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Novel charged black hole solutions of Born-Infeld type:
General properties, Smarr formula and Quasinormal frequencies

Leonardo Balart ¢ * Sebastidn Belmar-Herrera ¢ T Grigoris Panotopoulos ¢ ¥ Angel Rincon ® §
“ Departamento de Ciencias Fisicas, Universidad de la Frontera, Casilla 54-D, 4811186 Temuco, Chile.
® Departamento de Fisica Aplicada, Universidad de Alicante,

Campus de San Vicente del Raspeig, E-03690 Alicante, Spain.

We investigate two novel models of charged black holes in the framework of non-linear electro-
dynamics of Born-Infeld type. In particular, starting from two concrete Lagrangian densities, the
corresponding metric potentials, the electric field, the Smarr formula and finally, the (scalar) quasi-
normal modes are computed for each model. Our findings show that although the models
look very similar, their quasinormal spectra are characterized by certain differences.

I. INTRODUCTION

Non-linear Electrodynamics (NLE), with already a long history, has attracted a lot of attention, and it has been
extensively studied over the years. To begin with, one may mention that classical electrodynamics, i.e. Maxwell’s
theory, consists of a system of linear equations. At quantum level, however, as soon as radiative corrections are
taken into account, the effective field equations become non-linear. The very first works go back to the 30’s, when
Euler and Heisenberg managed to obtain corrections within quantum electrodynamics [1], while Born and Infeld were
able to obtain a finite self-energy of point-like charges [2]. Born-Infeld theory has inspired other models of NLE,
for example the theory of Soleng [3] and others, such as those presented in Refs. [4-15]. They all characterized
by a non-linear parameter b, and in a certain limit (b — 0 or b — oo, depending on the formulation) the standard
Reissner-Nordstrom solution [16] of Maxwell’s linear theory is recovered. Thus, as already mentioned, Born and
Infeld introduced non-linear electrodynamics to avoid divergences obtaining a finite self-energy of a point-like charge.
For two decades, the Born-Infeld action was extensively studied in the context of Superstring Theory, where the
dynamics of D-branes, solitonic solutions of Supergravity, are described by the corresponding Born-Infeld action. In
this sense, the replacement of the well-known Reissner-Nordstrom black hole solutions (in Einstein-Maxwell theory)
to the charged black hole solutions (in Einstein-Born-Infeld theory) has motivated several investigations, for example,
see [17, 18]. More importantly, albeit we have a vast list of non-linear electrodynamics black hole solutions, many
of them still maintain the singularity problem and just offer a more intricate solution, different from the Born-Infeld
black hole solution where a non-divergent electric field is obtained. Additional works on non-linear electrodynamics
and their properties can be found in [19-26].

Moreover, a generalization of Maxwell’s theory leads to the so called Einstein-power-Maxwell (EpM) theory [27—
39], described by a power-law where the Lagrangian density is of the form £(F) = F*, with F being the Maxwell
invariant, and where k is an arbitrary rational number. The advantage of EpM theories is that they preserve the
nice properties of conformal invariance in any number of space-time dimensionality D, as long as k = D/4, since it is
easy to verify that for that choice of k the corresponding stress-energy tensor is trace-less. Furthermore, considering
appropriate non-linear sources, which in the weak field limit boil down to Maxwell’s theory, one may generate new
solutions (Bardeen-like solutions [40], see also [41]) to Einstein’s field equations [42-50]. Those new solutions possess
an event horizon, while at the same time their curvature invariants are regular everywhere. This is to be contrasted
to the standard Reissner-Nordstrom solution of Einstein-Maxwell theory, where a singularity at the origin, r — 0, is
present.

Black holes are a robust prediction of Einstein’s General Relativity [51]. They are fascinating objects of paramount
importance both for classical and quantum gravity. Over the last years, after the first image of the black hole shadow
by the Event Horizon Telescope [52], together with the historical first direct detection of gravitational waves from a
black hole merger in binaries by the LIGO/VIRGO collaborations [53], we have been convinced that black holes do
exist in Nature. Static, spherically symmetric black hole solutions with a net electric charge @ and mass M within
linear or non-linear electrodynamics have thermal properties, just like ordinary thermodynamic systems, and they
obey the four laws of black hole thermodynamics [54], which are very similar to the usual four laws of statistical
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mechanics. In particular, black hole solutions have a Hawking temperature, T, and a Bekenstein entropy, S, given
by [55-57]

1 Ap
Ty =— f'(ry), S=2"2=nmr? 1
H= f'(rn), 1 h 1
where 7}, is the event horizon, f(r) is the lapse function,  is the radial coordinate, and Aj;, = 4773 is the horizon area
for solutions with a spherical horizon topology. Moreover, one may derive a Smarr formula [58] using Euler’s theorem
for homogeneous functions. Within Maxwell’s linear electrodynamics, the expression for the Hawking temperature is
the same irrespectively of how it is calculated, namely using any of the following equations

Ty = i f'(rn), T = <%>Q (2)
while the Smarr formula
M =2TyS + ©,Q (3)
is compatible with the first law of black hole mechanics
dM = TydS + ©,dQ 4)

where @), is the electric potential, ®(r), evaluated at the horizon, ®;, = ®(r = 7). However, for black hole solutions
in NLE, it is not always possible to obtain a Smarr formula compatible with the first law of black hole mechanics
(see for example [59]). In addition to that, the two ways to calculate Hawking temperature lead to two different
expressions [60].

Realistic black holes are not isolated in Nature. Instead, they are in constant interaction with their environment.
When a black hole is perturbed, the geometry of space-time undergoes dumped oscillations. How a system responds
to small perturbations has always been important in Physics. The work of [61] marked the birth of black hole
perturbations, it was later extended by [62-66], while the state-of-the art in black hole perturbations is summarized in
the comprehensive review of Chandrasekhar’s monograph [67]. Quasi-normal (QN) frequencies, with a non-vanishing
imaginary part, are complex numbers that encode the information on how black holes relax after the perturbation
has been applied. They depend on the geometry itself as well as the type of the perturbation (scalar, Dirac, vector
(electromagnetic), tensor (gravitational)). As they do not depend on the initial conditions, QN modes (QNMs) carry
unique information about black holes. Black hole perturbation theory and QNMs of black holes are relevant during
the ringdown phase of binaries, in which after the merging of two black holes a new, distorted object is formed, while
at the same time the geometry of space-time undergoes dumped oscillations due to the emission of gravitational waves.

Given the interest in gravitational wave Astronomy and in QNMs of black holes, it would be interesting to see what
kind of QN spectra are expected from electrically charged black holes in non-linear electrodynamics. In the present
work we propose to compute QNMs for scalar perturbations of black hole solutions with a net electric charge within
two NLE models obtained recently starting from thermodynamic properties. The solutions of each model exhibit
three distint behaviors (RN type, Schwarzschild type or marginal) depending on the values of the parameters.

Our work is organized as follows: After this introduction, in the next section we present the models of NLE.
In Section 3 we discuss charged black hole solutions and their basic properties, and then in the fourth section we
analyze their thermodynamics. The propagation of massless scalar fields into a spherically symmetric gravitational
background as well as the WKB method of sixth order are described in Section 5, while in the sixth Section we present
and discuss our main results. Finally, we conclude in Section 7 summarizing our work. We adopt the metric signature
—,+,+,+, and we work in geometrical units where we set the speed of light in vacuum and Newton’s constant to
unity, G =1=c.

II. NON-LINEAR ELECTRODYNAMICS MODELS

In this section we present two nonlinear electrodynamics models, which are characterized in that, as in the Born-
Infeld model, the self-energy for charged particles is regularised and also depend on a nonlinearity parameter b that
in both cases is associated with the maximum value of the electric field. Both models are analytically tractable and,
unlike others, the expansion in powers of the Maxwell invariant F produces a series with non-polynomial powers. The
first of them is presented in this work and the other was presented in Ref. [10].



The first model is represented by the following Lagrangian

—4bF
L(F) = 7 (5)
<v®+,%2¢§>
Here F = F,, F" /4 = (B? — E?)/2. Note that Maxwell electrodynamics is recovered by letting b — co
V-FF 5F% 1J/-FF? 1
LF) = —F— +—2+7‘+0<7). (©)
V2o o 8b 8V2b8 b

Considering B = 0 and spherical symmetry for the electric field, then we can rewrite the electromagnetic field
equations V, (F""Lr) = 0 as follows

1d,,

ﬁa[r E(r)LF] =0, (7

where Lz represents the derivative of £(F) with respect to the Maxwell invariant given by 7 = —E(r)/2. If we
replace the Lagrangian (5) in Eq. (7), and we solve the equation that results for E(r), then we obtain
_bq (2br2 + q)

B = e &

which asymptotically behaves like a Coulombian field

In the limit r — 0 the electric field behaves as

b bt 6
mm:i—aﬁ+0@). (10)
The maximum value of the electric field is obtained at F/(0).
The Lagrangian of the other model is written as [11]

V2bF
L(F) = — . 11
) == Taaer a
Considering the limit of very large b, we obtain
N/ —FF F2 [—FF2 1
=—-F - —t+— — . 12
L(F) F b + 02 W + 0O b (12)

In this model, the electric field obtained is

b
E(r)—b(l—r,lm> . (13)

In the limit » — oo it behaves like a Coulombic field. Furthermore the electric field is maximum when E(0) = b.
Figure 1 shows the electric fields as a function of r that are obtained for both models. Also included are the Maxwell
and Born-Infeld electric fields, respectively, with the same values for the parameter b and the electric charge q.
As the authors point out in Ref. [11], the model represented by the Lagrangian (11) is the electrical counterpart
of the magnetic solution given in Ref. [7]. Let us add that the magnetic counterpart of the Lagrangian (5) can be
obtained in the same way.
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FIG. 1: Electric fields of the two models studied together with those corresponding to the Maxwell and Born-Infeld models.
Here b =1 and ¢ = 1 in all cases.

III. CHARGED BLACK HOLE SOLUTIONS WITHIN NONLINEAR ELECTRODYNAMICS: NOVEL
MODELS

The action of Einstein’s General Relativity coupled to any of the nonlinear electrodynamics models from the previous
section is represented by

R—2A
S= [ dzy/= 14
[atav=a | S )] (1)
where g is the determinant of the metric tensor, R is the Ricci scalar, A = —3/I? is the cosmological constant and

L(F) is the Lagrangian given by Eq. (5) or that of Eq. (11).
The variation of the action yields the fields equations

1
Guv + Aguy = Ry — §Rg,“, +Agpy = 87T, (15)
where the energy-momentum tensor T, is given by
1 «
TIW = E (QMV‘C - FuaFu L}") s (16)
and
V. (FFLF)=0. (17)
We consider static spherically symmetric black hole solutions described by the metric
ds? = —f(r)dt* + 71 (r)dr? + r(df? + sin® 0d¢?) . (18)
A. First model

If we consider the metric (18) in the fields equations (15), then from the component (¢t) or (rr) we get

HIOFTC) y §— o 4 2m(L (19)
and from component (66) or (¢¢)
I T Ao (20)

r 2
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Carrying out the subtraction between these last two expressions results in

L@ T | ameyes (21)

If we now take £ given by Eq. (5) which depends on F = —E(r)2/2, where E(r) is given by expression (8), we obtain
a differential equation whose solution for f(r) is

2 /i3 3/2 .
f(r)zlf%fA—,Jrﬂp be® _ Vg tan~! Vor ,
T \/q

3 2r T
where is the mass of the black hole, ¢ the electric charge and A < 0. When the parameter b — oo we recover the
Reissner-Nordstrom AdS solution.

(22)

The black hole that we have presented, as in the case of the Born-Infeld black hole [68-71], has one or two horizons
depending on the value of the parameters M, g and b. To classify the solutions we analyze the behavior of the metric
function in the limit » — 0

oM — tr\/bgd Ar2  p2r2 p3pd
)y =1-—"- 2 VT po_-_- 4+ _Z 6 23
1) . by~ =+ 5=~ 5O (), (23)
We can rewrite this equation as
2(M —
fy=1-229 o, (24)

where a (called marginal mass in Ref. [70]) is

1
a= ZTr\/bq3. (25)

As was done with the Born-Infeld black hole [68-71], we can categorize the solutions that arise, depending on the
mass M, the electric charge ¢ and the parameter b (in our analysis we choose A = 0). Here too there are three
possible categories: Schwarzschild (S) type solution, which occurs when M > a and has one event horizon. The
marginal solution, present when M = a. And the Reissner-Nordstrom (RN) type solution, which occurs when M < a.
Considering the expansion (5) for the marginal case

flr)=1=bg+0(r), (26)

it follows that the solution has one event horizon if bg > 1 and presents a naked singularity if bg < 1.

To know the number of event horizons of the RN type solutions, we must calculate the extreme mass Me, = M (rey),
where 7., is obtained from the expression 9, M (r)|,=,,. = 0. In this case it is given by

Tex

Moo =2 (2t (Vor 1))+ (2 Va1, e

The types of possible solutions can be summarized according to the values of M, b and ¢, in Table (I). Figure (2)
illustrates the different types of solutions that can be classified for the metric function given by Eq. (22). Note that
the marginal case illustrated in this figure corresponds to a one of a regular metric function at the origin.

B. Second model

Considering now the metric (18) in the fields equations (15) for the Lagrangian (11) and going through the same
steps as in the previous subsection, one can obtain the corresponding metric function

y 2 /b2
f(r) =1—2bg A2 2+4\/Eq3#+§b3/2m/b (28)

_ &= _ 2 2 21 9
r 3 " T2,

which behaves asymptotically as the Reissner-Nordstrom solution.



Conditions Type |Horizons
M >a S one
M < Mee RN Zero
bg > 1
M <a
M > M, RN :
bg > 1 wo
M = Me,
bg> 1 RN one
M=a bg > 1 |Marginal| one
B bg <1 [Marginal| zero

TABLE I: Classification of the types of solutions that can be obtained from the metric function (22) as a function of the mass
M.

FIG. 2: Different types of solutions corresponding to the metric function (22) for different values of M. Here b =4, ¢ =1 and
A =0 are used.

The solution of this black hole, as in the previous case, has one or two horizons depending on the value of the
parameters M, q and b. To classify the types of solutions again, we can analyze the behavior of the metric function
in the limit » — 0, where

fr)y=1- w —2bg+ O(r). (29)
and
o= %\/2_17(13/2 . (30)
As above we can also find the extremal mass
M., =2—14 bg?\/(2bq + 1)2 + 4q+/(2bq + 1)2 — 8b%¢3 — 12bg> + 18¢ + %\/W - % . (31)

The analysis is similar if we consider the cosmological constant.

Considering the results (30) and (31), then as before we can obtain the table II. Figure (3) illustrates the different
types of solutions that can be classified for the metric function given by Eq. (28). Again the marginal case that we
illustrate in this figure corresponds to a one of a regular metric function at the origin. However, it is also possible to
obtain a solution belonging to the marginal case that presents a naked singularity.

IV. SMARR FORMULA AND FIRST LAW OF THERMODYNAMICS

Another characteristic of these two Born-Infeld type models is that a Smarr formula can be obtained from the first
law of black hole thermodynamics. For this we must introduce a new conjugate thermodynamic quantity to each
nonlinearity parameter for each model, as shown below.



Conditions Type |Horizons
M >a S one
M < Mee RN Zero
bg >1/2
M <
M > M, RN ¢
bg > 1/2 wo
M = Me,
b > 1/2 RN one
M=—a bq > 1/2 |Marginal| one
~ 7| bg < 1/2 [Marginal| zero

TABLE II: Classification of the types of solutions that can be obtained from the metric function (28) as a function of the mass
M.

FIG. 3: Different types of solutions corresponding to the metric function (28) for different values of M. Here b =4, ¢ =1 and
A =0 are used.

In both cases we consider the cosmological constant A as a thermodynamic pressure according to the relation
A
P=——| 32
fom (32)

where its thermodynamic conjugate is the volume inside the horizon V = 4771"_3,_ /3. Likewise, the black hole entropy is
S = mr? in both cases.

A. Smarr formula for the first model

From the metric function (22) we can obtain the Hawking temperature on the event horizon by using the surface
gravity s as

_ K _1df(ry)
T 21 4m dr (33)
_ —bg® —bATL + b3 7Aqr_2,,+q. (34)

drbrd + dmqry

To calculate the electric potential ® on the event horizon we use the expression for the electric field given in Eq. (8)

2bqry _ b
i 6+/bq tan~! (u + ﬁ) +3n\/ﬁ} ) (35)

From the metric function evaluated at the horizon, we can obtain the mass of the black hole that depends on the
entropy S, the pressure P, the electric charge ¢ and the nonlinearity parameter b

1 [bS 2V/S(8PS+3
M(S,P,q,b) = - [— 6/bg® tan_l( W—q)+37rx/bq3 + %

B(ry) =/m Brydr = *

8

. (36)




From here, we calculate the black hole temperature

oM
(3
0S8 ), ps

(37)
T _ mq(—bg+ 8PS + 1) +bS(8PS + 1)
47 S(bS + mq) '
Similarly, the electric potential on the event horizon is
oM
P (ry) = (7)
4/ spp
Vbq 2y/mbqS bS (38)
q g -1
P =13 — — 6t — .
(r+) 8 Tt bS + mq an ( ﬂq)il
These last two expressions agree with those given in Eqgs. (34) and (35) respectively.
We can also get the black hole volume V' as the conjugate quantity to pressure P
oM
V= ( > . (39)
OP )5 b
The differentiation of the mass M (S, P, ¢,b), leads to the first law
M M
dM = <%—S> s + <%—P> dP+
q,Pb S,q,b (40)

8]%) (8]\1)
—-— dg+ | —- db,
< Jq S,Pb ob S,q,P

where similarly to Refs. [70, 72] and have introduced the quantity B as the conjugate quantity to parameter b. That

is
B_ <(9]\/[>
b ) sqp

¢? |:71' - _1< bS> VmbqS

)

(41)

B=—r |- —ta — | -
4vb | 2 n bS + 7q

mq
We can obtain the corresponding Smarr formula by following the scaling arguments in Ref. [73]. The mass M is a
homogeneous function of degree 1. If we consider that L has units of length, then from the dimensional analysis we
obtain the following scaling relations S oc L2, P o< L™2, g o< L' and b oc L™!. Euler theorem allows us to obtain the
following Smarr formula

M =(2) <%> S+ (-2) (%) P+() <%) 0+ (1) <%>b , (42)

which we rewrite as

M =2TS —2VP +&q— Bb . (43)

B. Smarr formula for the second model

In a similar way we can calculate the same thermodynamic quantities as above. The Hawking temperature on the
event horizon r is obtained using the metric function expression given by Eq. (28)

AL 1 df(ry)
" 2r dAm dr

1 p P -
p— [ —26%/ 2\ [br? + 2¢ + 2b%r2 + 2bg + Ar? — 1

(44)

T=-



The electric potential ® at the event horizon is calculated with the electric field given by Eq. (13)

D(ry) = - E(r)dr = /b (br? +2q) — bry . (45)

Jry

From the metric function evaluated at r = 0, we now get

(S P _20%2S\/bS + 2mq — 262S%/2  7v/5(—6bg + 8PS +3)  4nv/bg\/bS + 21q (46)
1(5,P,q,0) = 6713/2 + 673/2 + 67m3/2 :

This function allows us to calculate the following quantities. The black hole entropy as conjugate to the temperature

oM
- (%)
95 ), ps

(47)
__ 1 3/2 2
T =E [21; VS\/bS + 2mq — 2028 — 2mbq + 87PS +
The electric potential on the event horizon as conjugate to the electric charge ¢
oM Vb\/b5 + 27q — bV/'S
(ry)= () = VRIS (48)
d /) s,pb NG

Note that the same results are obtained in Eqgs. (44) and (45) respectively.
Also one can get the black hole volume V' as the conjugate quantity to pressure P

oM
v:( > . (49)
aP ).,

And the vacuum polarization B as the conjugate quantity to b

B <(9M>
b )gq4p

(50)

1

=3 { — 2b3/283/2 4 2b8\/bS + 27mq — 3mqV/bS + mq+/bS + 2mq
T
As above, the differentiation of the mass M (S, P, q,b), leads to the first law of thermodynamics

dM =TdS + VdP + ®dgq + Bdb, (51)

and a consistent Smarr formula
M =2TS —2VP+ ®qg— Bb . (52)

In Ref. [10] the Smarr formula is different, a cubic term of the electrical potential appears, since the quantity B was
not introduced.

C. Heat capacity and thermal stability of the solutions

In this subsection we discuss the thermal stability of the black hole solutions we have presented. For this purpose
we calculate the heat capacity for the values of the parameters ¢, b and A shown in the figures. Additionally, we study
the sign of the temperature where the negative sign indicates that a solution is non-physical.

The heat capacity for each of the models can be obtained with the expression (see for example Ref. [74])

9S8 (%L,P
Cop=T (cTT>q,p = TW . (53)
) op
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For the first model, we use the temperature given by Eq. (34) and obtain

B 27rri (q + bTi) (qu +q (T‘iA — 1) + bri (’riA - l)) (54)
q% — bg® + 2bqr3 — 3b%¢%r: + 6%t +r3A (¢ + bri)Q .

Co.p

In the case of the second model, the temperature given by Eq. (44) allows us to obtain

2712 4 /2q + br2 (1 — 2bg — 20%12 + 27 /D3 (2¢ + br?) —r2 A
220+ 0t ( LB @t bd) - rda) )

Cop =
26°/21 + 2bqy2q + brd — 20713\ 20+ br3 — (/20 + brd (14 730)

Cap Cap
d, 80, ‘
400 60 |
40
2000 1:
) 00 |
1 2 3 4 T P a T+
~200f -0
a0
—400} y
T T
0.085¢ /P‘ , oosf
0080 | / / ).
0075 | N ) ; 1 2 3 4l
£ - _— !
0.070; | _— i :
0,065 | ;
0060 | ~0.10}
/ !
J 1 2 3 s’ o

FIG. 4: First model. Heat capacity Cy p and temperature T versus ry for ¢ = 0.5, b = 2.1 and A = —0.2 (solid line) and
A = 0.2 (dashed line).

The diagrams in Fig. 4 correspond to the first model considering the values for the parameters indicated in the
caption. In the AdS case (solid line diagrams) the heat capacity presents two divergent points (phase transition
points), between which we have an interval of unstable solutions (i.e., Cy p < 0). If we enlarge the scale of the
horizontal axis we notice that the same situation occurs for r < 0.1. In the remaining intervals, stable solutions are
found. On the other hand, the temperature is negative only for 7, < 0.1. In summary, for this case we have stable
physical solutions in a small interval before the first divergent point and for points from the second divergent point
to infinity. In the dS case (dashed line diagrams) we find stable physical solutions only in the small interval between
the single point of divergence and the point where the temperature becomes negative near the origin.

If for the second model, we consider the same values for the parameters as for the first model, we find that the
graphs behave in a similar way. The numerical differences are minimal, see the diagrams in Fig. 5. Therefore the
conclusion is similar as before.

Finally, Fig. 6 illustrates the behavior of heat capacity and temperature considering A = 0 for the two models we
are analyzing. For the same choice of parameter values, we notice that the behavior is similar for both models, that
is, in the small interval that is before the only point of divergence, we find stable physical solutions.

V. QUASINORMAL SPECTRA

This section is devoted to introduce essential ingredients to study scalar perturbations in a Born-Infeld-like back-
ground. We will focus on a massless scalar field minimally coupled to gravity for simplicity.
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FIG. 5: Second model. Heat capacity Cq p and temperature T versus ry for ¢ = 0.5, b = 2.1 and A = —0.2 (solid line) and
A = 0.2 (dashed line).

A. Wave equation for scalar perturbations

We start considering the propagation of a test real scalar field, ®, in a fixed gravitational background in a four-
dimensional space-time. Considering S[g,..,, ®] the corresponding action, then we have the following expression

1
Slgyu 3] = 3 / day/ 5[0 00,0) (56)
Utilizing the well-known Klein-Gordon equation (see for instance [75-80] and references therein)

1
——09,, (V/—99"0,®) = 0. (57)
\/jg 2 ( v )
As usual, the Klein-Gordon equation may be solved applied the method of separation of variables in the appropriate
coordinate system, taking into consideration the symmetries of the metric tensor. Therefore, we propose as an ansatz
for the wave function the following separation of variables in spherical coordinates r,0, ¢ as follows

a(t,r.0.0) = "Dy, 0.0, (58)

where Y, (0, ¢) are the usual spherical harmonics which depend on the angular coordinates only [81], and w is the
unknown frequency to be determined imposing the appropriate boundary conditions.

o P (R s (o) oty o o

The angular part also satisfies

sin 6 96 o0 sin?0  O¢?
with (¢ + 1) being the corresponding eigenvalue, and ¢ is the angular degree. The Klein-Gordon equation (Eq. (59))

is left with the radial part in the tortoise coordinate r,:

2 (r, 2 .
%:2) W2 = V()] dir) =0, (61)

L o (ingaym)> L YOy, (60)
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FIG. 6: Heat capacity Cq,p and temperature T versus r4 for ¢ = 0.5, b = 2.1 and A = 0, for the first model (blue and red) and
for the second model (light blue and light red).

where we have used the standard tortoise coordinate definition to transform the problem in its Schrédinger-like form,

ie.,
dr
Ty = . 62
J 5w (02
while the effective potential barrier, V (r), is computed to be
L0+1 f(r
v = 5o |0 L) (63)
and the prime denotes a derivative with respect to 7.
Finally, the wave equation must be supplemented by the following boundary conditions
® — exp(iwry), 7. — —00 (64)
® — exp(—iwry), r.—00 (65)

Given the time dependence of the scalar wave function, ® ~ exp(—iwt), a frequency with a negative imaginary part
implies a decaying (stable) mode, whereas a frequency with a positive imaginary part implies an increasing (unstable)
mode.

In Fig. 7, we show the effective potential for the two models discussed in this manuscript. In particular, the first
row corresponds to the first model, and the second row to the second model. The qualitative behavior of the effective
potential for both cases is essentially the same for the numerical values used.

The first column corresponds to the effective potential for the first model (top) and the second model (bottom)
when the angular degree ¢ varies. Thus, we observe that when we increase the angular number ¢, the effective potential
increases too. Similarly, when ¢ increases, ryay is slightly shifted to the right (in both cases).

The second column corresponds to the effective potential for the first model (top) and the second model (bottom)
when the non-linear parameter b varies. Similarly to the previous situation, we observe that when we increase the
parameter b, the effective potential increases too, but now, the difference in intensity is soft. Finally, when b increases,

Tmax 1S slightly shifted to the left (in both cases).
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FIG. 7:  Effective potential barrier for scalar perturbations against the radial coordinate for the parameters shown in the
panels. The first row corresponds to the first model, whereas the second row shows the behavior of the potencial corresponding

to the second model. In all four panels we have assumed A = 0.

B. Numerical computation: WKB method

Obtaining exact analytic expressions for the quasinormal spectra of black holes is possible only in a few number
of cases, for instance: i) when the effective potential barrier acquires the form of the Péschl-Teller potential [82-87],
or ii) when the corresponding differential equation (for the radial part of the wave function) can be recast into the
Gauss’ hypergeometric function [88-94].

In general, it is not possible to obtain an exact analytic solution due to the complexity and non-trivial structure
of the differential equation involved. This is the reason why it is necessary to employ one of the numerical schemes
available in the literature.

Up to now there a variety of methods used to obtain, in a very good accuracy, the QN spectra of black holes. One can
mention for example the Frobenius method, the generalization of the Frobenius series, fit and interpolation approach,
the method of continued fraction, although more methods are known to exist. For more details the interested reader
may consult for instance [95], and for recent works [96-98] and references therein.

Given that the WKB semi-classical approximation [99-103] is well-known, we shall avoid the inclusion of unnecessary
details. Adopting the WKB method, the QN spectra may be computed via the following expression

wh = Vo + (=2Vg)2A(n) — iv(=2Vg) (L + Q(n)], (66)

where 1) Vjj’ is the second derivative of the potential evaluated at the maximum, ii) v = n + 1/2, V; is the maximum
of the effective potential barrier, iii) n = 0, 1,2... is the overtone number, while the functions A(n), Q(n) are long and
complicated expressions of v (and derivatives of the potential evaluated at the maximum), and they can be found for
instance in [102].

At this point it should be mentioned that the 3rd order approximation was first constructed by Iyer and Will in
[100], and it was subsequently extended to higher orders. Thus, to perform our computations, we have used here a
Wolfram Mathematica [104] notebook utilizing the WKB method at any order from one to six [105].
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TABLE III: Quasinormal frequencies (varying ¢ and n) for the two models and the three behaviors (S-type, RN-type and
Marginal) considered in this work. The numerical values of the parameters M, ¢, b assumed to obtain the QNMs are the ones
shown in Fig. 7.

QN FREQUENCIES FOR SCALAR PERTURBATIONS

First model ‘ Second model

Type S ({=2) |w(n = 0) = 0.605941 - 0.101944 1| w(n = 0) = 0.621496 - 0.0990191 T
w(n = 1) = 0.592259 - 0.309586 1| w(n = 1) = 0.749904 - 0.2436500 1

Type RN (£ = 2) |w(n = 0) = 0.618099 - 0.096235 I|w(n = 0) = 2763.360 + 0.2359470 T
w(n = 1) = 0.605848 - 0.291446 T|w(n = 1) = 9962.160 + 0.7206980 I

Type RN (£ = 12) |w(n = 0) = 3.07474 - 0.0958944 I| w(n = 0) = 40.4016 - 0.00272247 I
win =1) 145.237 + 0.00786804 1

= 3.07214 - 0.2877990 I|w(n = 1
Type RN (£ = 20)| w(n = 0) = 5.04189 - 0.095885 I | w(n =

) =

(n=0 0) = 0.077788 - 5.42437 1
w(n =1) = 5.04030 - 0.287699 I | w(n = 1)

(n=2

= 0.029747 - 26.2024 1

w(n =2) = 5.03713 - 0.479642 T | w(n = 2) = 0.019038 + 68.0079 I
Type M (£ = 2) |w(n = 0) = 0.615788 - 0.097606 1| w(n = 0) = 0.937076 - 0.0634837 [
w(n = 1) = 0.599094 - 0.302352 I| w(n = 1) = 2.594380 - 0.0642422

In the present work we have adopted the WKB method at sixth order. Besides, it should be mentioned that
for a given angular degree, ¢, we have considered values n < ¢ only, since it is known that the method works well
for high angular degrees. For higher order WKB corrections (and recipes for simple, quick, efficient and accurate
computations) see [106-108]. In particular, we should mention that as the WKB series converges only asymptotically,
there is no mathematically strict criterium for evaluation of an error according to [107]. However, the sixth/seventh
order usually produce the best results. In that direction, taking into account the Padé approximations we can have
a higher accuracy of the WKB approach. This analysis, however, will be performed in a future study.

Our findings may be summarized as follows: Regarding the sign of the imaginary part of the frequencies, in the
first model all frequencies are characterized by negative imaginary part, whereas in the second model, the same holds
for S-type and Marginal behaviour. In contrary, in the RN-type behaviour, for £ = 2 both modes are characterized
by a positive imaginary part, and then considering higher values of the angular degree, after a certain value of the
overtone, n, the imaginary part changes sign.

Regarding the impact of n,¢ on the spectra, a direct comparison between the two models reveals the following
features: a) Regarding the S-type behaviour, the imaginary part becomes more negative with n in both models, while
the real part decreases with n in the first model and increases with n in the second model. b) Regarding the Marginal
behaviour, just like in the previous case, the imaginary part becomes more negative with n, although only slightly in
the second model, while the real part decreases with n in the first model and increases with n in the second model.
Finally, in the RN-type behaviour, the real part of the frequencies increases with ¢ in the first model, and decreases
with ¢ in the second model.

Before we conclude, and as far as future work is concerned, we add here as a final comment that it would be
interesting to investigate even further the properties of the novel black hole solutions discussed in the present article.
In particular, it would be worth studying the QN spectra for Dirac and Maxwell fields, and also the deflection of
light as well as their shadow casts [109]. We hope to be able to address some of those exciting topics in forthcoming
publications.

VI. CONCLUSIONS

In the present paper, we investigated in detail two novel electrically charged black hole solutions within non-linear
electrodynamics of Born-Infeld type in four-dimensional space-time. In particular, we computed the metric function
for each Lagrangian density considered here, and we demonstrated that each solution exhibits three distinct behaviours
(S-type, RN-type and Marginal) depending on the numerical values of the parameters. Next, we discussed black hole
thermodynamics for both models as well as the Smarr formula, which was shown to be compatible with the first law
of black hole mechanics. We extended the usual Smarr formula defining a new conjugate thermodynamic quantity
associated to the non-linear parameter, b. Finally, we computed the frequencies of some quasinormal modes for
scalar perturbations analyzing the propagation of a massless, canonical scalar field varying the parameters {b,¢,n}
for certain values of M,q. The WKB method of sixth order was employed to compute the modes numerically. We
found that as far as the first model is concerned, the frequencies are always characterized by a negative imaginary
part, irrespectively of the type of behaviour. Regarding the second model, however, our numerical results show that
in the S-type and marginal type, the frequencies are characterized by a negative imaginary part, but in the RN-type



some frequencies are characterized by a positive imaginary part. In summary, naively one might expect to see almost
identical spectra. Our findings, however, show that although the models look very similar, their quasinormal spectra
are characterized by certain differences.
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