is a solid, then S can contain at most three of the lines L; (using
M(S) <9) and intersects the others in a point. Thus, factoring out Ps from the L; yields a projective base
of size 5. O

Lemma 25. Let M be a 4-divisible multiset of points in PG(v — 1,2) with #M =15 and 2 < v (M) < 3
that does not contain a plane in its support. Then, we have k > 5 for the dimension k of the span of M and
there does not exist a line L' with M(P) > 2 for all points P in L'. Moreover, we have

ar = 7-2F3 41— 2as, (6)
a;n = 2% —24as, and (7)
az = (4+X+3xg) 2761 (8)

for the spectrum of M and the multiplicity M(S) of each subspace S of codimension 2 is odd.

Proof. Since v1(M) < 3 we have k > 3. If k = 3, then we consider M’ defined by M’(P) = 3 — M(P).
With this, M’ is 4-divisible with cardinality 6, to that Corollary 4| implies v, (M’) < 2. Thus, we can choose
E as the ambient space and have M > xg. In the remaining part we have £ > 4. The stated equations for
the spectrum can be directly concluded from the standard equations. If & = 4, then Ay + A3 > 1 implies
az > 1. Let H be a hyperplane with multiplicity 3 and L be a line such that M|z = xr. For the two other
hyperplanes H', H" that contain L w.l.o.g. we can assume M(H') = 7 and M(H") = 11. Since M|p is not
the characteristic function of a plane there exists a point P < H' with M(H') > 2 so that M|y —x.—2-xp
is a double point and we have Ay > 2. Thus, az € N implies Ao = 4, A3 = 0, and \; = 7. However, there
cannot be seven points of multiplicity 1 and two points of multiplicity 2 in H”.

If L’ is a line with M(P) > 2 for all points P in L', then M —2-x 1, would be 4-divisible with cardinality
9, which is impossible. If S is a subspace of codimension 2 then denote the three hyperplanes containing
S by Hy, Ha, Hs, so that #M + 2 - M(S) = M(H;y) + M(Hz) + M(Hs) =1 (mod 4) yielding M(S) =1
(mod 2). O

Lemma 26. Let M be a 4-divisible multiset of points in PG(v — 1,2) with #M =15 and 2 < v (M) < 3
that does not contain a plane in its support. There exist ag lines L; sharing a common point B such that



M(P) =1 for all points P contained in one of the lines L; and A\ > 2a3 + 1. Moreover, we have k =5 for
the dimension k of the span of M.

Proof. Let H be a hyperplane of multiplicity 3 and L be a line with M|z = xr. If H' is another hyperplane
with multiplicity 3 and L’ a line with M|z = X1+, then we have L # L’ since otherwise M(HNH') = 3 and
the third hyperplane containing H N H’ would have multiplicity 15 = #M. So, there exist a3 lines L; such
that M(P) = 1 for all points P contained in one of the lines L;. Moreover any two such lines L; intersect
in exactly a point.

So, if az < 2, then there exist exist a3 lines L; sharing a common point B such that M(P) = 1 for all
points P contained in one of the lines L; and Ay > 2a3 + 1.

If there exist three of the lines L; with pairwise different intersection points, then they span a plane E
with six points of multiplicity 1 noting that the 7th point P has multiplicity 0 since M does not contain a
plane in its support. Since the multiplicity of every subspace of codimension 2 is odd we have k > 6, see
Lemma With this Equation yields ag > 4. The fourth line L; also has to be completely contained in
FE, which is impossible.

Thus, in general all lines L; intersect in a common point B and we conclude A; > 2a3 + 1. Due to
Lemmait remains to show k& < 5. From Ay + A3 > 1 we conclude A\; < 13 and a3 < 6, so that Equation ({])
implies k < 6. If k = 6, then Equation (8)) gives ag > 4. Let S be a solid spanned by three of the lines L;. If S
also contains a fourth line L;, then we have M(S) > 9 and all three hyperplanes containing S have multiplicity
11 and indeed M(S) = 9. Let H be one of these hyperplanes that contains a point ) with multiplicity at
least 2, so that indeed M(Q) = 2. W.l.o.g. we assume that the four lines in S are labeled L1, ..., Ly. Note
that M|m, 2-xqQ, XL, and X(z,uL,)\ B are 2-divisible so that M|y —2-XqQ — XL, = X(L,uLs)\B = XL,\B 18 also
2-divisible, which is a contradiction. Thus, any four lines L; span a hyperplane H with multiplicity 11. Pick
one of these and solid S that intersects these four L; in exactly point B, so that M(S) € {1,3}. If M(S) =1,
then the two other hyperplanes that contain S have multiplicity 3, which would imply y1(M) =1 < 2. If
M(S) = 3, then one of the other two hyperplanes containing S has multiplicity 3 and one has multiplicity
7, which implies az > 5. With this, Equation gives az = 5, Ay = 11, Ay = 2, and A3 = 0. Let H denote
the 16 hyperplanes not containing B. Since 5-1+2-2 =9 < 11 we have M(H) € {3,7} for all H € H, so
that 8- 14 =3y (M(H) —1) > 6 - 16 — contradiction.

Thus, we have £ < 5 and Lemma gives k = 5. O

Proposition 27. Let M be a 4-divisible multiset of points in PG(v — 1,2) with cardinality 15. Then either
there exists a point of multiplicity at least 4, v1(M) = 1, or there exists a plane E with M > xg.

Proof. W.l.o.g. we assume 2 < -, (M) < 3 and that M does not contain a plane in its support. Lemma
states k = 5 for the dimension of the span of M, so that Equation yields ag > 2. Using the notation
from Lemma [26] consider the plane E := (L1, Lo) with M(E) > 5. Due to Lemma 25| M(E) is odd. Since
M does not contain a plane in its support we have M(E) € {5,7}. If M(E) = 7, then there exists a
point P < E with multiplicity M(P) = 2. However, F is contained in a hyperplane H of multiplicity
7and M|lg —2-xp — XL, = Xr,\B is 2-divisible — contradiction. Thus, M(E) = 5 and for the three
hyperplanes Hy, Hy, H3 containing E we can assume w.l.o.g. M(H;) =7, M(Hs) = 7, and M(H;) = 11.
Since M| g, — x1, is 2-divisible for ¢ = 1,2 we have v;(H;) = 1. Now let P < Hj be a point of multiplicity at
least 2, so that M| g, —2-xp — X1, is 2-divisible with cardinality 6, so that Propositionimplies Ao+Az > 2.
With this we conclude A\ = 11, Ao = 2, A3 = 0, and (a3, ar,a11) = (2,25,4). For two hyperplanes H, H' of
multiplicity 11 let E’ denote their intersection. Counting points gives M(E’) > 7. Since M does not contain
a plane in its support we have M(E’) = 7, so that the third hyperplane H” containing E’ has multiplicity
7 and contains a double point P. So, M|g» — 2 - xp is 2-divisible with cardinality 5 and dimension at
most 3. Using Proposition [15[ we conclude that E’ contains both points of multiplicity 2 and three points
of multiplicity 1 that form a line. Let L’ be the line spanned by the two double points and @ be the third
point in the line, so that M(Q) = 1 and M(L") = 5. Each of (3) = 6 pairs of hyperplanes of multiplicity 11
yields a different plane E’ > L', so that \; > 1+ 6 -2 = 13, which is a contradiction. O

We remark that if a 4-divisible multiset of points M in PG(v — 1,2) with cardinality 15 contains a point
P with multiplicity at least 4, then M —4 - xp is also 4-divisible with cardinality 11, so that Proposition
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implies the existence of a plane in the support of M. For 7;(M) = 1 the possibilities have been classified
in [HKK19a]. Except for a single case all point sets also contain a plane in its support. We summarize the
result in:

Corollary 28. Let M be a 4-divisible multiset of points in PG(v — 1,2) with cardinality 15. Then either
there exists a plane E and a 4-divisible multiset of points M’ in PG(v — 1,2) with cardinality 8 such that
M = xg + M’ or there exists a projective base By of seven points and a point P outside of (Br7) such that
M(Q) =1 iff there is a point P’ in B7 with Q < (P', P) and M(Q) = 0 otherwise.

Lemma 29. Let M be a 4-divisible multiset of points in PG(v — 1,2) with cardinality 16 and v, (M) < 3.
Then, we have A3 < 4 and Ao + 3A3 < 12. If A3 < 4, then A3 < 2.

Proof. W.l.o.g. we assume 7y, (M) = 3. Note that Ay < % implies Ay +3X3 < 8+ % < 12.5 for A3 < 3.
So, let Py, Py, P35 be three arbitrary different points with multiplicity at least 2. If they form a line L, then
M — 2. xp is 4-divisible with cardinality 10, so that Corollary [20] yields a contradiction. Thus, any three
points with multiplicity at least two span a plane E. If E contains a fourth point of multiplicity at least 2,
then they form an affine plane A, so that we can apply Proposition [7] to conclude the statement. Since there
is no 4-divisible multiset of points with cardinality [3]z -3 — #M = 7-3 — 16 = 5, we have k > 4 for the
dimension of the span of M. For the case k = 4 consider a plane F spanned by three points of multiplicity
3. Since M(E) > 9, we have M(FE) = 12. However, the three different lines spanned by the three pairs of
the considered three points of multiplicity 3 have even cardinality and the third point has multiplicity at
most 1, so that E contains three points with multiplicity 0 that form a line L’. Since the fourth point in
E\L’ has multiplicity at most 1, we obtain the contradiction M(E) < 10. Thus, we can assume k > 5 in
the following.

Let E be a plane spanned by three points of multiplicity 3. Since M(E) > 9 we have M(H) = 12 for
every hyperplane H containing E, so that Lemma |§| yields M(E) = 8 +26=%_ An arbitrary line L that is
contained in hyperplanes of multiplicity 12 only has multiplicity M(L) = 8 +2°%, which is impossible. Now
assume k = 5 for a moment, so that M(E) = 10 and E contains an additional point @ with multiplicity 1. If
there would be a line I < E with multiplicity 7, then for a hyperplane H > L with multiplicity 8 we would
have that M|y — x1, is 2-divisible with cardinality 5 containing two double points — contradiction. Thus, the
four points with non-zero multiplicity in E form an affine plane, i.e., M|g is 2-divisible. So, for each of the
three hyperplanes H containing F we have M(H) = 12 and M|y — M|g is 2-divisible with cardinality, i.e.,
a double point. Thus, we conclude A3 = 3, Ao = 3, and A\; = 1. However, for a line L spanned by two points
P’ P"” of multiplicity 3 we have M(L) = 6 there exists a hyperplane H > L with multiplicity M(H) = 8.
Thus, M|y —2-xpr — 2 xpr is 2-divisible with cardinality 4 containing at least two points of multiplicity
2, so that Proposition [7| yields the existence of two points with multiplicity 1 outside of L. This contradicts
A1 = 1 and it remains to consider the case k = 6. Here the plane E spanned by three points of multiplicity
3 has multiplicity 9 and any solid containing S has multiplicity 10. Thus, we have A3 = 3, Ay = 0, and
A1 = 7. Now consider a line L spanned by two points of multiplicity 3, so that M(L) = 6, and let H > L
be a hyperplane with multiplicity 8, so that Proposition [7| yields that M|y spans a plane E’ and the four
points of non-zero multiplicity form an affine plane. Let S be the solid spanned by E’ and the third point
of multiplicity 3, so that M(S) > 8 + 3 = 11, which is impossible for k = 6. O

Lemma 30. Let M be a 4-divisible spanning multiset of points in PG(k—1,2) with cardinality 16, y1 (M) =
3, and Aa > 2. Then, we have (A1, A2, A3) € {(7,37 1),(6,2,2), (9,2,1)}.

Proof. Let Py, Py, P3 be three arbitrary different points with multiplicity at least 2. If they form a line L,
then M — 2 -y, is 4-divisible with cardinality 10, so that Corollary yields a contradiction. Thus, any
three points with multiplicity at least two span a plane E. If E contains a fourth point of multiplicity at
least 2, then they form an affine plane A, so that we can apply Proposition [7] to conclude the statement.
Assume M(Py) = 3, M(P,) = M(P;) = 2, and that each plane contains at most three points of multiplicity
at least 2 in the following. Since there is no 4-divisible multiset of cardinality 9, E contains at least one
point with multiplicity 0, so that 7 < M(FE) < 10. Since M|y is 2-divisible for any hyperplane H we have
M(H) = 12 if H > E, so that Lemma [6] yields M(E) = 8 + 25=% which implies M(E) € {9,10} and
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k € {5,6}. Since E contains only three points of multiplicity at least 2, we have ag = 0. With this, we
conclude Ay + 33 = 26-F. (3+ a12) — 8. Let @ be an arbitrary point outside of E and S be the solid
spanned by @ and E. If k =5 then M(S) = 12 and M(E) = 10 implies M(Q) < 2, so that A3 = 1. Using
A2 + 3A3 = 2a12 — 2 we conclude Ao = 1 (mod 2), so that Ay > 3. Now consider a plane E’ spanned by
three points of multiplicity 2. Since E’ does not contain a fourth point of multiplicity at least 2 we conclude
that every hyperplane H' > E’ has multiplicity 12. As before, we can conclude M(E’) = 10, which then
implies M(P) > 1 for all P < E — contradiction. It remains to consider the case k¥ = 6 where M(E) = 9
and M(S) = 10 for every solid S > E, so that Aa + A3 = 3. O

Lemma 31. Let M be a 4-divisible multiset of points in PG(v—1,2) with cardinality 17 and 2 < v (M) < 3.
Then, we have

as = 2k_3 + 2+ a3,
ag = T7-2F73 -3 2qy5,
A+3N3 = -5+ 26—k 3+ ais),

and k > 4. Moreover, each three points of multiplicity at least 2 span a plane and each four points of
multiplicity at least 2 span a solid.

Proof. Since no 2-divisible multiset of points of cardinality 1 exists, the multiplicities of the hyperplanes
are contained in {5,9,13}. From the standard equations we compute the stated equations. Clearly we have
k> 3. If k = 3, then M’ defined by M’(P) = 3— M(P) would be 4-divisible with #M’ = 4 and v, (M') < 3
— contradiction. If L’ is a line with M > 2y, then M — 2 - x» would be 4-divisible with cardinality 11,
so that Proposition 22| implies 71 (M) > 4 — contradiction. In other words each three points of multiplicity
at least 2 span a plane. If F' is a plane and L < F a line with M > 2 xp\r, then M — 2. xp\ would be
4-divisible with cardinality 9 — contradiction. Thus, any four points of multiplicity at least 2 span a solid. [J

Lemma 32. Let M be a 4-divisible multiset of points in PG(v—1,2) with cardinality 17 and 2 < (M) < 3.
Then there exists a point P with M(P) =2, k > 6, or A3 = 1.

Proof. Assuming Ay = 0 the standard equations yield

as = k=3 + 2+ a3,
ag = T- k=3 _3_ 2a13, and
3ds = (3+ay3)-207F -5,

where k denotes the dimension of the span of M. If k < 4, then A3 > 1 implies a3 > 21, so that ag < 0.
Assume k = 5 and A3 > 2. If A3 = 2, then 3\3 = (3 + a13) - 257% — 5 would imply that a;3 is fractional.
So, let Pi, P3, P3 be different points with multiplicity 3. They cannot form a line L since M — 2 - xp would
be 4-divisible with cardinality 11 but does not contain a point of multiplicity at least 4, which contradicts
Proposition22] So, let E be the plane spanned by Py, P, and P3. Clearly every hyperplane H containing E
has multiplicity at least 9. However, multiplicity 9 is impossible, since otherwise M|y — Zle 2 xp, would
be 2-divisible of cardinality 3, so that Corollary {4 yields that P;, P>, Ps form a line — contradiction. Thus,
we have M(E) = 11, which implies A3 = 3, \y = 8, a13 = 4, a5 = 9, and ag = 17. Now let L < E be a
line with multiplicity 7, so that M|, is 2-divisible and all 7 hyperplanes containing L have multiplicity 13 —
contradiction. O

Lemma 33. Let M be a 4-divisible multiset of points in PG(v—1,2) with cardinality 17 and 2 < (M) < 3.
If there exists a line L consisting of three points P; with M(P;) = i for 1 < i < 3, then we have k = 5,
AM =9 =1 A3=2,a13 =3, ag =19, and a5 = 9. Up to symmetry a unique representation of M is
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given by the columns of

111 1 111 1 00 O 00 00 00
000 1 111 0 11 0 00 00 11
000 0 111 1 00 1 01 01 O1
000 0 000 O 00 O 11 00 11
000 0 000 O 00 O 00 11 11

Proof. Since M(L) = 6 # #M (mod 2), Lemma [I| implies & > 5. Assume that @ is another point with
M(Q) > 2 and consider the plane E spanned by L and Q. If H > E is a hyperplane with multiplicity 9,
then M' := M|y — xz —2- xp, — 2 - x¢o would be 2-divisible with cardinality 2, so that Proposition
implies that M’ = 2 - xp for some point P. However, we have M’(P,) = 1 — contradiction. Thus, every
hyperplane H > FE has multiplicity 13, so that Lemma@ yields M(E) =9 4 26—*.

If Kk = 5, then M(E) = 11 and the other six planes E’ containing L have multiplicity 7, so that all
points of multiplicity at least 2 are contained in E. Lemma [31] then yields Ao + A3 = 3, so that Ay + 33 =
—5+267% . (3 + a13) and ay3 > 3 implies Ay = 1, A3 = 2, \; = 9, and a;3 = 3. Using the equations in
Lemma |31) we then compute ag = 19 and a5 = 9.

If k = 6, then M(F) = 10 and each solid S > E has multiplicity 11. Thus, as before, we conclude that all
points with multiplicity at least 2 are contained in F and Ay + A3 = 3. Let Ry, Ro, R3 be pairwise different
points such that M|g—xr —2-xp, —2-XQ = Zle XR;- For any two points Z;, Z, of multiplicity 1 outside
of E there exists a third point point Z3 (depending on Z; and Zs), so that M|y = M|g + Z?:l Xz, for
the hyperplane H = (E, Zy, Z3) and M’ := 2?21 XRr; t 2?21 Xz, is 2-divisible consisting of six different
points of multiplicity 1. Now we apply Proposition If M’ is the sum of the characteristic functions of
two disjoint lines, then one of the two lines has to be contained in FE, i.e., the R; form a line. In that case,
also the Z; have to form a line for each choice of a pair {Z1, Z>}, so that the seven points of multiplicity 1
outside of F form a disjoint plane E’. However, then we can apply Proposition [19[to M — xg = M|g to
obtain a contradiction. Thus, M’ is a projective base of size 6 in all cases. This is impossible as it can be
seen using coordinate representations: W.l.o.g. we assume R; = e; for 1 < i < 3, where e; denotes the jth
unit vector. Since M is spanning, we assume w.l.o.g. that also e; are points of multiplicity 1 for 4 <1 < 6.
Choosing 4 < 7 < j < 6 the points ey, eg, 3, €;, €; are completed by e; + ez + e3 + e; + e; to a projective
base of size 6. However, e1, ez,e3,e1 + €2 + e3 + ¢; + e;,e1 + e2 + es + e; + ep, are completed by e; + ey, to
a projective base of size 6 for each {4, j, h} = {4,5,6}, which gives more than seven points of multiplicity 1
outside of ¥ — contradiction.

It remains to consider the case A3 = A2 = 1 and A\; = 12. The projection Mp, of M through P is
4-divisible with cardinality 15 and a unique point P’ of cardinality 4 (arising from P; and P3). However,
Proposition [22] yields a contradiction for Mp, —4 - xp:.

For the classification of the case k = 5, Ay = 9, A\a = 1, A3 = 2, a13 = 3, ag = 19, and a5 = 9, we
consider a projection Mp, of M through the unique point P, of multiplicity 2. Note that the line L is
mapped to a point @ with multiplicity Mp,(Q) = M(P3) + M(P;) = 4, so that Mp, — 4 - Xg is 4-divisible
with cardinality 11. From Proposition 22| we conclude the existence of a point @/ and a plane E' such that
Mp, =4- Xg T4 xg +xz- The preimage of @/ has to be a line L’ consisting of P, the second point of
multiplicity 3, that we denote by Pi, and a point P; of multiplicity 1. Since P, and P} are contained in E,
also Pj is contained in E. Let L:= (Py, Py), N be the third point in L, and A be the seventh point in E, i.e.,
the set of points in F is given by {Py, Py, P3, P{, P;, A, N}. Since M(E) = 11 we have M(A) + M(N) = 1.
Each of the three hyperplanes H;, Ho, Hs containing E has multiplicity 13 and consists of two points of
multiplicity 1 outside of E. By L; we denote the line spanned by those two points, where 1 < ¢ < 3. Since
k = 5 the line L; meets E in a point Z;. We will now determine Z; and show Z7 = Zs = Z3. Let Z; < L<E

be an arbitrary line and £ = <f/, Li> be a plane depending on the choice of L. Note that M(E) = M(L)+2

and M(E) = #M =1 (mod 2) due to Lemma [l Thus Z; cannot be contained in L or L/, which implies
Z; € {A,N}. Noting that N < (P3, P}) we then conclude Z; = A for all 1 < ¢ < 3, which then implies
M(A) =1 and M(N) = 0. For a parameterization of M we denote the ith vector by e; and choose w.l.o.g.
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A=e3, Po=e3, Py =e1,s0that P{ =e;+ey+e3, Py =e;+es, Pl =e;+ey, and N = es +e3. W.lo.g. we
choose Ly = (e3,eq4) and Lo = (e3,e5). From 4-divisibility we then conclude L3 = (e3,e2 + €4 + e5), which
can be seen e.g. by looking at the first 15 columns of the stated matrix and using the fact that the number
of ones in each row has to be divisible by 4. O

Lemma 34. Let M be a spanning 4-divisible multiset of points in PG(k — 1,2) with cardinality 17, Ay =0,
and v1(M) = 3. Then, we have A3 € {1,2} and a line spanned by two points of multiplicity 3 has multiplicity
6. If \3 =2, then k > 6.

Proof. Assume that L is a line consisting of two points of multiplicity 3 and one point of multiplicity 1.
Noting that M|y is 2-divisible and Ay = 0 we conclude M(H) = 13 for each hyperplane H > L. Since
M(L) =7 we have k > 4 and can use Lemma [f] to conclude M(L) > 9 — contradiction.

Due to Lemma @l it suffices to consider the case A3 > 3. W.l.o.g. we assume that the points with the
coordinates ej, eq, and ez have multiplicity 3, so that the points in (e; + ea, e; + e3) have multiplicity zero.
Set E := (e1,e2,e3) and @ := (e1 + ea + e3). Since no 4-divisible multiset of points of cardinality 9 exists,
we have M(Q) € {0,1} so that M(FE) € {9,10}. Note that M|g is not 2-divisible if M(E) = 9, so that
all hyperplanes H > FE have multiplicity 13 and Lemma |§| yields M(E) = 9 + 25% 5o that k£ = 6 and
M(E) =10, i.e., M(Q) = 1. So, M|g is 2-divisible and each hyperplane H > E has multiplicity 13 and is
given by M|y — M|g = xz, for some line L;. Since each point P with non-zero multiplicity is contained
in a hyperplane containing E we have M = M|g + Zg’zl X1, for three pairwise disjoint lines L; that are
disjoint to E. Now choose a hyperplane H containing E and L;. Since H intersects Lo and L3 in at least a
point we have M(H) > 15 — contradiction. O

4 The minimum possible point multiplicity for triply-even multi-
sets of points

Let M be an 8-divisible multiset of points in PG(v—1,2). From Corollarywe know 1 (M) =8if #M =8
and v (M) =4 if #M =12.

Lemma 35. Let M be an 8-divisible multiset of points in PG(v — 1,2) with cardinality 22. Then, we have
11 (M) > 8.

Proof. The possible hyperplane multiplicities are given by 14 and 6. If H is a hyperplane with M(H) = 6,
then Corollary [4] yields M|y = 2 - xr, for some line L. If P is a point with multiplicity M (P) > 2, then all
hyperplanes containing P have multiplicity 14 and Lemma |§| yields M(P) = 6 + 2°7% so that it suffices to
consider the case M(P) = 7. Since M|y —4- xp is 4-divisible with cardinality 10 and a point of multiplicity
3, Corollary [20] gives a contradiction.

It remains to consider the case 7;(M) = 1. Using the standard equations we compute Ay = 19 4 28
for the dimension k of the span of M, which clearly contradicts #M = 22. O

Lemma 36. Let M be an 8-divisible multiset of points in PG(v — 1,2) with cardinality 23. Then, we have
11 (M) > 8.

Proof. The possible hyperplane multiplicities are given by 15 and 7. If H is a hyperplane with M(H) =7,
then Corollary |4 yields M|y = xg for some plane E. If P is a point with multiplicity M(P) > 1, then
all hyperplanes containing P have multiplicity 15 and Lemma |§| yields M(P) > 7. However, not all all
hyperplanes can have multiplicity 15. O
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Lemma 37. Let M be an 8-divisible multiset of points in PG(v — 1,2) with cardinality 37 and (M) < 7.
Then, we have

a13 = 5~2k_4+2+a297
asn = 11-2F7% -3 - 2a99, and

9—|—28_k . (3+a29) (9)

7~
TN
DN .
N———
ke
I

=2

for the spectrum of M, where k is the dimension of the span of M. There do not exist a solid S’, a plane E’,
or a line L' such that M > xs/, M > 2-xg, or M >4 xp/, respectively. Moreover, we have vy, (M) < 3,
each point of multiplicity at most 3 is contained in a hyperplane with multiplicity 13, and k > 6.

Proof. Since there is no 4-divisible multiset of cardinality 5 the hyperplane multiplicities are given by 13,
21, and 29. With this, the stated equations follow from the standard equations. If a subspace S’, E’, or L/,
as specified in the statement would exist, then M — xg/, M —2-xg/, or M —4 - x, would be an 8-divisible
multiset of cardinality 22, 23, or 25, which is impossible due to Lemma [35, Lemma and Proposition

Assume that P is a point with M(P) > 4. Proposition [24] implies M(H) € {21,29} for each hyperplane
H containing P, so that Lemma |§| yields M(P) > 5, i.e., Ay = A5 = 0 and each point with multiplicity at
most 3 indeed has to be contained in a hyperplane of multiplicity 13. Double counting the points in the
hyperplanes containing P yields that P is contained in 2¥=° — 2 hyperplanes of multiplicity 29 if M(P) = 6
and 2F~* — 2 hyperplanes of multiplicity 29 if M(P) = 7. Thus, we have k > 6 if \s > 1 and k > 5 if Ay > 1.

First we will show A\g+ A7 < 1 and k > 5. Assume that L is a line spanned by two points with multiplicity
at least 6 and denote the third point of L by P. From Proposition 24| we conclude that each hyperplane H
with multiplicity 13 meets L exactly in P, so that aj3 < [k —1]a — [k — 2o = 2¥72 < 5.2F"% 4+ 2 4 g9
contradiction. Thus, we have Ag + A7 € {0,1}. From a13 € N we conclude k > 4. If k = 4, then Equation @D
implies A\¢ + A7 > 1, which is possible for k£ > 5 only.

Assume that P is a point of multiplicity at least 6. Further assume the existence of a line L not
containing P but whose three points all have multiplicity at least 2. By E we denote the plane spanned by
L and P, so that M(H) > 21 for every hyperplane H containing E, see Proposition If M(H) = 21,
then M|y — 2 xp —4 - xp is 4-divisible with cardinality 11, so that Proposition [22| implies the existence of
a point Q with multiplicity 4 in M|y —2-xr —4 - xp. Since y1(M) < 8 and Ay + A5 + g + A7 < 1 this is
impossible. Thus, all 283 — 1 hyperplanes containing E have multiplicity 29. Now let L < E be a line with
P < L, so that we have M(H) € {21,29} for every hyperplane containing L. Denoting the number of those
hyperplanes with multiplicity 29 by x and double counting points gives

(2" = 1) - BT = M(D)) = (2" = 1) - (21 = M(L)) + 8,

so that M(L) = 5+ 27% 4 26-%z Using & > 2¥3 — 1 we conclude M(L) > 13 + 26-%. However,
M(L) <7+2-3=13 - contradiction.

So, if P is a point with multiplicity at least 6, then any line L that does not contain P contains a point
of multiplicity at most 1. With this, Proposition yields that any hyperplane H with multiplicity 13
contains of a unique point of multiplicity 3 and 10 points of multiplicity 1. Especially, we have M (P’) # 2
for every point P’ and k > 6. If k > 7, then let H; be a hyperplane with multiplicity 13 and K < H;
a (k — 2)-dimensional subspace with multiplicity M(K) = 13. With this let Hy and Hjz be the two other
hyperplanes containing K. W.l.o.g. we assume M(Hsy) = 21 and M(H3) = 29. Clearly P £ H; and since
M|y, — M|k — 4 - xp would be 4-divisible with cardinality 4, P is also not contained in Hy. However,
Mg, — M|k —4- xp is 4-divisible with cardinality 12. By construction, except at most one point, the point
multiplicities are contained in {0,1,3}, which contradicts Proposition It remains to consider the case
k = 6. If Ps is a point of multiplicity 6, then it is contained in 2¥~° — 2 = 0 hyperplanes of multiplicity 29,
so that the line L spanned by Ps and a point of multiplicity 3 is contained in hyperplanes of multiplicity 21
only. Lemma |§| then yields the contradiction M(L) =7 < 6 4+ 3. So, let P; be a point of multiplicity 7, so
that 3\3 = 4agg, which implies asg > 3 and A3 > 4. Now let L be a line spanned by two points of multiplicity

15



3 such that P; is not contained in L and E be the plane spanned by L and P;. If H would be a hyperplane
with multiplicity 21, then we can apply Lemma (32| to M|y — 4 - xp, — contradiction. So, Lemma |§| yields
M(E) = 23 and M(S) = 25 for each solid containing E. Moreover, we have azg > 7, so that agg > 9 and
Az > 12, which is impossible.

Thus, we finally conclude v; (M) < 3.

If k =5, then the existence of a hyperplane of multiplicity 13 implies A; > 4, see Proposition so that

A2 + 3A3 < 33. With this, Equation @D yields A1 = 4, Ao = 0, A3 = 11, and ag9 = 0. However, the four
points of multiplicity 1 span a unique plane, which contradicts a;3 > 12 > 3.

O

Lemma 38. Let M be an 8-divisible multiset of points in PG(v — 1,2) with cardinality 37. Then, we have
1 (M) = 8.

Proof. Assume that M is an 8-divisible multiset of points in PG(v — 1,2) with cardinality 37, v (M) < 7,
and minimum possible dimension k of its span. Lemmayields 71 (M) < 3 and k > 6, so that there clearly
exists a point () with multiplicity zero. Using Lemma [5| we conclude that the projection Mg through @ is
an 8-divisible multiset of points with cardinality 37, y1(Mg) < 2 -y (M) < 6, and dimension k — 1 of its
span, which contradicts the minimality of k. O

Lemma 39. Let M be an 8-divisible multiset of points in PG(v — 1,2) with cardinality 20. Then, we have
71(M) > 4.

Proof. The possible hyperplane multiplicities are given by 12 and 4. If the latter occurs, then there is a
point of multiplicity 4, see Corollary [l Otherwise we can apply Lemma[2] to obtain a contradiction. O

Lemma 40. Let M be an 8-divisible multiset of points in PG(v — 1,2) with cardinality 24. Then, we have
(M) > 4.

Proof. W.l.o.g. we assume 2 < v;(M) < 3. The possible hyperplane multiplicities are given by 0, 8, and
16. Let P be a point with multiplicity M(P) = 3. Due to Proposition [7] we have M(H) = 16 for every
hyperplane H containing P, so that Lemma [6] yields M(P) > 9 — contradiction. Thus, we have ~; (M) = 2
and denote the dimension of the span of M by k. Using the standard equations we compute

ap = ag—2""1 42
ag = —2a16+3- ok—1 _ 3, and
Ao = —108+ (ajs +3) - 257,
so that
are>28"1—2 and Ay >20+257F > 20,
which contradicts A < 24/2 = 12. O

Lemma 41. Let M be an 8-divisible multiset of points in PG(v — 1,2) with cardinality 26. Then, we have
71 (M) = 4.

Proof. W.l.o.g. we assume 2 < 71 (M) < 3. The possible hyperplane multiplicities are given by 18 and 10. If
there exists a point P with multiplicity M(P) = 3, then Corollary 20]implies M(H) = 18 for all hyperplanes
H that contain P. With this Lemma [6] yields M(P) > 11 — contradiction. Thus, we have 71 (M) = 2 and
the standard equations yield Ay = 17+ 28~* for the dimension k of the span of M, which clearly contradicts
#M = 26. O

Lemma 42. Let M be an 8-divisible multiset of points in PG(v — 1,2) with cardinality 27. Then, we have
(M) > 4.
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Proof. The possible hyperplane multiplicities are given by 19 and 11. If the latter occurs, then there is a point
of multiplicity at least 4, see Proposition[22] Otherwise we can apply Lemma[2)to obtain a contradiction. [

Lemma 43. Let M be an 8-divisible multiset of points in PG(v — 1,2) with cardinality 35. Then, we have
11 (M) > 4.

Proof. The possible hyperplane multiplicities are given by 11, 19, and 27. However, if there exists a hyper-
plane H with M(H) = 11, then Proposition [22] yields the existence of a point with multiplicity at least 4.
Otherwise Lemma@ gives M(P) > 3 for every point P. O

Lemma 44. Let M be an 8-divisible multiset of points in PG(v — 1,2) with cardinality 39. Then, we have
m(M) > 4.

Proof. Assume that M is an 8-divisible multiset of points in PG(v—1, 2) with cardinality 39, y; (M) < 3, and
minimum possible dimension k of its span. If () would be a point with multiplicity 2, then the projection
Mg through @ would be 8-divisible with cardinality 37 and v;(Mg) < 6, so that Lemma yields a
contradiction. Thus, we have A\, = 0 and ~1(M) = 3, see Proposition Since 11 (M) < 3 and #M = 39
we clearly have k > 4. If k = 4, then the multiset of points M’ defined by M’(P) = 3 — M(P) is 8-divisible
with cardinality 6 — contradiction. Thus, we have k > 5. Since each hyperplane H with multiplicity 7 is given
by M|g = xg for some plane F, see Corollary each hyperplanes H' that contains a point of multiplicity 3
has multiplicity M(H') > 15. Lemma |§| yields that each point of multiplicity 3 is contained in a hyperplane
H of multiplicity 3. Using v1(M) < 3 and Ay = 0, Corollary [2§| yields M|y =3 - xg — 2 - X to a plane F
and a line L < F. So, A3 > 1 implies A3 > 4.

Let H be hyperplane with multiplicity 15 and E a plane, L < E a line such that M|z =3 -xg — 2+ xL-
Choose a subspace K < H of codimension 2 intersecting E in a line of multiplicity 7, i.e., containing two
points of multiplicity 3 and one point of multiplicity 1. We denote the other two hyperplanes containing K
by H' and H”. W.l.o.g. we assume M(H') = 15 and M(H") = 23. So, let E' < H' a plane and L' < E' a
line such that M|y =3 xg — 2 xr. We conclude A3 > 6, A\; > 5 and denote the solid spanned by E and
E’ by S. By construction we have M(S) > 23. However, we have M(H) # 23 for any hyperplane H > S
since M|y —3-xg+2-xr would be 4-divisible with cardinality 8 containing points two points of multiplicity
3, which contradicts Proposition [7] Thus, we have M(H) = 31 for every hyperplane H that contains S, so
that Lemma |§| yields M(S) = 23 + 28-%_ If k = 5, then M(S) = 31. However, since no three points of
multiplicity 3 form a line S can contain at most 8 points of multiplicity 3 and seven points of multiplicity 1,
which yields M > xg and M — xg is 8-divisible of cardinality 31, so that Lemma [40] yields a contradiction.

Let H be an arbitrary but fixed hyperplane of multiplicity 15 and E be the corresponding plane that
contains the non-zero points of M|g. Now consider subspace K < H of codimension 2. In 2¥~% — 1 cases
E < K and the other two hyperplanes containing K have multiplicities 23 and 31. In 6 - 2*=* cases K
intersects E in a line of multiplicity 7 and the other two hyperplanes containing K have multiplicities 15
and 23. In 2¥~* cases K intersects E and a line of multiplicity 3 and there are two cases for the other two
hyperplanes H', H"” containing K. Either {M(H'), M(H")} = {7,23} or M(H') = M(H") = 15. Denote
the number of occurrence of the first case by x, so that z € N with 2 < 28~ With this, we compute

ar = x,
ais = 148284 _2g
Qo3 = 7. 9k—4 — 14z, and
agy = 2711,

so that 297% 4+ 28 + 28~z = 3\3, which implies A3 > 10 and A\; < 9. However, in F there are three points
of multiplicity 1 and there exists a hyperplane H > E with M(H) = 23, so that Proposition lﬂ 71 (M) <3,
and A\g = 0 imply A\; >3+ 8 =11 > 9 — contradiction. O
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Lemma 45. Let M be a spanning 8-divisible multiset of points in PG(v — 1,2) with cardinality 41 and
1 <y (M) < 3. Then, we have

a7 = 9- ok—4 + 2 4+ agss,
ao5 — 7- 2k_4 -3 - 2&33,
)\2 +3A3 - 11+287k . (34’&33)7

and k > 5. Moreover, for each line L there exists a hyperplane H > L with M(H) = 17 and a point P < L
with M(P) < 1.

Proof. Since no 4-divisible multiset of points of cardinality 9 exists, the possible multiplicities of the hyper-
planes are given by 17, 25, and 33. Using the standard equations we compute the stated equations. Since
71 (M) < 3 we clearly have k > 4. If k = 4, then the multiset of points M’ defined by M’(P) = 3 — M(P)
is 8-divisible with cardinality 4, which is impossible.

Let L be an arbitrary line. If L is not contained in a hyperplane of multiplicity 17, then Lemma [f]
yields M(L) > 25 — 16 = 9. However, v;(M) < 3 implies M(L) < 9 — contradiction. So, let H > L be
a hyperplane with M(H) = 17. If M(P) > 2 for all points P < L, then M|y — 2 - x, is 4-divisible with
cardinality 11, so that Proposition [22| contradicts v; (M) < 3. O

Lemma 46. Let M be a spanning 8-divisible multiset of points in PG(v — 1,2) with cardinality 41 and
1 <1 (M) < 3. Then, there does not exist a hyperplane H such that M|y is given as specified in Lemma .

Proof. Assume that M is a spanning 8-divisible multiset of points in PG(k — 1,2) with cardinality 41 and
1 <1 (M) < 3, such that M|y, is as specified in Lemmafor some hyperplane H;. Since M|y, spans a 5-
dimensional subspace we have k > 6 for the dimension of the point set spanned by M. Let E := (er, ..., ex),
where we also allow E to be an empty space for k = 6. W.l.o.g. we also assume coordinates as in Lemma
so that especially H; = (eq,...,e5, E). Consider the subspace S := (e1, e, e4,e5, F) < Hy with M(S) =9,
so that we have M(Hs) = 17 and M(Hj3) = 25 for the two other hyperplanes containing S. Note that the
line L := (e, e2) is contained in Hy > S and consists of a point of multiplicity ¢ for all 1 < ¢ < 3, so that
we can apply Lemma to M|pg,. W.lo.g. we assume that the second point of multiplicity 3 in Hs (that is
not contained in S) has coordinates eg. With this, the point set M| g, um, is given by the columns of

1111111100000000000010111
0001111011000001100011110
0000111100101010100000000
0000000000011001100000101 |’
0000000000000111100000011
0000000000000000011111111

where the entries in the rows 7 to k are all 0 and not displayed. This multiset of points consists of 14 points
of multiplicity 1, a unique point of multiplicity 2, and three points of multiplicity 3.

There exist at least

Q:=2" —1— (A + Ao+ Ag) — (&;A?‘) — X3\

points @ of multiplicity 0 such that every line that contains () has multiplicity at most 3. Assume k > 8. If
Az > 344 =7, then we have (A1, A2, A3) € {(18,1,7),(16,2,7),(14,3,7),(15,1,8)}, where Q@ > 38 > 0. If
A3 < 7, then Ay + A3 < 12 implies Q > 255 — 30 — 66 — 126 = 43 > 0. So, such a point @) exists and the
projection Mg of M through @ is 8-divisible with cardinality 41 and v;(Mp) < 3, see Lemma |5} W.Lo.g.
we can assume that & is minimal, so that it suffices to consider the cases k € {6, 7} in the following.

If k = 6, then Lemmal[d5]yields Ao +3\3 = 23+4as3. Since the points in H; UH> contribute 1-143-3 = 10
to A2 +3A3 and the points outside of H; UH5 can contribute at most 16, we have ags = 0 and Ay =2 (mod 3),
which implies Ag = 2, A3 = 7, and A\; = 16. Let P; denote the second point of multiplicity 2, which lies
outside of S. For the plane E’ := (P}, L) we know that all hyperplanes H that contain E’ have multiplicity
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25, so that Lemmal]implies M(E’) = 13 and M(S’) = 17 for every solid S’ > E’. From Lemma [45 we know
that the points with multiplicity at least 2 are contained in an affine plane, so that E’ consists of two points
of multiplicity 2, two points of multiplicity 3, and three points of multiplicity 1 forming a line. Starting
from L" := (e, e1 + e + e3) we can construct E” := (P}, L") and deduce the same structure information
for E”. Since both E' and E” contain the two points of multiplicity 2 their span S’ := (E’, E”) is a solid
with multiplicity at least M(E’) +2-3 > 19 > 17 — contradiction.

If k=7, then Lemmayields A2 + 33 = 17 + 2a33. We choose K := (eq,...,e.) and H; := (K, e7),
so that M(K) = M(H;) = 17 and {M(Hz), M(H;3)} = {25, 33} for the other two hyperplanes that contain
K. Let Hy := (K, eg), so that eg € Ho\ K is a point of multiplicity 3 and Propositionimplies M(Hs) = 33.
Thus, M’ := M|p, — M|k is 4-divisible with cardinality 16 and contains at least one point of multiplicity
3 as well as five points of multiplicity 1. Since there can be at most |8/3] = 2 more points of multiplicity
3, Lemma implies that M’ contains at most two points of multiplicity 3 in total. Since M|g, — M|k is
4-divisible with cardinality 8, Proposition [7] implies 3 < A3 < 4. Combining this with Ao + 3A\3 = 17 + 2a33
and asz3 > 1 we conclude Ay > 7. Using Proposition [7| again we conclude 1 < A3 (M’) and Ay (M') > 2,
so that we can apply Lemma If A3 = 3, then A2 < 1+ 3+ 4 = 8, which contradicts A2 + 33 > 19.
Thus, we have A3 = 4 and the upper bound Ay < 1+ 2+ 4 implies ags = 1, Ao = 7, and A\; = 15 using
Ao+ 3A3 = 174 2a33 and A\ + 2)o + 3A3 = 41. Moreover, the six points of multiplicity 1 and the two points
of multiplicity 3 outside of H; form an affine solid. However, we have

(€6,€2 + €6,e1 + €2+ eg,e1 +ea+es+eg,e1 + e+ e5 +eg,e1 +es +e5 + eg) = (e1,e2,€4,€5,€6) ,

which is a contradiction. O

Lemma 47. Let M be an 8-divisible multiset of points in PG(v — 1,2) with cardinality 41. Then, we have
(M) > 4.

Proof. Assume that M is a spanning 8-divisible multiset of points in PG(k — 1,2) with cardinality 41,
71 (M) < 3, and minimum possible dimension k of its span. Proposition [11] yields v3 (M) > 2.

Assume that P is a point with multiplicity 2. If L > P, is a line that also contains a point of multiplicity 3
and a point of multiplicity 1, then Lemma [45]implies the existence of a hyperplane H > L with M(H) =17
and Lemma [33] yields a description of M|y. However, Lemma [46] gives a contradiction. Using [45] again
we conclude M(L') < 5 for each line L' > P,. So, for the projection Mp, of M through P, we have
v1(Mp,) < 3. However, M p, is 8-divisible with cardinality 39, which contradicts Lemma Thus, we have
)\2 =0 and ’}/1(./\/1) = 3.

Lemma gives 3\3 = 11 4 28—F. (3+ ass), so that A3 > 4. Let L be a line spanned by two points of
multiplicity 3. Lemma 45| yields the existence of a hyperplane H > L with M(H) = 17, so that Lemma
gives M(L) =6, \3(M|pg) =2, \i(M]|g) =11, and k > 7. Since A\; > 11 we have A\3 < 10. So, 4 < A3 <10
implies A1 + A3 < 33, ()‘23) < 45, and A1 - A3 < 140. Since 334454140 < 28 —1 for k > 8 there exists a point
@ of multiplicity zero such that every line L’ > @ has multiplicity at most 3. With this, the projection Mg
of M through @ is 8-divisible with cardinality 8 and v; = 3, see Lemma[5} Due to the assumed minimality
of k we have k =T7.

Using k = 7, the equation 3\3 = 114+287%.(3 4+ a33) = 17+ 2a33 implies A3 € {7,9} and a3 € {2,5}. Due
to Lemma |31] the hyperplane H with multiplicity H contains a 5-dimensional subspace K with multiplicity
M(K) = 5. Since also the two other hyperplanes that contain K then also have multiplicity 17, Lemma
yields A3 < 3 -2 = 6 — contradiction. O

5 Conclusion
We have determined the minimum possible column multiplicities for A-divisible binary linear codes for
each given length n and all A € {2,4,8}. This refines a comprehensive characterization result on the

possible length of ¢"-divisible linear codes over F, from [KK20]. The motivation for this refinement is that
in some applications upper bounds on the allowed maximum column multiplicity are given. We mainly
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use geometric methods to obtain computer-free proofs. While the stated result can also be obtained by
an exhaustive computer enumeration, the question arises whether the theoretical tools can be strengthened
and approaches be simplified in order to obtain results for wider ranges of parameters. As outlined in
Section[B]in the appendix, currently we cannot go much further even using extensive computer enumerations.
Interestingly enough I'2 (2", n) is always a power of 2 is finite at all and r € {1, 2, 3}. While numerical evidence
is little so far, it might be an interesting research question whether I';(¢", n) always has to be a power of the
characteristic p of the underlying field F,,.
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A Combinatorial data of the possible 4-divisible multisets of points
with cardinality 17

In our discussion of 8-divisible multisets of points of cardinality 41, 4-divisible multisets of points of cardi-
nality 17 played an important role. To this end we have stated several auxiliary results for the latter.

In order to demonstrate the combinatorial richness we have listed key parameters of these objects in
Table [[] This data has been obtained by an exhaustive computer enumeration using the software package
LinCode [BBK2I]. The three cases of maximum point multiplicity 1 have also been computationally classified
in [HHK™17].

B Computational results

One alternative way to prove Theorem [13|is to use the fact that for every field size ¢ and every divisibility
constant A € N there exists an integer N (g, A) such that for all n > N(g,A) there exists a projective A-
divisible linear code over F, with length n. So, for each pair ¢, A a complete determination of the function
I'y(A,-) amounts to a finite computation. So, we may simply enumerated all A-divisible codes over F,
with length strictly smaller than N (g, A) and determine the corresponding column multiplicities. To this
end we have used the software package LinCode [BBK21] and list the corresponding enumeration results of
semi-linearly non-equivalent linear codes per length and dimension in the subsequent tables. Here a blank
entry means that no such code exists.

For 16-divisible binary linear codes we have only partial results. We remark that the smallest attained
dimension for a given length can be explained by a statement similar to Lemma Length that do not
occur at all are explained by Theorem [0] The complete classification of the possible lengths of projective
16-divisible binary linear codes is still an open problem, see e.g. [HKKI8, [HKKWI19]. The same is true for
the projective ¢?-divisible linear codes over F, when ¢ > 3 and the projective g-divisible linear codes over
F, when ¢ > 5.

For ternyary linear codes we can state I's(3,n) = 1 iff n = 4 or n > 8. Moreover, we have I's(3,n) = 3
iff n € {3,6,7} and T'3(3,n) = oo iff n € {1,2,5}. For quaternary linear codes we can state T'4(4,n) = 1
iff n € {5,10,15,16,17} or n > 20. Moreover, we have I'y(4,n) = 2 iff n € {12,14,18,19}, T'y(4,n) = 4 iff
n € {4,8,9,13}, and I'y(4,n) = oo iff n € {1,2,3,6,7,11}. For n € {6,7,9} there exist projective [n,3]4
two-weight codes that are 2-divisible. They belong to the families TF1, TF2, RT1, and RT2, see [CK80].
Since 19 = 14 + 5 this gives constructions for all cases with I'y(4,n) = 2.
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n k A | A A A3 spectrum

17 3 4 7 4 0 2 (a5,ag,a13) = (4,2,1)
17 3 4 5 3 0 3 (a5,a9,a13) = (3,4,0)
17 4 4 7] 6 2 0] (as,a9,a13)=(3,3,4)
17 4 4 6| 6 1 1| (as,a9,a13)=(7,5,3)
17 4 4 5 ) 2 1 (a5,a9,a13) = (6, 7,2)
17 4 4 4 6 2 1 (a5,ag,a13) = (5,9,1)
17 4 4 4 4 0 3 ((15, ag, (113) = (6, 7, 2)
17 4 4 3| 4 2 3| (as,a9,a13) = (5,9,1)
17 4 4 3| 6 4 1| (a5 a9,a13)=(4,11,0)
17 ) 4 7 10 0 0 (a5,a9,a13) (16,5, 10)
17 5 4 6 7 2 0 (0,5,0,9,(113) = (14,978)
17 5 4 5 9 0 1 (a5,a9,a13) (12, 13,6)
17 5 4 5 6 3 0 (a ,ag, a13) (12, 13, 6)
17 5 4 4| 7 3 0| (as, a9 a13) = (10,17,4)
17 5 4 410 0 1| (as, a9 a13)=(10,17,4)
17 5 4 4| 6 2 1| (as,a9,a13) = (11,15,5)
17 5 4 3 5 3 2 (a5,a9,a13) (10, 17, 4)
17 5 4 3| 9 1 2| (as,a9,a13)=(9,19,3)
17 5 4 3|10 2 1| (a5 a9 a13)=(8,21,2)
17 ) 4 3 6 4 1 (a5,a9,a13) = (9, 19,3)
17 5 4 2 7 5 0 (0,5,0,9,0,13) = (8,21,2)
17 5 4 2|11 3 0] (as,a9,a13)=(7,23,1)
17 5 4 2 15 1 0 (a5,a9,a13) = (6,2570)
17 6 4 4 10 0 1 (a5,a9,a13) (21,31,11)
17 6 4 4| 7 3 0| (asa9,a13) = (21,31,11)
17 6 4 3|11 0 2| (as,a9,a13) = (18,37,8)
17 6 4 3|10 2 1| (as,a9,a13) = (17,39,7)
17 6 4 3| 6 4 1| (as, a9 a13)=(19,35,9)
17 6 4 3|12 1 1| (as,a9,a13) = (16,41,6)
17 6 4 2| 7 5 0| (as a9 a13)=(17,39,7)
17 6 4 2|11 3 0| (as, ag,a13) = (15,43,5)
17 6 4 2|13 2 0/ (as, ag,a13) = (14,45,4)
17 6 4 2|15 1 0| (as,a9,a13) = (13,47,3)
17 6 4 1 17 0 0 (a5,a9, a3 ) = (12,49,2)
17 7 4 2 11 3 0 (115, ag, 1113) (31, 83, 13)
17 7 4 2| 7 5 0| (as a9 a13) = (35,75,17)
17 7 4 2013 2 0| (as,a9,a13) = (29,87,11)
17 7 4 2|15 1 0| (as, a9,a13) = (27,91,9)
17 7 4 1|17 0 0/ (as, a9 a13)=(2595,7)
17 8 4 117 0 0/ (as,a9,a13) = (51,187,17)

Table 1: Combinatorial data of 4-divisible multisets of points of cardinality 17.
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n/k[1 2 3 4 5 6 7 8 9
2 11
3 1
401 1 1
5 1 1 1
6(1 2 3 2 1
7 2 4 4 2 1
g8l1 3 8 10 7 3 1
9 3 9 18 16 9 3 1
101 4 17 37 46 30 13 4 1

Table 2: Number of even codes per dimension k and effective length n.

n/k[1 2 3 4 5 6 7 8 9
11
6 1
7 1
81 1 1 1
10 1 1 1
11 11
1201 2 3 4 2
13 1 1 2
14 2 4 6 5 4
15 3.6 6 4 2
61 3 8 18 21 15 7 2
17 2 7 14 11 5 1
18 3 9 27 44 45 21 6
19 6 22 52 62 40 10
201 4 17 64 149 212 156 65 10

Table 3: Number of doubly-even codes per dimension k and effective length n.
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n/k|1 2 3 4 ) 6 7 8§ 9 10 11
8|1
12 1
14 1
15 1
1611 1 1 1 1
20 1 1 1
22 1 1
23 1 1
2411 2 3 4 4 1
26 1 1 2
27 1 1 1
28 2 4 6 7 6 1
29 1 1 2 1
30 3 6 8 7 6 2
31 4 8 8 6 4 1
3211 3 8 18 32 34 24 13 5 1
34 2 7 14 11 5 1
35 3 7 7 3 1
36 3 9 27T 54 65 36 11 1
37 2 5 8 ) 1
38 6 22 57 79 61 21 2
39 10 36 57 49 30 10 1
40 |1 4 17 64 194 347 323 187 59 11 1
41 2 1229 26 12 3

Table 4: Number of triply-even codes per dimension k and effective length n.
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n/k|{1 2 3 4 5 6 7 8 9 10 11 12
16 | 1
24 1
28 1
30 1
31 1
3211 1 1 1 1 1
40 1 1 1
44 1 1
46 1 1
47 1 1
4811 2 3 4 4 3 1
52 1 1 2
54 1 1 1
55 1 1 1
56 2 4 6 7 8 3 1
58 1 1 2 1
59 1 1 1 1
60 3 6 8 9 8 4 1
61 1 1 2 1 1
62 4 8 10 9 8 4 2
63 5 10 10 8 6 3 1
6411 3 8 18 32 48 48 35 21 11 4 1
68 2 7 14 11 5 1
70 3 7 7T 3 1
71 3 7 7 3 1
72 39 27 54 75 56 26 6 1
74 2 5 8 o5 1
I0) 2 5 5 4 1
76 6 22 59 8 7 34 9 1
7 2 5 8 6 4 1
78 10 36 64 66 52 28 11 2
79 14 47 71 63 44 23 8 1

Table 5: Number of 16-divisible codes per dimension k and effective length n.

n/k|1 2 3
311

4
611 1
7 1 1

Table 6: Number of 3-divisible ternary linear codes per dimension k and effective length n.
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Table 7: Number of 4-divisible quaternary linear codes per dimension k and effective length n.
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