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Abstract

Methods based on pairwise comparison matrices (PCMs) form a significant part of multi-criteria decision mak-
ing (MCDM) methods. These methods are based on structuring pairwise comparisons (PCs) of objects from a
finite set of objects into a PCM and deriving priorities of objects that represent the relative importance of each
object with respect to all other objects in the set. However, the crisp PCMs are not able to capture uncertainty
stemming from subjectivity of human thinking and from incompleteness of information about the problem that
are often closely related to MCDM problems. That is why the fuzzy extension of methods based on PCMs has
been of great interest.

In order to derive fuzzy priorities of objects from a fuzzy PCM (FPCM), standard fuzzy arithmetic is usually
applied to the fuzzy extension of the methods originally developed for crisp PCMs. However, such approach
fails in properly handling uncertainty of preference information contained in the FPCM. Namely, reciprocity of
the related PCs of objects in a FPCM and invariance of the given method under permutation of objects are
violated when standard fuzzy arithmetic is applied to the fuzzy extension. This leads to distortion of the pref-
erence information contained in the FPCM and consequently to false results. Thus, the first research question
of the thesis is: “Based on a FPCM of objects, how should fuzzy priorities of these objects be determined so
that they reflect properly all preference information available in the FPCM?”

This research question is answered by introducing an appropriate fuzzy extension of methods originally
developed for crisp PCMs. That is, such fuzzy extension that does not violate reciprocity of the related PCs
and invariance under permutation of objects, and that does not lead to a redundant increase of uncertainty of
the resulting fuzzy priorities of objects.

Fuzzy extension of three different types of PCMs is examined in this thesis - multiplicative PCMs, additive
PCMs with additive representation, and additive PCMs with multiplicative representation. In particular, con-
struction of PCMs, verifying consistency, and deriving priorities of objects from PCMs are studied in detalil
for each type of these PCMs. First, well-known and in practice most often applied methods based on crisp
PCMs are reviewed. Afterwards, fuzzy extensions of these methods proposed in the literature are reviewed
in detail and their drawbacks regarding the violation of reciprocity of the related PCs and of invariance under
permutation of objects are pointed out. It is shown that these drawbacks can be overcome by properly applying
constrained fuzzy arithmetic instead of standard fuzzy arithmetic to the computations. In particular, we always
have to look at a FPCM as a set of PCMs with different degrees of membership to the FPCM, i.e. we always
have to consider only PCs that are mutually reciprocal. Constrained fuzzy arithmetic allows us to impose the
reciprocity of the related PCs as a constraint on arithmetic operations with fuzzy numbers, and its appropriate
application also guarantees invariance of the methods under permutation of objects. Finally, new fuzzy exten-
sions of the methods are proposed based on constrained fuzzy arithmetic and it is proved that these methods
do not violate the reciprocity of the related PCs and are invariant under permutation of objects. Because of
these desirable properties, fuzzy priorities of objects obtained by the methods proposed in this thesis reflect
the preference information contained in fuzzy PCMs better in comparison to the fuzzy priorities obtained by the
methods based on standard fuzzy arithmetic.

Beside the inability to capture uncertainty, methods based on PCMs are also not able to cope with situations
where it is not possible or reasonable to obtain complete preference information from DMs. This problem
occurs especially in the situations involving large-dimensional PCMs. When dealing with incomplete large-
dimensional PCMs, compromise between reducing the number of PCs required from the DM and obtaining
reasonable priorities of objects is of paramount importance. This leads to the second research question: “How
can the amount of preference information required from the DM in a large-dimensional PCM be reduced while
still obtaining comparable priorities of objects ?”

This research question is answered by introducing an efficient two-phase method. Specifically, in the first
phase, an interactive algorithm based on weak-consistency condition is introduced for partially filling an incom-
plete PCM. This algorithm is designed in such a way that minimizes the number of PCs required from the DM
and provides sufficient amount of preference information at the same time. The weak-consistency condition
allows for providing ranges of possible intensities of preference for every missing PC in the incomplete PCM.
Thus, at the end of the first phase, a PCM containing intervals for all PCs that were not provided by the DM is
obtained. Afterward, in the second phase, the methods for obtaining fuzzy priorities of objects from fuzzy PCMs
proposed in this thesis within the answer to the first research question are applied to derive interval priorities
of objects from this incomplete PCM. The obtained interval priorities cover all weakly consistent completions of
the incomplete PCM and are very narrow. The performance of the method is illustrated by a real-life case study
and by simulations that demonstrate the ability of the algorithm to reduce the number of PCs required from
the DM in PCMs of dimension 15 and greater by more than 60% on average while obtaining interval priorities
comparable with the priorities obtainable from the hypothetical complete PCMs.
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Chapter |

Introduction

1.1 Multi-criteria decision making

Multi-criteria decision making (MCDM) is an extensive sub-discipline of operations research. The Institute for
Operations Research and the Management Science defines operations research as a discipline that deals with
applications of advanced analytical methods to help make better decisions (INFORMS, 2016). Applications of
operations research are abundant - from scheduling airlines, over assigning employees to projects, deciding
the most appropriate location for new facilities, to supply chain optimization.

The aim of MCDM, as its name suggests, is to deal with situations (problems) requiring a decision being
made under the presence of a humber of conflicting criteria. Decision making is regarded as a process of
evaluating decision alternatives (courses of action) based on preferences of the decision maker (DM) which
usually results in selecting the “best” alternative, ranking alternatives from the most preferred to the least
preferred, or sorting alternatives into predefined classes. The first case is the most frequent one in practice.
Criteria are measures of the objectives relevant for the decision-making problem. A DM is the subject in
charge of making the decision. It can be, for example, an individual, a group of people, a family, a company, a
government, etc.

Many different terms are being used in the literature besides MCDM: multi-criteria decision aiding (MCDA),
multi-attribute decision making (MADM), multi-objective decision making (MODM), multi-attribute decision aid-
ing, multi-criteria decision analysis, and more. Some researchers perceive the terms as equivalent, others
distinguish between them. Zimmermann (2001) divided MCDM into MODM and MADM, where MODM fo-
cuses on problems with continuous decision spaces while MADM focuses on problems with discrete decision
spaces. In this thesis, MCDM with discrete decision spaces (i.e. MADM according to Zimmermann (2001)) is
of interest and it will be simply referred to as MCDM hereafter.

1.1.1 Pairwise comparison methods

A significant part of MCDM methods is based on pairwise comparison (PC). The first PC method was devel-
oped by Thurstone (1927). Since then, PC methods have undergone a great development. PCs of objects (usu-
ally criteria and alternatives) have been widely used in many well-known MCDM methods such as Analytic Hi-
erarchy Process (AHP), Preference Ranking Organization Method for Enrichment Evaluation (PROMETHEE),
Elimination and Choice Expressing Reality (ELECTRE), and their derivatives; see, e.g., Figueira et al. (2005).

PC methods are based on the idea of comparing only two objects (criteria, alternatives) at a time which is
less demanding on cognitive capabilities than comparing several objects at the same time. The most usual
way to represent PCs of a finite set of objects is to structure them into a pairwise comparison matrix (PCM). A
PCM of n objects o4, ..., 0, is a square matrix C = {cij}zjzl where ¢;; expresses the intensity of preference
of object o; over object o;. Clearly, PCs ¢;; and c;; are in a reciprocal relation since they express intensities of
preference on the same pair of objects o; and o;, just in a different order. The type of the reciprocity relation
depends on the type of the PCM used.

In this thesis, two types of the reciprocity relation are of interest - multiplicative reciprocity and additive
reciprocity. Multiplicative reciprocity of the related PCs is inherent to multiplicative PCMs that are used to
model preference information provided in form of a preference ratio while additive reciprocity of the related PCs
is inherent to additive PCMs that are used to model preference information provided in form of a preference
difference. Additive PCMs are further divided into additive PCMs with additive representation and additive
PCMs with multiplicative representation.

PCMs have been studied in detail by many researchers, and many different methods based on multiplicative
and additive PCMs have been developed to support MCDM. The methods basically consist in the following
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tasks:
e constructing a PCM, i.e. comparing pairwisely objects in a PCM;
e verifying consistency (or acceptable inconsistency) of the PCM;
e deriving priorities of objects (criteria and alternatives) from the PCM;

e aggregating priorities of criteria and alternatives into final priorities of alternatives representing the final
multi-criteria evaluations of alternatives.

Further extensions of the methods have been developed to deal with decision processes involving several
DMs.

Each of the above mentioned tasks encounters some difficulties. In the first task, constructing a PCM,
the choice of an appropriate scale for expressing the intensities of preference plays a key role. In the second
task, verifying consistency of a PCM, the choice of a proper consistency condition compatible with the type of
preference information provided in the PCM and with the scale chosen for making PCs is very important. In the
third task, deriving priorities of objects from a PCM, it is necessary to choose such method and normalization
condition that are compatible with the type of preference information contained in the PCM. In the fourth task,
the choice of a suitable aggregation method is of crucial importance. Unfortunately, not all of these issues
are addressed properly in the literature, which may lead to wrong results and, consequently, to low-quality
decisions.

1.1.2 Incomplete pairwise comparison matrices

PC methods require complete preference information. However, in practice, it is not always possible to obtain
complete preference information from the DM, e.g. due to time or cost limitations. This problem occurs es-
pecially when the DM is required to provide a large number of PCs. In such cases, PCMs of objects may be
incomplete. That is why a large number of methods for dealing with incomplete large-dimensional PCMs has
been proposed in the literature. These methods usually consist of two main tasks:

e identifying a set of PCs that should be provided by the DM in an incomplete PCM;

e deriving priorities from an incomplete PCM; or automatically completing the incomplete PCM (i.e. without
no additional preference information from the DM) and then deriving priorities from the complete PCM.

Both tasks encounter some challenges. When identifying a set of PCs that should be provided by the DM in
an incomplete large-dimensional PCM, the appropriate choice of the PCs and of the number of PCs required
from the DM plays a key role. When deriving priorities of objects, the choice of an appropriate method is of
crucial importance in order to derive priorities that best represent DM’s preferences and the incompleteness of
preference information. Not all of these issues are addressed properly in the literature which may again lead
to wrong results.

1.2 Fuzzy multi-criteria decision making

The “traditional” MCDM methods were not designed to deal with uncertainty in MCDM problems. However,
human world is full of uncertainties. Uncertainty in decision making has been modeled and analyzed by
means of probabilistic theory and fuzzy set theory.

The aim of probabilistic theory is to capture the stochastic nature of decision making while fuzzy set theory
attempts to capture the subjectivity of human behavior and human thinking. According to Dubois and Prade
(1986), stochastic decision methods do not measure the imprecision in human behavior, but they are suitable
for modeling incomplete knowledge about the environment surrounding humans. Contrarily, fuzzy set theory
is a perfect means for modeling subjectivity (imprecision, uncertainty) which is integral to human mind. The
need for modeling the subjectivity of human behavior in decision making resulted in the development of a new
decision-making field - fuzzy MCDM.

There are two main phases in fuzzy MCDM (Zimmermann, 1987): phase 1 - aggregation of the perfor-
mance scores with respect to all attributes for each alternative, and phase 2 - rank ordering of the alternatives
according to the aggregated scores. Therefore, fuzzy MCDM methods can be classified into two categories
depending on which phase they focus on: (i) fuzzy MCDM methods focusing only on the first phase (or on
both phases), and (ii) fuzzy MCDM methods focusing only on the second phase. The fuzzy MCDM methods
of interest in this thesis are the PC methods that belong to the first category.

The pioneering work in fuzzy MCDM was done by Bellman and Zadeh (1970) who extended the Maxmin
method to fuzzy environment. However, the data in their method are expressed by crisp numbers. The first
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proper fuzzy MCDM methods were developed by Baas and Kwakernaak (1977) and Kwakernaak (1979) who
extended the Simple Additive Weighting method, and by Efstathiou and Rajkovic (1979) who proposed a fuzzy
extension of the Multiple Attribute Utility Function method. Afterwards, many other approaches followed (see,
e.g., Chen and Hwang (2005) for the review).

1.2.1 Fuzzy pairwise comparison methods

Since PCMs (both multiplicative and additive) cannot deal with uncertainty and imprecision, which is integral
to human mind, their extension to fuzzy numbers and intervals has been proposed.

Most often, triangular fuzzy numbers are used for the fuzzy extension of multiplicative PCMs. Less often,
trapezoidal fuzzy numbers or intervals are used for this purpose. Contrarily, unlike multiplicative PCMs, additive
PCMs are usually extended to intervals rather than to fuzzy numbers. Intervals can be understood as a
special case of trapezoidal fuzzy numbers where all elements from the given interval have the same degree of
membership to the fuzzy set. Note that sometimes it will be explicitly distinguished between terms “fuzzy” and
“interval” in this thesis. Often, however, only the term “fuzzy” will be used for the simplicity and, in such case,
intervals will be understood as a particular case of fuzzy numbers, namely of trapezoidal fuzzy numbers.

The fuzzy extension of PC methods to fuzzy numbers (or intervals) basically consists in using fuzzy num-
bers (intervals) at the stage of entering PCs into a PCM. These fuzzy numbers can be either chosen from a
predefined scale of fuzzy numbers assigned to linguistic terms expressing preference intensities, or entered
expertly by the DM without linguistic representation. Having a fuzzy PCM (FPCM), i.e. a PCM with elements
in form of fuzzy numbers, the aim is to obtain fuzzy priorities of these objects.

1.2.2 Critics of fuzzy extension of AHP

Saaty (2006) argued that, in AHP, “the numbers assigned to judgments are already fuzzy and making them
more fuzzy does not help produce more valid outcome” (Saaty (2006), p. 457). Saaty and Tran (2007) demon-
strated on several examples the invalidity of fuzzification of AHP and concluded that “one should never use
fuzzy arithmetic on AHP judgment matrices” (Saaty and Tran (2007), p. 970). Clearly, when the PCs obtained
from a DM are crisp, there is no gain from fuzzifying them without a good reason. However, when the PCs
are vague or when linguistic terms are used to express intensities of preference on pairs of compared objects,
fuzzy numbers should be applied instead of crisp numbers (Krejci et al., 2017). Krej¢i et al. (2017) further
showed that by neglecting the available information about uncertainty of intensities of preferences an impor-
tant part of knowledge about the decision-making problem is lost which can cause the change in raking of the
alternatives of the decision-making problem.

Besides Saaty and Tran’s critics, very harsh critics of the fuzzy extension of AHP were provided also by
Zhi (2014). He heavily criticizes the well-known fuzzy approaches to AHP and claims fallacy of all of them.
However, Zhi’s critics are based mostly on misinterpreting other researchers’ claims and rejecting consolidated
bases of fuzzy set theory. Fedrizzi and Krej¢i (2015) showed that no reliable evidence of the fallacy of AHP was
provided by Zhii (2014), and thus fuzzy AHP and more in general methods utilizing multiplicative and additive
FPCMs remain a valid MCDM research area.

It is clear that fuzzy AHP, and in general fuzzy MCDM methods based on multiplicative and additive FPCMs,
have some critical aspects (some of them indicated by Zh(i (2014)) that need to be investigated and rectified.
One of them is the issue regarding the reciprocity (multiplicative or additive) of the related PCs, which is an
inherent property of PCMs. Reciprocity of the related PC has been neglected in multiplicative and additive
FPCMs for a long time which led to some incorrect results. Nevertheless, this drawback can be relatively easily
removed by applying constrained fuzzy arithmetic instead of standard fuzzy arithmetic to the computations with
fuzzy numbers (Fedrizzi and Krej¢i, 2015). The following section is devoted to clarify this point.

Another issue related to the extension of methods from PCMs to FPCMs is the invariance under permutation
of objects. A method is said to be invariant under permutation of objects if the result of the method does not
depend on the permutation of objects compared in a PCM. Even though the invariance under permutation
of objects was introduced as one of the axioms which “good” methods should meet (see Fichtner (1986);
Brunelli and Fedrizzi (2015)), many methods proposed for FPCMs violate this property. Nevertheless, also
the invariance under permutation can be reached by applying properly constrained fuzzy arithmetic instead of
standard fuzzy arithmetic to the fuzzy extension of the methods.

1.2.3 Constrained fuzzy/interval arithmetic

Constrained fuzzy arithmetic, introduced by Klir (1997) and Klir and Pan (1998), should be applied to compu-
tations with fuzzy numbers whenever there are interactions of any type present between the fuzzy numbers.
Similarly, constrained interval arithmetic, that was recently introduced by Lodwick and Jenkins (2013), should
be applied to computations with intervals when interactions are present. Constrained interval arithmetic can
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be seen as a special case of constrained fuzzy arithmetic since intervals are special cases of trapezoidal fuzzy
numbers. Therefore, all comments and discussions on constrained fuzzy arithmetic in this thesis apply also
for interval fuzzy arithmetic if not specified otherwise. Motivation for the use of constrained fuzzy arithmetic
is given in the following example. For the simplicity, intervals that are (as we already know) a special case of
trapezoidal fuzzy numbers are used for explanation.

Example 1. Let us assume we have exactly one liter, i.e. 1000 ml, of beer in one bottle and we want to share
it with our friend. We pour half of the beer into a half-liter. Of course, it is highly improbable that we would
manage to pour exactly 500 ml into the half-liter. Our friend has a look on the half-liter and estimates that there
is for sure something between 450 ml and 520 ml of beer inside. What can we say about the rest of the beer
in our bottle? Based on the information from our friend and on our common sense, we can say that there is for
sure something between 480 ml and 550 ml in our bottle. How did we arrive to this conclusion? Well, if there
is 450 ml of beer in our friend’s half-liter, then in our bottle there has to be 1000 — 450 = 550 ml left. In case
there is 520 ml of beer in our friend’s half-liter, then in our bottle there has to be 1000 — 520 = 480 ml left. This
is nothing else but the standard interval arithmetic; 1000 — [450, 520] = [1000 — 520, 100 — 450] = [480, 550].

What happens if we pour our friend’s half-liter back to the one-liter bottle? Our common sense says that
we have to get again the exact one liter (1000 ml) of beer, unless we spill some of it. But what mathematics
is behind this very simple task? If we apply again standard interval arithmetic we know, we get [450, 520] +
[480, 550] = [450 + 480,520 + 550] = [930, 1070]. So this would suggest that there is something between 930 ml
and 1070 ml of beer. But everyone would agree that this is not possible; there has to be 1000 ml again in our
bottle. So what is going on?

The problem is that there are dependencies between the amounts of beer in our friend’s half-liter and in our
bottle. We had exactly 1000 ml of beer at the beginning, and we pour a part of it into a half-liter. Therefore,
no matter what the exact amount = between 450 ml and 520 ml of beer in the half-liter is, we know for sure
that the rest of beer in our bottle is y = 1000 — = ml. When pouring the half-liter back to the bottle, we cannot
forget about this dependency. However, this simple problem requires a more sophisticated approach than just
standard interval arithmetic. We should correctly compute

z=x+y where

x € [450, 520]
y € [480, 550]
y = 1000 — =
This is nothing else than constrained (in this particular case interval) arithmetic. A

Constrained fuzzy (or interval) arithmetic is not applicable only when sharing beer with friends. It should be
applied whenever there are some dependencies between operands in arithmetic operations on fuzzy numbers
(or intervals). As stated at the end of Section 1.2.2, there are dependencies between PCs in a FPCM; in
particular, reciprocal relations between the related PCs. Since reciprocity of the related PCs is an inherent
property of PCMs, it is necessary to extend it properly also to FPCMs.

1.3 Goal of the thesis

As already mentioned in Sections 1.2 and 1.2.1, “traditional” MCDM methods including the methods based on
multiplicative PCMs as well as on additive PCMs (both with additive and multiplicative representation) are often
criticized because of their inability to capture uncertainty stemming from subjectivity of human thinking and from
incompleteness of information that are often closely related to MCDM problems. This uncertainty has an impact
on the PCs provided by DMs in PCMs. In order to capture the uncertainty, the methods originally proposed for
crisp PCMs have been extended to fuzzy numbers and intervals. The fuzzy extension often consists in simply
replacing the crisp PCs in the given model by fuzzy PCs and applying standard fuzzy arithmetic to obtain the
desired fuzzy priorities. However, this approach often fails in handling appropriately the uncertain preference
information contained in the FPCM, which may lead to false results. Therefore, the first research question of
this thesis is:

(1) Based on a FPCM of objects, how should fuzzy priorities of these objects be determined so that
they reflect properly all preference information available in the FPCM?

In order to answer this research question, it is necessary to fully understand the meaning of PCs in a PCM
and to identify inherent properties of PCMs. As discussed in Section 1.2.2, the crucial inherent property of
PCMs is the reciprocity of the related PCs. The concept of reciprocity of the related PCs becomes more com-
plex when extended to FPCMs and handling appropriately the reciprocity property becomes of key importance
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in order to process correctly the preference information contained in the FPCM and to arrive to reasonable
conclusions. Unfortunately, this issue is usually omitted in the literature. This leads to results (resulting fuzzy
priorities of objects in particular) that are often excessively uncertain and do not reflect correctly the preference
information available in the original FPCM.

Another crucial property related to both PCMs and FPCMs is the invariance of methods under permutation
of objects. Many methods based on FPCMs violate this property, which leads to false results.

The drawbacks regarding the violation of the reciprocity property and of the invariance under permutation
of objects can be removed by applying constrained fuzzy arithmetic to the computations instead of standard
fuzzy arithmetic. Unfortunately, the use of constrained fuzzy arithmetic is still neglected in the literature on
fuzzy extension of MCDM methods based on PCMs. In fact, | have encountered only one research paper
dealing with this important topic - Enea and Piazza (2004).

In order to properly answer the research question (1), four tasks are pursued in the thesis:

(1.a) to critically review the well-known and in practice most often applied methods based on PCMs (multi-
plicative PCMs, additive PCMs with additive representation, and additive PCMs with multiplicative repre-
sentation) dealing with the construction of PCMs, consistency verification, and priorities computation;

(1.b) to critically review the existing approaches to the fuzzy extension of the methods reviewed within task (1.a)
and to identify their drawbacks regarding the violation of the reciprocity property and of the invariance
under permutation of objects;

(1.c) to demonstrate the necessity of applying constrained fuzzy arithmetic to the fuzzy extension of MCDM
methods based on PCMs in order to obtain meaningful results reflecting the preference information con-
tained in the original FPCM and not suffering from the drawbacks identified within task (1.b);

(1.d) to propose a new fuzzy extension of the methods critically reviewed within task (1.a) by applying con-
strained fuzzy arithmetic that does not suffer from the drawbacks identified within task (1.b) and that
reflects properly all preference information available in FPCMs.

Note that because of the excessive extent of the topic, only the first three tasks of the PC methods and
their fuzzy extension will be addressed in this thesis, i.e. the construction of PCMs, consistency verification,
and computation of priorities. The study of the fourth task, i.e. aggregation of the priorities of alternatives and
criteria into final priorities of alternatives representing final multi-criteria evaluations of the alternatives, and of
the extension of all four tasks to multiple DMs is left for future research.

Beside the inability to capture uncertainty, the “traditional” methods are also not able to cope with the situ-
ations where it is not possible or reasonable to obtain complete preference information from DMs, for example
due to time or cost limitations. This problem occurs especially in the situations where large-dimensional PCMs
are involved. That is why various methods for dealing with incomplete large-dimensional PCMs have been
proposed in the literature.

When dealing with incomplete large-dimensional PCMs, compromise between reducing the number of PCs
required from the DM as much as possible and obtaining reasonable priorities of objects is of paramount
importance. Thus, the second research question of this thesis is:

(2) How can the amount of preference information required from the DM in a large-dimensional PCM
be reduced while still obtaining comparable priorities of objects?

In order to properly answer this research question, it is necessary to define the meaning of “comparable”
priorities first. In the context of incomplete large-dimensional PCMs in this thesis, by comparable priorities
of objects will be meant such priorities of objects that are close enough to the actual priorities that would be
obtained from the hypothetical complete PCM, i.e. such priorities that approximate the actual priorities well
enough.

The research question (2) is answered in the thesis by pursuing the following two tasks:

(2.a) to propose an efficient method for partially filling an incomplete large-dimensional PCM that minimizes
the number of PCs required from the DM but provides a sufficient amount of preference information;

(2.b) to propose a suitable method for deriving priorities from an incomplete large-dimen- sional PCM that
reflect the incompleteness of preference information and that are “close” to the priorities obtainable from
the hypothetical complete PCM.

The basic idea is to design an algorithm based on an optimal sequential choice of the PCs that should be
provided by the DM and on the concept of weak consistency. Based on the weak consistency, the missing
PCs in the matrix should be replaced by intervals providing ranges for the missing preference information, thus
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obtaining a large-dimensional fuzzy (more precisely interval) PCM. Afterwards, methods for deriving fuzzy
priorities from FPCMs that are going to be proposed in this thesis whithin task (1.d) should be applied in order
to obtain interval priorities that represent properly the incompleteness of preference information contained in
the original incomplete large-dimensional PCM.

Note that because of the excessive extent of the topic only the problems where the DM provides PCs in
the form of crisp numbers are considered in this thesis. The generalization of the proposed method to fuzzy
numbers is again left for future research.

1.4 Structure of the thesis

This thesis is divided into five chapters. This chapter, Chapter |, provides an introduction to the topic of the
thesis and states the research questions and the tasks pursued in the thesis in order to provide answers to the
research questions.

Chapter Il provides a critical review of well-known and in real-life MCDM problems most often applied meth-
ods based on PCMs (task (1.a)). Three types of PCMs are studied in this chapter - multiplicative PCMs, additive
PCMs with additive representation, and additive PCMs with multiplicative representation - and transformations
between the three approaches are examined.

Chapter Il reviews basic concepts from fuzzy set theory which play a key role in this thesis. Trapezoidal and
triangular fuzzy numbers and intervals, that are later used for the fuzzy extension of methods based on PCMs,
are defined. Standard and constrained fuzzy arithmetic are studied in detail and the necessity of applying
constrained fuzzy arithmetic to arithmetic operations with fuzzy numbers in the presence of constraints on
operands is emphasized.

Chapter IV is the central chapter of the thesis that provides the answer to the research question (1). In this
chapter, the fuzzy extension of the methods reviewed in Chapter Il is studied. In particular, the fuzzy extensions
proposed in the literature are critically reviewed and their drawbacks regarding violation of the reciprocity of the
related PCs and of the invariance under permutation of objects are identified (task (1.b)). Necessity of applying
constrained fuzzy arithmetic to the fuzzy extension of the methods is emphasized in order to remove these
drawbacks (task (1.c)) and a proper fuzzy extension of the methods is proposed afterwards (task (1.d)). In
the final part of the chapter, transformations between the new methods based on constrained fuzzy arithmetic
proposed for all three types of FPCMs are studied.

In Chapter V, findings from Chapter IV are utilized in order to answer the research question (2), i.e. to deal
with incomplete PCMs of large dimensions. In particular, an algorithm for identifying iteratively PCs that should
be provided by the DM in an incomplete large-dimensional PCM (task (2.a)) and a method for obtaining interval
priorities from such an incomplete large-dimensional PCM (task (2.b)) are proposed.

Finally, Chapter VI contains discussion and perspectives for future research.



Chapter Il

Pairwise comparison matrices

Part of this chapter has been published in:

Krejci J.: “Obtaining fuzzy priorities from additive fuzzy pairwise comparison matrices”, IMA Journal of
Management Mathematics, First published online: May 2016, doi: 10.1093/imaman/dpw006.

2.1 Introduction

In order to solve a MCDM problem (to choose the best alternative from a set of alternatives, to rank the
alternatives from the most preferred to the least preferred, or to sort the alternatives into predefined classes),
rating of objects (alternatives, criteria) is usually required from decision makers (DMs). However, DMs might
have problems with rating the objects (assigning priorities to the objects) directly. That is because of the
cognitive limitation and incapability to compare several objects at the same time.

This limitation can be easily overcome by providing PCs of objects and then deriving the desired rating
(priorities) of objects. Using PCs allows the DM to consider only two objects at a time which is significantly less
demanding than considering them all. These PCs can be conveniently structured into a pairwise comparison
matrix (PCM). After, an appropriate method is applied to the PCM in order to derive priorities wy, ..., w, of
objects representing DM’s preferences.

PCs of n objects o1, ..., 0, are structured into a PCM C = {cij}zjzl as follows:

01 o2 ... On,
01 i1 €12 ... Cin
02 C21 C22 ... C2p (||'|)
C =
On, Cnl1 €Cn2 ... Cpn

The PC ¢;; in the i—th row and the j—th column of the PCM C expresses the intensity of preference of object
o; over object o;. For easier understanding, the rows and the columns in the PCM (l1.1) are labeled by the
names of the compared objects. This labeling is usually omitted in the literature and, for simplicity, it will be
omitted also in this thesis.

Notice that the PCs ¢;; and ¢;; express intensities of preference on the same pair of objects o; and o;; the
PC c;; expresses the intensity of preference of object o; over object o, and the PC ¢;; expresses the intensity
of preference of object o, over object o,. Therefore, it is obvious that these PCs are in relation. The type of
relation depends on the type of representation used for expressing PCs. In this thesis, two types of relation
between the PCs ¢;; and ¢;; are of interest: the multiplicative-reciprocity relation ¢;; = % and the additive-
reciprocity relation ¢;; = 1 — ¢;;. Reciprocity relation is an inherent property of a PCM that results naturally
from the interpretation of the PCs in a PCM. Both types of the reciprocity relation will be studied in detail in the
following sections.

There exists no canonical order in which to assign to n objects the labels o4, ..., 0,. The objects can be
labeled in n! different ways. By changing labeling of objects in a PCM, the preference information contained
in the PCM does not change; the original PCs are only permuted accordingly. Thus, it is desirable that the
priorities of objects derived from a PCM are independent of the order in which the objects are associated with
the rows and the columns of the PCM (Fichtner, 1986). This means that the priorities wy, ..., w, of objects
should not change under any permutation of the PCM C. Fichtner (1986) introduced the invariance under
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permutation of objects as one of the axioms which “good” methods for deriving priorities from PCMs should
meet.

Being P a permutation matrix, i.e. a square matrix with exactly one entry equal to 1 in each row and column
and 0 elsewhere, C™ = PCPT is a permutation of C associated with P. Further, let C denote a certain class
of PCMs. Then, invariance under permutation of methods for deriving priorities of objects from PCMs can be
formally defined as follows.

Definition 1. Let a method for deriving priorities w = (wy, ..., w,)T of objects from PCMs in a certain class C
be described by a function f : C — R", i.e. w = f(C),C € C. Then the method is said to be invariant under
permutation of objects if

f(PCPT) = Pf(C), VC € C and for any permutation matrix P.

In order to obtain reliable priorities of objects from PCMs, DMs should behave rationally when providing
intensities of preference, i.e they should be consistent in their preferences. This basically means that DMs
should not enter PCs into a PCM randomly without thinking carefully about their meaning but they should fully
focus on this task.

Various definitions of consistency as well as inconsistency indices have been defined in the literature in
order to control the consistency of PCMs. Again, it comes natural to require invariance of both the definitions
of consistency and of the inconsistency indices. Brunelli and Fedrizzi (2015) even introduced the invariance
under permutation of objects as one of the axioms characterizing inconsistency indices.

Definition 2. A definition of consistency for PCMs in a certain class C is said to be invariant under permutation
of objects ifVC' € C the following holds:

C consistent = PCPT consistent for every P,

C not consistent = PCP" not consistent for any P,

where P is a permutation matrix.

Definition 3. An inconsistency index I : C — R defined on a certain class C of PCMs is said to be invariant
under permutation of objects if

I(PCPT) = I(C), VC € C and for any permutation matrix P.

As already mentioned in Section 1.1.1, there exist two basic types of PCMs in MCDM: multiplicative PCMs
and additive PCMs. The additive PCMs are further divided into two types depending on the representation
used. In the following sections, all three types of PCMs are defined, and well-known and most often applied
consistency conditions, inconsistency indices, and methods for deriving priorities of objects from these PCMs
are reviewed.

2.2 Multiplicative pairwise comparison matrices

The first bases of the theory on multiplicative PCMs were given by Saaty (1977, 1980) who introduced a com-
plete method for supporting MCDM based on this type of PCMs called AHP. AHP covers all main issues, from
structuring the problem into a hierarchy, over the construction of multiplicative PCMs, verifying their consis-
tency, deriving priorities of objects on different levels of the hierarchy, up to the aggregation of the priorities on
different levels of the hierarchy into the final priorities of decision alternatives. In this section, the methods for
constructing multiplicative PCMs, verifying their consistency, and deriving priorities of objects from multiplica-
tive PCMs are reviewed.

2.2.1 Construction of MPCMs

Definition 4. A multiplicative pairwise comparison matrix (MPCM) of n objects o, ..., o0, IS a square matrix
M = {mij}zjzl, whose elements m;;,i,j = 1,...,n, indicate the ratio of preference intensity of object o; to
that of object o;. In other words, element m;; indicates that o; is m;;—times as good as o;. Further, a MPCM
M= {mij}zjzl has to be multiplicatively reciprocal, i.e.

1
mij:m”, i,j:l,...,n. (”2)
J?




Example 2. The matrix

1 2 4 7
11 92 5
M=|2 | (11.3)
12 00
7 5 3 1

represents a MPCM of four objects o1, 02, 03, and oy4; the matrix clearly satisfies condition (11.2) of multiplicative
reciprocity required in Definition 4.

According to Definition 4, element m;3 = 4 indicates that object o, is 4—times as good as object o3 (or in
other words: 4—times preferred to o3). Thus, according to the common sense, object o3 should be i—times
as good as object o; (or in other words: 4—times less preferred to 04), i.e. m3; = i Therefore, multiplicative
reciprocity (I1.2) is a very natural property of MPCMSs resulting from the interpretation of its elements.

Notice that, according to the multiplicative reciprocity, the elements on the main diagonal of the MPCM M
have to be equal to 1, i.e. m;; = 1,7 = 1,...,4. This requirement is in compliance with the interpretation of
the PCs in the MPCM. The element m;; represents the PC of object o; with object 0;,7 = 1,...,4; i.e, the PC
of one object with itself. It is natural that o; is 1—times as good as itself (or in other words: equally preferred),
which results in m;; = 1. A

As shown in Example 2, multiplicative reciprocity (11.2) is an inherent property that results naturally from
the interpretation of the PCs in a MPCM. Thus, it is always sufficient to provide one of the related PCs m;;
and mj;,i,j € {1,...,n}, in a MPCM and the second one is then determined automatically based on the
multiplicative-reciprocity property (11.2).

As already mentioned in Section 1.1.1, various other terms besides “MPCM” are used in the literature.
Most often they are called just “PCMs” (see e.g. Saaty (1977, 2006) etc.). Sometimes they are referred to
as “reciprocal PCMs” or “reciprocal preference relations”. In this thesis, the term “MPCM” is used in order to
emphasize the fact that these PCMs are multiplicatively reciprocal, and to distinguish them clearly from additive
PCMs (defined later in Section 2.3) that are additively reciprocal.

To make PCs of objects, Saaty (1977) suggested to use integer numbers between 1 and 9 and their recip-
rocals. This means that one object can be up to 9—times preferred or more important over another one. The
choice of this 9—point scale was done based on the psychological experiments showing that humans are not
able to compare simultaneously more than 5 to 9 objects (Miller, 1956).

Each integer from the scale is also assigned a linguistic term expressing the intensity of preference/import-
ance of one object over another one. For example, number 1 represents equal preference and number 9 ab-
solute preference. Thus, DMs can express their intensities of preference either numerically using the integers
or linguistically using the assigned linguistic terms. Usually, Saaty’s scale of integers 1,3,5,7, and 9 given
in Tab. 11.1 is used for PCs. When there is a need for more detailed PCs, a more detailed scale with inter-
mediate values 2,4, 6, and 8 is utilized. The intermediate values are expressed using the neighboring terms
and connecting them with the word “between”. For example, 2 is interpreted as “between equal and weak
preference”.

However, even though “being 9—times preferred” is the highest intensity of preference available in Saaty’s
scale to make PCs, it is not a natural maximum of intensity of preference. In fact, there is no natural maximum
of number of times an object can be preferred to another one. Thus, it is quite difficult for DMs to express their
intensities of preference in terms of multiples when they do not have a natural maximum value of intensity of
preference available. On the other hand, number 9 in Saaty’s scale is assigned the linguistic term “absolutely
preferred”. This may cause further confusion to DMs since “absolute preference” is naturally interpreted as the
maximum possible intensity of preference. Similarly, number 3 standing for “3—times preferred” is assigned a
linguistic term “weak preference”. Not even this linguistic term corresponds to human intuition. Most of the DMs
would probably assign “weak preference” to a number much closer to 1, which stands for equal preference, and
would use the number 3 to model much stronger intensity of preference. Thus, it seems that the linguistic terms
in Saaty’s scale do not correspond very well to the respective numerical values that are distributed uniformly in
the interval [1,9]. Some further problems related to Saaty’s scale will be mentioned in the following section. A
detailed and interesting discussion on modeling linguistic terms from Saaty’s scale is given by Stoklasa (2014).

Usually, either the term “intensity of preference” or the term “intensity of importance” is used in relation to
PCs of objects. The choice of the particular term often depends on the context. When comparing alternatives
with respect to a given criterion, we usually use the term “preference”. When comparing criteria with respect to
the goal of the decision-making problem, the term “importance” is often preferred. For the simplicity, only one
of the terms will always be used hereafter.

Saaty’s discrete scale %, %, o 1,2,000,8, 9} is without doubts the most commonly used scale in practice.
However, in general, any scale S of real numbers containing the neutral element 1 and such that for any
element z in S also the element 1 belongs to S can be used for the construction of MPCMs. Particular cases
of such scale are the intervals [1, 5], > 1, and ]0, oo[ (Gavalec et al., 2015).
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Table 11.1: Saaty’s scale.

Intensity of preference | Linguistic term

equal preference

weak preference

strong preference
demonstrated preference
9 absolute preference

2,4,6,8 intermediate values between
the two adjacent judgments
connected by word “between”

N oW o=

2.2.2 Consistency of MPCMs

Multiplicative reciprocity (11.2) is an inherent property of MPCMs resulting from the interpretation of the PCs
in the matrices. However, requiring the multiplicative reciprocity of PCs is not sufficient to guarantee that the
preference information contained in a MPCM is reasonable and that the priorities of objects derived from such
a matrix are reliable, i.e. that they represent preferences of the DMs properly.

In order to guarantee reliability of the priorities obtainable from a MPCM, DMs should be consistent in
their preferences when entering PCs into the MPCM. Various consistency conditions have been defined for
MPCMs. A well-known and most often applied consistency condition is the traditional multiplicative-consistency
condition.

2.2.2.1 Multiplicative consistency

Definition 5. (Saaty, 1980) A MPCM M = {m; }ijl is said to be multiplicatively consistent if it satisfies the
multiplicative-transitivity property

Mij = MikMkj, i, k=1,...,n. (11.4)

Definition 5 of multiplicative consistency is clearly invariant under permutation of objects compared in the
MPCM M.

Example 3. The MPCM

1 2 4 8
L1 92 4
M=|2 | (I.5)
1z 2
g 1 3 1

is multiplicatively consistent according to Definition 5 since it satisfies the multiplicative-transitivity property
(1.4). By permuting the MPCM M using the permutation matrix

(1.6)

o O O
o = O O
_ o O O
o o = O

for example, we obtain the MPCM M ™ = PM PT in the form

1 8 2 4
19 1 1
MT=|3 e (1.7)
141 2
T2l
which is again multiplicatively consistent according to Definition 5. A

The following theorem provides us with alternative ways to verify multiplicative consistency of MPCMs.

Theorem 1. Fora MPCM M = {m,;} the following statements are equivalent:

n
i,j=1"

(i) mij = mgemy;, G4, k=1,...,n,

10



Table 11.2: Random index RI.

n 1 2 3 4 5 6 7 8 9 10
R0 0 052 089 111 125 135 1.41 145 149

(i) mizmjpmpe; = 1, iL,5,k=1...,n,
(i) migmgrme; = mamymgi, i,5,k=1,....n
Further, Saaty (1994) derived the following characterization of multiplicatively consistent MPCMs.

Proposition 1. A MPCM M = {m;}.

i ;=1 Is multiplicatively consistent if and only if there exists a positive
vector w = (w1, ...,w,)T such that

M =— ij=1,...,n. (11.8)
wj

The notation w = (wy,...,w,)T will be used hereafter to represent exclusively a priority vector associated
with a MPCM.

According to Proposition 1, when a MPCM M = {mij}zjzl of n objects is multiplicatively consistent,
there exist priorities wy, . .., w,, of objects using which we can determine precisely the original PCs m,;,i,j =
1,...,n, in the MPCM M by applying the characterization (11.8). In fact, each column of a multiplicatively
consistent MPCM M is a priority vector satisfying these properties. On the other hand, when the priorities
wy, ..., w, Of objects are available, we can construct a multiplicatively consistent MPCM of objects by applying
(11.8). Notlce that the multiplicative reciprocity of M is always guaranteed by applying (11.8) since m;; = <% =

Wy
1 1
W, — .
w; vJ

Example 4. Since the MPCM (11.5) in Example 3 is multiplicatively consistent, there exists a positive priority
vector w = (w1, ws, w3, w,) T satisfying the characterization property (11.8). It is, for example, the priority vector
M:(L% %7§)T~ A

Multiplicative-consistency condition (11.4) seems to be reasonable when using numerical values for express-
ing the intensities of preference. When, for example, object o, is 3—times preferred to object oy (m; = 3), and
object oy, is 3—times preferred to object o;(my; = 3), then it is quite natural to require object o; to be 9—times
preferred to object o;(m;; = 3-3 = 9). But what happens when m;;, = 3 and my; = 5? In order to be consistent
we should write m;; = 3 - 5 = 15. However, this numerical value is out of Saaty’s scale that is usually used for
making PCs. Note that this problem would not occur with the scale S =0, oo, where for any m;;, € S, my; € S
also Mi; = MigMij € S.

Clearly, it is very difficult or even impossible (especially for MPCMs of large dimensions) to keep multi-
plicative consistency (I1.4) when using only the values from limited Saaty’s scale and their reciprocals. Thus,
Saaty (1980) defined Consistency Index CT to measure inconsistency of MPCMs. CT is given for a MPCM
M= {mlj}zj 1

cr—A-n (1.9)
n—1
where n is the number of objects compared in the matrix, and A is the maximal eigenvalue of the matrix. CTI
defined by (l11.9) is invariant under permutation of objects compared in the MPCM M (Brunelli and Fedrizzi,
2015). Further, Saaty (1994) showed that when the DM is absolutely consistent in his or her judgments, i.e.
when the MPCM is multiplicatively consistent according to (Il.4), then A = n, and thus CT = 0.

Since reaching absolute multiplicative consistency is very difficult, especially with limited Saaty’s scale,
some degree of inconsistency is allowed. C1T is required to be close to 0. However, determining the valued
of CTI below which MPCMs are regarded as acceptably inconsistent and above which they are regarded as

inconsistent is complicated. Thus, Saaty (1980) defined Consistency Ratio C'R in the form

CI
CR= R (1.10)
where RI is Random Index that is computed as an average value of CI of MPCMs randomly generated from
the elements of Saaty’s scale separately for each order n of MPCMs. Tab. 1.2 shows the values of RI (rounded
to two decimal places) for MPCMs up to dimension n = 10 as given by Alonso and Lamata (2006).

According to Saaty (1980), a MPCM is regarded as acceptably inconsistent if CR < 0.1. A MPCM such
that CR > 0.1 is then considered as inconsistent and the PCs in such a matrix should be reconsidered.
Nevertheless, even the relaxed requirement of CR < 0.1 is quite difficult to reach, especially for MPCMs of
large dimensions.
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Besides C' R, many other inconsistency indices have been proposed in the literature for verifying an accept-
able level of inconsistency of MPCMs. Some of them are reviewed e.g. by Brunelli and Fedrizzi (2015) and by
Gavalec et al. (2015).

The interpretation of the multiplicative consistency condition (11.4) does not seem very intuitive when lin-
guistic terms from Saaty’s scale are used for expressing the intensities of preference. When, for example,
object o; is weakly preferred to object o, (m;; = 3), and object o}, is weakly preferred to object o; (my; = 3),
then, according to the multiplicative consistency (11.4), it should follow that m,;; = 3 - 3 = 9, which means that
object o; should be absolutely preferred to object o,;. However, absolute preference of o; over o; seems to be
too strong in comparison to weak preferences of o; over o5, and of o, over o;. Using a much smaller preference
than the absolute preference would probably be more intuitive in this case. Thus, other consistency conditions
respecting better the linguistic interpretation of preference intensities have been proposed in the literature. One
of them is the weak-consistency condition introduced by Jandova and TalaSova (2013) and by Stoklasa et al.
(2013).

2.2.2.2 Weak consistency

Jandovéa and TalaSova (2013) and Stoklasa et al. (2013) proposed the weak-consistency condition as an in-
tuitive minimum consistency requirement for MPCMs M = {mij}zjzl. The idea is to require the preference
intensity m,; to be at least the maximal value of the preference intensities m;;, and my; for each triplet of
objects 0;,0;, 0k, i,j,k € {1,...,n}.

Definition 6. (Jandova and Talasova, 2013) A MPCM M = {m;;} is said to be weakly consistent if

n
4,j=1
mir >1 A my; >1 = mg; > max {mg, my;},

mige =1 A mg; >1 = my; =max{my, mk;}, (1.11)

mir > 1 A Mg = 1 = m;; = max {mik,mkj},
holds fori,j,k=1,...,n.

It is obvious that Definition 6 of weak consistency is again invariant under permutation of objects compared
in the MPCM M.

The weak-consistency condition is suitable especially when linguistic terms are used for expressing the
intensities of preference instead of real numbers. For example, when object o; is weakly preferred to object
or (mir = 3), and object oy, is strongly preferred to object o; (my; = 5), then object o, has to be at least
strongly preferred to object o; (m;; > max{3,5} = 5). Thus, the requirement of weak consistency seems to
be very natural, and it provides DMs with some space for expressing their intensities of preference - a desired
tolerance. Moreover, it is very easy to control while entering PCs into the MPCM.

The weak-consistency condition was also defined in more relaxed forms by Krejci (2017b) and by Basile
and D’Apuzzo (2002). Recently, Cavallo and D’Apuzzo (2016) proposed a definition of weak consistency very
similar to the weak consistency in Definition 6. In this thesis, the weak-consistency condition given by Definition
6 is adopted and later applied in Chapter V in a novel method for dealing with large-dimensional PCMs.

Jandova and TalaSova (2013) derived some rules equivalent to the weak-consistency condition (11.11). They
are formulated in the following theorem.

Theorem 2. (Jandova and Talasova, 2013) For a MPCM M = {mij}?jzl , the following statements are equiv-
alent:

(i) M is weakly consistent according to Definition 6,
(i) Foreveryi,j,k=1,...,n:

mirk <1 A my; <1 = mg; <min{m, my;},

4

mie =1 A my; < 1 ms; = min {mik,mkj}, (”12)

mip <1 A my; =1 = my; =min{m, ms;}.

(iii) Foreveryi,jk=1,...,n:

1

I<g=<mag = 5o <my < mig,
L<mip < e = gy <mij <1, (11.13)

1< — <my = 1<mij§mik.
J
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(iv) Foreveryi,j,k=1,...,n:

1

<mi <1l = mg; <myy,

My

I<my; < mll.k = mi <mi; < 1, (11.14)
1 1

1<m;€j: pro— = Ty <my; < myg;.

Further, Jandova and Talasova (2013) derived some interesting properties of weakly consistent MPCMs.
For example, every weakly consistent MPCM can be permuted in such a way that the objects compared in
the MPCM are ordered from the most preferred to the least preferred. In such an ordered weakly consistent
MPCM, all elements above the main diagonal are greater or equal to 1, i.e. m;; > 1, 4,5 =1,...,n, i < j.
Moreover, the sequences of elements in the rows are non-decreasing and the sequences of elements in the
columns are non-increasing.

Example 5. The MPCM

1 2 5 9
L1 4 7
M=|2 | (1.15)
10
1
5 7 5 1

is obviously weakly consistent according to Definition 6 since the sequences of the PCs in the rows are non-
decreasing and the sequences of the PCs in the columns are non-increasing. A

Jandova and TalaSova (2013) showed that every MPCM that is multiplicatively consistent according to
Definition 5 is also weakly consistent according to Definition 6. In fact, from m;, > 1 A my; > 1, it follows
that m;; = mamy; > max {m;,, myg;}. For my, = 1 A my; > 1, and for my, > 1 A my; = 1, we get
Mij = MikMij = Max {M, My} .

The properties of weakly consistent MPCMs reviewed in this section are utilized in the novel method for
dealing with large-dimensional PCMs that is described in detail in Chapter V.

2.2.3 Deriving priorities from MPCMs

Based on the given MPCM M = {mij}zjzl of n objects o1, ...,0,, it is endeavoured to derive the priority
vector w = (wy, ..., w,)T that would best represent the relative preference (or importance) of the objects with
respect to the other objects in the set.

We know from the previous section that when a MPCM M = {m;; } is multiplicatively consistent accord-
ing to (I1.4), then there exists a positive priority vector w = (w1, ...,w,)T such that m;; = L”}—], L,j=1,...,n.
For example, any column of the multiplicatively consistent MPCM can by used to represent the priority vector
w = (wi,...,w,)T. When the MPCM M = {mij}zjzl is not multiplicatively consistent, then the ratios of the

priorities only estimate the PCs in the matrix, i.e.

n
ij=1

w; ..
mijzj, ,j=1,...,n. (1.16)
J

Priorities w1, ..., w, are given on a ratio scale. Because the ratios jjj ,i,j=1,...,n, play a key role, these

ratios cannot change under any normalization of the priorities. Thus, the normalization can be done only by
multiplying the priorities by a constant ¢ > 0 (% = ;”—]) This means that when there exists a positive vector

w = (w,...,w,)T representing the priorities of dbjects 01, . ..,0n, then also any vector obtained from w by the
transformation

w; — C-w, i=1,...,n, (1.17)
where ¢ > 0, represents the priorities of the objects. In the literature, the normalization condition

n

dwi=1,  wel01], i=1,...,n, (1.18)

is usually applied in order to reach the uniqueness. This normalization condition is applied also in this thesis,
and for simplicity and when no confusion arises, the normalized priorities are referred to only as priorities.

Many methods have been proposed in the literature for deriving priorities of objects from MPCMs. In this
thesis, two well-known methods, the eigenvector method and the geometric-mean method, are of interest, and
only the extension of these two methods to fuzzy MPCMs will be dealt with here. For a review of other methods,
see, e.g., Gavalec et al. (2015).
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2.2.3.1 Eigenvector method

The eigenvector method (EVM), originally proposed by Saaty (1977) for deriving priorities in AHP, is one of
the oldest methods for deriving priorities of objects from MPCMs. According to this method, the priorities of
objects are calculated as the components wy, ..., w, of the normalized maximal eigenvector w corresponding
to the maximal eigenvalue X, .x of the MPCM M.

Let A be a square matrix of size n. The scalar A and the vector w of size n satisfying Aw = \w are called the
eigenvalue and the eigenvector of the matrix A, respectively. The set of all eigenvalues of matrix A is obtained
as the solution to the equation |A — A\I| = 0 where I denotes the identity matrix of size » and |.| denotes the
determinant of a given matrix.

From Perron-Frobenius theorem it follows that for a positive matrix A = {aij}zjzl, i.e. a;; > 0fori,j =
1,...,n, there exists a positive eigenvalue X, .x such that |\| < A, .x for any other eigenvalue A of A. Such
eigenvalue

Amax = max {\;|A — \I| =0} (11.19)
is called the maximal eigenvalue of A. Further, there exists a positive eigenvector

Wyax = (wh s 7wn)T: AMMAX = Avax W,y ax (11.20)
corresponding to A\, .x called the maximal eigenvector of A. The maximal eigenvector w,, , . is unique up to
a multiplicative constant. That is why normalization (l1.18) is usually applied to obtain a unique solution - the

normalized maximal eigenvector

n
T. _ _
Wiax = Wiy, wn) 1 AW, v = AraxWaaxs E w; = 1. (1n.21)
i=1

A MPCM M = {mij}zjzl is a positive square matrix. Therefore, there always exists a positive maximal
eigenvalue \,,.x and a normalized positive maximal eigenvector w,, .. The components of this eigenvector
represent the priorities of objects compared in the MPCM M. When a MPCM M = {mij}zjzl is multiplicatively
consistent according to (I.4), then A, .x = n, and w,, , , satisfies (11.8). Further, it is a well-known fact that the
EVM is invariant under permutation of objects in the MPCM M (see, e.g., Fichtner (1986)).

Only the maximal eigenvalues and the corresponding maximal eigenvectors are considered in this thesis.
Thus, for the sake of simplicity, the lower index »ax is omitted and only the notation A and w is used hereafter.
Further, for later use in optimization formulas for deriving fuzzy maximal eigenvalues and normalized fuzzy
maximal eigenvectors of FMPCMs in Sections 4.2.2.4 and 4.2.3.1, it is particularly useful to denote the maximal
eigenvalue A of matrix M as EV M, (M) and the normalized maximal eigenvector w of matrix M corresponding
to A as EV M, (M).

Further, the following property, that is later used in Section 4.2.2.4, results from the Perron-Frobenius
Theorem. Let A = {aij}zj:l and B = {bij}zj:l be two positive matrices, and let a;; > b;; fori,j =1,...,n
and ay; > by for k,0 € {1,...,n}. Then, the maximal eigenvalue of A is greater than the maximal eigenvalue
of B, i.e. EVMy(A) > EVM\(B).

2.2.3.2 Geometric-mean method

The geometric mean method (GMM) is another well-known method for deriving priorities of objects from
MPCMs. This method gives the same results as the logarithmic least squares method (LLSM).

LLSM utilizes the characterization property (I1.16) of a MPCM M = {mij}zjzp and it is based on the
minimization of the sum of squared errors of logarithms:

n—1 n 2
min E » E (hlmij —1nw;) — wj, 1=1,...,n. (n.22)
=1 j=i+1

It was shown that the optimal solution of (11.22) is always unique (up to a multiplicative constant) and can
be determined by the geometric mean of the elements in the rows of the MPCM M1, i.e.

wi = o\ [[m,  i=1....n (11.23)
j=1
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By employing the normalization condition (11.18), the normalized priorities can be computed directly as

n
H Mij

g

It can be easily verified that the GMM given by formula (11.24) is invariant under permutation of objects in the
MPCM M.

Furthermore, Saaty and Vargas (1984) showed that when a MPCM is multiplicatively consistent according
o (ll.4), then EVM and GMM (or equivalently LLSM) lead to the same results. This means that the priority
vector obtained from a multiplicatively consistent MPCM by GMM satisfies (11.8) too. When a MPCM is close
to multiplicative consistency, then the methods provide very similar but not identical results (Crawford and
Williams, 1985).

There have been many studies comparing EVM and GMM. Saaty and Vargas (1984) compared EVM,
GMM, and the least squares method. They concluded that EVM is the only method that guarantees rank
preservation (i.e., m;; > mjj, for all k = 1,...,n implies w; > w,) under inconsistency. Further, Saaty and
Hu (1998) showed an illustrative example where the ranking of alternatives obtained by GMM differs from the
ranking obtained by EVM. Based on this example, Saaty and Hu concluded that EVM is the only valid method
for deriving priorities from MPCMs, in particular from inconsistent MPCMs. However, it is not acceptable to
derive such a strong conclusion based on one illustrative example. Furthermore, showing that GMM leads to a
ranking different from the one obtained by EVM does not surely demonstrate that GMM leads to rank reversal;
this conclusion is based on the unfounded assumption that EVM provides the correct solution.

Crawford and Williams (1985) ran some simulations to compare the performance of EVM and GMM under
different error distributions and metrics. The simulations suggest better performance of GMM in priorities
estimation as well as in rank preservation. Other studies favoring GMM over EVM have been done, e.g., by
Barzilai (1997), Blaquero et al. (2006) and Dijkstra (2013).

n. (1.24)

2.3 Additive pairwise comparison matrices

The first bases of the theory of additive PCMs were given by Orlovski (1978), Nurmi (1981), Tanino (1984),
and Kacprzyk (1986). In this section, the methods for constructing additive PCMs are reviewed and two
types of additive PCMs are defined - additive PCMs with additive representation and additive PCMs with
multiplicative representation. Afterwards, definitions of consistency and methods for verifying consistency and
deriving priorities of objects from both types of additive PCMs are reviewed.

2.3.1 Construction of APCMs

Definition 7. An additive pairwise comparison matrix (APCM) of n objects oy, ..., 0, is a square matrix A =
{ai;}; j—1 whose elements a;;,1,j = 1,...,n, are defined on interval [0,1]. Further, the matrix is additively
reciprocal, i.e.

Qi = 1—aji, i,j:L...,’I’L. (”25)

Unlike in the case of MPCMs, there exists no widely accepted discrete scale with assigned linguistic terms
for expressing the intensities of preference for APCMs. Often, the whole interval [0, 1] is used, i.e.

a;; =1 if 0; is absolutely preferred to o;,
a;; €]0.5,1] if o; is preferred to o;,
a;; = 0.5 if o, and o; are indifferent/ equally preferred, (1.26)
a;j €]0,0.5] if o; is less preferred to o;,
a;; =0 if o, is absolutely less preferred to o;.
Example 6. Matrix
05 07 1
A=1(03 05 09 (1.27)
0 01 05

represents an APCM of three objects o1, 02, and og; the matrix clearly satisfies condition (11.25) of additive
reciprocity required in Definition 7.

According to Definition 7, element a;3 = 1 indicates that object o, is absolutely preferred to object os.
Thus, according to the common sense, object o3 should be absolutely less preferred to object o4, i.e. az; = 0.
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Therefore, additive reciprocity (11.25) is a very natural property of APCMs resulting from the interpretation of its
elements.

Notice that according to the additive reciprocity, the elements on the main diagonal of the APCM A have to
be equal to 0.5, i.e. a;; = 0.5,7 = 1,2, 3. This requirement is in compliance with the interpretation of the PCs in
the APCM. The element a;; represents the PC of object o; with itself. It is natural that o; is equally preferred to
itself, which means a;; = 0.5,7 = 1,2, 3. A

As shown in Example 6, additive reciprocity (11.25) is an inherent property that results naturally from the
interpretation of the PCs in an APCM. Thus, it is always sufficient to provide one of the related PCs «a;; and
aji,i,7 € {1,...,n}, in an APCM and the second one is then determined automatically based on the additive-
reciprocity property (11.25).

Various other terms are used in the literature besides “APCM”. Most often they are called “fuzzy pref-
erence relations” (see, e.g., Bezdek et al. (1978); Nurmi (1981); Tanino (1984); Kacprzyk (1986); Cabrerizo
et al. (2014); Gavalec et al. (2015)), sometimes reciprocal relations (see, e.g., Baets et al. (2006); Fedrizzi
and Brunelli (2009, 2010)), additively reciprocal relations (see, e.g., Fedrizzi and Giove (2013)), or reciprocal
preference relations (see, e.g., Chiclana et al. (2009)). In this thesis, the term “APCM” is used in order to
emphasize the fact that these PCMs are additively reciprocal, and to make an analogy to MPCMs that are
multiplicatively reciprocal.

The use of the term “fuzzy preference relation” in this thesis might even be confusing or misleading. Histori-
cally, fuzzy preference relations were defined as a fuzzy extension of binary preference relations (Bezdek et al.
(1978); Nurmi (1981); Tanino (1984); Kacprzyk (1986)). Binary preference relation b on a finite set of objects
O ={o1,...,0,}isdefinedas b: O x O — {0,1} where b(o0;,0;) = 1if o; is preferred to o;, and b(o;, 0;) = 0 if
o; is preferred to o,. Fuzzy preference relation b on a finite set of objects O = {o1,...,0,} is then defined as a
fuzzy set on the cartesian product O x O characterized by the membership function 1; : O x O — [0, 1] where
pz(0i, 05) = a represents the degree of preference of object o; to object o;. (Fuzzy sets will be defined properly
in Chapter IIL.)

In this thesis, the fuzzy extension of degrees of preference (intensities of preference) is of interest. There-
fore, because the intensities of preference both in MPCMs and APCMs will be later in this thesis modeled by
fuzzy numbers instead of crisp numbers, the world “fuzzy” is reserved for describing these extended versions
of PCMs, i.e. they will be called fuzzy MPCMs and fuzzy APCMs. If the term “fuzzy preference relation” was
used instead of “APCM”, we would have to deal with the fuzzy extension of fuzzy preference relations, i.e.
“fuzzy fuzzy preference relations”, which would create confusion.

Similarly as for MPCMs, the preference information contained in an APCM should be reasonable in order to
ensure that the priorities of objects derived from such a matrix represent properly DMs’ preferences. In order to
verify whether the DMs are consistent in their preferences, it is necessary to define an appropriate consistency
condition for APCMs.

Two traditional and well-known consistency conditions for APCMs are the additive-consistency condition
and the multiplicative-consistency condition introduced by Tanino (1984). Often, APCMs are considered as
one set of matrices for which it is possible to verify both additive and multiplicative consistency. However,
this approach is not correct. Each type of consistency is strictly related to a particular interpretation of the
PCs in the APCM A. In fact, before constructing an APCM A, it is necessary to choose between additive
and multiplicative representation (associated with additive and multiplicative consistency, respectively), which
has an impact on the values of the entries in the APCM A. This means that comparing a set of n objects
pairwisely in an APCM by using additive representation, and comparing the same set of objects pairwisely in
an APCM by using multiplicative representation, we obtain two APCMs with different entries. Depending on the
representation used, we can then verify the associated additive or multiplicative consistency. Furthermore, it is
necessary to distinguish between the two representations also when deriving priorities of objects from APCMs.

The necessity of distinguishing between APCMs with additive and multiplicative representation will be much
clearer as soon as the definitions of both are provided. In Section 2.3.2, APCMs with additive representation
will be introduced, and in Section 2.3.3, APCMs with multiplicative representation will be dealt with.

2.3.2 Additive pairwise comparison matrices with additive representation
Definition 8. An APCM with additive representation (APCM-A) is an APCM R = {r;;} satisfying the

i,j=1
additive-reciprocity property (11.25) where r;; — r;; indicates the difference of preference intensity of object o,

and of object o;.

2.3.2.1 Additive consistency of APCMs-A

Definition 9. (Tanino, 1984) An APCM-A R = {r;;}
additive-transitivity property

i -1 Is said to be additively consistent if it satisfies the

Tij = Tik + 15 — 0.9, i, 5, k=1,...,n. (1.28)
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Definition 9 of additive consistency is invariant under permutation of objects in the APCM-A R.

Example 7. The APCM-A
0.5 0.6 0.8 09
04 0.5 0.7 0.8
=102 03 05 06 (11.29)

0.1 02 04 0.5

is additively consistent according to Definition 8 since it satisfies the additive-transitivity property (11.28). Also
the permuted matrix R™ = PRP” obtained by applying the permutation matrix (11.6) is additively consistent. A

The following theorem provides us with alternative ways to verify additive consistency of APCMs-A.

Theorem 3. Foran APCM-AR = {rij};"jzl , the following statements are equivalent:

(i) R is additively consistent according to the additive-transitivity property (11.28),
(ii)
Tij + Tk + Thi = Tik + Tkj + Tjis i, k=1,...,n, (1.30)
(iii)
3
rij+rjk+rki:§a i,j,k:L...,n, (”31)

Note 1. According to Theorem 3, the additive consistency of APCMs-A can be defined by using any of the
expressions (11.30) and (11.31). These expressions will be referred to later when an extension of the definition
of additive consistency to fuzzy APCMs-A is dealt with.

Further, Tanino (1984) derived the following characterization of additively consistent APCMs-A.

n

Proposition 2. (Tanino’s characterization) An APCM-A R = {r;;} is additively consistent if and only if

i,j=1
there exists a non-negative vectorv = (vy, ..., vn)T7 lv; —v;| <1,4,5 =1,...,n, such that
rij=05(v;—v;+1), d,j=1,...,n (11.32)

The notation v = (vy,...,v,)T will be used hereafter to represent exclusively a priority vector associated
with an APCM-A.
Proposition 2 says that when an APCM-A R = {rij}zjzl of n objects is additively consistent, there exist

priorities vy, ..., v, of objects using which we can determine precisely the original PCs 7;;,4,j = 1,...,n, in
the APCM-A R by applying Tanino’s characterization (11.32). On the other hand, when the priorities vy, ..., v,
of objects are given such that |v; — v;| < 1,4, = 1,...,n, we can construct an additively consistent APCM-A

of objects by applying (11.32). Notice that the additive reciprocity of R is always guaranteed by applying (I1.32)
since Tij = 0.5 (Ui — Uj + 1) =1- 0.5(Uj —v; + 1) =1- Tji-

Example 8. Since the APCM-A (11.29) in Example 7 is additively consistent, there exists a non-negative priority
vector v = (v1,v2,v3,v4)T satisfying the characterization property (11.32). It is, for example, the priority vector
v =(0.8,0.6,0.2,0)". A

Moreover, Tanino’s characterization (11.32) is in line with the interpretation of the differences of PCs in an
APCM-A R as given in Definition 8. In particular, when an APCM-A R is additively consistent according to
(11.28), then the difference of PCs indicating the difference of preference intensity of o; and of o; corresponds
to the difference of their priorities (Krejci, 2016), i.e.

Tij = Tji = Vi = Uj, hj=1,...,n. (1.33)
When the APCM-A R is not additively consistent, then
Tij — Tji = Vi — Uy, ,7=1,...,n. (“34)

Example 9. From the intensity of preference r1» = 0.6 in the APCM-A (11.29) we know immediately that the
difference between the priorities v and vy is 0.2 (v; — ve = 112 — 191 = 0.6 — 0.4 = 0.2). Similarly also for
the remaining differences between the priorities. The priority vector v = (0.8,0.6,0.2,0)7 shown in Example 8
satisfies this property. A
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Similarly to the multiplicative-consistency condition for MPCMs, also the additive-consistency condition
(1.28) is very difficult to keep when PCs in an APCM-A R are done using the scale [0, 1]. Having r;; = 0.9 and
rr; = 1, for example, it follows r;; = 7, + ry; — 0.5 = 1.4, which exceeds the interval [0, 1]. Thus, it is possible
to keep additive consistency only when using the intensities of preference close to the indifference value 0.5.
This is not always reasonable or even possible (in particular for large-dimensional APCMs-A). Thus, other
consistency conditions have been proposed in the literature. One of them is the weak-consistency condition
proposed by Jandova et al. (2017).

The weak-consistency condition as introduced by Jandova et al. (2017) is applied in the same form both
to APCMs-A and to APCMs with multiplicative representation (introduced later) without distinguishing among
them, i.e. the weak-consistency condition is defined in general for APCMs. Therefore, this consistency condi-
tion will be reviewed later in Section 2.3.3.2, after introducing APCMs with multiplicative representation.

2.3.2.2 Deriving priorities from APCMs-A

Based on the given APCM-A R = {r,-j}zj:l of n objects it is endeavoured to derive the priority vector v =
(v1,...,v,)T that would best represent the relative preference of the objects with respect to the other objects
in the set.

As discussed in the previous section, when an APCM-A R = {rij}szl is additively consistent according to
(11.28), then there exist priorities vy, ..., vy, [v; —v;| < 1,4,5 = 1,...,n, such that r;; = 0.5(v; — v; + 1). When
an APCM-A R = {r;;}"._, is not additively consistent, then the given expression only estimates the PCs in the

i,j=1
matrix, i.e.
ri; = 0.5(v; —v; + 1), ,j=1,...,n. (11.35)
Fedrizzi and Brunelli (2010) proved that for an APCM-A R = {mj}zj.:l the only vector of priorities (up to an
additive constant) satisfying (1.32) is v = (v4, ... ,vn)T such that
._Ei 5 1 (11.36)
vz—njilr”, 1=1,...,n. .

Notice that the method for deriving priorities of objects from APCMs-A by formula (11.36) is again invariant
under permutation of objects.

Proposition 3. (Krejci, 2016) Given an APCM-A R = {”J'}Zj
formula (11.36) are such that

_, . the priorities vy, . ..,v, obtained from R by

ivi =n. (1.37)
i=1

Proof.
n n n n n n n
n 2 2
Su = - 7‘&]—75 E Tij = E m—FE g Tij
i=1 i=1 " =1 i=1j=1 i=1 i=1j=1
JFi

O

Remark 1. Notice that the property (11.37) of the priorities given by (l1.36) is independent of the additive
consistency; it depends only on the additive-reciprocity condition (11.25). This means that also the sum of the
priorities of objects obtained from an additively inconsistent APCM-A still equals n.

As shown by Fedrizzi and Brunelli (2010), there exist infinitely many priority vectors satisfying Proposition

2. These priority vectors can be generated from (11.36) by adding an arbitrary constant. This means that

for a priority vector v = (vy,...,v,)T satisfying Proposition 2, also any priority vector obtained from v by the
transformation

vy — U; t+¢, 1=1,...,n, (1.38)

where ¢ € R, satisfies Proposition 2.

Note that it is not possible to multiply the priorities (11.36) as it is done in the case of MPCMs, where the
ratios of the priorities estimate the original PCs in the matrix. In the case of APCMs-A, the original PCs r;;
in the APCM-A R = {rij}zjzl are estimated by the differences between the priorities v; and v; by means of
(11.35) and, thus, these differences have to remain unchanged.
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In order to reach uniqueness, a normalization condition is usually applied to the priority vectors. In the case
of MPCMs, the normalization condition

Zwizl, w; € 0,1, i=1,...,n, (11.39)

is usually applied, see Section 2.2.3. It is worth to note that the condition (11.39) is reachable independently of
the requirement of multiplicative consistency of MPCMs, i.e. even the priorities obtained from a multiplicatively
inconsistent MPCM can be normalized so that they satisfy (11.39).

The normalization condition (I1.39) has been applied also to the priorities obtained from APCMs-A (see
e.g. Xu (2004, 2007a); Xu and Chen (2008a,b); Wang and Li (2012); and the list of other papers provided by
Fedrizzi and Brunelli (2009)). However, Fedrizzi and Brunelli (2009) showed that the normalization condition
(1.39) is incompatible with Proposition 2.

Fedrizzi and Brunelli (2009) proposed a new normalization condition in the form

min v; =0, v; €1[0,1], ¢=1,...,n. (1.40)

i=1,...,n

However, the normalization condition (11.40) is reachable only for additively consistent APCMs-A. For additively
inconsistent APCMs-A, in general, the normalized priorities satisfying the condition min;—; . ,v; = 0 do not
satisfy the condition v; € [0,1], i = 1,...,n, as is illustrated on the following example.

Example 10. Let us examine the priorities obtainable from the APCM-A

0.5 0.8 1
A=1] 02 05 09 |, (I1.41)

0 0.1 0.5
which is not additively consistent; r15 4+ 725 — 0.5 = 0.8 + 0.9 — 0. 5 = 1.2 # 1 = r13. The priorities of objects
obtained by formula (11.36) are in the form v; = 22 v, = 3%, v3 = . By applying the normalization condition
min;—1__,v; = 0, we obtain normalized priorities in the form v; = lg,vg = 12,v3 = 0. Clearly, v; > 1 which

violates the normalization condition v; € [0,1], i =1,...,n. AN

Proposition 4. (Krejci, 2016) Given an APCM-A R = {r;;}} ij=1-M = 3, there exists no normalization condition
of the type (11.38) for the priorities (11.36) that would guarantee the fulfillment of the property v; € [0,1], i =

1,...,n.

Proof. There exist infinitely many priority vectors obtainable from (11.36) by the transformation (11.38). In order
to modify the priorities so that v; € [0,1], ¢ = 1,...,n, a suitable constant ¢ has to be added to the priorities
(11.36). Further, we know that the differences between the priorities do not change by adding a constant
to them; (v; +¢) — (v; +¢) = v; —v;,4,5 = 1,...,n. Clearly, the priorities (11.36) could be normalized so
that v; + ¢ € [0,1], ¢ = 1,...,n, if and only if |v; — v;| < 1,4,5 = 1,...,n. However, it will be shown that
|v; —v;| < 1,4,5 =1,...,n, is not reachable in general.

Let 0;,i € {1,...,n}, be such that it is absolutely preferred to all other objects, and let 0;,5 € {1,...,n},
be such that all other objects are absolutely preferred to o;. Then, for n > 3

2n —2
v — vy =~ Zrlk erk_f (05+n—-1)=(05+0) == >1.

O

According to Proposition 4, the property v; € [0,1], ¢ = 1,...,n, cannot be guaranteed for additively
inconsistent APCMs-A under any normalization condition of the type (11.38). However, as discussed in the
previous section, it is difficult or even impossible to reach additive consistency of APCMs-A in many MCDM
problems, especially because of the restricted scale [0, 1] used for expressing the intensities of preference of
one compared object over another. In general, the higher the dimension of an APCM-A is, the more difficult
reaching the consistency is. Even when the DM is asked to reconsider his or her preferences, it does not have
to lead to an additively consistent APCM-A. Therefore, in real-life applications, priorities of objects have to be
often derived from additively inconsistent APCMs-A. This calls for a normalization condition applicable also
to the priorities obtained from these additively inconsistent APCMs-A. Recall that for MPCMs there is such a
normalization condition - (11.39).
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Since the condition v; € [0,1], i = 1,...,n, is not reachable for priorities obtained from additively inconsis-
tent APCMs-A, we may weaken the normalization condition (11.39) to

i:vi =1 (1.42)
=1

without any further constraints on the priorities. By applying this normalization condition to the priorities ob-
tained by formulas (11.36), we derive formulas for obtaining normalized priorities from an APCM-A as

2 — -1
=S¥ - i=l.m (11.43)
n.:

n

Notice that the method for deriving normalized priorities from an APCM-A by formula (11.43) is again invariant
under permutation of objects.

Proposition 5. (Krejci, 2016) Given an APCM-A R = {7“”}” | » the priorities vy, . .., v, obtained from R by
formula (11.43) are such that
> vi=1 (11.44)
=1
and
—1<wv <1, i=1,...,n. (11.45)
Proof.

n n

ZUI—Z(QZH:HJ‘—H ) ZZT” (n—1)=1,

=1 Jj=1 11]1

which proves (11.44).

The value of the priority v;,¢ € {1,...,n}, obtained by formula (11.43) depends only on the PCs in the i—th
row of the matrix, i.e. on the intensities of preference of object o; over the other objects. To prove the inequality
v; < 1, we just need to show that the priority of object o; will not exceed 1 even for the highest possible
intensities of preference of object o; over all other objects.

Let o;,7 € {1,...,n}, be absolutely preferred to all other objects. Then,

2 & n—1 1 - 1
== - ——==12 i—n+l]==(2(n—1405)—n+1)=1.
n;r] - n(;rj n+> n( (n—140.5)—n+1)

Similarly, to prove the inequality —1 < v; we just need to show that the priority of object o; will be greater than
-1 even for the lowest possible intensities of preference of object o; over all other objects. Let o;,: € {1,...,n},
be absolutely preferred by all other objects. Then,

—1 1 9 _ 9
ij n _E(2(0+O.5)—n+1): - :_1+E>_1

O

Example 11. The priority vector obtainable from the APCM-A (11.41) in Example 10 by the formulas (I1.43)

is in the form v = (12, &, 72)T. This priority vector clearly satisfies both normalization properties (I1.44) and

(1.45). VAN
Liu et al. (2012b) showed that the normalization condition > , v; = 1, v; € [0,1], i = 1,...,n, is reachable
for the priorities (11.43) obtainable from an additively consistent APCM AR={ry} =1, ifand only if
' n . n— 1
11%1%1” Tik = 72 .
k=1

According to Proposition 5, some of the priorities normalized according to the normalization condition (11.42)
can be negative, i.e. v; < 0,i € {1,...,n}. To avoid these situations, Meng et al. (2016) proposed “normaliza-
tion” of the priorities (11.43) as follows:

-1
vi:maX{O Zr”—n }, 5, =1,...,n.
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However, such “normalization” of the priorities, similarly to the inappropriate normalization condition (11.39),
distorts the preference information contained in APCMs-A, and thus it is not appropriate. Moreover, the possi-
ble negativity of some of the priorities normalized according to (1.42) is not a problem at all because the scale
on which the priorities are given is an interval scale; the differences between the priorities are meaningful.
For example the normalized priorities v; = 12,v2 = %,v3 = T2 obtained in Example 11 from the APCM-A
(1.41) by the gormula (11.43) tell us that, e.g., ro3 — r32 is estimated as v, — v3 = 2 or that ry3 is estimated as
0.5+0.52 = 3.

Remark 2. It is necessary to mention that also a more general characterization than Tanino’s characterization
(11.32) has appeared in the literature (see e.g. Xu et al. (2009); Liu et al. (2012b); Xu et al. (2014b)):

ry =05+ B —vy), B max 2= r; 8 >0 (11.46)
=1,....n =
together with priorities
1 & 11
P = —— ii 55T — .47
RRETP PR T (147)

satisfying this characterization and normalization condition 3", v; = 1,v; € [0, 1]. More particularly, Xu et al.
(2009) proposed to set 3 = 5 and Xu et al. (2011) and Hu et al. (2014) assumed 3 = "7‘1 It is true that
by assuming the characterization (11.46) the obtained normalized priorities (11.47) are always non-negative and
constrained to interval [0,1]. However, the priorities miss an intuitive interpretation. In particular, r;; — r;; =
0.5+ B(v; —v;) — 0.5 = B(v; — vi) = 2B(v; — v;), which would mean that the difference of priorities gives us
%—th of the difference between the related PCs in the APCM-A. This is quite difficult to interpret. Particularly,
for 3 = 2 we obtain v; — v; = (r;; — rj;), and for 8 = “5* we obtain v; — v; = —L(r;; — r;;). Notice that for
B = %, the characterization (11.46) equals to Tanino’s characterization (11.32) and the corresponding priorities
(11.47) equal to priorities (11.43) with a clear and intuitive interpretation v, — v; = rij — rj;.

2.3.3 Additive pairwise comparison matrices with multiplicative representation

Definition 10. An APCM with multiplicative representation (APCM-M) is an APCM Q = {qij};f =1 ij €]o, 1],
satisfying the additive-reciprocity property (11.25) where ZTJ indicates the ratio of preference intensity of object

o; to that of object o;, i.e o, is g —times as good as o;.
VK2

The requirement of ¢;; €]0,1[,4,5 = 1, ..., n, in the definition of an APCM-M means that none of the objects
compared in the APCM-M can be absolutely preferred to another one. This requirement is necessary in
order not to divide by 0 in the ratios ‘q’—J Because of the additive-reciprocity property of APCMs, the constraint

¢ij €]0,1,4,5 =1,...,n,canbe equi\;élently written as ¢;; > 0,4,5=1,...,n.
2.3.3.1 Multiplicative consistency of APCMs-M

Definition 11. (Tanino, 1984) An APCM-M Q = {qij}?_’jzl is said to be multiplicatively consistent if it satisfies
the multiplicative-transitivity property ’

G _ G Ghs

, i,5,k=1,...,n. (11.48)
qji qki 9k

Definition 11 of multiplicative consistency is invariant under permutation of objects in the APCM-M Q.

Example 12. The APCM-M

(1.49)

Wl N= = olw
Wl N= = olw
= Wi Wi R w

QO
Il
A= gl gl N

is multiplicatively consistent according to Definition 11 since it satisfies the multiplicative-transitivity property
(11.48). Furthermore, also the permuted matrix Q™ = PQPT obtained by using the permutation matrix (11.6) is
multiplicatively consistent. A

The following theorem provides us with alternative ways to verify multiplicative consistency of APCMs-M.
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Theorem 4. For an APCM-M Q = {ql-j};szl .qi; > 0,4,5 =1,...,n, the following statements are equivalent:
(i) Q is multiplicatively consistent according to Tanino’s multiplicative-transitivity property (11.48),

(i)

49i49k9ki = qikqk;qji, Z.7j7 k= 1a ceey My (”50)
(iii)
Gig Gk Oi _q ik =1,....n, (11.51)
4ji 9kj Qik
(iv)
i Dk Tei _ Gk Gkj 453 G 5= n. (1.52)
qji 9kj Qik dki djk dij
(v)

_ qikqkj
gingrj + (1 — i) (1 — qy)

qij i,j,k: 1,...7n. (”53)

Further, Tanino (1984) derived the following characterization of multiplicatively consistent APCMs-M.

Proposition 6. (Tanino’s characterization) An APCM-M Q = {q;, }ijl ,qi; > 0,4, = 1,...,n, is multiplica-
tively consistent if and only if there exists a positive vector u = (uq, ... ,un)T such that

w
G=—2 ij=1,...n. 1154

W= n (11.54)

The notation u = (u1,...,u,)T will be used hereafter to represent exclusively a priority vector associated

with an APCM-M.

Proposition 6 says that when an APCM-M @ = {qij}zjzl of n objects is multiplicatively consistent then
there exist non-negative priorities u1, ..., u, of objects using which we can determine precisely the original
PCs ¢;; in the APCM-M @ by applying Tanino’s characterization (11.54). On the other hand, when the non-
negative priorities w1, ..., u, oOf objects are known, we can construct a multiplicatively consistent APCM-M of
objects by applying (11.54). Noticeu that the additive reciprocity of @ is always guaranteed by applying (l.54)
since q;; = 4 = ﬁ =1- 1:—1 = uJ'Iu =1-qgj.

u; U

Example 13. Since the APCM-M (11.49) in Example 12 is multiplitively consistent, there exists a positive priority
vector u = (uy,us,us,us)? satisfying Tanino’s characterization property (11.54). It is, for example, the priority
vector u = (1,3, 2, 5)7. A
Moreover, Tanino’s characterization (11.54) is in line with the interpretation of the ratios of PCs in an APCM-

M @ as given Definition 10. In particular, when an APCM-M @ is multiplicatively consistent according to (11.48),
then the ratio of PCs indicating the ratio of preference intensity of o; to that of o; corresponds to the ratio of
their priorities, i.e.

qij U ..

= = — ,7=1,...,n. (11.55)

qji U

Gij o, Yi
Qi Uy

. q=1,...,n (1.56)

Example 14. From the intensity of preference ¢;2 = 2 in the APCM-M (11.49) we know immediately that the
ratio of the priorities u; and us is % (& = 42 — %g = 2). Similarly also for the remaining differences between

uz q21 — 2

the priorities. The priority vector u = (1, %, %, %)T shown in Example 13 satisfies this property. A

[Sveé

Unlike in the case of the additive-consistency condition (11.28) for APCMs-A, the interval ]0,1[ can never
be exceeded when trying to keep the multiplicative consistency (11.48) for APCMs-M. That is why APCMs-M
become of more and more interest to researchers. However, despite this advantage, the interpretation of the
multiplicative consistency is not very intuitive for DMs. Further, DMs have difficulties using the open interval
10, 1] for expressing the intensities of preferences since this scale has no minimum and maximum.

Various other consistency conditions with more intuitive interpretation have been introduced. One of them is
the weak-consistency condition proposed by Jandova et al. (2017) which was already mentioned in relation to
APCMs-A. Since the weak-consistency condition is defined for APCMs without distinguishing between APCMs-
A and APCMs-M, it is reviewed separately in the following section.
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2.3.3.2 Weak consistency of APCMs

Analogously to the weak consistency for MPCMs defined by Jandova and TalaSova (2013), also the weak-
consistency condition introduced in this section for APCMs is based on the properties that are intuitively sup-
posed to hold.

Definition 12. (Jandova et al., 2017) An APCM A = {a;;}, ._, is said to be weakly consistent if

ij=1
azr > 0.5 A ag; > 0.5 = a;; > max {aik,akj},
air =05 A a; >05 = a;; =max{a,ar;j}, (1.57)

a;r > 0.5 A akj = 0.5 = Q;; = max {aik,akj},
holds fori,j,k=1,...,n.

It is easy to verify that Definition 12 of weak consistency is invariant under permutation of objects in the
APCM A.

Definition 12 does not distinguish between APCMs-A and APCMs-M; for both types of APCMs, the weak-
consistency condition is defined in the same form.

Similarly as for the weak-consistency condition (ll.11) for MPCMs, weak-consistency condition (I1.57) for
APCMs provides an intuitive minimum consistency requirement for APCMs. For example, when object o; is
preferred to object o, with intensity 0.8, and object o, is preferred to object o; with intensity 0.6, then object
o; has to be preferred to object o, with intensity at least 0.8 (a;; > max{0.8,0.6} = 0.8). Thus, the require-
ment of weak consistency is very intuitive, it provides DMs with some space for expressing their intensities of
preference, and it is very easy to control while entering PCs into the APCM.

In this thesis, the weak-consistency condition given by Definition 12 is adopted and later applied in Chapter
V in a novel method for dealing with large-dimensional PCMs. However, it is worth to note that the weak
consistency given by Definition 12 is not the only weak version of consistency for APCMs. For example, even
a more relaxed form of the weak-consistency condition (Il.11) for APCMs, strong stochastic transitivity, was
introduced already half a century ago by Luce and Suppes (1965).

In the following theorem, rules equivalent to the weakly-consistency condition (11.57) are formulated.

Theorem 5. (Jandova et al., 2017) For an APCM A = {a;; }ijl , the following statements are equivalent:
(i) A is weakly consistent according to Definition 12,
(i) Foreveryi,j,k=1,...,n:
air < 0.5 A ag; <05 = a;; <min{a,ar;},
air =05 A ag; <05 = a;; =min{a, ar;}, (11.58)

air <05 A ag; =05 = a;; =min{ap, ar;}.
(iii) Foreveryi,jk=1,...,n:

0.5<1— arj < Gk = 1—aq; < Qij < aik,

ag; < a;; < 0.5, (1.59)

4

0.5 <a; <1 — Qkj

0.5 <1 —ag; <ap = 0.5 <aij < ag.

(iv) Foreveryi,j,k=1,...,n:
l—ap <au <1 = ap; < ag,
0.5 < A < 1—air = ap < ai; < 05, (”60)

0.5<akj:1—aik = 1—akj Saij §akj.

Similarly to Definition 6 of weak consistency for MPCMs, it is possible to derive some interesting properties
for APCMs weakly consistent according to Definition 12. Every weakly consistent APCM A = {aij};ij:l can
be permuted in such a way that the objects compared in the APCM are ordered from the most preferred to the
least preferred. In such an ordered weakly consistent APCM, all the elements above the main diagonal are
greater or equal to 0.5, i.e. a;; > 0.5, 4,5 =1,...,n, i < j. Further, the sequences of elements in the rows are
non-decreasing and the sequences of elements in the columns are non-increasing.

The following propositions show that the weak-consistency condition is weaker than both the additive-

consistency condition for APCMs-A and the multiplicative-consistency condition for APCMs-M.
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Figure 11.1: Relations between MPCMs, APCMs-A, APCMs-M, and the associated definitions of consistency.
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Proposition 7. An APCM-AR = {rij};fj:l additively consistent according to Definition 9 is also weakly con-
sistent according to Definition 12.

Proof. Forr;;, > 0.5 A ry; > 0.5, we getimmediately r;; = rip+7;—0.5 > max {rx, 7, } . Forripy = 0.5 A g5 >
0.5 we get r;; = ry, + 1 — 0.5 = r; > max {r, 7%, } , and analogously for r;;, > 0.5 A ry; = 0.5. O

Proposition 8. An APCM-MQ = {qij}zj:l multiplicatively consistent according to Definition 11 is also weakly
consistent according to Definition 12.

Proof. It is convenient to consider the multiplicative-consistency condition in the form (11.53) for the proof. The
proof for ¢;; = 0.5 A gi; > 0.5 (respectively for ¢;; > 0. A gi; = 0.5) is trivial:

_ QikQkj _ 0.5 - q;
Gieqe; + (1 — qie)(1 — qr;) 0.5 qrj +0.5(1 — g

qij ) = (k; = max {Qik7 ij}-

The validity for ¢; > 0.5 A ¢i; > 0.5 is demonstrated by contradiction. Without the loss of generality, let us
assume q;r > qx; > 0.5, and suppose the proposition is false, i.e. ¢;; < max {¢;, qx;}. It follows that ¢;; < ¢;.
Thus, we have

ik kj
Qikqrj + (1 = qir) (1 — qi;
NI

qkj
Qikqrj + (1 — qir) (1 — qrj)

)<Qik

<1

Gk < 2Gikqr; + 1 — qik — Qr;

U
qik — 1 < qr;(2qi — 2)
4
qr; < 0.5
which is in contradiction with the assumption ¢;; > 0.5. O

The properties of weakly consistent APCMs described in this section are utilized in the new method for
dealing with large-dimensional PCMs that is described in detail in Chapter V.

The relations between MPCMs, APCMs-A, APCMs-M, and the associated definitions of consistency re-
viewed in Sections 2.2 and 2.3 are represented by a diagram in Fig. 11.1.

2.3.3.3 Deriving priorities from APCMs-M
As discussed in the previous section, when an APCM-M @ = {qij}zjzl is multiplicatively consistent according

to (11.48), then there exist positive priorities us, ..., u, such that ¢;; = —%—. When the APCM-M Q = {¢;; }

U4 +Uj

n
ij=1
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is not multiplicatively consistent, then the given expression only estimates the PCs in the matrix, i.e.

w
S L ,j=1,...,n. .61
el n (1161)
Fedrizzi and Brunelli (2010) proved that, for an APCM-M Q = {q”}:‘] 1 » the only vector of priorities (up to
a multiplicative constant) satisfying (11.54) is u = (uq, .. T such that

v n. (1.62)

This method is again invariant under permutation of objects in APCMs-M. Further, as pointed out by Xia and
Xu (2011), the priorities (11.62) are such that [, u; = 1.

Because the priorities (11.62) can be multiplied by any positive constant, it is possible to apply the normal-
ization condition (I.18), similarly as in the case of the priorities obtained from a MPCM. Thus, the normalized

priorities can be computed from an APCM-M Q = {¢;;} =1, directly as

n
n 2ij

j=1 qji

w=—t"— i=1,...,n (1.63)

T -
n k.
k=1 \ j=1 ¥*

Remark 3. Even though the representation of PCs in APCMs-M is not very intuitive for DMs, they have a great
advantage over APCMs-A regarding the normalization of the priorities. In particular, the priorities obtained
from these matrices can be normalized by using the widely accepted normalization condition (11.18) with the
normalized priorities still lying in the interval 10,1[. As discussed in the previous section, this normalization
condition is unreachable for priorities obtainable from APCMs-A.

2.4 Transformations between MPCMs and APCMs

In this section, transformations between MPCMs, APCMs-A, and APCMs-M, and between the priorities obtain-
able from these PCMs are reviewed and discussed.

2.4.1 Transformations between MPCMs and APCMs-A

It is a well-known fact that MPCMs and APCMs-A are equivalent. Fedrizzi (1990) showed that a MPCM
M= {mij}zjzl can be transformed into an APCM-A R = {rij}zjzl by applying the transformation formula
Tij :%(1+log9mlj), i,jil,...,n. (”64)

The values in interval [%, 9] (Saaty’s scale) are transformed into values in interval [0, 1], the multiplicative reci-
procity (11.2) is transformed into the additive reciprocity (11.25), and the multiplicative consistency (I1.4) is trans-
formed into the additive consistency (I1.28) by the formula (11.64) (Fedrizzi and Brunelli, 2010).

Analogously, the inverse transformation formula

mi; = 92" L, ij=1,...,n, (11.65)

can be used to transform an APCM-A R = {r;;}]',_, into a MPCM M = {m;;}},

properties.

Further, the following theorem is valid for the transformation of the weak-consistency condition.
Theorem 6. Let M = {mij}zjzl be a MPCM weakly consistent according to Definition 6. Then the APCM-A
R= {rij}zjzl obtained from M by transformations (11.64) is weakly consistent according to Definition 12.

with all its relevant

=1 =1

Proof. It is sufficient to show that when the weak-consistency condition (I.11) is valid for a MPCM M, then the
weak-consistency condition (11.57) is valid for the APCM-A obtained from M by the transformation (11.64). By
substituting (11.65) into the first part of (1.11), we obtain

927”“@—1 >1 A 927“;”—1 >1 = 927’”—1 Z max {921”71]'—17927’]-;9—1}

4

2ri, —1>0 A 27nk‘j71>0 = 27"2-]-71zmax{Qrikfl,Qrkjfl}

4

rig > 0.5 A T'kj > 0.5 = Tij > {Tik7rkj}7
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which is the first part of (11.57). Analogously, for the other two parts of (l1.11) we obtain the other two parts of

(1.57). O
Corollary 1. LetR = {rij}zjzl be an APCM-A weakly consistent according to Definition 12. Then the MPCM
M = {mij}?jzl obtained from R by transformations (11.65) is weakly consistent according to Definition 6.

Remark 4. The validity of Corollary 1 follows immediately from Theorem 6 by utilizing properties of an inverse
function. Note that this form of representing the results is used in the whole section. This means that the
transformation of a particular property is formulated in a theorem and proved only in one direction. Afterwards,
each such theorem is followed by a corollary showing the transformation of the property in the opposite direction
without providing the proof.

Fedrizzi and Brunelli (2010) showed that priorities w1, ...,w, of objects obtained from a MPCM M by
formulas (I1.23) can be transformed into the priorities vy, . . ., v,, obtainable from the corresponding APCM-A R
by (I1.36) by using the transformation formula

v; = 1 + logg wy, i=1,...,n. (11.66)
The inverse transformation formula is
w; = 9% i=1,...,n. (11.67)

Furthermore, Fedrizzi and Brunelli (2010) demonstrated that w = (w1, ...,w,)? being a priority vector
representing priorities of objects compared in a MPCM, the vector v = (v1,...,w,)T obtained as

v; = c+loggw;, c € R, i=1,...,n, (11.68)

is a priority vector representing the priorities of objects compared in the corresponding APCM-A. The inverse
transformation is
w; =9V ¢ ceR, i1=1,...,n. (1.69)

Note that it is also possible to derive a relation between the normalized priorities (11.24) obtainable from
a MPCM and the normalized priorities (11.43) obtainable from the corresponding APCM-A. In particular, the
normalized priorities (11.24) can be expressed as

n H ng n H 927’77—1 % 2(27“7,]*1)
J=1 Jj=1 Jj=
w’i = = = po =
n n n n 1 E (2Tk _1)
S g Mlmey >0 [ TL 9=t 52 g™ m"
=1\ =t =1\ =1 = (1.70)
2 2 i _n—1_1
(11.43)
n 23 p-nsi_1 B 2": gue—2
n J n n n
> 9 = k=1
k=1

Therefore, in order to obtain the normalized priority w; of object o, from the MPCM, the normalized priorities
vj,j = 1,...,n, of all objects are necessary. This is due to the fact that the normalized priority w; obtained by
the formula (11.24) depends on all PCs in the MPCM, while the normalized priority v; obtained by the formula
(1.43) depends only on the PCs in the :—th row of the corresponding APCM-A.

In fact, as proved in Proposition 3, the sum of the non-normalized priorities (11.36) obtainable from an
APCM-A always equals n, i.e. the sum of the priorities is independent of the PCs in the APCM-A. Thus, in
order to normalize the priorities (11.36), the constant —”T‘l is always added, i.e.

n—1

v, — U — > i1=1,...,n.

Contrarily, the sum of the non-normalized priorities (11.23) obtainable from a MPCM is not constant; it depends
on the values of the PCs in the MPCM. Therefore, in order to normalize the priorities obtainable from a MPCM,
we have to divide them by their sum, i.e.




Thus, it is not possible to derive a general formula that would transform a normalized priority w; obtained by the
formula (11.24) into the corresponding normalized priority v; obtained by the formula (11.43) and vice versa. In
other words, w; is not a function of the single value v;, but, on the contrary, it depends on the values vy, ..., v,,
as highlighted in the expression (11.70). Nevertheless, having a particular MPCM and the corresponding APCM-
A, there always exists a constant ¢ such that the normalized priorities (11.24) can be transformed into the nor-
malized priorities (11.43) by the transformation formula (11.68), or, in the opposite direction, by the transformation
formula (11.69).

Example 15. Let us consider the APCM-A

0.5 0.6 0.7 09

04 05 0.6 0.8

B=1 03 04 05 07 | (I1.71)

0.1 02 03 0.5

The non-normalized priority vector obtained from the APCM-A R by the formula (I.36) is
v = (1.35,1.15,0.95,0.55)T. (1.72)
The MPCM M obtained from R by the transformation formula (11.65) is

1 1.5518 2.4082 5.7995

v | ™ 1 1.5518 3.7372 (173
2.41082 1.51518 1 2.4082 .
1 1 1 1
5.7995 3.7372 2.4082
The non-normalized priority vector obtained from the MPCM M by the formula (11.23) is
w = (2.1577,1.3904, 0.8960, 0.3720)" . (1.74)

The same priority vector would be obtained also by applying the transformation (11.67) to the priority vector
(1.72).

Further, the normalized priority vector obtained from the APCM-A R by the formula (11.43) is v = (0.6,0.4, 0.2,
—0.2)T, and the normalized priority vector obtained from the MPCM M by the formula (11.24) is w = (0.4480,
0.2887,0.1860,0.0772) 7. These normalized priority vectors can be transformed one into the other by using the
transformations (11.68) and (11.69) with the constant ¢ = 0.9654.

Notice that the APCM-A (11.71) is weakly consistent according to Definition 12. Thus, according to Corollary
1, the MPCM (I1.73) is weakly consistent according to Definition 6. A

2.4.2 Transformations between MPCMs and APCMs-M

Chiclana et al. (1998) showed that a MPCM M can be transformed into an APCM-M @ by applying the trans-
formation formula -
ij

= j=1,...,n 11.75
1+mij’ Z?] ) 7n ( )

qij

The values in interval [§,9] (Saaty’s scale) are transformed into values in interval [, %] c]0, 1], the mul-
tiplicative reciprocity (11.2) transforms to the additive reciprocity (11.25), and the multiplicative consistency (I1.4)
transforms to the multiplicative consistency (11.48).

Analogously, the inverse transformation formula

my=—L  ij=1,...,n, (11.76)

transforms an APCM-M @Q = {q¢;;}7',_, ,4ij € [15,15) » 0 @ MPCM M = {m;;}"._,, my; € [g,9], with all
relevant properties. Note that there is no transformation formula that would transform the interval [1,9] to the
open interval ]0, 1[ and vice versa.

Further, the following theorem is valid for the transformation of the weak-consistency condition.

Theorem 7. Let M = {m,»j}zjzl be a MPCM weakly consistent according to Definition 6. Then the APCM-M
Q= {qij}zjzl obtained from M by transformations (11.75) is weakly consistent according to Definition 12.
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Proof. It is sufficient to show that when the weak-consistency condition (I.11) is valid for a MPCM M, then the
weak-consistency condition (11.57) is valid for the APCM-M obtained from M by the transformation (I.75). By
substituting (11.76) into the first part of (1.11), we obtain

ik 5 1 A ki 51 2ij > max 4 ik 9ki
‘Zki> qjk> :>qji* ki’ ik |

Further,

Bk ) o ik
Qi 1 —q
and similarly we obtain ¢;; > 0.5. Then,

i ; i 1 1 1
%Zmax{qlk,qk]} @12max{1,1} &
dji ki 95k dji ki djk

>1 & qrp>1—qr & qix > 0.5,

1 1 1 .
— >maxqy—,— ¢ < ¢ <min{g,qr} &
qji ki 9k

1—gij <min{l — gy, 1 —qu;} < qij > max {qik, qr;} -
Thus, we obtain ¢;; > 0.5 A qx; > 0.5 = ¢;; > max {q, qx;} , Which is the first part of (11.57). Analogously,
from the remaining two parts of (l.11) we obtain the remaining two parts of (11.57). O

Corollary 2. Let@ = {qij}zjzl be an APCM-M weakly consistent according to Definition 12. Then the MPCM
M = {mij}zjzl obtained from Q by transformations (11.76) is weakly consistent according to Definition 6.
Fedrizzi and Brunelli (2010) showed that the priorities w1, ..., w, of objects obtained from a MPCM M
by formulas (11.23) and the priorities uq, ..., u, of objects obtainable from the corresponding APCM-M @ by
formulas (11.62) are identical, i.e.
W; = Ug, i:l,...,n. (”77)
Furthermore, Fedrizzi and Brunelli (2010) demonstrated that v = (u1,...,u,)? being a priority vector
representing the priorities of objects compared in an APCM-M, the vector w = (wy, ..., w,)? obtained as
w; = ¢+ Uiy ¢ >0, i=1,...,n, (1.78)
is a priority vector representing the priorities of objects compared in the corresponding MPCM. The inverse
transformation is then )
u; = — - w;, ¢ >0, i=1,...,n. (1.79)
C
Note that in this case it is also possible to derive a direct relation between the normalized priorities (11.24)

obtainable from a MPCM and the normalized priorities (11.63) obtainable from the corresponding APCM-M. In
particular,

This means that the normalized priorities (11.24) and (11.63) obtained from the MPCM and from the correspond-
ing APCM-M, respectively, are identical. This simple relation between the normalized priority vectors w and u
was possible to obtain only because the priority vectors are normalized in the same way;

w; Us; .

w; — , up — — , 1=1,...,n.
> wy > Uk
k=1 k=1

Example 16. Let us consider the MPCM M given by (11.73). The APCM-M obtained from M by the transfor-
mation formula (11.75) is
0.5 0.6081 0.7066 0.8529

0.3919 0.5  0.6081 0.7889
@= 0.2934 0.3919 0.5  0.7066
0.1471 0.2111 0.2934 0.5

(1.80)

The non-normalized priority vector obtained from the APCM-M @ by the formula (I1.62) is
uw = (2.1577,1.3904, 0.8960, 0.3720) 7, (1.81)

i.e. it is identical to the priority vector (11.74). This result is in line with the transformation formula (11.77).
Notice that the APCM-M (11.80) is weakly consistent according to Definition 12. This conclusion follows also
from Corollary 2. A
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2.4.3 Transformations between APCMs-A and APCMs-M

Since there exist transformations between MPCMs and APCMs-A and between MPCMs and APCMs-M, it is
clear that there exist also transformations between APCMs-A and APCMs-M. These transformations can be
derived directly by composing the corresponding formulas from the previous two sections as specified in the
following theorems.

Theorem 8. An APCM-A R = {r;;};,_, can be transformed into an APCM-M Q = {q;;};,_, with ¢;; €
[i5,5),4.4 = 1,...,n, by transformation formula
927’”71 o
% = T ger -1 hj=1...,n. (1.82)

Proof. Because the transformation formula (11.65) transforms an APCM-A into a MPCM, and (I.75) transforms
a MPCM into an APCM-M, then the composition of these formulas transforms an APCM-A into an APCM-M.
By composing (I1.65) and (I1.75) we immediately obtain (11.82). O

Corollary 3. An APCM-MQ = {qij}zjzl with q;; € [{5,-5],4, = 1,...,n, can be transformed into an APCM-A
R = {ri;}; ;_, by transformation formula

1 ij .
rij =3 (1 + logy ;“) . dj=1...,n (1.83)
Ji

Theorem 9. LetR = {rij}zjzl be an APCM-A additively consistent according to Definition 9. Then the APCM-

MQ = {qg j}ijl obtained from R by transformations (11.82) is multiplicatively consistent according to Definition
11. ‘

Proof. Because the transformation formula (11.65) transforms additive consistency (I1.28) of an APCM-A into
multiplicative consistency (11.4) of the corresponding MPCM, and (I.75) transforms multiplicative consistency
(I.4) of a MPCM into multiplicative consistency (11.48) of the corresponding APCM-M, then the composition
(11.82) of these formulas transforms additive consistency of an APCM-A into multiplicative consistency of the
corresponding APCM-M. O
Corollary 4. LetQ = {qij};szl be an APCM-M multiplicatively consistent according to Definition 11. Then
the APCM-A R = {rij};szl obtained from @ by transformations (11.83) is additively consistent according to
Definition 9.

Further, the following theorem is valid for the transformation of the weak-consistency condition.

Theorem 10. Let R = {r;;};',_, be an APCM-A weakly consistent according to Definition 12. Then also the
APCM-M Q = {q¢;;} obtained from R by transformations (11.82) is weakly consistent according to Definition
12.

n
ij=1

Proof. Because the transformation formula (11.65) transforms the weak consistency (11.57) of an APCM-A into
the weak consistency (I1.11) of the corresponding MPCM, and (I.75) transforms weak consistency (I1.11) of
a MPCM into weak consistency (l1.57) of the corresponding APCM-M, then the composition (11.82) of these
formulas transforms weak consistency of an APCM-A into weak consistency of the corresponding APCM-
M. O

Corollary 5. LetQ = {qij}zjzl be an APCM-M weakly consistent according to Definition 12. Then also the

APCM-AR = {rij}?jzl obtained from Q by transformations (11.83) is weakly consistent according to Definition
12. ’

Theorem 11. Priorities vy, ..., v, of objects obtained from an APCM-A by formula (11.36) can be transformed
into priorities u1, . . . ,u,, obtainable by formulas (11.62) from the corresponding APCM-M by using the transfor-
mation formula

w; = 9viL i=1,...,n. (11.84)

Proof. The proof is analogous to the proof of Theorem 8. O

Corollary 6. Priorities uy, ..., u, of objects obtained from an APCM-M by formula (11.62) can be transformed
into priorities vy, . .., v, obtainable by formulas (11.36) from the corresponding APCM-A by using the transfor-
mation formula

v; = 1+ logg u;, i=1,...,n. (11.85)
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Figure 11.2: Transformations between MPCMs, APCMs-A, and APCMs-M.

v; = 1+ logow;

w

w, = 9vi—1

1
T = E(l +loggm;;)

The issue with transformations between the normalized priority vectors (11.43) and (11.63) is the same as
described in Section 2.4.1. That is, there is no explicit formula for transforming the normalized priority vector
(11.43) obtainable from an APCM-A into the normalized priority vector (11.63) obtainable from the corresponding
APCM-M and vice versa. This is again caused by the fact that the normalized priorities (11.43) depend only on
PCs in the given row of the APCM-A while the normalized priorities (11.63) depend on all PCs in the APCM-M.

Example 17. Let us consider the MPCM @ given by (11.80). The APCM-A obtainable from @ by the transforma-
tion formula (11.83) is again the APCM-A R given by (I1.71) with the associated non-normalized priority vector v
given as (11.72). The priority vector (1.72) could be again obtained directly from the priority vector (1.81) by the
transformation formula (11.85). A

For better illustration, the transformations between MPCMs, APCMs-A, and APCMs-M and between the
associated priority vectors are represented by a diagram in Fig. 11.2. This diagram is a complement of the
diagrams provided by Fedrizzi and Brunelli (2010).
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Chapter Il

Fuzzy set theory

3.1 Introduction to fuzzy sets

The traditional “crisp” set theory is based on the concept of “crisp set”. A crisp set is defined in such a way that
there exists a precise unambiguous distinction between the elements that belong to the crisp set and those
that do not belong to the crisp set. A crisp set S on a given universe U can be defined in three basic ways (Klir
and Yuan, 1995):

e Set S is defined by listing all its members, i.e. S = {m1,...,m;} denotes the set S whose members are
ma, ..., mg. Only finite sets can be defined in this way.

e Set S is defined by formulating a property that is met by all its members, i.e. S = {z; f(x)} denotes the
set S on the universe U whose members z € U satisfy the property f.

e Set S is defined by providing a characteristic function xs : U — {0, 1} declaring which elements of the
universe U are members of the set and which are not as

() = 1 forzesS;
XsW=10 forzgs.

Example 18. The set of all even numbers on a dice can be defined as S; = {2,4,6}. The set of men who
are at least 190 cm tall can be defined as S2 = {x;2 > 190}, where = € Us is actually the height of a man
in centimeters. The sets S; and S are defined unambiguously; there exists a clear distinction between the
elements that belong to the sets and those that do not belong there. For example, the number 1 from the
universe U; = {1,2,...,6} of all numbers on a dice clearly does not belong to the set S; = {2,4,6}, i.e.
1 ¢ 51, while the number 4 clearly belongs there, i.e. 4 € S;. Similarly, a man who is 160 cm tall obviously
does not belong the set of men tall at least 190 cm, i.e. 160 ¢ S,, while a man tall 195 cm obviously belong
there, i.e. 195 € S,.

Now assume we want to define a set of tall men, i.e. without explicitly defining their height in cm. First of
all, the meaning of the adjective “tall” depends on the context. Do we want to define the set of tall men on
the universe of basketball players, horse racers, Viethamese, Norwegians, ...? Further, the meaning of “tall
man” is perceived subjectively by every evaluator. An evaluator who is 200 cm tall will probably not consider
a 185 cm tall man as tall while an evaluator that is only 150 cm tall will probably do. Since the meaning of the
adjective “tall” is vague, even for a particular universe of men and for a particular evaluator, it is very difficult to
define the set of tall men. Let say |, 167 cm tall woman, am the evaluator and | attempt to define the meaning
of “tall European man”. Any European man over 190 cm is definitely tall for me. Any man under 170 cm is not
tall. But what about the men between 170 and 190 cm tall? Are they tall or not? It is difficult to draw a line
above which | perceive a European man as tall and below which | perceive a European man as not tall. For
example, if | chose 180 cm as the border, a man of 181 cm would be considered tall and a man of 179 cm
would be considered not tall. This is not acceptable.

The traditional “crisp” set theory is clearly not able to deal with this paradox. Thus other tools are needed.
It feels very natural to describe the European men between 170 and 190 cm as “tall in some degree”, i.e. by
using “a partial degree of membership”. This is the concept of fuzzy set theory. AN

Fuzzy set theory was initiated by Zadeh (1965, 1975a,b,c). Zadeh (1965) introduced a fuzzy set as a
generalization of a crisp set with not precise boundaries.

Definition 13. LetU be a nonempty universe. A fuzzy set S on U is characterized by its membership function
ug(x) which associates to each element x € U a real number in the interval [0, 1], i.e. ug : U — [0,1]. pg(x) is

called the degree of membership of the element z to the fuzzy set S.
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Figure 111.1: Membership function of the fuzzy set “tall European man”.
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The membership function pz : U — [0,1] is a generalization of the characterization function s : U —
{0, 1} which besides the values 1 and 0 representing the total membership and the total non-membgrship,
respectively, allows the values between 0 and 1 for expressing degrees of membership to the fuzzy set S.

Example 19. By applying the concept of fuzzy sets, we can now easily define the meaning of “tall European
men”. One may define the fuzzy set S of tall European men by the membership function

0 for 2 <170
pg(z) =< 550 for 170 < x < 190,
1 for +69 > 190.

The membership function is graphically represented in Fig. Ill.1. However, as mentioned in Example 18, the
actual membership function can differ for every evaluator. A

Note 2. For simplicity, S(z) will be used hereafter to denote a membership function of a fuzzy set S instead of
g ().

A fuzzy set S is defined uniquely by its membership function S(z) : U — [0, 1]. Besides the membership
function, also other characteristics of fuzzy sets are used to describe them.

Definition 14. Let S be a fuzzy set defined on the universe U. The set Core S := {a: eU;S (z) = 1} de-
notes the core of S, the set Supp S = {:c eU, S () > O} denotes the support of 5, and the set 5@ =

{L e U;S(x) > } « €]0,1], denotes the a—cut of S. Fuzzy set S is said to be a normal fuzzy set if 3z € U :

S(z) =1, ie. if Core S # 0.
The set of all fuzzy sets defined on R is denoted F(R).

Definition 15. Let~§1, ..., S, bek fuzzy sets defined on the universes Uy, . .., Uy, respectively. The Cartesian
product of Sy,...,Sy is afuzzy setS; x --- x S onU;y x - -+ x Uy with the membership function

&x~~x$@m“qu:mm{&@ﬂww§Mu%. (I11.1)

In order to generalize mathematical concepts for crisp sets to fuzzy sets, the extension principle was intro-
duced.

Definition 16. Let Si,..., S, be k fuzzy sets defined on the universes Uy, ..., Uy, respectively, and let U =
Uy x --- x Uy. Further, let f be a mapping from the universe U to the universe V, y = f(x1,...,zy). The
extension principle defines the membership function of a fuzzy set S onV as

sup {min{gl(zl), . ,§k(xk)} (1, xp) €Uty = f(xr,...,x }
S(y) = if{(z1,...,21) €Uy = f(x1,..., 1 ¢a (I11.2)
0, otherwise.

Various types of fuzzy sets have been defined in the literature. Fuzzy numbers, a particular type of the fuzzy
sets defined on R proved to be of a particular significance. “They should capture our intuitive conceptions of
approximate numbers or intervals, such as “numbers that are close to a given real number” or “numbers that
are around a given interval of real numbers”. Such concepts are essential for characterizing states of fuzzy
variables and, consequently, play an important role in many applications, including fuzzy control, decision
making, approximate reasoning, optimization, and statistics with imprecise probabilities” (Klir and Yuan (1995),
p. 97).
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Definition 17. A fuzzy setn on R is said to be a fuzzy number if it satisfies the following properties:
(i) n is a normal fuzzy set, i.e. 3z € R : n(z) = 1;
(ii) the a—cuts n(, are closed intervals for every a €]0,1];
(iii) the support of i is bounded, i.e. 3r1,ro € R : Suppn C [r1,rs].

A fuzzy number n is said to be positive if Ir1, 75 € RT : Suppn C [r1,r2]. The set of all fuzzy numbers is
denoted by Fn(R) and the set of all positive fuzzy numbers is denoted by Fn(R™).

3.2 Alpha-cut representation

In the previous section, a definition of a—cuts of a fuzzy set was provided. In this Section, a—cuts will be
reviewed in more detail since they are of a particular usefulness in fuzzy set theory. For the sake of this section
integrity, the definition of a.—cuts will be recalled here once again.

In the literature, two basic types of a—cuts are used.

Definition 18. Let S be a fuzzy set on a nonempty universe U. Then, the set S(,) = {x e U;S(z) > a} for
a €]0,1] is called (weak) a—cut (or (weak) a—level set) of S. The set 577 = {a: e U;S(z) > a} fora € [0,1[ is
called strong a—cut (or strong a—level set) of S.

When the membership function S(z) of S is continuous, the distinction between the (weak) a—cuts and the
strong a—cuts is not necessary in applications. In the following, only the (weak) a—cuts are considered.

Remark 5. Notice that a—cut of S is not defined for o = 0. However, for later use, it is convenient to define
0—cut of S as the closure' of the support of S, Sy = Cl(Supp S).

Theorem 12. Let S be a fuzzy set on a nonempty universe U. Then its membership function §(x) is given as
5(:{:) = sup {a; T € §(a), a €0, 1}}, Ve e U.

Definition 19. Let S be a fuzzy set on a nonempty universe U. Then the a—multiple of Sisa fuzzy set oS on
U with the membership function (a.S)(z) = o - S(x),Vz € U.

Definition 20. Let §i,i =1,...,k, be fuzzy sets on a nonempty universe U. Then the union of S’i,z' =1,...,k,
is a fuzzy set S = |J¥_, S; on U with the membership function S(x) = max {§1(3:), . §k(x)} Ve U.

Using Definition 18 of a—cuts of a fuzzy set and Definitions 19 and 20 of the a—multiple and of the union
of fuzzy sets, respectively, it is possible to derive another representation of fuzzy sets.

Theorem 13. Let S be a fuzzy set on a nonempty universe U. Then

S={J oS- (111.3)

a=0

The a—cut representation (I11.3) is particularly convenient for fuzzy numbers, for which it can be defined
easily by providing two functions.

Theorem 14. Letn € Fy(R) and letni(a) = [n(,, ()], a € [0,1]. Fuzzy number 7 can be determined uniquely
by two functions n~—,n* : [0,1] — R defining the lower and upper boundary values n(La), néja) of the a—cuts
N(ay, @ € [0,1], of n satisfying

(i) n= : n(La) = n~(a) is a bounded monotonic non-decreasing left-continuous function for « €]0,1] and

right-continuous for o = 0;

(i) n* - n%{l ) = n*(a) is a bounded monotonic non-increasing left-continuous function for o €]0,1] and
right-continuous for o = 0;
(iii) Yo € [0,1] : n(La) < ngl).

The closure of interval 7 is the smallest closed interval containing @; e.g. CI(]1,3[) = [1, 3].
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3.3 Trapezoidal fuzzy numbers

In the fuzzy extension of MCDM methods, and in particular in the fuzzy extension of the MCDM methods based
on PCMs, special types of fuzzy numbers are usually used; namely, triangular and trapezoidal fuzzy numbers,
and intervals. All three types of fuzzy numbers are introduced in this section.

Triangular fuzzy numbers were introduced as a special case of fuzzy numbers by Laarhoven and Pedrycz
(1983).

Definition 21. A triangular fuzzy numbert is a fuzzy number whose membership function is given as

z—th L M
IM L tr <<t y

1 r=tM,

t(z) = ’ (111.4)
tff%i}, tM < 2 < tY,

0, otherwise,

where t* and tV are called the lower and upper boundary values of the triangular fuzzy number t, and tM s
called the middle value of t. Every triangular fuzzy number can be uniquely described by a triplet of these
representing values; the notationt = (t*,t* tV) is used.

A triangular fuzzy number ¢ = (¢, tM,tV) is positive if t* > 0. The core of ¢ = (¢t£,#M V) is the singleton
set Coret = {tM}, and the support is an open interval Suppt =]t~ tY[. The a—cut, o € [0, 1], of the triangular
fuzzy number ¢ = (¢£,¢M,¢V) is a closed interval ¢,y = [t)stn))s where 0 = at™ + (1 — a)t",1(,, =
atM 4+ (1 — a)tY.

Example 20. Triangular fuzzy number t=(1,2,4), given in Fig. 1112, is positive, its core is the singleton set
Coret = {2}, and its support is the open interval Suppt =]1,4[. The a—cuts, « € [0, 1], are closed intervals
ta) = [t{ay t(w) SUchthat tf,) =1+ a,tf) =4 - 2a. A

A couple of years later, trapezoidal fuzzy numbers were introduced by Buckley (1985b) even though they
got their name later.

Definition 22. A trapezoidal fuzzy number = is a fuzzy number whose membership function is given as

o2 0 << AP,

P

z boosess 1.5

#) ZZ:__;, 2V <x <20, (115)
0, otherwise.

Every trapezoidal fuzzy number can be uniquely described by a quadruple of its representing values; the
notation z = (2%, 27, 27,2°) is used.

A trapezoidal fuzzy number z = (2%, 27, 27,2°) is positive if z* > 0. The core of z = (2,2°,27,2%) is a
closed interval Core z = [2”,27], and the support is an open interval Supp z =]z, 2°[. The a—cut, o € [0, 1],
of the trapezoidal fuzzy number z = (2%, 27, 27, 2%) is a closed interval Z(,) = [z(La),z(Ua)], where

gy =02 + (1= )2, 2{,) = az” + (1 — a)2°. (I1.6)

@)

Figure 111.2: Triangular fuzzy number ¢ = (1,2, 4).
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Example 21. Trapezoidal fuzzy number z = (—2.5, —2,0, 1), given in Fig. 1.3, is not positive since z& = —2.5 »#
0. The core of Z is the closed interval Core z = [—2,0] and its support is the open interval Supp z =] — 2.5,1].
The a—cuts, « € [0, 1], are closed intervals Z(,) = [2(,, #(,)] such that 2{;,) = —2.5+ 0.5, 2(,) = 1 — . A

Even intervals can be understood and dealt with as fuzzy numbers.
Definition 23. An interval v is a fuzzy number whose membership function is given as
1,

vl <zx< UU,
v (z) = .
0, otherwise.

(111.7)

Every interval can be uniquely described by the pair of its lower and upper boundary values; the notation
v = [vE,vY] is used.

An interval v = [vl, vY] is positive if vL > 0. The core and the support of v = [v%, vY] are obviously identical
to the interval v, i.e Core v = Supp v = [v¥,vY]. Also all the a—cuts, a € [0, 1], of the interval 7 = [v%, vY] are
identical to the interval, i.e. T() = [v*,vY].

Remark 6. Notice that the interval v in Definition 23 is denoted by ~ instead of ~, which is usual for fuzzy
numbers. That is because the notation — is more common than ~ to refer to intervals in the literature. Thus,
the same notation was opted for in this thesis. Nevertheless, this notation does not change anything on the
fact that intervals can be looked at as a particular case of fuzzy numbers.

Not only are triangular fuzzy numbers, trapezoidal fuzzy numbers, and intervals special cases of fuzzy
numbers, but triangular fuzzy numbers and intervals are also special cases of trapezoidal fuzzy numbers. In
particular, a triangular fuzzy number ¢ = (t*,t* tV) can be written in the form ¢t = (t&, t™ M tU) which
satisfies Definition 22 of trapezoidal fuzzy number, but the membership function given by (ll.5) still has the
form of a triangular fuzzy number. Analogously, an interval 7 = [v¥,vY] can be written in the form v =
(vE, vE Y vY) which satisfies Definition 22 of trapezoidal fuzzy number, but the membership function given
by (Il.5) still has the form of an interval. Thus all concepts, definitions, and arithmetic operations provided for
trapezoidal fuzzy numbers are automatically applicable also to triangular fuzzy numbers and intervals.

In the rest of this section, some important terms that are going to be used in the following chapters are
defined.

Definition 24. Let w; € Fx(R),i = 1,...,n. The vector w = (wy,...,w,)T € Fx(R)" is called a fuzzy vector
in F(R)™. The membership function of w is defined as w(w) = ‘_I{ﬂn {w;(w;)}, where w = (wy, ..., w,)7T.

Further, let w; = (w?,w? yw],wl) € Fy(R), i = 1,...,n, be trapezoidal fuzzy numbers. Then the fuzzy
vector w = (wy,...,w,)T € Fnx(R)" can be written as w = (w®, w”, w”,w’), where w® = (wy,...,w?)7,
wf = (wh, .. wl)T w = (w],...,w))T, and w® = (wi,...,w)T, are called the representing vectors of the
fuzzy vector w.

Definition 25. Let ii;; € Fiy(R), i,j = 1,...,n. Then M = {i;};",_, € Fx(R)" is called a fuzzy matrix in
Fn(R)". The membership function of M is defined as M (M) = min {mij(mij)} . where M = {mi;};_, .

In order to defuzzify fuzzy numbers, the center-of-area defuzzification method (Takagi and Sugeno, 1985),
sometimes called also the center-of-gravity method or the centroid method, is often used because of its com-
putational simplicity and well accepted results.

Definition 26. Letz = (2%, 2%,27, 2%) be a trapezoidal fuzzy number. The center of area CO Az of Z is defined
as

L) 4 (272~ (P)2 - () + 220 — P
3 20 4 27 — 2B — zo '

COA; = (111.8)

Figure I11.3: Trapezoidal fuzzy number z = (—2.5,—-2,0,1).
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Note 3. Note that for a triangular fuzzy numbert = (t",t,tV), the formula (111.8) is reduced to

th M U
COA; = e
3
and for an interval v = [vX,vY], it is reduced to
L U
oAy =T

Example 22. Centers of area of the triangular fuzzy number ¢ = (1,2,4) and of the trapezoidal fuzzy number

Z=(-25,-2,0,1) are COA; = £ and COA; = —33. A

In the following, Ruspini’s fuzzy partition (often called also fuzzy scale) is introduced as it is particularly
suitable for modeling the meaning of linguistic terms from a predefined scale used for comparing objects
pairwisely.

Definition 27. (Ruspini, 1969) A set of fuzzy numbers n,...,ng, k > 1, defined on interval [a,b] is called
Ruspini’s fuzzy partition of [a, b], ifn; #0,i =1,...,k, and Zle n; (z) = 1,Vz € [a,b].

For trapezoidal fuzzy numbers, the following proposition is valid.

Proposition 9. A set of trapezoidal fuzzy numbers z; = (zl ,zf , 27, zl) ,i=1,...,k, defined on interval [a, ]

and numbered in the conformity with their linear ordering forms Ruspini’s fuzzy partition of interval [a, b] if and
only if

2 = 2] =a,
Z"Y_ :Z;X, 1= 2, 7k7
o (111.9)
=2, i=2,....k
2 =z0=0
k k
Proof. Interval [a,b] can be written as the union [a,b] = (J [27,2)]U U]z2, 27 Forz € [0, 27],i € {1,..., k},
=1 i=2

k
it holds that z;(«) = 1 and z;(z) = 0 for j = 1,...,k,j # i. Therefore, Z Zj(z) = zi(xz) = 1. Further, for

J
o s _
x €]z, 2P [=]2) |, 20 \[,i € {2,...,k}, by applying (II.4), we obtain %; () = 42, %, (2) = =0 =
Z; —Z§ Zi—17%i—1

B

S——,and % (x) = 0for j = 1,....k, j # i,i — 1. Therefore, for z €] 22, 2P1i € {2,...,k}, the equation
;‘ ' B_ B_ _ L«

Z j (@) = Fia (@) + 5 (@) = o + e = 27272 — 1 holds, which completes the proof. O
j=1 2 i i %0

Note 4. Proposition 9 is a generalization of the proposition regarding Ruspini’s fuzzy partition for triangular
fuzzy numbers which was provided and proved by Krejci (2017b).

Example 23. Trapezoidal fuzzy numbers z; = (0,0,1,2),22 = (1,2,3,4),23 = (3,4,5,5), given in Fig. 1.4,
form Ruspini’s fuzzy partition of interval [0, 5]. A

Figure I1l.4: Ruspini’s fuzzy partition of interval [0, 5].
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In the following chapter, a fuzzy extension of Saaty’s scale given in Tab. 1.1 will be proposed in such a way
that the fuzzy numbers modeling the meaning of the linguistic terms from the scale and their reciprocals form
Ruspini’s fuzzy partition of the given interval.

As discussed in the previous chapter, the priorities of objects derived from a PCM are usually normalized.
Most often, the normalization condition (11.18), " | w; = 1,w; € [0,1],i = 1,...,n, is utilized; in particular for
the priorities obtained from MPCMs and APCMs-M by the methods reviewed in the previous chapter. Recall
that it was shown in Section 2.3.2.2 that the normalization condition (11.18) is not compatible with Tanino’s char-
acterization (11.32) for the priorities obtained from APCMs-A, and thus a weaker version of the normalization
condition (I.18) is needed in this case.

When extending MCDM methods based on PCMs to fuzzy numbers it is necessary, besides other issues,
to handle properly the fuzzy extension of the normalization condition (I1.18). Many definitions of normalized
interval and fuzzy vectors have been proposed in the literature; see, e.g. Chang and Lee (1995), Jiménez et al.
(2003), Wang and Elhag (2006), and Sevastjanov et al. (2012). In this thesis, the approach of Wang and Elhag
(2006) is considered. The reason for choosing this approach will be clarified in Chapter IV after introducing
fuzzy PCMs and methods for deriving fuzzy priorities of objects from them.

Wang and Elhag (2006) provided a definition of the normalized interval vector and they extended this
definition to general fuzzy numbers given by means of their a—cuts.

Definition 28. (Wang and Elhag, 2006) Let w; = [wF,wY],i = 1,...,n, be intervals, w; C [0,1], i = 1,...,n,
and let

Ng = {w (i, we)Ts Y wi=1, wf <w <wl, Q= 1n} (11.10)
=1
be a set of normalized vectors constructed from the intervals. The intervals ws, ..., w, are said to be normal-
ized if
(i) there exists at least one normalized vector w = (w1, ..., w,)T in Ng;

(ii) the lower and upper boundary values wt and wY ofw;,i =1,...,n, are attainable in Ny.
The vectorw = (wy, ..., w,)T of normalized intervals will be called a normalized interval vector.

Remark 7. As already pointed out by Paviacka (2014), the validity of the condition (ij) in Definition 28 auto-
matically implies the validity of the condition (i). This means that the condition (i) could be omitted in Definition
28.

According to the condition (ii), for every lower boundary value wr,i € {1,... ,n}, there have to exist values
wj € [wf,wY], j=1,...,n,j # i, such that w} + Y -1 w; = 1, and analogously, for every upper boundary
J#i
value w!,i € {1,...,n}, there have to exist values w; € [wf,w¥], j = 1,...,n,j # i, such that w{ +
Yj=1wj =1

j#i

Wang and Elhag (2006) formulated the following theorem to verify whether a set of intervals is normalized.
Theorem 15. (Wang and Elhag, 2006) Let w; = [wl,wV],i = 1,...,n, be intervals, w; C [0,1], i = 1,...,n.
Then the intervals are normalized according to Definition 28 if and only if the inequalities

wh 4> wl =1, Wl ) Wk < (I1.11)
j=1 j=1
i J#i
are satisfied foralli =1, ... n.

Remark 8. From the inequalities (I1.11) it is obvious that a set of intervals w; = [wr,wY], i = 1,...,n, is
normalized according to Definition 28 if and only if for any w; € [wr,wV], i € {1,...,n}, there exist w; €
[wi, w¥],j = 1,...,n,j # i, such that Y-, _, wy = 1. In other words, any value w; from the interval w; =

[wEk wY],i € {1,...,n}, is a part of a normalized vector w = (wy,...,w,)T belonging to the set (I1.10) of
normalized vectors constructed from the intervals.

Based on Definition 28 and on Remark 8, the definition of a normalized interval vector can be extended
intuitively to a definition of a normalized trapezoidal fuzzy vector.

Definition 29. Letw; = (w?,wf,w],w‘f),i =1,...,n, be trapezoidal fuzzy numbers, w; C [0,1], i =1,...,n.
The trapezoidal fuzzy numbers ws, ... ,w, are said to be normalized if
VWia € Wia) Wja EWj(a),J =1,...,n,5 #1: Wia + ija =1 (n.12)
j=1
=
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forallao € 0,1l andi=1,...,n
The vector w = (w1, ..., w,)T € Fn(R)™ of normalized trapezoidal fuzzy numbers will be called the nor-
malized fuzzy vector.

Theorem 15 can be extended to trapezoidal fuzzy numbers as follows.

Theorem 16. Letw; = (w?,w?,w},wf),i =1,...,n, be trapezoidal fuzzy numbers, w; C [0,1], i =1,...,n
Then the trapezoidal fuzzy numbers are normalized according to Definition 29 if and only if the inequalities

wf Y wi =l wl Yy wf <l w4y w21 w4y wl <1 (111.13)
j=1 j=1 j=1 J=1
J#i J#i J#i G
are satisfied foralli =1,...,n
Proof. First, let us show that (III 12) implies (N.13). For o« = 0, it follows from (lll.12) that for w*,i €
{1,...,n}, Jw; € [we,wl],j =1,....,n,5 # i : wy +Z] 1w; = 1. Because w) > wj, then cIearIy
J#i
wf + Y j=1w) > 1. Similarly, for w?,i € {1,...,n}, Jw; € [wFwl],j=1,...,n,5 #i:w)+Yj=1w; =1
J#i J#i
Because w§ < wj, then clearly w4+ 37— w§ < 1. Analogously, for a = 1, the inequalities w +mw) > 1
J#i J#i
and w] + 37— w{ < 1 are derived from (ll.12).
i
Now, let us show that (I1l.13) implies (1ll.12). From the inequalities w) +3"j—1 w® < 1and wf+Y j= w} > 1,
J?f J#i
the inequalities w;+>_j=1 w$ < 1and w;+_j=1 w} > 1 follow Vw; € [w, w!] . Therefore, Jw; € [w§, wl],j =
j#i i '
yn,j # i w; + Y j—1w; = 1, which implies (l11.12) for « = 0. Analogously, from the inequalities w; +
J#i
S 1wﬁ < 1and w) + Y w] > 1, the inequalities w; + Y7—1w] < 1 and w; + Yj—1w] > 1 follow
J#i J#i JF#i VES)
Yw; € {wiﬂ,wi} . Therefore, Jw; ¢ {w?w } j=1,...,m,7 # wi + Y.7—1w; = 1, which implies (I11.12) for

J#i
a=1.
The proof of the validity of (111.12) for « €]0, 1[ is analogous; it is sufficient to show that the inequalities (111.13)

hold also for the a—cuts w;,) = {wf(a),w%a)} of the trapezoidal fuzzy numbers w; = (wg, wB w], w 0N,i €
{1,...,n},i.e.
L U U L
j= j=1
o i
Then it is enough to take the a—cuts w;,) = { Wy gy> W ( } ofw;,i=1,...,n,for [w w? ] in the above part of
the proof.

Using the definition (l11.6) of a—cuts and formulas (l11.13), we obtain

w%a) + ijL(a) =aw] +(1- oz)w§s + Z awf +(1- a)w;‘} =
j=1 j=1
i =
a w—l—Zw (1-a) w—i—Zw <a+(l-a)=1
J#% J#l
and analogously the inequality w/,, + >~j-1 w,,, > 1 could be demonstrated. O
J#i
Remark 9. Note that for normalized triangular fuzzy numbers w; = (wl, wM, w¥),i =1,...,n, the inequalities
(I11.13) are reduced to
wf+ > wl =1, wl > wh<1, Y wM =1 (I1.15)
j=1 j=1 i=1
A J#i
Example 24. Triangular fuzzy numbers w; = (0.05,0.1,0.2),ws = (0.1,0.3,0.4), w3 = (0.5,0.6,0.7), given in
Fig. 1115, are normalized. A
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Figure 111.5: Normalized triangular fuzzy numbers.
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3.4 Standard fuzzy arithmetic

In Definition 16, the extension principle for fuzzy sets was formulated. The extension principle (l11.2) allows
us to define arithmetic operations on fuzzy numbers. In this section, standard fuzzy arithmetic is defined by
using both the membership functions and the a—cuts of fuzzy numbers. Afterwards, simplified standard fuzzy
arithmetic is defined for trapezoidal fuzzy numbers.

There are four basic binary arithmetic operations on crisp numbers - addition, subtraction, multiplication,
and division (+, —, -, /). Let x denote one of them.

Definition 30. Let 71,72 € Fny(R) and let « : R> — R be a binary arithmetic operation, » = z x y. Then the
extension of the arithmetic operation x to fuzzy numbers, x : Fx(R)? — Fn(R), is defined as n = ny * iy with
the membership function

sup {min {(ni(z),n2(y)}; (z,y) ER?2: 2 =2 *y}

fi(z) = if {(z,y) ER? z=wxy} #0, (I11.16)

0, otherwise.
Note 5. In the literature, the fuzzy extension of the binary arithmetic operations +, —, -,/ to fuzzy numbers
is often denoted as ®, &, ®, ©. Nevertheless, for simplicity of notation, the standard notation +, —, -, / will be

used in this thesis for arithmetic operations defined on fuzzy numbers. Thus, for ny,ny € Fn(R), the notation
ny + N2, My — Ng, Ny - N2 (Or simply just nyns), and ny /ns (or g—;) will be used.

Note 6. We know that division by 0 is not defined. Similarly, this limitation holds also for division of fuzzy
numbers. In other words, 1o € Fn(R) in Definition 30 has to be such that 0 ¢ CIi(Supp n2) when division
n1/no is performed. Analogously, in the rest of this chapter, whenever arithmetic operation x € {+,—,-,/} is
considered on iy and ns, it is automatically assumed that 0 ¢ Cl(Supp n2) for the case x = /.

Besides the four binary arithmetic operations, also the fuzzy extension of the p—th power of the variable is
needed for the fuzzy extension of the methods reviewed in Chapter Il.

Definition 31. Letn € Fx(R) and let (.)P : R — R,p € R, be the p—th power of the variable, y = zP. Then
the extension of (.)? to fuzzy numbers, (.)P : Fn(R) — Fn(R), is defined as m = (n)P with the membership

function
B sup{n(z); zeR:y=2aP} if{zeR;y=aP}#£0,
m(y) =

) (1.17)
0, otherwise.

In particular, definitions of the reciprocal % and of the k—th root V7, k € N, of fuzzy number 7 € F(RT) are

needed. Note that the reciprocal % is obtained by substituting p = —1 in Definition 31, and the k—th root /7 is
obtained by substituting p = £,k € N, in Definition 31.

In Section 3.2, it was shown that n € Fn(R) can be represented uniquely by its a—cuts; n = U;:O oz[n(La), n?a)].
This representation allows for an alternative definition of the fuzzy extension of arithmetic operations based on
standard fuzzy arithmetic.

Definition 32. Let 71,7, € Fi(R) be given by their a—cuts as iy = Uy—q a[nf(,), n¥,)]; B2 = Up—o @lnd,);
nQU(a)]. Further, let x : R?> — R be a binary arithmetic operation, z = x x y. Then the extension of the arithmetic
operation x to fuzzy numbers, * : Fx(R)? — Fn(R), is defined as n = n * ny with the a—cut representation
St L U .
n=U,_o a[n(a)7n(a)] :

n(La): min {x ¥y, T € [nf(a),n(f(a)], y € [nQL(a),nQU(a)]} , 118
nfja): max {x xy; x € [nf(a),n?(a)], y € [né(a),ng(a)]} )
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Definition 33. Let7i € Fi(R) be given by its a—cuts as it = Up_, o[nl,),nl,]. Further, let (.)” : R — R be
the p—th power of the variable, y = xP. Then the extension of (.)? to fuzzy numbers, (.)? : Fny(R) — Fn(R), is

defined as m = (71)? with the a—cut representation m = |J._, almf,y,mg,] :

m(La): min {:cp; x € [n(La), ”Eja)]} ,
m(L;): max {xp; x € [n(La)nga)]} .

As already mentioned in Section 3.3, triangular and trapezoidal fuzzy numbers and intervals are most often
used for the fuzzy extension of MCDM methods based on PCMs. This class of fuzzy numbers is used for the
fuzzy extension also in this thesis. Thus, the arithmetic operations are going to be introduced in detail for this
particular class of fuzzy numbers. The a—cut representation of the fuzzy extension of arithmetic operations
given by Definitions 32 and 33 is going to be used for this purpose as it is more convenient than the membership
representation given by Definitions 30 and 31.

Let ¢ = (¢, ¢, ¢7,¢%) and d = (d*,d%,d,d°) be two trapezoidal fuzzy numbers. The sum of ¢ and d
obtained by applying the extension principle (Ill.18) is again a trapezoidal fuzzy number given as

(I11.19)

Crd=(+d* P +d° O +d, & +d), (111.20)
and their difference is a trapezoidal fuzzy number given as
Ced=(c"—d ¢’ —d,¢" —d° & —d*). (I1.21)

Unlike the sum and the difference, the product and the quotient of two trapezoidal fuzzy numbers as well
as the reciprocal and the k—th root of a trapezoidal fuzzy number are not trapezoidal fuzzy numbers anymore
when extension principle (111.18) is applied. Analogously, also the product and the quotient of two triangular
fuzzy numbers as well as the reciprocal and the k—th root of a triangular fuzzy number are not in general
triangular fuzzy numbers any more. However, for the sake of computational simplicity, it is a common practice
in fuzzy MCDM based on fuzzy PCMs to approximate the results of these arithmetic operations by trapezoidal
and triangular fuzzy numbers, respectively. Usually, authors do not even mention that simplified standard fuzzy
arithmetic is used in their papers instead of standard fuzzy arithmetic.

According to simplified standard fuzzy arithmfetic, arithmetic operations are performed only on the rep-
resenting values of trapezoidal fuzzy numbers thus obtaining representing values of the resulting trapezoidal
fuzzy numbers. This means that the product and the quotient of two trapezoidal fuzzy numbers ¢ = (¢, c?, 7, %)

and d = (d*,d’,d",d°) are trapezoidal fuzzy numbers given as j = ¢- d = (p®,p?,p, p’) where

pe = min{ca cd e - d0, 0 dY, e d‘s},
pﬁ - min{cﬁ . dﬁ7cﬁ . d“’,cV~d5,cV . dv}7

(1n.22)
Y :max{cﬁ-dﬁ,cﬁ-dﬁc'ﬁdﬁ,c”-d“*},
I :max{c‘l -d*, c® -d5,05-da,c5-d5},
and § = %: (¢%,4%,q7.¢°) ,0 ¢ [d*,d°] , where
mm{;—z % ;— %},
qﬂ—mm{%‘; fTH FEE 7}7
o *maX{fTZ (% % (%}’ (11.23)
¢ —maX{T % %%}

respectively. Analogously, the reciprocal of a trapezoidal fuzzy number ¢ = (c®,c?,¢7,¢%) , ¢* > 0, is a trape-

zoidal fuzzy number
1 1 1 1 1
e 11.24
’é—' <C5’C,\/7cﬂ7ca>7 ( )
and the k—th root of ¢ = (¢, ¢?,¢7,c%) ,¢* > 0, is a trapezoidal fuzzy number
VE = (Vc? VB Ve, {"/Zé) (111.25)
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In the fuzzy extension of the MCDM methods based on MPCMs and APCMs reviewed in Chapter Il, only
positive fuzzy numbers are present. This enables us to further simplify the formulas (I11.22) and (111.23). For
c=(c",c?,, ) € Fy(RT)and d = (d*,d?,d",d’) € Fn(RT), the formulas (11.22) and (I1.23) are simplified
to

cod=(c*-d* P -dP 7,0 d0), (11.26)
and 5 s
c c® ¢ ¢ ¢
===, = =, — .2
(G5 eE) (1:27)

respectively.

The product, the quotient, the reciprocal, and the k—th root of trapezoidal fuzzy numbers (111.22)—(111.25), re-
spectively, obtained by simplified standard fuzzy arithmetic have the same representing values as the results of
these arithmetic operations obtained by properly applying extension principles (I11.18) and (111.19), respectively,
in standard fuzzy arithmetic. That means that the support and the core of the results of these arithmetic oper-
ations are determined correctly by applying simplified standard fuzzy arithmetic, and the left and right sides of
the resulting fuzzy numbers are approximated by linear functions. This approximation is generally accepted as
sufficient in the literature on the fuzzy extension of the MCDM methods based on PCMs.

The following example is provided in order to demonstrate better the difference between the standard fuzzy
arithmetic and the simplified standard fuzzy arithmetic.

Example 25. Let us consider the trapezoidal fuzzy number ¢ = (2,3,4,6) and the triangular fuzzy number
d = (1,2.5,3). Clearly, d can be written as a trapezoidal fuzzy number in the form d = (1,2.5,2.5,3). By
applying the formulas (I11.20), (111.21), and (Ill.24)—(11l.27) based on simplified standard fuzzy arithmetic to the
computation with the trapezoidal fuzzy numbers ¢ and d, we obtain the trapezoidal fuzzy numbers

¢+d = (3,55,65,9), ¢—d = (—1,05,1.5,5),
c-d = (2,7.5,10,18), < = (2,5,%6),

1111 - e
= _ ==, — = 2 2 .
(6’4’3’2)’ ve (V2, /3,2, /6)

)

S

The resulting trapezoidal fuzzy numbers are represented in Fig. 111.6 together with the actual results of the
arithmetic operations given by the extension principles (I11.18) and (11.19). The actual results of the arithmetic
operations are given by a dotted line and their trapezoidal approximations are given by a solid line. Notice
that the sum and the difference of the trapezoidal fuzzy numbers ¢ and d obtained by using standard fuzzy
arithmetic are again trapezoidal fuzzy numbers. In fact, as it is obvious from Fig. 11.6, the results obtained by
using standard fuzzy arithmetic coincide with the results obtained by using simplified standard fuzzy arithmetic.
Contrarily, the results of other four arithmetic operations obtained by applying standard fuzzy arithmetic are not
trapezoidal fuzzy numbers anymore. Nevertheless, as it is obvious from Fig. 111.6, the trapezoidal approxima-
tions of these results obtained by applying simplified standard fuzzy arithmetic have the same support and the
same core as the actual results obtained by applying standard fuzzy arithmetic. A

Since intervals are a particular case of trapezoidal fuzzy numbers, the arithmetic operations with intervals
are performed according to the formulas (111.20)—(111.25) as well. Recall that interval ¢ = [c¢”, V] can be easily
written as trapezoidal fuzzy number ¢ = (c%, ¢t ¢V, ¢V). However, intervals are also a particular class of crisp
sets on R with a well-defined interval arithmetic for performing arithmetic operations on intervals. The interval
arithmetic allows us to perform arithmetic operations on intervals in a much simpler way than the fuzzy arith-
metic does. Nevertheless, both interval arithmetic and standard fuzzy arithmetic applied to intervals provide
the same results. Unlike for the case of triangular and trapezoidal fuzzy numbers, the results of arithmetic
operations with intervals are again intervals. Thus, there is no need for defining simplified standard fuzzy (in-
terval) arithmetic for intervals. Let w = [u”,uY] and v = [v%,vY] be two positive intervals, i.e. u* > 0,0 > 0.
Then the arithmetic operations are defined by using standard interval arithmetic as

T +7 = [ul 4+ ol W + Y], (111.28)
-7 = [ul — oY uY — ol (11.29)

(111.30)

u ul w?
Z_ [UUUL] , (11.31)



Figure 111.6: Arithmetic operations with trapezoidal fuzzy numbers.

1 UU QH 7 (I11.32)
Y= [\/UT \/ﬁ} , (11.33)

The extension of single arithmetic operations on fuzzy numbers to functions combining the arithmetic oper-
ations is straightforward.

Definition 34. Letn; € Fx(R),i = 1,...,k, and let f : R*¥ — R be a function defined by means of any
combination of arithmetic operations, z = f(x1,...,xx). Then the extension of the function f to fuzzy numbers,
f: Fn(R)® — Fn(R), is defined asn = f(n1, ..., ny) with the membership function

sup {min {7 (z1),..., m(z)}; (21,...,26) ERF 1 2= f(z1,...,2)}
fi(z) = if {(x1,...,21) €RF; 2= flar, ... )} #0, (11.34)
0, otherwise.

Definition 35. Let7; € Fn(R) be given by their a—cuts as 7n; = |J.,_, alnfi iyl i =1,... k. Further, let
f : RF — R be a function defined by means of any combination of arithmetic operations, z = f(x1,...,xy).
Then the extension of the function f to fuzzy numbers, f : Fx(R)* — Fx(R), is defined asn = f(n,...,n)
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with the a—cut representation it = U, _, o[nf:,),n?, ]

nﬁy): min{f(xl,...,xk); x; € [nf(a),ngj(a)], i= 1,...,k}, (11.35)
n?a): max{f(ml,...wk); T; € [nf(a),ng(a)], i= 1,...,k}.

The result of applying standard fuzzy arithmetic in Definitions 34 and 35 to the computations with trapezoidal
fuzzy numbers can be approximated according to simplified standard fuzzy arithmetic by a trapezoidal fuzzy
number 7 = (n®,n”,n7,n’) :

n®= min {f(ml, cenmg); €Ml =1, .., k} ,

(R K3

nB:min{f(xl,...,zk); x; € [n@ n}], i:l,...,k},

7 ? (2

n”zmax{f(xl,...,xk); T; € [n?,n?], i:L...,k},

n®=max {f(z1,...,z1); ¥; € [n¥,nf], i=1,...,k}.

i %

(111.36)

3.5 Constrained fuzzy arithmetic

Constrained fuzzy arithmetic was introduced by Klir (1997) and Klir and Pan (1998) to handle correctly arith-
metic operations on fuzzy numbers in the presence of constraints on operands. “When arithmetic operations
are performed on real numbers, they follow unique rules that are independent of what is represented by the
numbers involved. That is, the result of each particular arithmetic operation on real numbers depends only
on the numbers involved and not on the entities represented by the numbers. As it is well known, the valid-
ity of this simple principle is also tacitly assumed in the usual interval arithmetic as well as fuzzy arithmetic”
(Klir (1997), p. 167). Klir (1997) and Klir and Pan (1998) argued that this principle is valid neither for interval
arithmetic nor for fuzzy arithmetic. Contrarily to standard arithmetic on real numbers, interval arithmetic and
fuzzy arithmetic depend not only on the intervals or fuzzy numbers involved, but also on their meanings that
impose constraints on the operands. These constraints often appear when different operands represent the
same linguistic variable or when there are any relations among the operands.

Example 26. Let us consider function f(z) = x — x. Clearly, f(z) = 0 for any = € R since both operands in the
subtraction are the same.

Now let us examine the extension of the function f to fuzzy numbers n € Fx(R). According to standard
fuzzy arithmetic (in particular Definition 30) the fuzzy extension of the function f is givenas m = f(n) =n—n
with the membership function

sup {min{ﬁ(w),ﬁ(y)}; (r,y) ER?: z=x — y}
(z) = if {(z,9) eR* z=2—y} #0, (11.37)

0, otherwise.
For trapezoidal fuzzy numbers 71 = (n®,n”,n7,n%) € Fn(R) in particular, we obtain
m=f@n) =n—-—n=n*—n’n’—n",n —n’ n’ —n% £0. (11.38)

Let us consider a trivial example: We have a bottle of water and we drink it all. How much is left? Nothing,
right? How did we arrive to this simple solution? The problem can be solved by using the function f defined
above. When there is 1 | of water and we drink it all then there is f(1) =1 — 1 = 0 | left. When there is 650 ml
and we drink it all then there is again f(650) = 650 — 650 = 0 ml left.

Now let us consider we do not know precisely the amount of water in the bottle. Let us say there is about
1 1, which can be described by the triangular fuzzy number n = (0.95, 1, 1.05), for example. How much will be
now left when we drink it all? The common sense again suggests that nothing should be left. But if we apply
fuzzy arithmetic to find the solution of this simple problem, we get into difficulties. By using the formula (111.38)
we obtain f(n) =n —n = (0.95—-1.05,1 —1,1.05 — 0.95) = (—0.1,0,0.1). So according to the standard fuzzy
arithmetic there should be something between -0.1 1 and 0.1 | left. This conclusion is obviously nonsensical.

The problem is that we did not consider the meaning of the operands in the subtraction. From the definition
of the problem, it is clear that the operands of the subtraction are in interaction. In particular, only the same
values of operands are admissible; whatever the amount of water in the bottle is, we drink this exact amount.
This constraint has to be considered in the computations. A
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Klir (1997) and Klir and Pan (1998) examined various types of constraints on operands in constrained fuzzy
arithmetic, in particular equality, inequality, and probabilistic constraints. In this thesis, only equality constraints
are of interest.

Definition 36. Let ni,n, € Fx(R) and let = : R? — R be a binary arithmetic operation, z = x * y. Further,
let the equality constraint g(xz,y) = 0 express an interaction between the operands. Then, considering the
constraint g(x,y) = 0 on the values of the operands, the extension of the arithmetic operation x to fuzzy
numbers, x : Fy(R)? — F(R), is defined as n = n; * ny with the membership function

sup {min {71 (), 72(y)}; (zy) €R?: z = 2w xy, g(z,y) = 0}
fi(z)= if {(z,y) eR* z=xzxy, g(z,y) =0} #0, (111.39)
0, otherwise.

Note that the result of constrained fuzzy arithmetic given by the extension principle (111.39) on fuzzy numbers
is a fuzzy set but not a fuzzy number in general. This is caused by the presence of the interaction constraint
g(xz,y) = 0. To guarantee that the result of constrained fuzzy arithmetic applied to fuzzy numbers is again
a fuzzy number, i.e. that * in Definition 36 is such that x : Fy(R)? — Fn(R), further requirements on the
constraint g(x,y) = 0 have to be imposed.

Some constraining requirements were given by Klir and Pan (1998). In this thesis, only a particular type of
equality constraint g(z,y) = 0 is needed to extend appropriately the formulas defined for PCMs in Chapter I
to fuzzy PCMs. The equality constraints of the type ¢g(z,y) = 0 that are going to be applied in Chapter IV are
such that G = {(z,y) € R%; g(x,y) = 0} is a connected set?. Being G a connected set, it is sufficient to require

{(z.y) €R% Tu(2) = 1, Aa(y) =1, g(a,y) =0} #0

to guarantee that the result of the constrained fuzzy arithmetic on fuzzy numbers given by the extension
principle (111.39) is again a fuzzy number.

Analogously to standard fuzzy arithmetic, the a—cut representation of fuzzy numbers can be conveniently
used also to define constrained fuzzy arithmetic.

Definition 37. Let i1, 7, € Fi(R) be given by their a—cuts as iy = Up—q alnk,), n¥,)]; B2 = Up—y alnd,),
ng(a)]. Further, letx : R? — R be a binary arithmetic operation, = = x*y, and let the equality constraint g(z,y) =

0 express an interaction between the operands. If G = {(z,y) € R?; g(x,y) =0} is a connected set and if
{(z,y) € R?%; ny(z) = 1, na(y) = 1, g(z,y) = 0} # 0, then the extension of the arithmetic operation x to fuzzy
numbers, x : Fn(R)? — Fx(R), is defined as i = 71y x7iy with the a—cut representationn = |J!,_, anfyy,niy

n(La): min {37 *Y; T S [nf(a)7n§](a)]7 Yy € [ng(a)’ng(a)]’ g(.f, y) = O} ) (||| 40)

n(L;): max {x *xY; T € [nlL(a),nlU(a)], y € [nzL(a)’”zU(a)]’ g(z,y) = 0} .

As already mentioned in the previous section, simplified standard fuzzy arithmetic is commonly used in
fuzzy MCDM based on fuzzy PCMs in order to keep the computational procedure simple. The results of
arithmetic operations with triangular or trapezoidal fuzzy numbers are thus still triangular or trapezoidal fuzzy
numbers, respectively, whose supports and cores correspond to the supports and cores of the actual results of
the arithmetic operations determined precisely by applying extension principles (111.39) and (111.40). Recall that
there is no need for simplified fuzzy arithmetic to perform arithmetic operations on intervals since the results
are always intervals.

In order to be consistent with this approach, it is necessary to apply the simplified version of fuzzy arithmetic
also when there appear any constraints on the operands in the computational procedure. This basically means
that we want to reflect the constraints given on operands in the outcome of the computation, but, at the same
time, we want to approximate the outcome by a triangular or trapezoidal fuzzy number, respectively, to keep
the computational procedure as simple as possible still obtaining reliable results. Simplified constrained fuzzy
arithmetic, a combination of simplified fuzzy arithmetic and constrained fuzzy arithmetic, is thus needed.

According to the simplified constrained fuzzy arithmetic, for two trapezoidal fuzzy numbers 71, = (n§,n’, n}, n%),ny =
(ng,nf,n],nd) € Fy(R), only the representing values n®, n?, n?, n% of the resulting fuzzy number 7 = 7, * 715
are computed. However, unlike in the case of simplified standard fuzzy arithmetic, the representing values of
n are not obtained by performing the arithmetic operation x on the representing values of the fuzzy numbers
n1,no. The formulas for performing arithmetic operations on trapezoidal fuzzy numbers based on the simplified
constrained fuzzy arithmetic are more complex than the formulas based on the simplified standard fuzzy arith-
metic; solving optimization problems is necessary to obtain the representing values of the resulting trapezoidal
fuzzy number n = (n®,n?,n7, n?).

2Set G is connected if it cannot be divided into two disjoint closed sets.
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Let * : R2 — R be an arithmetic operation z =z *y, and let g(z,y) = 0 represent a constraint imposed
on the operands, G = {(z,y) € R%; g(z,y) = 0} being a connected set. Further, let 71, = (n§,n},n],ng), 7z =
(n§,nh,n3,n3) € Fn(R) be trapezoidal fuzzy numbers such that {(z,y) € R%; 71y (z) = 1, fia(y) = 1, g(x,y) = 0}
(. Then the fuzzy extension of the arithmetic operation * to trapezoidal fuzzy numbers 7, and n, based on the
simplified constrained fuzzy arithmetic is defined as n = n; * np with the representation 7 = (n®,n%,n7,n%) :

n®=min {z xy; z € [n{,nf], y € [n§,n3), g(z,y) =0},

nf= min {x ¥y, T € [nf,nl] y € [nz,n2], glz,y) = } (11.41)
n”zmax{x*y; € [nf,n]], y € [n5,n3), g(x,y) = } .
nd= max{x xy; x € [ng,nl], y € [ng,nd], g(z,y) = 0} .

Difference between standard and constrained fuzzy arithmetic is demonstrated on the following illustrative
example.

Example 27. Let us consider trapezoidal fuzzy number ¢ = (0.2,0.3,0.4,0.6) and let us compute trapezoidal
fuzzy numberdasd =1—¢ = (0.4,0.6,0.7,0.8). Clearly, trapezoidal fuzzy numbers ¢ and d are in relation; to
any value z € Cl(Supp ¢) corresponds a value y € Cl(Supp d) such thaty = 1 — z.

Let us compute the product e = ¢ - d. By applying the simplified standard fuzzy arithmetic, and in particular
formula (111.26), we obtain trapezoidal fuzzy number ess = (0.08,0.18,0.28,0.48). In Fig. Il.7, you can compare
this trapezoidal approximation with the actual outcome eg of the multiplication obtainable by applying standard
fuzzy arithmetic (111.18). N

The relation y = 1 — = between the operands represented by trapezoidal fuzzy numbers ¢ and d was
not taken into account when computing their product by using the formulas (I11.26) and (l11.18). Thus, the
obtained results ess and es are both imprecise, too vague. In order to eliminate the excessive vagueness, it is
necessary to apply properly the constrained fuzzy arithmetic (I11.40) or, alternatively, the simplified constrained
fuzzy arithmetic (111.41).

First, let us verify the requirements for the constraint on the operands. The constraint y = 1 — x can
be written as g(z,y) = 2 +y —1 = 0. The set G = {(z,y) € R* z+y—1=0} is clearly connected and
{(z,y) eR2 Ea) =1, d(y) = L,z +y—1=0} ={(x,1 —z) € [0.3,0.4] x [0.6,0.7]} # 0. This guarantees that
the result of the constrained fuzzy arithmetic applied to ¢ and d is again a fuzzy number. By applying (II.41)
with the function f : R? — R in the form f(z,y) = « - y and the constraint g(z,y) = 0 in the form z +y — 1 = 0,
we obtain trapezoidal fuzzy number €sc = (e, e, ¢e7,¢°) :

e* = min{z-y; v €1[0.2,0.6], y €[0.4,08], c+y—1=0} =
min {z(1 — z); = € [0.2,0.6]} = 0.16,

e’ = min{z-y; 2€[0.3,04], y €[0.6,0.7, v +y—1=0} =
min {z(1 — z); = €[0.3,0.4]} = 0.21,

e’ = max{z-y; z €[0.3,04], y €[0.6,0.7, z+y—1=0} = (1.42)
max {z(1 — x); z € [0.3,0.4]} = 0.24,

e = max{r-y; v €[0.2,0.6], y € [04,08], z+y—1=0} =

max {z(1 — z); = € [0.2,0.6]} = 0.25.

Figure I11.7: Product of ¢ and d obtained by standard fuzzy arithmetic and by simplified standard fuzzy arith-
metic.
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Figure 111.8: Product of ¢ and d obtained by constrained fuzzy arithmetic and by simplified constrained fuzzy
arithmetic.
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Figure 111.9: Product of ¢ and d obtained by constrained and standard fuzzy arithmetics.
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Again, trapezoidal approximation esc is displayed in Fig. 111.8 together with the actual outcome e of the
constrained fuzzy arithmetic performed by applying (111.40).

The product esc = (0.16,0.21,0.24, 0.25) obtained by simplified constrained fuzzy arithmetic is significantly
less vague than the product ess = (0.08,0.18,0.28,0.48) obtained by simplified standard fuzzy arithmetic. The
difference in vagueness of both trapezoidal fuzzy numbers is even more noticeable from graphical represen-
tation, see Fig. II1.9. It is clearly visible from the figure how significant the reduction of vagueness is when
applying properly (simplified) constrained fuzzy arithmetic instead of (simplified) standard fuzzy arithmetic.
Therefore, in order to obtain more reliable results, it is indispensable to take into account all relations between
operands when performing arithmetic operations on fuzzy numbers.

A

Example 28. In Example 26, a simple problem that cannot be solved by using standard fuzzy arithmetic was
shown. Let us now apply constrained fuzzy arithmetic to the same problem. As already argued in Example
26, the operands in the subtraction f(n,n) = n — 7 are in interaction - they are equal. This interaction can be
modeled by the function g(z,y) =z —y = 0.

The set G = {(z,y) € R?; g(x,y) =z —y = 0} is connected and, further, {(z,y) € R?; n(z) = 1, n(y) =
1, g(z,y) =x—y =0} = {(z,2) € R* z € Coren} # 0 forn € Fn(R). Applying the extension principle (I11.40)

to the function f(n) = 1 — n with the entry 7 = (0.95, 1, 1.05), we obtain m = (m*, mM™ mY) =n -7 :
mY =min {x — y; 2 € [0.95,1.05], y € [0.95,1.05], * —y = 0} =
min {z — z; = € [0.95,1.05]} =0,
mM=min{r —y; z € [1,1], y € [1,1], s —y =0} =
min{z —z; z =1} =0,
mY =max {z — y; x € [0.95,1.05], y € [0.95,1.05], z —y =0} =
max {z —z; « € [0.95,1.05]} = 0.

Thus, we finally get the correct solution to our problem. Namely, when there is about 1 | of water (n =
(0.95,1,1.05)) in the bottle and we drink it all, then nothing is left; n —n = (0.95,1,1.05) — (0.95,1,1.05) = 0. A

The extension of single arithmetic operations with constraints on operands to functions combining arithmetic
operations is straightforward.

Definition 38. Let7n; € Fn(R),i = 1,...,k. Further, let f : R* — R be a function defined by means of any
combination of arithmetic operations, = = f(x1,...,xx), and let the equality constraints g;(x1,...,z;) = 0,
j =1,...,1, express interactions between the operands. If G; = {(x1,...,z) € R¥; gj(z1,...,25) =0}, j=
1,...,1, are connected sets and if { (x1,...,z;) € RF; ny(z;) =1, i=1,...,k, gj(z1,...,25)=0, j=1,...,1}#
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0, then the extension of the function f to fuzzy numbers, f : Fx(R)* — Fn(R), is defined asn = f(ny, ..., n)
with the membership function

(T1,...,Tk) E]Rk:z:f(xl,...,a:k),}
l

sup < min {n(x1), ..., nx(xr)}; ;
p{ { 1( 1) k( k)} gj(xl’...7xk):0,]:1a"'7

n(z) = if{(xl,...,xk)eRk; Z:f(lﬂla...,xk)v}?éw (111.43)
gj(wh"'axk):(ljzl,...,l ’
0, otherwise.

Definition 39. Let7; € Fi(R) be given by their a—cuts as n; = |J.,_, alnfi,. il i =1,... k. Further, let
f : R¥ — R be a function defined by means of any combination of arithmetic operations, z = f(x1,...,x1),

and let the equality constraints g;(x1,...,x;) =0, j=1,...,1, express interactions between the operands. If
Gi={(z1,...,2) €RF; g;(z1,...,2)=0}, =1,...,1, are connected sets and if {(x1,...,z) € R¥; 7;(z;) =
L,i=1,...,k, gj(z1,...,2) =0, j=1,...,1} # 0, then the extension of the function f to fuzzy numbers,

f: Fn(R)* — Fn(R), is defined as 7t = f(7i1,. .., 7y with the a—cut representation i = |}, _, alnf,y,niyl:

21 € [Ny i) 1= 1Ky }
gi(@1,..yxk) =0, j=1,...,0 [’
x; € [nf(a),nl[.](a)], i=1,...,k, }
gj<x17"'71'k):0,j:].,...J

n(La): min {f(m, e T);
(IIl.44)

n(L;): max {f(acl, Ce XR);

The result of applying constrained fuzzy arithmetic in Definitions 38 and 39 to the computations with trape-
zoidal fuzzy numbers can be approximated according to simplified constrained fuzzy arithmetic by a trapezoidal
fuzzy number 7 = (n®, n®,n7,n’) :

T € [n&,nl], i=1,...,k,
gi(z1,...,2x) =0, j=1,...,1
B

no‘min{f(xl,...,mk); }
nB:min{f($17...7$k); %€ niongl i=1,. 0k, }7

gi (@1, xk) =0, j=1,...,1
zi€nfn]],i=1,...k
gj(z1,...,2x) =0, j=1,...,1
;i € [n&nl],i=1,...,k,
gj(w1,...,xx) =0, j=1,....1 }

(111.45)

nY= max{f(xh...,xk);

n‘szmax{f(wh...,xk);

The simplified constrained fuzzy arithmetic will be applied in the following chapter in order to preserve the
reciprocity of the related PCs of objects in FPCMs. For the simplicity, the terms “standard fuzzy arithmetic” and
“constrained fuzzy arithmetic” will be used hereafter. However, the terms will always refer to their simplified
versions with results in the form of trapezoidal fuzzy numbers (triangular fuzzy numbers and intervals being
special cases) if not specified otherwise.
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Chapter IV

Fuzzy pairwise comparison matrices

Part of this chapter has been published in:

J. Krej¢i: “Obtaining fuzzy priorities from additive fuzzy pairwise comparison matrices”, IMA Journal of
Management Mathematics, First published online: May 2016, doi: 10.1093/imaman/dpw006.

J. Krejci: “Fuzzy eigenvector method for obtaining normalized fuzzy weights from fuzzy pairwise com-
parison matrices”, Fuzzy Sets and Systems, 315(1):26-43, 2017.

J. Krejéi, O. Pavlacka and J. Talasova: “A fuzzy extension of Analytic Hierarchy Process based on the
constrained fuzzy arithmetic”, Fuzzy Optimization and Decision Making, 16(1):89-110, 2017.

J. KrejCi: “Additively reciprocal fuzzy pairwise comparison matrices and multiplicative fuzzy priorities”,
Soft Computing, 21(12):3177-3192, 2017.

M. Fedrizzi and J. Krejéi: “A note on the paper ‘Fuzzy Analytic Hierarchy Process: Fallacy of the Popular
Methods”, International Journal of Uncertainty, Fuzziness and Knowledge-Based Systems 23(6), 2015, p.
965-970.

J. Krejc¢i and J. Stoklasa: “Fuzzified AHP in the evaluation of scientific monographs”, Central European
Journal of Operational Research 24(2), 2015, p. 353-370.

J. Krejci: “Fuzzy maximal eigenvalues of fuzzy pairwise comparison matrices”, Proceedings of the 32nd
International Conference on Mathematical Methods in Economics 2014, Olomouc, Czech Republic, ISBN:
978-80-244-4209-9, 2014, p. 500-505.

4.1 Introduction

In Chapter I, crisp PCMs were studied in detail. However, as mentioned in Section 1.2.1, crisp PCs are not
suitable for every MCDM problem. For example, when linguistic terms are used to provide intensities of pref-
erence or when the information about the problem is imprecise, fuzzy numbers seem to be more appropriate
for expressing the PCs. In Chapter lll, fuzzy numbers were defined together with all concepts indispensable
for properly replacing crisp PCs in PCMs by fuzzy PCs in form of fuzzy numbers and for adapting the related
methods accordingly. (The word “crisp” is used here to emphasize the distinction from “fuzzy”.)

_ By a FPCM of n objects o,...,0, we will understand a PCM whose elements are fuzzy numbers, i.e.
C = {¢};;—1, ¢ € Fn(R),4,j = 1,...,n. Note that also a crisp PCM C = {c;;};,_, is actually a FPCM
since crisp numbers are a special case of fuzzy numbers.

In Section 2.1, two key properties of PCMs and of the relevant methods were identified - reciprocity of the
related PCs and invariance of methods under permutation of objects. When extending crisp PCMs to FPCMs
it is necessary to handle properly these two key properties.

As stated in Section 2.1, reciprocity is an inherent property of crisp PCMs resulting from the interpretation
of the related PCs ¢;; and ¢;;. An appropriate extension of the reciprocity relation to FPCMs is of key impor-
tance for processing correctly the preference information contained in FPCMs and for deriving conclusions that
reflect DM’s preferences reliably. For this it is necessary to understand and interpret correctly the information
contained in a FPCM. A FPCM C = {Eij}zjzl is not just a matrix with entries in form of fuzzy numbers that
express uncertain preference information and that are in a reciprocity relation. It is necessary to look at the
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FPCM C = {Eij}zjzl as a set of crisp PCMs C = {cij}zjzl with different degrees of membership to the FPCM

C. Each such PCM C = {cij}zjzl carries particular preference information and has all the properties of a
PCM discussed in Chapter II. This fact has to be considered when extending to FPCMs the methods originally
proposed for crisp PCMs.

Similarly as for crisp PCMs, there exists no canonical order for assigning the labels oy, .. ., 0, to n objects.
Thus, regardless of the permutation of a FPCM C, the methods applied to FPCMs have to lead to the same
results, i.e. they have to be invariant under permutation of objects. In particular, the invariance under per-
mutation is required for definitions of consistency and inconsistency indices defined for FPCMs as well as for
methods for deriving fuzzy priorities of objects from FPCMs. _ _

Being P a permutation matrix, C™ = PC P” is a permutation of C associated with P. Further, let C denote a
certain class of PCMs. Then, invariance under permutation for definitions of consistency, inconsistency indices,
and methods for deriving priorities of objects from FPCMs can be formally defined as follows.

Definition 40. A definition of consistency for FPCMs in a certain class C is invariant under permutation of
objects if VC € C the following holds:

C consistent = PC P consistent for every P,

C not consistent = PC'P™ not consistent for any P,
where P is a permutation matrix.

Definition 41. An inconsistency index I : C — Fx(R) defined on a certain class C of FPCMs is invariant under
permutation of objects if

I(PCPT) =1I(C), V¥C €C and for any permutation matrix P.

Definition 42. Let a method for deriving fuzzy priorities w = (wx, . . ., @L)T of objects from FPCMs in a certain
class C be described by a function f : C — Fny(R)", i.e. w = f(C),C € C. Then the method is said to be
invariant under permutation of objects if

f(PCPT) = Pf(C), VC eC and for any permutation matrix P.

In Chapter I, three types of PCMs were studied: MPCMs, APCMs-A, and APCMs-M. In the following
sections of this chapter, the fuzzy extension of all three types of PCMs and of the reviewed definitions of con-
sistency, inconsistency idices, and methods for deriving priorities from them is studied in detail. The focus is
put on preserving the reciprocity of PCs and the invariance under permutation of objects. This is achieved
by applying constrained fuzzy arithmetic instead of standard fuzzy arithmetic to the fuzzy extension of the
methods reviewed in Chapter 1l. As mentioned in Section 3.5, constrained fuzzy arithmetic allows for consid-
ering constraints on operands when performing arithmetic operations on fuzzy numbers. Thus, it enables us
to introduce reciprocity of the related PCs as a constraint on fuzzy arithmetic operations with the entries of a
FPCM. After introducing a proper fuzzy extension of the methods reviewed in Chapter Il, it is shown that the
three types of FPCMs are equivalent and transformations between the approaches are examined. Note that
Gavalec et al. (2015) presented a more general framework for FPCMs. They defined FPCMs as PCMs with
fuzzy elements being fuzzy numbers of an abelian linearly ordered group on R.

4.2 Fuzzy multiplicative pairwise comparison matrices

This section deals with the fuzzy extension of the methods related to MPCMs that were reviewed in Section 2.2.
In Section 4.2.1, a fuzzy MPCM is defined properly and the construction of fuzzy MPCMs is studied. Section
4.2.2 is dedicated to the consistency of fuzzy MPCMs. In particular, the fuzzy extension of the multiplicative-
consistency condition (11.4) and of the consistency ratio (11.10) for verifying acceptable level of inconsistency
are dealt with, and a detailed study of the fuzzy maximal eigenvalues of fuzzy MPCMs is provided. Finally,
Section 4.2.3 is focused on methods for obtaining fuzzy priorities from fuzzy MPCMs, in particular on the fuzzy
extension of the EVM and the GMM.

4.2.1 Construction of FMPCMs

Definition 43. A fuzzy multiplicative pairwise comparison matrix (FMPCM) of n. objects o1, . .., 0, is a square
matrix M = {ﬁzij}zjzl, whose elements m;;, i,j = 1,...,n, are fuzzy numbers indicating the ratio of prefer-
ence intensity of object o; to that of object o;. That is, element m;; indicates that o; is m;;—times as good as
oj. Further, a FMPCM M = {ﬁzij}i’szl has to be multiplicatively reciprocal, i.e.

- 1

mij:ﬁ7 i,j:l,...,n, (|V1)
Ji
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and

Definition 43 is very general; elements m;; of a FMPCM M are meant to be arbitrary fuzzy numbers
satisfying the multiplicative-reciprocity condition (IV.1). In practice, these fuzzy numbers can be triangular,
trapezoidal, or general fuzzy numbers defined by their a—cuts, intervals, or it can even be a mix of all of them.
Note that even a MPCM M = {ml-j}fj:l given by Definition 4 is a FMPCM since crisp numbers are a special
case of fuzzy numbers and since a MPCM M satisfies (IV.1) as well as (1V.2).

In the literature, it is common that FMPCMs are defined by using triangular fuzzy numbers (see, e.g.,
Laarhoven and Pedrycz (1983); Chang (1996); Enea and Piazza (2004); Ishizaka and Nguyen (2013)). How-
ever, some papers provide a more general approach by using trapezoidal fuzzy numbers (see, e.g., Buckley
(1985a); Csutora and Buckley (2001); Ishizaka (2014)).

We already know from Section 3.4 that the reciprocal % of a trapezoidal fuzzy number ¢ is not a trapezoidal
fuzzy number any more; it is a general fuzzy number described uniquely by its «—cuts. This means that if we
provide a PC m;; of objects o; and o; as a trapezoidal fuzzy number (e.g. m;; = (2, 3,4, 5)) then, according to
the multiplicative-reciprocity property (IV.1), the entry m;; of the FMPCM M isnota trapezoidal fuzzy number
any more. This makes the construction of FMPCMs and the related methods much more complicated. First,
there is no simple way to identify uniquely a general fuzzy number m;; it is not possible to use just a quadruple
of its representing values as in the case of the trapezoidal fuzzy number m,;. Second, having some of the

entries in the FMPCM M in the form of general fuzzy numbers, methods related to FMPCMs would become
much more complex and not transparent for DMs, and the resulting fuzzy priorities of objects obtained from
such FMPCMs would be general fuzzy numbers.

As already mentioned in Chapter lll, this problem is solved in the literature by simply approximating the
results of arithmetic operations with trapezoidal fuzzy numbers by trapezoidal fuzzy numbers, i.e. by using the
simplified standard fuzzy arithmetic introduced in Section 3.4 instead of standard fuzzy arithmetic. This means
that the reciprocals of trapezoidal fuzzy PCs in a FMPCM are approximated by trapezoidal fuzzy numbers.
Similarly, also the results of fuzzy arithmetic operations with the entries of a trapezoidal FMPCM are approxi-
mated by trapezoidal fuzzy numbers. These trapezoidal-fuzzy-number approximations have the same support
and the core as the actual results of the arithmetic operations obtainable by applying standard fuzzy arithmetic.

It is obvious that by this approximation some information contained in the original general fuzzy numbers
is lost. On the other hand, this approximation allows us to keep the computational process much simpler and
transparent. Thus, it is a standard procedure to approximate all results of arithmetic operations with trape-
zoidal fuzzy numbers by trapezoidal fuzzy numbers. This approach is so deep-rooted in the literature on the
fuzzy extension of MCDM methods based on PCMs (in fact, all papers cited in this thesis apply this approach)
that the authors of the research papers often do not even mention the fact that the simplified standard fuzzy
arithmetic is applied to the computations in their papers instead of the standard fuzzy arithmetic. However, as
far as | am aware, there are no studies showing how good or bad this approximation really is, and how much
the results of fuzzy MCDM methods based on FPCMs with applied simplified standard fuzzy arithmetic vary
from the hypothetical actual results obtainable by applying standard fuzzy arithmetic properly. Nevertheless,
this simplification consisting in applying simplified standard fuzzy arithmetic to arithmetic operations with trape-
zoidal fuzzy numbers instead of standard fuzzy arithmetic is used also in this thesis in order to be in line with
the main research stream.

As already mentioned in Section 2.2.1, integer numbers from Saaty’s scale given in Tab. Il.1 with assigned
linguistic terms and their reciprocals are usually used for expressing PCs in crisp MPCMs. However, since the
linguistic terms in Saaty’s scale are vague, it is more natural to model their meanings by using fuzzy rather than
crisp numbers. Many different approaches to the fuzzy extension of Saaty’s scale have been proposed in the
literature. Ishizaka and Nguyen (2013) provided a review of various fuzzy extensions of Saaty’s scale applied
to real-world MCDM problems. Most often, the meaning of the linguistic terms from Saaty’s scale is modeled
by triangular fuzzy numbers, less often by trapezoidal fuzzy numbers.

However, Saaty’s scale is not always fuzzified properly. Most problems are usually related to the modeling
of the linguistic term “equal preference”. We have to distinguish whether o, and o; are the same objects or not.
For i = j, there is obviously no uncertainty in the comparison as we compare one object with itself. Therefore,
m;i, 4 = 1,...,n, has to be set as 1, i.e. it is a crisp number. On the other hand, when two different objects o;
and o;, i # j, are assessed to be “equally preferred”, then this PC is very likely to contain some uncertainty.
In such case, “equal preference” should be modeled by a fuzzy number “about 17, not necessarily by crisp
number 1. N

In the literature, “equal preference” is usually modeled by triangular fuzzy number 1 = (1,1,¢),¢c = 2 or
¢ = 3; see the literature review provided by Ishizaka and Nguyen (2013). However, 1 defined in this way is
not appropriate for modeling the meaning of the linguistic term “equal preference”. If a DM assesses o; to be
equally preferred to o;, then common sense suggests that also o; should be equally preferred to o;. But, if

we enter PC m;; = (1,1,¢) into a FMPCM J\7, then, based on the multiplicative-reciprocity property (IV.1), it
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Table 1V.1: Fuzzy extension of Saaty’s 5-point scale.

Intensity of preference Linguistic term

equal preference

weak preference

strong preference
demonstrated preference
absolute preference

3.1,
173’
3,5
5,7
7,9
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Table 1V.2: Fuzzy extension of Saaty’s 9-point scale.

Intensity of preference Linguistic term

[\
~—

equal preference

between equal and weak preference

weak preference

between weak and strong preference

strong preference

between strong and demonstrated preference
demonstrated preference

between demonstrated and absolute preference
absolute preference
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follows that m;; = ulﬁ = (1,1,1) . Obviously, (1,1,1) # (1,1,¢) forc > 1,and even (£,1,1) < (1,1,¢). Thus,
mj; < m,;, which contradicts the statement that o; is equally preferred to o;.

Based on the reasoning in the previous paragraph, if m;; = 1, then it should also hold that My = 1.
Therefore, based on the multiplicative-reciprocity property (IV.1), the equality 1 = % should hold. This means

that 1:= (¢, M, ¢V) has to satisfy

1
(CL,CM7CU) = m (IVS)
By solving (IV.3) we obtain 1 defined as
1= (1, 1,c> ,e>1. (IV.4)
C

Based on the same reasoning, if we wanted to use a trapezoidal fuzzy number instead of a triangular fuzzy
number to model the linguistic term “equal preference”, this would have to be in the form
~ 11
1:<,,b,c>, c>b>1. (IV.5)
c'b

Interestingly, the appropriate representation of “equal preference” in the form (1V.4) (or (IV.5) for trapezoidal
representation) has been found only in two papers (Enea and Piazza (2004) and Javanbarg et al. (2012)).

Note 7. From now on, the term “FMPCM” will be used exclusively for a FMPCM that is given by Definition
43 and that satisfies the indispensable condition 1 = % for the fuzzy number modeling the meaning of the
linguistic term “equal preference’, i.e. (IV.4) and (IV.5) in the case of triangular and trapezoidal fuzzy numbers,
respectively.

As for the representation of other linguistic terms from Saaty’s scale, it is reasonable to define the respective
fuzzy numbers and their reciprocals in such a way that they form Ruspini’s fuzzy partition of interval [%,9] .In
this way any element in the interval [§, 9] has linguistic interpretation (Stoklasa, 2014). Using triangular fuzzy
numbers, such fuzzy extension of Saaty’s scale with the main 5 linguistic terms is given in Tab. IV.1, while the
fuzzy extension of Saaty’s scale with intermediate linguistic terms included is given in Tab. IV.2 (KrejCi and
TalaSova, 2013).

The triangular fuzzy numbers in the fuzzy scales given in Tab. IV.1 and in Tab. IV.2 model the meanings of
the corresponding linguistic terms more naturally than the crisp numbers in original Saaty’s scale. However, as
already emphasized in Section 2.2.1, the uniform distribution of the numerical values assigned to the linguistic
terms in Saaty’s scale on interval [1,9] does not seem to be appropriate (e.g. “weakly preferred” does not
really correspond to “3-times preferred”). Thus, before actually modeling the meanings of the linguistic terms
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by fuzzy numbers, the original scale should be revised and more intuitive meanings should be found for each
linguistic term. Moreover, since every DM perceives the linguistic terms from Saaty’s scale differently, the scale
should be calibrated for each particular decision-making problem in cooperation with the DM. Such idea was
applied e.g. by Ishizaka and Nguyen (2013) to a current bank account selection.

The idea of customizing Saaty’s scale presented by Ishizaka and Nguyen (2013) is an innovative step in the
direction of taking into account subjectivity of every single DM. However, the proposed process of calibration
suffers from some severe drawbacks. For instance, an inappropriate form of the triangular fuzzy number
modeling the meaning of the linguistic term “equal preference” is used for the calibration. In particular, Ishizaka
and Nguyen (2013) suggest to model the meaning of the linguistic term “equal preference” by the triangular
fuzzy number (1,1.1,1.2). Thus, if m;; = (1,1.1,1.2) > 1, then m;; = % = (15, 14,1) < 1. This clearly does
not model the desired preference information “objects o; and o; are equally preferred” but rather “o; is about 1.1-
times preferred to o;”. Thus, using the triangular fuzzy number (1, 1.1, 1.2) to model “equal preference” would
actually have more severe negative impact on the result of a MCDM problem than using the crisp number 1 as
suggested in original Saaty’s scale or the fuzzy number I = (1,1,¢),¢ > 1.

Besides providing preference information linguistically by using linguistic terms from Saaty’s scale, it is
possible to enter expert numerical judgments into a MPCM. Especially when the information about the given
problem is uncertain or incomplete, it is more appropriate to provide numerical judgments in form of fuzzy
numbers rather than crisp numbers as illustrated by the following example.

Example 29. Let us assume we are searching for a new job. We have two interesting job offers, J; and Js,
and we evaluate them based on the expected income. Let us express our preferences by using the interval
[+,9], where 1 stands for equal preference and 9 stands for absolute preference.

First, let us assume the expected income from J; is 2 500 € per month, and the expected income from
Jo is 1 000 € per month. For me, for example, the income 2 500 € may be 5-times preferred to 1 000 €, i.e.
mig = 5.

Now, let us assume, the income from J; is not known precisely, but it may be between 2 000 € and 3 000
€ with the most possible income 2 500 €. In this case it would be quite difficult to express our preferences by
using one crisp number, would not it? The preference information obtained from a DM in this case may have
the following form. “If the income from J; is 2 500 €, then | prefer J; 5-times over Js. If the income from .J;
is 3 000 €, then J; is 7-times preferred to J,. However, if the income from J; is only 2 000 €, then J; is only
4-times preferred to J,.” It is very natural to model this preference information by a triangular fuzzy number (i.e.
mi2 = (4,5,7) in this case) rather than by just one crisp number. A

Saaty (2006) argues that “what fuzziness does by wholesale change of judgments numerically without
obtaining the consent of the DM for each judgment goes against the grain of what decision making is all about,
namely using experts to input valid judgments to obtain valid decisions” (Saaty (2006), p. 462). | fully agree with
this argument - replacing crisp numerical judgments in a PCM by fuzzy numbers blindly without the consent
of the DM does not lead to valid results. When linguistic terms are used for providing PCs, the meaning of
the linguistic terms should be modeled for every particular MCDM problem in cooperation with the DM, i.e.
calibration of the scale should be done. Nevertheless, using linguistic scales given in Tab. IV.1 and IV.2 is
sufficient for the scope of this thesis since only theoretical results are presented here without any particular
MCDM application and a particular DM.

There is no doubt that by means of fuzzy numbers we can describe possible uncertainty involved in DM’s
judgments or incompleteness of information in a decision-making problem. For instance, by the triangular
fuzzy number m;; = (3, 4,6) we can model the case when a DM says that o, is about 4—times preferred to o;,
definitely not less than 3—times preferred and not more than 6—times preferred to o;. On the other hand, if the
DM is sure about his/her judgment, e.g. if he/she is sure that o; is 4—times preferred to o;, we can appropriately
describe this information by the triangular fuzzy number m;; = (4,4, 4) that corresponds to the crisp number 4.

4.2.2 Multiplicative consistency of FMPCMs

As stated in Section 2.2.2, examining consistency or acceptable inconsistency of MPCMs is crucial in order
to derive reliable priorities of objects. In the case of FMPCMs, this task is of the same importance. That is
the reason why the fuzzy extension of definitions of consistency for FMPCMs has been studied extensively
(see, e.g., Buckley (1985a); Wang et al. (2005b); Liu (2009); Liu et al. (2014); Zheng et al. (2012); Gavalec
et al. (2015); Wang (2015a,b); Li et al. (2016)). Multiplicative consistency (l1.4) is the basic and the most often
applied consistency condition for MPCMs. Therefore, in this section, the fuzzy extension of this consistency
condition is of interest.

In Section 4.2.2.1, a review of definitions of multiplicatively consistent FMPCMs proposed in the literature
is given. In Section 4.2.2.2, a new fuzzy extension of the definition of multiplicative consistency based on the
constrained fuzzy arithmetic is proposed. In Section 4.2.2.3, a fuzzy extension of Consistency Index (11.9) is
proposed. Finally, in Section 4.2.2.4, the fuzzy maximal eigenvalue of a FMPCM is studied in detail.
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4.2.2.1 Review of fuzzy extensions of multiplicative consistency

Many definitions of consistency based on the extension of multiplicative-transitivity property (11.4) have been
proposed in the literature. Buckley (1985a) proposed a fuzzy extension of multiplicative consistency to FM-
PCMs based on a parameter. Wang et al. (2005a) proposed a definition of multiplicative consistency for
interval FMPCMs and they proposed an algorithm for deriving interval priorities from interval FMPCMs based
on minimizing the inconsistency. Liu (2009) defined multiplicative consistency and acceptable inconsistency
for interval FMPCMs. Liu et al. (2014) extended this definition to triangular FMPCMs and they proposed a
procedure for obtaining a consistent triangular FMPCM from n-1 fuzzy PCs. Wang (2015a) showed that the
definition of consistency proposed by Liu (2009) is not invariant under permutation of objects and he introduced
a new definition of multiplicative consistency for interval FMPCMs. Similarly, Wang (2015b) showed that the
definition of consistency proposed by Liu et al. (2014) is not invariant under permutation of objects. Afterwards,
he introduced a new definition of multiplicative consistency for triangular FMPCMs and proposed formulas for
converting normalized fuzzy priorities into a consistent triangular FMPCM. Gavalec et al. (2015) introduced a
more general definition of multiplicative consistency for FMPCMs, so called a—consistency, « € [0, 1], which
can be looked at as an acceptable-consistency definition.

In this section, the definitions of multiplicative consistency for interval, triangular, and trapezoidal FMPCMs
introduced by Buckley (1985a), Wang et al. (2005a), Liu (2009), Liu et al. (2014) and Wang (2015a,b) are
reviewed. Furthermore, the drawbacks in the definitions proposed by Liu (2009), Liu et al. (2014), and Wang
(2015a,b) are pointed out. In particular, violation of the invariance under permutation of objects and violation
of the reciprocity of PCs, which is the key property of MPCMs, are emphasized.

Buckley (1985a) defined multiplicative consistency for FMPCMs with trapezoidal fuzzy numbers.

Definition 44. (Buckley, 1985a) Let M = {mi};

Then M is said to be multiplicatively consistent if in MMy, ~ my;. Otherwise, M s said to be multiplicatively
inconsistent.

Mij = (m m? mY;, m ) be a trapezoidal FMPCM.

1,j=1" 12 g0 g

In Definition 44, Buckley defined the approximate equality ~ as follows. Having

v(c> J) = sup {min {E(x), J(y)}} ,

>y

the fuzzy number ¢ is greater than the fuzzy number d, ¢ > d, if v(¢ > d) = 1 and v(d > ¢) < 6, where 0 is a fixed
value from interval ]0, 1]. If Z is not greater than d and d is not greater than ¢, i.e. min {I/(EZ d),v(d > ?:’)} > 0,
then ¢ and d are said to be approximately equal, ¢ ~ d.

Further, Buckley (1985a) derived the following theorem for trapezoidal FMPCMs.
Theorem 17. (Buckley, 1985a) Let M = {mi;

ij=1>

Mij = (m m? mY. ml ) be a trapezoidal FMPCM,

170 g0 1Yo

and letmi; € [mg,md;] 3,5 =1,...,n. If M = {my;}},_, is multiplicatively consistent according to (1l.4), then

Mis multiplicatively consistent according to Definition 44.

Definition 44 is invariant under permutation of objects in trapezoidal FMPCM M. However, it is dependent
on the value of the parameter 6, and there are no studies regarding an appropriate choice of the value of 6. Fur-
ther, Theorem 17 is not very helpful in verifying multiplicative consistency of trapezoidal FMPCMs. The theorem
helps to identify only a small part of multiplicatively consistent trapezoidal FMPCMs. Trapezoidal FMPCMs muI—
tiplicatively consistent according to Definition 44 for which there do not exist m,; € [mg, ms;] ,i,j = 1,.
such that M = {m”} , Would be multiplicatively consistent according to (Il.4) cannot be |dent|f|ed by usmg
this theorem.

Another definition of consistency was proposed by Wang et al. (2005a). This definition of consistency will
be studied in more detail in the following section. To distinguish easily this definition of consistency from others,
consistency according to this definition will be called multiplicative weak consistency. The reason for the use
of the word “weak” in the name will be clarified right after providing the definition.

Definition 45. (Wang et al., 2005a) Let M = {m;;} mi; = [mf;,mf], be an interval FMPCM. If S =
{(wh cowp) €RMmb < B <m ST wi=1,w>0,i=1 ,...,n} # 0, then M is said to be multiplicatively

weakly consistent. Otherw:se, M is said to be multiplicatively weakly inconsistent.

1,7=1"

Definition 45 of multiplicative weak consistency for interval FMPCMs is clearly based on Proposition 1 for
MPCMs. According to the definition, an interval FMPCM M is multiplicatively weakly consistent if there exists a

vector w = (w1, . ..,w,)T which we can use to construct a multiplicatively consistent MPCM M* = {m” }1 =1

such that m}. E[m”,m 1,4,7=1,...,n.
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The requirement of at least one multiplicatively consistent MPCM obtainable from the interval FMPCM is
very weak (that is why the name multiplicative “weak” consistency). Therefore, it is quite easy to satisfy the
multiplicative-consistency condition in Definition 45 when constructing interval FMPCMs. The multiplicative-
consistency conditions reviewed in the rest of this section are significantly stronger and thus much more difficult
to fulfill.

Wang et al. (2005b) derived the following theorem which provides a useful tool for verifying the multiplicative
weak consistency according to Definition 45.

Theorem 18. (Wang et al., 2005b) An interval FMPCM M = {mm;;}: ,_, ,;; = [m{;, m{}] , is multiplicatively
weakly consistent if and only if it satisfies the inequalities

(max {mhmi;} < rrlun {mimi;} ihj=1,...,n. (IV.6)

The following theorem shows the relation between Definitions 44 and 45.
mi; = [mk, mf], multiplicatively weakly consistent ac-

Theorem 19. An interval FMPCM M = {m;;} i1 i

cording to Definition 45 is also multiplicatively consistent according to Definition 44.

Proof. Let M = {mu}f] 1My = [mfj,m |, be multiplicatively consistent according to Definition 45. Then,
from Proposition 1, it follows that there exists a MPCM M = {m”}” 1My = “’; € [mfj,m 1i,5=1,...,n,
that is multiplicatively consistent according to (1.4). Thus, based on Theorem 17, intervals being a parhcular
case of trapezoidal fuzzy numbers, it follows that M is multiplicatively consistent according to Definition 44. O

Another definition of multiplicative consistency for interval FMPCMs was given by Liu (2009).

Definition 46. (L/u 2009) Let M = {m;};,_, ,/;; = [mf;, m{;], be an interval FMPCM. Further, let MPCMs
C ={cij}; ;-1 D ={di;};,;_, be constructed from the interval FMPCM M as

mp, i<j mi, i< j

m?ﬁ 1> m{‘j7 1>

If the matrices C, D are multiplicatively consistent according to (11.4), then M is said to be multiplicatively
consistent. Otherwise, M is said to be multiplicatively inconsistent.

Later, Liu et al. (2014) extended Definition 46 of multiplicative consistency for interval FMPCMs to triangular
and to trapezoidal FMPCMs.

Definition 47. (Liu et al., 2014) Let M = {m”}” l,mij = (m mP. m] my ) be a trapezoidal FMPCM.

170 g0 1Yo

Further, let MPCMs A = {aw}” B {bw}” e {c,]}” s andD = {dm}” | be constructed from
the trapezoidal FMPCM M as
me;, i<j m?j, i<j mj;, Z<] mfj, i<j
ai; =1 1, =7, byy=11, i=j, cj=11, 1=7, dij=11, 1=7. (1V.8)
mf;v i>] mi, i>] mfj, i>j mi, i>j

If the matrices A, B, C, and D ) are multiplicatively consistent according to (11.4), then M is said to be multiplica-
tively consistent. Otherwise, M is said to be multiplicatively inconsistent.

The definition of multiplicative consistency for triangular FMPCMs proposed by Liu et al. (2014) is actually
obtainable by adjusting Definition 47 to triangular fuzzy numbers. Note that also Definition 46 of multiplicative
consistency for interval FMPCMs is just a particular case of Definition 47.

Liu et al. (2014) stated that Definition 47 of multiplicative consistency naturally reflects the multiplicative-
reciprocity property of trapezoidal FMPCMs since the matrices A, B,C, and D are clearly reciprocal. Fur-
thermore, the authors claim that the definition of multiplicative consistency is closely related to Definition 5 of
multiplicative consistency for MPCMs given by Saaty (1980). However, as demonstrated by Wang (2015b),
Definition 47 highly depends on the ordering of objects compared in the trapezoidal FMPCM, i.e. it is not
invariant under permutation of objects. Analogously, Wang (2015a) demonstrated the invalidity of Definition 46
for interval FMPCMs.

The drawback in Definition 47 is caused by the fact that the MPCMs A, B, C, and D given as (IV.8) are not
invariant under permutation of objects. There is no logical justification for choosing the lower boundary values
of trapezoidal fuzzy numbers above the main diagonal and the upper boundary values of the trapezoidal fuzzy
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numbers below the main diagonal to construct the MPCM A. A similar problem appears also for the MPCMs
B,C, and D. This way of constructing MPCMs from a trapezoidal FMPCM does not reflect naturally the
multiplicative-reciprocity property of trapezoidal FMPCMs; the MPCMs A, B, C, and D change completely with
a permutation of compared objects. Definition 46 of multiplicative consistency for interval FMPCMs suffers
from the same drawbacks, and the same is valid also for the multiplicative consistency of triangular FMPCMs
defined by Liu et al. (2014).

Clearly, Definitions 46 and 47 are not proper fuzzy extensions of Definition 5 of multiplicative consistency
proposed by Saaty (1980). Properly defined multiplicative consistency for FMPCMs has to be invariant under
permutation of objects and, naturally, as already pointed out by Liu et al. (2014), it has to preserve multiplicative
reciprocity.

Wang (2015a,b) proposed definitions of multiplicative consistency for interval and triangular FMPCMs in-
variant under permutation of objects as follows.

Definition 48. (Wang, 2015a) Let M = {m;;};
is said to be multiplicatively consistent if

mi; = [mf,ml], be an interval FMPCM. M = {m;}

J=1 1] i,j=1

L, U _ L U_ L U A
MGG = MM M My i,5,k=1,...,n. (IV.9)

Definition 49. (Wang, 2015b) Let M = {mu}” 1
{mi;};,_, Is said to be multiplicatively consistent if

mi; = (mf5,mpl,mf), be a triangular FMPCM. M =

177 17

ﬁujﬁrjkﬁzki = mikmkjﬁLji, i7j, k= ]., e, n. (|V10)
Furthermore, Wang (2015b) formulated the following theorem.

Theorem 20. (Wang, 2015b) The following statements are equivalent for a triangular FMPCM M= {mi; };
M (mé,mf\jj,mg) :

i,j=1"

(i) M is multiplicatively consistent according to Definition 49,

(i) m —m%m%, mLmU —mﬁm%mémgj, i,5,k=1...,n
(i) m M %mﬁf = m%m%m%, miij]Ifkm@- = mﬁcmﬁjmﬁ-, hL,5,k=1,...
(iv) m%[m%m% = m%m%mﬁ, mUmg]kmkUl mgfm,%m%, i,5,k=1,...

A theorem similar to Theorem 20 could be formulated for interval FMPCMs M = {m;;}"
the middle values m 1,7 =1,...,n, and the associated equations.

i1 by just removing

Remark 10. Multiplication in the formula (IV.10) is done according to the simplified standard fuzzy arithmetic
as defined in Section 3.4, in particular by the formula (111.26). In fact, using the simplified standard fuzzy
arithmetic, the formula (IV.10) can be written as (iii) and (iv) of Theorem 20. Therefore, based on Theorem
20, it follows that Definitions 48 and 49 for interval and triangular FMPCMs, respectively, are practically the
same (keeping in mind that one is given for interval FMPCMs and one for triangular FMPCMSs), although the
multiplicative-consistency conditions (1V.9) and (IV.10) seem to have different forms.

In order to demonstrate the inappropriateness of Definitions 48 and 49, let us analyze in more detail the
requirement of multiplicative reciprocity of PCs in FMPCMs and its impact on the multiplicative-consistency
condition. As stated in Section 2.2.1, multiplicative reciprocity of PCs is an inherent property of every MPCM
M = {m”}” .- When, for example, the intensity of preference of object o; over object o; is m;; = 3 (i.e. o;
is 3-times preferred to o;), then the intensity of preference of object o; over object o; has to be mj; = % (i.e.
o; has to be 3-times less preferred to o;). Therefore, multiplicative reciprocity is a reasonable property that
results from the interpretation of PCs of objects in MPCMs. Because of the multiplicative reciprocity of PCs,
the multiplicative-consistency condition (l1.4) for MPCMs is equivalent to the statements (ii) and (iii) in Theorem
1.

Conception of the multiplicative reciprocity becomes more complicated when extended to fuzzy numbers.
For a triangular FMPCM M = {mi;}; mi; = (mf;, m},mf}), multiplicative reciprocity is defined as 7;; =

177 1] 0
ﬁllij = ( 1U , mlM, —r ) According to thrs property, when, e.g., the highest possible intensity of preference m
of object o; over object o0 is m = 5 (i.e. o; is at most 5-times preferred to o;), this means that the Iowest
possible intensity of preference m - of object o; over object o; is automatically m = % (i.e. oj is at least

5-times less preferred to o;). However this is not all.

j=1"
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FMPCMs carry much more information about the preference intensities. For example, when we consider
any particular value m}; of m;; = (mf;, mlf,mf) ,i.e. m}; € [mk;, ml], as a possible intensity of preference of
object o; over object %> this intensity of preference is assocrated inseparably with the corresponding intensity

of preference m3; of m;; = (mk, m},m%;) such that m?, = -L—; remember that m;; and m}; have to express
J Jt Jt mi;

the same preference information about o; and o;. This property results naturally from the meaning of PCs.

Wang (2015b) defined multiplicative consistency of triangular FMPCMs by fuzzifying the expression (iii) in
Theorem 1 using the simplified standard fuzzy arithmetic; see Definition 49. As emphasized by Wang (2015b),
the definition is invariant under permutation of objects in the triangular FMPCM. This is definitely an advantage
over Definition 47 formerly proposed by Liu et al. (2014).

Since Wang (2015b) applied simplified standard fuzzy arithmetic to the computations with triangular fuzzy
numbers, the expression (IV.10) is nothing else but the statements (iii) and (iv) in Theorem 20. However, the
expressions m/imbmy; = mhmg;mf; and mEmYmi = mim{;mY% in the statements (iii) and (iv) violate
the multiplicative reciprocity of PCs. For example in the first expression, the intensity of preference m - of o,

over o; and the intensity of preference m%; of oj over o; are used at the same time. This clearly vrolates the

multiplicative reciprocity of PCs since m (unless m m% = mlJL = #)
Example 30. Let us consider the interval FMPCM
1 [5.2] [ y)
= |3 132 (IV.11)
i e] 53] 1

where the PCs m13 and ms1 =
in order to find out which values of 13 are aIIowed to preserve the multiplicative consistency.
By applying Definition 48, for i = 1,k = 2,7 = 3, we obtain

(2015a)

3 3
—2.9.2.9-9
=543

Therefore, the interval PC m13 = [z,y],z < y, can be in the form [%,y] ,y € [3,9], in order to keep multi-

plicative consistency of M. This means that even the whole interval [1,9] can be used to model the intensity of
preference of o, over os, i.e. T3 = [1,9].

Let us have a closer look on the intensities of preferences in such interval FMPCM Clearly, object o, is
preferred to object o, and object o, is preferred to object o3 since M2 = Moz = [g, 2] , 5 > 1. Therefore, object
01 should be also preferred to object o3. However, according to m;3 = [1,9], equal preference (mf; = 1) of
objects 0; and o3 is admitted.

Moreover, the intensity of preference of object o; over object o, is at most 2 (between equal and weak
preference) and also the intensity of preference of object o, over object o3 is at most 2. However, the intensity
of preference of object o, over object o3 can be up to 9 (absolute preference) which is much higher than 2-2 = 4.
In fact, there are no intensities of preference myy € [miy, mf,] and mog € [mds, m%] such that miamas =1 or
miamaz = 9.

According to Theorem 20 (properly adjusted for interval FMPCMs) the multiplicative consistency can be
checked by using the equivalent multiplicative-consistency condition

L. L. L L L. L o
MMMy = MM M, L, k=1....n

Assuming 3 = [1, 9] in the interval FMPCM M given by (1V.11), this basically means to verify the multiplicative
consistency of the matrix

—_
= NIW

AE = (IV.12)

Ol= N
N|—=
= Nl —

by using the property (iii) of Theorem 1. However, the matrix (IV.12) is not multiplicatively reciprocal, i.e. it is
not even a MPCM. Therefore, verifying its multiplicative consistency is meaningless. A

Even though Definitions 48 and 49 of multiplicatively consistent interval and triangular FMPCMs are in-
variant under permutation of objects in the FMPCMs, their meaning is questionable since they violate the
multiplicative reciprocity of PCs. Furthermore, when applying the simplified standard fuzzy arithmetic, as
Wang (2015b) did, the condition (I1V.10) is not equivalent neither to m;; = m;xmy;, 4,5,k = 1,...,n, nor to
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miymgme; = 1, 4,5,k = 1,...,n. The same is true for Definition 48 of multiplicative consistency for inter-
val FMPCMs. This means that, for Definitions 48 and 49 of multiplicative consistency proposed by Wang
(2015a,b), Theorem 1 cannot be extended to interval and triangular FMPCMs, respectively. Definition 5 of
multiplicative consistency for MPCMs should be extended to FMPCMs in such a way that Theorem 1 can be
extended to FMPCMs accordingly. This is possible to do by employing properly the multiplicative-reciprocity
property.

Another serious drawback of applying the simplified standard fuzzy arithmetic to computation with PCs in
triangular FMPCMs (and, of course, FMPCMs in general) is the fact that

L U

mi  mg

~ o~ L.L M, M _ U U ij C o

MM = (m T 5 T ,mmmﬂ) = (U.’ , m-L-> #1, ,j=1,...,n. (IV.13)
ij ij

From the multiplicative-reciprocity property m;; = m of FMPCMs, it should follow that m,;m ;; = 1. Obviously,
the expression (1V.13) violates the multiplicative- reC|prOC|ty property of PCs.

We know that constrained fuzzy arithmetic has to be applied whenever there are any interactions among
operands. Clearly, there is an interaction between fuzzy PCs m;; and m,;; from the multiplicative reciprocity

of PCs it follows that any intensity of preference m;; € m;; of object o; over object o; is associated with the
corresponding intensity of preference m};, = of object o; over object o;. Thus, ¢ = m;;m;; should be

777,

correctly computed according to the constrained fuzzy arithmetic (I1.41) as ¢ = (¢&, M, V) :

1
L o ) L U L U _ _
c = min {mijmji, msj € [m”,m 1,my; € [mﬂ,m i, mgs = — =
i

: 1 L U
= mm{mijmg mi; € [mm,m ] =1
9

1
M M, M _ M _
c =m;;my; = mg; i 1
iJ
U _ ) L U L U _ 11
c = max { m;;Mj;; My € [mm,mj} mj; € [mﬂ,mj J,mg = =
ij

1 L U
= ij 3 17 e =1
max{mjmij mj € [my;,m; }}

Keeping in mind the importance of the multiplicative-reciprocity property of PCs in FMPCMs, multiplicative
consistency needs to be defined accordingly so that it does not violate the multiplicative reciprocity. In the
following section, two definitions of multiplicatively consistent trapezoidal FMPCMSs respecting the multiplicative
reciprocity of PCs and invariant under permutation of objects are proposed.

4.2.2.2 New fuzzy extension of multiplicative consistency

In this section, Definition 45 of multiplicative weak consistency given by Wang et al. (2005a) is extended to
trapezoidal FMPCMs and another definition of multiplicative consistency much stronger than Definition 45 is
proposed. Tools for verifying both the multiplicative weak consistency and the multiplicative consistency are
provided and some properties of multiplicatively weakly consistent and multiplicatively consistent trapezoidal
FMPCMs are derived. Both definitions preserve two desired properties - invariance under permutation of
objects and multiplicative reciprocity of PCs.

75 R K
multiplicatively weakly consistent if there exists a positive vector w = (w1, ..., w,)" such that

Definition 50. Let M — {mw}” 1M = (m m?m), m? ) be a trapezoidal FMPCM. M is said to be

me §—<mZ
wj

iji=1,...,n. (IV.14)

J?

Notice that when Definition 50 is applied to interval FMPCMs, it is identical to Definition 45 proposed by
Wang et al. (2005a).

Proposition 10. LetM_{m”} i1 ij = (m mPm}. mé ) be a trapezoidal FMPCM. M = {mi;}; -

ijr g g
multiplicatively weakly consistent according to Definition 50 if and only if there exist elements m}; € [mg, mgs, ij] NAVES
1,...,n, such that M* = {mi g }l =1 is a MPCM multiplicatively consistent according to Def/n/t/on 5.

Proof. First, let M = {m;:}" .. i = (m®,m?, m?, m beatrapezmdal FMPCM multiplicatively weakly
JJi5=1 J

10 g0 g
consistent according to Definition 50. Let us denote m;; := &

(IV.14), it follows that m}; € [m”,m 1,45 =
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)

1,...,n. Further, we have m};, = % = 1, and m}, = % = i =L i j=1,...,n From [m&, m

w; ’ Jt wj m, ) iy
[5.9],i,5 = 1,...,n, it follows that also m}; C [5,9],4,5 = 1,...,n. Therefore M* = { 2J} , is a MPCM.
Finally, mjmy; = peik = 5 = mjj, i,j,k = 1,...,n, which means that M* = {m ”}m,:1 |s multiplicatively

consistent according to (11.4).

In the opposite direction, let M = {mi; M = (me,mP m?, m , be a trapezoidal FMPCM and
J J

130 g0 Mg

let M* = {mij}ijzl ,my; € [mg,ms],i,j = 1,...,n, be a MPCM multlpllcatlvely consistent according to

Definition 5. Then, from Proposition 1, it follows that there exists a vector w = (wy, ... ,wn)T such that m;; =
Wi j =1,...,n. Because, mj; € [mg5,ms;] ,i,5 =1,...,n, then clearly (IV.14) holds. O

1,7=1"

Remark 11. According to Proposition 10 and its proof, a trapezoidal FMPCM M = {mi;}; i1 ,Myj = ( mg;,m fj,

m;’], m”) , Is multiplicatively weakly consistent if and only if there exists a multiplicatively consistent MPCM

M* = { ZJ} such that m;; € [mw,m } This consistency condition is quite easy to reach. That is why
the consrstency accord/ng to Def/n/t/on 50 is called weak. Later in this section, also a much stronger definition

of multiplicative consistency for trapezoidal FMPCMs will be given.

Definition 50 of multiplicative weak consistency satisfies two desirable properties - it is invariant under
permutation of objects and it preserves the multiplicative reciprocity of PCs in trapezoidal FMPCMs.

Theorem 21. Definition 50 of multiplicative weak consistency is invariant under permutation of objects in
trapezoidal FMPCMs.

Proof. For a multiplicatively consistent trapezoidal FMPCM M = {ﬁzij}?J 1 Mij = (mw,mfj,mzj,m ) there

exists a positive priority vector w = (w1, . ..,w,)T, such that the inequality me; < ot < m‘5 is required to hold
for every single PC m,;. By permuting the FMPCM M to M~ = PMPT, the orrgrnal PC m;; in the i—th
row and in the j—th column of M is moved to the = (i)—th row and to the 7(j)—th column of the permuted
trapezoidal FMPCM M~ as i~ n(iyn(y)» out still keeping mi; = m7 . ), ij = 1,...,n. Thus, there exists a
vector w™ = (wT,...,w )T obtalned by permuting the vector w, i.e. w™ = Pw, with the components satisfying
the inequalities m; w 0 for every i,j =1,. ) O

_7

Theorem 22. Definition 50 of multiplicative weak consistency preserves the multiplicative reciprocity of PCs
in trapezoidal FMPCMs in the sense that any fixed value m;; € [m$;, mS;],i,j € {1,...,n}, representing the
intensity of preference of object o; over object o; is associated with the correspondmg value mj; € [m%, m%)

g Hhgid
representing the intensity of preference of object o; over object o, such that m;; = ——

Vij

Proof. The existence of a priority vector w = (wl, ...,wy,)T satisfying the inequalities (IV.14) means that there
exists a MPCM M = {m”}” 1, Mij € [m”,m ] SUCh that mi; = w?‘ .i,7 = 1,...,n. M is multiplicatively
reciprocal from the definition, i.e. every PC m;; is associated with the PC m;; such that mj; = -1 O

mij

Remark 12. Note that Theorem 22 does not simply state that a FMPCM M = {m7 J} |, multiplicatively weakly
consistent according to Definition 50 is multiplicatively reciprocal, i.e. m;; = =— j = 1 ,n. The validity of

my

this property automatically follows from Definition 43 of a FMPCM,; every FMPCM is mu/tlpl/cat/vely reciprocal,
and thus, also a FMPCM that is multiplicatively weakly consistent according to Definition 50 is multiplicatively
reciprocal.

As explained on p. 56, the extension of the multiplicative-reciprocity property from MPCMs to FMPCMs
does not concern only the “simple” multiplicative reciprocity of the related fuzzy PCs m;; and m;; in the sense
that m;; = ﬁ%ﬁ,a j = 1,...,n. The conception of the multiplicative reciprocity becomes more complex for
FMPCMs. In particular, every intensity of preference m;; € m;; of object o; over object 0j is associated
inseparably with the corresponding intensity of preference mj; € my; such that mj, =
and m}; have to express the same preference information about the objects o; and 0j. Theorem 22 states

that Def/n/tlon 50 is in accordance with this conception of multiplicative reciprocity, i.e. only multiplicatively
reciprocal PCs are involved in Definition 50 of multiplicative weak consistency.

Theorem 18 for verifying multiplicative weak consistency of interval FMPCMs can be extended to trape-
zoidal FMPCMs as follows.
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Theorem 23. A trapezoidal FMPCM M = {mi;}; i1 Mij = (m”,mfj,m;,m ) is multiplicatively weakly
consistent according to Definition 50 if and only if

< mi o m?. ji=1,...,n. .
kf[ll’aX’ {mzkm } = k:nll,l.rln {mzkmk]} ’ W) ) T (IV 1 5)
Proof. The proof is the same as the proof of Theorem 18; it is sufficient to substitute m/;, my;, m{, m{; with
mg,, mg;, md., my;, respectively. O

The following theorem shows that it is sufficient to verify the inequality (IV.15) only fori,j =1,...,n, i < j,
thus saving half of the computations.

Theorem 24. A trapezoidal FMPCM M = {mi;}; ij=1 , My = (m”,mf}],m;,m ) is multiplicatively weakly
consistent according to Definition 50 if and only if

. 5 8 .. . .
pmax {m‘fkm‘kxg} < pJoin {mikmkj} , i,j=1,...,n, 1 <j. (IV.16)

Proof. ltis sufficient to show that the validity of inequalities (IV.16) fori,j = 1,...,n, ¢ < j implies automatically
their validity for all 7,j = 1, ..., n, i.e. the validity of (IV.15). The validity of inequalities (IV.15) for i = j is trivial
from the definition of trapezoidal FMPCMs since

)
mé ms
ik . ik | _ : 5,6
5 } <1< min { o } = min {mikmki}.

ik k=1,...,n mg. k=1,...,n

o, (i = |

Further, for ¢ > j, by using (IV.16) and the multiplicative-reciprocity properties, we get

1 1 1

max {mf‘km?j} = maXx {55 =

k=1,....n k=1,...n | m5%. m< : )
e [ ki ""Y5k min {mm }
gk ki
1 . 1 1 .
= min —a o = min {mfkmij} .
max me me. k=1,...,n mjk, my, k=1,....n
k=1,...,n gk kt

O

Remark 13. An alternative definition of multiplicative weak consistency to Definition 50 might be formulated

as follows.
Let M = {mm}” LMy = (m mP. m] mg ) be a trapezoidal FMPCM. M is said to be multiplicatively

170 g0 Mg

weakly consistent if there exists a positive vector w = (w1, ...,w,)T such that
ml < <ml,  ij=1..,n (IV.17)
W

Notice that this definition is stronger than Definition 50. In fact, every trapezoidal FMPCM multiplicatively
weakly consistent according to this definition is also multiplicatively weakly consistent according to Definition
50 since (IV.17) implies (IV.14). Further, when this definition is applied to interval FMPCMs, it is again identical
to Definition 45 proposed by Wang et al. (2005a).

All theorems regarding FMPCMs multiplicatively weakly consistent according to Definition 50 formulated
above can be easily reformulated for FMPCMs multlpl/cat/vely weakly consistent according to this definition; it

is sufficient to consider m . and m7 instead of m7; and ml ;» respectively, where appropriate.

In the following definition, a stronger version of multiplicative consistency for trapezoidal FMPCMs is formu-
lated.

Definition 51. Let M = {mu}” 1My = (m”,mfj,mjj,m ) be a trapezoidal FMPCM. M s said to be

multiplicatively consistent if for each triplet (i, j, k) C {1,...,n} the following holds:

Vm,; € [m”,m ] dmyy, € [ lk,mgk] A Jmy; € [mgj,miﬂ DM = MM, (IV.18)
Vm;; € [mfym } Im € [mfk,m } A Imy; € [mfj,mzj} DM = MMy (IV.19)
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Remark 14. Definition 51 is a natural fuzzy extension of Definition 5 of multiplicative consistency proposed
by Saaty (1980). According to this definition, for any value m;; € m;j,i,j € {1,...,n}, there exist values
mi € My, @nd my; € myj, k € {1,...,n}, such that they satisfy the multiplicative-consistency property (11.4).
Analogously, for any value m;; € Core m;;,i,j € {1,...,n}, there exist possible values m;;, € Core m;, and
my; € Coremy;, k € {1,...,n}, such that they satisfy (11.4). Clearly, in comparison to the multiplicative weak
consistency given by Definition 50, the multiplicative consistency given by Definition 51 is very strong.

Unlike Definitions 46 and 47 of multiplicative consistency for FMPCMs proposed by Liu (2009) and Liu et al.
(2014), respectively, Definition 51 is invariant under permutation of objects compared in trapezoidal FMPCMs.

Theorem 25. Definition 51 of multiplicative consistency is invariant under permutation of objects in trapezoidal
FMPCMs.

Proof. For a multiplicatively consistent trapezoidal FMPCM M = {m”}” 1y Mij = (m”,mf’],mjj,m ), the
conditions (1V.18) and (IV.19) are satisfied for every triplet (¢,5,k)C {1,...,n}. By permuting the FMPCM M
to M™ = PMPT, the original PC m;; in the i—th row and in the j—th column of M moves to the m(i)—th row
and to the = (j)—th column of M~ preserving m™ n(iym(j) = Mz Thus, by permuting M, also the validity of the

conditions (IV.18) and (IV.19) is preserved, i.e.

T ¢ s T s 7] . T T T
Vm;; € [ m;; *m } Imi. € [ Zk,mik] A Hmkj € [mk;ﬂ mkj] LM =mimy;,
vm; € [mfjﬁ, ] Imf, € [mfkﬂ, mfﬂ A Imi; € [m}f, mk]] my=maymy,
for every triplet (i,4,k) C {1,...,n}. Thus, M~ is multiplicatively consistent according to Definition 51. O

Further, unlike Definitions 48 and 49 of multiplicatively consistent interval and triangular FMPCMs pro-
posed by Wang (2015a) and Wang (2015b), respectively, new Definition 51 does not violate the multiplicative
reciprocity of the related PCs.

Theorem 26. Definition 51 of multiplicative consistency preserves the multiplicative reciprocity of PCs in trape-
zoidal FMPCMs in the sense that any fixed value m;; € [mw,m ] i,j€{1,...,n}, representing the intensity
of preference of object o; over object o; is associated with the corresponding va/ue mj; € [m m§ ] represent-

Jjir
ing the intensity of preference of object o; over object o; such that mj; = -

miJ

Proof. It is sufficient to show that expressions (IV.18) and (IV.19) do not violate the multiplicative-reciprocity
property in the sense that when two particular intensities of preference m;; € m;; and m;; € m;; on the pair
of objects o, and o; are considered at the same time in the expressions (IV.18) and (I1V.19), then they are such
that m;; = #

For a tnplet (i,5,k) € {1,...,n}, i # j # k, no reciprocals appear in expression m;; = m;,my; for any
m;; € [m”,mfj] For i = j = k, expression (IV.18) reduces to: Vm;; = 13m}, = LA3Im}F =1:1 = 1-1,
which again does not violate the multiplicative reciprocity. Further, for i # j = k, expression (IV.18) is as:
Ym; € [m”,m ] Im}; € [mm,m } A 3mj; =1:m;; =mj; - 1. This means that mj; = m;; and, therefore, the
multiplicative reC|prOC|ty is not V|olated For i = k # j the proof is analogous. Finally, for i = j # k, expression

(IV.18) is as
VYm;; = 1 3Imyy, € [mf‘k,mfk] A 3dmy, € [mgi, mii]—&— : 1 =mypemy,.

This means that mj, = e and, therefore, the multiplicative reciprocity is preserved.
The proof for the expressmn (IV.19) is analogous. O

Remark 15. Similarly to Theorem 22, also Theorem 26 does not simply state that a FMPCM M = {ﬁzij}zjzl
multiplicatively consistent according to Definition 51 is multiplicatively reciprocal since this property automat-
ically follows from Definition 43 of a FMPCM. Theorem 26 states that Definition 51 is in accordance with the
conception of multiplicative reciprocity discussed on p. 56, i.e. only multiplicatively reciprocal PCs are involved

in Definition 51 of multiplicative consistency. For more details, see Remark 12.

By handling properly the multiplicative reciprocity of the related PCs, Theorem 1 can be extended to trape-
zoidal FMPCMs as follows.

Theorem 27. For a trapezoidal FMPCM M = {m;}?
are equivalent:

Ty = (m”,mfj,mzj, ) the following statements

1,j=1"

(i) M is multiplicatively consistent according to Definition 51.
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(i) Foreveryi,j,k=1,...,n

Vm;j € [mwm ] dmji € [ My, m ] A dmy; € [mgi,mzi] CM MM = 1, (IV.20)

Vm;j; € {mfj,m } Imji € [mfk7m } AImy; € {mfi,mzl} SMiMmygMme; = 1, (IV.21)

(iii) Foreveryi,jk=1,...,n

5.
Vmy; € [m”,m ]Elmjk € [ My, M ]/\EIm;ﬂ [mz‘i,m,ﬂ-} :
1 1 1
MM ME; = MMM, My = —— Mg = ——, Mjp = —, (IV.22)
Uy Mk M
- B B i . B Y.
Vmy; € [mlwm }Hmjk S [ Mgy My Admy; € |mhy,,my;|
1 1 1
MMMk = MM Mg, My = ——, Mgy = ——,mjp = —. (IV.23)
Uy Mk M

Proof. From the muItipIicative-reciprocity property m;; = %,Lj =1,...,n, it follows that Vm,; € [mg, m;]
B

and Vm;; € [m m; } dmj; € [mﬁ m;y} DMy = ml—”

. «a 5. L
dmy; € [m-- m-.] tmyp = i3 jir

gi0 Mg m; ,a

(a) First, let us show that the statements (i) and (ii) are equivalent. Because of the multiplicative-reciprocity
property, (1V.18) can be equivalently written as

1 1
Vmy; € [m”,m ] dmy,; € [mz‘l,mil] A dmjy € [m;‘k,mgk} tMyy = m—jkmki,

which is equivalent to (IV.20). Analogously, the equivalence of (IV.19) and (IV.21) is proved.

(b) Now, let us show that the statements (ii) and (iii) are equivalent. The expression (IV.20) can be equiva-
lently written as

Vm;; € [m”,m ] dmyy, € [ ?‘k,m?k] A dmy; € [mgi,mii] :m?jm?kmﬁi =1. (IV.24)

Because all fuzzy numbers in a trapezoidal FMPCM are positive, the second power can be removed
from expression m?jmikmii = 1, which means that (IV.20) is equivalent to (IV.22). Analogously, the
equivalence of (IV.21) and (1V.23) is proved.

O

The following theorems give us useful tools for verifying multiplicative consistency of trapezoidal FMPCMs.

Theorem 28. A trapezoidal FMPCM M = {m,J}” 1M = (m mP. m7, mo ) is multiplicatively consistent

igr gy g
according to Definition 51 if and only if the inequalities
m” > mmmkj, f] < mlkmij, (IvV.25)
6 > mfkmfj, mj; <mjmp, (IV.26)

hold forevery i, j, k=1,...,n, i< j, k#i,J.

Proof. ltis sufficient to demonstrate the equivalence of the expressions (IV.25) and (1V.18). The demonstration
of the equivalence of (1V.26) and (IV.19) is analogous.

First, let us demonstrate that when the inequalities (IV.25) hold for every i, j, k=1,...,n, i<j, k#i,j, then
they hold for every i, 5, k=1,...,n. The inequalities (IV.25) are always satisfied for i, 5,k = 1,...,n, such that
it=jFk,ori£j=korj*k=dq0ri=j5=%k:

o 4
m; m;

a, o ik _ ) 5 ik _ 0
MMy, = —s < 1=my, MM = g > 1=my,
My ik
o, o e} ) 5 )

MMy = Mg, MMy = Mg
a, o _ o« 5,6 _ .0
miimij - mij? mumzj - mij7
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a, o 1 _ .« 6,0 1 _ .0
mymg; = 1 = my;, mg;mg; =1 = mg;.

Further, when the inequalities (1V.25) are satisfied for i,j,k = 1,...,n, i < j, k # i, j, then they are satisfied
alsoforj,i,k=1,....,n, j >4, k#14,5j:

1 1 1 1
a o — — m
MM = 5 5 = 5 8 < mo. i
ki Mik ik Mg ij
1 1 1 1
I e o 2 "
kj ik ik "kj i

To finalize the proof, it is sufficient to show that the inequalities (IV.25) are equivalent to the condition
(IV.18) for every i,5,k = 1,...,n. First, let M be a trapezoidal FMPCM multiplicatively consistent according
to Definition 51. Then, for m;; := mg 3Imi. € [mg,md] A Imy; € {mgj,mij} :mg

& = migmy;. Since
max > mg, mi; > mg;, then clearly mg; > mgmg;. Analogously, for m,; := mg; Img € [mg, ml] A Imy; €
[mgj,mij} : mfj = MiKMy;. Since m;y, < mfk, My < mij, then mfj < mfkmij.

Second, let (1V.25) be valid for a trapezoidal FMPCM M. Then, from inequalities (IV.25) we get vm;; €
[mg, mg;] - mgmg; < my; < mgmj,; and, therefore, (IV.18) is satisfied. O
Theorem 29. A trapezoidal FMPCM M = {7}y i = (mf‘j,mg,m?]-,m‘gj) , is multiplicatively consistent
according to Definition 51 if and only if the inequalities

o a, o § : [ é
mg > max {mfmyg;}, mg; < min {mikmkj}, (IV.27)
k=1,...,n k=1,...,n
k#i.j k#i,j
m? > min {mlml m). < min {m).m] (Iv.28)
ij = B i Mg ij = B i Mg s .

k4,5 k4,5
hold foreveryi,j=1,...,n, i < j.
Proof. The inequalities (IV.27) and (IV.28) follow immediately from Theorem 28. O

In the following example, Definition 51 of multiplicative consistency for trapezoidal FMPCMs is confronted
with Definitions 46 and 48. In particular, it is demonstrated how the drawbacks regarding the dependence of
Definition 46 on permutation of objects and violation of multiplicative-reciprocity property in Definition 48 are
removed by Definition 51. Further, multiplicative weak consistency according to Definition 50 is examined.

Example 31. Let us examine the interval FMPCM M of objects o1, 03, 03 given as

133155
1
2

M=|[23 1 [L1]]. (IV.29)
[3,5] [1,2] 1
and its permutation M = PMPT given as
1 [31][5.3]
M =|[12] 1 [25] (IV.30)

which is obtained from M by applying the permutation matrix
010

P=1]0 0 1]. (IV.31)
1 00

As pointed out by Wang (2015a) and Wang (2015b) and mentioned in Section 4.2.2.1, Definitions 46 and
47 of multiplicative consistency for interval and trapezoidal FMPCMs, respectively, are not invariant under
permutation of objects. In fact, the interval FMPCM (IV.29) results to be multiplicatively consistent, and its
permutation (1V.30) results to be inconsistent according to Definition 46.

Now, let us apply Definition 51 to the interval FMPCM (1V.29). By using Theorem 28, the interval FMPCM
(IV.29) is judged as multiplicatively consistent since it satisfies the inequalities (1V.25); see Tab. IV.3. Also
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Table 1V.3: Inequality conditions (IV.25) for the interval FMPCM (1V.29).

AN L L, L U U, U
1< J: mijZmikmkj mijgmikmkj
. 2 1 2 2
. 1< 2. 1 2 2
1,3: 5253 3s31
. 1 3.1 5.2
2,3: 3255 1<35-3

Table 1V.4: Inequality conditions (IV.25) for the permuted interval FMPCM (IV.30).

; ;L L L, L U U, U

1< g mi; > mipmy; | My < MMy
. 1531 5,2

L,2: 3255 1<3-3
. 3 1.3 5

2,3: 3>1.3 5<2-32

the permuted interval FMPCM (IV.30) satisfies the inequalities (IV.25); see Tab. IV.4. Therefore, it is again
judged as multiplicatively consistent. Moreover, from Theorem 25 it follows that any permutation of the interval
FMPCM (1V.29) is multiplicatively consistent according to Definition 51.

In Example 30, it was demonstrated that Definition 48 violates the multiplicative reciprocity of PCs. In
fact, by using the property (iii) of Theorem 20 (more precisely a version of the theorem adapted for interval
FMPCMs), the multiplicative consistency of the matrix

ME = (IV.32)

e Nl =
— [
el Al

is checked in order to verify multiplicative consistency of the interval FMPCM (1V.29) according to Definition
48. The matrix (IV.32) is not multiplicatively reciprocal, and thus it is not even a MPCM. Therefore, verifying its
consistency is nonsensical.

According to Theorem 26, the multiplicative-reciprocity property is preserved by new Definition 51. This
basically means that by taking any value from any interval PC in the interval FMPCM (IV.29), there exist values
in the remaining interval PCs such that they form a multiplicatively consistent MPCM. Let us examine the triplet
i=1,j=2,k= 3of indices and let us consider the value mi> = 3 € [2, 2] . Then, according to (IV.18), there
exist values mi3 € [1,2] and ms2 € [1,2] such that 1 = myzmas. Itis, for example, mi3 = 1, mg; = 2. The
multiplicative reciprocity is clearly not violated. More interestingly, let us consider the triplet i =1, =1,k =2.
Then, according to (IV.18), there exist values mi> € [2,2] and ma1 € [3,2] such that 1 = miama. This
equality is satisfied by any value m1, € [2, 2] and the corresponding value mq; € [2, 3] such that mq; = mLm,
which again preserves the multiplicative reciprocity.

By verifying the inequalities (IV.16) we also find out that the interval FMPCM (1V.29) is multiplicatively
consistent according to Definition 50; see Tab. IV.5. Analogously it could be shown that also the permuted
interval FMPCM (1V.30) is multiplicatively weakly consistent according to Definition 50. A

In the following example, Definition 51 of multiplicative consistency is applied to an incomplete FMPCM in
order to identify a missing PC.

Table I1V.5: Inequality conditions (IV.16) for the interval FMPCM (1V.29).

i<ii || max fodimb} < i fmfmf )
1,2: max{%,%,% < min{%,%,%
L3s | oma{t L o< mn{3232)
2,3: max {5,411} < min {3,1,1}
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Example 32. Let us consider the interval FMPCM in the form (IV.11) with unknown interval PCs ;3 and
Ms31 = % examined in Example 30. It was shown in example 30 that applying Definition 48 to identify the
missing PCs leads to unreasonable results.

Now let us apply Definition 51 to the interval FMPCM (IV.11). By using Theorem 29, we obtain the following:

1=1,7=2: %EI-%:%:>$§3, 2§y-%:>y23
i=1j=3: z>3.2=2=52>9 y<2.2=y<4
i=2j=3: 32>l.a0=%2=2<3 2<2.y=y>3

Therefore, the interval FMPCM (1V.11) is multiplicatively consistent according to Definition 51 if ;3 = [z, y],, 2 <
y, is such that = € [2,3] ,y € [3,4]. This means that the lowest possible intensity of preference of object o,
over object o3 is at least % > 1, i.e. object o, is preferred to object o3. Moreover, the highest possible intensity
of preference of object o; over object o3 is 4, which is reachable under the multiplicative consistency condition

form12:2€[%,2},7@3:26[%,2}. A

In the rest of this section, some interesting properties of multiplicatively weakly consistent and multiplica-
tively consistent trapezoidal FMPCMs are examined. The following theorem shows the relation between Defi-
nition 51 of multiplicative consistency and Definition 50 of multiplicative weak consistency.

Theorem 30. Let M = {mij}y =y iy = (m%,mfj,mzj,mfj), be a trapezoidal FMPCM. If M = {mij}; iy is
multiplicatively consistent according to Definition 51, then it is also multiplicatively weakly consistent according
to Definition 50.

Proof. The statement follows immediately from Theorem 29. In particular, the inequality (IV.16) is obtained
immediately from the inequalities (1V.27). O

Remark 16. According to Theorem 30, when a trapezoidal FMPCM is multiplicatively consistent according to
Definition 51 then it is also automatically multiplicatively weakly consistent according to Definition 50. How-
ever, this does not hold the other way around. Clearly, the definition of multiplicative weak consistency is
much weaker than the definition of multiplicative consistency; it only requires existence of one crisp multiplica-
tively consistent MPCM obtainable by combining particular elements from the closures of the supports of the
trapezoidal fuzzy numbers in the trapezoidal FMPCM. Thus, the set of all trapezoidal FMPCMs multiplicatively
consistent according to Definition 51 is a proper subset of the set of all trapezoidal FMPCMs multiplicatively
weakly consistent according to Definition 50.

In the following example, the multiplicative consistency given by Definition 51 and the multiplicative weak
consistency given by Definition 50 are examined.

Example 33. Let us consider the trapezoidal FMPCM

1 (2,3,4,5) (2,3,3,4) (1,1,2,3)

| GEED 1 0289 (1322

S DICEE SN CEER) (V=9
(G310GEEN0EED

M is not multiplicatively consistent according to new Definition 51 of multiplicative consistency since inequali-
ties (1V.27) are violated; e.g.,

[0 « 4 «
max {m{m,} = max {27 5} =2<£1=my.

However, M is multiplicatively consistent according to Definition 50 since inequalities (IV.16) are satisfied; see
Tab. IV.6. Therefore, according to Definition 50, there exists at least one multiplicatively consistent MPCM

n
M = {w—} L such that m; < g—] <ml,i,j=1,....,n, > w; = 1. ltis, for example,
)= -

A R
wi v

<

I
PO |0 [ =
— == N
T )
[ )

with the priority vector w = (2,1, 1, 1)7. A
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Table 1V.6: Inequality conditions (IV.16) for the interval FMPCM (1V.33).

ro [ frson} = {rtiot}
1,2: max {2,2, 2 % 1 < min{5,5,4,3}
1,3: max {2,2,2,1} < min{4,15,4,1
1,4: max {1,2, 2,1} < min{3,10,4,3}
2,3: max {2,1,1,1} < min{2,3,3,5}
2,4 max {$,1,2,1} < min{3,23,2}
3,4: max {1, 5,2, 2} < min{3,2,1,1}

Theorem 31. Let M /bve a trapezoidal FMPCM multiplicatively weakly consistent according to Definition 50. A
trapezoidal FMPCM M* constructed by eliminating the I-th row and the I-th column, | € {1,...,n}, of M is
again multiplicatively weakly consistent.

Proof. For M, tﬂe inequalities (IV.16) are valid for every i, 5, k = 1, ..., n. After eliminating the /-th row and the
I-th column of M, the inequalities (IV.16) are still valid for every remaining ¢, j,k € {1,...,n}\ {l}. Therefore,
the new trapezoidal FMPCM M* is still multiplicatively weakly consistent. O

The same holds also for multiplicatively consistent trapezoidal FMPCMs.

Theorem 32. Let M be a trapezoidal FMPCM multiplicatively consistent according to Definition 51. A trape-

zoidal FMPCM M* constructed by eliminating the i-th row and the I-th column, | € {1,...,n}, of M is again
multiplicatively consistent.

Proof. For M, the inequalities (IV.27) and (IV.28) are valid for each i, j, k € {1,...,n}. After eliminating the
I-th row and the I-th column of M, (IV.27) and (IV.28) are still valid for each remaining 4, j,k € {1,...,n}\ {i}.
Therefore, the new trapezoidal FMPCM A * is still multiplicatively consistent.

Remark 17. Theorems 31 and 32 are useful in situations when the set of objects compared pairwisely is being
reduced. According to the theorems, elimination of one or more objects has no impact on the multiplicative or
multiplicative weak consistency of fuzzy PCs of the remaining objects.

The following theorems provide results regarding aggregation of multiplicatively and multiplicatively weakly
consistent trapezoidal FMPCMs, which are particularly useful in group decision making.
Theorem 33. Let M! = {Nl nj 17T7LllJ = (m” ,m}f,m1]7 ) and M? = {~ZJ} i1 mfj = (mU ,m?]"g,
mf] , m2 ) be trapezoidal FMPCMs multiplicatively weakly consistent according to Definition 50. Then M =

{TrL”}MZ1 M = (ml],mg,mzj,m ), such that

ij

v
ij

i i i ij ij

= () mE) e, mdy = (ml) )

mg
m; i i ’ i

— (ml(x)e(m2q)1—e mﬁ — (mlﬂ)e(mﬂg)l—e
m

) ()
is a multiplicatively weakly consistent trapezoidal FMPCM for any e € [0, 1].
Proof. First, let us show that Misa trapezoidal FMPCM. Fori =1,...,n, we get
m = (ml) (mE)' T =1V =1 m = (mf) (m3) =11 = L

(23 K22 X3

Similarly, m, = 1,m], = 1, and thus, m;; = 1,7 = 1,...,n. Further,

€ 1—e¢
1 1 1 1
ms = (mlf’)s(mzq)l_e = — [ = = ___
*J t 4 m;f m?f (m}f)f(m?f)l—f m;’-i ’

€ 1—e
1 1 1 1
6 10\e 26\1—e __ _ _

J
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Second, let us show that M is multiplicatively weakly consistent. It is sufficient to prove inequalities (IV.16).
Since (IV.16) is valid for FMPCMs M and M?, we obtain

Jmax {mgm} = max {(mlg)” (mp)' <m%§) (mi5)' ™} <
knllax { lk mk] } max { lk mkj } <
k r{un { zkmk_; } mvln { zkmk_; } <
cmin {(mff) (m3)" ()" (mi)" ) = min {mdmi}
which proves the theorem. O

Theorem 33 can be further extended to the aggregation of p > 2 multiplicatively weakly consistent trape-
zoidal FMPCMs as follows.

Theorem 34. Let M™ = {m”}” Ly = (mff‘,m:jﬁ,mlj ,mi?), T =1,...,p, be trapezoidal FMPCMs multi-
plicatively weakly consistent according to Definition 50. Then M = {ﬁzij}?j:l , such that
8 p p p
1) Ta\ €T 67— 57 T8\ €T
R N 1) (A (e (i (P
T=1 T=1 T=1 T=1

is a multiplicatively weakly consistent trapezoidal FMPCM for any e, € [0,1],7=1,...,p, with>?_ e, = 1.

Proof. The proof is analogous to the proof of Theorem 33. O
Similar theorems are formulated also for multiplicatively consistent trapezoidal FMPCMs.

arl _ 1 18 A72 — f52\7 ~2 _ 28
Theorem 35. Let M' = {m} g = (mua7m”,m”,m ) and M? = {m ii}u Loy = (mu,m”,

mfj"’, m?2 ) be trapezoidal FMPCMs mult/pllcat/ve/y consistent according to Definition 51. Then M= {mi;};

such that

=1

_ 1 2 —
m% = (mzlja)e(mgja)l 67 mB = ( ’L]ﬂ) (m”ﬁ)l 6?

1 2y\1—
my = (mi] ) (m)' =, mi; = (mf)(m3)'~,

is a multiplicatively consistent trapezoidal FMPCM for any e € [0, 1].

Proof. From Theorem 33 we already know that M is a FMPCM. It remains to show that M is multiplicativily
consiitent. It is sufficient to prove inequalities (IV.25) and (IV.26). Since (IV.25) are valid for the FMPCMs M*
and M2, we obtain

memy; = (m; ) (Tnzk) (mk:]) (m i )ime=
(migmis) (mipmid)' = < (mjg )e(mgja)l_e =mg;,
m?kmij: (m; )( ) ‘(m k?)( i‘;) =
(miﬁmki) (mipmi5)' =< = (mjp)(m3)' = = mj;.
Analogously, the validity of inequalities (1V.26) is proved. O

Theorem 35 can be further extended to the aggregation of p > 2 multiplicatively consistent trapezoidal
FMPCMs as follows.

Theorem 36. Let M = {m];} _ i}, = (m m?®. m? mﬂS) 7 =1,....p, be trapezoidal FMPCMs

i 0 g o0 Mg 0 TG

multiplicatively consistent according to Definition 51. Then M = {mi;}; =1, such that
s b b b
~ 1) Ta) €7 €r 7)€
mij = (m”,m”,mzj,m ) <H(m7’] ) ) H H ) H(ml] ) ) ’
=1 =1 =1 =1

is a multiplicatively consistent trapezoidal FMPCM for any e, € [0,1],7=1,...,p, with> " _, e, = 1.
Proof. The proof is similar to the proof of Theorem 35. O

Reaching full consistency is not always managable in practice. Often, even when DMs are asked to recon-
sider their inconsistent preference information they are not able to provide a consistent FMPCM. That is why
the problem of measuring acceptable inconsistency of FMPCMs has been addressed in the literature.
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4.2.2.3 Fuzzy Consistency Index and Fuzzy Consistency Ratio

A number of inconsistency indices for measuring an acceptable level of inconsistency of MPCMs has been
proposed in the literature. One of the well-known and most often applied ones is the Consistency Index
(1.9) proposed by Saaty (1980). Strangely, the problem of verifying an acceptable level of inconsistency of
FMPCMs has been quite neglected in the literature. Very often, authors dealing with the fuzzy extension
of methods based on MPCMs do not address the issue of (in)consistency at all; see, e.g., the well-known
theoretical articles by Laarhoven and Pedrycz (1983); Chang (1996); Enea and Piazza (2004). Similarly, also
most real-application articles do not address this important issue.

In some real-application articles, the authors verify the acceptable inconsistency of a FMPCM by means of
CR only for the crisp MPCM M = {mf‘f ?Fl constructed from the middle values of the triangular FMPCM
M= {mij}zj:l , mij = (mf,m,m),i,j =1,...,n; see, e.g., Tesfamariam and Sadiq (2006); Pan (2008);
Vahidnia et al. (2009). However, by verifying acceptable inconsistency of just one particular matrix of crisp
numbers obtained from the original FMPCM (in this case the middle values of the triangular fuzzy numbers)
the uncertainty modeled by the fuzzy numbers in the FMPCM is neglected. This is inconsistent with the
original intention to model the incompleteness of information as well as the linguistically expressed preference
information by fuzzy numbers.

A similar approach was considered by Zheng et al. (2012), although they suggested to compute CR

for the crisp matrix M* = {m};}';,_; whose elements are obtained from the trapezoidal FMPCM M =

{mij}Zj:I ,Myj = (m%,mfj, mzj, mfj), by formula
ms + Qmﬁ +2m). + 7’n(S
my; = Y Y 5 Y Y ,ji=1,...,n. (IV.34)

It is worth to note that the obtained matrix M* is in general not multiplicatively reciprocal; for example, for
mi; = (2,3,4,6) and my; = (§,4,5,5), we obtain m}; = 2 and m};, = 5 # £ = 7% Thus, verifying
acceptable inconsistency of such a matrix is meaningless. ’

Liu (2009) proposed a method for verifying acceptable level of inconsistency (he actually calls it acceptable
consistency) of interval FMPCMs. For an interval FMPCM M = {m,;};,_, ,7;; = [mf;,m{], Liu (2009)
constructs two MPCMs C and D by using (IV.7) and verifies their acceptable inconsistency by comparing
their Consistency Ratio (11.10) with the boundary value 0.1, i.e. CR < 0.1. When both MPCMs C and D are
acceptably inconsistent, then also the interval FMPCM 1 is said to be acceptably inconsistent. When at least
one of the MPCMs C and D is not acceptably inconsistent, then also the interval FMPCM M is considered as
inconsistent. However, this method, similarly to Definition 46 of multiplicative consistency for interval FMPCMs
proposed by Liu (2009) is not invariant under permutation of objects.

Another index of inconsistency for FMPCMs was proposed by Ramik and Korviny (2010). This index is
based on the idea of measuring distance of the FMPCM from the closest fuzzy matrix of ratios of fuzzy priorities.
The advantage of this approach is that, unlike the two approaches mentioned above, it takes into account the
uncertainty present in the FMPCM.

Since in the focus of this thesis is the fuzzy extension of well-known and most often applied methods based
on PCMs, only CI and CR and their extension to FMPCMs are dealt with here.

As already reviewed in Section 2.2.2, using the maximal eigenvalue of a MPCM, Saaty defined the Con-
sistency Index CTI and the Consistency Ratio C'R to verify an acceptable level of inconsistency of the matrix.
In order to verify an acceptable level of inconsistency of FMPCMs, these two measures should be fuzzified
properly.

In order to compute C1I, it is necessary to know the maximal eigenvalue of the given MPCM. Having a
FMPCM whose entries are fuzzy numbers, it is natural to compute the maximal eigenvalue of this matrix in
form of a fuzzy number as well. This fuzzy maximal eigenvalue will then substitute the crisp maximal eigenvalue
in the formula (11.9), which can be easily fuzzified in order to obtain C1 in the form of a fuzzy number.

The question is how to obtain the fuzzy maximal eigenvalue of a FMPCM. This task is not as simple as
it might seem at first sight. Several methods for deriving the fuzzy maximal eigenvalue from a FMPCM have
been proposed in the literature, but, as it will be shown in the following section, these methods suffer from
severe drawbacks. An appropriate method for deriving the fuzzy maximal eigenvalue is indispensable not
only for verifying acceptable inconsistency of a FMPCM by using the Fuzzy Consistency Ratio, but it is also
necessary for the fuzzy extension of the EVM for deriving fuzzy priorities of objects from a FMPCM. Thus, later
in the following section, particular attention will be paid to the problem of deriving properly the fuzzy maximal
eigenvalue from a FMPCM.

For a trapezoidal FMPCM M = {mi;} Fuzzy Consistency Index C1 is defined in the form

n
ij=17

I: =
¢ n—1

(IV.35)

—~ A—n Xe—n M —n M—n XN—n
n—1"n—-1"n-1"n-1)"
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where X = (A%, A%, X7, \%) is the fuzzy maximal eigenvalue of M (for whose computation the formulas will be
provided in the following section). Fuzzy Consistency Ratio C'R is defined as

CR =

T a B _ v o _
CI ( A n M —n N —n X —n ) (IV.36)

RI \RI(n—1)RI(n—1) RI(n—1)" RI(n—1)

Notice that Random Index RI used in the formula (IV.36) is the same as RI used for crisp MPCMs; the
values of RI are given in Tab. I.2. Analogously as in the case of crisp MPCMs, we need to compare CR with
the boundary value 0.1 in order to decide whether the FMPCM is acceptably inconsistent or not. This might
be done easily by defuzzifying the trapezoidal fuzzy number CR by the center-of-area defuzzification method
using formula (l11. 8) first, and then comparing the center of area CO A5 of CR with the boundary value 0.1.
Thus, the FMPCM 1M is said to be acceptably inconsistent if

COAg <0.1. (IV.37)

4.2.2.4 Fuzzy maximal eigenvalue of a FMPCM

As reviewed in Section 2.2, the maximal eigenvalue of a MPCM is utilized in the consistency index (11.9) to
verify acceptable multiplicative inconsistency of a MPCM and in the EVM method (I1.21) to obtain normalized
priorities of objects from a MPCM. In this section, extension of the maximal eigenvalue to the fuzzy maximal
eigenvalue of a FMPCM is studied. The formulas for obtaining the fuzzy maximal eigenvalue of a FMPCM
formerly proposed in the literature are reviewed, deficiencies of these formulas are pointed out, and then new
formulas are proposed. Subsequently, properties of the new fuzzy maximal eigenvalue are discussed.

Csutora and Buckley (2001) proposed formulas for obtaining a—cuts, « € [0, 1], of the fuzzy maximal eigen-
value of a FMPCM. For the sake of simplicity, this thesis is limited to trapezoidal fuzzy numbers. Therefore, the
formulas of Csutora and Buckley (2001) will be shown for trapezoidal fuzzy numbers here. _

By applying the trapezoidal approximation, the representing values of the fuzzy maximal eigenvalue \g =
(A )\g, ML, M%) (the lower index S stands for standard fuzzy arithmetic which is applied to obtain the fuzzy

maximal eigenvalue) of a trapezoidal FMPCM M = {mi;}; =10 = (m”,mf’],mZJ,m )), is obtained as

§=EVM\(M*), where M* = {m{j}’ | (IV.38)
A} = EVM,(MP),  where M? = {miﬂj}i,jzl : (IV.39)
A\, =EVM,\(M"), where M? = {m”} et (1V.40)
Ay = EVM,(M?), where M° = {m;.sj}jj:1 . (IV.41)

This means that the lower boundary value \¢ of the fuzzy maximal eigenvalue \s of a trapezoidal FMPCM
M is computed as the maximal eigenvalue of the matrix M = {m%}?jzl , whose elements are the lower

boundary values of the trapezoidal fuzzy numbers from the trapezoidal FMPCM M. Analogously, the upper
boundary value A% is computed as the maximal eigenvalue of the matrix of the upper boundary values of the
trapezoidal fuzzy numbers from the trapezoidal FMPCM M, similarly for the representing values Ag and X}, of
the resulting fuzzy maximal eigenvalue As.

Clearly, none of the matrices M, M” M~ and M? is multiplicatively reciprocal. Csutora and Buckley
(2001) observed this fact, but they did not consider it to be a flaw. Also Wang and Chin (2006), who adopted
formulas (1V.38)—(IV.41) in their method for obtaining the fuzzy priorities of objects from FMPCMs, did not
realize the flaw.

However, as already emphasized, multiplicative reciprocity is a key property of MPCMs, and thus it has

to be preserved also under the fuzzy extension. Unless M = {m”}” 1y My = (mwmfj,mjj,m ) is a
crisp MPCM, it is meaningless to consider the matrix M* = {mw} of the lower boundary values of M

for the computation of the fuzzy maximal eigenvalue g (in partlcular |ts lower boundary value A\%). Since
Me = { ”} does not satisfy the multiplicative-reciprocity property (11.2), it is not even a MPCM, and thus

it does not reflect the preference information provided by the DM in the original trapezoidal FMPCM M. The

i _f. 81" _ n 5 _
same holds also for the matrices M* = {mij}i,jzl M ={mj} . and M ={mi;}; .-
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Despite the violation of the multiplicative reciprocity of PCs, we have to acknowledge that the method
proposed by Csutora and Buckley (2001) is at least invariant under permutation of objects in the FMPCM M.
By permuting M = {mw}w , to M~ = PMPT using any permutation matrix P, the matrices M, M”, M",
and M? used in the formulas (IV.38)—(1V.41) are permuted in the same way, which does not have any impact
on the resulting maximal eigenvalues \§ )\g,)\g, and \g. Thus, the resulting fuzzy maximal eigenvalue A\g
remains unchanged under any permutation of objects compared in the FMPCM M.

Example 34. Let us apply the approach for obtaining the fuzzy maximal eigenvalue proposed by Csutora and
Buckley (2001) to the FMPCM

1 (2,2,3,4) (2,4,5,8)
) 1 (4,5,6,7) | . (IV.42)
DICES S

By applying the formulas (1V.38)—(1V.41), we actually compute the maximal eigenvalues A\*, A%, A7, and \° of
the matrices

122 124 135 148

Me=|+14), MP=(L15], M=|i16], M=(}17], (IV.43)
119 119 119 119
8 7 5 6 4 5 2 4

respectively. The fuzzy maximal eigenvalue obtained by the formulas (IV.38)—(IV.41) is in the form Ag =
(2.4376, 2.8680, 3.4480, 4.4739).

However, as we can see from (IV.43), none of the matrices M, M#?, M7, and M? is multiplicatively re-
ciprocal. This means that they are not MPCMs. Therefore, computing their maximal eigenvalues in order to
verify the acceptable consistency or to derive priorities is nonsensical as these matrices do not represent the
preference information contained in the FMPCM (IV.42). A

Also Ishizaka (2014) used formulas (IV.38)—(1V.41) to obtain the fuzzy maximal eigenvalue of a trapezoidal
FMPCM. However, in his method, a particular approach for the construction of the trapezoidal FMPCM was
employed. In order to distinguish the method proposed by Ishizaka (2014) from the method proposed by
Csutora and Buckley (2001), the FMPCM and the fuzzy maximal eigenvalue obtained by formulas (I1V.38)—
(IV.41) in the approach of Ishizaka (2014) will be denoted M; = {i;;}"._,, and A; = (A?,A?,A},A?) ,

respectively.

Ishizaka (2014) constructed the multiplicative reciprocals of trapezoidal fuzzy numbers m;; = (mg;;, m?i i

1,j=1"

my;;,mdy;), 0,5 =1,...,n, i < j,inthe trapezoidal FMPCM M = {mrij}; —y asmyji = (1 A

me;;’ My, ’ Tn‘?ij ’ m(;ij
e 2 e 2 e > s itis just
a quadruple of real numbers. This means that Ishizaka’s approach violates even the W|dely accepted approach
to the construction of FMPCMs.

Furthermore, the resulting fuzzy maximal eigenvalue X1 is not invariant under permutation of objects in the
FMPCM MM, which will be demonstrated on an illustrative example. Moreover, because of the inappropriate
construction of the reciprocals of the fuzzy numbers in the FMPCM M;, itis not even guaranteed that the fuzzy
maximal eigenvalue \; obtained by formulas (IV.38)—(1V.41) is a fuzzy number; in general, it is just a quadruple
of real numbers similarly as for the reciprocals of my;;, i, =1,...,n, i < j,in M; = {m”j}zjzl.

Thus, mz;; does not represent a (trapezoidal)

Example 35. Let us apply the method for obtaining the fuzzy maximal eigenvalue proposed by Ishizaka (2014)
to the FMPCM M in the form (IV.42) examined in Example 34.
The corresponding matrix M; utilized in the approach of Ishizaka (2014) is given as

1 (2,2,3,4) (2,4,5,8)
. 1) 1 (4,5,6,7) | . (IV.44)
8) (15 607) 1

Obviously, the elements below the main diagonal of the matrix M; are not trapezoidal fuzzy numbers as they
do not satisfy Definition 22. In fact, m{;; > m?ﬂ >my;; > mm, i,j=1,...,n, i < j. The fuzzy maximal eigen-

value obtained by formulas (1V.38)—(1V.41) from the matrix M; is in the form )\] (3.2174,3.0940, 3.1851, 3.1769),
which again does not satisfy Definition 22 of a trapezoidal fuzzy number.
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Let us now permute the FMPCM (1V.42) to M~ by applying the permutation matrix P in the form (IV.31).
The corresponding permuted matrix M7 is in the form

(IV.45)

The fuzzy maximal eigenvalue X}T obtained from this permuted matrix is in the form AT = (3.0536, 3.1356, 3.1356,
3.4357). We see that AT # A;, which means that the method for obtaining the fuzzy maximal eigenvalue from a
FMPCM proposed by Ishizaka (2014) is not invariant under permutation of objects in FMPCMs. A

It is obvious that the reciprocals of the fuzzy numbers in the FMPCM have to be constructed properly, as
given in Definition 43 of a FMPCM. Furthermore, it is necessary to consider the multiplicative reciprocity of
PCs in a FMPCM also in the process of deriving the fuzzy maximal eigenvalue since it is an inherent property
of FMPCMs (see discussions on p. 49 and p. 56). For this it is necessary to apply constrained fuzzy arithmetic
(11.43) instead of standard fuzzy arithmetic (I11.34) when extending the formula (I1.19) for obtaining the maximal
eigenvalue of a MPCM to fuzzy numbers.

By applying simplified constrained fuzzy arithmetic (I11.45), the fuzzy maximal eigenvalue XC =(A& /\g, A AL)
(the lower index C' stands for applying constrained fuzzy arithmetic) of a trapezoidal FMPCM M = {mu}

mij = (m”,mf],mfj,m ), is obtained as:

1,j=1"

38 = min 4 BVaL ) LT by € [mi,m (IV.46)
© A Mgy = —mlm, r,s=1,. ’
B . M = {mT5}1 s=1 7mr5 'r57
Ao = min ¢ EV My (M); 1 (IV.47)
Msr = .00 r,s=1,...
M = {mTS};Ls 1 ’mTS rs’
AL = max < EVMy(M); 1 (1vV.48)
Mey = 57—, T, 8 = 1,.

S5 M {mrs},« s=1 y Mers € [Tngsanis} )
Ae = max { EV My (M); 1 1 . (1V.49)
msr:m, rs=1,...,n

By using constrained fuzzy arithmetic (111.45) in the formulas (IV.46)—(1V.49) in order to reflect multiplicative
reciprocity of the related PCs, all redundant vagueness is eliminated from the fuzzy maximal eigenvalue A¢,
which is the advantage over the method proposed by Csutora and Buckley (2001). Thus, Ao represents the
actual fuzzy maximal eigenvalue (more precisely its best trapezoidal approximation) of a trapezoidal FMPCM.
Further, unlike the method proposed by Ishizaka (2014), the new method is invariant under permutation of
objects.

Theorem 37. Let M = {m”} | be a trapezoidal FMPCM. The fuzzy maximal eigenvalue Xc of M obtained
by the formulas (I1V.46)—IV. 49) /s /nvar/ant under permutation of objects in FMPCMs.

Proof. We already know from Section 2.2.3.1 that the maximal eigenvalue A = EV M, (M) is invariant under
permutation of objects in a MPCM M, i.e. EV M, (M) = EV M,(PM PT) for every permutation matrix P. Thus
also the maximal eigenvalue of any MPCM M constructed from the elements from the closures of the supports
of the trapezoidal fuzzy numbers m;; = (mm,mfj,mjj,m ) in the FMPCM M = {mw} , is invariant under
permutation of objects in M. Therefore, also the minimum A& and the maximum \Z, of these maximal eigen-
values obtained by the formulas (IV.46) and (1V.49), respectlvely, are invariant under permutation of objects.
Similarly, also )\C and \/, obtained by the formulas (1V.47) and (1V.48), respectlvely, are invariant under permu-
tation of objects. Thus, it results that the fuzzy maximal eigenvalue Ac = (A&, A2, A%, \%) is invariant under
permutation of objects in FMPCMs. O

Using the properties of the maximal eigenvalues reviewed in Section 2.2.3.1, it is possible to derive some
properties of the fuzzy maximal eigenvalue of a trapezoidal FMPCM obtained by the new formulas (1V.46)—
(IV.49) as well as of the fuzzy maximal eigenvalue obtained by the formulas (1V.38)—(IV.41) in the approaches
proposed by Csutora and Buckley (2001) and by Ishizaka (2014). The case when the trapezoidal FMPCM
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M = {mm}” 1 Mij = (m”,mfj,m;yj,m ) is a crisp MPCM, i.e. m% *m”, i,7=1,...,n,is not interesting
regarding the properties of the fuzzy maximal eigenvalue as this is S|mply a crisp number A > n. Without loss

of generality, let us consider trapezoidal FMPCMs M = {mij}?’j:l, mij = <m m? mY md ) for which

150 g0 377
Jdk,le{l,...,n}: m{;, < mgl <mj, <mj,.
Being M = {m”}” 1y Mg = (m”,mfj,mjj, , a positive trapezoidal FMPCM, i.e. mg; > 0, i,j =
1,...,n, the maximal eigenvalue of any matrix constructed from the elements from the closures of the supports
of its fuzzy elements is positive too. Since the representing values of the fuzzy maximal eigenvalue A\ =

(A%, Ag, A, Xé) are obtained from MPCMs that are multiplicatively reciprocal (see formulas (IV.46)—(1V.49)),
the inequalities A3 > n, )fé >n, AL >n, )\50 > n necessarily hold.

The lower boundary value A% and the upper boundary value A, of the fuzzy maximal eigenvalue A are
obtained as the minimum and the maximum, respectively, of function EV M, defined on the closures of the
supports of the trapezoidal fuzzy numbers in the trapezoidal FMPCM. Analogously, )\g and A\, are obtained as
the minimum and the maximum, respectively, of function EV M) defined on the cores of the trapezoidal fuzzy
numbers in the trapezoidal FMPCM. Therefore, the inequalities A3 < )fé < AL < A% necessarily hold. Thus,
overall, for the fuzzy maximal eigenvalue obtained by formulas (IV.46)—(1V.49), the inequalities n < A& < )\g <
A% < AL hold.

In the special case where there exists a multiplicatively consistent MPCM obtainable by combining particular
elements from the cores of the trapezoidal fuzzy numbers m;;, 4, j = 1,...,n, in the trapezoidal FMPCM JTI, the
representing values of the fuzzy maximal eigenvalue Ac = ( a NN, /\50) are in the form n = A\ = )}, <
A& < AL. In the case where there does not exist a multiplicatively consistent MPCM obtainable by combining
elements from the cores of the trapezoidal fuzzy numbers m;;,4,j = 1,...,n, but where there exist elements
in the closures of the supports of the trapezoidal fuzzy numbers m;;,7,5 = 1,...,n, in M = {mw}u , such

that they form a multiplicatively consistent MPCM, the representing values of the fuzzy maximal eigenvalue of
the FMPCM are in the form n = A% < A2, < AL < AL

Because the inequalities mg; < mﬁ <mj; < m5 hold for ¢,5 = 1,...,n, and because 3k,l € {1,...,n}:
miy; < mfl <m), <mf, then cIearIy, the |nequaI|t|es A < AB < )\” < A4 hold for the fuzzy maX|maI
eigenvalue \g = (A% )@7 A2, \%) obtained by the formulas (1V.38)—(IV.41) in Csutora and Buckley’s method.

The properties mentioned above do not hold for the fuzzy maximal eigenvalue A\ = (A?, )\?, AT, X}) of the
particular FMPCM MI = {mp;}’

there are 2= 5 elements my;; in the FMPCM M; = {mh]}” 1My = (mhj,m?”,m}’”,th such that the

inequalities mf;; < m?ij <mpy < m§,; do not hold for them, then also the inequalities \¢ < N AT <\

cannot be guarantied for the resulting fuzzy maximal eigenvalue A;. Thus, in general, the resulting quadruple
Ar = (A% )\?, AL, A?) does not represent a fuzzy number, which is a very serious flaw of the method.

i1 obtained by the formulas (1V.38)—(1V.41) in Ishizaka’s approach. Since

There exists a very interesting relation between the fuzzy maximal eigenvalues A = (A&, /\‘é, 2, AL) and
As = (A2, M2, A%, A%). Since A% is the maximal eigenvalue of M© = {mg "’j and \% is the maximal eigen-
value of a multiplicatively reciprocal matrix M* = {m;‘j}zjzl ,mj; € [mw,mm ,mes < mi, i =1,...,m,
with at least one strict inequality, then the inequality Ag < A2 follows from the Perron-Frobenius Theorem.
Analogously, since A% is the maximal eigenvalue of M° = {mf]}" and X%, is the maximal eigenvalue of
a multiplicatively reciprocal matrix M** = {m; - ,mi; € [mwm‘;} ,m$; > miy, i,j = 1,...,n, with at
least one strict inequality, then also the mequallty A, < A% holds. Therefore, the support of the fuzzy maximal
eigenvalue ¢ of a given FMPCM 1 is a proper subset of the support of the fuzzy maximal eigenvalue \s of
M, i.e. | A%, A [C]AZ, A% [. The same holds also for the cores of the fuzzy maximal eigenvalues A¢ and g, i.e.
[Ag, A C [/\g,)\g]. Thus, by employing the multiplicative-reciprocity condition in formulas (1V.46)—(1V.49), all
unfeasible combinations of elements from the supports of the fuzzy numbers in the FMPCM are eliminated.
As a consequence, the resulting fuzzy maximal eigenvalue Ac is less vague than the original fuzzy maximal
eigenvalue \g obtained by the formulas (1V.38)—(IV.41) proposed by Csutora and Buckley (2001) where the
multiplicative reciprocity of PCs is violated.

The properties of the fuzzy maximal eigenvalues derived above are valid for a trapezoidal FMPCM M =

{ﬁlij}?j:pmij = (mm,mg,m;’?,mfj) such that mg; < mﬁ] < mzj < mfj, i,j = 1,...,n, and 3k, 1 €
{1,...,n} : m@, < mf, < mj], < mf, This means that triangular FMPCMs were excluded from the anal-

ysis above. Therefore, some interesting properties that appear only for the fuzzy maximal eigenvalues of
triangular FMPCMs will be shown here. Without loss of generality, let as assume a triangular FMPCM M =
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Figure IV.1: Fuzzy maximal eigenvalues X and Ac of the FMPCM (IV.50).
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{m”}?J 177%1] = (m57mf‘J4,m ) suchthatmL <mM <m”, i,j=1,...,n,and 3k,l € {1,...,n} : m§ <

myi < my,. Since MM = {m} 7],:1 is multlphcatlvely reciprocal, the inequality A%’ > n holds for its maximal
eigenvalue A = (A%, A, A\Y). In the special case where M — {m} "j is multiplicatively consistent ac-
cording to (11.4), the equallty MM = n occurs. Furthermore, in such case, the representing values of the fuzzy
maximal eigenvalue Ac = (A5, \Y, \Z) are in the form n = AL = A} < L.

In the following three examples, the fuzzy maximal eigenvalues Ac of three different FMPCMs are exam-
ined. In particular, based on the analysis above, three main types of the fuzzy maximal eigenvalues ¢ are
identified and studied. For the simplicity of presentation, triangular FMPCMs are considered. In addition,
in each example, the fuzzy maximal eigenvalues As and \; obtained by formulas (1V.38)—(IV.41) in the ap-

proaches proposed by Csutora and Buckley (2001) and by Ishizaka (2014) are computed and confronted with
the fuzzy maximal eigenvalue A¢ obtained by the formulas (IV.46)—(1V.49).

Example 36. Let us consider the triangular FMPCM of four objects o1, 02, 03, and o4 given as

1 (2,3,4) (4,5,6) (8,9,9)

N 11l 1 2,3,4) (6,7,8

O vs0)
(5:53)(3:5.3) 1 (45,6
(5:5:8) (558 (55 3) 1

The fuzzy maximal eigenvalue obtained by the formulas (1V.46)—(IV.49) is Ao = (4.0312,4.1707,4.4115).
Since A\ = 4.0312 > n = 4, it is clear that there does not exist a single MPCM M* = {m;‘j}?jzl ,mi; €

[mf5,m¥] ,i,j = 1,...,4, that would be multiplicatively consistent according to (1l.4). According to Theorem
37, by permuting the FMPCM M, the corresponding fuzzy maximal eigenvalue Ac obtained by the formulas
(IV.46)—(1V.49) remains unchanged.

Note that the triangular fuzzy number Ao = (4.0312,4.1707,4.4115) is only a triangular approximation of
the actual fuzzy maximal eigenvalue of the FMPCM M. The actual fuzzy maximal eigenvalue \ obtained by

applying properly constrained fuzzy arithmetic (111.43), i.e., A = UL:O a[)\(Lay /\Efa | such that

M = mrsn77mr5€mL 7’]TLU ,
)\é)() min{EVMMAX(M); { }T’S_l [ rs(a) rs(a)] } :

msr:%ﬁ, T,S:L...,n
(IvV.51)
M={m}" _., mps €[mt, .mU ],
)\éja) :max{EVMMAX(M); _{ . }nsfl_ [ rs(a) Ts(oz)} 7
Mg = o=y 1,5 =1,...,n

and its triangular approximation A = (4.0312,4.1707,4.4115) are displayed in Fig. IV.1. It is clear from Fig.
IV.1 that the actual fuzzy maximal eigenvalue X is not triangular (but such a result was expected since even
a product of two triangular fuzzy numbers is not a triangular fuzzy number anymore). However, the triangular
fuzzy maximal eigenvalue Ao = (4.0312,4.1707,4.4115) is a sufficient approximation since the lower and upper
boundary values and the middle value of the fuzzy maximal eigenvalue X are computed correctly.

The fuzzy maximal eigenvalue \s obtained from the FMPCM (IV.50) by the formulas (1V.38)—(IV.41) is in
the form Ag = (3.5653,4.1707, 4.9446), and thus it is obviously much vaguer than ¢ = (4.0312,4.1707, 4.4115).
The huge difference in vagueness of both fuzzy maximal eigenvalues is even more noticeable from graphical
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Figure IV.2: Fuzzy maximal eigenvalues A and Ag of the FMPCM (IV.50).
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Figure IV.3: Fuzzy maximal eigenvalues X and A¢ of the FMPCM (IV.52) .

1

0.8

0.6

0.4

0.2

O 3 1 1 1 1 1 1 1 1 1
4 405 41 415 42 425 43 435 44 445

representation, see Fig. IV.2. By applying the approach of Ishizaka (2014), the fuzzy maximal eigenvalue
\r obtained by the formulas (1V.38)—(1V.41) from the matrix M; corresponding to the FMPCM (1V.50) is in the
form X; = (4.0458,4.1707,4.3675). It is only a coincidence that X; is such that AL < A\M < A\U: in general, this
property is not satisfied. A

Example 37. Let us consider the FMPCM M

N L~
G = ol
W= W= o=

—
—

—_
~—

=
I

(IV.52)

SN—
—
[SULIRVUI T
Bl o= =N
—_
SN—

—~
Wl N
S—
—

Wl
S—
—
=
rol—
SN—
—

The fuzzy maximal eigenvalue obtained by the formulas (IV.46)—(IV.49) is A = (4,4.0875,4.4453). Since
b =4 = n, itis clear that there exists a MPCM M* = {mf}! _ ,mj; € [m5,mY],i,j = 1,...,n, that is
multiplicatively consistent according to (11.4). It is, for example,

11 2 5
11 5
M=, , (IV.53)
111 25
1 1 1
5 5 35 [

but there exist infinitely many of them.

Again, the triangular fuzzy number Ao = (4,4.0875,4.4453) is only a triangular approximation of the actual
fuzzy maximal eigenvalue of the FMPCM M. The actual fuzzy maximal eigenvalue X = U,_o a[Af,), AL )]
obtainable by the formula (IV.51) is given in Fig. IV.3 together with the triangular fuzzy maximal eigenvalue
Ao = (4,4.0875,4.4453).

Notice the particular form of the actual fuzzy maximal eigenvalue X in Fig. IV.3; the degree of membership
of AL is not 0. This is caused by the fact that there exist infinitely many multiplicatively consistent MPCMs

M = {mij}zjzl (i.e. their maximal eigenvalue equals 4) obtainable from the FMPCM M. The degree of
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Figure IV.4: Fuzzy maximal eigenvalues Ac and g of the FMPCM (IV.52).
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membership of some of these MPCMs to the FMPCM M (computed according to Definition 25) is non-zero.
The degree of membership of the maximal eigenvalue A\“ = 4 to the actual fuzzy maximal eigenvalue X is
0.1843, i.e. X(AL) = 0.1843. The corresponding multiplicatively consistent MPCM M* (i.e. the MPCM M* such
that M(M*) = 0.1843) is in the form

1 1.1887 2.1843 4.7681

— 1 1.8372 4.0121
M = 1.11887 5 (V54)
Ti6E  TESS 1 2.1843

1 1 1 1
4.7681 4.0121 2.1843

The fuzzy maximal eigenvalue \s obtained from the FMPCM (IV.52) by the formulas (IV.38)—(IV.41) is in
the form Ag = (3.1056,4.0875,5.5250), and thus it is again significantly vaguer than A = (4, 4.0875, 4.4453).
The huge difference in vagueness of both fuzzy maximal eigenvalues is even more noticeable from graphical
representation, see Fig. IV.4. By applying the approach of Ishizaka (2014), the fuzzy maximal eigenvalue bY!
obtained by the formulas (1V.38)—(IV.41) from the matrix M; corresponding to the FMPCM (IV.52) is in the form
A1 = (4.1031,4.0875,4.1407). Thus, \; is not a fuzzy number since A\¥ > AM. A

Example 38. Let us consider the FMPCM

1 (3.1,2) (1,2,3) (5,6

— »L12) 1 (1,2,3)(5,
= (3.1,2) ( ) ( (IV.55)

321Gl 1 @3

(7536 (1) 1

The fuzzy maximal eigenvalue obtained by the formulas (IV.46)—(1V.49) is ¢ = (4,4,4.2961). Since \L =
A =4 = n, itis clear that MPCM MM = {m)f iy , Is multiplicatively consistent according to (11.4). However,
there exist infinitely many multiplicatively conS|stent MPCMs obtainable from the FMPCM (IV.55).

Again, the triangular fuzzy number A = (4,4,4. 2961) is only a sufficient triangular approximation of the
actual fuzzy maximal eigenvalue X of the FMPCM M. The actual fuzzy maximal eigenvalue \ obtainable by
the formula (IV.51) is given together with its triangular approximation A in Fig. IV.5.

The fuzzy maximal eigenvalue \s obtained from the FMPCM (IV.52) by the formulas (IV.38)—(IV.41) is in
the form /\S = (3.0815,4,5.6300), and thus it is obviously much vaguer than /\c = (4,4,4.2961). The huge
difference in vagueness of both fuzzy maximal eigenvalues is even more noticeable from graphical repre-
sentation, see Fig. IV.6. By applying the approach of Ishizaka (2014), the fuzzy maximal eigenvalue A1
obtained by the formulas (IV.38)—(1V.41) from the matrix M; corresponding to the FMPCM (IV.52) is in the form
XI = (4.1674,4,4.0972). Thus, as in the previous example, X[ is again not a fuzzy number. A

Since the fuzzy maximal eigenvalue Ac obtained by the formulas s (1V.46)—(1V.49) has all desired properties,
it can be used in the formulas (I1V.35) and (IV.36) for computing CI and CR, respectively, in order to verify
acceptable inconsistency of FMPCMs.

Theorem 38. Fuzzy consistency index CI given by the formula (IV.35) with the fuzzy maximal eigenvalue \¢
given by the formulas (IV.46)—(IV.49) is invariant under permutation of objects in FMPCMs.
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Figure IV.5: Fuzzy maximal eigenvalues X and \¢ of the FMPCM (IV.55).
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Proof. According to Theorem 37, the fuzzy maximal eigenvalue Ao = ( %,/\Z,)\g,/\g) obtained by the for-
mulas (1V.46)—(1V.49) is invariant under permutation of objects in FMPCMs. Thus, also the expressions

a B _ Y _ . . . . . .
A;f_ln, Anc_1"7 Anc_ln, and in the formula (1V.35) are invariant under permutation of objects. This means

that CT given by the formula (IV.35) is invariant under permutation of objects in FMPCMs. O

)\'Scfn
n—1

4.2.3 Deriving priorities from FMPCMs

In this section, the focus is put on methods for obtaining fuzzy priorities of objects from FMPCMs. The notation
w = (W,..., 0,7, w; = (w?,wf,w],wf),i =1,...,n, will be used hereafter to represent exclusively a fuzzy
priority vector associated with a FMPCM.

Analogously as for MPCMs, the fuzzy priorities obtained from a FMPCM are usually normalized to reach
uniqueness. In MPCMs theory, the normalization condition (I1.18), >" , w; = 1, w; € [0,1], i = 1,...,n,
is usually applied to the priorities. This normalization condition is usually extended to the fuzzy priorities

— « B Y 5\ 5
w; = (W, w;,wl,w)),i=1,...,n,as

n n n n

w?JrZw?zl, warZw?Sl, w?JrszZl, wZJrZw]@Sl, (1V.56)
j=1 j=1 j=1 j=1
J#i J#i J#i J#i

which is in fact Definition 28 of the normalized fuzzy vector.

There exist several well-known methods for deriving priorities of objects from FMPCMs. Laarhoven and
Pedrycz (1983) proposed the fuzzy logarithmic least squares method for obtaining fuzzy priorities of objects
from FMPCMs. Later, fuzzy extension of the GMM was proposed by Buckley (1985a) in order to obtain fuzzy
priorities. Chang (1996) introduced the extent analysis method to obtain crisp priorities from FMPCMs. How-
ever, this method has been severely criticized, especially because the priorities determined by this method do
not represent the relative importance of objects; see, e.g., Wang et al. (2008). Despite this criticism, the extent
analysis method seems to be the most popular in practice, mainly because of its computational simplicity; see
Kubler et al. (2016). Csutora and Buckley (2001) proposed a fuzzy extension of the EVM in order to obtain
fuzzy priorities of objects. Mikhailov (2003) proposed a fuzzy preference programming method for obtaining
crisp priorities from FMPCMs.

In this thesis only the methods based on the fuzzy extension of well-known methods originally developed
for PCMs are of interest. In Section 2.2.3, two famous methods for obtaining priorities from MPCMs were
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reviewed - the EVM and the GMM. The fuzzy extension of these two methods to FMPCM s is studied in detalil
in the following two subsections.

4.2.3.1 Fuzzy extension of the eigenvector method

This section focuses on the methods for obtaining the fuzzy maximal eigenvector corresponding to the fuzzy
maximal eigenvalue of a FMPCM. The methods proposed by Csutora and Buckley (2001), Wang and Chin
(2006), and Ishizaka (2014) are reviewed an their drawbacks regarding the violation of the multiplicative reci-
procity of the related PCs and the invariance under permutation of objects are pointed out. Afterwards, a new
method for deriving the fuzzy maximal eigenvector corresponding to the fuzzy maximal eigenvalue obtained by
the formulas proposed in the previous section is introduced.

Csutora and Buckley (2001) proposed a procedure for obtaining the lower and upper boundary values of
a-cuts of the fuzzy maximal eigenvector corresponding to the fuzzy maximal eigenvalue \s of a given FMPCM
M = {m,]}z 1M = (m”,mfj,mzj,m .). Simplification to trapezoidal representation is used here to review
their method.

Csutora and Buckley (2001) computed the normalized maximal eigenvectors w®, w’*, wr*, w* corre-
sponding to the representing values of the fuzzy maximal eigenvalue Ag = ( ‘g,)\g,)\g,)\g) obtained by the
formulas (IV.38)—(1V.41) as follows:

w™ = (W, ..., w7’ W™ =EVMy,(M®), M* = {mg}" _, (IV.57)
w’* = (wf*,...,wg*)T: w?* :EVMH(M*Q), MP = {mfj};‘:l’ (IvV.58)
w” = (W], wyt) W =EVMy (M), M7 = {m;}! _ (IV.59)
w™ = (wd, . wi) W =BV My (M?), M® = {m}}7 . (IV.60)

Since the maximal eigenvectors w®*, w”*, w”*, w’* are normalized, it is clear that the resulting fuzzy vector
w = (wa*,wﬂ*,y’y*,g‘s*) is not a vector of trapezoidal fuzzy numbers; the inequalities w* < wf* < w]* <
w?* are not satisfied for each i = 1,...,n (unless M is a crisp MPCM). Thus, Csutora and Buckley (2001)
proposed to adjust the resulting maximal eigenvectors in the following way. First the normalized maximal

H M _ M MNT M _ M _ M _ B H
eigenvector w™ = (w’... w7, ¥"  wM = 1, of the MPCM MM = {m} i1 iy = my;m;, is
computed. Afterwards, the fuzzy maximal eigenvector w = (wa,wﬁ,MW,w‘s) , w = (wl,...,wg)T, w? =

T . . . o~
W?, . wh)T w = (], .. w)), w = (wf,...,wd)" corresponding to the fuzzy maximal eigenvalue A is

obtained as

— w? = kPu’, (IV.61)

(IV.63)

wM
K = max{ i 'i:l,...,n}—>w7:kz7w7*7 (IV.62)

v
K = max{%;izl,...,n}%w‘;:kéw‘s*. (IvV.64)
w;

Note that the fuzzy maximal eigenvector w = (w®,w”,w”,w’) is a vector of trapezoidal fuzzy numbers
@, = (wf‘, wf,w],w?) ,i=1,...,n,i.e. itcan be written as @ = (@1, ..., w,)" . However, for the convenience
of representation, the different notation is used in the method given by the formulas (1V.57)—(IV.64).

Example 39. Let us examine the method for obtaining the fuzzy maximal eigenvector proposed by Csutora
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and Buckley (2001) on the trapezoidal FMPCM

1 (1,1,2,3) (2,2.5,3,4)(4,6,7,8)
£1,1,1) 1 (3,4,4,5) (4,5,6,6)
1
2

) ) (1.2,2.3) (1V.65)

of four objects o1, 05, 03, and o4. N

The fuzzy maximal eigenvalue obtained from the FMPCM (IV.65) by the formulas (1V.38)—(IV.41) is Ag =
(3.1250, 3.7752, 4.4053, 5.5024). The fuzzy priorities of objects obtained by the formulas (IV.57)—(IV.64) are given
as

0.3747,0.3838, 0.4843, 0.5574),
0.3284,0.3657, 0.4057, 0.4057),
0.1053,0.1254,0.1254, 0.1497),
0.0643,0.0643, 0.0659, 0.0867).

(IV.66)

U}g—

~ ~ —~~

Wy =
A

Ishizaka (2014) proposed another approach for obtaining the fuzzy maximal eigenvector of a trapezoidal
FMPCM. In this approach, the fuzzy maximal eigenvector w; = (w‘;‘,w?,w}’,w‘}), similarly to the fuzzy

maximal eigenvalue >\1 in Section 4.2.2.4, is obtained from the fuzzy matrix MI = {mp;}; Mri; =

1,j=1"
(mm,m?”,m,”,mm) such that my;; = ( L 4 7};> ,i < j. In particular, the fuzzy maximal

s T
mg;’ My Mg Mg

eigenvector @, = (wj,w?,w,,w1> is obtained as

wd = (..., w)" wf = EVMy(M7), Mf = {mg,;}" _, (IV.67)
M? = (w?l, e w?n)T: @? = EVME(MIB), MIﬁ = {m%j}j,jzl , (Iv.68)
wf = (.. wf,) wi = BVAML (M), Mf = {m},}" . (v69)
wd = (wy,... wd)": w) = BV My (M), M} = {mf,;}! . (IV.70)

However, similarly as for X; obtained from the FMPCM M, also the elements @;; = (w?i, wh o wl, w?z) ,
i =1,...,n, of w; are not even fuzzy numbers in general, just quadruples of real numbers. This is caused
not only by the inappropriate form of the fuzzy maximal eigenvalue X; used in the formulas (IV.67)—(1V.70) but
also by the inappropriate normalization of the maximal eigenvectors w¢, w”, w7, and w?. Since S wy =
LY wh =1, 50w, = 1,5, wl; = 1, then clearly, the inequalities w$; <wh <wl <wli=1,. )1,
cannot be guaranteed. Moreover, since Ishizaka’s method for obtaining the fuzzy maximal elgenvalue by
reviewed in Section 4.2.2.4 is not invariant under permutation of objects in the FMPCM, it is obvious that also
the method for obtaining the fuzzy maximal eigenvector w; is not invariant under permutation of objects.

Example 40. Let us examine the method for obtaining the fuzzy maximal eigenvector proposed by Ishizaka
(2014) on the trapezoidal FMPCM (IV.65) from Example 39. The corresponding matrix M; used in Ishizaka’s
approach is

1 (1,1,2,3) (2,2.5,3,4)(4,6,7,8)
— 1,1,L 1 1 3,4,4,5) (4,5,6,6
My = E 1 2133 1111 ( a : (IV.71)
(§7T5aga1) 3717173) 1 (1727273)
(1578 550 Lang) 1

The fuzzy maximal eigeNnvaIue obtained from (1V.71) by the formulas (1V.38)—(IV.41) is Ar = (4.0458,4.0319,
4.0863,4.2184). Obviously, A7 is not a fuzzy number since A = 4.0458 £ 4.0319 = )\?. The corresponding fuzzy
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priorities of objects obtained by the formulas (IV.67)—(1V.70) are given as

@11 = (0.3606,0.3837,0.4753, 0.5379),

@2 = (0.3946,0.4151, 0.3466, 0.3088), (V72)
= (0.1376,0.1311, 0.1182, 0.1055),

@14 = (0.1072,0.0701, 0.0599, 0.0478).

Notice that s, @3, and w4 are not trapezoidal fuzzy numbers since the inequalities w¢, < w), < w}, <
wd,,i = 2,3,4, are not satisfied.
Let us now permute the trapezoidal FMPCM (IV.65) to M™ = PM PT by using the permutation matrix

0 0 01
0 010
P = V.7
1 000 (V-73)
01 0O
The corresponding matrix in Ishizaka’s approach is
1 GEED GRED (D
Dl XS R CEE DR RN e
(8,7,6,4)(4,3,2.5,2) 1 (1,1,2,3)
(6,6,5,4) (5,4,4,3) (1,1,1, 3) 1

The fuzzy maximal eigenvalue obtained from (IV.74) by the formulas (IV.38)—(1V.41) is X}“ = (4.0720,4.0133,
4.1193,4.2606). The corresponding fuzzy priorities of objects obtained by the formulas (IV.67)—(IV.70) are given
as

@y = (0.4171,0.4017, 0.4560,0.4738),
wh (2) = (0.4191,0.4162, 0.3472,0.4738),
(0.1119,0.1201, 0.1295, 0.1332)
= (0.0519,0.0620, 0.0674, 0.0997).

(IV.75)

7(3) —

)

wI7r (4) =

Again, 7, @f,, @7, are not fuzzy numbers. Further, we see that A7 # X; and @7, ) # @ri,i = 1...,4, which
means that the method is not invariant under permutation of objects. AN

Wang and Chin (2006) revised the method for obtaining the fuzzy maximal eigenvector proposed by Csu-
tora and Buckley (2001). They argued that the fuzzy maximal eigenvector obtained by formulas (IV.57)—(1V.64)
is not normalized according to Definition 29, and they proposed a new procedure for obtaining the normalized
fuzzy maximal eigenvector corresponding to the fuzzy maximal eigenvalue \g obtained by formulas (1V.38)—
(IV.41). First, formulas (IV.57)—(IV.60) for obtaining the normalized maximal eigenvectors w®*, w?*, w7*, w’*
corresponding to the maximal eigenvalues Ag,xg,xg,xg obtained by formulas (1V.38)—(I1V.41), respectively,
are applied. Afterwards, the normalization constants £, k° k7, and k° are searched for to obtain w® =
ke w, wh = kPuwf* wY = k'w*, and w’ = k°w’* so that @ = (w w?, w?,w’) is a normalized fuzzy vector
accordlng to (111.13), i.e. the mequalltles

n n
o, ok S5, 0% §,,,0% o, ok
k% w™ + E kwj > 1, kwsi™ + E k:wj <1,
J=1,j#i J=1,j#i

n n
B * * B
EPw]™ + g Elw]™ > 1, EYw]™ + g k:ﬁwj <1,
J=Lg#i Jj=1,j#i

hold for every i = 1,...,n. The inequalities can be further written as

ECw® + k° (l—w ) >1, Eowd* + k% (1 —w®) < 1,

Pwl* + k7 (1—w)*) > 1,  Kwl* + k(1 —w) <1

Obviously, 0 < k* < k# <1 < kY < k°.
In order not to lose any information obtained in the fuzzy maximal eigenvector, parameters &k, k%, k7, and k°
are chosen in such a form that the supports of the trapezoidal fuzzy numbers in the fuzzy maximal eigenvector
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are as wide as possible. It means that the parameters k> and k° are minimized and the parameters k" and
k° are maximized. The parameters £, k%, k7, and k° can be obtained as the solution of the following linear
programming problem (Wang and Chin, 2006):

J* =max k% + 1 + 2+ 03
st. k° (1 — wf*) + kw > 1,
EOwd* + k(1 —w*) <1,
kY (1—w!™) + kﬁwiﬁ* >1,
Krwl™ + kP (1 —wl*) <1, i=1,...,n (IV.76)
KOwd* — kYw]* — 61 >0,
Frw]* — kKPwl™ — 6y >0,
kﬁwf* — k*w@* — 83 >0,
k*, 61,062,035 >0,

Readers can refer to Wang and Chin (2006) and to Krej¢i (2017a) for more details. The notation wg =
(Ws1, -, Wen) T Wi = (WS, why, wl;, wl;) will be used hereafter to refer to the normalized fuzzy maximal
eigenvector obtained by the formulas (1V.57)—(IV.60) and (IV.76) corresponding to the fuzzy maximal eigenvalue
\s (the lower index S stands for standard fuzzy arithmetic that is used in the formulas (IV.38)—(1V.41)).

It is true that the supports of the trapezoidal fuzzy numbers wg; = (wgi,wgi,wgi,wgi), it =1,...,n,in
the fuzzy vector w¢ obtained by the method proposed by Wang and Chin (2006) are as wide as possible still
meeting the condition (I11.13) of normalized fuzzy numbers. Moreover, the method for deriving the normalized
fuzzy maximal eigenvector proposed by Wang and Chin (2006) is invariant under permutation of objects.
However, the fuzzy vector w¢ does not represent the actual normalized fuzzy maximal eigenvector of the
FMPCM M. First of all, as already shown in Section 4.2.2.4, the fuzzy maximal eigenvalue As oQt/ained by
formulas (1V.38)—(1V.41) does not represent the actual fuzzy maximal eigenvalue of a FMPCM M since it
violates the multiplicative reciprocity of PCs. Thus, it should not be used in the process of deriving the fuzzy
maximal eigenvectors of FMPCMs. However, just simply replacing the fuzzy maximal eigenvalue \g by the
fuzzy maximal eigenvalue Ac in the method for deriving the normalized fuzzy maximal eigenvector is not
sufficient.

A severe drawback independent of the formulas for obtaining the fuzzy maximal eigenvalue is that the
normalized fuzzy vector wg obtained by the formulas (1V.57)—(1V.60) and (IV.76) does not “consist” of nor-
malized eigenvectors. For example, the eigenvector w® = k“w®* = (k®w{*,..., k*wS*)T obtained as the
maximal eigenvector of the matrix M* = {m%}:j:1 corresponding to the maximal eigenvalue ¢ is not nor-

malized, > ; k*w$* < 1. This drawback would occur even if the eigenvector w* was obtained as the maximal
eigenvector of the MPCM M* = {mij}zjzl corresponding to the maximal eigenvalue A\¢ obtainable by the

formula (IV.46). The same drawback occurs also for the eigenvector w® = kPwf* = (KSwb*, ... kPwf*)T, ie.
S kPw? <1, unless M? = M. Analogously, also the eigenvectors w’ = k9w’ and w” = k?w™* are such
that -7 kow?* > 1and 37, KYw]™ > 1, unless M# = M".

Example 41. Let us examine the method for obtaining the fuzzy maximal eigenvector proposed by Wang and
Chin (2006) on the trapezoidal FMPCM (1V.65) from Example 39. The fuzzy priorities obtained by the formulas
(IV.57)—(1V.60) and (IV.76) are

Ws1 = (0.2584,0.2969, 0.5704, 0.6565),
Wss = (0.2265,0.2829, 0.4778, 0.4778),
Ws3 = (0.0726,0.0970,0.1477,0.1763),
Wsq = (0.0444,0.0497,0.0777,0.1022).

(IV.77)

It can be easily verified by using (111.13) that the fuzzy priorities are normalized.

In the approach of Wang and Chin (2006), as well as in the original approach of Csutora and Buckley
(2001), the representing values of the fuzzy priorities wg; are obtained from matrices that are not multiplicatively
reciprocal. For example, the lower boundary values wg,,i = 1,...,4, are obtained as the components of the
maximal eigenvector of matrix

1 1 2 4
11 3 4
e (IV.78)
4 5
1 1 1
5 65 3 1

[e]
o



which does not keep multiplicative reciprocity of the related PCs. The meaning of the maximal eigenvectors
obtained from such matrices is questionable. This violation of multiplicative reciprocity of PCs occurs both in
the approach of Wang and Chin (2006) as well as in the approach of Csutora and Buckley (2001).

Further, the fuzzy vector wy = (ws1, Ws2, Wss3, ws4) ' With the components given as (IV.77) does not really
represent a normalized fuzzy maximal eigenvector of the trapezoidal FMPCM (IV.65) since it does not consist
of normalized eigenvectors. For example, the vector we = (0.2584,0.2265,0.0726,0.0444)” obtained as the
maximal eigenvector of the matrix (IV.78) is not normalized, Zle wg; = 0.6019 < 1. A

As emphasized repeatedly, it is necessary to consider the multiplicative reciprocity of the related PCs
when performing operations on the elements of a FMPCM in order to reflect properly the preference infor-
mation contained in the FMPCM. Thus, similar to the formulas for obtaining the fuzzy maximal eigenvalue
Ac of a FMPCM, it is necessary to apply constrained fuzzy arithmetic to the fuzzy extension of the formula

(I.21) in order to obtain the normalized fuzzy maximal eigenvector of a FMPCM. For a trapezoidal FMPCM
M = {ini;}},_y  iij = (m,mb;, m];,md;), the components o; = (w@,, wly, wl;, we,), i =1,...,n, of the
normalized fuzzy maximal eigenvector w., (the lower index C stands for the applied concept of constrained

fuzzy arithmetic (111.45)) should be obtained as:

) W= (W1, oo, Wi, ooy W) Ty w=EV M, (M), M:{m,qs}f’szl,
we; = min S w; ; s ) : (IV.79)
mys €[y, my], Mmer=5—, r,5=1,....n
4 ) W= (W1, eeey Wiy oy W) Ty, w=EV M, (M), M:{mrs}zszl,
W, = min < w; ; , (Iv.80)
Ci 8 1
Mys € [Myg, M|, Mer=5—, 1,5=1,....n
W= (W1, ey Wi,y ooy W) T, w=EV M, (M), M:{mm}f’s:l,
wh, = max { w; ; , (IV.81)
Ct 8 v 1 o
Mys € (Mg, M|, mep=—, r,s=1,....n
s W= (W, ..., Wy, .o, )T, w=FEV M, (M), M:{mrs}zsz1 ,
We; = Max { wj ; s ) (1V.82)
mys € (Mg, my], mer=—, r,s=1,....n

Theorem 39. The fuzzy priorities Wei = (w&;, why, wh;, wl;),i = 1,...,n, obtained from a FMPCM M by the
formulas (IV.79)—1V.82) are normalized.

Proof. It is sufficient to prove that the fuzzy priorities we;,i = 1,. . ., n, satisfy the inequalities (111.13). From the
formula (IV.79), it follows that wg, was obtained as the i—th component of the normalized maximal eigenvector
of one particular MPCM M*¢ = {mm};"q:l Mg € [MS, mgq],p, q¢=1,...,n. Letus denote by w¢’ the priorities

of objects o,k # i, obtainable from the same MPCM M, i.e. (wj”,...,wgi, o, we)T is the normalized

) n

maximal eigenvector of A/**. Obviously, wg, + > r—1 w’ = 1, and w’ € [wg,, wd,], k # i. From this, it follows
ki

that wg, + Z%él. wl, > 1. The remaining inequalities in (11.13) are proved analogously. O

Remark 18. According to Theorem 39, the fuzzy maximal eigenvector w. obtained from a FMPCM by the
formulas (IV.79)—IV.82) is normalized in the sense of Definition 29, i.e. we can really call w. the normalized
fuzzy maximal eigenvector. Notice that the normality of the fuzzy maximal eigenvector was reached naturally by
just properly applying constrained fuzzy arithmetic to the fuzzy extension of the formula (11.21) for obtaining the
normalized maximal eigenvector of a MPCM; no forced normalization was done as in the case of normalizing
the fuzzy maximal eigenvector in the method proposed by Wang and Chin (2006). Therefore, the normalized
fuzzy vector given by Definition 29 is a natural counterpart of the normalized crisp vector given by (11.18).

Theorem 40. The fuzzy extension of the EVM based on the formulas (IV.79)—(IV.82) is invariant under permu-
tation of objects in FMPCMs.

Proof. It is sufficient to show that for a given object o;,4 € {1,...,n}, its priority w¢; corresponding to the i—th
component of the normalized maximal eigenvector w does not change under permutation of objects in the
FMPCM M.

From the invariance of the EVM reviewed in Section 2.2.3.1, it follows that the normalized maximal eigen-
vector w of the given MPCM M does not change under any permutation M™ = PMPT of M, but it is
just permuted accordingly to the normalized maximal eigenvector w™. This means that each component
w;,i € {1,...,n}, of the normalized maximal eigenvector w is equal to the corresponding component W7
of the permuted normalized maximal eigenvector w™. Therefore, neither the minimum w2, nor the maximum
w‘scl. of the component w; of the normalized maximal eigenvector w over all MPCMs obtainable from the clo-

sures of the supports of the trapezoidal fuzzy numbers in the trapezoidal FMPCM M = {mij}l’j:l ,Mij =
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Figure IV.7: Fuzzy maximal eigenvectors w. and wg of the FMPCM (IV.65).
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150 M mfj), change under permutation of objects in the FMPCM M. Analogously, also the minimum
wf, and the maximum wy,,; of the component w; of the normalized maximal eigenvector w over all MPCMs
obtainable from the cores of the trapezoidal fuzzy numbers in the trapezoidal FMPCM M = {ﬁzij}zj:l do not

change under permutation. Therefore, the fuzzy priority we: = (wg;, w,, wl,;, wl,;) obtained by the formulas
(IV.79)—(1V.82) does not change under permutation of objects in FMPCMs (it is only permuted accordingly),
which concludes the proof. O

(m2, m?

Example 42. Let us apply the new method given by formulas (IV.79)—(IV.82) to the FMPCM (IV.65). The
fuzzy maximal eigenvalue obtained by the formulas (IV.46)—(IV.49) is \c = (4,4.0104,4.1245,4.4747) and the
normalized fuzzy maximal eigenvector w. obtained by the formulas (I1V.79)—(1V.82) is given as

W1 = (0.3256,0.3786,0.4795, 0.5711),
@ = (0.2551,0.3367, 0.4267, 0.4639), (V.83)
e = (0.0821,0.1182,0.1313,0.1781),
Weq = (0.0478,0.0599,0.0701, 0.1072).

The fuzzy priorities are normalized, i.e. they satisfy the inequalities (l11.13).

The normalized fuzzy maximal eigenvector w.. given by (IV.83) differs significantly from the fuzzy maximal
eigenvector wg given by (IV.77) that was obtained by the formulas (IV.57)—(1V.60) and (IV.76). For easier
comparison, both fuzzy maximal eigenvectors are displayed in Fig. IV.7.

Let us now examine the lower boundary value wg, = 0.3256 of w¢i. It was obtained as the solution of
the optimization problem (IV.79), in particular as the first component of the normalized maximal eigenvector
w=(0.3256,0.4631, 0.1451,0.0662)” of the MPCM

1 1 2 4

1 1 5 6
M = (IV.84)

P sl

165 3 1
Similarly any other element from the closure of the support of any fuzzy priority we;,i = 1,...,4, is an element
of a normalized maximal eigenvector corresponding to a MPCM obtainable from the closures of the supports
of the trapezoidal fuzzy numbers in the FMPCM (IV.65). A

4.2.3.2 Fuzzy extension of the geometric-mean method

In this section, the fuzzy extension of the GMM to FMPCMs is dealt with. The methods proposed by Buckley
(1985a) and by Liu (2009) are reviewed and their drawbacks regarding the violation of multiplicative reciprocity
and of invariance under permutation are pointed out. Afterwards, the formulas proposed by Enea and Piazza
(2004) based on constrained fuzzy arithmetic are analyzed and some interesting properties are derived.
Buckley (1985a) proposed a fuzzy extension of the GMM to compute a—cuts of the fuzzy priorities of
objects from FMPCMs. Trapezoidal representation is again used here to review the method.
Buckley (1985a) first computed the geometric mean g; = (g;’,gf,g?,g?),i = 1,...,n, of the elements in

each row of the FMPCM M = {ﬁzij}zjzl ,Mij = (m?j,mg,mzj,mfj), by applying standard fuzzy arithmetic to
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the fuzzy extension of the formula (1.23). Thyvs, the representing values of the geometric means g;,i = 1,...,n,
of the elements in the rows of the FMPCM M are computed as

mz]’ gz = \Iﬂ 4n H mzp g?: A H mfj (|V85)
Jj= =1 J=1 j=1

The geometric means g; = gz 7gZ ,97,99),i=1,...,n, represent the non-normalized fuzzy priorities of objects
compared in the FMPCM M. Notice that S|mpI|f|ed standard fuzzy arithmetic (111.36) is used in (1V.85).
Afterwards, Buckley (1985a) divided each geometric mean by their sum, analogously to the formula (11.24),
in order to normalize the fuzzy priorities of objects Standard fuzzy arithmetic was again used for this purpose.
Thus, according to Buckley (1985a), the trapezoidal fuzzy priorities wg; = (wgi,wgi,wgi,wgi), i=1,....,n,
(the lower index S stands for the standard fuzzy arithmetic that is applied to the formulas) are obtained from a

trapezoidal FMPCM M = {i;;}" ., , ii; = (mg, mf;, m];, m)), as
e \ H;Lzl m%
w; = — —, (IV.86)
Dokt Hj:l My
° H”.L: m?
w, = i (IV.87)

n , n Yy
=1 A/ 11— mi;

T
w; = O (IV.88)

, B’
Soher YT my;

g Hn, mé
5 Jj=1""j
wly = — —. (IV.89)
Zk:1 \ Hj:l my;

It is a well-known fact that the fuzzy extension of the GMM given by the formulas (1V.86)—(IV.89) is invariant
under permutation of objects.

The fuzzy priorities wg;,7 = 1, ..., n, obtained by the formulas (IV.86)—(1V.89) are not normalized according
to Definition 28 as they do not satisfy the inequalities (I11.13). In fact, they are not even constrained to the
interval [0, 1]. Thus, Buckley (1985a) suggested to multiply all fuzzy priorities ws;,i = 1,...,n, by a suitable
normalization constant ¢ < 1 in order to limit them to the interval [0, 1]. However, such fuzzy priorities still do
not satisfy the inequalities (111.13), i.e. they are not normalized.

Furthermore, the representing values wsl,wgz,w&,wsl given by (IV.86)—(1V.89), respectively, are not ob-
tained from MPCMs. In particular, in the formula (IV.86), the upper boundary values mij of all PCs my;, k,j =

1,...,n, are used. This violates the multiplicative reciprocity of PCs since mij #+ m%; (unless my; is a crisp
gk

number). In addition, also the lower boundary values mg; of the PCs m;;,j = 1,...,n, in the i—th row of the
FMPCM are present in the formula. This even violates the extension principle (I1.2) since two different values,
in particular mg; and mfj,j =1,...,n, of one variable are used in the formula at the same time. The formulas
(IV.87), (1V.88), and (1V.89) suffer from the same drawbacks.

Liu (2009) proposed the foIIowmg extension of the GMM to interval FMPCMs. For an interval FMPCM
M = {mi;};,_, ,mi; = [mf;, m{], he constructed two MPCMs C' = {c;;}!",_, and D = {d;;};,_, by applying

; iy’
(IV.7). Afterwards, he derived non-normalized priorities w;(C) and w;(D),i = 1,...,n, of objects from these
MPCMs C and D, respectively, by using the formula (11.23). The interval priorities m = [wh wl],i=1,.
were then determined as

7

wl = min {w;(C),w;(D)}, w! = max {w;(C),w;(D)}. (1V.90)

This method, similarly to Definitions 46 and 47 of multiplicative consistency for interval and triangular FMPCMs
proposed by Liu (2009) and Liu et al. (2014), respectively, reviewed already in Section 4.2.2.1, is not invariant
under permutation of objects. This drawback is illustrated on the following example.

Example 43. Let us apply the method for obtaining interval priorities proposed by Liu (2009) to the interval
FMPCM (1V.29). The interval priorities of objects obtained by the formula (IV.90) are

Wy = [0.4309,0.7631], W, = [1.0772,1.1447], ws = [1.1447,2.1544].
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By applying the formula (1V.90) to the permuted interval FMPCM (IV.30), the interval priorities of objects are
obtained as
wy ) = [0.4309,0.7631], W}, = [0.9086,1.3572], Wy = [1.4422,1.7100].

We see that w7 ,, # w2 and w7, ;) # w3, which demonstrates that the method for obtaining interval priorities
from interval FMPCMs proposed by Liu (2009) is not invariant under permutation of objects.
The non-normalized interval priorities obtained from the interval FMPCM (IV.29) by the formulas (1V.85) are

Wy = [0.4309,0.7631], W, = [0.9086,1.3572], w3 = [1.1447,2.1544].

The same interval priorities are obtained by the formulas (IV.85) also from the permuted interval FMPCM
(IV.30), i.e. wy;y =w;, i =1,2,3. A

Note that the formulas (IV.85) for obtaining non-normalized fuzzy priorities do not violate the multiplicative-
reciprocity property as well as the invariance under permutation of objects. That follows from the absence of
mutually reciprocal PCs in the formulas. Therefore, use of standard fuzzy arithmetic instead of constrained
fuzzy arithmetic is sufficient here. Contrarily, the formulas (1V.86)—(IV.89) violate the multiplicative reciprocity
and the formulas (1V.90) violate the invariance under permutation of objects. The reason is that the formulas
(IV.86)—(1V.89) are based on standard fuzzy arithmetic instead of constrained fuzzy arithmetic, which is in this
case indispensable, whereas the formulas (1V.90) are not even based on standard fuzzy arithmetic.

In order to handle properly the multiplicative reciprocity of PCs, and thus automatically ensuring also the
invariance under permutation, it is necessary to follow the same approach as in the previous section where
the fuzzy extension of the EVM was dealt with. This means that constrained fuzzy arithmetic has to be ap-
plied to the fuzzy extension of the formula (I1.24) instead of standard fuzzy arithmetic in order to respect the
multiplicative reciprocity of PCs in the FMPCM. Enea and Piazza (2004) realized this necessity and proposed
appropriate fuzzy extension of the formula (I1.24) to triangular FMPCM.

Extending the method proposed by Enea and Piazza (2004) to trapezoidal FMPCMs M = {ﬁzij}zj:l ,Myj =
(mg,my;,m};,md;), fuzzy priorities we; = (wgi, wl wls, wgz) i=1,...,n, (the lower index C stands for the

applied concept of constrained fuzzy arithmetic (l11.45)) are obtained in the following form:

n
{ jl:ll mij Mys € [mvofs’mis} )
wg‘i — min # 5 Mgy = prr , (|V91)
Soelllme; rs=1,...,n
k=1 =1
n
j];[l mi; mys € [mb,m),],
wgl = min ﬁ ; Mgy = ﬁ, , (IV'92)
ool me; rs=1,...,n
k=1 \l j=1
n
{ ]1;[1 Mij Mrs € [mfs’mﬂrys} ’
wy,; = max e My = mlm, , (1V.93)
eIl me rns=1,...,n
k=1 \/ j=1
& s
\ jl;ll Mij Mys € [m?svmrs} ’
’LU(SCZ =max{ ——————F—— Mg = m1 ) (IV94)
n n s
oIl me; rs=1,...,n
k=1 \l j=1

Theorem 41. The fuzzy priorities wWei = (w;, why, w}h, wd,),i = 1,...,n, obtained from a FMPCM M by the
formulas (1V.91)—(1V.94) are normalized.

Proof. It is sufficient to prove that the fuzzy priorities we;,i = 1,. . ., n, satisfy the inequalities (111.13). From the
formula (IV.91), it follows that w2, was obtained by applying the formula (I1.24) to one particular MPCM M %% =
{mm};q:1 ;Mpg € [mS,,md ],p,q =1,...,n. Let wy" denote the priorities of objects o, k # i, obtainable by
the formula (I1.24) from the same MPCM M “*. Obviously, wg,; + Z;kz;l wt =1, and wt € [wg, w,], k # i.

From this, it follows that wg, + > k=1 wl, > 1. The remaining inequalities in (I11.13) are proved analogously. [
ki ’
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Remark 19. According to Theorem 41, the fuzzy priorities w¢;, i = 1,...,n, obtained from a FMPCM by the
formulas (IV.91)—(IV.94) are normalized in the sense of Definition 29. Notice that the normality of the fuzzy
priorities was reached naturally by just properly applying constrained fuzzy arithmetic to the fuzzy extension
of the formula (11.24) for obtaining normalized priorities from a MPCM,; no forced normalization was needed,
unlike in the case of the “normalization” of the fuzzy priorities (IV.86)—1V.89) as suggested by Buckley (1985a).

Theorem 42. The fuzzy extension of the GMM based on the formulas (1V.91)—IV.94) is invariant under per-
mutation of objects in FMPCMs.

Proof. It is sufficient to show that for a given object o;,i € {1,...,n}, its priority we; obtained by the formulas
(IV.91)—(1V.94) does not change under permutation of objects in a FMPCM M.

From the invariance of the GMM reviewed in Section 2.2.3.2, it follows that the priority w; of object o;
determined by the formula (l.24) from the given MPCM M does not change under any permutation M™ =
PMPT of M, it is just permuted accordingly. This means that the priority w; obtained from M is equal to the
corresponding priority (L obtained from M™.

Therefore, also the minimum w&, and the maximum w¢,; of the priority w, of object o; obtained by (11.24) over
all MPCMs obtainable from the closures of the supports of the trapezoidal fuzzy numbers in the trapezoidal
B

FMPCM M = {m”}” 1My = (m”,mfj,m,]7m /), do not change. Analogously, also the minimum w,; and

the maximum w/,; of the priority w; of object o; obtained by (I1.24) over all MPCMs obtainable from the cores
of the trapezoidal fuzzy numbers in the trapezoidal FMPCM M = {mij}" , do not change.

Therefore, the fuzzy priority we; = (wg,, wg,w@,wc ) obtained by the formulas (1V.91)—(IV.94) does not
change under permutation of objects in FMPCMs (it is only permuted accordingly), which concludes the proof.
O

In the following example, the difference between the fuzzy priorities obtained by formulas (1V.86)—(1V.89) and
by formulas (IV.91)—(IV.94) is illustrated, and the drawbacks in the formulas (IV.86)—(IV.89) are demonstrated.

Example 44. Let us consider the FMPCM Mgiven by (1V.65). The fuzzy priorities of objects obtained from this
FMPCM by the fuzzy extension of the GMM proposed both by Buckley (1985a) and by Enea and Piazza (2004)
are given in Tab. IV.7. The fuzzy priorities obtained by formulas (I1V.91)—(1V.94) are significantly less uncertain
than the fuzzy priorities obtained by formulas (1V.86)—(1V.89). Moreover, the closures of the supports of the
fuzzy priorities obtained by formulas (IV.91)—(1V.94) are the proper subsets of the closures of the supports of
the fuzzy priorities obtained by formulas (IV.86)—(1V.89). Analogously, the cores of the fuzzy priorities obtained
by formulas (IV.91)—(1V.94) are proper subsets of the cores of the fuzzy priorities obtained by formulas (IV.86)—
(IV.89). This is caused by using constrained fuzzy arithmetic (that preserves the multiplicative reciprocity of
PCs) in the formulas (1V.91)—(1V.94).

Table IV.7: Fuzzy priorities of objects obtained from the FMPCM (1V.65).

Fuzzy priorities obtained Fuzzy priorities obtained
by formulas (1V.86)—(I1V.89) by formulas (IV.91)—(1V.94)

Ws1 = (0.2469,0.3401,0.5399,0.8114) | wcy = (0.3294, 0.3789, 0.4795, 0.5689)
Wg2 = (0.2076,0.3073,0.4694,0.6067) | weo = (0.2539,0.3350,0.4262, 0.4647)
@ss = (0.0694,0.1104,0.1418,0.2180) | @es = (0.0821,0.1188,0.1309,0.1767)

(0.0424, 0.0571,0.0762, 0.1296) (0.0496, 0.0614, 0.0703,0.1069)

Wy = Wey =

Further, let us illustrate inappropriateness of the formulas (1V.86)—(1V.89) for computing the fuzzy priorities
of objects from a FMPCM. For this purpose, let us see how the lower boundary value wg, of the fuzzy priority
wgy was obtained. The intensities of preference figuring in the formula (1V.86) for obtaining the lower boundary
value wg, = 0.2469 are highlighted in bold in the FMPCM

1 (1,1,2,3) (2,2.5,3,4)(4,6,7,8)

T (3,3.1,1) 1 (3,4,4,5) (4,5,6,6)
(h3252)Goos) 10 (1,223

1) Gnl) 1

(llll
87764

(IV.95)

~—



Figure IV.8: Fuzzy priority vectors w. and wg of the FMPCM (1V.65).

W1

0.7 0.8

From (IV.95) we see that two different intensities of preference of object 0, over the other objects are used in the
formula (IV.86) at the same time. Moreover, the multiplicative reciprocity of PCs in the matrix is violated. This
adds redundant vagueness to the fuzzy priorities, which leads to the distortion of the information contained in
the FMPCM (IV.65).

Contrarily, the lower boundary value w2, = 0.3294 of the fuzzy priority wc, was obtained from a multiplica-
tively reciprocal matrix, in particular from the MPCM

4
6
; (IV.96)
1

W= N =
[ S e e S,
Wl = ot [\

In the same way, it could be shown that all representing values of all four fuzzy priorities were obtained from
MPCMs by the formulas (1V.91)—(1V.94). A

In general, the optimization problems solved in (IV.91)—(1V.94) have n? —n variables and @ multiplicative-
reciprocity constraints (the number of variables and multiplicative-reciprocity constraints gets reduced when
crisp numbers are present above and below the main diagonal of the FMPCM). Thus, the computational
complexity of the optimization problems increases rapidly with an increasing dimension n. However, the fol-
lowing theorem shows that the optimization problems (1V.91)—(1V.94) can be simplified significantly. First, the
multiplicative-reciprocity constraints can be incorporated into the objective functions. Second, when wg; is
computed, the variables m;;, j = 1,...,n, can be fixed as the lower boundary values of the trapezoidal fuzzy

numbers in the i-th row of the FMPCM, i.e. as m;; := mg;. Analogously, also for the representing values

B Y ) ; . . 9 2
Wy, Wy, and wey,. In this way, the number of variables is reduced from n* — n to “5* — (n — 1).

Mmsj = (m‘?‘ m2. m? m5>

Theorem 43. Let M = {ﬁzij}zjzl, & mi,m,ms; ), be a trapezoidal FMPCM. The optimization
problems (IV.91)—1V.94) can be simplified fori =1, ...,n in the following way:

n (e
H mlj
Jj=1
w. =
ci « § ’
Mg € [mrs,mrs] , (IV.97)
- u k=11 =n r=1,...,n—1
e TI me +max§ > | [T— T mws T ’
j=1 k=1 ik =1 Mik |=f+1 s=r+1,...,n,
ki I#i 144 .
# # #i 7’,3751
n
i/ M
B j=1
Weq = 3 7] ,
e € [y mi] (IV.98)
& n k=11 =n r=1,....,n—1
ol TL my; +max{ S |5 ] — [] mu; e ’
j=1 k=1, | "k 1=1 MUk 1=k+1 s=r+1,...,n,
k#i £ 144 .
7 a 7 S8 FE i
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v =1
wl, = ,
’ Mys € [mES7m7] (IV.99)
H N 2": 1kﬁ1 1 ﬁ r=1,...,n—1,
r m,. + min N — Mg
ol i i e} Mk 1= 1 T s=r+1,...,n,
ki I#i 14 rs i
n
i/ ILmi
s 5=t
we,; = 3 .
' Mg € [, my,] (IV.100)
ﬁ 5 4 mi zn: 1k1:[1 1 ﬁ r=1,...,n—1,
n mg; + min N — mgl ;
=1 7 Ao T S e s =r 4L,
k#i l#1 1#4 T, s %Z

Proof. First, let us show that the formulas (1V.91) and (1V.97) are identical. For any i € {1,...,n}, the formula
(IV.91) can be written in the following way:

Mg € [m“ m? ],

TS)
1

Mg’

r,s=1,...,n,

[0 3 . —
We; = min ;0 Mgy =

Let us denote z; :=

Obviously, z; > 0 for m;, € [mls,m‘s] s=1,...,n,and yl > 0 for m,s € [mrs,m‘s ] Mer = 1/Mmypg, 7,8 =
1,...,n. Further, let us denote f; := = +y Then aff = & +y 7> 0, and af; (m:”j; 7 < 0. Hence, f; is an
increasing function of x; and a decreasing functlon of y;. It means that for minimizing the function f;, we have

to minimize x; and maximize y;. The function x; is increasing in all the variables. Therefore,

o :=min {z; ; my; € [m”,m 1,i=1,.

The function y; is decreasing in the variables m;y, ..., m;,. Therefore,
1
/ Mys © [m,s,mé } Msr = 52
yi = 1max g Yq s
r,s=1,...,n
1
1 n Mys € [mrs7m6 } Mgy = Tys
= — kj 3
?k j=1 y S — 17 ,

Finally, thanks to the reciprocity of M, we can also replace all the elements mg,., r,s = 1,...,n, r < s, i.e.
the elements below the main diagonal, by the reciprocals 1/m,., of the corresponding elements m..; above the
main diagonal. By that we obtain formula (I1V.97).

Analogously, it can be demonstrated that (IV.92) is equivalent to (1V.98), (IV.93) is equivalent to (1V.99), and
(IV.94) is equivalent (IV.100). O

In Example 44, it was pointed out that the cores and the closures of the supports of the fuzzy priorities in
Tab. V.7 obtained by formulas (1V.91)—(1V.94) are proper subsets of the cores and closures of the supports of
the fuzzy priorities obtained by formulas (IV.86)—(1V.89), respectively. The following theorem shows that this
property is valid in general for trapezoidal FMPCMs with at least one entry that is not a crisp number.
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Theorem 44. Let M = {mm}” 1M = (m”,mf],mjj,m”), be a trapezoidal FMPCM. Further, letwg, . . . , Wsn

be trapezoidal fuzzy priorities obtained by formulas (IV.86)—1V.89), and w¢1,...,we, be trapezoidal fuzzy
priorities obtained by formulas (IV.91)—IV.94). If there exists at least one my,, k,l € {1,...,n}, such that
my; < mil, then

[we;, wl;] C [wg,wd;] and  [wl,, wl,] C [wh,wl], i=1,...,n (IV.101)
The equality
wloowl ] =Wl wl], i=1,...,n, (IV.102)
Ci Ci Si Si
occurs only whenmf; =m]; foralli,j =1,....n

Proof. First, let us demonstrate the validity of [wg,, wl,] C [wg,,wS,],i = 1...,n. Presence of at least one fuzzy
number iy, = (mg;, mb,, m},,md,) that is not a crisp number, i.e. m¢, < m?,, implies the strict inequalities

n n k—1 1 n n n M € [mgl mil]
Z Hmkj <Z Hm IT e <> 2| TT 1 (IV.103)
k=1 M iy Tk 24 k=1 \ j=1 = e

ki k#t I#i I#i ki

Thus, forany i € {1,...,n}:

n H mg]
o (IV.86) j=1 (IV.103)
wsi = <
n 5 n n 6
{ H mm + Z { H mk]
Jj=1 k=1, k#i j=1
n
J=1 (ve7)
= Wegy
Mys € [mm,mﬁ ] v
n k=11 =n r=1,....,.n—1
Hm +max] > | = [T — II ™ et
\/r K P L e 1 S Ts=r+4+1,...,n,
k#i 1#1 1#i r, s 7& i
and
n
o 1L,
s (Iv.88) j=1 (IV.103)
wSi = >
n n n
(il mse 2/ Lme
j=1 k=1, k#i j=1
n
{ H M
j=1 (IV.99) W
=" W,
Mys € [m?sv mrs] ’ ’
n k=11 =n r=1,....,.n—1
F) 1 ’ ) )
o TT m: +min > =] — I mwu
j=1 Y B=1 4 | TVik =1 MUK [=k+1 T s=r+ 1,...,n,
k#i 1#1 1741 r, s # i
Analogously, validity of [wf,,, w},] C [wh,, wg,],i=1,...,n,is demonstrated
Further, let us prove the validity of (IV.102). The equality mi = m'yj,z,j = 1,...,n, means that the

trapezoidal FMPCM M is reduced to a triangular FMPCM. The domains of all variables in the formulas
(IV.92) and (1V.93) are thus reduced to singletons. This basically means that the formula (1V.92) is reduced
to the formula (IV.87) and the formula (IV.93) is reduced to the formula (IV.88). Thus, wf, = w9, and
wl; = wl,, i =1,...,n. Furthermore, the formulas (IV.87) and (IV.88) give the same results since they have

K2

the same entries m}; = mj,. Thus, wg, = wg; = wy, = wg,i=1,...,n. O

4.3 Fuzzy additive pairwise comparison matrices

Similarly as in the case of MPCMs, also the PCs in APCMs are done either expertly or by using linguistic
terms from a predefined scale. Especially when information about the decision-making problem is incomplete
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or imprecise, it is more appropriate to provide the expert numerical judgments in form of fuzzy numbers rather
than crisp numbers. The use of fuzzy numbers is more natural also when modeling the meaning of linguistic
terms from a predefined scale (see the discussion in Section 4.2.1). Thus, in this section, the fuzzy extension
of APCMs is dealt with. In particular, in Section 4.3.1, the construction of fuzzy APCMs is studied and the
fuzzy extension of APCMs-A and of APCMs-M is defined. In Section 4.3.2, fuzzy APCMs-A are then studied
in detail and Section 4.3.3 is focused on fuzzy APCMs-M.

4.3.1 Construction of FAPCMs

In Section 4.2, the fuzzy extension of MPCMs was dealt with. As it is obvious from the literature review provided
in Section 4.2, MPCMs are most often extended to fuzzy numbers (usually triangular or trapezoidal), less often
to intervals. That is probably because fuzzy numbers allow for more subtle modeling of preference intensities
by using different degrees of membership. Intervals do not provide this option; all elements in the given interval
have the same degree of membership.

The situation is different with APCMs. In the literature, the trend is to extend APCMs to intervals rather than
to fuzzy numbers in general. The reason behind this might be the fact that APCMs are already perceived as
fuzzy having the elements defined on interval [0, 1]. Thus, the intensity of preference of each PC in the APCM
is looked at as a degree of membership to a fuzzy set, and modeling a degree of membership by a fuzzy
number is not a common practice.

As already mentioned in Section 2.3.1, APCMs are often called “fuzzy preference relations” in the literature.
Therefore, another reason why APCMs are usually extended to intervals rather than to fuzzy numbers in
general might be the issue of terminology. Interval extension of a fuzzy preference relation is simply called
“interval fuzzy preference relation” which probably seems to be acceptable (something “fuzzy” is extended to
intervals). Extending fuzzy preference relations to fuzzy numbers sounds somehow wrong; “fuzzy preference
relations” are already fuzzy and by extending them to fuzzy numbers we would obtain “fuzzy fuzzy preference
relations™?

As shown in Section 2.4, MPCMs, APCMs-A, and APCMs-M are equivalent; each representation can be
transformed into the others. This means that an APCM defined on interval [0, 1] can be transformed into a
MPCM defined on interval [$,9] (or [4, 5], S > 1, in general) and vice versa. It will be shown later that there
exist transformations also between the fuzzy extensions of MPCMs, APCMs-A, and APCMs-M. Therefore,
using fuzzy numbers for one representation of preference information (in this case MPCMs), it does not seem
reasonable to avoid using fuzzy numbers for other representations of preference information (APCMs-A and
APCMs-M). If there is a need for more subtle modeling of preference intensities in MPCMs by using fuzzy
numbers, why should these not be used for modeling preference intensities in APCMs as well? Why should
the imprecision of information and vagueness of human judgment be modeled solely by intervals rather than
by fuzzy numbers in general in the case of APCMs?

In this section, the methods related to APCMs will be extended not only to interval FAPCMs but, more in
general, to fuzzy APCMs.

Definition 52. A fuzzy additive pairwise comparison matrix (FAPCM) of n objects oy, ..., 0,, IS @ square matrix

A = {a;;}; ._, , whose elements a;;,i,j = 1,...,n, are fuzzy numbers defined on interval [0,1]. Further, the
matrix is aa]ditive/y reciprocal, i.e.
Zi,»jzl—?iji, i,jZL...,’I’L7 (|V104)
and
a; = 0.5, hwj=1,...,n. (IV.105)

Definition 52 of a FAPCM is very general; elements a,; of A are arbitrary fuzzy numbers satisfying the
additive-reciprocity condition (1V.104). In practice, these fuzzy numbers are usually intervals, less often trian-
gular or trapezoidal fuzzy numbers. In general, more types of fuzzy numbers and intervals can be present in a
FAPCM at the same time. Even an APCM A = {aij}zjzl given by Definition 7 is a FAPCM since crisp numbers
are a special case of fuzzy numbers and since an APCM A satisfies (IV.105).

As already mentioned above, intervals are most often used in the literature to model intensities of prefer-
ence in FAPCMs. Interval representation will be preserved when reviewing the existing approaches to interval
extension of APCMs. However, in order to be coherent with Section 4.2 on the fuzzy extension of MPCMs,
the new approaches and formulas related to the fuzzy extension of APCMs proposed in this thesis will be pre-
sented for trapezoidal fuzzy numbers. Since intervals are a special case of trapezoidal fuzzy numbers, there
will be no difficulties in confronting the new approaches and formulas presented for trapezoidal fuzzy numbers
with the original approaches and formulas presented for intervals.

Being a;; = (a%,afj,azj,afj) a trapezoidal fuzzy number, then also a;; = 1 — a;; is a trapezoidal fuzzy
number. Thus, unlike in the case of FMPCMs, there is no need for simplified fuzzy arithmetic when constructing
a FAPCM A.
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When constructing a FAPCM by using a scale of predefined linguistic terms, it is necessary to model
appropriately the meaning of the linguistic term “equal preference”. Similarly as in the case of FMPCMs,
we have to distinguish whether o; and o; are the same objects or not. For i = j, it is necessary to set
a; = 0.5,7 = 1,...,n, because there is no vagueness in the PC; we compare one object with itself. On the
other hand, when two different objects are assessed as “equally preferred”, there is very likely to be some
vagueness contained in such PC. Therefore, in this case, “equal preference” should be modeled by a fuzzy
number “about 0.5”, i.e. 0.5, not necessarily by crisp number 0.5. Furthermore, similarly as in the case of
FMPCMs, it is again necessary to preserve 0.5 = 1 —0.5 (a detailed reasoning behind this requirement is given
in Section 4.2.1). Therefore, the fuzzy number 0.5 := (¢, ¢?, ¢, ¢*) has to satisfy

(c(’,cﬁ,cw,cé) =1- (c"‘,cﬂm”,c‘s). (IV.106)
By solving (IV.106), we obtain 0.5 defined as
05=(1—¢,1—bbc), 05<b<c<l. (IV.107)

Note 8. fFrom now on, by a FAPCM will be meant a FAPCM given by Definition 52 satisfying the indispensable
condn‘/on 0.5=1-0.5 for the fuzzy number 0.5 modeling the meaning of the linguistic term “equal preference”,
e. (IV.107) in the case of trapezoidal fuzzy numbers.

Similarly as in the case of FMPCMs, also for FAPCMs it seems to be reasonable to define the fuzzy numbers
modeling the meanings of linguistic terms in a predefined scale in such a way that they form Ruspini’s fuzzy
partition of interval [0, 1]. Defining a particular fuzzy scale is, however, out of the scope of the thesis as this
should be done in cooperation with the particular DM. In the illustrative examples in this thesis only expertly
defined fuzzy PCs without assigned linguistic terms will be used.

Analogously to APCMs, also in the case of FAPCMs it is necessary to distinguish between FAPCMs with
additive representation and FAPCMs with multiplicative representation depending on the represention used
when constructing a FAPCM.

Definition 53. A FAPCM with additive representation (FAPCM-A) is a FAPCM R = {Fi; }

ij=1" where FTTZ']‘ — 7]2
indicates the difference of preference intensity of object o; and of object o;.
Definition 54. A FAPCM with multiplicative representation (FAPCM-M) is a FAPCM Q = {qU}z =1 . Qi €]0,1],

where = "” /nd/cates the ratio of preference intensity of object o; to that of object o;, i.e. o; is = q” —times as good
as o;.

4.3.2 Fuzzy additive pairwise comparison matrices with additive representation

In this Section, the fuzzy extension of the methods related to APCMs-A reviewed in Section 2.3.2 is dealt
with. In particular, Section 4.3.2.1 is dedicated to the extension of additive-consistency condition (11.28) to
FAPCMs-A and Section 4.3.2.2 is focused on methods for obtaining fuzzy priorities from FAPCMs-A.

4.3.2.1 Additive consistency of FAPCMs-A

In this section, additive consistency of FAPCMs-A is studied. First, in Section 4.3.2.1.1, definitions of additive
consistency for interval FAPCMs-A based on Tanino’s characterization (11.32) proposed in the literature are
reviewed and some drawbacks of the definitions are pointed out. Afterwards, in Section 4.3.2.1.2, two new
definitions of additive consistency for FAPCMs-A are proposed.

4.3.2.1.1 Review of fuzzy extensions of additive consistency

Many definitions of consistency for interval FAPCMs-A have been proposed in the literature. These defi-
nitions are most often based on interval extension of additive-transitivity property (11.28) and related Tanino’s
characterization (11.32), or, alternatively, on interval extension of the more general characterization (11.46) re-
viewed in Remark 2 of Section 2.3.2.2.

Xu (2007a) introduced a weak version of additive consistency for interval FAPCMs-A based on Tanino’s
characterization (11.32). Wang and Li (2012) proposed another definition of additive consistency based on
Tanino’s additive-transitivity property (11.28). Qian et al. (2014) proposed a method for constructing additively
consistent interval FAPCMs-A satisfying definition proposed by Wang and Li (2012) from inconsistent inter-
val FAPCMs-A. Another definition of additive consistency for interval FAPCMs-A based on Tanino’s additive-
transitivity property (11.28) was proposed by Liu et al. (2012a). Xu et al. (2014a) proposed another definition
of additive consistency for interval FAPCMs-A and introduced a method for completing incomplete interval
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FAPCMs-A based on this additive-consistency condition. Wang (2014) pointed out that the additive consis-
tency defined by Xu et al. (2014a) is not invariant under permutation of objects. Further, they approved the
definition of additive consistency proposed by Wang and Li (2012) and derived some further properties. Wang
et al. (2012) introduced a definition of consistency using a particular characterization based on logarithms.
However, the interpretation of such characterization based on logarithms was not clarified.

As discussed in Remark 2, priorities (11.47) corresponding to more general characterization (11.46) lack in-
tuitive representation. Therefore, in this section, the focus is put only on traditional Tanino’s characterization
(11.32). Definitions of additively consistent interval FAPCMs-A based on interval extension of Tanino’s charac-
terization (11.32) are reviewed in detail and some drawbacks are identified. In particular, it will be shown that
some definitions are not invariant under permutation of objects in interval FAPCMs-A and some violate additive
reciprocity of PCs of objects. Afterwards, it will be shown that the drawbacks can be eliminated by employing
the constrained fuzzy arithmetic.

Xu (2007b) defined the additive consistency of interval FAPCMs-A as follows:

Definition 55. (Xu, 2007b) Let R = {7} ,_, ,Ti; = [r};,7};] , be an interval FAPCM-A. If there exists a vector
v = (vl,...,vn)T, St vi=1v;>0,i=1,...,n, such that

rh <05 —v;+1) <1, dj=1,...,n, (IV.108)
then R is called an additively consistent interval FAPCM-A.

Xu and Chen (2008a) formulated the following theorem in order to verify additive consistency of interval
FAPCMs-A according to Definition 55.

Theorem 45. An interval FAPCM-A R = {7;;}" 5Ty = [r,P, Tl{] , Is additively consistent according to Defi-
1,]= (R

nition 55 if and only if the solution of the optimization model

n—1 n
J*=min > > (dZ_Jer;;)

i=1 j=i+1

st. 05(v; —v;+1)+df >k, i,j=1,...,n, i<},
05(v; —v; +1) —dY <rl, ij=1,...n i<j, (IV.109)
n
Yovi=1, v; >0, i=1,...,n,
=1
dfs,df >0, ij=1,....n,i<j

isJ* =0.

Definition 55 of additive consistency for interval FAPCMs-A is clearly based on Proposition 2 for APCMs-A.
According to the definition, an interval FAPCM-A R = {Fij}zjzl, 7y = [rh, 75, is additively consistent if
there exists a vector v = (v1,...,v,)T using which we can construct an additively consistent APCM-A R* =
{r;‘j}zjzl such that T € [rfj,rg],z',j = 1,...,n. However, extension of Proposition 2 to Definition 55 is not
done appropriately. The vector v = (vy,...,v,)T in Proposition 2 is such that [v; —v;] < 1,i,j = 1,...,n, while
in Definition 55, the vector should satisfy the normalization condition

dwi=1, v;>0,i=1,...,n (IV.110)
=1

The same normalization condition is employed also in the optimization model (IV.109).

The incompatibility of the normalization condition (IV.110) and Tanino’s characterization (11.32) for APCMs-A
was demonstrated by Fedrizzi and Brunelli (2009). They showed that for some additively consistent APCMs-A,
there exists no vector satisfying the normalization condition (IV.110). The inappropriateness of Definition 55 of
additive consistency is demonstrated on the following illustrative example.

Example 45. Let us examine the interval FAPCM-A

05  [0.5,0.6] [0.8,0.9] [0.9,1]
B (0.4,05] 05  [0.6,0.7] [0.6,0.9]
r= [0.1,0.2] [0.3,04] 0.5  [0.5,07] |- (IV.111)

(0,0.1] [0.1,0.4] [0.3,0.5] 05
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By solving the optimization model (IV.109), we obtain J* = 0.1. Thus, based on Theorem 45, the interval
FAPCM-A R is not additively consistent according to Definition 55. This means that there does not exist an
APCM-A R* = {r;‘j}?ji obtainable from the interval FAPCM-A (IV.111) that would be additively consistent

=1
according to Definition 9. However, this conclusion is wrong.

There do exist additively consistent APCMs-A obtainable from (IV.111); one of them is, for example,
05 06 08 1

04 05 0.7 09
B=102 03 05 07 (IV.112)

0 01 03 0.5

with the corresponding priority vector v = (1.45,1.25,0.85,0.45)7 satisfying |v;—v;| < 1,4,7 = 1,...,n. Because
there does not exist a priority vector corresponding to the APCM-A R* that would satisfy the inappropriate
normalization condition (IV.110), it could not have been revealed by solving the optimization model (1V.109).
Thus, by utilizing Definition 55 in real-life applications, a DM who provided the interval FAPCM-A (IV.111) would
be judged as inconsistent in his or her preferences even though the opposite is true. A

Because the normalization condition (1V.110) is not compatible with Tanino’s characterization for APCMs-A,
it is clearly not reasonable to employ it in the definition of additively consistent interval FAPCMs-A (APCMs-A
being a special case of interval FAPCMs-A where r = 71, i,j =1,...,n).

Liu et al. (2012a) defined additive consistency in the following way.

Definition 56. (Liu et al., 2012a) Let R = {7}, ,_, ,Tij = [rf;,7]}] . be an interval FAPCM-A. R is called

additively consistent if the APCMs-A C = {cij}zjzl and D = {d,; }ijl :
rh, i<y r, i<
cij=4{ 05, i=j , d;=<% 05 i=j , ij=1,....n, (IV.113)
r%, 1> riLj, 1>

are additively consistent according to Definition 9.

However, Definition 56 is not invariant under permutation of objects. This serious drawback is demonstrated
on the following example.

Example 46. Let us consider the interval FAPCM-A R in the form
0.5  [0.6,0.7] [0.8,1]
- | 03,04 05 [0.7,08 | (IV.114)
[0,0.2] [0.2,0.3] 0.5

The corresponding APCMs-A C and D given by (1V.113) are in the form

0.5 0.6 0.8 05 07 1
c=1] 04 05 0.7 7 p=| 03 05 08
02 03 05 0 02 05

Both C and D satisfy the additive-transitivity condition (11.28), which means that they are additively consistent
according to Definition 9. Therefore, according to Definition 56, the interval FAPCM-A R is additively consistent.
Now, let us permute the interval FAPCM-A (IV.114) by using the permutation matrix

0 0 1
p=|[17070 (IV.115)
01 0
to the interval FAPCM-A R" = PRPT :
0.5 [0,0.2] [0.2,0.3]
7| [081] 05 06,07 | (V.116)

0.7,0.8] [0.3,0.4] 05
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The corresponding APCMs-A C™ and D™ given by (IV.113) are in the form

05 0 0.2 0.5 0.2 0.3
O™ — 1 05 06 7 pr—1| 08 05 0.7
0.8 04 0.5 0.7 0.3 0.5

We can see that neither C™ nor D™ satisfies the additive-transitivity condition (I1.28), and thus, according to
Definition 56, the interval FAPCM-A R” is not additively consistent.

Obviously, the PCs of objects in the interval FAPCMs-A R and R" are the same; they are just provided in
different orders. Therefore, also the conclusion about the additive consistency should be the same for both
interval FAPCMs-A. However, as demonstrated, according to Definition 56, the interval FAPCM-A R results to
be additively consistent while the interval FAPCM-A R results to be additively inconsistent. A

Another definition of additive consistency for interval FAPCMs-A was proposed by Wang and Li (2012).

YRR
additively consistent if it satisfies the additive-transitivity condition

Definition 57. (Wang and Li, 2012) Let R = {7;}; ,_, ,7ij = [r};,r};] , be an interval FAPCM-A. R is called

Tij +Tjk +Thi = Trj +Tji + Tig, L,i,k=1...,n. (IV.117)

Wang and Li (2012) defined the additive-transitivity condition (IV.117) by using the standard interval arith-
metic, i.e. addition is done according to formula (l11.20). Therefore, the equation (1V.117) is nothing else but
the equations

riL»JrTL JrrLi :rL}+T»Li+riL,
A A i k=1,...,n. (IV.118)
rd b+l =l e+l

Further, Wang and Li (2012) formulated the following proposition.

Proposition 11. (Wang and Li, 2012) Let R = {7;; }ijl be an interval FAPCM-A. If there exists a normalized
interval vector v = (vy,...,v,)7,v; = [vl,vV], i=1,...,n, such that

Tij = [0.5(vf — oY +1),05(0] —vf +1)],

then R is additively consistent according to Definition 57.

1

According to Proposition 11, a crisp APCM-A R = {rij};jzl , which is a particular case of interval FAPCMs-
A, is additively consistent according to Definition 2 if there exists a priority vector v = (v1,...,v,)T satisfying
Tanino’s characterization (11.32) and the normalization condition (IV.110). However, the normalization condition
(IV.110) is incompatible with Tanino’s Proposition 2 (see Fedrizzi and Brunelli (2009)).

Furthermore, Wang and Li (2012) pointed out that “due to the fact that @ — @ does not always yield 0, we
cannot derive 7;; + 7;; = 1 any more” (Wang and Li (2012), p.183). For example, for 7;; = [0.7,0.8], we obtain
7i; + T4 = [0.7,0.8] +[0.2,0.3] = [0.9,1.1] # 1. Wang and Li (2012) conclude that “due to the possibility of
a —a # 0, which makes it impossible to manipulate an interval-valued equation by moving terms from one side
to the other, (IV.117) may not necessarily be able to produce equation

Tij = Tik —ij+0.5 (|V.119)

in contrast to the case of regular APCMs-A where these two expressions are equivalent” (Wang and Li (2012),
p.183). This is why Wang and Li (2012) defined the additive consistency of interval FAPCMs-A (Definition 57)
by extending the property (11.30) of APCMs-A.

However, it is necessary to point out here that Wang and Li’s assertion that “we cannot derive 7;; +7;; = 1”
is not true. At the end of this section, it will be demonstrated that the validity of equation 7;; + 7;; = 1 can
be easily achieved by applying appropriately the constrained fuzzy arithmetic instead of the standard fuzzy
arithmetic (or equivalently by applying constrained interval arithmetic (Lodwick and Jenkins (2013)) instead
of the standard interval arithmetic in this case). Furthermore, it will be shown that Definition 57 of additive
consistency is inappropriate since it violates the additive reciprocity of PCs. Before doing that, let us finalize
the literature review.

Definition 58. (Xu et al.,, 2014a) Let R = {7;;},_, .7ij = [r};,r}}] , be an interval FAPCM-A. R is called an
additively consistent interval FAPCM-A if

Fij +ij :?1k+[05,05], ) <j <I€, i,j7k: 1,...,n. (|V120)

93



Wang (2014) demonstrated that Definition 58 of additive consistency is dependent on objects labeling,
i.e. it is not invariant under permutation of objects. Further, Wang (2014) adopted Definition 57 of additive
consistency since it is invariant under permutation of objects and derived the following theorem.

Theorem 46. (Wang, 2014) Let R = {7i;};,_, ,Ti; = [rl;,r}], be an interval FAPCM-A. R is additively
consistent (according to Definition 57) if and only if

riLj—l—Tg—(riLk—i—r%):Tle—i—rZ—(rlLk—l—rll,i), i, g,k l=1,...,n. (IvV.121)
Based on Theorem 46, Wang (2014) formulated also the following proposition.

Proposition 12. (Wang, 2014) Let R = {Fij}i 1 Tij = [rf, 5], be an interval FAPCM-A. R is additively
consistent (according to Definition 57) if and only if

rfj—r—rg—l—r‘fk—r-r%—i—r,fi—i—r%:& i,j,k=1,...,n. (IV.122)

In order to demonstrate the inappropriateness of Definition 57 and thus also of Theorem 46 and Proposition
12, let us analyze in more detail the requirement of additive reciprocity of PCs in APCMs and interval FAPCMs.
As stated in Section 2.3.1, the additive reciprocity of PCs is an inherent property of APCMs. Because of the
additive-reciprocity property, the PCs r;;,i = 1,...,n, in an APCM are always equal to 0.5 standing for equal
preference. This result is very natural since the PC r;; expresses the intensity of preference of object o; over
itself (clearly, any object has to be equally preferred to itself). Further, because of the additive reciprocity of
PCs, the additive-transitivity property (11.28) for APCMs-A is equivalent to statements (ii) and (iii) in Theorem 3.

Conception of additive reciprocity becomes more complicated when extended to intervals. For an interval
FAPCM R = {73;};,_, .7ij = [r};,r{}], the additive reciprocity is defined as 7j; = 1 — 7 = [1 —7{},1 —r[].
Accordrng to this property, when, e.g., the highest possible intensity of preference r . of object o; over object
0; is r” = 0.9, this means that the lowest possible intensity of preference rﬂ =1- of object o; over object
o; is automatically erl = 0.1. However, this is not all.

FAPCMs carry more information about the preference intensities. In particular, any value r}; € 7;; =
[riLj,rg] expressing a possible intensity of preference of object o; over object o; is associated with a corre-
sponding intensity of preference 3, € 7;; = [rf;,r%] such that r3; = 1 —r; r7; and r3; express the same
preference information about o; and o;. This property results naturally from the meaning of PCs in an interval
FAPCM. The same holds for trapezoidal FAPCMs in general.

Wang and Li (2012) and Wang (2014), similarly to other researchers whose work was reviewed in this sec-
tion, applied the standard interval arithmetic to the computations with intervals. This means that the additive-
consistency condition (IV.117) is equivalent to equations (IV.118) which are equivalent to (IV.121) and (IV.122).
However, the equations (IV.118), (IV.121), and (IV.122) do not preserve the additive reciprocity of PCs. In
equations (IV.118), each intensity of preference r/ or vl ,p,q = 1,...,n, always appears in a pair with the
intensity of preference ., or vl respectively. And since r, = 1 —rl # 1 —rk (unless r}, = rl.), the
additive recrprocrty of PCs is violated. Similarly, in equations (1V.121) and (IV.122), each intensity of preference

rgq,p, g=1,...,n, appears ina palr wrth the intensity of preference r 4~ This again violates the additive reci-
procitylsince Tpg = 1— and rpq # 1—r,,. The problem is for better understandrng illustrated on the following
example.

Example 47. Let us examine the additive consistency of the interval FAPCM-A R given by (IV.114) by applying
Definition 57. The expressions (IV.118) mean that we construct matrices R* = {r5}" and RV = {r}
from the interval FAPCM-A (1V.114) as

0.5 06 08 05 07 1
RL—1] 03 05 0.7 , rV—-1] 04 05 08
0 02 05 0.2 03 0.5

and we verify their additive consistency by utilizing the property (11.30). However, we can easily see that neither
RY nor RY is additively reciprocal, which means that both R and RY are not even APCMs-A according to
Definition 8. Therefore, it is nonsensical to verify their “additive consistency”. A

As already mentioned in the discussion following Definition 57, Wang and Li (2012) claim that it is not
possible to derive the equality 7;; + 7;; = 1 due to the fact that @ — @ does not always yield 0. Obviously, for an
interval FAPCM-A R = {?ij}zjzl .7 = [rk, rY], by applying the standard fuzzy arithmetic, we obtain

R z_]]

Tij + T =il i il =gl L= 1= rf] =
:[1+riLj Z,].#’T‘Zj*?"”]?é].
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unless r/; = r{. Similarly for a = [a", a"], we obtain

a = [a", aY] — [a",aV] = [a¥ — aY,aY —a¥] # 0, unless a” = av.

a—a
However, applying the standard fuzzy arithmetic in this case is not appropriate; the constrained fuzzy
arithmetic needs to be applied whenever there are any interactions among operands. Obviously, there is an
interaction between interval PCs 7,; and 7;;; from the additive reciprocity of PCs it follows that any intensity
of preference r;; € 7; of object o; over object o, is associated with the corresponding intensity of preference
r;; = 1 —r}; of object o; over object o;. Thus, b = 7;; + 7;; should be correctly computed according to the

constrained fuzzy arithmetic (111.40) as b = [b%,bY] :

bY = min {Tij + 7375 € [riLj,Tg] Tji € [Tfi»r%]arji =1- Tij} =
=min {rj; +1— ;i € [TZLJ, 2]]} =1,

v = maX{Tij + 75Ty € [riLj,Tg],Tji € [rfi,r%]»rji =1- Tij} =
= max{rij +1—r;mi € [’/‘ZLJ,’I”Z]} =1,

where the constraint g(r;;,7;;) = 0 is in the form r;; = 1 — r;; (equivalently written as r;; +r;; — 1 = 0).
Analogously, ¢ = @ — @ should be computed as ¢ = [cl, ¢V] :

L

c :min{al—ag;ale[a ,al

1, CLQE[CL ,a¥l,a1 = ag} =
:min{al—al;ale[a U]}

L U

U :max{al—ag;ale[a ,av], GQE[CL a"], alzag}:

= max{a1 —ay;a; € [aF,aV ]} =0.

Keeping in mind the importance of the additive-reciprocity property of PCs in FAPCMs-A, additive consis-
tency needs to be defined accordingly so that it does not violate the additive reciprocity. In the following section,
two definitions of additively consistent trapezoidal FAPCMs-A respecting the additive reciprocity of PCs and
invariant under permutation of objects are provided.

4.3.2.1.2 New fuzzy extension of additive consistency

In this section, additive weak consistency for trapezoidal FAPCMs-A is defined by removing the mistake in
Definition 55 of additive consistency for interval FAPCMs-A. Further, another definition of additive consistency
much stronger than the definition of additive weak consistency is proposed. Tools for verifying both the additive
weak consistency and additive consistency are provided and some properties of both additively weakly con-
sistent and additively consistent FAPCMs-A are derived. Both new definitions are invariant under permutation
and preserve the additive reciprocity of PCs.

An additively weakly consistent trapezoidal FAPCM-A is defined as follows.

10 igo tigo ’L]

Definition 59. Let R = {Fidi oy iy = (r o ) be a trapezoidal FAPCM-A. R is said to be additively

weakly consistent if there exists a vectorv = (vy,. .. ,vn) Jvi —v] <1,4,5=1,...,n, such that
i < 0.5(v; —vj+1)<rm, ,j=1,...,n. (IV.123)
Definition 59 is obtained by correcting the error concerning the normalization of vector v = (vy,...,v,)"
in Definition 55. As already mentioned in the previous section, the normalization condition (IV.110) used in
Definition 55 is not compatible with Tanino’s characterization (11.32). Therefore, the original normalization
condition v = (vl,...,vn)T Jvi — o] < 1,4,5 = 1,...,n, used in Tanino’s characterization was employed in
Definition 59 instead. Definition 59 is confronted with Definition 55 in the following example.

Example 48. Let us examine the additive weak consistency of the interval FAPCM-A R given by (IV.111). It
was shown in Example 45 that R is wrongly judged as additively inconsistent according to Definition 55. By
applying Definition 59, we can find out that there exists a vector v = (vy,v9,v3,v4)” satisfying the appropriate
normalization condition |v; — v;| < 1,4,7 = 1,...,4. Itis, for example, the vector v = (1.45,1.25,0.85,0.45)7
with the corresponding additively consistent APCM-A given as (IV.112). The reader can easily verify that this
vector satisfies the inequalities (IV.123). Thus, the interval FAPCM-A R given by (IV.111) is correctly judged as
additively weakly consistent. A

Based on Proposition 2 for FAPCMs-A, the following proposition can be formulated for interval FAPCMs-A.
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Proposition 13. Let R = {7,;}}_, .7, = ( ol ”) be a trapezoidal FAPCM-A. R = {r;;}"
additively weakly consistent according to Definition 59 if and only if there exist elements r; [7‘%, T J] i, =
1,...,n, such that R* = {r,fj}jj: L is an APCM-A additively consistent according to Definition 9.

2]1

Proof. First, let R = {r”}” 1T = (r rB ) be a trapezoidal FAPCM-A additively weakly consistent

igo Tigo Tigo Tig
according to Definition 59. Let us denote 7, := 0.5(v; —v;+1). From (IV.123), it follows that r; € [rf;, ”} i, ] =
1,...,n. Further,we have r}; = 0.5(v;—v;+1) = 0.5, i = 1,...,n,and r}; = 0.5(v;—v;+1) = 1-0.5(v; —v; +1) =
L—ry, 4, =1,...,n. From [r{, ”] [0,1],4,5 = 1,...,n, it follows that r}; € [0,1],i,j = 1,...,n. Therefore,
R* = {r;fj}zjzl is an APCM-A. Finally, r; +7;,—0.5 = 0.5(v; —vj,+1)+ 0.5(vg —v; +1) = 0.5 = 0.5(v; —v; +1) =

v}y, 0,4,k =1,...,n, which means that R* = {r;‘j}jjzl is additively consistent according to (11.28).

In the opposite direction, let B = {?,;j};szl Ty = ( ool ) be a trapezoidal FAPCM-A and let

U’ l]’ ©]? 2]
n

R* = {r;‘j}ij:1 i € [r,rd] i, j = 1,...,n, be an APCM-A additively consistent according to Definition 9.

Then, from Proposition 2, it follows that there exists a vector v = (v, ... ,vn)T, lvi —vj] < 1,4, =1,...,n,
such that r; = 0.5(v; —v; +1),i,5 = 1,...,n. Because, r}; € [rf,r);],i,j = 1,...,n, then clearly (IV.123)

holds. O

170 150
ri”j,rfj) , is additively weakly consistent if and only if there exists an additively consistent APCM-A R* =

{rfj}jj: | such that r3; € [res,r0;] . This consistency condition is quite easy to reach. That is why the con-

sistency according to Definition 59 is called weak. Later in this section, also a much stronger definition of
additive consistency for trapezoidal FAPCMs-A will be given.

Remark 20. According to Proposition 13 and its proof, a trapezoidal FAPCM-A R = {73;}7,_, ,7i; = (r‘.’. o

Definition 59 of additive weak consistency satisfies two desirable properties - invariance under permutation
of objects and additive reciprocity of PCs in interval FAPCMs-A.

Theorem 47. Definition 59 of additive weak consistency is invariant under permutation of objects in trapezoidal
FAPCMs-A.

Proof. There exists a priority vector v = (vq,...,v,)T, |v; —vj| < 1,14, = 1,...,n, such that the inequality

ry < 0.5(v; —v; +1) < rfj is required to hold for every single PC 7;; = (r%,rfj,rzj,rfj) in an additively

consistent trapezoidal FAPCM-A R = {7;;}""._., . By permuting the FAPCM-A R to R™ = PRPT the original

i,j=1"
PC 7;; in the i—th row and in the j—th column of R is moved to the (i)—th row and to the = (j)—th column of
the permuted trapezoidal FAPCM-A R™ as rﬂ( but still keeping 7;; = ﬁ(z)ﬂ(j), i,j =1,...,n. Thus, there

exists a vector v™ = (v7,...,v")T, obtained by permutlng the vector v, i.e. v™ = Pu, with the components
satisfying the |nequaI|t|es ri® < 0.5(vf —of +1) <7 as well as the normaltzatlon cond|t|on [vf —vf| < 1for
everyi,j=1,...,n. O

Theorem 48. Definition 59 of additive weak consistency does not violate the additive reciprocity of PCs
in a trapezoidal FAPCM-A R = {r”}i)j:1 Ty = (7’”,7””,7’7],7"33) in the sense that any fixed value r;; €
[r%,r%],@ Jj € {1,...,n}, representing the intensity of preference of object o; over object o; is associated
with the corresponding value r;; € [r¢, representing the intensity of preference of object o; over object o;
such thatrj, =1 —r;;

ji» ]L]

Proof. The existence of the priority vector v = (ul, ...,v,) 7T satisfying the inequalities (IV.123) means that there
exists an APCM-A R = {ru}” 1 Tij € [y, ”] such that ri; = 0.5(v; —vj +1),i,j = 1,...,n. Ris additively
reciprocal from the definition, i.e. every PC r;; is associated with the PC r;; such that r;; =1 — r;;. O

Remark 21. Note that Theorem 48 does not simply state that a FAPCM-A R = {Fij};‘_jzl additively weakly
consistent according to Definition 59 is additively reciprocal, i.e. rj; = 1 —7;,4,7 =1,... ,n. The validity of this
property automatically follows from Definition 52 of a FAPCM; every FAPCM is additively reciprocal, and thus,
also a FAPCM-A that is additively weakly consistent according to Definition 59 is additively reciprocal.

As explained on p. 94, the extension of the additive-reciprocity property from APCMs to FAPCMs does
not concern only the “simple” additive reciprocity of the related fuzzy PCs r;; and r;; in the sense thatv;; =
1 —-7i,4,5 = 1,...,n. The conception of the additive reciprocity becomes more complex for FAPCMs. In
particular, every poss:b/e intensity of preference r}; € r;; of ob/ect o; over object oj is associated mseparably
with the corresponding possible intensity of preference r; € Ty such thatry, = 1 —r;; since both r}; and
r;; have to express the same preference information about the objects o; and o;. Theorem 48 states that
Definition 59 is in accordance with this conception of additive reciprocity, i.e. that only additively reciprocal PCs
are involved in Definition 59 of additive weak consistency.
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The following theorems provide useful tools for verifying additive weak consistency of trapezoidal FAPCMs-
A

Theorem 49. A trapezoidal FAPCM-A R = {7;}7,_, ,7i; = (rw, il w) is additively weakly consistent
according to Definition 59 if and only if

max {T,kJerj —05} < mln {rlkJrrk] —05} i,7=1,...,n. (IV.124)

..........

Proof. From the inequalities (IV.123), it follows that 5, < 0.5(v; —vx +1) <3, and rg; < 0.5(vk —v;+1) <.
Thus, forevery k € {1,...,n}:

ey <050 —vp + 1) +0.5(v, — v + 1) < 417

. +re; — 0.5 < 05(v; — v+ 1) <l +rp,; — 0.5

From this we obtain

k{rllax {r1k+rkj—05}<05 -—vj—i—l)gkinllin {Tfk+r2j—0.5},

and thus (IV.124) holds forevery i,j =1,...,n
In the opposite direction, let (IV.124) hold. Then, for every i, 5,k € {1,...,n} :

@ « o : 4 0 0
iy S max {rfe+ri; — 05} < poin {ric + 3, — 0.5} < 7).

Thus, forevery i, 5,k € {1,...,n}:

5 5
Ir}; € kil%axn {ri. +ri; — 0.5}, mm . {rin +15; — 0.5} C [, 3]

.....

AJr}y € [T?k,rfk] A3Jrg; € [rgj,rgj] vl =1 + gy — 0.5,

This means that R* = {r;‘j}?jzl is an APCM-A. Thus, according to Proposition 2, there exists a vector
v=(v1,...,00)7, Jo;—vj| < 1,i,5 =1,...,n,suchthat r}; = 0.5(v; —v;+1). Since r}; € [r,rd],i,j = 1,.
we obtain the inequality (IV.123). D

The following theorem shows that it is sufficient to verify the inequality (IV.124) only fori, =1,...,n, i < j,
thus saving half of the computations.

Theorem 50. A trapezoidal FAPCM-A R = {Fis ¥ty Tig = (7“”, el ”> is additively weakly consistent
according to Definition 59 if and only if

X . ) 5 .. . .
pmax {ric +r; — 0.5} < poin {rix + 72, — 0.5}, h,j=1,...,n,i<j. (IV.125)
Proof. It is sufficient to show that the validity of inequalities (IV.125) fori,j = 1,....n, i < j, implies automati-

cally their validity for all 7,5 = 1,...,n, i.e. the validity of (IV.124). The validity of inequalities (1V.124) for : = j
is trivial from the definition of trapezoidal FAPCMs-A since

max {ri, + 7 — 05}— max {r7k+177" —05} <05<

.....

krrlun {rm—i—l—r 05}— mln {rlk—l—r,ﬂ—05}

Further, for ¢ > j, by using (IV.125) and the add|t|ve-re0|pr00|ty properties, we obtain

max {rf‘k—i—r,w 05}— max {1—7“,“—&-1—7” 05}—

l—kmln {rk+rkl—05}<1— max {rk+7‘kt—05}—

1,...,

k}rllin {171+rk] 1+rk+05}f IIllIl {rk+rk] 0.5}.

.....
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Remark 22. An alternative definition of additive weak consistency to Definition 59 might be formulated as
follows.
Let R = {7iy}",_, .7y = (r“ B ) be a trapezoidal FAPCM-A. R is said to be additively weakly

ig> Tigr Tigo Tij
consistent if there exists a vectorv = (vy,...,v,)7, |v; —v;| <1, i,j =1,...,n, such that

ry S05(0 —vj+1) <7 i,j=1,...,n. (IV.126)

.
’Lj’
Notice that this definition is stronger than Definition 59. In fact, every trapezoidal FAPCM-A additively
weakly consistent according to this definition is also additively weakly consistent according to Definition 59
since (IV.126) automatically implies (IV.123).
All theorems regarding FAPCMs-A additively weakly consistent according to Definition 59 formulated above
can be easrly reformulated for FAPCMs-A additively weakly consistent according to this definition; it is sufficient

to consider r? r; andr; instead of rf; and o > respectively, where appropriate.

In the following definition, a stronger version of additive consistency for trapezoidal FAPCMs-A is formulated.

Definition 60. Let R = {7;;}],_, ,7i; = (r o) ) be a trapezoidal FAPCM-A. R is said to be additively

10 Ligo tig 1]
consistent if for each triplet (i, j, k) C {1,...,n} the following holds:

Vr; € [r”, ZJ] Irix € [ Zk,r?k] A3Jry; € [rgj,rgj] DTy =Tk + TRy — 0.5, (IV.127)

Vi € [rfor] 3 € [P ri] A3y € [l ] - v =i+ g - 05, (IV.128)

Remark 23. Definition 60 is a natural fuzzy extension of Definition 9 of additive consistency proposed by
Tanino (1984). According to this definition, for any possible valuer;; € r;;,4,5 € {1,...,n}, there exist possible
values ry, € 7, and ry; € T,k € {1,...,n}, such that they satisfy the additive-transitivity property (11.28).
Analogously, for any possible value r;; € Core7;;,i,5 € {1,...,n}, there exist possible values r;;, € Core 7
andry; € Corery,,k € {1,...,n}, such that they satisfy (11.28). Clearly, in comparison to the additive weak
consistency given by Definition 59, the additive consistency given by Definition 60 is very strong.

Unlike Definitions 56 and 58 of additively consistent interval FAPCMs-A proposed by Liu et al. (2012a)
and Xu et al. (2014a), respectively, new Definition 60 is invariant under permutation of objects compared in
FAPCMs-A.

Theorem 51. Definition 60 of additive consistency is invariant under permutation of objects in trapezoidal
FAPCMs-A.

Proof. For a trapezoidal FAPCM-A R = {ﬁj}zjzl \Tij = (rm,rg,ﬁ], ”) additively consistent according to
Definition 60, the conditions (I1V.127) and (1V.128) are satisfied for every triplet (¢, j, k) C {1,...,n}. By permut-
ing the FAPCM-A R to R™ = PRPT, the original PC 7;; in the i—th row and in the j—th column of R moves
to the 7 (i)—th row and to the = (j)—th column of R™ preserving 7™ riyn() = = r;;. Thus, by permuting R, also the

validity of the conditions (IV.127) and (I1V.128) is preserved, i.e.

T Ta .m0 TQ 7] . T T T
VTl-j S ['I’]Z s Z] ] El’fzk S [ Tik > ’Lk‘} /\HTk] [7]@‘] ,T'kj} : 71;]- =Tk +7kj 705,

Vrfj € {T;{B’ Tij } Iriy, € [ Zrkﬂ> zk] A 37%3 {kaﬂ“;:ﬂ :Tfj =r +7°7ij — 0.5,

for every triplet (i, 5,k) € {1,...,n}. Thus, R™ is additively consistent according to Definition 60. O

Further, unlike Definition 57 of additively consistent interval FAPCMs-A proposed by Wang and Li (2012),
and the equivalent conditions derived by Wang (2014), Definition 60 does not violate the additive reciprocity of
PCs.

Theorem 52. Definition 60 of additive consistency preserves the additive reciprocity of PCs in trapezoidal
FAPCMs-A in the sense that any fixed value r;; € [r;, lj], ,j € {1,...,n}, representing the intensity of
preference of object o; over object o; is associated with the correspond/ng value Tji €[5 jl] representing the
intensity of preference of object o; over object o; such thatrj; =1 —ry;.

Proof. It is sufficient to show that expressions (1V.127) and (IV.128) do not violate the additive-reciprocity prop-
erty in the sense that when two particular intensities of preference r;; € 7;; and rj; € 7;; on the pair of objects
o; and o; are considered at the same time in the expressions (IV.127) and (IV.128), then they are such that
Tji =1- 7"7;j.
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For a triplet (4, j, k) C {1,...,n}, i # j # k, no reciprocals appear in the expression r;; = r;; + ry; — 0.5 for
any r;; € [r, U] Fori=j= k the expression (1V.127) reduces to: Vr;; = 0.5 3rf; = 0.5 A 3rj* = 0.5: 0.5 =
0.5 + 0.5 — 0.5, which again does not violate the additive reciprocity. Further, for i £ j = k, the expression
(IV.127) is as: Vry; € [re, 78] 3ry; € [rey,rd] ATrj; = 0.5 rij =77 + 0.5 — 0.5. This means that r}; = r;; and,
therefore, the additive reC|pr00|ty is not violated. For i = k # j the proof is analogous. Finally, for i = j # k,
the expression (IV.127) is as:

Vri; = 0.5 3y € [ri, rfk.] A3ry, € [rkl,rm] 0.5 =ri +r5; — 0.5.

This means that r;;, = 1 — r, and, thus, the additive reciprocity is again preserved.
The proof for the expression (1V.128) is analogous. O

Remark 24. Similarly to Theorem 48, also Theorem 52 does not simply state that a FAPCM-A R = {7i; }ijl
additively consistent according to Definition 60 is additively reciprocal since this property automatically follows
from Definition 52 of a FAPCM. Theorem 52 states that Definition 60 is in accordance with the conception
of additive reciprocity discussed on p. 94, i.e. only additively reciprocal PCs are involved in Definition 60 of
additive consistency. For more details, see Remark 21.

By handling properly the additive-reciprocity property of PCs, Theorem 3 can be easily extended to trape-
zoidal FAPCMs-A as follows.

Theorem 53. For a trapezoidal FAPCM-A R = {7 Yijr o Tij = (rl . rf] NG ”) the following statements are
equivalent:

(i) R is additively consistent according to Definition 60.

(i) Foreveryi,j,k=1,...,n

4 s
Vryg € [rf ] 3k € [rfirfe] A Bk € [rf ] s i i =T+ g + iy
Tijzl_rjh 7"jkzl_T'kjy Tei=1—"7i. (|V.129)

Vrije{ ﬁj, U} Jrjr € |7 { jﬁk,r;k] A Jry; € {rfi,rm: Tij Tk +TRi =Tik T 754,

Tij = 1-— Tjiy Tjkzl—’/‘kj, ’I“]ﬂ‘:1—’l“ik. (|V130)
(iii) Foreveryi,jk=1,...,n

3
Vry; € [ Tiis ”] Irj, € [ ;”k,rgk} A Jrg; € [r%,r,‘zi] ST Tk TR = 3 (IV.131)
v NSAE Do | A3 Tl =2 IV.132

Tij € [T”, U:| Tk € [ ]k’rjk} A drg; € |:rki7rki] 1T Tk TR = 5 (IV. )

Proof. From the additive-reciprocity property 7;; = 1 —7;;,i,j = 1,...,n, it follows that Vr;; € [r®, s ”] Irj €
[7"?{77’?1'] i1y =1—r;,and Vry; € [TZ, ”} Irj; € {rfi,r;-yi} (T =1 — 1.

(a) First, let us show that the statements (i) and (iii) are equivalent. Because of the reciprocity property,
(IV.127) can be equivalently written as

V’I“ij S [ Tijs ”] HTJk S [ ;'Xk,T?k} A dry; € [r,‘ji,r,‘ii] tTiy = (1 — T]“‘) + (1 — Tjk) + 0.5,
which is equivalent to (IV.131). Analogously, the equivalence of (IV.128) and (IV.132) is proved.

(b) Now, let us show that the statements (ii) and (iii) are equivalent. Because of the reciprocity property,
(IV.129) can be equivalently written as

Vrj € [ Tiis ”] drji € [ jo-‘k,r?k] Adrg; € [r?im,‘zi] :

rij + ik R = (1= ki) + (1= rje) + (1= 1r45),
which is equivalent to (IV.131). Analogously, the equivalence of (IV.130) and (IV.132) is proved.

The following theorems give us useful tools for verifying additive consistency of trapezoidal FAPCMs-A.

99



Theorem 54. A trapezoidal FAPCM-A R = {ﬁj}zjzl JTij = (r”, rﬁ,rjj, ”> is additively consistent according
to Definition 60 if and only if the inequalities

i > Tip + 1 — 0.5, Tfj <rd + T,‘ij —0.5, (IV.133)
D T S i S+l — 0.5 (IV.134)
ij = ik T 75 = 09, S Ty + 75 — 00, :

hold foreveryi,j,k=1,....,n, i < j, k#1,j.

Proof. ltis sufficient to demonstrate the equivalence of the expressions (1V.133) and (1V.127). The demonstra-
tion of the equivalence of (1V.134) and (IV.128) is analogous.

First, let us demonstrate that when the inequalities (IV.133) hold for every i,5,k = 1,...,n,i < j, k # i, ],
then they hold for every i, j,k = 1,...,n. The inequalities (IV.133) are always satisfied for i, j,k = 1,...,n such
thati=j#k,ori#£j=k,orj#£k=1i,0ri=j=k:

e 4t —05=05—(rd —r3) <05 =1 0 410, —05=05+(rd —r%) > 0.5=17,
T i —05=r7, T;-Sj—&—r —0.5= ”,
Tt T = 05—7“U, Tfi—kr —()5—7’137
e+ re —05=05=r2 rl+7r5—05=05=r.
Further, when the inequalities (IV.133) are satisfied for i,5,k = 1,...,n, i < j, k # 14,7, then they are
satisfied also for j, i,k =1,...,n, j >4, k#14,j:

PO —05=1—r) +1—rp; —05=1—(rd +r); —05) <1—r =r,

P 1 —05=1—73 +1—70 —05=1—(r% +r2 —0.5) >1—7r% =19,
ik ki ik kj ik J J J

To finalize the proof, it is sufficient to show that the inequalities (IV.133) are equivalent to the condition
(IV.127) for every 4,5,k = 1,...,n. First, let R be a trapezoidal FAPCM-A additively consistent according to

Definition 60. Then for r; := % Jri, € [re,, v AJri; € [r,‘g‘j,r,‘zj} 9 =i+ 1y — 0.5. Since i > i, ey >
ri;, then clearly r¢y > i + rﬂ 0.5. Analogously, for r; := rf; Irix € [ri, 5] A Jry; € {r,‘jﬁr;ij} DT =
rik + r; — 0.5. Since riy < rdy, iy < rp;, then clearly rf; <1 +rkj —0.5.

ij — ik
Second, let (IV.133) be valid for a trapezoidal FAPCM-A R. From inequalities (IV.133) we get Vr;; €
[res,rd] s v+ e — 0.5 < iy <rd 47, — 0.5 and, therefore, (1V.127) is satisfied. O

Theorem 55. A trapezoidal FAPCM-A R= {?,-j}zjzl JTij = ( s rlﬁj,r:’?, ”> is additively consistent according
to Definition 60 if and only if

> max {ra. + Thi — 0.5}, rfj < k:nlnnn {rfk + T;ij - 0.5} , (IV.135)
k#i,j k#i j’
B B B ;
iz max {rhorn-0sh, < min {1, 40— 05}, (V.136)
k#1,j k#i,j

hold foreveryi,j=1,...,n, i < j.
Proof. The inequatilies (IV.135) and (IV.136) follow immediately from Theorem 54. O

In the following example, Definition 60 of additive consistency is confronted with Definitions 56, 57, and
58. In particular, it is demonstrated how the drawbacks regarding the dependence of Definitions 56 and 58
on permutation of objects and violation of the additive-reciprocity property in Definition 57 are removed by
Definition 60.

Example 49. Let us examine the interval FAPCM-A given by (IV.114). In Example 46, it was demonstrated
that Definition 56 is not invariant under permutation of objects since the interval FAPCM-A (1V.114) is judged
as additively consistent while its permutation (IV.116) is judged as additively inconsistent.

Similarly, the interval FAPCM-A (1V.114) is judged additively consistent also according to Definition 58 since
the expression (IV.120) is valid fori = 1,j = 2,k = 3 : [0.6,0.7] + [0.7,0.8] = [0.8, 1] + [0.5, 0.5]. The permuted
interval FAPCM-A (1V.116) is, however, judged as additively inconsistent since the expression (IV.120) is not
valid: [0,0.2] + [0.6,0.7] # [0.2,0.3] + [0.5,0.5].
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Table 1V.8: Inequality conditions (IV.133) for the interval FAPCM-A (1V.114).

1< g riLeriLk—&—r,gj—O.lS rggr%—i—r,gj—o.f)
1,2: 06>08402—-05] 07<1403-0.5
1,3: 0.8>064+07—-0.5 1<0.7+08—-0.5
2,3: 0.7>034+08—-05] 08<04+4+1-0.5

Table 1V.9: Inequality conditions (1V.133) for the permuted interval FAPCM-A (I1V.116).

i< rZLerﬁc—ﬁ—réj—Oﬁ r%gr%-ﬁ-rgj—o.f)
1,2: 0>024+03-05 |]02<03+04-0.5
1,3: 02>04+06—-05 | 03<0240.7-0.5
2,3: 06>08+02—-05| 07<1+03-0.5

Now let us apply Definition 60 to the interval FAPCM-A (1V.114). By using Theorem 54, the interval FAPCM-
A (IV.114) is judged additively consistent since it satisfies the inequalities (IV.133); see Tab. I1V.8. Also the
permuted interval FAPCM-A (IV.116) satisfies the inequalities (IV.133); see Tab. IV.9. Therefore, it is again
judged as additively consistent. Moreover, from Theorem 51 it follows that any permutation of the interval
FAPCM-A (IV.114) is additively consistent.

In Example 47, it was demonstrated that Definition 57 violates the additive reciprocity of PCs. According
to Theorem 52, the additive-reciprocity property is preserved in new Definition 60. This basically means that
by taking any value from any interval PC in the interval FAPCM-A (IV.114), there exist values in the remaining
interval PCs such that they form an additively consistent APCM-A. Let us examine the triplet: =1,j =2,k =3
of indices and let us consider the value r12 = 0.65 € [0.6,0.7]. Then, according to (IV.127), there exist values
ri3 € [0.8,1] and r32 € [0.2,0.3] such that 0.65 = r15 + r32 — 0.5. It is, for example, r13 = 0.9,7r32 = 0.25. The
additive reciprocity is clearly not violated. More interestingly, let us consider the tripleti = 1,5 = 1,k = 2.
Then, according to (IV.127), there exist values r12 € [0.6,0.7] and r2; € [0.3,0.4] such that 0.5 = 115 + 72, — 0.5.
This equality is satisfied by any value r;» € [0.6,0.7] and the corresponding value ro; € [0.3,0.4] such that
ro1 = 1 — r19, Which again preserves the additive reciprocity. A

In the rest of this section, some interesting properties of additively weakly consistent and additively consis-
tent trapezoidal FAPCMs-A are examined. The following theorem shows the relation between Definition 60 of
additive consistency and Definition 59 of additive weak consistency.

Theorem 56. Let i = {7;}",_, .7y = (r;;., i, rfj) , be a trapezoidal FAPCM-A. If R = {7,;}!_, is addi-
tively consistent according to Definition 60, then it is also additively weakly consistent according to Definition
59.

Proof. The statement follows immediately from Theorem 55. In particular, the inequality (IV.125) is obtained
immediately from the inequalities (1V.135). O

Remark 25. According to Theorem 56, when a trapezoidal FAPCM-A is additively consistent according to
Definition 60, then it is also automatically additively weakly consistent according to Definition 59. However,
this does not hold true the other way around. Clearly, the definition of additive weak consistency is much
weaker then the definition of additive consistency; it only requires existence of one crisp additively consistent
APCM-A obtainable by combining particular elements from the closures of the supports of the trapezoidal
fuzzy numbers in the trapezoidal FAPCM-A. Thus, the set of all trapezoidal FAPCMs-A additively consistent
according to Definition 60 is a proper subset of the set of all trapezoidal FAPCMs-A additively weakly consistent
according to Definition 59.

Example 50. Let us examine additive consistency and additive weak consistency of the trapezoidal FAPCM-A
0.5 (0.5,0.6,0.65,0.7)(0.7,0.8,0.9,0.95)(0.85,0.9,0.95, 1)
(0.3,0.35,0.4,0.5) 0.5 (0.6,0.65,0.7,0.7) (0.6,0.7,0.8,0.9)

(0.05,0.1,0.2,0.3)(0.3,0.3,0.35,0.4) 0.5 (0.5,0.55.0.6,0.7)
(0,0.05,0.1,0.15) (0.1,0.2,0.3,0.4) (0.3,0.4,0.45,0.5) 0.5

R= (IV.137)
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Table 1V.10: Condition (1V.125) for the trapezoidal FAPCM-A (1V.137).

i<i: o || max {rgk +rp - 0.5} < min {rfk +rf, - 0.5}
1.2 max {0.5,0.5,0.45,045) < min{0.7,0.7,0.8,0.9]
1,3: max {0.7,0.6,0.7,0.65} < min{0.9,0.95,0.9,1}
1,4 max {0.85,0.6,0.7,0.85} < min{1,1.1,1.1,1}

2,3 max {0.5,0.6,0.6,04} < min{0.9,0.75,0.75,0.9}
2.4 max {0.65,0.6,0.6,0.6) < min{1,0.9,0.95,0.9}
3.4 max {0.45,0.35,0.5,0.5) < min{0.8,0.8,0.7,0.7}

Let us, for example, use Theorem 54 to verify the additive consistency of R. We find out that R is not additively
consistent because it violates the inequalities (IV.133) and (IV.134); for example, 705 = 0.95 £ 7y +73; — 0.5 =
0.9.

Even though R is not additively consistent, it can still be at least additively weakly consistent. Let us verify
that by using Theorem 50. According to Tab. V.10, the condition (IV.125) is satisfied, and thus R is additively
weakly consistent.

A vector satisfying the inequalities (IV.123) in Definition 59 is, for example, v = (1.45,1.25,0.85,0.45)7. The
corresponding APCM-A R* is in the form

05 06 08 1

04 05 0.7 09
B=102 03 05 07 | (IV.138)

0 01 03 0.5

AN

Theorem 57. Let R be a trapezoidal FAPCM-A additively weakly consistent according to Definition 59. The
trapezoidal FAPCM-A R* constructed from R by eliminating the [-th row and the I-th column, i € {1,...,n},is
again additively weakly consistent.

Proof. For R, the inequalities (IV.123) are valid for every i,j = 1,...,n. After eliminating the I-th row and the
I-th column of R, (IV.123) is still valid for every remaining i, j € {1,...,n}\ {l} . Therefore, the new trapezoidal
FAPCM-A R* is still additively weakly consistent. O

The same holds also for additively consistent trapezoidal FAPCMs-A.

Theorem 58. Let R be a trapezoidal FAPCM-A additively weakly consistent according to Definition 60. The
trapezoidal FAPCM-A R* constructed from R by eliminating the -th row and the i-th column, ! € {1,...,n}, is
again additively consistent.

Proof. For R, the inequalities (IV.127) and (1V.128) are valid for every i,j,k = 1,...,n. After eliminating the
I-th row and the I-th column of R, (IV.127) and (1V.128) is still valid for every remaining 4, j,k € {1,...,n}\ {i}.
Therefore, the new trapezoidal FAPCM-A R* is additively consistent. O

Remark 26. Theorems 57 and 58 are useful in situations when the set of objects compared pairwisely is being
reduced. According to the theorems, elimination of one or more objects has no impact on the additive or
additive weak consistency of fuzzy PCs of the remaining objects.

The following theorems provide some results regarding aggregation of additively and additively weakly con-
sistent trapezoidal FAPCMs-A into one trapezoidal FAPCM-A, which are particularly useful in group decision
making.

Theorem 59. Let R' = {ThY, T = (r}ﬁ,rif,r}],r}f) , and R% = T T = (Tffvrff#ff,r?f) ;
be trapezoidal FAPCMs-A additively weakly consistent according to Definition 59. Then R = {E-j}zj:l T =

§
(T%, rfj,rzj, rij> , such that

« la 2ce B _ 18 283
Ty = €Ty + (lfe)rij R Ty = €Ty + (176)7’17» s
S N b 2y 5 _ .16 26
Ty = €Ty + (1—e)rij R Ti; = €Ty + (1—6)7‘

is an additively weakly consistent trapezoidal FAPCM-A for any € € [0, 1].
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Proof. First, let us show that R is a trapezoidal FAPCM-A. Fori =1,...,n we get
78 = eri® + (1—e)r¥® = 0.5¢ + 0.5(1—¢) = 0.5,
7S =erld + (1—e)r?? = 0.5¢ + 0.5(1—¢) = 0.5.

Similarly, r =0.5,r; = 0.5, and thus, 7;; = 0.5,i = 1,..., n. Further, for i # j we have
T = erilja + (1—6)7“1-2;1 =¢(l- rjlf) + (1—6)(1 - 7"]215) =1- [erm + (1—e¢) 3215} =1- r?l-,
rl = el (1= )r?) = (1 —r}¢) + (1_6)(1 —r2) =1—[erjf + (Q—e)rit] =175,

and analogously we obtain rj; = 1 — 17, 7], = 1 — 1, Therefore, 7; = 1 — 74, i, = 1,...,n. Finally,

VERREY

re = eri+ (1—e)ri*>e-04(1—€)-0=0

i i
rfj = erilf +(1- 6)7‘25 =e+ (1—¢€) =1,

Le. [y, ;] € [0,1].
Second, let us show that R is additively weakly consistent. It is sufficient to prove inequalities (IV.125).
Since (IV.125) is valid for FAPCMs-A R! and R?, we obtain
jmax {ri +r7; — 0.5} =  max {er},? + (1—e)rd + er,i? + (1fe)rk] - 05} <

..........

kinax { Zk —I—Tk;?‘— }—l— | max { —€) Z,?—F?“,%?—O.E)]}S

min {e lk+rkj—05}—|— min {(1—¢) Z,f—i—r%‘;—Ob]}g

k=1,. =1,...n

. mln {erlk +(1—e)rZ + erkj + (1fe)rk] -05} = mm {le + Tk; - 05}

which proves the theorem. O

.....

Theorem 59 can be further extended to the aggregation of p > 2 additively weakly consistent trapezoidal
FAPCMs-A as follows.
Theorem 60. Let " = {i7,}" _ 77, = (17,17 i) ;7 = 1,....,p, be trapezoidal FAPCMs-A additively
weakly consistent according to Definition 59. Then R = {Ej}f ._, Such that

Tij = (mn’} i ”) (ZeT ri ,ZeT ri) ,ZeT ri; ,ZeT ) (IV.139)

is an additively weakly consistent trapezoidal FAPCM-A for any e, € [0,1],7 =1,...,p, with>?_ e, = 1.
Proof. The proof is analogous to the proof of Theorem 59. O

Similar theorems are formulated also for additively consistent trapezoidal FAPCMs-A.
Theorem 61. Let R = {7} }” G T = (r a plB 1 ) and R? = {ﬁj}" 72 = (r%a 2B 2y r?5>,be

ZJ’U’U’U i,j=17"1%) ey gy

trapezoidal FAPCMs-A additively consistent according to Definition 60. ThenR = {rw}” 1T = (r.a. B ré,) ,

130450 Nagr g

such that
a la 1 2c B 18 1 28
e = erjf _|_( _E)Tij , Ty = €Ty +( — ) TiE s
vy 1 2y
rij = E'f‘ij’-y + (1—6)7’7J s 7”;5] = 67"15 + (]. E) ?js,

is an additively consistent trapezoidal FAPCM-A for any e € [0, 1].

Proof. From Theorem 59, we already know that Risa trapezoidal FAPCM-A. Therefore, we only need to show
that R is additively consistent according to Definition 60.

_Itis sufficient to prove the inequalities (1V.133) and (1V.134). Since (IV.133) are valid for interval FAPCMs-A
R' and R?, we obtain

Tt — 05 = [erde + rie] + [erkj (1—e)ris ] - 0.5
= e(rig + 0.5) + (1—e)(r + 73 — 0.5)
< eril-o‘ + (1—6)7”2-2]{1 =75,
Pl =05 = [ + (1—epr] + [erkj 1—6)%} —0.5
=e(rld + 0.5) + (1—e)(rf) + 75 — 0.5)
6 5 5
> erl-lj + (1—6)7“% = 7).
Analogously, the validity of inequalities (1V.134) is proved. O
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Table 1V.11: Inequality conditions (IV.135) for the interval FAPCM-A (1V.140).

1<j: Ty = max {rﬁc—f—r,‘jj—O.S} rfj < kmlzn { lk—H'k]—O 5}
1,2: 0.5 > max{0.5,0.4} 0.6 < min{0.7,0.7}
1,3: 0.6 > max{0.5,0.5} 0.7 < min{0.7,0.75}
1,4: 0.7 > max{0.65,0.7} 0.85 < min{0.9,0.9}
2,3: 0.5 > max{0.5,0.45} 0.6 < min{0.7,0.7}
2,4 0.65 > max{0.6,0.6} 0.8 < min{0.85,0.8}
3,4 0.6 > max{0.5,0.55} 0.7 < min{0.75,0.8)

Theorem 61 can be further extended to the aggregation of p > 2 additively consistent interval FAPCMs-A
as follows.

Theorem 62. Let i = {7,}" _ 77, = (177,177 ) .7 = 1,....p, be trapezoidal FAPCMs-A additively

i,j= 1’” LV B ¥ B}
consistent according to Definition 60. Then R = {E-j}zj:l such that

Tij = (r2]7T'L]7 1]7 1]) (ZGT zj 7267' z] 7267 1] 7267' )7

is an additively consistent trapezoidal FAPCM-A for any e, € [0,1], 7 =1,...,p, with> " _ e, = 1.
Proof. The proof is analogous to the proof of Theorem 61. O

Example 51. Let us assume that two DMs m, and m, compared pairwisely four objects in interval FAPCMs-A
R! and R?, respectively, as follows:

0.5 0.5,0.6] [0.6,0.7] [0.7,0.85]

_ [0.4,0.5] 05  [0.5,0.6] [0.65,0.8]

B=1 0304 [0405 05 [0607 | (IV.140)

[0.15,0.3] [0.2,0.35] [0.3,0.4] 0.5

0.5 (0.5,0.6] [0.55,0.7]  [0.8,1]
| 0409 05 0.55,0.65] [0.7,0.9] (V.141)
| [0.3,0.45] [0.35,0.45] 0.5 0.6,0.8] |- '
(0,02  [0.1,0.3]  [0.2,0.4] 0.5

First, let us verify their additive consistency by applying Theorem 55. From Tab. IV.11 we see that the
inequality conditions (1V.135) are satisfied for the interval FAPCM-A R!. Therefore, R! is additively consistent
according to Definition 60. Additive consistency of the interval FAPCM-A R? is verified in an analogous way.

Because the interval FAPCMs-A R! and R? are additively consistent according to Definition 60, then, based
on Theorem 56, they are also additively weakly consistent according to Definition 59. B

Let us now aggregate the interval FAPCMs-A (1V.140) and (IV.141) into one interval FAPCM-A R represent-
ing the preferences of both DMs. Let us use the formula (1V.139) with the importance of the DM m; given as
€1 = 0.4 and the importance of the DM m given as e; = 0.6, €1 + ¢2 = 1. The resulting interval FAPCM-A R is
in the form

0.5 05,06 [0.57,0.7] [0.76,0.94]

N [0.4,0.5] 0.5  [0.53,0.63] [0.68,0.86]

B=1 103,043 [037,0471 05  [0.6,076 |- (IV.142)
0.06,0.24] [0.14,0.32]  [0.24,0.4] 0.5

According to Theorem 55, the interval FAPCM-A (IV.142) is again additively consistent (the reader can again
verify that the inequalities (IV.135) are satisfied). Further, based on Theorem 586, it is also additively weakly
consistent. A

4.3.2.2 Deriving priorities from FAPCMs-A

In this section, the focus is put on methods for obtaining fuzzy priorities of objects from FAPCMs-A. The
notation ¥ = (v1,...,0,)7,0; = (v& o v v?),i = 1,...,n, will be used hereafter to represent exclusively a

17131’1

fuzzy priority vector associated with a FAPCM-A.
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In the literature, various methods have been proposed to obtain interval priorities from interval FAPCMs-A.
Most of these methods are based on linear programming models rather than on interval arithmetic. Xu (2007a)
and Xu and Chen (2008a) proposed linear programming models for obtaining interval priorities of objects from
interval FAPCMs-A additively consistent according to Definition 55. The solution of the models is a set of
priority vectors satisfying the inequalities (1V.108) and the normalization condition (IV.110). Further, Xu and
Chen (2008a) proposed a modification of these linear programming models to obtain interval priorities also
from additively inconsistent interval FAPCMs-A. The modification is based on introducing a set of deviation
variables relaxing the inequalities (IV.108). However, as already mentioned in Section 2.3.2.2, the normal-
ization condition (IV.110) is not compatible with Tanino’s characterization (11.32). Similar linear programming
models for obtaining interval priorities from interval FAPCMs-A were proposed by Wang and Li (2012). How-
ever, they again employed the inappropriate normalization condition (1V.110) in their models. Hu et al. (2014)
later proposed a modification of the linear programming models introduced by Xu and Chen (2008a) by replac-
ing Tanino’s characterization with the characterization (11.46), and Xu et al. (2014b) generalized the models by
adding a parameter into the characterization. Wang et al. (2012) introduced linear programming models for
obtaining interval priorities using a particular characterization based on logarithms.

The number of papers proposing linear programming models based on Tanino’s characterization (11.32) or
on alternative characterizations is extensive. Nevertheless, the focus of this thesis is put only on the methods
based on applying fuzzy arithmetic to the fuzzy extension of Tanino’s characterization.

From Section 2.3.2.2, we know that the only appropriate formula (up to addition of a constant) for obtaining
priorities from APCMs-A, compatible with Tanino’s characterization (11.32) is the formula (11.36). So far, | have
not encountered any research paper dealing with the fuzzy extension of this formula to FAPCMs-A by applying
fuzzy arithmetic. As far as | am aware, the only approach for obtaining interval priorities from interval FAPCMs-
A based on interval arithmetic is the approach proposed by Liu et al. (2012a).

Liu et al. (2012a) proposed to transform an interval FAPCM-A into an interval FMPCM and then to compute
interval priorities by using the formulas (IV.90). Putting aside the fact that such interval priorities are not
invariant under permutation of objects, it is important to realize that priorities obtained in such a way do not
reflect the preference information in the interval FAPCMs-A by means of differences; they reflect, instead,
by means of ratios, the preference information contained in the corresponding interval FMPCMs. It is very
important to realize this difference. Nevertheless, Liu et al. (2012a) completely omitted this issue.

The necessity of distinguishing between these two types of priorities was emphasized by Krejci (2017b),
who proposed a method based on the constrained fuzzy arithmetic for obtaining “multiplicative” fuzzy priorities
from triangular FAPCMs-A. Note that the method for obtaining “multiplicative” fuzzy priorities proposed by
Krejci (2017b) is invariant under permutation of objects and preserves the additive reciprocity of PCs as it is
based on the formulas (1V.97)—(1V.100).

In this section, the fuzzy extension of the formula (I1.36) to FAPCMs-A is introduced and properties of
the new formulas are discussed. Further, it is demonstrated that the new formulas preserve two desirable
properties - additive reciprocity of PCs and invariance under permutation of objects.

We already know from Section 2.3.2.2 that the usual normalization condition (11.39), >" ,v; = 1, v; €
[0,1],# = 1,...,n, is not reachable for the priorities obtainable from APCMs-A. Thus, Fedrizzi and Brunelli
(2009) proposed the normalization condition (11.40), min;c 1, 3 v; = 0, v; € [0,1],4 = 1,...,n, for the priorities
obtainable from APCMs-A. However, as demonstrated in Section 2.3.2.2, when an APCM-A is not additively
consistent, reaching the property (11.40) is not guaranteed anymore. Therefore, the weakened normalization
condition (11.42), > | v; = 1, was introduced in Section 2.3.2.2 for the priorities obtainable from APCMs-A in
order to make an analogy to the normalization condition (I1.39) for the priorities obtainable from MPCMs and
from APCMs-M. In this section, the normalization condition (11.42) is extended to fuzzy priorities obtainable
from FAPCMs-A.

First, let us start with the fuzzy extension of the formulas (11.36) for obtaining non-normalized priorities
from APCMs-A. By applying constrained fuzzy arithmetic (111.45) to the formula (11.36), the representing values

of the fuzzy priorities v; = (v%vfg,v?,vf) ,i = 1,...,n, obtained from a FAPCM-A R = (T}l ) 7y =
(T?w T?jvrlj, 7“23-) , are given as:
2 o "pg € [154:Thal
of =mind =Y r vy =Ll—rep (IV.143)
"im p,g=1,...,n
B . 2 « Tpa € [qu,r;q] )
vp=ming 5 vy g =1=rgn (IV.144)
Jj=1 pg=1,...,n
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“Q

(IV.145)

B P
2 Tpq € [rpq’rpq] ’
gzrzﬁ Tpg = 1 —Tgp, )

j=1 p,g=1,....n

5

s 9 M Tog € [TpgsTha)

vi =max | — Zrij; Tpg =1 —Tgp, . (IV.146)
j=1 pg=1,...,n

Because the function optimized in the formulas (IV.143)—(1V.146) is increasing in all variables, the formulas
can be further simplified so that no optimization is needed:

2 n 2 n n
:HZT%’ vfzﬁ 4 rfj, UZ:% . 2], : Zr” (1V.147)
= j=1 j=1

Remark 27. It is worth to note that the elimination of the optimization problems in the formulas (IV.143)—(1V.146)
and their replacement by very simple formulas (IV.147) was possible to do only because the constraints of the
optimization problems have no effect on the optima; the additive-reciprocity condition r;; = 1 — r;; has no
influence since only the PCs from the i—th row of the FAPCM-A are present in the optimized function. Thus, in
this particular case, the formulas (IV.143)—1V.146) based on the constrained fuzzy arithmetic actually give the
same results as the formulas (IV.147) based on the standard fuzzy arithmetic.

Notice that also the formulas (IV.85) for computing fuzzy priorities from FMPCMs proposed by Buckley
(1985a) reviewed in Section 4.2.3.2 have this simple form. Also in this case the multiplicative-reciprocity
condition m;; = % would have no impact since only the PCs from the i—th row of the FMPCM are present in
the optimized function. Thus, the standard fuzzy arithmetic is sufficient here.

Usually, however, the formulas based on the constrained fuzzy arithmetic cannot be simplified to standard
fuzzy arithmetic by simply eliminating the constraints and thus avoiding solving an optimization problem; the
formulas (1V.91)—1V.94) for obtaining normalized fuzzy priorities from FMPCMs serve as an example.

There are interactions between the fuzzy priorities v;,7 = 1,...,n, obtained by formulas (IV.147). The
property (11.37) valid for the priorities obtained from an APCM-A by the formulas (11.36) is extended to the fuzzy
priorities as

VUi € Ti(a)y Vj € Vjaysd = Lyeumj £ic v +Zvj =n, (IV.148)

J#l
foralla € [0,1] and ¢ = 1,...,n. This interaction property will be formulated properly and proved later. First,
the following proposition is needed.

Proposition 14. The interaction property (IV.148) between the trapezoidal fuzzy numbersv; = (v o2 v} v") ,

10 Y10 Y Ve
i=1,...,n, is valid if and only if

v?+Zv§2n7 vf—ka}"Sn, vf-i—Zv;’zn, v?—&—vagn. (IV.149)
Jj= Jj= Jj= Jj=
J#i J#i J#i J#i
Proof. First, let us show that (IV148) implies (IV.149). For o = 0, it follows from (IV.148) that for v z €
{1,...,n}, Ju; € [of, J] =1 # i vd+> =1 v, =n. Becausev > vj, then clearly v + "7 111 >
J#i J#i
n. Similarly, for v$,i € {1,...,n}, Jv; € [v] ,Uj] j=1,...,n,5 #i:v)+ > j-1v; = n. Because v < g,
J#i
then clearly v¢ + >.7— 1v§ < n. Analogously, for a = 1, it follows from (IV.148) that for vf,i e {1,...,n},
J#i
Jv; € [vf,v]} J=1...,n7 # i: v + Y j—1v; = n. Because v7 > vj, then clearlyv + > 5= 11ﬂ > n.
J#i J#i
Similarly, for v}, € {1,...,n},3v; € [ 7, J j=1,...,n,j#i:v] +Y-1v; = n. Because v/ < v;, then

J#i
clearly v} + 37— 0] <n.
Gi
Now, let us show that (IV.149) implies (IV.148). From the inequalities v¢ + -1 v <nand vy +3 0 v‘5 >
J?ﬁ J#i
n, the inequalities v; + Y j=1 v$ < n and v; + Y j=1 0] > n follow Vo; € [vf,v¢] . Therefore, Jv; € [vf,v]] :
i i

7Y ]7_]

v; + >_j—1v; = n, which implies (1V.148) for & = 0. Analogously, from the inequalities v; + >"7— vﬁ < nand
J#i j#i
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v] + Yj=1v] > n, the inequalities v; + Y71 v < nand v; + Y =1 v] > n follow Yu; € {vﬁ v’ } Therefore,

J#i ! J#i J#i
Joy € [of,07] v+ tv; = n, which implies (IV.148) for o = 1.

The proof of the vaI|d|ty of (IV.148) for « €]0, 1] is analogous; it is sufficient to show that the inequalities
(IV.149) hold also for the a—cuts ;o) = {vf(a),vf{a)} of the trapezoidal fuzzy numbers 7; = (v, 07,07, v9), i.e.

7% Y Y
Vi) + Z%(a) Vita) + Z%(a) (IV.150)
J#Z J#Z
Then it is enough to take the a—cuts v;(4) = [vf(a),vg{a)} of v;,i = 1,...,n, for [v®,v?],i = 1,...,n, in the

above part of the proof.
Using the definition (l11.6) of a—cuts and formulas (1V.149), we have

n n
v%a) + Zij(a) =av] + (1 —a)vd + Z [owf +(1- a)vﬂ =

j=1 j=1
i i

n

o v;’Jerf +(1—a) |v +ZU <an+(l—a)n=n
j=1
J#i J#l

and analogously the inequality v% i) T ZJ ! vY > n could be demonstrated. O

J(e)

Now, by utilizing Proposition 14, we can formulate and prove the following theorem.

309 Y 0 Vi Ve

by formulas (IV.147). Then the property (IV.148) holds for all « € [0,1] andi=1,...,n

Theorem 63. Letv; = (v P Y v5> ,i =1,...,n, be trapezoidal fuzzy priorities obtained from a FAPCM-A

Proof. By utilizing Proposition 14, it is sufficient to show that the fuzzy priorities obtained by formulas (IV.147)
satisfy (IV.149).

RS I SRS P P zzwzzﬂ -

j=1 k=1 j=1" k=1 j=1k=1
i J#i J#i
2 2 (n—1)(n—2)
—10.5 -1) >— (0. -1)+—-— =
- n+(n +ZZW n<05n+(n )+ 5 n
L
J# iy

o+ 0 = ZTMZ ka— ZTWFZZ% -
=1 = =

7= j=1k=1
J#i J#i J#i

2 & (n—1)(n—2)
- 050+ (n—1)+>_ > 1% §<05n+(n—1)—|—2 =n
iz
J# iy
Validity of the remaining two inequalities is proved in an analogous way. O

The interaction property (IV.148) corresponds to the fact that, for any ¢ € {1,...,n}, and for any value
v; € Vi(a), @ € [0,1], there exist values v; € U;(4), j # i, such that they are all obtained by the formula (11.36)

from the same APCM-A R belonging to the FAPCM-A R. According to Proposition 3, these priorities are such
that > , v; = n. The following example is given to illustrate better this interaction property.
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Example 52. Let us consider the FAPCM-A

0.5 (0.6,0.7,0.8,0.9)  (0.8,0.9,0.9,1)
R= (0.1,0.2,0.3,0.4) 0.5 (0.5,0.6,0.7,0.8) | . (IV.151)
(0,0.1,0.1,0.2)  (0.2,0.3,0.4,0.5) 0.5
The fuzzy priorities of objects obtained by formulas (IV.147) are
19 21 22 24 11 13 15 17 7 9 10 12
=2, 2 ) =2 ) = =, o). IV.152
v (15’15’15’15)’ 2 (15’15’15’15)’“3 (15’15’15’15) ( )

Let us fix, for example, the upper boundary value v{ = 22 of 7; and let us show that there exist priorities v, € v,
and v3 € v3 such that all three priorities are obtained from the same APCM-A belonging to the FAPCM-A
(IV.151) and 27 v; = 3.

In order not to violate the additive reciprocity of the related PCs, v{ must have been obtained from the

matrix
05 09 1

0.1 05 .. (IV.153)

0 .. 05

since 2 (0.5+ 0.9+ 1) = 23 = v{. Notice that in order to obtain the priority v;,i € {1,...,n}, by formula (I1.36)
we do not need to know aII 'the PCs in the APCM-A; the PCs in the i—th row are sufficient. The possible values
v, vg Of the fuzzy priorities v,, 73 corresponding to the possible value v, are then obtainable from APCMs-A

0.5 0.9 1
01 05 = |, x €10.5,0.8],
0 1—z 05

in order to preserve the additive reciprocity of PCs. The sum of the priorities obtained from such matrices is
always equal to 3:

2
sz_ 01+05+m)+§(0+(1—x)+0.5):3

A

Let us now focus on the fuzzy extension of the weakened normalization condition (11.42) introduced in
Section 2.3.2.2 for the priorities obtainable from APCMs-A. By applying constrained fuzzy arithmetic (I11.45) to

the fuzzy extension of the formula (11.43), the normalized fuzzy priorities v; = (vz ,vf, v, vf) ,i=1,...,n,are
derived from a FAPCM-A R = {7}, _, ,7;j = (r AR ) as:

i3 igo Tigo 1]

c [7.04 7”6 ]
2 & n—l Tpq pq’ ' pgl>
= min - Z Tpg = 1 — Tgp, , (IV.154)
j=1 p.g=1,...,n
B v
2 n n—1 Tpq € [qu’rpq} ’
of =mind =Y iy - s g =g (IV.155)
Jj=1 p,g=1,...,n
2 & n—1 Tra €[TRl
vl =max =Y 1y = ——— Tpg =1 —rgp, : (IV.156)
Jj=1 p,g=1....n
« )
2 _1 Tpa € (a2 a)
of =max§ =S ry S e =1y, (IV.157)
j=1 p,gq=1,....n

Analogously as in the case of the formulas (1V.143)—(I1V.146), also the formulas (IV.154)—(IV.157) can be sim-
plified so that no optimization is needed:

=1 (IV.158)

72/[’13 n—la Uf:%Z’r‘fj—n_l
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The normalization property (11.44) valid for the priorities (11.43) obtained from an APCM-A is extended to the
fuzzy priorities (1V.158) as

V0; € Ti(a) 5 € Tj(aysd = 1,eumyj i vi+ Y v =1, (IV.159)
=
foralla € [0,1]and i = 1,...,n. Similarly to Proposition 14 and Theorem 63, the following properties are valid.

Proposition 15. The interaction property (IV.159) between the trapezoidal fuzzy numbers v; = (vZ ,vf, v, vf) ,
i=1,...,n,is valid if and only if

Z ‘752 v —I—Zv <1, vf ZU}ZL v3+2v§3§1, (IV.160)
3751 J#l JJ7='; ;;:

foralla € 0,1 andi=1,...,n

Proof. The proof is analogous to the proof of Proposition 14. O

R IR Rt ]

(IV.158). Then the property (IV.159) holds for all « € [0,1] andi =1,...,n
Proof. The proof is analogous to the proof of Theorem 63. O

Theorem 64. Letv; = (v ol o) v5> .t =1,...,n, be fuzzy priorities obtained from a FAPCM-A by formulas

Remark 28. The interaction property (IV.159) is in fact the interaction property (111.12) from Definition 29
of the normalized fuzzy vector. However, the fuzzy priorities obtainable from a FAPCM-A by the formulas
(IV.158) satisfying the property (IV.159) are not constrained to the interval [0,1] as it is required in Definition
29. Therefore, they are not normalized in the sense of Definition 29. Nevertheless, for the simplicity, they will
be called “normalized” here (keeping in mind the slight difference in the definitions).

Proposition 16. Letv; = (vz wf ,U; ,vf) .1 = 1,...,n, be normalized fuzzy priorities obtained by formulas
(IV.158). Then

—1<w <1, i=1,...,n. (IV.161)
Proof. Itis sufficient to prove inequalities —1 < v® and v? < 1,i = 1,...,n. The proof is analogous to the proof
of Proposition 5. O

Remark 29. As mentioned in Section 2.3.2.2, for an APCM-A, any vector derived from the priority vector
(I1.36) by adding an arbitrary constant, i.e. by the transformation (11.38), is again a priority vector. For the
case of FAPCMs-A, the formulas (1V.158) for obtaining normalized fuzzy priorities are in fact obtained from
the formulas (IV.147) by adding constant — . That is, the shape of the trapezoidal fuzzy numbers and the
distances between them remain unchanged by apply/ng the normalization condition (IV.159); the whole set of
trapezoidal fuzzy numbers is just shifted back on the scale of real numbers by — =1,

Example 53. Let us consider the FAPCM-A (IV.151). The fuzzy priorities obtamed by formulas (IV.147) are
given as (IV.152), and the normalized fuzzy priorities obtained by formulas (1V.158) are given as

9 11 12 14 1 3 5 7 —3 -1 2
vt = (e 2 ) e = (o2 2 L) s = (22, 0,2 ). IV.162
v (15’15’15’15)’“N2 (15’15’15’15)’”“ (15’ 15’0’15> (1V.162)

The fuzzy priorities (1V.152) and the normalized fuzzy priorities (IV.162) are depicted in Fig. IV.9. It is evident
from the figure that the normalized fuzzy priorities have the same shape as the original non-normalized fuzzy
priorities; they are just moved backwards by —%. AN

Theorem 65. The method for obtaining the normalized fuzzy priorities of objects from FAPCMs-A by using the
formulas (IV.158) is invariant under permutation of objects in FAPCMs-A.

Proof. It is sufficient to show that for a given object o;,i € {1,...,n}, its priority v; obtained by the formulas
(IV.158) does not change under permutation of objects in a FAPCM-A R.

From the invariance of the formula (11.43) reviewed in Section 2.3.2.2, it follows that the priority v; of object
o; determined by the formula (I1.43) from the given APCM-A R does not change under any permutation R™ =
PRPT of R, it is just permuted accordingly. This means that the priority v; obtained from R is equal to the
corresponding priority LN obtained from R™.

From this it follows that the priorities v$* and v? obtained by the formulas (IV.158) from a FAPCM-A
B

R = {rw}mz1 Ty = (r ”,r”,r]], zj) do not change under permutation (they are just permuted accordingly).

Therefore, the fuzzy priority 7; = (v, v, v7,v?) does not change for any permutation of objects in a FAPCM-A

171’7,71

(it is only permuted accordingly), which concludes the proof. O

WP
70 z’ 17
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Figure IV.9: Fuzzy priorities of the FAPCM-A (IV.151).
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4.3.3 Fuzzy additive pairwise comparison matrices with multiplicative representa-
tion

In this Section, the fuzzy extension of the methods related to APCMs-M reviewed in Section 2.3.3 is dealt with.
In particular, Section 4.3.3.1 is dedicated to the extension of the multiplicative-consistency condition (11.48) to
FAPCMs-M and Section 4.3.3.2 is focused on methods for obtaining fuzzy priorities of objects from FAPCMs-M.

4.3.3.1 Multiplicative consistency of FAPCMs-M

In this section, multiplicative consistency of FAPCMs-M is studied. First, definitions of multiplicative consistency
for interval FAPCMs-M based on Tanino’s characterization (1.54) proposed in the literature are reviewed and
some drawbacks of the definitions are pointed out in Section 4.3.3.1.1. Afterwards, in Section 4.3.3.1.2, a new
definition of multiplicative consistency for FAPCMs-M is proposed.

4.3.3.1.1 Review of fuzzy extensions of multiplicative consistency

In order to examine consistency of interval FAPCMs-M, many definitions of consistency have been pro-
posed in the literature. These definitions are mostly based on interval extension of multiplicative-transitivity
property (11.48) and related Tanino’s characterization (11.54).

Xu and Chen (2008a) proposed a weak version of multiplicative consistency for interval FAPCMs-M based
on Tanino’s characterization. Xia and Xu (2011) defined perfect multiplicative consistency for interval FAPCMs-
M based on an extension of Tanino’s multiplicative-transitivity property and discussed its properties. Wang and
Li (2012) proposed another definition of multiplicative consistency for interval FAPCMs-M based on an inter-
val extension of a property equivalent to Tanino’s multiplicative-transitivity property. Wu and Chiclana (2014a)
defined multiplicative consistency of interval FAPCMs-M based on a direct extension of Tanino’s multiplicative-
transitivity property to intervals and proposed a consistency index for measuring inconsistency of interval
FAPCMs-M. Wu and Chiclana (2014b) proposed another extension of Tanino’s multiplicative-transitivity prop-
erty to define multiplicative consistency of interval FAPCMs-M, and they further extended the definition to
intuitionistic FAPCMs-M.

In this section, all these definitions of multiplicatively consistent interval FAPCMs-M are reviewed in detail
and some drawbacks are pointed out. In particular, it is shown that some definitions are not invariant under
permutation of objects in interval FAPCMs-M and some violate additive reciprocity of PCs of objects. After-
wards, it is shown that the drawbacks can be eliminated by employing the constrained fuzzy arithmetic into
computations instead of the standard fuzzy arithmetic.

Xu and Chen (2008) defined a weak version of multiplicative consistency for interval FAPCMs-M. This
definition of consistency will be studied in more detail in the following section. In order to distinguish easily this
definition of consistency from others, consistency according to this definition will be simply called multiplicative
weak consistency.

n

Definition 61. (Xu and Chen, 2008a) Let Q = {qij}ijzl ,4i; = |ak5,45;] , be an interval FAPCM-M. If there
exists a positive vector u = (u1, ..., u,)" such that

L Uy U —_—

WS g St BI=Lhen (IV.163)

then Q is called a multiplicatively weakly consistent interval FAPCM-M.
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Definition 61 of multiplicative weak consistency for interval FAPCMs-M is clearly based on Proposition 6
for APCMs-M. According to the definition, an interval FAPCM-M @ is multiplicatively multiplicatively consistent
if there exists a vector u = (uy,...,u,)? using which we can construct a multiplicatively consistent APCM-M
Q*F = {q;‘j}j’j:1 such that ¢;; € [¢5,q5] ,i,5 =1,...,n.

The requirement of at least one multiplicatively consistent APCM-M obtainable from the interval FAPCM-M
is very weak. Therefore, it is quite easy to satisfy the multiplicative-consistency condition in Definition 61 when
constructing an interval FAPCM-M. The multiplicative consistency conditions reviewed in the rest of this section
are significantly stronger and thus much more difficult to fulfill.

Xia and Xu (2011) defined multiplicative consistency for interval FAPCMs-M as follows.

Definition 62. (Xia and Xu, 2011) Let Q = {qw}” ) ,q”
multiplicatively consistent if the APCMs-M C = {c;;}

= [¢},45] , be an interval FAPCM-M. Q is called
= {di;}; ;—, such that

1,j= 1’
g, i< a5, i<
Cij = 05, Z:j s db] = 05, iZj s i,j = 1, ey Ny (|V164)
a5, i>J ah, 1>

are multiplicatively consistent according to (11.53).

However, Definition 62 is not invariant under permutation of objects in the interval FAPCM-M. This serious
drawback is demonstrated on the following example.

Example 54. Let us consider interval FAPCM-M @ of three objects o1, 02, and o3 in the form
6
7
’ %] ) (IV.165)

The corresponding APCMs-M C and D given by (1V.164) are in the form

Q

Il
g IR N
[SHINEN G Sl
N= Glw alw
BN R T
Gll= M= oW
N[= Ol o

Both APCMs-M C and D satisfy the property (11.53), which means that they are multiplicatively consistent
according to Definition 11. Therefore, according to Def|n|t|on 62, the interval FAPCM-M @ is multiplicatively
consistent.

Now, let us permute the interval FAPCM-M Q to the interval FAPCM-M Q" = PQPT by using the permuta-
tion matrix (1V.115):

3 53]
= B9 s B (V:166)
2.513:5] 3

The corresponding APCMs-M C™ and D7 given by (IV.164) are in the form

11 1 1 2 2

2 7 5 2 5 5

e N N I N
4 1 1 3 2 1
5 2 2 5 5 2

and they clearly do not satisfy the property (11.53). Therefore, according to Definition 62, the interval FAPCM-M
Q" is not multiplicatively consistent.

Obviously, the PCs of objects o1, 02, and og in interval FAPCMs-M Q and Q" are the same, they vary only in
the order in which they are associated with the rows and the columns of the interval FAPCM-M. Therefore, also
the conclusion about the multiplicative consistency should be the same for both interval FAPCMs-M. However,
as demonstrated, the interval FAPCM-M Q is judged as multiplicatively consistent while the interval FAPCM-M
Q" results to be inconsistent according to Definition 62. A

Wang and Li (2012) proposed the following definition of multiplicative consistency for interval FAPCMs-M.
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Definition 63. (Wang and Li, 2012) Let Q = {g,;}" = [q¢k, Y], be an interval FAPCM-M. Q is called
J 137 113

P10 q ]
i,j=1 )
multiplicatively consistent if the multiplicative-transitivity condition

Lo Ohg Qi _ Tk Bg Thi ok 1, (IV.167)
45 45k ki di; 95i ik

is satisfied.

Wang and Li (2012) applied the standard interval arithmetic to extend the multiplicative consistency of
APCMs-M to interval FAPCMs-M in Definition 63. Therefore, the equation (1V.167) is equivalent to the equation

L. L. L L L. L
959k %k 955959k
U0 U U U0
959k 9959k

i k=1,....n (IV.168)

Beside claiming that g;; +g;; = 1 cannot be reached, as reviewed in Section 4.3.2.1.1, Wang and Li (2012)
pointed out that “due to the possibility of £ # 1 for intervals, (IV.167) is not equivalent to

Qg _ %5 i1 g, (IV.169)

Tei Qe Tji
as in the case of regular APCMs-M” (Wang and Li (2012), p. 183). However, it is necessary to clarify here
that, in contrast to Wang and Li’s assertion, it is possible to ensure easily the validity of £ = 1. At the end
of this section, it will be demonstrated that the validity of equation £ = 1 can be easily achieved by applying
appropriately the constrained fuzzy arithmetic instead of the standard fuzzy arithmetic. Furthermore, it will be
shown that Definition 63 of multiplicative consistency is inappropriate since it violates the additive reciprocity
of PCs. Before doing that, let us finalize the literature review.
Wu and Chiclana (2014a) and Wu and Chiclana (2014b) defined multiplicative transitivity for interval FAPCMs-

M. However, since the multiplicative-transitivity property is normally used to define the multiplicative consis-
tency (and this is what is done in this thesis), the expression “multiplicative consistency” will be used in their
definition instead of “multiplicative transitivity” in order to keep the same terminology.

Definition 64. (Wu and Chiclana, 2014a) Let Q = {%‘}?j:l \3i; = a5, 47, be an interval FAPCM-M. Q is
called multiplicatively consistent if

Bi _Bi i Gk iik=1,.. . .n. (IV.170)
d;k 45k 955
Wu and Chiclana (2014a) defined multiplicatively consistent interval FAPCMs-M by extending the multiplicative-
transitivity property (11.48). For the extension, they used the standard interval arithmetic. Therefore, Wu and
Chiclana (2014a) derived that the equation (IV.170) is equivalent to the equations

1 _ (1 1
q;k q;} qjl'k i<j<k, Z',j’k;:l,.__’n7 (|V171)
o 1= f%_l) (W_l)
which can be further written as
qL _ qiquy‘Lk
ik T gL gL —qL)(1—qL)?
q1,1q1k+(1Uqb,)(1 aGi)’ <j<k 44, k=1...,n (IV.172)
q({c 9ij 95k

T qfdf+(1—-af))(1-d%)’

However, it will be demonstrated on the following example that Definition 64, similarly to Definition 62, is
not invariant under permutation of objects in interval FAPCMs-M.

Example 55. Let us consider again the interval FAPCM-M Q of three objects oy, 05, and o3 in the form (IV.165).
In order to evaluate whether @) is multiplicatively consistent according to Definition 64, we only need to verify
whether the equations (1V.172) are satisfied fori = 1, j = 2,k = 3. Since

13
Q1L2‘J2L3 _ 25 _ § =q
= =T =413
hak+(1—ah)(1—gk) 12+12 5
and U U 34
412923 _ 55 _ § — U
— - - q137

ahaSs+ (1 —qlh)(1—q8) 22421 7
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we can conclude that the interval FAPCM-M (1V.165) is multiplicatively consistent according to Definition 64.
Now, let us consider the permuted interval FAPCM-M Q" given by (IV.166). By verifying equations (IV.172)
fori =1,5 =2,k = 3, we obtain

QTZLqSBL _ %% _ 1 7& *L
Gt +(1—gb)(—qgf) L4ol 7708
and
Q’fgq;g _ %% _ 1 + *U
G + (g -af) ~ 2343z 270

which means that the permuted interval FAPCM-M (1V.166) is not multiplicatively consistent according to Defi-
nition 64. Therefore, it results that Definition 64 of multiplicative consistency is not invariant under permutation
of objects in interval FAPCMs-M. A

Definition 65. (Wu and Chiclana, 2014b) Let Q = {qij}jj:l ,@i; = [ab.45] . be an interval FAPCM-M. Q is
called multiplicatively consistent if

L,L L _ L L L
4595k = ik 95595

L, k=1...,n. (IV.173)
a5 aSrak; = aa; 4%
The equations (IV.173) are equivalent to the equation
azjq]quz = qlqujqu i?ja k= 17 ) (IV174)

when using standard fuzzy arithmetic (and in particular the formula (I11.26) for the multiplication of trapezoidal
fuzzy numbers). Therefore, Definition 65 suffers again from the same drawbacks as Definition 63; the additive
reciprocity of PCs is violated. For a detailed discussion on the issue of additive reciprocity, see p. 94.

The problem is caused by the fact that both Wang and Li (2012) and Wu and Chiclana (2014b), similarly to
other researchers whose work has been reviewed in this section, applied the standard interval arithmetic to the
computations with intervals. This means that the multiplicative-consistency condition (IV.167) is equivalent to
the equation (1V.168) and the multiplicative-consistency condition (I1V.173) is equivalent to the equation (IV.174).
Similarly to the additive-consistency conditions (IV.117), (IV.121), and (IV.122) described in Section 4.3.2.1.1,
none of the multiplicative-consistency conditions (IV.167) and (1V.173) preserves the additive reciprocity of PCs.
This drawback is demonstrated on the following example.

Example 56. Let us examine Definitions 63 and 65 of multiplicative consistency on the interval FAPCM-M Q
given by (IV.165). The expressions (IV.173) basically mean that we construct matrices Q* = {qu}:’zl and

QY = {qg};l from the interval FAPCM-M (IV.165) as

11 3 1 3 6
2 2 5 2 5 7
2 1 3 2 1 4
QL = 5 2 5 , QY = 5 2 5 ,
1 1 1 2 2 1
7 5 2 5 5 2

and we verify their multiplicative consistency by utilizing the property (11.50). However, we can easily see that
neither Q” nor QU is additively reciprocal, which means that both Q~ and QY are not even APCMs-M according
to Definition 10. Therefore, it is nonsensical to verify their “multiplicative consistency”.

An analogous drawback appears also when using Definition 63. In addition, two values of each inten-
sity of preference q,;,4,j = 1,2,3,i # j appear in the expression (IV.168) at the same time. For example,
the intensities % and % of preference of object o; over object o, are considered at the same time, which is
nonsensical. A

As already mentioned in the discussion following Definition 63, Wang and Li (2012) claim that it is not
possible to obtain the equality 2 = 1. Obviously, for a = [a*, a”], we obtain

el el

L U L U
)

[a”,a"] a” a

[aL, al] aU’ al

] #1, unless aX = aY.

Applying the standard fuzzy arithmetic in this case is not appropriate; the constrained fuzzy arithmetic
needs to be applied whenever there are any interactions among fuzzy numbers. The presence of interactions
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in the expression £ is clear since the intervals in the expression represent the same variable. Therefore, d = 2
should be computed by using the constrained fuzzy arithmetic (111.40) as d = [d*, d"] :
dt = min{g—;;al € [af,aY],az € [aF,dY],a; = ag} =

= min{g—i;al € [aL,aU]} =1,

az

= max{“—l;al € [aL,aU]} =1

dv = rnax{‘“;al € [ar,aY],az € [al,aY],a; = ag} =
al

Keeping in mind the importance of the additive-reciprocity property of PCs in interval FAPCMs-M, multi-
plicative consistency needs to be defined accordingly so that it does not violate the additive reciprocity. In
the following section, two definitions of multiplicatively consistent trapezoidal FAPCMs-M keeping the additive
reciprocity of PCs and invariant under permutation of objects are proposed.

4.3.3.1.2 New fuzzy extension of multiplicative consistency

In this section, Definition 61 of multiplicative weak consistency given by Xu and Chen (2008a) is extended
to trapezoidal FAPCMs-M and another definition of multiplicative consistency much stronger than Definition 61
is proposed. Tools for verifying both the multiplicative weak consistency and the multiplicative consistency are
provided and some properties of multiplicatively weakly consistent and multiplicatively consistent trapezoidal
FAPCMs-M are derived. Both definitions preserve two desired properties - invariance under permutation of
objects and additive reciprocity of the related PCs.

Definition 66. Let Q = {G;;}!",_, ,@i; = (43, 4.}, )}, ¢’;), be a trapezoidal FAPCM-M. Q is said to be multiplica-

tively weakly consistent if there exists a positive vector u = (u1, .. .,u,)’ such that
Us 5 ..
> < < ¢, ,j=1,...,n. IV.175
43 S di i,J n ( )

Note that when Definition 66 is applied to interval FAPCMs-M, it is identical to Definition 61 proposed by Xu
and Chen (2008a).

Proposition 17. Let Q = {Gi;}!;_, . @; = (45, 4}, 4}, ¢%;), be a trapezoidal FAPCM-M. Q = {Gi;}!',_, is multi-
plicatively weakly consistent according to Definition 66 if and only if there exist elements g;; € [q?j, qu] i, =
1,...,n, such that Q* = {q;*j} . is an APCM-M multiplicatively consistent according to Definition 11.

n
,J

Proof. First, let Q = {Gi;}}",_, . @; = (45,4}, 4}; ¢%;), be a trapezoidal FAPCM-M multiplicatively weakly con-

sistent according to Definition 66. Let us denote ¢;; := ;4. From (IV.175) it follows that ¢;; € la,q0;) i,5 =
1,...,n. Further, we have ¢, = 4~ = 0.5 and ¢j; = uﬁfu =1- uiuj =1-gqj, i,j =1,...,n. From
g5, 42, €10,1[,4,5 = 1,...,n, it follows that ¢;; €]0,1[,4,j = 1,...,n. Therefore, Q* = {q;‘j}?jzl is a FAPCM-
M.
Finally,

Qi Ui witun wetu; Ui uituy; Qg S

% % _wug | uj - = Uj - % Z7J7k_17"'7na

D Dk uptu; uwjtug uj uj+u; Jjt

which means that Q* = {q;*j};’j:1 is multiplicatively consistent according to (11.48).
In the opposite direction, let Q = {G;}" _,,d; = (43,4547}, ¢’;), be a trapezoidal FAPCM-M and let
QF = {q;"j}jj:1 a5 € [a%. 4] 4.5 = 1,...,n, be an APCM-M multiplicatively consistent according to (11.48).

Then, from Proposition 6, it follows that there exists a vector u = (uq,... ,un,)T, w; > 0,7,7 = 1,...,n, such
that ¢f; = 4-.i,j = 1,...,n. Because, ¢; € [4. %] 1,5 =1,...,n, then (IV.175) holds. O

Remark 30. According to Proposition 17 and its proof, a trapezoidal FAPCM-M Q = {Gi;}",_, ,@; = (a5, 4} 43 4%)),
is multiplicatively weakly consistent if and only if there exists a multiplicatively consistent APCM-M Q* =

{ qu}?j: | Such that g;; € (4%, q%;] - This consistency condition is quite easy to reach. That is why the multi-
plicatﬁ/e consistency according to Definition 66 is called weak. Later in this section, a much stronger definition

of multiplicative consistency for trapezoidal FAPCMs-M will be given.

Definition 66 of multiplicative weak consistency satisfies two desirable properties - invariance under permu-
tation of objects and additive reciprocity of PCs in trapezoidal FAPCMs-M.

114



Theorem 66. Definition 66 of multiplicative weak consistency is invariant under permutation of objects in
FAPCMs-M.

Proof. For a multiplicatively weakly consistent trapezoidal FAPCM-M @ = {Gi;}}",_, , q?j = (quqZ?q?j’q?j) ;

there exists a positive priority vector u = (u1,...,u,)", such that the inequality ¢, < o +u < qU is required
to hold for every single PC ;;. By permuting the FAPCM-M Q to Q™ = PQPT, the original PC G;; in the i—th
row and in the j—th column of @ is moved to the = (i)—th row and to the =(j)—th column of the permuted
trapezoidal FAPCM-M Q™ as qﬂ(z Yr () but still keeping g;; = ﬁ(z)m) i,j = 1,...,n. Thus, there exists a vector

ut = (uf,...,u")T, obtamed by permuting the vector u, i.e. u™ = Pu, with the components satisfying the
inequalities ¢7* < <qffforeveryi,j=1,...,n. O

u+u

Theorem 67. Definition 66 of multiplicative weak consistency does not violate the additive reciprocity of PCs
in trapezoidal FAPCMs-M in the sense that any fixed value q;; € lqf;, qu], i,j € {1,...,n}, representing the
intensity of preference of object o; over object o; is associated with the corresponding values q;; € [q5;, q?i]
representing the intensity of preference of object o; over object o; such that q;; = 1 — g;;

Proof. The existence of the positive priority vector u = (u1, ..., u,)? satisfying the inequalities (IV.175) means
that there exists an APCM-M Q = {g;;},_, , ¢ij € [}, };], such that ¢;; = w6 =1, n. Q is additively
reciprocal from the definition, i.e. every PC ¢;; is associated with the PC g;; such that ¢;; =1 — ¢;;. O

Remark 31. Note that Theorem 67 does not simply state that a FAPCM-M Q = {q”} =1 multiplicatively
weakly consistent according to Definition 66 is additively reciprocal, i.e. g;; =1 — ¢;;,i,7 = 1,...,n. Theorem
67 states that only additively reciprocal PCs are involved in Definition 66 of multiplicative weak consistency,
which is in accordance with the conception of additive reciprocity discussed on p. 94. For more detailed
discussion, see Remark 21.

The following theorems provide useful tools for verifying multiplicative weak consistency of trapezoidal
FAPCMs-M.

Theorem 68. A trapezoidal FAPCM-M Q = {qﬁj}?’jzl Gij = (q?j, qu, q?j, qu) , Is multiplicatively weakly con-
sistent according to Definition 66 if and only if

max qfkqgj < min q?kqgj
k=Loon | g5aiy + (L= af) (L= aiy) [ = k=loom | aap; + (1 —a) (1 —ap)) | (IV.176)
t,j=1,...,n.

Proof. From the inequalities (IV.175), it follows that ¢, < - < ¢f), and ¢5; < it < qp;- Thus, Vk €
{1,...,n} the following inequalities hold:

a s Uk 5 8
¢ L < < gt .
qqukj = w; + up up + u; = qlk}qkj7
Uk 8 (e
1—qj. = > =gy, l-qy; = >1-q
Ui + up " Ty +uJ 41

UL U

(1—q5)(1—qp;) > > (1—g,) (1—qy;)-

U; + U Ug + Uy

Putting all together we obtain Vk € {1,...,n}

)
q’f’;@q?j o Wi i1k,
ag.an; + (=) (1=qg;) — wi+u; = qhaqp, + (1—ad)(1—qp,)’

and thus (IV.176) holds.
In the opposite direction, let (IV.176) hold. Then, Vi, j,k € {1,...,n}:

q5 < max qﬁﬁqgj
YT k=Len | ghar; + (1) (1—ag;)
5 5
. ix Ak 5
min < q;;-
p=tin | qheady + (1=a)(1—afy) [ =
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Thus, Vi, j,k € {1,...,n}:

5 A0
dgf. €| max Gk min Tk ks
U e=tein | gan; H(1—gi) (L—ay) [ T e=tien | @dap; +(1—¢2) (1—a),)

* 6 * 1 * * *
N3Gk € (@ Qi) A 3k € (ks ars] * 45 = G + @y — 0.5.

This means that Q* = {q;fj}:jzl is an APCM-M. Thus, according to Proposition 6, there exists a positive

vector u = (uy,...,u,)T such that a; = uiuj Since ¢;; € [q;’j,qu],i,j = 1,...,n, we obtain the inequality
(IV.175). O
The following theorem shows that it is sufficient to verify the inequality (IV.176) only fori,j = 1,...,n, i < j,

thus saving half of the computations.

Theorem 69. A trapezoidal FAPCM-M Q = {g;}7,_, @i = (qf‘j, a.al), qgj)  is multiplicatively weakly con-
sistent according to Definition 66 if and only if

max qgcqgj < min q?kqij
k=1,..on | @75, + (1—gg)(1— Q?j) ~ k=l..m qfkqgj +(1—q})(1 - qgj) 7 (IV.177)
iji=1,...,n,i<]j.
Proof. It is sufficient to show that the validity of inequalities (IV.177) fori,j = 1,...,n, i < j, implies automati-

cally their validity for all 4,5 = 1,...,n, i.e. the validity of (IV.176). The validity of inequalities (IV.176) for : = j
is trivial from the definition of trapezoidal FAPCMs-M since

(o3 {67 (o3 {67
max { e 5 }Z max {M}SOI)S
k=1.n | gfap; + (1 —q5) (1 —qg;) k=L \ Qi + Qs Qi

§ 0 § 0
min { 3 (;Jquma o } = Tnin { 5 6 qmqu 3 }
k=1 \ @i + Qi Qi k=1n L qpeap; + (1 —qg,) (1 — ;)

Further, for i > j, by using (IV.177) and the additive-reciprocity properties, we obtain

§ 0
max q%qgj = max < 1— Tijk =
k=L,..on Q?ngj"'(l_qﬁc)(l_ql?j) k=L,..m qziQ?k+(1_qlii)(1_Q?k)

5 0 a o
919 9519k

5 3 - I;Z 5 < 1— max o o = ]: oy (T
k=L,..on qjqui+(1_qjk)(1_qki) k=L,..om ijqk¢+(1_ij)(1_qki)

S 0
- Lk hi ~ in ik k;
k=m q?kqgi'i_(l_q;xk)(l_qgi) k=L,..0m kaql‘zj+(1—ka)(1—(12j)

O

Remark 32. An alternative definition of multiplicative weak consistency to Definition 66 might be formulated
as follows.

Let Q = {G})',_, Gy = (q%,qﬁﬂ%q%), be a trapezoidal FAPCM-M. O is said to be multiplicatively

weakly consistent if there exists a positive vector u = (u1, .. .,u,)’ such that
B Ui v —
Gj < " < a4} ih,j=1,...,n. (IV.178)

Notice that this definition is stronger than Definition 66. In fact, every trapezoidal FAPCM-M multiplicatively
weakly consistent according to this definition is also multiplicatively weakly consistent according to Definition 66
since (IV.178) automatically implies (IV.175). Furthermore, when this definition is applied to interval FAPCMs-
M, it is again identical to Definition 61 proposed by Xu and Chen (2008a).

All theorems regarding FAPCMs-M multiplicatively weakly consistent according to Definition 66 formulated
above can be easily reformulated for FAPCMs-M multiplicatively weakly consistent according to this definition;
it is sufficient to consider qu and q;’j instead of ¢f; and qu, respectively, where appropriate.

In the following definition, a stronger version of mutiplicative consistency for trapezoidal FAPCMs-M is
formulated.
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Definition 67. Let @ = {‘72‘3‘}sz1 Qi = (q%, qu,qzj,qu) , be a trapezoidal FAPCM-M. @ is said to be multi-
plicatively consistent if for each triplet (i, j,k) C {1,...,n} the following holds:

a (o « qikqk;
Vai; € [, @] Fain € [a5, @) A Jawj € [an;. ab,] 4= : (IV.179)
J [ i g] [ k k] J [k] k]} J Qikaj+(1—Qik)(1_ij)

ik dkj

Remark 33. Definition 67 provides a natural extension of multiplicative consistency from APCMs-M to trape-
zoidal FAPCMs-M. According to this definition, for any possible value q;; € g;j,i,j € {1,...,n}, there exist
possible values ¢, € g, and qi; € qi;, k € {1,...,n}, such that they satisfy (11.53), which is equivalent to
the multiplicative-transitivity property (11.48) for APCMs-M. Analogously, for any possible value q;; € Core g;;,
i,5€{1,...,n}, there exist possible values g;;, € Coreg;, and qi; € Coreqyj, k€{1,...,n}, such that they satisfy
(I.53). Clearly, in comparison to the multiplicative weak consistency given by Definition 66, the multiplicative
consistency given by Definition 67 is very strong.

Note that any of the properties (11.48)—(11.52) could have been used in Definition 67 instead of the property
(1.53) as they are all equivalent (see Theorem 4).

Unlike Definitions 62 and 64 of multiplicatively consistent interval FAPCMs-M proposed by Xia and Xu
(2011) and by Wu and Chiclana (2014a), respectively, new Definition 67 is invariant under permutation of
objects compared in FAPCMs-M.

Theorem 70. Definition 67 of multiplicative consistency is invariant under permutation of objects in FAPCMs-M.

Proof. For a multiplicatively consistent trapezoidal FAPCM-M Q = {Gi;}!',_, , @i = (a5, 4.}, 43y, 4%;), the condi-
tions (IV.179) and (1V.180) are satisfied for every triplet (i, j, k) € {1,...,n}. By permuting the FAPCM-M Qto
Q™ = PQPT, the or|g|nal PC g¢;; in the i—th row and in the j—th column of Q moves to the = (i)—th row and to
the m(j)—th column of Q™ preserving ¢~ = g;;. Thus, by permuting Q, also the validity of the conditions
(IV.179) and (1V.180) is preserved, i.e.

m(@)r()

ik kj
q?kqgj—’_(l_q;rk)(l_qgj) ’

vagela o ] 3ah€(ans aid) A el gy ] 6=

7“ Tr 9,955
vq;, [q N }361 G{q B,q ]/\Elq [q B,q ]: qr = ,
i< 4ij > dij ikS |9k Dk ki< |9kjo g ij a5ar;+ (I—¢r)(1 —qgj)

for every triplet (i,4,k) C {1,...,n}. Thus, Q™ is multiplicatively consistent according to Definition 67. O

Further, unlike Definitions 63 and 65 of multiplicatively consistent interval FAPCMs-M proposed in Wang
and Li (2012) and Wu and Chiclana (2014b), respectively, Definition 67 does not violate the additive reciprocity
of PCs.

Theorem 71. Definition 67 of multiplicative consistency does not violate the additive reciprocity of PCs in
trapezoidal FAPCMs-M in the sense that any fixed value ¢;; € [q;"j,qu], i,j € {1,...,n}, representing the
intensity of preference of object o; over object o; is associated with the corresponding value q;; € [q5;, q]ﬁ-]
representing the intensity of preference of object o; over object o; such that q;; = 1 — g;;

Proof. It is sufficient to show that expressions (1V.179) and (IV.180) do not violate the additive-reciprocity prop-
erty in the sense that when two particular intensities of preference ¢;; € g;; and g;; € g;; on the pair of objects
o; and o; are considered at the same time in the expressions (1V.179) and (IV.180), then they are such that
qji = 1 = qij.
For atriplet (4,7,k) C {1,...,n}, i # j # k, no reciprocals appear in expression
ik qk;j
Girqr; + (1 — qie) (1 — qiy)

qij =

for any gi; € [¢%,¢3;]. Fori = j = k, expression (IV.179) reduces to: Vg;; = 0.5 3gj; = 0.5 A g = 0.5: 0.5 =

%, which again does not violate the additive reciprocity. Further, for i # j = k, expression (IV.179)
is as:

¢;; - 0.5
q;; 0.5+ (1- q;*j) 0.5

Vg5 € [q?jvqgj] Jq;; € [q?jvq?j] A3q;; =0.5: q5 =
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This means that ¢;; = ¢i; and, therefore, the additive reciprocity is not violated. For i = k # j the proof is
analogous. Finally, for i = j # k, expression (IV.179) is as
_ ik i

Gk + (1= qir) (1 — qf;)

Vq;; = 0.5 g € [qﬁc, q?k] A3dgE; € [q,(ji, q,‘zi] :0.5
This means that ¢;, = 1 — ¢, and, therefore, the additive reciprocity is preserved.
The proof for the expression (1V.180) is analogous. O

Remark 34. Similarly to Theorem 67, also Theorem 71 does not simply state that a FAPCM-M Q = {Gi;}"

i,j=1
multiplicatively consistent according to Definition 67 is additively reciprocal since this property automaticf’;zlly
follows from Definition 52 of a FAPCM. Theorem 67 states that only additively reciprocal PCs are involved
in Definition 67 of multiplicative onsistency, which is in accordance with the conception of additive reciprocity
discussed on p. 94. For more detailed discussion, see Remark 21.

By handling properly the additive-reciprocity property of PCs, Theorem 4 can be easily extended to interval
FAPCMs-M as follows.

Theorem 72. For a trapezoidal FAPCM-M Q = {Ejij}zj:l Gij = (qf}, qu, Qi qu) , the following statements are
equivalent:

(i) Q is multiplicatively consistent according to Definition 67.
(i) Foreveryi,j,k=1,....,n:

5
Vg € [Q?jvqu} dgjk € [Q?mqgk] A ki € [aps, dii) © 9595k 0 = GikTr;j0,
%i; =1 —qji, Gk =1 — qrj, Qi =1 — qi. (IV.181)

Vgi; € [qiﬁyq;ﬂ Jqjk € {Qfmq;k} A ki € [quqzl} D Qi 9k ki = Qikdk;gi,
¢ij =1 —qjis G =1— qjs @i =1 —qu. (IV.182)
(iii) Foreveryi,j,k=1,...,n:

qji dij Qik
qi; =1 —qji, @i =1 —qrj, @i = 1 — qir.  (IV.183)

Vai; € [af, 5] 30k € [@F @] A Sani € (a2 k] - =1,

Gij Uik Qi
Vgi; € [qfﬁqﬂ Ag;i € [quq}k} A 3qri € {qfi,qzi} : ﬁiq%; =1,
41 kg di

gi; =1 —qji, @i =1 —qrj, @i =1 — qir.  (IV.184)
(iv) Foreveryi,j,k=1,...,n:

ij 95k Qki _ Qik dkj 950
Vaij € [a8, a2 3aik € [a%, ] A ari € [, )] T2 28 =0 = TR T L
i € 055:013] 0 € s 4 i€ ai, g Qi Qi ik Qki Djk G

¢i; =1—aji, ¢jr =1—arj, qvi =1 —qir.  (IV.185)

qji 9kj Qik ki 95k Qij’
gi; =1—aji, ¢jr =1—arj, qwi =1 —qir.  (IV.186)

dij 9jk Qki dik dkj dji
Vgi; € [qu,qgj} Ag;i € [quq]k} A Jqri € {q;fi,qgi}' D = R S

(v) Foreveryi,jk=1,...,n:

Gy _ G Ghs

qji qki qjk’
gi; =1—aji, ¢jr =1—arj, qwi =1 —qir.  (IV.187)

Va5 € [qu,qu} Jajk € [Q?kvq;‘sk] A Jqri € [qgi»qgi] :

Gij _ ik Gk
Vgi; € [qu,qu} Ag;i € [qfk,q]k} A Jqri € [qfi,qzi] Pl = 2=

qji B qki qjk’
gi; =1 —aji, ¢jr =1—arj, qwi =1 —qir.  (IV.188)
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Proof. From the additive-reciprocity property ¢;; = 1 — g;i,i,j = 1,...,n, it follows that Vq;; € ¢, ;] 3g5i €
(4%, ¢%) 450 = 1 — qi; and Vg;; € [qu,qu] Jgji € {qj@i,q;yi} g =1 — qij.
Obviously, the statements (ii), (iii) and (v) are equivalent since the expressions in the statements are ob-

tained by a simple reordering. Therefore, it is sufficent to prove the equivalence of statements (i) and (ii), and
the equivalence of statements (iii) and (iv).

(a) First, let us show that the statements (i) and (ii) are equivalent. Because of the reciprocity property,
(IV.181) can be equivalently written as

Vai; € (a5, 93] 3am € [afk @] A Fars € [aiys i) -
Gii (1 = qry) (1 = qir) = qieqr; (1 — qiz).  (IV.189)
The expression ¢;;(1 — qx;)(1 — gix) = qirqr; (1 — qi;) can be further rewritten as

_ qikdkj
girgi; + (1 — qin) (1 — qi;)

qij
This means that the statement (IV.181) is equivalent to (1V.179). Analogously, the equivalence of (1V.182)
and (IV.180) is proved.

(b) Now, let us show that the statements (iii) and (iv) are equivalent. The expression %?Tk% = Zf%% in
ji 3 di i Qik qij

2
the statement (1V.185) can be equivalently written as (ZJ Z%%) = 1, which is equivalent to ZTJZ:—’;Z% =

1. Therefore, the statement (1V.185) is equivalent to the statement (IV.183). Analogously, the equivalence
of (IV.186) and (IV.184) is proved.

O

The following theorems give us useful tools for verifying the multiplicative consistency of trapezoidal FAPCMs-
M.

Theorem 73. A trapezoidal FAPCM-M Q = (@} =12 @5 = <Q?j>qg7qgj,qu) , is multiplicatively consistent
according to Definition 67 if and only if the inequalities

a5qp @eqd
@ > e @ < L (IV.190)
Y Tklr; + (1—qf)(1 - ql?jy Y kaq;ij +(1—q))1 - qgj)’
8 B
G g 497 (IV.191)

q’B > q’y <

- ’ — Y Yo\
U+ (gl T a0 g) (- gg)
hold foreveryi,j k=1,...,n, i < j, k #1i,j.

Proof. It is sufficient to demonstrate the equivalence of the expression (1V.190) and (1V.179). The demonstra-
tion of the equivalence of (1V.191) and (IV.180) is analogous.
First, let us demonstrate that when the inequalities (IV.190) hold for every i, j,k = 1,...,n, i < j, k # i, ],

then they hold for every i, j,k = 1,...,n. The inequalities (IV.190) are always satisfied for i, j,k = 1,...,n such
that
(iYi=j#k:
it Qi _ ik Grdri _ o _ o
a o a a) oo 65§ aa_0’5_q”
@i + L —ai) (X —aiy) i + a9~ 24545
R _mih o W g5,
- : (23
aap + (L= a0) (1 —a)) 4%, +aars ~ 2a0%ap
(i) i #£j=k:
(iLis I .7/
45955 + (1 =) (1 = gqf5)  0.5¢35 +0.5(1 —¢5) ™%
455455 0.54;; _ 8
= 4q;;

ahal+ (1—a)(1— %)  0.5¢% +0.5(1—gf))
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iy j£k=1i:

Q%Q?j - 0'5(]% =q°
agasy + (1 —qf)(L—qf)  0.5¢% +0.5(1—q) ™
Q?jQE‘sj . 0-5(1?3' . q(_;_
q?iq?j +(1—g))(1— q?j) 0'5(]?]‘ +0.5(1 - q?j) Y
iv)i=j5=F:
(iv) i=j
& o 0.5-0.5
qnqn — — 05 — qf‘
g+ (1—g2)(1—q%) 05-05+05-0.5 J
5 0
0 S, 0.5-0.5
49 0.5 = q?j

s +(1—g)(1—q%) 05-05+05-05

Further, when the inequalities (IV.190) are satisfied for i,5,k = 1,...,n,i < j, k # 14,7, then they are
satisfied also for j, i,k =1,...,n, j > i, k #1,7,

o o
KLU ___ahan bl
q?k%?i + (1 - qz‘lk)(]- - Qgi) q;*kq,‘;frqfkqgi q;’]kq?i+q?kq15cj
5 5
9ik9kj § a
=1- e <1—¢0 =g
Cea,+A-ab)(—a,) = 4 = G

6 .0
9k ki o dha, | ahai
S 0 ) 5 Tl q gy, T 0 g% . 4q% q%.
qjqui+(1_qjk)(1_qki) 95,9k q]kqma ) 95k 9%i T ik 9k
1 90k af; S 1o = o,
=l - mara-aaagy) 21 % = G

To finalize the proof, it is sufficient to show that the inequalities (IV.190) are equivalent to the condition
(IV.179) forevery i, j,k = 1,...,n.
First, let Q be a trapezoidal FAPCM-M multiplicatively consistent according to Definition 67. Then for

gij = qf‘j dqir € [qf}c,qfk] A 3dgr; € {qgj,qzj} : qf‘j = ik k] 3 Since q;;, > a5 Qg = q,(jj, and since

ik Qi +(1—qir) (1—qr;

aing I L . ; . .
qiquﬁ(quf;)(l_qkj) is increasing in both variables on interval |0, 1, then clearly (IV.190) is valid. Analogously,

dikqkj

for gi; == qf; 3qir € [qfh-a]) A 3wy € {Q?ﬁqgj} L) = AT =gy Since gir < @ ari < gy, then
clearly (IV.191) is valid.

Second, let the expression (IV.190) be valid for a trapezoidal FAPCM-M Q. Because qiqu]’+(‘iif?1’:71)(lquj) is

increasing in both variables g;; and gx; on intervals [¢%,, ¢5.] and a5 q,‘jj], respectively, then from the inequali-
ties (IV.190) we get

5 0
ik iy <q < ik dr;
Gy + (U —ai) (L —ag;) v q?kqij + (1 =g~ qgj)

Vqi; € [Q?j,qgj] :
and, therefore, (IV.179) is satisfied. O

Theorem 74. A trapezoidal FAPCM-M Q = (@ }! oy Ty = (qf‘j,qz@ﬁqzj,qu) . is multiplicatively consistent
according to Definition 67 if and only if

995 9o
6> max Qo e s 4 < min — : (IV.192)
T k=1 { 45+ (1 —qf) (1—q5;) } LS kaqgj"‘(l_q;sk)(l_qij)
k#i,j k#i,j
B B v
8 919y y . 4k 9y
ij = HlaXn{ B B B B }» 9;; < mlnn{ 7y A , (IV.193)
S BTy + (=) (L—a5) S @i T (1= 0) (1= 55)
hold foreveryi,j=1,...,n, i < j.
Proof. The inequalities (IV.192) and (IV.193) follow immediately from Theorem 73. O
Theorem 75. A trapezoidal FAPCM-M Q = {@}] G = (qf‘j,qu,q?j,qu) , is multiplicatively consistent

according to Definition 67 if and only if one of the following conditions holds for every i,j,k = 1,...,n, i <
INEINE
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(i)

5 0 5 1 6 0
G Qindei = Gl GiGrdei < Ginde; 3 (IV-194)
s B B B B B
qijQ;'yqui > qiququiv q;yjqjqui < q;ykq/zjqj' (IV195)
(ii)
@ g0 00 0 g% g%
i, BOG s
45; drj i 9ji Uej Tk
Bl TP P
q%q%q%zl, q%%Tk‘Lgigl (IV.197)
Ui G Gin i Uk it
(iii)
) ) é 5
G G G o G U G 9 G a2 Dy B (IV.198)
y = 5 — 1 '
N T TR AN N T D)
B B 7 qP Y P
G Gnals o G G UGk a0 9K i
- < (IV.199)
ji qkj ik ki 95k Gy qj; 1kj ik i qj iJ
(iv)
¢ v é s A0
Gy < 9k 9k % ik T (IV.200)
@i G Gy Gi i Gk
B B 5 2 Y g7
Gj o Qe By Dy i O (IV.201)
T = p= B P '
4j; ki 9k qj; Q. qjlc

Proof. The inequalities (i)—(iv) are obtained directly from the inequalities (IV.190) and (IV.191) by applying the
additive-reciprocity properties ¢5, =1 — ¢ . a5, =1 — ¢}, 4}, =1 —aP,. a0, =1 — ¢ 0,0 =i, j, k. O

Remark 35. Notice the similarities between the inequality conditions (i)—(iv) in Theorem 75 and the inequalities
(IV.190), (IV.191) in Theorem 73, and the definitions of multiplicatively consistent interval FAPCMs-M reviewed
in Section 4.3.3.1.1. In particular, the inequalities (IV.194) are in some sense similar to the multiplicative-
transitivity property (IV.173) in Wu and Chiclana’s Definition 65. Condition (IV.198) has a form similar to the
condition (IV.168), which was derived from the condition (IV.167). Finally, the inequalities (IV.190) are similar
to the condition (IV.172) in Wu and Chiclana’s Definition 64.

However, there is a significant difference between the definitions reviewed in Section 4.3.3.1.1 and the new
Definition 67 and the inequality properties in Theorem 75. Definitions 62—65 were obtained by extending the
expressions from Theorem 4 that are mutually equivalent thanks to the additive reciprocity of PCs in APCMs-
M. However, because the interval extension of the expressions from Theorem 4 was done by applying the
standard interval arithmetic, the additive reciprocity of PCs is not preserved anymore in interval FAPCMs-M.
This drawback leads to the fact that Definitions 62—-65 are not mutually equivalent. Remember that Wang and
Li (2012) even stated that “(IV.169) is not equivalent to (IV.167) as in the case of regular APCMs-M" (Wang
and Li (2012), p. 183). This does not hold true for new Definition 67. The constrained fuzzy arithmetic was
applied properly to the fuzzy extension of the condition (11.53) in order to preserve the additive reciprocity of
PCs in trapezoidal FAPCMs-M. As a result, it was possible to extend also the conditions from Theorem 4 so
that their fuzzy extensions are mutually equivalent, see Theorem 72.

In the following example, Definition 67 of multiplicative consistency is confronted with Definitions 62—66.
In particular, it is demonstrated how the drawbacks regarding the dependence of Definitions 62 and 64 on
permutation of objects and violation of the additive-reciprocity property in Definitions 63 and 65 are removed
by Definition 67.

Example 57. Let us examine the interval FAPCM-M given by (IV.165). In Example 54, it was demonstrated
that Definition 62 is not invariant under permutation of objects since the interval FAPCM-M (IV.165) is judged as
multiplictively consistent while its permutation (IV.166) is judged as multiplicatively inconsistent. Analogously,
in Example 55, it was demonstrated that Definition 64 is not invariant under permutation of objects since the
interval FAPCM-M (1V.165) is judged as multiplictively consistent while its permutation (IV.166) is judged as
multiplicatively inconsistent according to the definition.

Now, let us apply Definition 67 to the interval FAPCM-M (1V.165). By using Theorem 73, the interval FAPCM-
A (IV.165) is judged multiplicatively consistent since it satisfies the inequalities (1V.190); see Tab. 1V.12. Also
the permuted interval FAPCM-A (IV.166) satisfies the inequalities (1V.190); see Tab. I1V.13. Therefore, it is again
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judged as multiplicatively consistent. Moreover, from Theorem 70 it follows that any permutation of the interval
FAPCM-M (IV.165) is multiplicatively consistent.

In Example 56, it was shown that Definitions 63 and 65 violate additive reciprocity of PCs in the interval
FAPCM-M (I1V.165). According to Theorem 71, the additive-reciprocity property is preserved in new Definition
67. This basically means that by taking any value from any interval PC in the interval FAPCM-M (IV.165),
there exist values in the remaining interval PCs such that they form a multiplicatively consistent APCM-M. Let
us examine the triplet i = 1,j = 2,k = 3 of indices and let us consider the value ¢12 = £ € [3,2]. Then,
according to (IV179) there exist vaIues q13 € [2,8]and g3z € [£, 2] such that 2 = 913952 . ltis, for

577 q13932+(1—q13)(1—g32)
example, ¢q13 = g, q32 = . The additive reciprocity is clearly not violated. More interestingly, let us consider
the tripleti = 1,5 = 1, k = 2 Then, according to (IV.179), there exist values g1 € [3, 2] and ¢21 € [2, 1] such
that 1 = q12q21+(112qf§)(1 o . This equality is satisfied by any value g2 € [2, 5} and the corresponding value

go1 € [2, 2] such that g1 = 1 — q12, Which again preserves the additive reciprocity.
Notice that the interval FAPCM-M (1V.165) is also multiplicatively weakly consistent according to Definition
66. For example, the priority vector u = (0.5217,0.3478,0.1304)7 satisfies the condition (IV.175). AN

In the following theorem, the relation between the multiplicative consistency and the multiplicative weak
consistency given by Definitions 67 and 66, respectively, is formulated.

Theorem 76. Let Q = {gi;}],_, .Gi; = (qgj,qg,qyj,qu) . be a trapezoidal FAPCM-M. If  is multiplicatively

consistent according to Definition 67, then it is also multiplicatively weakly consistent according to Definition
66.

Proof. The statement follows immediately from Theorem 74. In particular, the inequality (IV.176) is obtained
immediately from the inequalities (IV.192). O

Remark 36. According to Theorem 76, when a trapezoidal FAPCM-M is multiplicatively consistent according
to Definition 67, then it is also automatically multiplicatively weakly consistent according Definition 66. How-
ever, this does not hold the other way around. Clearly, the multiplicative weak consistency is much weaker
than the multiplicative consistency; it only requires existence of one crisp multiplicatively consistent FAPCM-M
obtainable by combining particular elements from the closures of the supports of trapezoidal FAPCM-M. Thus,
the set of all trapezoidal FAPCMs-M muiltiplicatively consistent according to Definition 67 is a proper subset of
the set of all trapezoidal FAPCMs-M multiplicatively weakly consistent according to Definition 66.

Example 58. Let us examine multiplicative consistency and multiplicative weak consistency of the trapezoidal
FAPCM-M

1 (£,4,10 11y (18 16 17 18) (16 1T 18 19y
2 157 157 157 15 207 207 207 20 207 207 20° 20
1 (8,18 15 15) (15 18 17 17y
2 207 207 207 20 207 207 207 20

(g 10 12 13) . (IV.202)

==}
o 8~

~—

N[ —=

(%, 8,10 1
207 207 207 20

By verifying the inequalities (IV.190) and (IV.191), we find out that @ is not multiplicatively consistent; e.g.

Q?qu4 _ %é % ﬁ * q<154 — LQ
@055, + (1 —¢8y) (1 — ¢8,) %% + 1555 199 20

However,  can still be at least multiplicatively weakly consistent. Let us verify that by using Theorem 69.
According to Tab. IV.14, the property (IV.177) is satisfied, and thus @ is multiplicatively weakly consistent.

Table 1V.12: Inequality conditions (IV.190) for the interval FAPCM-M (IV.165).

i< q qiLk‘IIIJj q qquJ
: iy = qiquﬁr(l*qiﬁc)(l*%fj) iy = qlqu] (1 qlk)(l qk])

31 62

. 1 55 3 75
1,2: 22 31, 21 55%2, 13
55 55 75 75

13 34

. 3 25 6 55
1,3: 521312 TS 3T, 21
25 25 55 55

23 16

. 3 55 4 27
2,3: 52723 32 551611
55 55 27 27
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Table 1V.13: Inequality conditions (IV.190) for the permuted interval FAPCM-M (1V.166).

. -, qlquJ qlquj
1<]:
J q” - qiqu]“"(l qik)(l qk]) q” - qlqu]+(1 qlk)(l qk])
12 21
. 1 55 2 52
1,2: 7212 13 521 31
55 55 52 52
11 23
. 1 72 2 55
1,3: 52;1+§; 5§g§+§z
72 72 55 55
31 62
. 1 55 3 75
2,3: 2231, 21 552 13
55 55 75 75

Table I1V.14: Condition (IV.177) for the trapezoidal FAPCM-M (1V.202).

95 aR; 9295
1< 7J: max { LR } < min < LRk
J k=t VO TO=ag)0=a) [ = 25 g | dhead, +(0-ad) (=)
. 8 4 12 11 11 63 19
1,2: max 157 55 < min | 55, 15 75
la 1577729 157 767 20
. 16 104 16 28 18 35 18 209
L,3: max{zo, 1537207 41 < mln{zw 37720 218
. 24 16 187 117 19
L,4: max {20731747720 < m1n{20,199,124,20}
. 16 13 13 21 63 15 15 187
2,3 max{ﬁ,%,%,ﬂ < min { 717207 20° 214
. 16 15 117 15 133 19 39 19
2,4: max { 37, 50+ To1+ 30 < min {133, 55, 15> 20
. 8 1 9 9 . [19 119 13 13
3,4: max{ﬁ,i,%,%} < mm{23’158’207?0

A vector satisfying the inequalities (IV.175) in Definition 66 is, for example, u = (%, &, & L)T with the
corresponding APCM-M Q* in the form

1 2 6 9
2 3 7 10
1 13 9
3 2 4 11
Q= (IV.203)
1 11 3
7 4 2 5
1 2 2 9
10 11 5 11
A

In the rest of this section, some interesting properties of multiplicatively weakly consistent and multiplica-
tively consistent trapezoidal FAPCMs-M are examined.

Theorem 77. Let Q be a trapezoidal FAPCM-M multiplicatively weakly consistent according to Definition 66.
The interval FAPCM-M Q* constructed from Q by eliminating the I-th row and the I-th column, 1 € {1,...,n},
is again multiplicatively weakly consistent.

Proof. For Q, (IV.175) is valid for every i,j = 1,...,n. After eliminating the [-th row and the [-th column of Q,
(IV.175) is still valid for every remaining 4,5 € {1,...,n}\ {l}. Therefore, the new trapezoidal FAPCM-M Q* is
still multiplicatively weakly consistent. O

The same holds also for multiplicatively consistent trapezoidal FAPCMs-M.

Theorem 78. Let @ be a trapezoidal FAPCM-M multiplicatively consistent according to Definition 67. The
trapezoidal FAPCM-M Q* constructed from @ by eliminating the -th row and the I-th column, l € {1,...,n},is
again multiplicatively consistent.

Proof. For Q, (IV.179) is valid for every i, j,k = 1,...,n. After eliminating the I-th row and the I-th column of
Q, (IV.179) is still valid for every remaining 4,5,k € {1,...,n}\ {l}. Therefore, the new interval FAPCM-M Q*
is multiplicatively consistent. O

Remark 37. Theorems 77 and 78 are useful in situations when the set of objects compared pairwisely is being
reduced. According to the theorems, elimination of one or more objects has no impact on the multiplicative or
multiplicative weak consistency of fuzzy PCs of remaining objects.
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The following theorems provide some results regarding aggregation of multiplicatively and multiplicatively
weakly consistent trapezoidal FAPCMs-M into one trapezoidal FAPCM-M, which are particularly useful in group
decision making.

~ ~ n ~ 1 1 =~ n 2 2
Theorem 79' Leth = {qzlj}zj:]_ 7q7,1j = <Q7;1jq7 Qijﬁa qi]) qzlf) ) andQ2 = {,q\'LQJ}z,]ZI I E]?j = (qz2jq7 Qijﬂa qi]) q?f) ) be

trapezoidal FAPCMs-M multiplicatively weakly consistent according to Definition 66. Then Q = {G@i; }ijl G =
(q%’ 4. qu) , such that

1—e
— 18 € 28
AN AN 9i; 9
15 25 Ty 2y
a _ 9y i B _ i i
9ij la\ € 7 2a\ 1—€ ’ %ij 18\ € 25\ 1—€
(%5) (%) +1 w ) () 4
;i qj; q]lj P
1 € 2 1—e -
a;; a;;
13 28
vy _ _\% 9 @ =
] 1— ) iy 1— )
G\ () () (E) a

is a multiplicatively weakly consistent trapezoidal FAPCM-M for any e € [0, 1].

Proof. First, let us show that @ is a trapezoidal FAPCM-M. Fori =1,...,n, we get

1 € 2 1—e
(45) (%) qie
a 9ii 9 _ 1°1

v la\ € /20 1€ Tlell-e 41 -
) CE)

16
i

0.5,

Similarly, qZ =0.5,q;, = 0.5,¢% = 0.5, and thus, g;; = 0.5,i = 1,...,n. Further, for i # j, we have

q;q € q_2q 1—e
ij ij _
o = (q}?) (tﬁf) B (g (ai)
ij a ay 1— - — § d\1—
Y af\ (T (@) (@) e+ (g ()
a7 ) \4?
qjlf € q?f 1—e
B 1 . 05 a5 B s
TN fnIe T e pgpni—e o G
EINCI TR IE e
%5 %y a5 ) \aij
and, analogously, the equaliies ¢, = 1 — ¢, ¢}, = 1 — q};, ¢}, = 1 — ¢, are derived. Therefore, G;; =

1—gji, 4, =1,...,n. Finally, because Vi, j = 1,...,n : g; €|0,1[,g;; €J0,1[, then also g;; €]0, 1.
Second, let us show that Q is multiplicatively weakly consistent. It is sufficient to prove inequalities
(IV.175). Since (IV.175) is valid for Q' and @2, there exist non-negative vectors u! = (u%,...7u}1)T and
T ul o u? . o
u® = (uf,...,u)" such that ¢} < T < 0, ¢ < e ¢2,i,5,k = 1,...,n. From this, it follows
Vi,j,k=1,...,n:

la\ € 2a\ 1—e€ la € 2a 1—e
15 35 —.Ta —.%a
o _ 955 955 _ 1—a;; 1-a5; <
qt] - lay € 2a\ 1—e€ - 1o € 2a T—¢ >
ajs a3 +1 a} a3 41
qid q29 1—gla 1—¢2%
ji ji ij ij

1 € 2 1—e
ul u?
ultul wZtu?
'U.1 u 'U.]: € 'U42 1—e
S S| Eies S - 5
wltul wZtu . ul u .
wl € w2 1—e “’zl € “12 I—e L
Tral a a)\E)  F
T 3 +1 ’ ’
-y — 3t
ultul w2t

(ug)(uf)' —*

@)+ D )

:..Sq?j

Thus, by denoting u; := (u})*(u7)'~, i = 1,...,n, we get a non-negative vector u = (u, ..., u,)" satisfying
the inequalities (IV.175), which means that @ is multiplicatively weakly consistent. O

Theorem 79 can be further extended to the aggregation of p > 2 multiplicatively weakly consistent trape-
zoidal FAPCMs-M as follows.

124



Theorem 80. Let Q7 = {7}, .a; = (aifa/ al],ai) ;7 = 1.....p, be trapezoidal FAPCMs-M multi-
plicatively weakly consistent according to Definition 66. Then Q = {al-j}zj:l such thatgq;; = (qg;, qu, 4 qu) =

p T\ €1 p 8\ €7 p v\ €7 p €r
9ij 9ij 94 qw
1T (%) 11 (% 11 (% 11
T=1 gt T=1 K 7=1 \ %

q;
T=1
p qre €r quﬁ €r q:f €r ’p
R B () ()
is a multiplicatively weakly consistent trapezoidal FAPCM-M for any e, € [0,1], 7 =1,...,p, with> " _ e, = 1.
Proof. The proof is analogous to the proof of Theorem 79. O

Similar theorems are formulated also for multiplicatively consistent trapezoidal FAPCMs-M.

1 =~ n 2
Theorem 81. Let Q' = {qu}” d = (qu il a a ) cand Q* = {a}, .. @ = (qw 0. q] ,q”>

be trapezoidal FAPCMs-M multiplicatively consistent according to Definition 67. Then Q = {Qij}i,jzl yQij =

(q%’ 4. q?j) , such that

lay € /20y l—€ 18\ € / 28\ 17€
( 95 ) ( 435 ) q‘ilj qizj
¥ Il
o qjlf Q?f Jé; 4ji 95i

9ij = la\ € /g20\ 1—€ ) %5 =
al? a7

1 € 2 1—e 15\ € 25 1—e
s ) (%
P (Iji[ qj'i[ 5 qj’gl qJZI
qij - 1\ € 29\ 1€ v Qi = qis 2 1—e
qij q” 1 ] 17 + 1
vl qw + as e

is a multiplicatively consistent trapezoidal FAPCM-M for any ¢ € [0, 1].

Proof. From the first part of the proof of Theorem 79 we know that @ is a trapezoidal FAPCM-M. Therefore, it
is sufficient to show that @ satisfies the inequalities (IV.190) and (IV.191). Only the inequalities (1V.190) will be
proven here; the proof of the inequalities (IV.191) is analogous.

Q' and ? satisfy the inequalities (IV.190), i.e.

)

qlaqla q16q16
P T S E T 4 < — (IV.204)
4k A (1_qik )(1_ij) qqukj‘F(I_Q‘ )(1_qkj)
2,20 26,26
9t i 41 k5
2a ? J 28 i J
@e > ¥ < . (IV.205)
VT gy + (- g (- i)’ YT LR ad + (- i) (1 - qi)

By applying the inequalities (1V.204) and (1V.205), we obtain

la, la € g2 g2 1—e
ik 9kj ik 9kj
Ta lay, 18,108 Za 201,28 28
9k 965 TR 9k 95k g T Gk
la\ € 2\ 1—€ glagla 25,23
(qij > (qu ) 1— ik 9kj ik kg
15 35 Ta lay 18,18 Za 201,28 28
a 954 955 > 9k U T Uik ik 9g T9%5 9k
4i; glo\ € /q2a\ 1—€ = qlagla € 202 1—e
13 J +1 ik *kj ik "kj +1
qld q29 15,10 25,20
Ji Ji ki 9k Ueq
M /olaye/ 2a\1—€ gla\ €/ g2\ 1€
ik ik kj kj
il 39 qal9 a29
ki ki . Jk Jk .
Ta\ €/ 2ay 1—¢ Ta\ €/ 2a 3
a5 s qp. - q3. -
( "1*5) "z%) ) () =
_ L\ 9, 4 9k 9k
- 1— r la\ € 2a\ 1—e€
e\ () e Ty ) (kg
15 268 ql q2
Ui Ik . gk ik . +
AN A AV A ade N (2o V(e ()
913 423 15 25 + ) 55 + s 25 +
ki ki L\ %k a5k i i 9k 9k
a o
. qquk]

Sv1— 15 25y1—
q%.q2+ () (D)1= (a53)°(a5)) "
PIRI T (gf e @D el (@21 (a2 T H(aE e (@)

q%kqlw — Tix Tk
<q ‘ a? (32) (ﬁg) = aa; +(—a5)(0—ag,) "
Ta 2o
Ikj J
q q

A %2
955955+ 1s a2\ 12
(qﬁé) (;z%) +1 J
ik ik k]




5 6

H H § ik 9rk; ;

Analogously, the inequality ¢;; < q?kqiﬁ(lfqijsk(l*q,‘ij is proved. O
Theorem 81 can be further extended to the aggregation of p > 2 multiplicatively consistent interval FAPCMs-

M as follows.

Theorem 82. Let Q" = {a,}!,_,.@; = (4 a}.a]] 4 ) .7 = 1,....p, be trapezoidal FAPCMs-M multi-

n

plicatively consistent according to Definition 67. Then Q = {dij}; j—, such that q;; = (qg’j, qu, a5 qu) =

P ra €r P 8\ €7 P v\ €7 p w5\ 7
H ((I,',j; ) H q:l) H i H i
a0 9ji a7 o\ gl

T=1 T=1

p

P Ta\ €7 P p B €r ’p Ty € > p

[ (5) +1 11 (Z"r’w) +1 11 (q:’ﬁ) 111
=1 Jr =1

=1 \ i i

is a multiplicatively consistent trapezoidal FAPCM-M for any e, € [0,1], 7 =1,...,p, with> " _ e, = 1.

Proof. The proof is analogous to the proof of Theorem 81. O

4.3.3.2 Deriving priorities from FAPCMs-M

In this section, the focus is put on mgzthods for obtaining fuzzy priorities of objects from FAPCMs-M. The
o

notation u = (uy,...,u,) T, w = (u@,u,u),ul),i = 1,...,n, will be used hereafter to represent exclusively a
fuzzy priority vector associated with a FAPCM-M.

Various methods have been proposed to derive interval priorities of objects from interval FAPCMs-M. These
methods are mostly based on linear programming models rather than on interval arithmetic. Xu and Chen
(2008a), for example, proposed linear programming models for obtaining interval priorities of objects from
interval FAPCMs-M. The models are based on satisfying the inequalities (1V.163) in the case when the inter-
val FAPCM-M is multiplicatively consistent according to Definition 61 or on satisfying a relaxed version of the
inequalities (IV.163) with additional deviation variables in the case when the interval FAPCM-M is not multiplica-
tively consistent. Geng et al. (2010) showed that in the case of multiplicative consistency, the interval priority
vector can be calculated from the multiplicatively consistent interval FAPCM-M directly without the need to
solve the linear programming models. Very similar linear programming models for obtaining interval priorities
from interval FAPCMs-M based on Tanino’s characterization were also proposed by Wang and Li (2012).

As far as | am aware, the only approach for obtaining interval priorities from interval FAPCMs-M not based
on linear programming models is the approach presented by Xia and Xu (2011). Xia and Xu (2011) derived
formulas for obtaining interval priorities from interval FAPCMs-M based on the extension of the formula (11.62).
This approach is reviewed at the beginning of this section and it is shown that this approach is not invariant
under permutation of objects. Afterwards, new formulas for obtaining fuzzy priorities from FAPCMs-M are
proposed and their properties are discussed. In particular, it is proved that the new formulas preserve the two
desired properties - invariance under permutation and additive reciprocity of PCs.

Xia and Xu (2011) proposed an extension of the formula (11.62) to interval FAPCMs-M. For an interval
FAPCM-M Q = {qij}zjzl 1 i; = laf3, qfj], they constructed two APCMs-M C' = {c;;};,_, and D = {d;;},_,
by applying (1V.164). Afterwards, they derived priorities u;(C) and w;(D),: = 1,...,n, of objects from these
APCMs-M C and D, respectively, by using the formula (11.62). The interval priorities w; = [uX, u{],i =1,...,n,
are then determined as

u? = min {u;(C),u;(D)}, u¥ = max {u;(C),u;(D)}. (1V.206)

However, this method, similarly to Definition 62 of multiplicative consistency for interval FAPCMs-M pro-
posed by Xia and Xu (2011) and reviewed already in Section 4.3.3.1.1, is not invariant under permutation of
objects. This drawback is illustrated on the following example.

Example 59. Let us consider the interval FAPCM-M Q@ of three objects o1, 02, and o3 given by (IV.165). The
interval priorities of the objects obtained by the formulas (IV.206) are in the form

Wy = [1.1447,2.0801], W, = [1.1447,1.3867), w3 = [0.3467,0.7631].

Now, let us consider the corresponding permuted interval FAPCM-M Q" given as (IV.166). The interval
priorities of objects obtained from the permuted interval FAPCM-M Q" by the formulas (1V.206) are in the form

Ty = [1.3104,1.8171], W5y = [1.0000, 158T4], TF 4 = [0.3467,0.7631].

As we can see, uy # Uy ;) and Uz # Uz (). .
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Since the method for deriving interval priorities from interval FAPCMs-M proposed by Xia and Xu (2011) is
not invariant under permutation of objects, it is not suitable for deriving interval priorities. It is indispensable
to obtain the interval priorities from interval FAPCMs-M in such a way that they do not change under the
permutation of objects in the interval FAPCMs-M.

The formula (11.62) for obtaining non-normalized priorities from APCMs-M has to be again extended to
FAPCMs-M by properly applying constrained fuzzy arithmetic. For a trapezoidal FAPCM-M Q = {qﬁj};ﬁjzl i =
(qf‘j,qu7q]j,qu), the non-normalized fuzzy priorities @; = (u$* ,uf,u],u?) 1 =1,...,n, should be obtained by
applying (l11.45) as:

u® =minq " H Z” 4 = 1 — qij, . (IV.207)
7 j=1...,n
Qi € [(L‘Z»qlﬂ )
uf =min { » H ZW Gi=1—aqj (1V.208)
71
ij=1...,n
n i € [qu,q?j},
o =max{ o T2 gi=1-qy0 ¢ (IV.209)
=1 4ji
j=1,...,n
uf =max r qﬂ, g =1 — qij, . (IV.210)
R

Unlike in the formulas (IV.143)—(1V.146), the additive-reciprocity constraints in the formulas (IV.207)—(1V.210)
are indispensable since with every PC ¢;; also the reciprocal PC ¢;; appears in the optimized function. Never-
theless, also in this case the optima of the optimization problems (IV.207)—(1V.210) can be determined easily:

n qo‘ n q.o‘.
U?ZW,H%:nHl_wM (IV.211)
Jj=1 i j=1 i
B _ n - i _ - qiﬁj IV.212
j=1 1ji j=1 9ij
. ﬁﬁ: ) ﬁ i (IV.213)
K2 B 1 _ q’y? -
\ j=1 %ji \ j=1 i
n P n )
ATT % iy
ud = ] = 11 — (IV.214)

2
2

1

<.
Il

Note that the formulas (IV.211)—(1V.214) could be obtained also by simply applying simplified standard fuzzy
arithmetic (111.36) to the fuzzy extension of the formula (11.62) since both constrained and standard fuzzy arith-
metic give the same results in this particular case. As it will be shown later, such simplification is not possible
when extending the formula (11.63) to FAPCMs-M.

Example 60. Let us consider the interval FAPCM-M Q given by (IV.165). The interval priorities of objects
obtained by formulas (IV.211)—(1V.214) are

Ty = [1.1447,2.0801], Ty = [1,1.15874], w3 = [0.3467,0.7631].
The same interval prlorltles are obtained also from the permuted interval FAPCM-M Q" given as (IV.166), i
Ug(qy = U1, Ug (o) = Uz, Uy5) = Us. Compare the resulting interval priorities with the interval priorities in Example

59 obtained by applying the method proposed by Xia and Xu (2011). A

127



Analogously as in the previous sections, formula (I.63) for obtaining normalized priorities from APCMs-M
needs to be extended to FAPCMs-M by using the constrained fuzzy arithmetic. Only in this way the preservation
of the additive reciprocity of PCs and of invariance under permutation of objects can be guaranteed.

By applying constrained fuzzy arithmetic (l11.45) to the fuzzy extension of the formula (l1.63) for obtain-
ing normalized priorities of objects, the fuzzy priorities uc; = (ugi,ugi,ugi,ugi), i =1,...,n, (the lower

index C stands for the applied concept of constrained fuzzy arithmetic) are obtained from a FAPCM-M @ =
(@i} 1> @5 = (4,4, 43y, qfy), in this form:

ars € [a2, 0]
u%i = min y Qsr = 1-— Qdrs, 5 (|V215)
L prs=1,...,n
\ ]1:[1 iji Qrs € [qfsﬂ q;ﬂys] )
ugi = min ﬁ i Gsr = 1 — grs, ) (|V216)
Sl rs=1,...,n
k=1 \ j=1 ¥*
Grs € [qfs’ q:s] ’
ul; = max S (IV.217)
L prs=1,...,n
n @i 6
\ ]1:[1 QjJi qrs € [qgs? qrs] )
UG =max q ————— g =l =g, - (IV.218)
S ol[l 2 rs=1,...,n
k=1 \| j=1 ¥*

Theorem 83. The fuzzy priorities uc; = (ugi,u‘éi,ugi,ugi),i = 1,...,n, obtained from a FAPCM-M Q =
{%}ijl by the formulas (IV.215)—(1V.218) are normalized.

Proof. It is sufficient to prove that the fuzzy priorities uc;,¢ = 1,...,n, obtained by the formulas (IV.215)—
(IV.218) satisfy the inequalities (111.13). From the formula (IV.215), it follows that ug, was obtained by applying
the formula (11.63) to one particular APCM-M Q%% = {qm}f,s:1 ,qrs € [¢%,40,],m,s = 1,...,n. Let us denote
u? the priorities of objects oy, k # i, obtainable by the formula (11.63) from the same APCM-M Q°¢. Obviously,
ud,; + Z%=1_ ugt =1, and u{® € [ul,,ud,], k # i. From this, it follows that 2, + ZE?_ ug,;, > 1. The remaining

inequalities in (l11.13) are proved analogously. O

Remark 38. According to Theorem 83, the fuzzy priorities tu¢c;,i = 1,...,n, obtained from a FAPCM-M by
the formulas (1V.215)—<1V.218) are normalized in the sense of Definition 29. Notice that the normality of the
fuzzy priorities was again reached naturally by just properly applying constrained fuzzy arithmetic to the fuzzy
extension of the formula (11.63) for obtaining normalized priorities from an APCM-M, similarly as in the case of
the fuzzy extension of the EVM and the GMM; no forced normalization was needed.

Theorem 84. The method for obtaining the normalized fuzzy priorities of objects from FAPCMs-M by using the
formulas (1V.215)—(IV.218) is invariant under permutation of objects in FAPCMs-M.

Proof. It is sufficient to show that for a given object o;,7 € {1,...,n}, its priority %¢; obtained by the formulas
(IV.215)—(IV.218) does not change under permutation of objects in a FAPCM-M Q.

From the invariance of the formula (11.63) reviewed in Section 2.3.3.3, it follows that the priority u; of object
o; determined by the formula (11.63) from the given APCM-M @ does not change under any permutation Q™ =
PQPT of Q, it is just permuted accordingly. This means that the priority «; obtained from @ is equal to the
corresponding priority u7 ;) obtained from Q™.

Therefore, neither the minimum ug&, nor the maximum u,; of the priority u; of object o; obtained by (11.63)
over all APCMs-M obtainable from the closures of the supports of the trapezoidal fuzzy numbers in the trape-
zoidal FAPCM-M @ = {quj}ijl iy = (q?j,qu,q%,qu), change. Analogously, also the minimum ufﬁ and the
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maximum u/,; of the priority u, obtained by (I1.63) over all APCMs-M obtainable from the cores of the trape-
zoidal fuzzy numbers in the trapezoidal FAPCM-M @ = {aij}:.fl do not change. Therefore, the fuzzy priority

Uc; = (ugi7ugi7ugi,ugi) obtained by the formulas (IV.215)—(1V.218) does not change under permutation (it is
only permuted accordingly), which concludes the proof. O

j=1

The optimization problems solved in (1V.215)—(1V.218) have n? — n variables and @ additive-reciprocity
constraints (the number of variables and additive-reciprocity constraints gets reduced when crisp humbers
are present above and below the main diagonal of the FAPCM-M). Thus, the computational complexity of the
optimization problems increases rapidly with an increasing dimension n. However, the following theorem shows
that the optimization problems (IV.215)—(1V.218) can be simplified significantly. First, the additive-reciprocity
constraints can be incorporated into the objective functions. Second, when v, is computed, the variables ¢;;,
j =1,...,n, can be fixed as the lower boundary values of the trapezoidal fuzzy numbers in the i-th row of
the FAPCM, i.e. as g;; := ¢;;. Analogously, also for the representing values ul u,, and ul,,. In this way, the

. . 2
number of variables is reduced from n? —n to 252 — (n — 1).

Theorem 85. Let Q = {g;}},_,. Gj = (qgj,nggﬁ q;‘j), be a trapezoidal FAPCM-M. The optimization prob-
lems (IV.215)—(I1V.218) can be simplified fori = 1,... n in the following way:

drs € [0, 00 ] 5 ) (IV.219)
r=1...n

)

-1
=1 I=k+1 ’ S:T+17"‘vn7
I#i 1#£i . i
74 # r,s#£1

ESNE

B
Grs € |4l 4] (IV.220)
cr=1...,n—1,
S:T+1,...7n
I 1#i s i
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Ucy =

Grs € [als 4] (IV.221)
n r=1...,n—1,

+ min

=
3
—
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=3
2=
—
2
= |2
=~
)
K

1— ’ —
=1 " l=k+1 arl 8_T+17"'>n7
I#i I#i r,8F£ i

>
Ll
S0

Uc

rs € (40 4%] ) (IV.222)
r=1,...,n—1,

s=r+1,...,n,

r,SF£ i

Proof. First, let us show that the formulas (IV.215) and (1V.219) are identical. Forany i € {1,...,n}, the formula
(IV.215) can be written in the following way:

ars € [0, %)
i Gsr = 1 — qps,

rs=1,...,n

o
Ug; = min




n

1 _ . n i
and  y; = Z i dik - dkj
1 Qik 55— kg

ki i

Let us denote z; := -

Obviously, z; > 0 for ¢;s € [qf{s,qfs], s=1,...,n,and y; > 0 for ¢, € [qﬁ‘s,qfs] JGsr =1 —qrs, 7,8 =1,...,n.
Further, z; is increasing in all variables ¢;s,s # i :

1 1-n
i _ ﬁ ( 4ij >" 1 < dis ) " 1 S k€ (45 403 ),
_ — qij —q; — g;s)? k=1 n
9qis | \1— i n \1—gs (1= gis) ey
oy

and y; is decreasing in variables ¢;s,s # i :

1—n

n i o
Oyi _ H(%;) '1'<1_Qis> "l ar; € lag;, aiy),
Iqis j=1 1- qsj n Gis qm k,j=1,...,n.

J#i

Further, let us denote f; := 2. Then §t — Gz > 0,and o — sy < 0. Hence, f; is an increasing

function of x; and a decreasing function of yl. It means that for m|n|mizmg the function f;, we have to minimize
x; and maximize y;. Since the function z; is increasing in all the variables, we obtain

) ::min{wi; qij € [q?j,qu] ,j=1,...,n

Since the function y; is decreasing in the variables ¢;1, . . ., ¢;n, we obtain

, Qrs € I:Q'ro'isw QES] 1 qsr =1 — grs,
Y; = max Yq
r,s=1,...,n

n

1—q} qr;  rs € [(I?‘S,QfS] yGsr = 1 — qrs,
Z mn ‘7H1

— 4y, l—q; " rs=1,...,n
k#i J#i
Finally, thanks to the additive reciprocity of @ we can also replace all the elements ¢, r,s = 1,...,n, r < s,

i.e. the elements below the main diagonal, by the reciprocals 1 — ¢, of the corresponding elements ¢,., above
the main diagonal. By that we obtain formula (1V.219).

Analogously, it can be demonstrated that (1V.216) is equivalent to (1V.220), (IV.217) is equivalent to (IV.221),
and (1V.218) is equivalent (1V.222). O

Example 61. Let us consider the trapezoidal FAPCM-M

1 (1112) (é§§2) §ZE§)
2 3727273 8787878 9797 979
(1112) 1 lléé)(4+5%5-5 g)
A 3727273 2 2727575 YT T
@= 1234 2211 1 4 45 55 (Iv.223)
(8’878’8) (5’5’272) 2 (6’ 6 ’6’6)
GHIIGEIEWGIED

The fuzzy priorities of objects obtained from this FAPCM-M by the formulas (1V.219)—(IV.222) are given as

= (0.2096, 0.3358, 0.4251, 0.6036),
T = (0.1774,0.2666, 0.3378, 0.4493), (1V.224)
tis = (0.1161,0.1894, 0.2914, 0.3455), :
@iy = (0.0438,0.0666,0.1001, 0.1472).

Let us now examine in detail how the upper boundary value u§ = 0.4493 of the fuzzy priority i, was
obtained. By applying the formula (1V.222) for the fixed : = 2, the optimum 0.4493 was obtained from an
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additively reciprocal matrix, in particular from the APCM-M

1 1 6
i % 05359 ¢
2 1 3 6
Q= ° 2z 5 7 (IV.225)
04641 2 1 %
3 1 2 1
9 7 6 2

The elements of this APCM-M clearly belong to the closures of the supports of the respective trapezoidal fuzzy
numbers in the trapezoidal FAPCM-M (1V.223). In the same way, it could be shown that all representing values
of all four fuzzy priorities were obtained from APCMs-M by the formulas (IV.215)—(1V.218). A

4.4 Transformations between FMPCMs and FAPCMs

In Section 2.4, transformations between MPCMs, APCMs-A, and APCMs-M, and between the related consis-
tency conditions and the priority vectors obtainable from these PCMs were reviewed. In this section it will be
proved that also FMPCMs, FAPCMs-A, and FAPCMs-M and the related methods proposed in Sections 4.2 and
4.3 are equivalent.

4.4.1 Transformations between FMPCMs and FAPCMs-A

In this section, transformation between FMPCMs and FAPCMs-A and between the related methods proposed
in Sections 4.2 and 4.3.2, respectively, are examined.
Theorem 86. A trapezoidal FMPCM M = {m”}w 1y My = (mw,mfj,mjj,m )), can be transformed into a

trapezoidal FAPCM-A R = {rij}i’jzl Ty = (r ”,rg,rjj, ZJ) by transformation formulas

1 N 1
T = 5(1+10g9mij)7 7“?]-25(1"'10%97”%)»
) ) (1V.226)
T = §(l—|—10g9m7j)7 r?j:§(1+log9mfj).
Proof. From the transformation formula (11.64) for transforming a MPCM into an APCM A it is obvious that
7i; € [0,1] and 7;; = 0.5. It remains to show that R is additively reciprocal, i.e. rgy =1 —rJ,, fi =1—rj,i,j=
1,...,n. Clearly
1 1 1 1
o=—(1+1 O)=(14logg —)=1—=(1+1 8y =1—4¢3
T’L] 2( + 089 mz]) 2( + 089 mtjsl) 2( + 089 m]’L) rj’L
Analogously, the validity of r; = 1 — 77, is proved. O

Corollary 7. A trapezoidal FAPCM-A R = {7;;}7._, , Fig = (re,r? 7. 1., can be transformed into a trape-

TigsTijo TigsTij
zoidal FMPCM M = {mi; } mi; = (m$: m2. m. m? ) by transformation formulas

7] 1° ’LJ’ Zj’ Z]’
o
_ B _
mzaj :927‘”- 1’ mLBJ :927’” 1’
(IV.227)
vy o2r)—1 5 _ o2rl—1
mij—9w , mij—9 T,

Remark 39. The validity of Corollary 7 follows immediately from Theorem 86 by utilizing properties of an
inverse function. Note that this form of representing the results is used in the whole section. This means
that the transformation of a particular property is formulated in a theorem and proved only in one direction.
Afterwards, each such theorem is followed by a corollary showing the transformation of the property in the
opposite direction without providing the proof.

In the following, it is proved that the transformation formulas (IV.226) and (1V.227) transform the multiplicative
weak consistency into the additive weak consistency and vice versa.

Theorem 87. Let M = {ﬁ%j}?] 1> Mij = (ml],mfj,m;,m ), be a trapezoidal FMPCM multiplicatively weakly
[

consistent according to Definition 50. Then the trapezoidal FAPCM-A R = {7;}" Tij = (res, o),

i higo tigy g
obtained from M by the transformations (IV.226) is additively weakly consistent according to Definition 59.

3,j=1"
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Proof. It is sufficient to show that wrlen the inequalitig§ (IV.16) are valid for a FMPCM M, then the inequalities
(IV.125) are valid for the FAPCM-A R obtained from M by the transformations (IV.226).

1 1
Jnax {ri+re;—0.5} —k:r?a)fn{ 5 (1+loggy mg’k)+§ (1+logg mg;) —0.5} =

1 L1 L1 1 0 o 1) 0V
Jax ¢ 5 loggmij+5 loggmig; + 5 » = max | 3 logy (mimi;)+5 ¢ <

(1 s osa 1 (1 ;1 ;1
k:r%}}{{n{2log9 (mikmkj)+2}_ min {2log9 mik+§log9 mkj+§ -

youay

7777

. 1 5 1 F) : ) 5
min { 3 (1+logg mfy) + 3 (1+logg my;) —0.5} = Jnin {rix+ry;—0.5}.
O
Corollary 8. Let R = {E-j}?_j:l T = (g 2 r).18), be a trapezoidal FAPCM-A additively weakly consistent

ij2 Tago Tigo Tij

according to Definition 59. Then the trapezoidal FMPCM M = {m;}7

pim1 s Mij = (mg, m? m}., mé ), obtained

z_] ? 1)) 1))
from R by the transformations (1V.227) is multiplicatively weakly consistent according to Definition 50.

Similarly, also multiplicative consistency is transformed into additive consistency and vice versa by the
transformation formulas (1V.226) and (IV.227), respectively.

Theorem 88. Let M = {ﬁzij}zjzl , Myj = (mw,mfjmﬂj, ) be a trapezoidal FMPCM mult/pl/cat/ve/y consis-

tent according to Definition 51. Then the trapezoidal FAPCM-A R = {TU}Z.J:1 T = (g P r7,rd), obtained

TijoTigs Tigs Tig
from M by the transformations (IV.226) is additively consistent according to Definition 60.

Proof. It is sufficient to show that when the inequalities (IV. 25) and (1V.26) are valid for a FMPCM M then the
inequalities (IV.133) and (IV.134) are valid for the FAPCM-A R obtained from M by the transformations (1V.226).

1

i+ — 0.5= (1+loggmgy,) + - (1+log9 mg;) —0.5=

l\D\H

1 « [e% 2 1 «@ «
3 (1+10g9 (mikmkj)) § 5 (l—Hog9 mij) =7
The remaining inequalities are proved in the same way. O

Corollary 9. Let R = {7;}],_,, 7ij = (r%j,ri;,v};,7?)), be a trapezoidal FAPCM-A additively consistent ac-

cording to Definition 60. Then the trapezméfa/ jFMl]:’CI\]/I M = {m;}; it Mij = (mu,mi,mjj,m ), obtained
from R by the transformations (IV.227) is multiplicatively consistent according to Definition 51.

In the following, a relation between fuzzy priorities obtained from FMPCMs and from FAPCMs-A is shown.
Theorem 89. Let M = {mi; }; My = (m”,mfj, m”,m ), be a trapezoidal FMPCM and letw = (wy, . . ., w,)7,
w; = (wg, wﬁ w],wd),i = 1,...,n, be the fuzzy priority vector obtained from M by the formulas (IV.85). The

fuzzy pr/orlty vectorw = (wl, ..., w,)T can be transformed into a fuzzy priority vector v = (U1, - - o)t v =
(w0l W) 08 i =1,...n, obta/nab/e by formulas (IV.147) from the corresponding FAPCM-A R = {7}

i,j=1"

7Y Y Y i,j=1"
Fig = (&, rd), by using the transformation formulas
v =1+ logy wit, v?zl—i—loggwiﬁ,
(IV.228)
v] =1+ loggw;, v? =1+ logg w?.

Proof. The validity of the transformation formulas follows immediately from the transformation formula (11.66)
for the crisp case. O
Corollary 10. Let R = {7;},_, 7ij = (r,v;,v];,r2)), be a trapezoidal FAPCM-A and let T = (4, ..., 5,)7,
v = (v§ ,U;B,vl ,v0),i = 1,...,n, be the fuzzy priority vector obtained from R by the formulas (IV.147). The

fuzzy priority vectorv = (v1,...,v,)T can be transformed into a fuzzy priority vector w = (@1, oo wn)T Wy =
(wg, w@ w],wd),i=1,...,n, obtamab/e by formulas (IV.85) from the corresponding FMPCM M = {m;}7

1,j=1"
mij = (mlj,mfj,m;’], m? ) by using the transformation formulas
— -1 B _ qui-1
w® = 9v wi = 9vi
(IV.229)
,w;/ :911;7—17 ,w5 _9vL—1
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Similarly to the crisp case (see the discussion on p. 26), it is not possible to derive transformation formulas
for transforming normalized fuzzy priorities (1V.91)—(1V.94) obtained from a FMPCM into the normalized fuzzy
priorities (1V.158) obtained from the corresponding FAPCM-A and vice versa.

4.4.2 Transformations between FMPCMs and FAPCMs-M

In this section, transformation between FMPCMs and FAPCMs-M and between the related methods proposed
in Sections 4.2 and 4.3.3, respectively, are examined.

Theorem 90. A trapezoidal FMPCM M = {m”}” 1y Mij = (m”,mfj,m]],m \), can be transformed into a
trapezoidal FAPCM-M Q = {G;;}" _, , Gij = (¢}, iy, 433, 43), by transformation formulas

B
S Trme P
i Lt my (IV.230)
g = L
Y 14+my 14 mfj

Proof. From the transformation formula (11.75) for transforming a MPCM into an APCM-M it is obvious that
gij €]0,1[ and g;; = 0.5. It remains to show that @ is additively reciprocal, i.e. ¢f; = 1 — q?i, qu =1- q}i,i,j =
1,...,n. Clearly

)

[e3%

o My oo omg L My
W= Tme 11 L T md O igm LU
ij m‘]’.i Ji
Analogously, the validity of q”- =1- qﬂ is proved. O

Corollary 11. A trapezoidal FAPCM-M Q = (@} 1 @y = (4%.4;.43;.4%;). can be transformed into a

trapezoidal FMPCM M = {ﬁzij}zjzl , My = (m§, J,mg, ij,m ), by transformation formulas

o _ % s _ Gy

A
Ji g (IV.231)

v _ %y s _ i

qj; i

In the following, it is proved that the transformation formulas (IV.230) and (1V.231) transform the multiplicative
weak consistency for FMPCMs into the multiplicative weak consistency for FAPCMs-M and vice versa.
Theorem 91. Let M = {m;; }” 1y My = (mm,mlﬁj,mzj,m ), be a trapezoidal FMPCM multiplicatively weakly
consistent according to Definition 50. Then the trapezoidal FAPCM-M Q = {qw}i, g1 Qi = (435 ij, qij’ qij)7
obtained from M by the transformations (IV.230) is multiplicatively weakly consistent according to Definition
66.

Proof. It is sufficient to show that whNen the inequalitigg (IV.16) are valid for a FMPCM M, then the inequalities
(IV.177) are valid for the FAPCM-M (@ obtained from M by the transformations (IV.230).

a o Mg Mkj
max itk — max Hmg, Hmg, .
= & g% —qg% —aq% - a  m. -
F=loeon qiqui—'_(l g:) (1 qkj) k=1 Hnjrlzﬁ 1+ﬂ§i +1+rr1w 1+fnlm
ik kj ik kj
« «
max { MMy 1 B 1 (IV<16)
k=1,... 14+ mam T+mg, mg, 1 T =<
e k' min =
‘ ’ =1,..., memi; P {mzkmf;}
1 1 memy,;
= 5 = i min T — =
MMy k=1,...,n mo,.m
ERCEANIC RS s
Qi 9kj
min Tii 9k = min Tk ks
i T R 5 0 Y _ 0 :
k=1,....,n 1 + Z;k Z% k=1,...,n qiquj + (1 qlk)(l qu)
ki 9k
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Corollary 12. LetQ = {@J}fj 1 Gij = (qg,qg,qw,qu) be a trapezoidal FAPCM-M multiplicatively weakly con-
sistent according to Definition 66. Then the trapezoidal FMPCM M = {m; J}U 1My = (m”,mfj,mzj,mf])
obtained from Q by the transformations (IV.231) is multiplicatively weakly consistent according to Definition 50.

Similarly, also the multiplicative consistency is transformed into the multiplicative consistency and vice versa
by the transformation formulas (1V.230) and (1V.231), respectively.

Theorem 92. Let M = {m;}? mij = (mzj,m;gj7m7],m ), be a trapezoidal FMPCM multiplicatively consis-
tent according to Definition 51. Then the trapezoidal FAPCM-M Q = {q’ij}i,jzl s 4ij = (g5, qu, Qs qij), obtained

from M by the transformations (IV.230) is multiplicatively consistent according to Definition 67.

2,j=1"

Proof. It is sufficient to show that when the inequalities (IV.25) and (IV.26) are valid for a FMPCM A1, then
the inequalities (1V.190) and (IV.191) are valid for the FAPCM-M @ obtained from M by the transformations
(IV.230).

Tk _ iy V2 mi a4 g
gy T - ai)( —ay)  Temfmi; — 1emy 148 ghtg
Ji
The remaining inequalities are proved in the same way. O

Corollary 13. LetQ = {%}Z”] 1 @i = (a5 qg, qZJ,qu) be a trapezoidal FAPCM-M muiltiplicatively consistent
according to Definition 67. Then the trapezoidal FMPCM M = {m;}7 mi; = (mg, mfj, mj;, my;), obtained
from Q by the transformations (1V.231) is multiplicatively consistent according to Definition 51.

1,j=1"

In the following, a relation between fuzzy priorities obtained from FMPCMs and from FAPCMs-M is shown.

Theorem 93. Let M = {ﬁzij}?jzl ,Myj = (mu,mfj,mw,m ), be a trapezoidal FMPCM and let w = (wy, . .., w,)7,
w; = (w?,wf ywl,wd),i = 1,...,n, be the fuzzy priority vector obtained from M by the formulas (1V.85).
The fuzzy priority vector w = (ws,...,w,)" is identical to the fuzzy priority vector u = (uy,...,u,)", u; =
(ue,u? u) ub),i = 1,...,n, obtainable by the formulas (IV.211)—IV.214) from the corresponding trapezoidal

17171’1

FAPCM-M Q = {Gi;}\'_y » Gij = (4%, 455 43, a3), e
W=1. (IV.232)

Proof. The validity of the transformation formulas follows immediately from the transformation formula (11.77)
for the crisp case. O

Moreover, similarly to the crisp case, also the normalized fuzzy priorities obtained from a FMPCM and from
the corresponding FAPCM-M are identical.

my; = (m$ m?,m). m ) be a trapezoidal FMPCM and let w, =

Theorem 94. Let M = = {mi;}; i1 M, My
(weas - - JWen) T, Wey = (wcz.,wgl,wcl.,wgi),z = 1,...,n, be the normalized fuzzy priority vector obtained
from M by the formulas (IV.91)—1V.94). The normalized fuzzy priority vector w. = (wc1,...,wcn)? is iden-
tical to the normalized fuzzy priority vector i, = (uci,-..,ucn)’, Uci = (u%i7ugi7ugi,u%i~),i =1,...,n,
obtainable by the formulas (1V.215)—IV.218) from the corresponding trapezoidal FAPCM-M @ = {qﬁ»j}zjzl,
Gij = (%, 45, 0, 4)) e

We = uc. (IV.233)

Proof. Let us demonstrate the equality of the lower boundary values of the fuzzy priorities w¢; and u¢; obtained
by (IV.91) and (IV.215), respectively. The equality of the remaining representing values would be demonstrated
in the same way.

By applying (IV.231), and m,.; = g:, r,s =1,...,n, to the optimization problem (I1V.91), we obtain
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Mps € [WL?S,WL?‘S} ’
1

We, =  Nin y Mgy = T =
rs=1,...,n
g 4 s
1—qrs a.’ ag |
min ) ) qsr = 1- Qrs, =
rs=1,...,n
a 0
- qTS 6 [qr57qrs] ?
3 _ . — _
min n no, ) qsr = 1- Qrs, = Ug;-
n H ﬁ o 1
k=1 j=1 "JIF rs=1,...,n

4.4.3 Transformations between FAPCMs-A and FAPCMs-M

In this section, transformations between FAPCMs-A and FAPCMs-M and between the related methods pro-
posed in Sections 4.3.2 and 4.3.3, respectively, are examined. Analogously as for the transformations between
APCMs-A and APCMs-M, the transformation formulas can be derived directly by composing the corresponding
formulas from the previous two sections as specified in the following theorems.

Theorem 95. A trapezoidal FAPCM-A R = {Fidi o Ty = (05, rfj, r},72;), can be transformed into a trape-
zoidal FAPCM-M Q = {Gi;};',_, , @i; = (4, 4} 47, ¢¢;), by transformation formulas

. 92riy—1 q,ﬁ, _ 927"%71
t 1 —+ 927»%_1 ’ v 1 + 927”‘57.71 ’
1 Vi 1 (IV.234)
- 9°"ij 5 9<Tij
G5 = 1+ 92—V Tij = 1+ 92ri;—1°

Proof. Because the transformation formulas (IV.227) transform a FAPCM-A into a FMPCM, and the transforma-
tion formulas (1V.230) transform a FMPCM into a FAPCM-M, then the composition of these formulas transforms
a FAPCM-A into a FAPCM-M. By composing (IV.227) and (1V.230) we immediately obtain (1V.234). O

Corollary 14. A trapezoidal FAPCM-M Q = {’qz-j}zj:p Gij = (q?j,qu,qgj,qu), can be transformed into a

trapezoidal FAPCM-A R = {7;}" _, , 7i; = (rfs, v}, 17, v%;), by transformation formulas

(IV.235)

In the following, it is proved that additive weak consistency is transformed into multiplicative weak consis-
tency and vice versa by the transformation formulas (IV.234) and (IV.235), respectively.
Theorem 96. Let R = {7;}! ., , 7y = (v, 715,10, 78)), be a trapezoidal FAPCM-A additively weakly consistent
according to Definition 59. Then the trapezoidal FAPCM-M Q = {qﬁ;j}zjzl s @i = (q55, qu, 4 qu), obtained from
R by the transformations (IV.234) is multiplicatively weakly consistent according to Definition 66.

Proof. Because the transformation formulas (1V.227) transform the additive weak consistency (IV.123) of a
FAPCM-A into the multiplicative weak consistency (IV.14) of the corresponding FMPCM, and the transforma-
tion formulas (IV.230) transform multiplicative weak consistency (1V.14) of a FMPCM into multiplicative weak
consistency (1V.175) of the corresponding FAPCM-M, then the composition of these formulas transforms addi-
tive weak consistency of a FAPCM-A into multiplicative weak consistency of the corresponding FAPCM-M. By
composing (1V.227) and (1V.230) we immediately obtain (1V.234). O
Corollary 15. Let Q = {c}ij}:fj:l y Gij = (q%,qu,qzj,q?j), be a trapezoidal FAPCM-M multiplicatively weakly
consistent according to Definition 66. Then the trapezoidal FAPCM-A R = {Fijtijmr s Tig = (15, rfj, ),
obtained from Q by the transformations (IV.235) is additively weakly consistent according to Definition 59.
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Similarly, also the additive consistency is transformed into the multiplicative consistency and vice versa by
the transformation formulas (1V.234) and (IV.235), respectively.

i igr igo 1]

according to Definition 60. Then the trapezoidal FAPCM-M Q = {a@i;}; =10 Gij = (ql-j,qu, 4 qij), obtained

Theorem 97. Let R = {7 }fj 1y Ty = (g 2 r). 1), be a trapezoidal FAPCM-A additively consistent

from R by the transformations (1V.234) is multiplicatively consistent according to Definition 67.

Proof. Because the transformation formulas (1V.227) transform the additive consistency (1V.127)—(IV.128) of
a FAPCM-A into the multiplicative consistency (IV.18)—(1V.19) of the corresponding FMPCM, and the trans-
formation formulas (1V.230) transform multiplicative consistency (IV.18)—(1V.19) of a FMPCM into multiplicative
consistency (IV.179)—(1V.180) of the corresponding FAPCM-M, then the composition of these formulas trans-
forms additive consistency of a FAPCM-A into multiplicative consistency of the corresponding FAPCM-M. By
composing (IV.227) and (IV.230) we immediately obtain (1V.234). O

Corollary 16. LetQ = {@j}ﬁjzl s Gij = (a5, qu, a7 qu)7 be a trapezoidal FAPCM-M mu/tip/icative/y consistent
according to Definition 67. Then the trapezoidal FAPCM-A R = {7ij} ?,j:l’ rij = (ry 27 rd), obtained

ijr Tigo Tigo Tij
from Q) by the transformations (IV.235) is addititively consistent according to Definition 60.

In the following, a relation between fuzzy priorities obtained from FAPCMs-A and from FAPCMs-M is shown.
Theorem 98. Let R = {7;}!,_,, 7y = (r$, vl 1);,73)), be a trapezoidal FAPCM-A and let T = (v, ..., 5,)7,
v = (v ,vf,v],vf) i = 1,...,n, be the fuzzy priority vector obtained from R by the formulas (IV.147). The
fuzzy priority vector v = (v1,...,0,)T can be transformed into the fuzzy priority vector u = (ty,...,u,)7,
U = (u®,u? u) ud),i = 1,...,n, obtainable by formulas (IV.211)—1V.214) from the corresponding FAPCM-M

700 g g

by using the transformation formulas
(IV.236)

Proof. Because the transformation formulas (1V.229) transform the fuzzy priority vector (1V.147) of a FAPCM-
A into the fuzzy priority vector (IV.85) of the corresponding FMPCM, and the transformation formula (1V.232)
transforms the fuzzy priority vector (IV.85) of a FMPCM into the fuzzy priority vector (IV.211)—(1V.214) of the
corresponding FAPCM-M, then the composition of these transformation formulas transforms the fuzzy priority
vector (IV.147) of a FAPCM-A into the fuzzy priority vector (IV.211)—(1V.214) of the corresponding FAPCM-M.
By composing (1V.229) and (IV.232) we immediately obtain (IV.236). O

Corollary 17. Let Q = {G;}!;_, . & = (45,4, 4}y, @3;), be a trapezoidal FAPCM-M and let i = (iiy, . . ., )7,

U = (e ul u),ub),i = 1,...,n, be the fuzzy priority vector obtainable from Q by the formulas (IV.211)—

(IV.214). TIZ79 fzuzzy priority vector u = (u1,...,u,)T can be transformed into the fuzzy priority vector v =
(’771,.. )T, 0 = (v, 07 0] 09),i = 1,...,n, obtainable by formulas (IV.147) from the corresponding FAPCM-

19 Y1 Y0 Ve
AR={F J}” 15T = (r”,rfj,r;y], ”) by using the transformation formulas
ve =1+ logg u P =1 +loggul
i = &9 U; s v; = 1+logguy;,
(IV.237)
v] =1+ loggu], v) =1+ logg ul.

Similarly to the crisp case, it is not possible to derive transformation formulas for transforming normalized
fuzzy priorities (IV.158) obtained from a FAPCM-A into normalized fuzzy priorities (IV.215)—(1V.218) obtained
from the corresponding FAPCM-M and vice versa; see the discussion on p. 26 and p. 30.

4.5 Conclusion

In this Chapter, the first research question, “Based on a FPCM of objects, how should fuzzy priorities of these
objects be determined so that they reflect properly all preference information available in the FPCM?”, was
answered. Three types of FPCMs were examined in this chapter - FMPCMs, FAPCMs-A, and FAPCMs-M.
Construction of FPCMs, defining and verifying their consistency, and deriving fuzzy priorities of objects from
them have been studied in detail for each of the three types of FPCMs.

First, the relevant methods proposed in the literature based on the fuzzy extension of methods originally
proposed for PCMs were reviewed and their major drawbacks were identified (task (1.b) formulated in Section
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1.3). In particular, it was find out that “equal preference” of two compared objects is very often modeled
inappropriately in FPCMs which results in misinterpretation of the preference information provided by the DM
and leads to false results. Further, it was find out that most of the definitions of consistency reviewed in this
chapter violate the reciprocity of PCs in FPCMs or are not invariant under permutation of objects. These
are sever drawbacks that lead to false conclusions about consistency/inconsistency of the FPCMs. Similarly,
also the reviewed approaches for obtaining fuzzy maximal eigenvalues of FMPCMs violate the reciprocity
of the related PCs or the invariance under permutation of objects. This again leads to the distortion of the
preference information contained in FMPCMSs. In particular, the fuzzy maximal eigenvalue obtained by these
approaches is not necessarily greater or equal to the dimension of the FMPCM, which is an inherent property
of the maximal eigenvalues of MPCMs. Analogously, also the reviewed methods for deriving fuzzy priorities of
objects from FPCMs violate the reciprocity of the related PCs or the invariance under permutation of objects.
The consequences in this case are even more critical. The fuzzy priorities of objects obtained by applying
these defective methods do not reflect properly the preference information contained in the FPCM. Such fuzzy
priorities are not only excessively uncertain, but often completely distorted, which may also lead to a completely
different ranking of the compared objects and thus to a decision that is not optimal. Second, it was shown that
in order to reflect appropriately the preference information contained in the FPCM, in particular the reciprocity
of the related PCs, it is necessary to apply constrained fuzzy arithmetic to the fuzzy extension of the methods
instead of standard fuzzy arithmetic (task (1.c) formulated in Section 1.3). From the multiplicative reciprocity
mj; = ﬁj7 i,j =1,...,n, for MPCMs, the equality m;;m;; = 1, 4,5 = 1,...,n, automatically follows. Similarly,
from the additive reciprocity a;; = 1 — a,5, ¢,j = 1,...,n, for APCMSs, the equality a;; + a;; = 1, i,j =
1,...,n, follows. These properties are inherent to every MPCM and every APCM, respectively. However,
these properties are not preserved for FMPCMs and FAPCMs when standard fuzzy arithmetic is applied to
the computations. In particular, the multiplicative reciprocity m;; = %, i,j = 1,...,n, holds for FMPCMs
but m;;m;; # 1, i,5 = 1,...,n, i # j. Similarly, the additive reciprocity a;; = 1 —a;;, i, = 1,...,n, holds
for FAPCMs but a;; +a;; # 1, i,j = 1,...,n, i # j. This s a serious drawback. It was shown that validity
of the equalities m;;m;; = 1 and a;; + a;; = 1, ¢, = 1,...,n, can be guaranteed by appropriately applying
constrained fuzzy arithmetic.

Third, a complete approach based on constrained fuzzy arithmetic was proposed to deal with all three
types of FPCMs (task (1.d) formulated in Section 1.3). Namely, it was shown how to appropriately model the
meaning of the linguistic term “equal preference” used for PCs in FPCMs. Further, definitions of consistency for
FMPCMs, FAPCMs-A, and FAPCMs-M were proposed in such a way that they are invariant under permutation
of objects and do not violate the reciprocity of the related PCs. Two definitions of consistency, weak version and
strong version, were proposed for each type of FPCMs, and useful tools for verifying the consistency according
to each definition were provided. Moreover, by using constrained fuzzy arithmetic, it was also possible to
properly extend to FPCMs the properties equivalent to the corresponding consistency conditions for PCMs
in such a way that they are still equivalent. This was not possible with standard fuzzy arithmetic. Further,
a method for obtaining the fuzzy maximal eigenvalue of a FMPCM was proposed in such a way that it is
invariant under permutation of objects and does not violate the reciprocity of the related PCs in a FMPCM. By
preserving the reciprocity of the related PCs, the fuzzy maximal eigenvalue is always greater than (or equal to)
the dimension of the FMPCM, which is an inherent property of the maximal eigenvalues of MPCMs. Afterwards,
methods for obtaining fuzzy priorities of objects from FMPCMs, FAPCMs-A, and FAPCMs-M were proposed
based on constrained fuzzy arithmetic so that they preserve the reciprocity of the related PCs and are invariant
under permutation of objects. The fuzzy priorities obtained by these methods thus properly represent the
preference information contained in the FPCMs. Moreover, applying constrained fuzzy arithmetic to the fuzzy
extension of the formulas for obtaining normalized priorities preserves the normality property, i.e. the fuzzy
priorities obtained by these methods form a normalized fuzzy vector. This was again not possible by using
standard fuzzy arithmetic. The approaches defined for each type of the FPCMs are mutually equivalent; each
type of the FPCMs can be transformed into another together with the respective consistency properties. In the
same way, fuzzy priorities obtained from each type of the FPCMs can be transformed one into another.
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Chapter V

Incomplete large-dimensional pairwise
comparison matrices

Part of this chapter has been published in:

V. Jandova,J. Krejéi, J. Stoklasa and M. Fedrizzi: “Computing interval weights from incomplete pairwise
comparison matrices of large dimension - a weak consistency based approach”, I[EEE Transactions on
Fuzzy Systems, 25(6):1714-1728, 2017. ©2016 IEEE

5.1 Introduction to large-dimensional pairwise comparison problems

In Chapter I, methods for dealing with PC problems were reviewed. These methods are based on constructing
PCMs where every to objects from a given set of n objects are compared pairwisely. As we know from Chapter
Il, n(n — 1)/2 PCs are required to compare n objects pairwisely. To compare 5 objects, for example, 10
PCs need to be provided by the DM. Now imagine that 20 objects need to be compared. In this case, 190
PCs are required from the DM. This number is clearly very high. Such a high number of PCs is not easy to
obtain in sufficient quality. In fact, the more PCs need to be made, the less reliable the information expressed
by the DMs might be (due to fatigue, due to time constraints and similar factors). In these cases, Saaty
(1977, 2008) suggests to split a large-dimensional problem into several subproblems of smaller dimensions.
This implies creating supercategories of objects. The objects are then compared pairwisely only within the
defined supercategories. Additionally, PCs of the supercategories have to be also provided. This results in the
reduction of the complexity of the problem and in making the preference information requirements (the number
of PCs needed) feasible. However, this procedure also results in a slight loss of information; the objects from
different supercategories are not directly compared pairwisely. This loss of information can be to some extent
compensated for by introducing a strong enough consistency condition on the preferences expressed by the
experts, which provides means of calculating the missing values in the PCM.

For some real-life problems, the above described approach works well. There are, however, situations
when splitting the problem into several smaller ones renders parts of the problem too abstract and hence
intractable for the experts providing the information on the preferences among objects. Stoklasa et al. (2013)
provided a real-life example of such a problem in the area of arts evaluation. Stoklasa et al. (2013) refers to
the development of the evaluation model for the Registry of Artistic Performances that has been used in the
Czech Republic within the principles and rules of financing public universities; see Ministry of Education of the
Czech Republic (2011). This model has been used since 2012 to provide a basis for the distribution of a part of
the subsidy from the state budget among public universities in the Czech Republic. The mathematical model
presented by Stoklasa et al. (2013) is designed to compute evaluations (priorities) for different categories of
works of art (currently 27 categories) based on combination of expert assessment of the significance of the
respective work of art and two more objective criteria (extent and institutional reception). The authors dealt
with a 27x27 PCM that represents a problem that could not be split into several smaller ones due to partial
dependencies among the evaluation criteria and due to the necessity of providing real-life examples to all the
compared categories for the experts to be able to express their intensities of preference.

In large-dimensional PC problems which cannot be split into smaller subproblems, the required priorities
of objects may be obtained from incomplete PCMs. In that case, focusing on an appropriate reduction of the
number of PCs which have to be provided by the DM and obtaining enough preference information in the
incomplete PCM to be able to compute the priorities of objects are of paramount importance. When using
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incomplete PCMs, we have to deal adequately with two key tasks: (i) finding a method for efficiently selecting
the subset of the n(n — 1)/2 PCs that should be provided by the DM, and (ii) finding an appropriate method for
deriving the priority vector from the incomplete PCM.

Harker (1987a,b,c) and later Harker and Millet (1990) were the first to deal with the problem of reducing
the number of PCs. They proposed to perform only a part of the n(n — 1)/2 PCs by means of an algorithm
which iteratively selects the PCs to be submitted to the DM. This selection is made according to the largest
modification in the priority vector. The process of inputting PCs is then stopped when the provided PC changes
the priority vector by less than a fixed threshold. Wedley et al. (1993) focused on the choice of only n—1
PCs, which is the minimum number required for comparing n objects, and they compared and discussed
several methods of entering them. Sanchez and Soyer (1998) proposed to use entropy-based measures of the
information content to evaluate judgment accuracy and to state a stopping rule of the process of inputting PCs.
Ra (1999) worked with n PCs which form a closed chain. Fedrizzi and Giove (2013) proposed a method for
selecting PCs in an incomplete PCM which takes into account both the robustness of the collected data and
the consistency of the expressed preferences.

For what concerns the methods for deriving the priority vector from incomplete PCMs, several different
approaches have been proposed; see e.g. Alonso et al. (2008); Chen and Triantaphillou (2001); Fedrizzi and
Giove (2007, 2013); Harker (1987a,b); Harker and Millet (1990); Kwiesielewicz (1996); Kwiesielewicz and van
Uden (2003); Ramik (2016); Shiraishi et al. (1998); Xu (2004, 2005). Some of these methods are aimed at
automatically determining the missing PCs in order to complete the incomplete PCM. Once the PCM is filled
in, one of known methods for deriving the priorities from a complete PCM can be used. Conversely, other
methods compute the priorities from the incomplete PCM directly. Clearly, having first computed the priorities,
every missing PCs in the incomplete PCM can then be determined accordingly, thus completing the PCM.

In this chapter, we aim to propose a method for obtaining priorities of objects from large-dimensional in-
complete PCMs where the consistency preservation plays a crucial role. In particular, the weak consistency
defined in Section 2.2.2.2 for MPCMs and in Section 2.3.3.2 for APCMs is employed in the method as a min-
imum requirement of consistency that has to be satisfied. The method differs from the other PC methods
mentioned above since the weak consistency of the incomplete PCM is preserved in every step of the method.
A similar property is not required in any other known method.

The objective of the method proposed in this chapter is not simply reducing the number of PCs required from
the DM. It is known that this number could be radically reduced to n—1, as proposed by Wedley et al. (1993);
Herrera-Viedma et al. (2004) and others. Such choice completely fulfills the requirement of maximally reducing
the number of PCs required from the DM. However, it gives up the fundamental characterizing property of the
PC methods - the ability to use the redundancy of information contained in a PCM in order to suitably manage
the unavoidable inconsistency of human judgments. In the numerical example in Section 5.3.2, it will be
demonstrated that the methods requiring only n—1 PCs do not always result in reliable outcomes.

The main objective of the method proposed in this chapter is to find an ideal compromise between requiring
as little preference information from the DM as possible and still obtaining enough information to calculate
priorities of objects that are close to the hypothetical full-information case (i.e. the case when the DM provides
all PCs in the PCM). Moreover, the final priorities of objects provided by the new method are computed in such
a way that they contain information concerning the uncertainty which stems from the fact that some PCs are
not provided by the DM, nor are they entered automatically by the proposed algorithm. The priorities of objects
are computed as intervals in order to reflect the missing information in the incomplete PCM and to provide
ranges for the values of the crisp priorities of objects obtainable from any weakly consistent completion of the
incomplete PCM. The range of the interval priorities depends on the amount of preference information that is
missing in the incomplete PCM. The formulas for calculating fuzzy priorities introduced in Sections 4.2, 4.3.2,
and 4.3.3 are applied to the method depending on the type of the PCM used for expressing DM’s preferences.

In the following section, preliminaries indispensable for introducing the new method for large-dimensional
PC problems and for demonstrating its performance are given.

5.2 Background

In this section the large-dimensional evaluation model for the registry of artistic performances proposed by
Stoklasa et al. (2013) is described in more detail as its results are later confronted with the results obtained
by the new method. Further, an overview of the algorithm for the optimal choice of PCs in incomplete large-
dimensional PCMs proposed by Fedrizzi and Giove (2013) is given here since this algorithm is partially utilized
in the new method.
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5.2.1 Case study: Evaluation model for the Registry of Artistic Performances

The evaluation model for the Registry of Artistic Performances as mentioned in Section 5.1 was a motivation
for developing the novel method for large-dimensional pairwise-comparison problems. This evaluation model
will be also used later in this chapter to validate the performance of the new method. Therefore, it is necessary
to introduce the original evaluation model in more detail. For a more detailed description of the model, the
readers can refer to Stoklasa et al. (2013).

The outputs of artistic performance are currently evaluated in the Czech Republic based on the following
three criteria, for each of which there are three levels distinguished:

Criterion 1 - Relevance or significance of the piece of art
A - a new piece of art or a performance of crucial significance
B - a new piece of art or a performance containing numerous important innovations
C - anew piece of art or a performance pushing forward modern trends

Criterion 2 - Extent of the piece of art
K - a piece of art or a performance of large extent
L - a piece of art or a performance of medium extent
M - a piece of art or a performance of limited extent

Criterion 3 - Institutional and media reception/impact of the piece of art
X - international reception/impact
Y - national reception/impact
Z - regional reception/impact

Criterion 1 is an expertly assessed criterion that brings a peer-review element into the evaluation. Each
segment of art provided a general linguistic specification for each level of this criterion to be made available for
the expert evaluators, real-life (historical) examples for levels A, B, and C are also available. Also the levels of
Criterion 2 are specified linguistically. This criterion was, however, intended to be measurable for each segment
on such a level of accuracy that most of the ambiguity in categorizing works of art according to this criterion is
removed. For Criterion 3, lists of institutions corresponding to level X, Y and Z are provided. Hence, there is
no subjectivity in evaluation against this criterion in the process.

By combining the various levels of the three criteria, 27 categories of works of art can be defined. These
categories are represented in the model by triplets of the capital letters identifying the levels (e.g. AKY, BLZ, or
CMZ). Each of these 27 categories needs to be assigned a score (priority). The original idea was to obtain all
PCs of the 27 well-represented (that is represented by real-life examples) categories of works of art (351 PCs
in total) using Saaty’s scale given in Tab. II.1, and afterwards, to compute the score for each category using
the GMM (11.24).

Because the MPCMs and Saaty’s scale were not intended for large-dimensional problems, Saaty (1977)
proposed to approach these problems by splitting them into subproblems of lower dimensions. However, this
approach was not applicable to the problem in question for the following reasons: a) there are some depen-
dencies among the criteria which are not easy to describe or capture, b) to compare various levels of one
criterion (e.g. big, medium and small) without any real-life representatives (good representatives for such
broad categories proved to be difficult to find) is not easy for the experts, c) the experts were not able to
express their preferences between the criteria (these too proved to be too abstract to provide enough repre-
sentation for the experts to be able to express their preferences). For these reasons, all 27 categories were
compared pairwisely. Since the multiplicative-consistency condition (11.4) is almost impossible to achieve for
large-dimensional MPCMs, the much more relaxed weak-consistency condition (I1.11) was used to control the
consistency of the PCs of the categories provided by the experts. The weak consistency was considered as a
minimum requirement on the consistency of the MPCM.

As the weak-consistency condition (11.11) is easy to check during the process of inputting preferences, and
even more so when the rows and columns of the MPCM are ordered in accordance with the preference ordering
of the categories (from the most preferred to the least preferred one), the 27 categories were first ordered
according to their preference using the PC method; see Stoklasa et al. (2013) for more details. Afterwards, the
experts provided 351 PCs of the categories using the elements from Saaty’s scale given in Tab. 1.1 and the
normalized priorities of the categories were obtained from the complete MPCM by using the GMM (I1.24). The
MPCM and the derived priorities of all 27 categories are shown later in Section 5.3.3 where these results are
compared with the results obtained by applying the novel method that is going to be proposed in Section 5.3.1.

After two years of using the described model and the computed evaluations, minor adjustments to the
evaluation methodology proved to be necessary. Adding one more level to one of the criteria and changing
the initial preference ordering of the categories were considered; see Stoklasa et al. (2016). Changing the
preference ordering of the categories would result in the need of inputting the large MPCM again. In the
case of adding one level of one of the criteria the dimension of the MPCM would increase, thus dramatically
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increasing the number of PCs required. Generally, it has to be expected that these changes might occur in the
model in the future in order to meet new requirements. If such an adaptation results in the need of providing
all the PCs again (or even in providing more of them), an algorithm capable of reducing the number of PCs
that need to be provided would be most needed in order to reduce the strain and the time consumption for the
experts without substantial loss of information.

5.2.2 Overview of the algorithm of Fedrizzi and Giove (2013) for optimal sequencing
in incomplete large-dimensional PCMs

In this section, the algorithm for optimal sequencing (i.e. the optimal choice of PCs) in incomplete large-
dimensional PCMs proposed by Fedrizzi and Giove (2013) is briefly summarized as its part is utilized in the
method for dealing with incomplete large-dimensional PCMs proposed in the following section. For a more
detailed description of the algorithm, interested readers can refer to Fedrizzi and Giove (2013).

Fedrizzi and Giove (2013) proposed an algorithm for iteratively selecting PCs that should be provided by
the DM in an incomplete PCM. The algorithm was presented in the form for APCMs-A. Nevertheless, the
authors themselves emphasized that the approaches based on APCMs and MPCMs are equivalent (this was
also shown in detail in Section 2.4).

The algorithm uses a selection rule based on two criteria. The first criterion, quantified by y;;, is used to
achieve enough indirect PCs (r;x, r;) for every missing PC r;; of the APCM-A R = {rij}zjzl. The second
criterion, quantified by z;;, is used to reduce possible inconsistency of judgments. A scoring function F' is
defined to determine the usefulness of selecting a particular pair of not yet mutually compared objects o,
and oj, 4,5 € {1,...,n}. A high value of the scoring function indicates high necessity to compare o; with o;,
i,j € {1,...,n}. Thus, at each step of the algorithm, the pair of objects with the maximal value of F' is selected.
The scoring function is defined as

Fyij» zi5) = Myij + (1 = A2, (V.1)

where X € [0, 1] is the parameter quantifying the importance of the criterion y;; over the criterion z;;. Using the
simplified notation f(o;,0;) := F'(yi;, 2:;) to refer directly to the pair of objects, the selection rule is defined as

0i,0;) = ar ma 0k, 01), V.2
( ]) g(ok,Oz)EXQ\Qf( F l) (V:2)
where Q is the set of PCs that were already provided by the DM during the questioning process and Q =
{(0i,04);4,5 = 1,...,n, i < j} is the set of all PCs between the n objects. The criteria used in the scoring
function (V.1) are defined by the following formulas:
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First, let us analyze the expression (V.3), where s; = {k; (0, 01) € QV(ox,0;) € Q} and |s,| is the cardinality
of the set s,. Then |s;| + |s;| is the number of PCs involving object o; or object o;. The maximum value of |s;]|
is n — 2 since (o;,0,) was not yet provided and (o;,0;) is excluded. Thus, the maximum value of |s;| + |s;|
is 2(n — 2), and ';':_';1)' represents the normalized number of PCs involving objects o; or o;. Criterion y;; is
defined by (V.3) in order to have the scoring function F' increasing in both variables. Criterion y,; determines
the lack of PCs suffered by objects o; and o;.

Now, let us analyze the expression (V.4), where ¢;; is the mean inconsistency of the indirect PCs of objects
o; and o;. First, let us define the variable ;.;; representing the mean value of all indirect PCs of o; and o;, based
on the additive-consistency condition (11.28):

5;Ms;
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Because indirect PCs of objects o; and o; are usually not completely consistent, the mean inconsistency ¢;;
of indirect PCs of o; and o; is defined as

0 if s; N S5 = A,
pij = S (rantreg —0-5-p4)” g o s; # . (V6)
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Tcardinality |s| of the set s is the number of its elements; e.g. | {2,4,5} | = 3
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Note that for s; N's; # O, ¢;; is the variance of (r;, + r,; — 0.5), and it holds that ¢;; = 0 if and only if all the
indirect PCs of o; and o; are additively consistent according to Definition 9.

The maximum achievable reduction Ay;; of ¢;; is obtained if the direct PC is r;; = 11;; and, in such a case,
Ap;j = “rﬁsﬁ In the formula (V.4), Ayp;; is normalized, i.e. it is divided by + as it is the maximum achievable
value of Ay;;; see Fedrizzi and Giove (2013). The criterion z;; expresses the normalized maximum achievable
reduction of the inconsistency ;; which can be reached by means of the direct PCs of o, and o;.

The algorithm for selecting the PCs that should be provided by the DM in an incomplete APCM-A given by
Fedrizzi and Giove (2013) consists of the following steps:

1. At the beginning, no PCs are performed and Q@ = @. Thus, y;; = 1, z;; = 0, and f(o0;,0;) = A for all
i,j = 1,...,n. Instead of a random selection, recommended initial PCs are {(02;—1,02:);i = 1,..., 5} if
nis even and {(0zi—1,02);i=1,..., %5} if nis odd.

2. In each step of the selection process, the value of the scoring function f is quantified for each missing
PC (0:,0;) by using the formula (V.1). According to (V.2), the suitable PC (o;, 0,) is selected. In the case
of equal values of f(o;,0;), the pair of objects o;+, 0;- such that i* 4+ j* minimizes i + j is selected. In the
case of equal values of i + j, the pair containing the minimum index is selected.

3. The selection is stopped when the value of the scoring function becomes lower than the threshold ¢ €
[0, 1] which is subjectively defined by the DM, i.e.

ma. 0i,0;) < 0. V.7
(o,i,o]-)e)g)\Q f( j) (V.7)

5.3 New method for incomplete large-dimensional PCMs

In this section a novel method for large-dimensional PCMs is proposed. In particular, Section 5.3.1 provides
a detailed description of the method. In Section 5.3.2, the application of the method is demonstrated on an
illustrative example and compared with another well-known method for large-dimensional PCMs. In Section
5.3.3, the method is applied to the evaluation model for the Registry of Artistic Performances and the results
are confronted with the results obtained by the original model proposed by Stoklasa et al. (2013). In Section
5.83.4, the results of numerical simulations are provided in order to analyze the performance of the method.

5.3.1 Description of the method

In this section, a novel method for inputting PCs in large-dimensional PCMs and for computing interval priorities
from incomplete PCMs is proposed. The method combines the concept of weak consistency with the PC-
selection process proposed by Fedrizzi and Giove (2013). The proposed interactive algorithm guides the
DM through the PC-input phase by identifying which pair of objects should be compared next. This way, the
increase of preference information in the incomplete PCM is maximized and the compliance with the weak-
consistency condition is ensured in each step of the algorithm. This results in a weakly consistent incomplete
PCM after each input. Moreover, information on all feasible preference intensities of each missing PC of an
incomplete PCM (that is such values that would not violate the weak consistency when put in the PCM) is
available in each step of the algorithm. Values that are unambiguous are input automatically into the PCM and
the DM is not bothered to provide these. This way, the amount of information contained in the incomplete PCM
can increase after each step without the effort of the DM. When enough information is provided by the DM,
the algorithm stops asking the DM for inputs and determines the preference ordering of the objects and their
priorities, which are in this case in the form of intervals.

Let us consider objects o1, 04,...,0, to which priorities need to be assigned. The PC of a pair of objects
o; and o; will be denoted as (o;,0;). Considering that the MPCM approach, the APCM-A approach, and the
APCM-M approach are equivalent (transformation of one representation into the other can be done using the
formulas reviewed in Section 2.4), the DM can express the preference intensities in any of these forms. For
the sake of the algorithm presentation and without any loss of generality by presenting the algorithm only for
one PCM approach, the MPCM approach is chosen in this section to present the algorithm. This approach is
used also because the practical application of large-dimensional PCMs presented in Section 5.2.1 was actually
done using a MPCM. In this way, it will be possible to confront the outputs of the algorithm proposed in this
section with the practical result using the full-information MPCM approach directly.

Saaty’s scale given in Tab. Il.1 is used here for expressing the PCs in the MPCM M = {mij}zjzl, i.e.
mij € {3, %,---53.1,2,...,8,9}, 4,5 = 1,...,n, with the meanings described in Tab. Il.1. Since MPCM M is
multiplicatively reciprocal, it is sufficient to enter only the PCs above the main diagonal of M or alternatively
only the PCs below the main diagonal of M. In this algorithm, without any loss of information, the PCs above
the main diagonal of M are required from the DM. Hence, the set (2 of all PCs required to complete the PCM is

143



Q= {(0;,05);1,5=1,...,n, i < j}, the cardinality of Q being |Q2| = n(n — 1)/2. The objective of this algorithm
is twofold: (i) finding such a set Q C Q that its cardinality (i.e. the number of the PCs required from the DM)
allows for the computation of all the priorities of objects, and (ii) proposing a way of generating the elements of
this set in such order that minimizes the cardinality of 2.

The set of all PCs already performed will be denoted by @, and the set of PCs not yet entered into the
MPCM will be denoted 2\ Q. For each (0;,0;) € 2\ Q, the set FV;; C {5, 4....,4,1,2,...,8,9} of all feasible
values that are in compliance with the weak-consistency condition (1l.11) will be always given. For simplicity
and in the figures, the notation [min F'V;;, max F'V;;] will be used where there is no risk of ambiguity. The
notation [min F'V;;, max F'V;;] represents a range of the values from Saaty’s scale from min F'V;; to max FV;;
for a given (0;,05) € Q\ Q. For example, the set {6,7,8,9} will be denoted as [6, 9] and interpreted as a range

of values of Saaty’s scale from 6 to 9. An incomplete MPCM will be denoted M = {mij}7; -1, Where

s = [mle,mZ] for (Oiaoj) EQ\Qa
* m;j for (Oi, Oj) €qQ.
It is obvious that [m/;, m{;] = [min FV;;, max F'V;] for each (0;,0;) € Q\ Q.
The process of guided input of the preference information and computation of the priorities of n compared
objects can be summarized in the following steps:

1. The DM chooses which PCM will be used to express the preference intensities (MPCM is considered for
the purpose of the description of the algorithm). The diagonal elements (o;, 0;) of MPCM M= {mi iz
are set, i.e. m;; = Lforall ¢ =1,...,n. The sets of feasible values (FV sets) F'V;; are established for
(0i,05) € 2\ Q. At the beginning, FV;; = [§,9] for (0;,0;) € €.

2. The DM provides initial PCs. In this algorithm, the setting proposed by Fedrizzi and Giove (2013) is used,
i.e. the set of initial PCs {(02;—1,02), i =1,..., %]}, where | 2] is the floor? of £, is required from the
DM. However, also a different set of initial PCs can be selected. The only restriction is that these initial

PCs do not violate the weak-consistency condition (11.11).
The following Steps 3-5 are repeated until the stopping criterion is met:

3. Based on the algorithm of Fedrizzi and Giove (2013), we determine iteratively which PC (0;,0;) € 1\ Q
is to be provided next by the DM. The PC (o;, 0,) that maximizes the scoring function (V.1) is selected,
and the DM is asked to provide the corresponding preference intensity into the incomplete PCM M. The
DM selects the value of the PC (o;,0;) from its FV set FV;;.

4. Based on the weak-consistency requirement, the FV set F'V;; is recalculated for each missing PC
(0i,05) € 2\ Q. The weak-consistency rules (Il.11)—(ll.14) for MPCMs are used in this step of the al-
gorithm to determine [min F'V;;, max F'Vj;].

Obviously, the FV set is restricted only when an indirect PC exists. That is when for a PC (o;, 0;) not yet
entered into the MPCM there exists at least one object with index &, k # i, j, such that the PCs (o;, o)
and (ox,0;) are already entered into the incomplete MPCM M1 or restricted FV sets are determined for
them.

5. Missing PCs (0;,0;) € Q\@Q, for which F'V;; contains just a single element, are entered into the incomplete
MPCM M automatically. Obviously, the occurrence of such single-element F'V;; sets is far more frequent
when a discrete scale is used for making PCs of objects. In real-life applications, the requirement of a
discrete scale rather than a continuous scale is not a constraint of the decision-making problem. That is
because in real-life applications discrete scales of numbers (either crisp of fuzzy) with assigned linguistic
terms expressing the intensities of preference are used far more frequently than continuous scales. Dis-
crete scales are more natural for DMs as they provide the required simplifying granularity for continuous
universes similar to the common language. The algorithm, however, remains valid also for continuous
scales. Since the choice of the scale is out of the scope of this thesis, discrete Saaty’s scale as given
in Tab. II.1 is assumed for the description of the algorithm. The sets F'V;; are recalculated (Step 4 is
performed) after each such input and Step 5 is performed again. Steps 4 and 5 are repeated until there
are no elements of the incomplete MPCM M that could be entered automatically this way.

6. Stopping criterion: For every missing PC in the incomplete MPCM M, there exists at least one indirect
PC.

This condition requires us to be able to determine for each missing PC (o;, 0;) a restricted set of feasible
intensities of preference which could be entered in order to preserve weak consistency of the MPCM.

2floor || of z € R is the largest integer lower or equal to z; e.g. [5.7] = 5
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Once the stopping criterion is met, we know for each PC (o;, 0,) of the incomplete MPCM M either its
value or its FV set F'V;; restricted by the weak consistency if the PC (o;, 0;) was not entered yet.

This stopping criterion varies from the stopping criterion proposed by Fedrizzi and Giove (2013). Since
the scope of this method is to be able to compute the interval priorities of objects, it is required that for
each missing PC in the incomplete MPCM M there exists at least one indirect PC. This means that, for
each missing PC m;;, we are able to determine a (restricted) set F'V;; of feasible intensities of preference
which can be entered in order to preserve the weak-consistency condition (11.11).

. The so-called reciprocal FV sets are identified, i.e. such FV;;, (0;,0;) € V C Q\ @, that contain at least
one of the values of the respective scale along with its reciprocal value. As an example, a set containing
the two numbers 3 and 1 is a reciprocal FV set. From a reciprocal FV set FV;;, it is not possible to
derive which object from the pair (0;, 0;) is preferred to the other. This ambiguity is not desired. Thus,
all reciprocal FV sets need to be replaced by a specific value provided by the DM or by a non-reciprocal
FV set (as a consequence of filling in a value from another reciprocal FV set), so that V = @. The DM
is asked to provide a PC (ox,0;) € V such that (o, 0;) = arg max |F'Vi;|. Inthe case that there are

more pairs of objects with the same maximal cardinality of their reciprocal FV sets, one of them is chosen
randomly. Alternatively, to make the algorithm more user friendly, the DM can be asked to provide the PC
of one pair of objects of his/her choice. After such PC is provided, i.e. after the DM chooses one value
from the given reciprocal FV set, F'V;;, (0;,0;) € Q\ Q, are recalculated using Steps 4 and 5. This step
is repeated until there are no reciprocal FV sets left.

Described technique enables us to reduce the amount of information required from the DM as much as
possible since providing the PC of the pair of objects with the maximal cardinality of the problematic set
adds the most information to the MPCM.

. The preference ordering of objects is derived from the incomplete MPCM M. For each object (repre-
sented by the corresponding row of the MPCM), we determine the number of elements in the given row
of the MPCM that are greater than or equal to the indifference value or for which the elements of the FV
set are all greater than or equal to the indifference value, which is 1 for MPCMs. Based on this informa-
tion, the objects 01,09, ..., 0, can be reordered from the most preferred one to the least preferred one,
.. 0(1) = 0(2) = -+ = 0(y). The respectively permuted MPCM with rows and columns ordered from the

most preferred object to the least preferred one will be denoted Me.

. In order to obtain the priorities of objects from the incomplete MPCM M, the sets F'V;; of feasible intensi-
ties of preference for all missing PCs are considered to be intervals given by the minimal and the maximal
value in the set (for example, the set {3,4, 5} is now considered to be the interval [3, 5]). This allows us to
obtain the priorities of objects in the form of intervals. The interval priorities can be obtained either from
the preference-ordered MPCM Me or from the non-preference-ordered MPCM M. It is obvious that in
both cases we would obtain the same interval priorities as the matrices are the same up to a permutation.

To obtain the interval priorities wy, . . ., w,, of objects, the fuzzy extension of the GMM proposed in Section
4.2.3.2 is used here. Specifically, either the formulas (1V.91)—(1V.94) or the formulas (IV.97)—(1V.100) are
applied to the incomplete MPCM M = {mij}zjzl. Realize that the incomplete MPCM M is in fact an
interval FMPCM,; the filled-in PCs are crisp numbers, which are a special case of intervals, and we have
intervals of feasible values for all missing PCs. All the formulas for obtaining fuzzy priorities provided in
Chapter IV are explicitly written for trapezoidal FPCMs. Nevertheless, recall that interval FPCMs are a
particular case of trapezoidal FPCMs. Therefore, keeping this in mind, we can easily apply the formulas
(IV.91)—(1V.94) or (IV.97)—(1V.100) to the incomplete MPCM M = {m}"

i,j=1"
Note that in the case when the DM provides preference information utilizing APCMs-A or APCMs-M,

the formulas (1V.158) and the formulas (IV.219)—(1V.222), respectively, are used for deriving the interval
priorities.

From the formulas (IV.91)—(1V.94) and from the argumentation preceding their construction (see p. 84)
it is obvious that the resulting interval priorities contain all the priorities that would be computed for any
particular selection of real values from the sets F'V;; corresponding to the missing PCs in M (that is if M
was completed) preserving the weak-consistency condition. This means that if the DM provided all the
missing PCs preserving the weak consistency, the crisp priorities computed from such a MPCM would
lie within the computed interval priorities.

Furthermore, because the interval priorities w; = [wF, wV],i = 1,...,n, obtained by the formulas (1V.97)—
(IV.100) from an incomplete weakly consistent MPCM are normalized according to Definition 28, i.e.
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w,; C [0,1] and
wf+ Y wl =1, Wl > wh<l i=1.m,
j=1 j=1
J#i J#i
the interval priorities get very narrow with an increasing dimension n of a MPCM.

Further, the interval priorities obtained from the preference-ordered MPCM Mo by the formulas (1V.97)—
(IV.100) have the following property. From the weak consistency and particularly from the property of a
non-decreasing sequence of elements in each row and a non-increasing sequence of elements in each
column of an ordered weakly consistent MPCM, it follows that any two interval priorities w;,w;,,j €
{1,...,n}, obtained by formulas (I1V.97)—(1V.100) can be ordered according to the standard partial order
< onintervals; [a,b] < [¢,d] if a < ¢,b < d. Therefore, < is a total order on the set of all interval priorities
w;,1 = 1,...,n. Recall that, according to Step 8, the preference ordering of objects is derived immediately
from the preference information in Me without the need of computing the interval priorities. Moreover, for
any two objects o;, o; such that o; > oy, it holds that @w; > w;; for the case when o; = o; and o; = o; it
holds that w; = w;.

5.3.2 lllustrative example and comparison study

For better understanding, the novel method is demonstrated step-by-step on a simple illustrative example of a
weakly consistent MPCM of seven objects. In addition, the performance of the method is compared with the
well-known method for incomplete MPCMs proposed by Herrera-Viedma et al. (2004).

Obviously, applying the proposed method to a PCM of just several (in this case seven) objects has only
limited significance in practice as such a PCM does not require many PCs from the DM in the first place.
However, for better visual illustration of each step of the proposed algorithm, an example with just several
objects is more convenient.

Let 01, 09,...,07 be objects which need to be compared and whose priorities need to be determined by the
DM. In order to compare seven objects pairwisely, the DM would have to provide 21 PCs in the full-information
case. By applying the new algorithm, only a part of these 21 PCs will be required from the DM. In order to
evaluate the performance of the new algorithm we need to confront its results with the results obtainable in the
hypothetical full-information case. Therefore, let us consider the MPCM given in Fig. V.1 as the full-information
MPCM M that would be obtained if the DM provided all 21 PCs. For better illustration, easier understanding
and an easy check of the compliance with the weak-consistency condition (l1.11), the objects in the MPCM M
given in Fig. V.1 are ordered from the most preferred one to the least preferred one. For the sake of simplicity,
only the PCs above the main diagonal are given since the PCs below the main diagonal are the reciprocals of
the corresponding PCs above the main diagonal. The priorities w1, ..., w7 of objects o1, ..., o7 obtainable from
the full-information MPCM M by the GMM (11.24) are given in the second column of Tab. V.1.

Figure V.1: MPCM with all PCs provided by the DM.

0, 0, 03 0,4 05 0 0
01 1 9 9 9 9 9
0, 1 2 9 9 9
R 1 1 5 8 8
Oy 1 5 8 8
[ 1 7 8
o, 1 7

1

07

The method proposed in this chapter is designed to be applicable to general PC problems with no informa-
tion about the preference ordering of the objects which are to be compared pairwisely, i.e. we suppose that the
ordering of the objects from the most preferred one to the least preferred one is not known at the beginning
of the decision-making process. This means that the method can be applied to any random initial ordering of
objects in the MPCM. Let us therefore assume that the preference ordering of objects is not known in advance
and, instead, the objects are ordered randomly. Let us assume the random initial order of the objects as given
in Fig. V.2. The empty MPCM M= {ﬁzij}zjzl in Fig. V.2 is the starting matrix where the PCs identified by
the algorithm are going to be provided by the DM or entered automatically based on the weak-consistency
condition.

Notice that the labeling of objects in the incomplete MPCM M = {ﬁzij}zjzl in Fig. V.2 does not correspond
to the numbering of rows and columns of the MPCM anymore. For example, object o, is not in the first row
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Figure V.2: Starting empty MPCM M.

03 04 og 01 0, 05 07

[ 1
- 1
0, 1
-5 1
o 1

o0y 1

of the MPCM, but, instead, it is in the fourth row now. Therefore, it is important to realize that from now on
when we refer to a PC (o;, 0,), this does not necessarily correspond to the PC m;; in the i—th row and the j—th
column of M.

At the beginning of the algorithm, the diagonal elements are set to the value 1 and the DM is asked to
provide initial PCs (o0s3,04), (0s,01), and (o2, 05) as it is required in Step 2 of the algorithm. Any value from
Saaty’s scale can be chosen in this step. This is because the FV sets for all missing PCs are [é, 9]. For easier
orientation in the figures the initial FV sets [%, 9] are replaced by empty fields. Only the FV sets calculated from
indirect PCs in the following steps of the algorithm will be entered into the incomplete MPCM M.

Steps 3 to 5 are repeated until the stopping criterion is met. In Step 3, we apply the algorithm based on
searching for a missing PC (o;, 0,;) with the maximum value of the scoring function (V.1), i.e. the missing PC
that should be provided by the DM. In this illustrative example, both criteria of the scoring function (V.1) are
considered to have the same importance, therefore the parameter A = 0.5 is set.

As already mentioned in the previous section, in contrast to the method proposed by Fedrizzi and Giove
(2013), we require the incomplete MPCM M to be weakly consistent; it has to satisfy the properties (1l.11)—
(11.14). According to this requirement, in Step 4, we are able to restrict the sets F'V;; of feasible intensities of
preference for some missing PCs. If any set F'V;; contains only one value, this value is entered automatically
into the incomplete MPCM M as suggested in Step 5.

Fig. V.3 demonstrates the incomplete MPCM M after the initial PCs (03,04) =1, (0,01) = &, and (o1,05) =
9 and after the first iteration of the algorithm. The first PC chosen in the first iteration and provided by the DM
is (03,07) = 8. As it can be seen from the incomplete MPCM M, the PC (04, 07) = 8 was filled in automatically
according to the weak consistency since (o3, 04) = 1 and (o3, 07) = 8. The legend explaining the notation used
in the figures in this section is provided in Fig. V.4.

Figure V.3: Incomplete MPCM M after the first iteration.

03 04 04 04 0, 05 0,
[-F 1

0, 1 8
Og 1

: =
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o, 1

Figure V.4: Legend.

1/9 initial PC provided by the DM
8 PC provided by the DM during the algorithm
8 PC filled in automatically according to the weak consistency
[1/9,1/2] |FVset
[1/9,9] |reciprocal FV set
9 value from the reciprocal FV set provided by the DM

Fig. V.5 shows the incomplete MPCM 1/ after the second iteration of the algorithm. The PC (04,06) = 8 wWas
provided by the DM, and according to the weak consistency, one missing PC and ranges for other three missing
PCs were added automatically. For example, the range [1/9,1/2] for the missing PC (o3, 01) was derived from
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the PCs (03, 06) = 8 and (0g,01) = 1/9 according to the first rule of the weak-consistency property (11.13). The
DM continues providing the missing PCs until the stopping criterion is met. The incomplete MPCM obtained at
the moment of meeting the stopping criterion is given in Fig. V.6.

Figure V.5: Incomplete MPCM M after the second iteration.

0, 0, 05 0
R —

[1/9,1/2]

Figure V.6: Incomplete MPCM M after the stopping criterion is met.

03 Oy Og 04 0> Os 07
0, 1 8 1/9 |[[1/9,1/2]
Oy 1 8 1/9 |[1/9,1/2] 5 8
Og 1 9 [1/9,9] |[1/8,1/2]] [1/8,8]
251 1 9 9 9
0, 1
Osg 1 [2,8]
a7 1

Two reciprocal FV sets are present in the incomplete MPCM M in Fig. V.6; see the PCs (0g,02) = [§,9]
and (g, 07) = [%,8]. This means that we are not even able to decide which object is preferred to the other one
for these pairs of objects; the information obtained from the indirect PCs is too vague. Therefore, according to
Step 7, we have to ask the DM to determine the intensities of preference for these pairs of objects.

First the DM is asked to provide the PC (o0, 02) as its reciprocal FV set has the biggest cardinality (| F'Vs2| =
{5, %.---,3,1,2,...,9} = 17). In this particular case no restriction of the other FV sets occurs. Afterwards,
the DM provides the PC (og,07) and, as a consequence, the FV set of (05, 07) is reduced from [2, 8] to [7,8].
Fig. V.7 shows the incomplete MPCM 1/ after Step 7.

Figure V.7: Incomplete MPCM M after removing the reciprocal FV sets.

O3
O3 1
0, 5
[ WWER [1/8,1/2] 7
o EEEEE
[P 9 9
05 1 [7,8]
07 1

Once the reciprocal FV sets are removed, we are able to order the compared objects from the most pre-
ferred one to the least preferred one according to Step 8 and to reorder the whole incomplete MPCM M
accordingly. Fig. V.8 demonstrates the preference-ordered incomplete MPCM Me with FV sets for all missing
PCs. The reader can verify that by choosing any value from any of the FV sets the weak consistency of the
incomplete MPCM M is not violated.

According to Step 9 of the algorithm, the interval priorities of objects are obtained from the incomplete
MPCM M°. The interval priorities are summarized in Tab. V.1 along with the crisp priorities computed from the
full-information MPCM M given in Fig. V.1.

Let us summarize the results of this illustrative example. In order to have complete preference information
and to compute crisp priorities of objects, the DM would have to provide 21 PCs. Using the algorithm for
incomplete PCMs proposed in Section 5.3.1, the DM had to provide only 10 PCs (approx. 48%). Other 7 PCs
(approx. 33%) were added automatically based on the weak-consistency condition and 4 PCs (approx. 19%)
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Figure V.8: Final preference-ordered incomplete MPCM Me.
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were missing with FV sets the elements of which do not violate the weak consistency of the incomplete MPCM
Me. The proposed algorithm did not only spare the DM more than half of the PCs, but it also provided very
good results. The calculated interval priorities are quite narrow and contain the original priorities; see Tab. V.1.
Recall that it was mentioned in Step 9 of the algorithm that this is a general property that always holds.

Table V.1: Priorities of objects.

Objects || Crisp priorities | Interval priorities Priorities obtained
obtained by obtained by according to Herrera-
the GMM the new method | Viedma et al. (2004)
01 0.5083 [0.4840,0.5102] 0.2377
02 0.1765 [0.1765,0.2594] 0.1128
03 0.1166 [0.0896,0.1170] 0.2284
04 0.1166 [0.0896,0.1170] 0.2284
05 0.0463 [0.0363,0.0472] 0.0535
06 0.0228 [0.0213,0.0273] 0.1128
o7 0.0128 [0.0122,0.0131] 0.0264

To emphasize the advantage and the significant contribution of this method to the decision-making theory,
it is also compared here with another well-known method for incomplete MPCMs. Particularly, the method pro-
posed by Herrera-Viedma et al. (2004) will be applied to this illustrative example for the comparison. Notice that
the paper of Herrera-Viedma et al. (2004) has been cited over 560-times which suggests wide recognition of
the method). In the method proposed by Herrera-Viedma et al. (2004), only n—1 PCs above the main diagonal,
i.e. {(04,0i41);i=1,...,n—1}, are required from the DM. The remaining PCs are completed automatically
so that the resulting MPCM M = {mij}zjzl is multiplicatively consistent according to (I.4). Clearly, in most of

the cases, the missing PCs completed by this automatic procedure exceed Saaty’s scale [%, 9] . That is why
Herrera-Viedma et al. (2004) suggest to transform the obtained MPCM M given on scale [%, c] ,c > 9, into the

MPCM M’ = {mgj}jjzl given on scale [¢,9] by using transformation formula

r 1/logg c
ij — My )

ii=1,...,n. (V.8)

In Fig. V.9, the completed, transformed and ordered MPCM M’ after providing the 6 initial PCs above the
main diagonal is given. The 6 PCs provided by the DM are highlighted in bold. Obviously, unlike the incomplete
MPCM A7 in Fig. V.8, the MPCM M’ in Fig. V.9 differs substantially from the original MPCM in Fig. V.1. Thus,
also the priorities obtained from this MPCM given in the last column of Tab. V.1 vary essentially from the
original priorities given in the second column. Even the ranking of the objects based on these priorities varies
from the ranking obtained in the full-information case.

In order too demonstrate how far the MPCM M’ in Fig. V.9 obtained by the method proposed by Herrera-
Viedma et al. (2004) is from the original MPCM M in comparison to the incomplete MPCM Me obtained by
the method proposed in the previous section, their distances will be measured. In particular, the distance for
MPCMs defined by Cook and Kress (1988) is utilized for this scope. Since the incomplete MPCM Mein Fig.
V.8 contains intervals, it is necessary to generalize the distance of Cook and Kress (1988) to interval FMPCMs
first. For two interval FMPCMs M = {mi; ijl it = [miE miV] M = {mij}zj:1 Jm? = [m2k,m2V] | the
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Figure V.9: MPCM M’ obtained by the approach of Herrera-Viedma et al. (2004).
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interval distance based on the distance defined by Cook and Kress (1988) is given as E(MI,M2) = [d*,d"]
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For crisp MPCMs, the interval distance given by (V.9), (V.10) is identical to the distance originally defined by
Cook and Kress (1988). By applying the formulas (V.9) and (V.10), the distance of the MPCM obtained by the
method proposed by Herrera-Viedma et al. (2004) given in Fig. V.9 and the original MPCM given in Tab. V.1
is D = 22.8941. The interval distance of the interval FMPCM in Fig. V.8 from the original MPCM in Fig. V.1 is
D = [0,4.3934]. Clearly, D = [0,4.3934] is significantly smaller than D = 22.8941, which demonstrates better
performance of the method proposed in this thesis.

Notice that the lower boundary value d” of the distance of any incomplete MPCM with intervals of feasible
values for all missing PCs obtained by the new method from the hypothetical full-information MPCM is always
0. This follows from the fact that the incomplete MPCM always contains the hypothetical full-information MPCM
obtainable if all PCs were provided by the DM, which is the substance and the main advantage of the proposed
method.

5.3.3 Application of the method to the Evaluation model for the Registry of Artistic
Performances

In this section, the large-dimensional problem of evaluating outcomes of artistic performance in the Czech
Republic that was solved by Stoklasa et al. (2013) and briefly introduced in Section 5.2.1 is approached. The
method for optimal construction of an incomplete MPCM and obtaining interval priorities of the categories of
artistic production introduced in Section 5.3.1 is applied. The outcome of the new method is compared with
the outcome given by Stoklasa et al. (2013). Again, we draw from the knowledge of the complete MPCM
and conduct a numerical experiment. In particular, we start with an empty MPCM of randomly ordered 27
categories of works of art, we utilize the novel method proposed in Section 5.3.1, and, whenever a PC is
required from the DM, we find the appropriate value in the complete MPCM given in Fig. V.10.

We assumed the randomly generated initial order of the categories (i.e. categories are not ordered ac-
cording to their preference but randomly) given in the heading of Fig. V.11. For better orientation and simpler
notation, the number of the corresponding row was assigned to each category. First, the DM was asked to
provide 13 initial PCs {(2i — 1,2i); i=1,...,13}. Subsequently, the algorithm for selecting the missing PCs
(i,7),4,75 € {1,2,...,27},i < j, which should be provided by the DM was applied. The parameter A = 0.5
was used in the scoring function (V.1) as both its criteria were considered to have the same importance. The
algorithm was stopped after just 109 PCs provided by the DM.

Because missing PCs with reciprocal FV sets were present in the incomplete MPCM at that stage, it was
not possible to order the categories from the most preferred one to the least preferred one immediately. First,
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Figure V.10: Complete weakly consistent MPCM obtained by Stoklasa et al. (2013).
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Table V.2: Interval and crisp priorities of the categories.

Categories || Crisp priorities | Interval priorities
1 | AKX 0.1357 [0.1314,0.1370]
2 AKY 0.1132 [0.1126,0.1166]
3 AKZ 0.0967 [0.0917,0.0995]
4 | ALX 0.0862 [0.0829, 0.0895]
5 | ALY 0.0761 [0.0687,0.0799]
6 | ALZ 0.0612 [0.0593, 0.0660]
7 | AMX 0.0552 [0.0542,0.0573]
8 AMY 0.0498 [0.0495, 0.0509]
9 | AMZ 0.0418 [0.0415,0.0423]
10 | BKX 0.0385 [0.0382, 0.0390]
11 | BKY 0.0335 [0.0333,0.0340]
12 | BKZ 0.0292 [0.0280, 0.0296]
13 | BLX 0.0269 [0.0258,0.0273]
14 BLY 0.0222 [0.0211,0.0249]
15 | BLZ 0.0204 [0.0194, 0.0215]
16 | BMX 0.0184 [0.0176,0.0192]
17 | BMY 0.0167 [0.0160,0.0175]
18 | BMZ 0.0134 [0.0133,0.0140]
19 | CKX 0.0117 [0.0114,0.0125]
20 | CKY 0.0106 [0.0102,0.0112]
21 | CKZ 0.0088 [0.0088, 0.0092]
22 | CLX 0.0080 [0.0077,0.0082]
23 | CLY 0.0072 [0.0067,0.0074]
24 | CLZ 0.0057 [0.0053, 0.0066]
25 | CMX 0.0047 [0.0045, 0.0051]
26 | CMY 0.0042 [0.0040, 0.0045]
27 | CMzZ 0.0038 [0.0035, 0.0040]

it was necessary to remove all reciprocal FV sets F'V;;. This was done iteratively and after the replacement of
every single reciprocal FV set F'V;; either by a PC provided by the DM or by a non-reciprocal FV set, all the
remaining missing elements were recalculated. In order to eliminate all the reciprocal FV sets, 23 PCs were
required from the DM overall. The incomplete MPCM obtained after this step is shown in Fig. V.11. Finally, the
categories compared in the incomplete MPCM were ordered from the most preferred one to the least preferred
one. The preference-ordered weakly consistent incomplete MPCM is given in Fig. V.12.

In the original method proposed by Stoklasa et al. (2013), the experts had to provide all 351 PCs. When
the new method was applied to the problem, only 145 PCs (approx. 41%) were required. Other 153 PCs
(approx. 44%) were added automatically according to the weak consistency and, for the remaining 53 PCs
(approx. 15%), sets of feasible intensities of preference were derived from the weak-consistency properties.
These FV sets are relatively narrow containing at most 4 values. Furthermore, the incomplete MPCM contains
the original complete MPCM, i.e. all the filled-in PCs are the same and the FV set provided for each missing
PC in the incomplete MPCM always contains the preference intensity of the corresponding PC in the complete
MPCM; compare Fig. V.10 and Fig. V.12.

Interval priorities of the categories were obtained from the incomplete MPCM in Fig. V.12 by using the
formulas (1V.97)—(1V.100). The interval priorities together with the crisp priorities obtained from the complete
MPCM in Fig. V.10 by the GMM (l11.24) are given in Tab. V.2. Obviously, the crisp priorities of the categories
lie within the intervals delimited by the interval priorities. This result is natural since the FV sets for missing
PCs in the incomplete PCM obtain all feasible intensities of preference that preserve the weak consistency.
Therefore, the complete MPCM given in Fig. V.10 provided by Stoklasa et al. (2013) can be obtained from the
weakly consistent incomplete MPCM in Fig. V.12 by a particular combination of values from the FV sets.

Using the new method, we obtained the interval priorities of the categories which represent very well the
actual priorities obtained from the complete MPCM (compare the results in Tab. V.2). In contrast to the original
method, however, only 145 PCs were required from the DMs instead of 351. This means that the amount of
the information required from the DM was reduced to only 41% of the information required by Stoklasa et al.
(2013). This is a very significant reduction of the information required from the DM that reduces considerably
the strain and time demands and raises the quality of the information provided.
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Figure V.12: Preference-ordered incomplete weakly consistent MPCM.
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5.3.4 Simulations and numerical results

Simulations were performed to evaluate the benefit of the proposed method from the point of view of sparing a
part of PCs required from the DM. MPCMs of dimensions n = 5, 10, ..., 30 were considered.

The proposed method was applied to 600 randomly generated weakly consistent MPCMs, 100 of each
dimension. For each such a MPCM, an empty initial MPCM of the given dimension n was considered and
the new method was applied to the empty MPCM in order to identify iteratively the missing PCs that should
be provided by the DM. Whenever such a missing PC was identified, the value of the PC was taken from
the complete MPCM and entered into the incomplete MPCM. The number x of PCs required in the iterative
algorithm from the DM was computed. Consequently, also the number of spared PCs was computed as
n(n —1)/2 — x. After applying the method to all 100 MPCMs of the given dimension n, an average number of
spared PCs was computed as well as an average % of spared PCs. The numerical results are presented in
Tab. V.3.

According to the results presented in Tab. V.3, the average percentage of the spared PCs increases with
the increasing dimension of the MPCM. For MPCMs of dimension 15 and greater, more than 60% of the PCs
are spared on average. However, it is necessary to point out that, despite this huge reduction in the number
of PCs required from the DM, the resulting interval priorities obtained by the formulas (1V.97)—(1V.100) from
the final incomplete weakly consistent MPCM always contain the crisp priorities obtainable from the original
randomly generated weakly consistent MPCM. Moreover, as discussed on p. 145, the interval priorities get
very narrow with the increasing dimension of the MPCM.

Table V.3: Average number of spared PCs required from the DM.

dimension of PCMs n=>5|n=10 | n=15 | n=20 | n=25 | n=30

number of PCs required in
the full-information case

average number of spared PCs 4 24 64 123 207 312
average % of spared PCs 42% | 53% 61% 65% 69% 72%

10 45 105 190 300 435

5.4 Conclusion

An answer to the second research question, “How can the amount of preference information required from
the DM in a large-dimensional PCM be reduced while still obtaining comparable priorities of objects”, was
provided in this chapter. In particular, a novel approach for dealing with incomplete large-dimensional PCMs
was introduced. The approach is applicable to all three types of PCMs examined in this thesis, i.e. MPCMs,
APCMs-A, as well as APCMs-M.

The proposed method strives to identify the tradeoff between decreasing the number of PCs required from
the DM and obtaining a sufficient amount of information to compute relevant priorities of objects. The method is
suggested as a possible solution to large-dimensional problems where the complete information (i.e. providing
all PCs) is either costly, too time consuming, or infeasible to obtain or where the preference intensities in the
large-dimensional PCMs require (frequent) revisions.

In the first part of the method, an iterative algorithm for optimal choice of PCs that should be provided by
the DM in an incomplete large-dimensional PCM is applied. The algorithm is based on the combination of
the weak-consistency condition introduced by Jandovéa and Talasova (2013) for MPCMs and by Jandova et al.
(2017) for APCMs, with the modified version of the optimal PC-selection algorithm proposed by Fedrizzi and
Giove (2013). The weak consistency is imposed as a minimum consistency requirement on the incomplete
PCM and it is required during the whole process of entering PCs into the incomplete PCM. As a consequence,
certain PCs are added automatically on the base of PCs previously provided by the DM and, for some PCs,
intervals of feasible values that could be entered without violating the weak consistency are provided. The
algorithm is stopped when for every missing PC in the incomplete PCM there exists an interval of feasible
values. Afterward, interval priorities of objects are derived from such an incomplete PCM by means of formulas
proposed in Chapter IV.

The whole method is designed in such a way that the interval priorities derived from the incomplete large-
dimensional PCM include the priorities of objects obtainable from any weakly consistent completion of the
incomplete PCM. This means that the interval priorities contain the crisp priorities that would be obtained from
the hypothetical complete PCM obtainable if the DM provided all PCs in the PCM.

The numerical results of performed simulations demonstrate that the application of the proposed algorithm
can significantly reduce the number of PCs required from the DM and thus results in significant resource sav-
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ings. At the same time, a high accuracy of the output is guaranteed by the algorithm as the resulting interval
priorities contain the priorities that would be obtained from the hypothetical complete PCM. For randomly gen-
erated MPCMs of dimension n > 15, even more than 60% of PCs required (with respect to the full-information
case) were spared on average. The numerical example of a small 7x7 PCM exhibited a reduction of ca. 50%
in the number of PCs required (from 21 to 10). In the real-life case study of the works-of-art evaluation model
utilizing a 27x27 PCM, the number of PCs required from the experts was reduced by ca. 60% (from 351 PCs
only 145 were required). The obtained interval priorities of the 27 categories of works of art contain the crisp
priorities obtained from the original complete PCM and they are very narrow.

156



Chapter Vi

Discussion and future research

6.1 Discussion

“Traditional” methods based on PCMs were not designed to cope with MCDM problems under uncertainty.
However, uncertainty is integral to human mind and, thus, it is necessarily closely related to decision making.
In order to properly handle uncertainty, methods based on PCMs were extended to fuzzy numbers that allow for
better modeling of uncertain PCs of objects. When extending PCMs to FPCMs, it is of paramount importance
to extend appropriately the key properties of PCMs and of the related methods in order to reflect properly the
preference information contained in FPCMs.

Beside the inability to capture uncertainty, the “traditional” methods based on PCMs are also unable to deal
with incompleteness of preference information. The problem of incomplete preference information concerns
especially large-dimensional PCMs where it is not possible or reasonable to obtain complete preference in-
formation from the DM, e.g. due to time or cost limitations. When dealing with incomplete large-dimensional
PCMs, compromise between maximally reducing the number of PCs required from the DM and obtaining
reasonable priorities of objects from the incomplete PCM is of crucial importance.

Thus, the thesis was aiming at answering two research questions:

(1) Based on a FPCM of objects, how should fuzzy priorities of these objects be determined so that they
reflect properly all preference information available in the FPCM?

(2) How can the amount of preference information required from the DM in a large-dimensional PCM be
reduced while still obtaining comparable priorities of objects?

The first research question was answered by pursuing four tasks identified in Section 1.3. Each task and
the related findings are summarized as follows:

(1.a) Well-known and in practice most often applied methods based on PCMs were critically reviewed in Chap-
ter Il. In particular, three types of PCMs were examined - MPCMs, APCMs-A, and APCMs-M.

Two key properties of PCMs and of the related methods were identified - reciprocity of the related PCs
and invariance under permutation of objects. Reciprocity of the related PCs is an inherent property
of every PCM that results from the meaning of PCs in the PCM (multiplicative reciprocity for MPCMs
and additive reciprocity for APCMs-A and APCMs-M). Invariance under permutation of objects had been
introduced as a property that every “good” method should satisfy. is

Therefore, it is necessary to extended properly both these properties also to FPCMs.

(1.b) In Chapter IV, critical review of the approaches to the fuzzy extension of the methods reviewed in Chapter
Il within task (1.a) was done and two main drawbacks were identified.

The reviewed approaches are mostly based on applying standard fuzzy arithmetic to the fuzzy extension
of the methods and they violate the reciprocity of the related PCs or the invariance under permutation
of objects. This leads to false results (resulting fuzzy priorities of objects in particular) that distort the
preference information contained in the FPCM.

(1.c) Necessity of applying constrained fuzzy arithmetic to the fuzzy extension of the methods based on PCMs
in order to reflect properly the preference information contained in the FPCM was demonstrated in Chap-
ter IV.

Constrained fuzzy arithmetic allows for imposing constraints on operands of arithmetic operations with
fuzzy numbers. Therefore, reciprocity of the related PCs, which is an inherent property of PCMs, is
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introduced as a constraint in the computations with PCs in a FPCM. Applying constrained fuzzy arithmetic
with reciprocity constraints to the fuzzy extension of the methods reviewed in Chapter Il also automatically
ensures invariance of the methods under permutation of objects.

(1.d) The fuzzy extension of the methods critically reviewed within task (1.a) was proposed in Chapter IV in
such a way that it reflects properly all preference information contained in the FPCM.

Specifically, a whole set of methods based on constrained fuzzy arithmetic was proposed in the thesis
to deal with three types of FPCMs - FMPCMs, FAPCMs-A, and FAPCMs-M. FPCMs were defined prop-
erly and two definitions of consistency were given for each type of FPCMs. Formulas for obtaining the
fuzzy maximal eigenvalue of a FMPCM were proposed and properties of the fuzzy maximal eigenvalues
were identified. The fuzzy maximal eigenvalue is indispensable in order to define fuzzy extension of
Consistency Index and Consistency Ratio for verifying acceptable multiplicative consistency of FMPCMs
and to define a fuzzy extension of the EVM. Finally, methods for deriving fuzzy priorities of objects from
FPCMs were proposed. The methods proposed for each type of FPCMs are mutually equivalent. FM-
PCMs, FAPCMs-A, and FAPCMs-M can be transformed one into another together with the respective
consistency properties. Similarly, fuzzy priorities obtained from FMPCMs, FAPCMs-A, and FAPCMs-M
can be transformed one into another. The proposed methods were compared with the methods criti-
cally reviewed within task (1.c). Further, it was proved that all new methods based on constrained fuzzy
arithmetic preserve the reciprocity of PCs and are invariant under permutation of objects. By preserving
these two key properties, the fuzzy priorities obtained by the new methods reflect better the preference
information contained in FPCMs in comparison to the fuzzy priorities obtained by the methods reviewed
within task (1.c).

The methods based on constrained fuzzy arithmetic introduced within the answer to the research question
(1) require the same amount of preference information from the DM as the reviewed methods based on stan-
dard fuzzy arithmetic. However, unlike them, they are invariant under permutation of objects and they preserve
the reciprocity of the related PCs. This means that, based on the same amount of preference information from
the DM, the new methods provide results that better reflect the preference information contained in the FPCMs,
which leads to a better quality of decisions.

The second research question was answered by pursuing two tasks identified in Section 1.3. The tasks
were

(2.a) to propose an efficient method for partially filling an incomplete large-dimensional PCM that minimizes
the number of PCs required from the DM but provides a sufficient amount of preference information;

(2.b) to propose a suitable method for deriving priorities from an incomplete large-dimen- sional PCM that
reflect the incompleteness of preference information and that are “close” to the priorities obtainable from
the hypothetical complete PCM.

The tasks resulted to be highly interconnected. In particular, development of the method in task (2.a) was
substantially influenced by the requirement to obtain priorities that are “close” to the priorities obtainable from
the hypothetical complete PCM. Thus, it is difficult to draw a clear line between the two tasks and, consequently,
it is not possible to represent the findings separately for each task.

Tasks (2.a) and (2.b) were carried out by proposing an iterative algorithm for optimal choice of PCs that
should be provided by the DM in an incomplete large-dimensional PCM. The algorithm is based on the concept
of weak consistency. The weak-consistency condition is a minimum requirement of consistency that has to
be satisfied in each step of the algorithm. Based on the weak-consistency condition, some missing PCs
are entered into the PCM automatically and, for some, intervals of feasible values are provided. The whole
process is based on searching for a compromise between minimizing the number of PCs provided by the DM
and maximizing the amount of preference information contained in the incomplete PCM. At the end of the
process, interval priorities of objects are computed using the formulas proposed in Chapter IV. The interval
priorities include the priorities of objects obtainable from any weakly consistent completion of the incomplete
PCM. This means that the interval priorities contain the priorities that would be obtained from the hypothetical
complete PCM obtainable if the DM provided all PCs in the PCM. The average percentage of spared PCs in
an incomplete PCM increases with the increasing dimension of the PCM; for PCMs of 15 or more objects,
more than 60% of PCs are spared on average. Despite this great reduction of PCs required from the DM, the
resulting interval priories are very narrow for large-dimensional PCMs.

The novel method is particularly useful for real-life decision-making problems where providing all PCs is ei-
ther costly, too time consuming, or infeasible to obtain. It is also very effective in dealing with large-dimensional
problems where PCs provided by the DM require frequent revisions. By applying the method, the preference in-
formation required from the DM is significantly reduced which leads to cost reduction and time saving. Despite
this reduction, the method provides results (resulting interval priorities) that are very close to the hypothetical
results obtainable from the complete preference information.
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Naturally, the methods developed in this thesis have some limitations. In Chapter IV, new MCDM methods
based on FPCMs were introduced. The methods were developed by applying constrained fuzzy arithmetic
to the fuzzy extension of well-known and in practice most often applied methods based on PCMs (that were
critically reviewed in Chapter 1l). Unlike the methods based on standard fuzzy arithmetic, the new methods
preserve both the reciprocity of the related PCs and the invariance under permutation of objects, which are
two key properties identified for PCMs and for the related methods. Thus, it is justifiable to claim that the fuzzy
priorities of objects obtained by the new methods reflect the preference information contained in FPCMs better
in comparison to the fuzzy priorities obtained by the methods based on standard fuzzy arithmetic. However,
the whole idea of “properly reflecting” the preference information contained in FPCMs by means of the fuzzy
extension of methods based on PCMs in this thesis is based on the assumption that the original methods are
a suitable means of representing the preference information contained in PCMs.

The limitation of the method for dealing with large-dimensional PCMs proposed in Chapter V is that the
method is based on the assumption that the preference system of the DM is in compliance with the weak-
consistency condition. The weak-consistency condition is imposed as a minimal and very natural requirement
of consistency in the method, and the DM is expected to provide weakly consistent preference information.
Nevertheless, it is not guaranteed that every DM is able or willing to keep weak consistency during the process
of providing PCs. If the DM refuses weak consistency as not reflecting properly his or her preference system,
the method proposed in Chapter V cannot be used.

Another limitation might be that the formulas proposed in the thesis are based on highly non-linear opti-
mization problems and should be, therefore, carefully managed by numerical computation. In this thesis, some
optimization methods predefined in Matlab were used.

6.2 Future research

Despite the effort, the thesis could not cover all issues related to the fuzzy extension of MCDM methods based
on PCMs. Therefore, there is still a lot of space for future research. In the following, some ideas are presented.

Calibration: In Section 2.2.1, Saaty’s scale of linguistic terms with assigned integers for expressing inten-
sities of preference in MPCMs was reviewed, and its fuzzy extension was studied in Section 4.2.1. However, as
mentioned in Section 2.2.1, the linguistic terms do not correspond very well to the respective numerical values
that are distributed uniformly in the interval [1,9]. This problem naturally concerns also the fuzzy extension of
Saaty’s scale. Thus, as mentioned in Section 4.2.1, it would be appropriate to customize Saaty’s scale for
each DM with respect to the given decision problem. The first attempt of customizing the scale by using fuzzy
numbers was done by Ishizaka and Nguyen (2013). However, as mentioned in Section 4.2.1, the process for
customizing the scale is not designed well, which results in an inappropriate calibration. Therefore, this area
still needs to be explored more thoroughly in order to design an appropriate calibration process.

Consistency: In Chapter IV, two consistency conditions were proposed for each type of FPCMs, one very
weak and easy to reach and one very strong and difficult to reach. For real-life applications, a compromise
between these two definitions of consistency might be useful. Therefore, searching for such a definition of
consistency that is again invariant under permutation and preserves the reciprocity property of PCs is a subject
for future research.

Weak consistency: As discussed in Chapter Il, weak-consistency conditions for MPCMs and APCMs pro-
vide an intuitive minimum consistency requirement. These definitions of consistency are less restrictive than
traditional definitions of consistency reviewed in Chapter Il and fuzzified in Chapter IV, and they provide DMs
with some space for expressing their preferences. Further, weak consistency is much easier to reach and
to control during the process of entering PCs into a PCM. This is especially convenient for real-life applica-
tions. Therefore, it would be useful to have such definitions of weak consistency also for FPCMs. The first
step towards the fuzzy extension of the weak-consistency condition was done by Krej¢i and Stoklasa (2016)
who applied a fuzzy extension of the weak-consistency condition for MPCMs in the evaluation of scientific
monographs.

Aggregation: Because of the excessive extent of the topic, the fuzzy extension of aggregation methods for
obtaining final priorities of alternatives representing their final multi-criteria evaluations was not dealt with in this
thesis. However, it is a very important part of the methods for dealing with FPCMs. Similarly as for definitions of
consistency and methods for deriving fuzzy priorities of objects from FPCMs, also aggregation methods have
to be extended properly to FPCMs by applying constrained fuzzy arithmetic in order to preserve the reciprocity
property of the related PCs. Such fuzzy extension becomes considerably more complex in comparison to the
fuzzy extension of the consistency conditions and of the methods for deriving priorities of objects since fuzzy
priorities of criteria and alternatives obtained from several FPCMs are involved in the aggregation process.
Nevertheless, for the completeness of the MCDM methods based on FPCMs proposed in this thesis, it is
necessary to deal also with this issue. The fuzzy extension of the weighted average for aggregating fuzzy
priorities obtained from FMPCMs was already introduced by Krejéi et al. (2017). The fuzzy extension of the
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aggregation methods for FAPCMs-A and FAPCMs-M are still left for future research.

Multiple DMs: Another issue that was not addressed in this thesis is considering multiple DMs. A large
number of methods based on PCMs have been proposed in the literature to deal with MCDM problems involving
multiple DMs and some of the methods have been extended also to FPCMs. With the fuzzy extension of
these methods very same challenges that have been approached in this thesis arise. In particular, it is again
necessary to preserve the reciprocity of PCs in FPCMs as well as the invariance of the methods in order to
reflect appropriately the preference information provided by multiple DMs.

Incomplete large-dimensional FPCMs: The last but not least topic for future research is the fuzzy ex-
tension of the method for dealing with incomplete large-dimensional PCMs that was proposed in Chapter V.
The method proposed in Chapter V is designed for large-dimensional problems where the DM provides PCs
by means of crisp numbers. However, as discussed in the thesis, crisp numbers cannot model properly uncer-
tainty stemming from subjectivity of human thinking and from vagueness of information about the problem that
are very often related to MCDM problems. Therefore, a fuzzy extension of the method proposed in Chapter V
is needed in order to handle properly large-dimensional problems with uncertainty as well as with incomplete-
ness of preference information provided by the DM. Thus, the last but not least topic for future research is the
fuzzy extension of the method for dealing with incomplete large-dimensional PCMs proposed in Chapter V.
The fuzzy extension of the method requires a fuzzy extension of the weak-consistency condition, on which the
method is based. Besides that, a large number of rules derived from the weak-consistency condition has to be
fuzzified accordingly and employed in the iterative process of identifying PCs that should be provided by the
DM. At the end of the process of entering PCs into the incomplete large-dimensional FPCM, we would obtain
a FPCM instead of an interval PCM, which is the output of the current method. Afterwards, in order to derive
fuzzy priorities from such a FPCM, it would be sulfficient to apply one of the methods proposed in Chapter IV.
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List of abbreviations

AHP Analytic Hierarchy Process

APCM additive pairwise comparison matrix

APCM-A additive pairwise comparison matrix with additive representation
APCM-M additive pairwise comparison matrix with multiplicative representation
DM decision maker

EVM eigenvector method

FAPCM fuzzy additive pairwise comparison matrix

FAPCM-A fuzzy additive pairwise comparison matrix with additive representation
FAPCM-M fuzzy additive pairwise comparison matrix with multiplicative representation
FMPCM fuzzy multiplicative pairwise comparison matrix

FPCM fuzzy pairwise comparison matrix

GMM geometric mean method

LLSM logarithmic least squares method

MCDM multi-criteria decision making

MPCM multiplicative pairwise comparison matrix

PC pairwise comparison

PCM pairwise comparison matrix

List of mathematical symbols

0 empty set

N set of natural numbers

R set of real numbers

RT set of positive real numbers greater than 0
UxV cartesian product of two sets U and V'

R™ n—ary cartesian power of set R

F(R) set of all fuzzy sets defined on R

Fn(R) set of all fuzzy numbers defined on R
Fn(RT) set of all positive fuzzy numbers

FnR)™ n—ary cartesian power of set Fn (R)
ASRY) element belonging to set 2

1€ cardinality of set 2

O\Q difference of sets 2 and Q

QN intersection of sets Q2 and @

QU@ union of sets 2 and @

(1,22, ...,2y) n—tuple, i.e. an ordered list of n elements, n € N
[a,b], €= [cE, Y] closed interval

la, b open interval

c fuzzy set
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Supp ¢

Corec

%)

¢(0) = Cl(Supp?)

cec

¢=(ct,cM cY)
¢=(c*c% .0
A={ay};

A= {ay}
A

AT
AVT
A= EVM,(A)
w=EVM,(A)
T

w = (w,..., W)
wl = (wi,...,wy,)
w = (@1,...,@n)T
w = (Ela"'vwn)T
N
V
In
logg

-1
Ed
k!

support of ¢

core of ¢

a—cutof ¢

closure of the support of ¢

element belonging to the closure of the support of ¢

triangular fuzzy number
trapezoidal fuzzy number
square matrix

square fuzzy matrix
determinant of matrix A
transpose of matrix A
transpose of fuzzy matrix A
maximal eigenvalue of matrix A
normalized maximal eigenvector of matrix A
column vector

row vector

column fuzzy vector

column interval vector

logical conjunction

logical disjunction

natural logarithm

logarithm of base 9

inverse of function f

floorof x € R

factorial of number k € N
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