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1. Introduction

The open mapping theorem is one of the cornerstones of functional analysis. When
X and Y are Banach spaces and L: X — Y is a bounded linear operator, it asserts the
equivalence of the following two conditions:

(i) Qualitative solvability: for all f € Y there is u € X with Lu = f, i.e. L(X) =Y
(ii) Quantitative solvability: for all f € Y there is u € X with Lu = f and additionally
[ullx < C|flly-

In other words, the operator L is surjective if and only if it is open at the origin. More
generally, following [45], we say that the open mapping principle holds for a surjective
map T between Banach spaces if T' is open at the origin.

In this paper, we obtain a quantitative version of the open mapping principle that
applies to a large family of nonlinear translation and scale-invariant PDEs. Invariance
under translations and scalings is an ubiquitous feature of physical processes and, there-
fore, of the associated equations. It is an example of the relativity principle that the
solutions of a PDE representing a physical phenomenon should not have a form which
depends on the location of the observer or the units that the observer is using to measure
the system [15]. We refer the reader to [5] for the general role of scaling symmetries in
physics and other sciences and to [66] for a systematic study of symmetries in PDEs. We
also remark that, even from the purely functional analytic viewpoint, our result seems to
be the first instance of an open mapping principle that is applicable to nonlinear PDEs.
We refer the reader to Section 1.1 for further discussion.

It often happens that a PDE has not just one but several scaling symmetries: two
important examples, which will be discussed at length below, are the Jacobian equation


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

A. Guerra et al. / Advances in Mathematics 415 (2023) 108869 3

(see Section 1.2) and the incompressible Euler equations (see Section 1.3). An important
theme in this paper is that, whenever a PDE has several scaling symmetries, these
symmetries must be compatible in order for the equation to be solvable for all data.

Our main result encapsulates the two previous points: many scale-invariant PDEs
satisfy a nonlinear open mapping principle and, for the equation to be solvable, the
associated scalings need to be compatible.

Theorem A (Rough version). Consider a constant-coefficient system of PDEs, posed over
either R™ or R™ x [0, 00), which moreover is preserved under weak® convergence. Let T
be the solution-to-datum operator associated with the PDE.

Suppose that the equation Tu = f is invariant under the scalings

1 1
'U,)\(.’E,t) = )\_au (;_B’ )%’) ) f)x(mvt) = Ff (;_,6’ )f_’Y) ) (11)

where a,B,v,0 € R are fized and the group parameter is A > 0. Suppose further that
the solutions and the data lie in homogeneous dual function spaces X* and Y™ which
satisfy, for some r,s € R,

luallx- = Alullx+, Il =X flly-, where s > 0.
The following statements are then equivalent:

(i) For all f € Y* there is u € X* with Tu = f;
(ii) For all f € Y™ there is u € X* with Tu = f and ||u||§</r <N flly=-

Moreover, suppose that T is invariant under another pair of scalings u — 1’7,\,?;, which
satisfy

[uxllx- = Nlullxss [l = X flly-, where 75 > 0.
Then solvability of the equation Tu = f requires compatibility of the scalings, i.e.
r/s#7/5 = T is non-surjective. (1.2)

For a precise and more general version of the theorem we refer the reader to The-
orems 3.5 and 3.8, where some inhomogeneous spaces are also treated. Concerning the
hypothesis of stability under weak® convergence, we note that it is typically satisfied by
solutions above a certain regularity threshold: for instance, it holds for both the Navier—
Stokes equations and the cubic wave equation in R3 x [0,+00) in the corresponding
energy spaces. Moreover, by considering a relaxed version of the PDE, this assumption
can sometimes be bypassed, as will be discussed in more detail in Section 1.3 below.
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Theorem A gives justification for two ideas ubiquitous in the study of PDEs, cf. [53].
Firstly, given a PDE and a space of data, the scaling symmetries of the PDE should
be exploited fully when one determines the solution space, and secondly, a priori esti-
mates are often paramount to establishing existence of solutions. We describe the use of
Theorem A more precisely below.

One can often rule out solvability in various function spaces simply by computing
the scaling symmetries of the PDE and using (1.2): as an example, in Corollary 4.1 we
recover the main result of [55] on the Jacobian equation. Sometimes, however, the PDE
has very few scaling symmetries, and so the second part of Theorem A is not applicable.
To circumvent this issue, it is often useful to relax the nonlinear PDE into a linear one,
as in the Tartar framework [79,80]: doing so often enlarges the collection of available
scaling symmetries, allowing Theorem A to be used. We illustrate this general technique
on the Euler equations in §4 and on the Navier-Stokes equations in §5.

In function spaces that “scale correctly”, the use of Theorem A is two-fold. In the
direction of non-solvability, it is, in practice, much simpler to disprove an a priori esti-
mate than to find a datum for which solvability fails; see §4 for an application to the
Jacobian equation. In the direction of solvability, Theorem A justifies fully the method of
a priori estimates [78, §1.7]. We give examples of evolutionary PDEs to demonstrate that
the estimates obtained through the open mapping principle agree (up to a multiplica-
tive constant) with well-known estimates such as the energy inequalities for Leray—Hopf
solutions to the incompressible Navier-Stokes equations.

The rest of this introduction is structured as follows. In the next subsection we present
a special version of Theorem A in a simple case, and then, in Section 1.2, we apply this
version to the Jacobian equation. After proving our main theorem in Section 3, we expand
on the applications of Theorem A to the equations of incompressible fluid dynamics in
Section 1.3.

1.1. A simple abstract open mapping principle

Deciding whether nonlinear versions of the open mapping principle hold is a classical
problem. In the bilinear setting, this question goes back to RUDIN [71, page 67]:

Question 1.1. If X, X5 and Y are Banach spaces and T is a continuous bilinear map of
X1 x X5 onto Y, does it follow that T is open at the origin?

The origin plays a special role in Question 1.1 since, if T is open at 0, then by
scaling one obtains quantitative solvability: for all f € Y there exist u; € X; such that
T(ui,u2) = f and [lu1|%, + lluzll%, < C|/flly. The simple example T: R x L*(R") —
L?(R™), (¢, f) = tf shows that in general, openness at 0 does not imply openness at all
points.

It turns out that nonlinear open mapping principles do mot hold even in the very
simple setup of Question 1.1. A first counterexample was found by COHEN [20] and, a
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bit later, HOROWITZ [45] gave a finite-dimensional example by taking T': R3 x R? — R*
to be

T(z,y) = (x1Y1, T1Y2, T1Y3 + T3Y1 + T2y2, T3Y2 + TaY1). (1.3)

We also refer the reader to [7,32] for further extensions and discussion.

To reconcile Theorem A with these counterexamples one needs to keep in mind that
the operators arising in PDEs have additional structure. Here we state a precise, ab-
stract (and simpler to prove) version of Theorem A. It gives conditions under which
RUDIN’s question has a positive answer; we replace bilinearity by positive homogeneity
to incorporate more examples.

Theorem B. Let X and Y be separable or reflexive Banach spaces. We assume that:

(A1) T: X* — Y™ is a positively homogeneous operator.

(A2) T is weak*-to-weak* sequentially continuous.

(A3) For k € N there are isometric isomorphisms oip : X* — X*, of : Y* = Y* such
that

Tooy =o) oT for all k € N,

of f20  forall feY™
Then T is onto if and only if T is open at the origin.

Condition (A3) should be thought of as generalised translation-invariance (while con-
ditions (A1)—(A2) are self-explanatory). Indeed, when T is a constant-coefficient partial
differential operator and X* and Y™ are function spaces on R"™, natural choices of O’i( "
and o} " include translations

o,i(*u(x) = u(x — ke) and U;}C/*f(.’l'}) = f(xz — ke), where e € R™ \ {0}.

Example (1.3) shows that assumption (A3) cannot be omitted, but it is unclear whether
(A2) is needed. The roles of the conditions (A1)—(A3) are discussed further in Remark 2.2.

The assumptions of Theorem B arise naturally in compensated compactness [65,79], a
theory dealing with operators which are sequentially weakly continuous over the space of
solutions to a given linear, underdetermined PDE. Our motivation for Theorem B comes
from an old problem of COIFMAN, LIONS; MEYER and SEMMES: they discovered in [21]
that many compensated compactness operators have improved integrability, and hence
their range is smaller than expected. In fact, in [42] it was shown that, under natural
assumptions, all compensated compactness operators have improved integrability, see
also [43] for a systematic study. These results lead to the following problem:

Question 1.2. What is the range of the operators arising in compensated compactness?
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The most famous examples of operators arising in compensated compactness, all of
which fall under the scope of Theorem B, are the Jacobian, the Hessian and the div-curl
product. In the next subsection we will focus on the important case of the Jacobian.

1.2. Applications to the Jacobian equation

We consider the Jacobian equation
Ju=detDu = f in R™, (1.4)

where the solution is a map u: R™ — R"™. This is a first-order, fully nonlinear, underde-
termined equation, and it appears naturally in Differential Geometry [61] and Optimal
Transport [12]. Equation (1.4) is also geometric, as formally the change of variables
formula reads as

/|Ju(x)| dz = /#(u‘l(y) NE)dy, E C R" is measurable. (1.5)
E R”»

Thus, for a smooth solution of (1.4), f measures the size of its image, counted with
multiplicity.

Whenever f is positive and sufficiently regular there is a well-posedness theory for
(1.4) which goes back to the works of DACOROGNA and MOSER [26,61], and which can
alternatively be deduced from the regularity theory for the Monge—Ampeére equation [17].
In fact, one may view the Monge—Ampere equation as the elliptic, determined analogue
of (1.4). We also note that there is an existence theory for (1.4) for data which are regular
but have arbitrary sign [25] and we refer the reader to the book [24] for a comprehensive
bibliography on the subject.

We are interested in studying the existence and regularity of solutions to (1.4) for
low-regqularity data, which is to say that we take f € LP for some finite p. There are
essentially no existence results in this setting; moreover, non-existence results are also
remarkably difficult to obtain, although see [16,60,69] for some endpoint statements as
well as our recent works [39,40] for results in the general LP case. One of the difficulties in
establishing non-existence of regular solutions to (1.4) is that underdetermined equations
often admit solutions with a surprising amount of regularity, particularly for rough data.
This is the case for the divergence equation, which one may regard as the linear analogue
of (1.4): as shown by BOURGAIN and BREZIS in [10], see also [77,81], the divergence
equation admits solutions with higher regularity than the ones obtained by solving the
corresponding elliptic problem, i.e. the Poisson equation. In fact, the same is true for
our nonlinear problem, as the solutions obtained through the Monge—Ampeére equation
are not always optimal, see [40] for further details and discussion.

Extending Question 1.2 in the case of the Jacobian, IWANIEC conjectured in [9,48]
that solutions with optimal regularity exist and can even be selected with a continuous
dependence on the data:
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Conjecture 1.3. There is a continuous E: #P(R™) — WL (R™ R™) with Jo E =1d.

In Conjecture 1.3 we take p € [1,00) and we note that J#7(R™) = LP(R™) for p €
(1,00), while #1(R™) is the real Hardy space [75], which is the dual of the separable
Banach space VMO(R™) [23]. We also emphasize that W™ denotes a homogeneous
Sobolev space: the third author showed in [56] that the Jacobian is not even onto 27 (R™)
if its domain is taken to be an inhomogeneous Sobolev space.

The appearance of the Hardy space at the endpoint p = 1 of Conjecture 1.3 has to do
with the improved integrability of the Jacobian, first noticed by MULLER [62]. In fact,
CorrMAN, LIONS, MEYER and SEMMES proved in [21] that

we W (R™R") = Jue AR

and that 7 (R") is the smallest Banach space containing the range of the Jacobian, a
statement which was recently generalized for p > 1 by HYTONEN [46]. It is still an open
question to determine whether the Jacobian is surjective into 2P (R™). Nonetheless, as
an immediate consequence of Theorem B, we obtain:

Corollary C. Fizx 1 < p < co. The following statements are equivalent:

(i) J: WL (R™ R™) — H#P(R") is surjective;
(ii) there is a bounded operator E: WL (R™ R™) — #P(R") such that J o E = 1d;
(iit) for all f € A#P(R™) there is u € WL (R™, R") such that Ju = f and

IDullZnn®ny S £l 60 @e)- (1.6)

Although Corollary C may appear purely abstract, this is not so, as we now explain.

It appears plausible that Conjecture 1.3 is false: our motivation for considering this
scenario comes in part from our related works [39,40], see also Section 4.4. For instance,
in [40] we showed that the analogue of Conjecture 1.3 concerning the Dirichlet problem
for (1.4) over a bounded domain € fails in a very strong sense. Roughly speaking, for
f € LP one cannot expect solutions of Ju = f in any space higher than id—l—I/Vol’p(Q7 R™).
This is proved through a geometric argument, relying on (1.5) and on the condition
u = id on the boundary 9f).

Let us say that a continuous solution of (1.4) which satisfies (1.5) is admissible;
here our choice of terminology is inspired by the fluid dynamics literature. Any solu-
tion in WL”P(R",R"), for p > 1, is admissible, but there are continuous solutions in
WL (R™, R™) which are not admissible, see e.g. [58]. Thus, when p = 1, it is possible
for the PDE (1.4) to hold a.e. in R™, and hence also in the sense of distributions, and
yet for its geometric information to be completely lost! We also note that geometric
information on solutions is essential to study (1.4) beyond disproving Conjecture 1.3: for
instance, in [39] we used a parametric version of the isoperimetric inequality to identify
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the energy-minimal admissible solutions of (1.4) in the simple case where f is spherically
symmetric.

In fact, studying admissible solutions is not necessarily restrictive: Using Corollary C
we can show that the existence of rough solutions implies the existence of admissible
solutions. This observation is made precise in the following result:

Theorem D. Let Q C R™ be an open set and take f € ' (R™) such that f > 0 in
Q. Assume that J: WE(R™, R") — #*(R") is onto. Then there is a solution u €
WL (R™, R™) of (1.4) such that:

(i) u is continuous in §2;
(ii) w has the Lusin (N) property in Q;
(iii) [gn Du"dz < C||f|l 1 with C > 0 independent of f.

In particular, u is admissible over Q, as it satisfies (1.5) there.
Moreover, if n = 2 and there is an open set Q' € Q with f =0 a.e. in Q, then:
(iv) for any set E C Q', we have u(0E) = u(E);
(v) fory € u(Q), if C denotes a connected component of u=*(y)NQ then C intersects
oY,

Theorem D provides a vital practical tool towards a negative answer to Conjecture 1.3.
It is proved through a regularisation argument: due to Corollary C, powerful tools from
Geometric Function Theory become available. In the supercritical regime p > 1, the first
part of Theorem D holds automatically, although one can still use the a priori estimate
(1.6) to get solutions with additional structure, see Section 4 for further details. The
second part of Theorem D also holds in any dimension if p is taken to be sufficiently
large.

1.8. Applications to the equations of incompressible fluid flow

In order to give a representative application of Theorem A to evolutionary PDEs we
consider the incompressible Euler equations

ou+u-Vu—VP =0, (1.7)
divu =0, (1.8)
u(-,0) = u° (1.9)

in R™ x [0,00), for n > 2. Note that (1.7)—(1.9) are invariant under scalings of the form

1 T t 1 T 1 T t
ux(z,t) = Yo U (F’ /\a—+5) , ul(x,t) = /\_auo (A_ﬁ> ; Pa(z,t) = 2ol ()\_5’ /\a—+ﬁ>
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for any «, 8 > 0. Recall also that smooth solutions of (1.7)—(1.9), with strong enough

decay properties at infinity, conserve the kinetic energy f]R" u(x,t)|? dz in time.

Weak solutions of (1.7)-(1.9) can, nevertheless, violate energy conservation and exhibit
various other kinds of wild behaviour. SCHEFFER constructed in [72] solutions of the
Euler equations which are compactly supported and square integrable in space-time and
a simpler construction on the torus was given by SHNIRELMAN in [73]. A systematic
study of energy-dissipating solutions via convex integration was initiated by DE LELLIS
and SZEKELYHIDI in the groundbreaking works [27,28], culminating in the solution of
the Onsager Conjecture in [27,47]. For more information on Onsager’s conjecture see the
recent reviews [14,30] and the references contained therein.

In view of the highly underdetermined nature of the Euler equations (in particular, the
ability of fluids to come to rest in finite time), it is a priori not completely clear at which
rates energy decay can occur if one starts from a generic square integrable initial datum.
On the one hand, on the flat torus T", Wiedemann has shown in [82] the existence of
weak solutions of the Euler equations for all solenoidal, square integrable initial data
by applying the methodology developed in [27,28]. By closely examining the proof, the
kinetic energy of Wiedemann’s solutions can be chosen to decay exponentially in time.
On the other hand, in the case of Leray-Hopf solutions of Navier-Stokes equations, it is
a well-known fact that the exponential energy decay does not carry over from the torus
to the whole space (see §5.2).

Theorem A rather immediately rules out Li-type energy decay, ¢ < oo, for a Baire-
generic square integrable initial datum. The precise statement is given in Corollary E
below; we use the customary notation L2 = {v € L? : dive = 0}. In §5.1 we also make a
separate smallness statement about the set of initial data for which a solution can come
to rest within a prescribed time interval.

Corollary E. Let n > 2, 2 < p < oo and M > 0. The set of initial data for which
(1.7)~(1.9) have a solution u with ||lul| 2 < M is nowhere dense in L.

In particular, for a residual set of initial data in L2, the Cauchy problem (1.7)—(1.9)
has no solution in L L2 N [Uyep oo LY L7

To deduce Corollary E from Theorem A we consider a linear relaxation of the equa-
tions (1.7)—(1.9); this is an idea in the spirit of TARTAR’s framework for studying
oscillations and concentrations in conservation laws [79,80]. Such a relaxation is used
here in order to render the associated solution-to-datum operator weak*-to-weak* con-
tinuous and to introduce extra scaling symmetries into the problem. Corollary E is proved
in §5.1.

The proof of Corollary E also applies to many other models in fluid dynamics. For
instance, concerning the Navier—Stokes equations, we prove in an elementary fashion
upper bounds for the generic energy dissipation rate of distributional solutions. Another
example is given by the equations of ideal magnetohydrodynamics, for which the analogue
of Corollary E holds true. In that context bounded solutions with compact support in
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space-time were constructed in [34]. On the torus T3, solutions in L2 HZ, for a small
B > 0, violating magnetic helicity conservation were constructed in [6].

2. A nonlinear open mapping principle for positively homogeneous operators

The main goal of this section is to prove Theorem B. A related nonlinear uniform
boundedness principle is proved in Proposition 2.3 and a precise statement concerning
atomic decompositions in terms of T is proved in Proposition 2.5.

We already motivate Theorem B in the setting of Corollary C. By adapting the usual
proof of the standard Open Mapping Theorem to J: Whm(R™ R™) — s#P(R") one
obtains the following statement: if J(W1"?(R™ R™)) = #P(R"), then for every f €
HAP(R™) there exist u,v € W™ (R", R") with

Jut+Ju=f and /(|Du\"p + |Dv|"?) dz < C| |- (2.1)
R~

Thus, quantitative control is gained at the expense of introducing an extra term Jo.

One could attempt to show the non-surjectivity of J by disproving the a priori estimate
n (2.1). However, the extra term Jv makes this a formidable task since the equation
Ju + Jv = f admits much more pathological solutions than Ju = f. As a prototypical
example, there exist Lipschitz maps u,v: R?> — R? vanishing in the lower half-plane
and satisfying Ju + Jv = 1 in the upper half-plane [49, Lemma 5. In Theorem B and
Corollary C, the extra Jacobian Jv is removed, which leads to a dramatically less daunting
task than disproving (2.1). We explore this further in §4.

2.1. The proof of Theorem B

Here we give a slightly more precise version of Theorem B:

Theorem 2.1. Let X and Y be Banach spaces such that Bx« is sequentially weak™ com-
pact. We make the following assumptions:

(A1) T: X* = Y™ is a weak*-to-weak* sequentially continuous operator.
(A2) T(au) = a*T(u) for all a >0 and u € X*, where s > 0.
(A3) Fork € N there are isometric isomorphisms o : X* — X*, o} : Y* = Y* such
that
Tool =o) ol  forallkeN, of f20  foralfeY*.

Then the following conditions are equivalent:

(i) T(X™*) is non-meagre in Y*.
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(ii) T(X*)=Y™.
(iii) T is open at the origin.
(iv) For every f € Y* there exists u € X* such that

Tu=f  ulx- <Clflly-- (2.2)

A sufficient condition for Bx- to be sequentially weak™ compact is that X is a weak
Asplund space [74, Theorem 3.5]. For instance, reflexive or separable spaces are weak
Asplund [31].

Proof of Theorem B. We have (iv) = (iii) = (ii) = (i) and so we just prove (i) = (iv).
Assume that (i) holds. We may write T'(X*) as a union Uy°, K, where

Ky ={f €Y" : there exists u € X* with Tu = f and [Ju[/%- < ¢}.

Since balls in X* are sequentially weak* compact, by (A1), the sets K, are sequentially
weak™ closed, in particular norm-closed. Now, by the Baire Category Theorem, some K,
contains a closed ball B, (fo).

Our next aim is to show that B,.(0) C K,. Suppose, therefore, that ||f||y- < r. By
(A3), f+ O’}C/*fo X f, and thus it suffices to show that f + Jz*f() € K, for all kK € N.
Given k € N, we note that fo + (U};*)*lf € B,(fo). Hence, we may choose u; € X*
such that Tug = fo + (o) )71 f and [Jug%- < £. By (A3),

frol fo=op (fo+ (o )7 f) =0} Tu, =T(of w),

o7 urll i = llugll%- <4,
which yields f + a,)c/*fo € Ky, and so B,.(0) C K.
Assumption (A2) now yields Br(0) C Kgy, for all R > 0, and so (iv) holds with
C=¢/r. O

Remark 2.2. We make some comments on the roles of each assumption of Theorem B.
Note that we only used (A2) at the very end of the proof to move from the local statement
B,.(0) C K, to the global quantitative solvability statement (iv). This motivates us to
replace positive homogeneity by more general scaling symmetries, and this is done in §3.
It is an interesting problem whether (ii) and (iii) continue to be equivalent if one simply
discards assumption (A2).

Recall that in view of HOROWITZ’s example (1.3), assumption (A3) cannot be omitted.
We also note that (A3) never holds if Y is finite-dimensional and that moreover, when
the target is two-dimensional, it is not needed: DOWNEY has shown that, in this case,
the answer to Question 1.1 is positive [33, Theorem 12]. The assumption (Al), in turn,
is not always necessary, but it holds automatically in finite dimensional examples. An
infinite dimensional case where it is not needed is the following multiplication operator
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(f,9)— fg: LP x L1 — L" where 1/p+1/q = 1/r: this operator does not satisfy (Al),
although it verifies the open mapping principle [3,4].

2.2. Ezamples

The theory of Compensated Compactness provides many nonlinear operators to which
Theorem B applies. Here we give a general formulation in the spirit of [41], see also [65,79],
which we then illustrate with more concrete examples.

Let A be an [-th order homogeneous linear operator, which for simplicity we assume
to have constant coefficients; that is, for v € C*°(R", V),

Av=>" A0, A, €Lin(V,W),

|a]=l

where V, W are finite-dimensional vector spaces. For p € [1,4+00) and s € N, s > 2, take
X* = L% (R", V), Y = #P(R").

Here LY (R™, V) is the space of those v € LP*(R", V) such that Av = 0 in the sense of
distributions. We will further need the following standard non-degeneracy assumption:

the symbol of A, seen as a matrix-valued polynomial, has constant rank. (2.3)

Whenever (2.3) holds, we say that A has constant rank. We will not discuss this as-
sumption here but it holds in all of the examples below; the reader may find other
characterizations of constant rank operators in [42,67].

Let T: X* — Y™ be a homogeneous sequentially weakly continuous operator. Under
the assumption (2.3), such operators were completely characterised in [41], and they
are often called Compensated Compactness quantities. They can be realised as certain
constant-coefficient partial differential operators and so they necessarily satisfy (A3) if
one takes the isometries a,f ° U:* to be translations. The following are standard examples
of such operators:

(i) A= curl and T = J. For this example, take V = R"*" and choose A in such a way
that Av = 0 if and only if v = Du, for some u: R™ — R™. For instance, we may take
(curlw);jix = Okvij — Ojvir. We also choose s = n and so X* = Wl’"p(R", R™). The
only positively n-homogeneous sequentially weakly continuous operator X* — Y*
is the Jacobian, and in particular we recover Corollary C.

(ii) A = curl> and T = H. Here A is chosen similarly to the previous example, but
now Av = 0 if and only if v = D?u, for some u: R” — R. Again we take s = n
and so X* = W2 (R" R™). We may take T'= H: X* — Y* to be the Hessian,
and Theorem B shows that it satisfies the open mapping principle.
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The two previous examples admit a straightforward generalisation, where one considers
s-th order minors (instead of the determinant) and a j-th order curl (instead of j = 1,2).

(iii) A = (div, curl) and T = (-, -). In this example, s = 2 and T is the standard inner
product acting on a pair v = (B, E): R” — R™ x R"™; here, B is thought of as a
“magnetic field” and E as an “electric field”. As before, Theorem B shows that T’
satisfies the open mapping principle.

We conclude this subsection by comparing the above example with [21]. There, the
authors address the problem of deciding whether Compensated Compactness quantities
are surjective, particularly when p = 1. Thus Theorem B can be read as saying that
openness at zero is a necessary condition for a positive answer to this problem.

2.8. A nonlinear uniform boundedness principle

We also present a nonlinear version of the Uniform Boundedness Principle in the
spirit of Theorem B; under certain structural conditions, a family of operators which is
pointwise bounded in a neighbourhood of the origin is uniformly bounded in a (possibly
smaller) neighbourhood of the origin.

Proposition 2.3. Let X and Z be Banach spaces and let I be an index set. Suppose the
following conditions hold:

(i) For every i € I, the mapping T;: X — Z is such that u — ||Tiullz: X — R is
weakly sequentially lower semicontinuous.
(ii) There is € > 0 such that sup;e; ||T;(u)||z < oo whenever ||u| x < €.
(iii) For j € N there are isometric isomorphisms o\ : X — X and of: Z — Z such
that

Tioa,i(:akZoTi foralli el and k € N,

o — 0 for allu € X.
Then there exists § > 0 such that

sup sup || Tiul|z < 0.
[Jul|x <6 i€l

Proof. By (ii), we may write eBx = U3°,Cy, where Cy = {u € eBx : sup,¢; ||Tiullz < ¢}
and (i) shows that each Cy is norm closed. Thus, by the Baire Category Theorem, some
Cy contains a closed ball Bs(uq).

Let now |jul|x < dand i € I. By (iii), we have u+oi ug = oy [ug+ (0 ) ~tu] € B(ug, d)
and moreover u + o ug — u. So by (i) and again (iii), we have
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I Tiullz < Yiminf || Tyo3 [uo + (o) " ull| z = lim inf [|of Tlup + (o) "'l z < £,
— 00 — 00
The proof is complete. O

‘We note that, in the linear case, it is possible to prove the Banach—Steinhaus Uniform
Boundedness Principle without using Baire’s Category Theorem: the proof relies, in-
stead, on the so-called “gliding hump method”. For an extension of the classical Uniform
Boundedness Principle using this method, we refer the reader to [37].

2.4. Atomic decompositions in terms of T

The main motivation behind this subsection is Theorem 2.4. It establishes an analogue
of the atomic decomposition of J#1(R"), giving a weak factorization on J#?(R™) in the
spirit of the classical work of COIFMAN, ROCHBERG and WEISS [22]:

Theorem 2.4. Let p € [1,00). For every f € JHP(R™) there are functions u; €
Whm(R™ R™) and real numbers ¢; such that

f=Ycilu, luillyirmn ey <10 Y leil S I Flloengn- (2.4)
=1 =1

In particular, #P(R™) is the smallest Banach space containing the range J(W1P(R"™,
R™)).

Theorem 2.4 was proved in [21] for p = 1, while the case p > 1 is much harder and
was established only recently by HYTONEN in [46]. It is conceivable that the operator
J: Whre (R, R™) — 2P (R™) is not surjective but (2.4) improves to a finitary decompo-
sition of SP(R™) in terms of Jacobians. In Proposition 2.5, we formulate a rather precise
classification of infinitary and finitary decompositions in the setting of Theorem B.

Take w € N = NU{oco}. Given T as in Theorem B, if every f € Y* can be written as

f:chTuj, Cj €eR, Uy € Bx~, (25)
j=1
then, following [32], T is said to be 1/w-surjective. If, furthermore,
> lesl S Il (2.6)
j=1

for all f € Y*, then T is said to be 1/w-open. DIXON [32] generalised HOROWITZ’s
example by constructing, for every m € N, a continuous 1/m-surjective bilinear map
between Banach spaces which is not 1/m-open. In fact, in Dixon’s notation, the constants
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¢; are subsumed by the elements u;. The formalism (2.5)—(2.6) is, however, more standard
in the context of atomic decompositions.

In Proposition 2.5 we show that, for w € N, and under the assumptions of Theorem B,
1/w-surjectivity implies 1/w-openness.

Proposition 2.5. Suppose X, Y and T satisfy the assumptions of Theorem B. Let us
define, for w € N, the sets

w w
Ay, E{ chTuj tu; € Bx+, ¢; € R and Z lej| < OO}-
j=1 J=1

If A is not meagre in Y*, there is w € N such that A, = Y* and |J
in Y*; moreover, T is 1/w-open.

me<w \m s meagre

Proof. We show that if | J,, . Am is not meagre in Y, then there is m € N such that
A, =YY" and A,,_1 is meagre in Y*. Note that, for each m € N, the set A,, is closed;
it follows from the Baire Category Theorem that one of the sets A,, contains a ball.
By using the s-homogeneity of T', we write A, = {Z;"Zl d;Tv;: d; € R, v; € X*}. By
applying Theorem B to the (s + 1)-homogeneous operator

m
T:R™x (X*)" > Y™, TH{d}, {v}e) = diTv;,
j=1

j=

we find that for each f € Y* there are d; € R and v; € X* such that

m

Y odiTvi=f D (I ol S Dl (2.7)
j=1

j=1

We set ¢; = dj||vj]|%- and denote u; = v;/|v;]|x+ if v; # 0 and u; = 0 if v; = 0. Thus
¢; Tuj; =d; Tvj for j =1,...,m. Consequently, through Young’s inequality, (2.7) yields

m m
i Tui=1f, >l Sfllv-,  uj €Bx-. (2.8)
j=1 j=1

It now suffices choose the smallest m € N such that T: X* — Y™ is 1/m-surjective; the
1/m-openness of T is given by (2.8).

We finally show that if (J,, . Am is meagre but A, is non-meagre, then in fact
A =Y* and T is 1/oc0-open. We denote V = {eTu: e = £1, u € Bx-} C Y*. Now
V' is bounded and symmetric and, by assumption, {3272, ¢;f; = f; € V for all j and
> 52 lejl < oo} is non-meagre in Y*. By [56, Lemma 3.1], {372, ¢;Tu;: 3272, |¢j| =
1, u; € Bx+} C Y* contains a ball centred at the origin. It immediately follows that
given f € Y*, conditions (2.5)—(2.6) can be satisfied with w = 0c0. O
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Remark 2.6. It is tempting to try and prove the last part of Proposition 2.5 by defin-
ing an auxiliary operator T: £571(N) x £t1(N; X*) — Y* via T({d;}52,{vj}52,) =
2;11 d;Tv; and using Theorem B on T, in analogy to the case w < co. However, such
an operator is never weak*-to-weak* continuous unless 7' = 0. Indeed, suppose Tu # 0
and set dj, = 0j; and vj, = pu. Now T({d;r}52y, {vjr}52,) = Tu for all k € N but

({djrt521. {vjr}521) =0.

Example 2.7. Let us denote by H the Hilbert transform and by T: L*(R,R) — 5#*(R)
the operator T'(x,n) = Hx Hn — xn. The strong factorization #1(C,) = #?*(C,) -
2%(C ) of analytical Hardy spaces yields the surjectivity result

HNR) ={T(x,n) : x,n € L*(R)}, (2.9)

see e.g. [21, page 258]. Thus, in this case, A} = #*(R).

Another example is obtained by considering the operator J: W1?(R" R") —
AP (R™), where n > 2 and p € [1,00); we emphasise that the Sobolev space is inhomoge-
neous. In this case, Ay is meagre in JP(R™), see [55] and Corollary 4.1. However,
if we instead consider the Jacobian as defined on W™ then Ay, = J#P(R™) by
the results of [46], although it is unclear whether this is optimal. We note that for
J: WH2P(R2, R?) — #P(R?), the statement A; = #°7(R?) is equivalent to

HP(R?) = {|Sw|® — |w|*: w € L?(R*, R?)},

compare with (2.9). Here S is the Beurling—Ahlfors transform, which one may think of
as the square of a complex Hilbert transform [50].

We are not aware of operators satisfying the assumptions of Theorem B and for which

there is 1 < m € N such that A,,, = Y* but Um,<m A,/ is meagre in Y*.

3. A general nonlinear open mapping principle for scale-invariant problems

The main aim of this section is to formalise Theorem A and generalise Theorem B
to a wider class of translation-invariant, scaling-invariant PDEs. We divide the rigorous
version of Theorem A into Theorems 3.5 and 3.8.

Our motivation for generalising Theorem B is two-fold. On the one hand, from an
abstract perspective, obtaining more general nonlinear versions of the open mapping
principle is of interest in its own right. In particular, we point out that, in Theorem B,
multi-linearity is only used in order to move from small data to arbitrary data by a
simple scaling argument. Here we wish to allow more general scaling symmetries. On the
other hand, solutions to partial differential equations typically satisfy a priori estimates.
Having at hand a version of Theorem B that ensures the existence of a priori estimates
can give a heuristic justification for the methods used in the construction of solutions to
these equations.



A. Guerra et al. / Advances in Mathematics 415 (2023) 108869 17

3.1. Two model examples

The formulation of Theorem 3.5 is rather technical, and so we start by motivating it
via two familiar examples, the Navier-Stokes equations and the cubic wave equation.

Example 3.1. Consider the inhomogeneous, incompressible Navier-Stokes equations in
R3 x [0, 00):

ou+u-Vu—vAu— VP =0, (3.1)
divu =0, (3.2)
u(-,0) = u®, (3.3)

where u is the velocity field, P is the pressure, v > 0 is the viscosity and «° is the initial
datum. The equations are invariant under the scalings v — uy, P — Py and u® — u(/)\,

L (o _1p(2 ) e lwo(e
XU<X7E)7 P)\(xvt):)\gp<)\7)\2>7 ’LL)\(.’L')—)\U (A)

For simplicity, we concentrate on the familiar solution and datum spaces

ux(x,t)

X*=LPL2 , NLIWE?, Y =L2

Note that X* and Y* are homogeneous: |uy|x« = AY2|uy|x- and [[ul]y- =
A2||uS ||y« for all A > 0, w € X* and u® € Y*. Recall that u € X* is called a weak
solution of (3.1)—(3.3) if u satisfies

T T T

/(u,@t@ dt—|—/<u®u,Dgp) dt — V/(Du,D(p) dt + (u®, (0)) — (u(1), (1)) =0 (3.4)
0 0 0

for all p € C°(R? x [0,00),R3) with divy = 0 and almost every 7 > 0. In (3.4), (-,
denotes the inner product in L2.

Our aim is to express the solvability of (3.1)—(3.3) equivalently as surjectivity of a
suitable nonlinear map T from (a subset of) X* onto Y*. Openness of T" at 0 will then
be equivalent to an a priori estimate as in Theorem 2.1. Up to a multiplicative constant,
the a priori estimate coincides with the familiar energy inequality.

Formally, we choose T to be the solution-to-initial datum map T(u) = u(-,0). The
rigorous formulation of Theorem A is, however, complicated by the fact that T'(u) is
not well-defined for all u € X*. We overcome this issue by restricting the domain of
definition of T" and setting

D={ueLL; N L2WE2 : u is a weak solution of (3.1)~(3.3) for some u® € L2},
T:D—=Y* T(u)=u"if (3.4) holds.



18 A. Guerra et al. / Advances in Mathematics 415 (2023) 108869

The set D is not a vector space, but fortunately, the proof of Theorem B does not require
the additive structure of the domain space; in fact, the proof adapts readily to more gen-
eral scaling invariant problems as long as the sets Dy = {u € D: ||u||x~ < ¥, | Tully- < £}
are sequentially weak™ compact. This latter condition appears as assumption (K\4) in
Theorem 3.5.

Theorem 3.5 now says that solvability of (3.1)—(3.3) for all u® € L2 is equivalent to
solvability with the a priori estimate

[ull ez + llull L2422 < Cllul, 0)| 2
Such an estimate is well-known to be satisfied by Leray—Hopf solutions [70].

In Example 3.1, we deliberately chose homogeneous domain and target spaces X*
and Y™ for simplicity. However, Theorem 3.5 also incorporates inhomogeneous function
spaces as well as product spaces. In Example 3.4 we motivate this via the cubic wave
equation, but first we recall some notions from interpolation theory.

Definition 3.2. Suppose that X; and X are Banach spaces embed into a topological
vector space Z. We set

[ullx,nx, = max{|jullx,, [ullx, },

[ullx,+x, = inf{{lurllx, + [luzllx,: u=wu1+u2, ur € X1, us € Xo}.
If X; N X, is dense in both X; and X5, then (X1, X5) is called a conjugate couple.
The duals of spaces of the form X; N X3 are well-known, cf. [8, Theorem 2.7.1]:

Theorem 3.3. Let (X1, X5) be a conjugate couple. Then, up to isometric isomorphism, it
holds that (X1 N X3)* = X7+ X3 and (X1 + X2)* = X7 N X;.

Example 3.4. Consider the cubic wave equation in (1 + 3)-dimensions

O — Au+u® =0 in [0, +00) x R? (3.5)

(u(+,0), Oru(-,0)) = (uo,ul). (3.6)

We are interested in initial data in the energy space Y* = [H'(R3) N L*(R3)] x L?(R?)
and we look for solutions in the space

: 1
X*=LPHNLPLINLYLI([0,00) x R®),  where — + 3_1
p O

Thus we have X; | = L{°H}, X{, = L{°LL, X4 = L{LS and Y7y = H', Y{', = L* and
Yy, = L?. Recall that u € X* is a weak solution of (3.5)(3.6) if, for every test function
¢ € C=(R x R3,RY),
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/uattso + (Du, Do) dt + (u?, o) dt = (u”, 0(0,-)) — (u', (0, ) (3.7)
d .

- <u(7—’ ')7 SO(T’ )> + <U(T, ')7 L)015(7—7 )>

for almost every 7 > 0. The equation is invariant under translations as well as the scalings
u— uy, u® — u and u' — u} where

ux(t, x) = Au(At, \x) ul (z) = Mg () uy (z) = Nuj (\x).
We define

D = {u € X*: u is a weak solution of (3.5)—(3.6) for some (u’,u') € Y*},

T:D — Y* Tu= (u’,u") if (3.7) holds.

It is easy to compute

1 1
lulllza =A% u® s, (s ) ez =A2 1 0| g2

1 1
||U>\HL;>°L‘; =A% HUHL;”Lgv ‘|U>\||L§°H;mL;’Lg =A2 HUHL,?OH}CﬁLng'
Thus r11 = r13 = %, ri9 = % and s11 = 891 = %, S19 = i in the notation of Theorem 3.5.
Theorem 3.5 now says that solvability of (3.5)-(3.6) for all (u®,u') € [H' N L*] x L?

is equivalent to solvability with the a priori estimate

1
2
L HINLYLY

||UHL§0H10L§L; + ||UH%§6L3 < Olu® el grppaxres 1@ u)lgrapagge > 1.

[ul Hllul s < I u)lganpaszs 1@ u)lgiapige <1,

Taking powers and estimating the right-hand sides, we conclude in particular that solv-
ability of the equation implies the more familiar-looking estimate

1l e innpng + ullzsers < C (I3 + lulllzs + utl1Z2) -

The estimate in the Strichartz space LY LJ is known from [38], and the reader may also
find the stronger estimate

1 1 1 1
Sy + gl s < 510130 + 7L

in [2, Theorem 8.41].
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3.2. A more general nonlinear open mapping principle

We can now formulate the main result of this section. On a first reading, it is advisable
to consider I = J; = M = N, = 1 as in Example 3.1. Recall that when a direct sum of
Banach spaces X = @f_, X; is endowed with the norm ||w||x = Zle |lw;| x,, the dual
norm of X* = &/_, X is of the form [ul|x- = maxi<i<y [Jus]| x>

Theorem 3.5. Fori=1,...1,j=1,...J;and p=1,...M, v =1,...N, let X;; and
Y, be Banach spaces. Consider X*,Y™ of the form

Ny

el (i)

i=1 Nj=1

for some I, M, J;, N, € N. Suppose 0 € D C X*.
We make the following assumptions:

(g\l) Ifuj = win D and Tuj = f in Y*, then Tu = f.
(A2) For A > 0, there exist bijections u > ux: D — D and f — fx: Y* — Y™ such that

T(uy) = (Tu)x forallu e D, >0,
[(wx)illxy, = A9 [lugl| x; forallA>0,i=1,...,1,j=1,...,J;,u € D,
Il —)\SWHf#Hy* forallA>0,p=1,....M,v=1,...,N,, f€ Y™,

"%

where 0 < r;; and 0 < 51 < sy, < 83.
(A3) There exist sequences of isometric bijections oP: D — D with o2 (0) = 0 and
isometric isomorphisms o} : Y* — Y* such that

TOO’EZO’Z*OT forall k € N|
of f20  forall feY™.

(@) For £ € N, the sets Dy = {u € D: ||u||x~ < ¢, ||Tu|
tially compact in X*.

v+ < £} are weakly* sequen-

The following conditions are then equivalent:

(i) T(D) is non-meagre in Y*.
(ii) T(D) =Y™.
(iii) T 1is open at the origin.

)

(iv) For every f € Y* there exists u € D such that

’ﬂﬂ'ﬂ

i il R < Cllfllves v <1,

Tu = f, i
Yot i [l 1/”<cuf||w, I flly- > 1.

(3.8)
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Proof. We first show (i) = (iii), so assume (i) holds. Write D = Uj°, D, and note
that we have T'(D) = U ,T(D;). Since each set D, is weak* sequentially compact and
T: D — Y™ has weak*-to-weak® sequentially closed graph, the sets T'(Dy) are closed
in Y* and, therefore, complete. By the Baire Category Theorem, one of the sets T(Dy)
contains a ball B, (fo). Clearly n < £. We first show that

T(Bp(0,£)) D By« (0,n). (3.9)

Here Bp = Bx+ N D.

Suppose f € Y* with [|f]ly~ < n. We show the stronger statement f € T(Dy). By
(A1) and (A4), the set T(Dy) is weakly* sequentially closed, and so, by (A3), it suffices
to show that f + o) fo € T(Dy) for all k € N. Given k € N we write f + o} fo =
ol (fo+ (6))71f) and note that fo + (o) )~'f € By-(fo,n) C T(Dy). Since op
and o) are isometries and T o of = o) o T, we get of (T(D;)) C T(Dy), and so
f+0o) fo € T(Dy), as claimed.

We are ready to show openness of T at zero. Let € > 0; our aim is to find § > 0 such
that T(Bp(0,e)) D Bx-(0,0). Denoting 72 = (u + uy) and 73 = (f = f»), we first
note that for each A > 0 we have

T)\D(BD(O,E)) = {u eD: HuZHXfJ < )\ﬁ,jg for i = 1,...7I,j = 177Jz}
By choosing A = minlgig[’lgjgji (E/Z)l/”*j we get maxi<i<r,1<;<J; Aiif < g so that
T(Bp(0,¢)) > T(tP Bp(0,0)) = 7% T(Bp(0,£)).

By using (3.9) and selecting 6 = mini<;<r, 1<i<s, MiN1<u<ir, 1<v< N, n(e/0)%mr/mi we
get
Y (B Y* (R
™ T(Bp(0,£)) > 73 (By+(0,7))
= By (0. %m) X -+ X Bovagy. (0. Aarm) S By-(0,9),
where for 1 <i < I, \; = maxi<j<g, A¥7.
We now prove (iii) = (iv), so as above take some € > 0 and get § > 0 in such a way

that By~ (0,0) C T(Bp(0,¢)). Assume, without loss of generality, that § < 1. Let f € Y*
and define A > 0 via

. s )\8267 lu S 67
Iflly-=p=_ _min o Xwg=
1<p<M,1<v<N, A6, > 0.

In either case, let jo be such that = A%od. Then

fery (By-(0,8)) c )y T(Bp(0,¢)) = T (Bp(0,¢))
=T{u € D: uillx;, <Niefori=1,....1,j=1,....J;}.
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Suppose now u € D satisfies ||ui||X;j < Xiig for i =1,...,1, j,...,1;. Then, for all
such i, j,
Sjo/Tig gs.io/ri,j
||Uz||)é?] 2% S )\Sjoasm/ﬂ,j S e
We conclude that
I J
feT{ueD: |ullx: <ANeforalli} cT{ueD: > > Hui”;%n,j <Cpuy,
i=1 j=1 '
where
I Ji S /T' .
%30/ Tii
C=>2> —5—
i=1 j=1

which yields (3.8) in the cases || f||y~ < d and || f||y= > 1. If || f]ly~ € (9, 1], one obviously
has A®1 &5 A%2 so that (3.8) holds for all f.
We conclude the proof of the theorem by noting that (iv) = (ii) = (i). O

Remark 3.6. Inspection of the proof of Theorem 3.5 shows that, in the statement of the
theorem, one may replace all occurrences of Y* with K, where K C Y™ is a closed convex
cone. Recall that K is said to be a cone if af € K whenever a > 0 and f € K. Such
a generalisation is occasionally useful, since it may be interesting to consider smaller
data sets. For instance, in the case of Conjecture 1.3, it is natural to look at the sets of
radially symmetric data K = {f € #P(R") : f(z) = f(|z])} as well as, for p > 1, the
set of non-negative data K = {f € LP(R™): f > 0}.

3.8. A simple linear version

In Theorem 3.5, surjectivity can only hold if all the scaling symmetries are compatible;
Theorem 3.8 below makes this precise. For our applications, the full nonlinear strength
of Theorems 3.5 and 3.8 is not always needed, as often we can relax nonlinear PDEs
into linear ones. We therefore formulate a simple linear variant of Theorem 3.5 in Propo-
sition 3.7. The formulation of Proposition 3.7 aims at compatibility with Theorem 3.5
instead of maximal generality.

Proposition 3.7. Let X* = @{=1(OJJ;1X1*,3') and Y* = EBﬂ/Izl(ﬂi\LY;V) be dual Banach
spaces. Suppose D is a vector subspace of X* and the following conditions hold:

(Al) T: D — Y™ is linear.
(A2) Dy = {u € D: |Jul|lx- < &, ||[Tu|ly~ < £} is weakly* sequentially compact for all
¢ eN.
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(A3) If u! > w and Tw? = f, then Tu = f.
The following conditions are then equivalent:

(i) T(D) is non-meagre.
(ii) For all f € Y* there exists u € D such that Tu = f and ||u||x- < C| f|ly=-

Proof. Suppose T'(D) is non-meagre. Write T(D) = UyenT(Dy). By assumption, each
Dy is weakly* sequentially compact. With assumption (A3), this implies that each T'(Dy)
is norm closed. By the Baire category theorem, some T'(Dy) contains a closed ball
By~ (fo,r). By linearity, By«(0,2r) = By-(fo,7) — By=(fo,7) C T(D;) — T(D,) =
T(Dgg). The claim follows by scaling. O

3.4. A general non-solvability result

We are now ready to formalise the part of Theorem A which says that incompatibility
of two scalings leads to non-surjectivity.

Theorem 3.8. Consider the setup and assumptions of either Theorem 3.5 or Proposi-
tion 3.7. Suppose, additionally, that there exist other bijections u — uy, f — ?; satisfying
(A2):

Ty = (Tu) forallu e D,A> 0,

||(u~,\)z||X] = \Tii |ui|\X;J_ forallX>0,i=1,....;1,j=1,...,J;,u € D,

IFwllve, = Xomr  fullys, forallA>0,i=1,....M,v=1,...,N,, f€Y*,

where 0 < 7 and 0 < 51 < §,, < 5. If

51 s1 . Sg 52
— > foralli,j or — <
Tig  Tig Tij  Tigj

for alli,j,

then T(Bp(0, R)) is nowhere dense in Y* for every R > 0.
Moreover, the conclusion of Theorem 3.8 also follows if 51/F; ; > s1/ri; for all i,j
but in addition, for some ig € {1,...,I} and jo € {1,...,J;,} such that

T(ul,...,uio_l,O,uiO+1,...,uz) O,

we have §1/F, jo > $1/Tig.jo- An analogous statement holds if §o/7;; < so/r; ; for all
i

Proof. We prove the case where §;/7; ; > s1/r;; for all ¢,j. Seeking a contradiction,
assume T(Bp(0, R)) is not nowhere dense in some ball By-(0,¢), where £ > R. By
weak* sequential compactness of Dy = {u € Bp(0,£): Tu € By+(0,£)} and since T has
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a weak*-to-weak* closed graph, the set T'(Bp(0, R)) is closed, and thus T'(Bp(0, R))
contains a ball By« (fo,r). By Theorem 3.5, whenever ||f|ly- > 1, there exists u € X*
such that Tu = f and Zf 1 Z;]; ||ul||“;{1/rJ < C|flly and w € X* such that Tu = f

and Zz 12] 1 ||’Z||91/T” < C||flly+. Below, we denote the inverses of u — uy and
f—= fabyu—u_y andf>—>f,)\.

Fix f € Y* with | f|ly» = 2; our aim is to show that 70 = f and derive a
contradiction. FlI“bt note that [|fa]ly~ = 2A%t. Choose u € X* with Tu = f\ and
S 123 L@ ,HS1 Thi < M. Choose u € D such that @ = wuy, and note that
u=(uy)_x= u_,\. Now

Tu=Tu_ )\—( ﬂ),)\:f,

I J; I J;

52 Al = 33 < ox
1,5 -

=1 5=1

i=1 j=1

uz”Sl/@J < (. Thus, by letting A — oo

I ']’L Ti, 58 Ti, 5 —S84
We conclude that >7;_; > 52, A" S1/Ti5 =8
we find a sequence of solutions u’ of Tu! = f with Y3/, Z‘J];l ||uf|\§(1*/:” — 0. Now
[uf]|x+ — 0 so that u® = 0, which yields 70 = f. Thus 1 = ||T0|ly~ = [|T(0s)|ly~ =
[[(T0)x]ly~ = A°* for all A > 0. We have reached a contradiction. The case 32/7; ; <

s2/7; ; has an analogous proof where one sets || f|ly~ < 1 and lets A — 0, and the proof
of the second claim of the theorem only requires obvious modifications. O

4. Applications to the Jacobian equation

This section expands on the relation between open mapping principles and Ques-
tion 1.3.

4.1. Scaling analysis for the Jacobian equation

We begin with the following question: given p > 1 and ¢, r € (1, o], is there a solution
u € LI(R™,R™) N WL (R, R™), or a solution v € W1 (R™, R"), of

Ju=f ae inR" (4.1)

for every f € s#P(R™)? One of the motivations for considering this question is that, for

positive radial data, a radial solution is only in VVl moreover, in the case of the Dirichlet

ocC 7
problem, one must have r < p. We also wish to put the main result of [56], namely the
non-surjectivity of J: W1?(R" R") — J#P(R"), into the general framework of this

paper. The result is, indeed, deduced from Theorem 3.8 by simple arithmetic:

Corollary 4.1. Suppose n > 2, and p € [1,00), g € (1,00] and r € [n,00). The following
statements hold:
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(1) JWLT(R™,R™)) N #P(R™) is meagre in P (R™) unless 7 = np.
(i) J(LA(R™,R™) N WL (R™ R™)) N P (R™) is meagre in A#P(R™) unless ¢ = oo,
r=nandp=1.

In particular, JWL"P(R™ R™)) is meagre in H#P(R™).

Proof. We prove (ii), claim (i) has a similar proof. Fix p, ¢, r. The assumptions of The-
orems 3.5 and 3.8 are satisfied once we set D = {u € LI(R",R™) N WL (R™, R"): Ju €
P (R™)}. The scaling uy = Au(-/A), fx = f(-/A), under which J is invariant, gives

lullze = Nz, uallyrr = X ullrs, 1ller = X2 £llen,

so that s/r1 = (n/p)/(1 4+ n/q) = qgn/(p(q + n) and s/ry = r/p, whereas the scalings
u = uyx = M and f — f\ = A\"f give §/f1 = §/f2 = n. The claim follows from
Theorem 3.8 since if ||ul/zs = 0 or ||u||yj1..p = 0, we immediately get Ju=0. O

Interestingly, we note that if p = 1 the algebra L>(R™,R") N W™ (R™, R"™) is not
ruled out as a solution space. Surjectivity of J: L=°(R”, R™) N W™ (R",R") — #(R")
would be the natural analogue of [10, Theorem 1] for the Jacobian equation on R™.

4.2. Tools from Geometric Function Theory

Before proceeding further we collect, for the convenience of the reader, useful results
about Sobolev maps and mappings of finite distortion. The following notions are relevant
in relation to the change of variables formula:

Definition 4.2. Let u: £ — R™ be a continuous map which is differentiable a.e. in 2.
Then:

(i) w has the Lusin (N) property if |u(E)| = 0 for any E C  such that |E| = 0;
(ii) u has the (SA) property if |u(E)| = 0 for any open set E C Q with Ju = 0 a.e.
in E.

In the one-dimensional case, the Lusin (N) property is well understood: for instance,
on an interval, a continuous function of bounded variation has the Lusin (N) property
if and only if it is absolutely continuous. However, in higher dimensions, the situation is
much more complicated, although we have the following characterisation, proved in [59]:

Proposition 4.3. Let u € WL (Q,R"™) be a continuous map with Ju > 0 in Q. Then u
has the Lusin (N) property if and only if it has the (SA) property.

We remark that Proposition 4.3 is in general false if Ju # 0, see [68] for a counterex-
ample. The following result, see [58], is also useful for our purposes:
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Proposition 4.4. Let u € WH™(Q,R"™) be a continuous map such that, for some K > 1,
diam(u(B,(x)) < Kdiam(u(0B,(x)) for all B,(z) € Q. (4.2)
Then u has the Lusin (N) property.
The change of variables formula is closely related to the Jacobian determinant:

Theorem 4.5. Let u € C°(Q,R™) N WL (Q,R™) be a map with the Lusin (N) property.
Then

/|Ju| dz = /N(y,u, E)dy for all measurable sets £ C €, (4.3)
E R»

where N is the multiplicity function, defined as N (y,u, F) = #{z € E : u(x) = y}.

The reader may find the proof of Theorem 4.5, together with a wealth of information
on geometric properties of Sobolev maps, in [36].

We now recall some useful facts about mappings of finite distortion and, for simplicity,
we focus on the planar case n = 2, see [1]. The reader can also find these and higher-
dimensional results in [44,50].

Definition 4.6. Let u € W, (2, R?) be such that 0 < Ju € L], _(Q). We say that u is a
map of finite distortion if there is a function K: 2 — [1, 00] such that K < oo a.e. in
and

|Du(z)]? < K(z)Ju(z) for a.e. z in €.

If w has finite distortion, we can set Ku(x) = Rl(‘f) if Ju(x) # 0 and Ku(z) = 1 otherwise;

this function is the (optimal) distortion of u.

In Definition 4.6, | - | denotes the operator norm of a matrix. We summarise some of
the key analytic and topological properties of mappings of finite distortion in the plane:

Theorem 4.7. Let Q C R? and let u € W1’2(Q,]R2) be a map of finite distortion. Then:

loc

(i) u has a continuous representative and, whenever r < R and Br(zo) C 2,

. 2 ¢ 2.0 .
(diam u(B, (z0)))° < e (/ | IDuf? da

(ii) w has the Lusin (N) property;
(iii) w s differentiable a.e. in §2;
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(iv) if Ku € LY(Q) then u is open and discrete;
(v) if Ku € LY(Q) then for each ' € Q there is m = m(Q') such that

N(y,u, ) <m for all y € u(Y).

Whenever u is a map of finite distortion we always implicitly assume that u denotes
the continuous representative of the equivalence class in VV&;E (2, R?). If u is such that
Ku € L'(Q), we say that u has integrable distortion; the theory of such maps was
pioneered in [51].

We remark that the first three properties of Theorem 4.7 are a consequence of the
fact that mappings of finite distortion are monotone in the sense of Lebesgue:

Proposition 4.8. Let u € W11’2(Q,R2) be a map of finite distortion; then (4.2) holds. In

ocC

fact, if we measure the diameter in R? with respect to the £>° norm, we can take K = 1.
4.3. Existence of admissible solutions

In this subsection we focus on the case n = 2 for simplicity and we assume throughout
that J: WH2P(R? R?) — P (R?) is surjective. We are particularly interested in the case
p = 1. Our goal is to illustrate the way in which Theorem B yields the following principle:

the existence of rough solutions implies the existence of well-behaved solutions.

The following is an example a rough solution, and something that we would like to avoid:
Example 4.9 (/58]). There is a map u € W12(R? R?) such that

Ju =0 a.e. in R? and u([0,1] x {0}) = [0, 1]*.
In particular, u does not have the Lusin (N) property and (4.3) does not hold.

The main result of this subsection is the following theorem, which shows that in some
sense it suffices to deal with non-pathological solutions.

Theorem 4.10. Let @ C R? be an open set and take f € H#*(R?) such that f > 0
in Q. Assume that J: WH2(R2,R?) — #*(R?) is onto. Then there is a solution u €
W12(R2,R?) of (1.4) such that:

(i) w is continuous in §);
(ii) w has the Lusin (N) property in €.
(iii) [g> Dul*da < C||f|| 1 with C > 0 independent of f.



28 A. Guerra et al. / Advances in Mathematics 415 (2023) 108869

In particular, u satisfies the change of variables formula (4.3). Moreover, let Q' € Q) be
an open set such that f =0 a.e. in Q'. Then:
(iv) for any bounded set E C Q, we have u(OE) = u(E);
(v) fory e u(), if C denotes a connected component of u=t(y)N§Y then C intersects
o

Before proceeding with the proof, we note that (iv) is a type of degenerate monotonic-
ity which had already appeared in the study of the hyperbolic Monge-Ampeére equation
[19,52].

Proof. The point of the proof is to perturb f appropriately; then the solution wu is
obtained as a limit of mappings of integrable distortion.

Take an exhaustion of {2 by bounded open sets €2;: that is, ; C 2,4, and U;‘;l Q; =
Q. Fix 7 and let B;' be a ball containing €2; and let B, be another ball, disjoint from
€, and with the same volume as Bj‘-”'. Consider the perturbations

feg=TF+eas, a5 =xpr —Xp-

which satisfy f.; > ¢ a.e. in Q. Clearly a; € #'(R?), being bounded, compactly sup-
ported and with zero mean. Hence, as e — 0, f. ; — f in 7' (R?) and, from Corollary C,
we see that we can choose solutions u. ; of Ju. ; = f. ; such that, for all € > 0,

[ IDucsf < Clltesllon < )
R2

Since the maps u. ; have integrable distortion in €;, we can apply Theorem 4.7(i) to
conclude that the family (u. ;). is equicontinuous; we also normalise the maps so that
Ue,j(z9) = 0 for some fixed z¢ € ;. Therefore, by taking a diagonal subsequence of
(ue,;), we get a sequence (ug) which converges both locally uniformly in © and weakly
in W1H2(R2,R?) to a limit u. This already proves (i) and (iii).

To prove (ii) it suffices to show that |u(E)| = 0 whenever E C 2 is a bounded null set;
we may therefore assume that £ C §2; for some large j. We note that, for each € > 0, the
map u.,; satisfies (4.2), cf. Proposition 4.8. In Q;, u is the uniform limit of a subsequence
of (ue,;)e, and hence u also satisfies (4.2). Thus, by Proposition 4.4, u has the Lusin (N)
property in §;, which implies (ii).

For (iv) we may again suppose that E C Q; N’ for some large j. Since j is fixed we
write for simplicity u. = u. ; in the rest of the proof. As u. has integrable distortion in
Q;, it is open in Q; and hence du.(E) C u-(OF). Suppose that there is y € u(E)\u(0E).
On the one hand, there is some § > 0 such that, for all £ small enough,

Bs(y) NOu(int E) C Bs(y) Nu(OF) = 0;
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on the other hand, since y € u(int E), for all € small enough,
Bs(y) Nue(int E) # 0.

It follows that Bjs(y) C u.(int E). We also have that |u.(int E)| — 0 as € — 0: by the
change of variables formula,

e (int )| < / N(y,ug,intE)dy:/Jueze\ﬂ—>O.

ue (int E) E

Thus, since |Bs(y)| < |uc(F)|, by sending ¢ — 0 we see that no such y can exist. Hence

the sets u(F) and u(OF) are the same.
Finally, (v) follows from (iv), as shown for instance in [52, Lemma 2.10]. O

In view of the change of variables formula, it is useful to control the multiplicity
function: this seems crucial, for instance, if one intends to disprove the surjectivity of
the Jacobian through a geometric argument involving perturbations of an appropriate
datum. In that direction we have the following proposition, in which we again assume
that the Jacobian is surjective.

Proposition 4.11. Let Q@ C R? be an open set and let Y = {f € #P(R?) : f >
c a.e. in Q}, where ¢ > 0. Suppose that f; € Y is a sequence converging weakly to f
in AP(R?). For any maps u; € WH2P(R?% R?) satisfying Ju; = f; and the a priori
estimate (1.6), we have that

sup sup N(y,u;, Q) < oo, whenever Q' € Q.
J yeu; ()

Proof. We claim that the sequence wu; is equicontinuous and converges to u €
W12 (R2,R?), a solution of Ju = f, uniformly in €. Once the claim is proved, the
conclusion follows: u has integrable distortion in € and so by Theorem 4.7(v) it is at
most m-to-one in Q', for some m € N. Thus, for all j sufficiently large, u; is also at
most m-to-one in Q': if not, there are arbitrarily large j and points .Z‘gj )7 e ,xg)ﬂ eV
Ej)) =y for (S())me y€R™and all i € {1,...,m + 1}. By compactness, we
J

i

such that u;(x

can further assume that ;"' — x; for i = 1,...,m + 1. However, there are at least two

different points y; # y2 such that

{yla yQ} C u({xlv s wrm-l—l});

for the sake of definiteness, say u(z1) = y1,u(z2) = y2. Let € < |y1 — yo| and take j
sufficiently large so that, for ¢ = 1,2,

i 9 9
s (@) =i ()] < =, s = ul)| < 5
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this is possible from equicontinuity of the sequence u; and the fact that it converges to u
uniformly. The triangle inequality gives |y1 — yo| = |u(z1) — u(z2)| < €, a contradiction.

To prove the claim, we assume that the Jacobian is surjective and we use Corollary C.
If p > 1 we appeal to Morrey’s inequality,

[ujlooa-2/0r2) Sp [IDuj | L2em2) < C,

while for p = 1 we use Theorem 4.7(i) instead. Either way, after normalizing the maps
so that u;(zg) = 0, where zy € €2, we see that the sequence (u;) is precompact in the
local uniform topology over €)'. Hence we may assume that u; converges to some map
u € WH?P(R2? R?) uniformly in Q' and also weakly in W1?P(R2,R?). O

4.4. A case study

We illustrate the use of Corollary C and Theorem D via an example, and as above
we confine ourselves to the case n = 2. Consider piecewise constant data supported on
thinning annuli: with A(r, R) = {z € R? : r < |z| < R}, set

fi = Xaq, 5175 ~ Xaw/irz v € A (R). (44

We remark that we used similar data to construct counterexamples to the existence of
solutions with low regularity data in the case of the Dirichlet problem in [40]. For data
of the type (4.4) it is not entirely clear if solutions u; € W?(R? R?) exist; moreover,
even if we assume that u, exists, there seems to be no obvious argument to construct u;
from uq.

Using Corollary C, in order to conclude non-surjectivity of J: W12(R2, R?) — .21 (R?)
it suffices to assume the existence of solutions and to prove that they must satisfy

Du;|?d
i JR2Pusldz (4.5)
i—oo || fill e

More specifically, we propose to study the question of whether the solutions u; con-
structed in Theorem D satisfy inf;ecn fB(O,l) |Du;|?dz > 0. Note that despite the fact
that f; = 0 in B(0,1), one cannot have u; = 0 in B(0,1), as then u; would have in-
tegrable distortion in B(0,+/1 + 1/4), in contradiction with a theorem of IWANIEC and
SVERAK from [51]. Theorem D also puts further conditions on solutions u; which pro-
hibit various kinds of pathological behaviour within B(0, 1). It is also natural to study
infjen fB(O,l) |Dv;|? dz for energy-minimal solutions, that is, solutions of Jv; = f; satis-
fying [g» |Dv;|* dz = min{ [, [Dul* dz : Ju = f;}. Energy-minimal solutions are studied
at length in [39,55].

We indicate some of the difficulties one would run into without Corollary C and
Theorem D, even if (4.5) were to be proved. Assuming (4.5), it is by no means clear what
kind of datum f € '(R?) would be outside J(W2(R?,R?)). By scaling, one could
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assume that [|[Dv;||z2 = 1 and pass to a weakly convergent subsequence, but it seems
difficult to say anything definite about the weak limit.

A plausible way to get a concrete datum f € 221 (R?)\ J(W2(R?,R?)) would be to
consider an infinite sum f = Zj’;l ¢;fi(Ajz —x;) of scaled and translated copies of f;
with mutually disjoint supports. If the energy-minimal solutions for f; were compactly
supported, we could conclude the non-surjectivity of J: W12(R? R?) — "' (R?) from
(4.5) by patching together maps with mutually disjoint supports. However, in general,
and for such f; in particular, energy-minimal solutions must be supported on the whole
plane [55, Proposition 8.4], which rules out such a patching strategy. It also seems rather
non-trivial to control the supports of the solutions given by Theorem D.

As another candidate collection of data we propose f; = X (—1,0)x(0,1/5) =~ X(0,1)x(0,1/5)
—in this case, a compactly supported Lipschitz solution w; for f; was constructed by
the third author at [55, p. 59]. Now the simple scaling u;(z1,22) = ui (21, jz2)/V/Jj gives
a solution for Ju; = f; for each j € N, but such solutions satisfy (4.5). It is, again,
natural to study whether (4.5) holds for the solutions of Theorem D and energy-minimal
solutions.

5. Applications to incompressible fluid mechanics

This section is dedicated to illustrating the practical use of the nonlinear open mapping
principles in evolutionary problems. As examples we consider the incompressible Euler
and Navier—Stokes equations, proving in particular Corollary E. In combination with
scaling analysis, Theorem 3.8 is used to rule out incorrectly scaling solution spaces.
Besides being useful to prove non-solvability, this strategy also gives an elementary way
of proving upper bounds on the energy dissipation rates for Baire-generic initial data.

5.1. The incompressible Euler equations and the proof of Corollary

Our next aim is to prove Corollary E on the incompressible Euler equations in R™ x
[0,00), n > 2. Recall that given u € L2, a mapping u € LfLix, 2 <p < o0, is a weak
solution of the Cauchy problem (1.7)—(1.9) if

//(Uo8t<p+u®u : Do) dxdt+/u0~<p(~,0) dr =0 Ve CJ (R"x[0,00),R™). (5.1)
0 Rn R~

We cannot deduce Corollary E directly via Theorem 3.5. Indeed, the integral condition
(5.1) leads to a well defined mapping T" from a weak solution u € LYL2 , of (1.7)-(1.9)
to the initial data u® € L2 but does not easily lend itself to a domain of definition

D cC LYLZ , satisfying condition (@I) of Theorem 3.5. We therefore consider a relazed
problem, where u ® u € LY / QLi is replaced by a general matrix-valued mapping S.
In order to apply Theorem 3.8 we embed L!(R™, R™*") into the space of signed Radon

measures M(R™, R™*™) which is the dual of the separable Banach space Cp(R™, R™*"™).
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We endow M(R™,R"*™) with the dual norm. In the relaxed problem we require u €
LYLZ . and S e Lf/2Mm to satisfy

//(u-0t<p+5 : Do) dxdt+/u0-<p(-,0) dr =0 VYee CZ (R" x[0,00),R"). (5.2)
0 Rn R~

Unlike (5.1), due to linearity, condition (5.2) is stable under weak® convergence. Further-
more, the linear Proposition 3.7 is applicable to this relaxed problem.

Relaxations such as (5.2) are studied in Tartar’s framework, where a system of non-
linear PDEs is decoupled into a set of linear PDEs (conservation laws) and pointwise
constraints (constitutive laws) [79,80]. TARTAR’s framework has been very useful in con-
vex integration both in the Calculus of Variations [63,64], as well as in fluid dynamics
[27,28]. Specific constitutive laws do not play a role in the proof of Corollary E, and in
fact, an analogous result holds for many other incompressible models of fluid mechanics.
The result also trivially extends to subsolutions, that is solutions of the linear equations
which take values in the so-called A-convex hull. Subsolutions can be interpreted as
coarse-grained averages, see e.g. [18,29].

Corollary E follows immediately from the next lemma:

Lemma 5.1. Let n > 2, M > 0 and p € (2,00). It is only for a nowhere dense set
of data u® € L2 that there exists a solution (u,S) € LYL2 , Lf/2MI of (5.2) with
lullprz , < M.

Proof. Denote D = {(u,S) € LYLZ, x Lf/QMI: (5.2) holds for some u® € L2} and
define T: D — L2 by T'(u,S) = u°. The linear map T clearly satisfies the assumptions
of Proposition 3.7. Our intention is to verify the assumptions of Theorem 3.8.

Let (u,S) € D. Given A > 0 we set

r t Tt T
u)\(x,t)u<)\,)\> , S)\(:c,t)5<)\,)\> ;o (z,t) =l (X) (5.3)
Now (5.2)—(5.3) imply that (ux,Sx) € D and T'(uy, Sy) = ul. We compute

n 1 2 n
lunllzpre = A2 o llulloprz, 18l gy, = A2 1S o [ul[|L> = A% [[u’] L2

M,’

We set uy = Au and }‘: = Af. In the notation of Theorem 3.8, we have

noo_
51—5 81:1
n 1 2
7“171:—4-— 7"171:1 7"271:TL+— ’)"271:1.
2 p p

Thus the claim follows from Theorem 3.8. O



A. Guerra et al. / Advances in Mathematics 415 (2023) 108869 33

We conclude this subsection by briefly comparing Corollary E with the existing litera-
ture and we focus on the case n = 2, where the picture is more complete. Following [28],
we say that an initial datum v is wild if (1.7)—(1.9) admits infinitely many admissible
weak solutions. Combining the results of [76] with [57, Theorem 4.2], we arrive at the
following;:

Theorem 5.2. When n = 2, the set of wild initial data is a dense, meagre subset of L2.

We also note that some wild initial data admit compactly supported solutions [28],
while Corollary E shows that such solutions exist only for a meagre set of initial data.
In fact from Corollary E we deduce immediately the following:

Corollary 5.3. Take T > 0 and M > 0. A solution u € L L2, with supp(u) C R™ x [0, 7]

o,z

and ||ul| g2 < M|[uC||L2 exists only for a nowhere dense set of data u® € L2.
5.2. Energy decay rate in the Navier—Stokes equations

We also illustrate the use of Theorem 3.8 in the presence of viscosity; we use the
Navier—Stokes equations in R™ x [0,00), n > 2, as an example. Given an initial datum
u® € L2, recall that weak solutions of (3.1)-(3.3) were defined in L{°L2 ,NL?H} in §3.1.
Furthermore, a weak solution is called a Leray—Hopf solution if it satisfies the energy
inequality

t

1 1
§/|u(x,t)|2dx—|—1///\Du(x,r)\dedT < 5/\u(m,s)|2da: forall t > s
R3 s R3 R3

for a.e. s € [0,00), including s = 0. LERAY showed in his milestone paper [54] that for
every initial datum u® € L2 there exists a Leray-Hopf solution u € L{°L2 , N L2H}
with u(-,0) = u®. We briefly recall some of the pertinent results on energy decay of
Leray—Hopf solutions and refer to the recent review [11] for more details and references.

LERAY asked in [54] whether £(t) = 3 [gs [u(z,t)|*dz — 0 as t — oo for all Leray—
Hopf solutions. An affirmative answer was given by theorems of KATO and MASUDA,
see [11, Theorem 2-3]. SCHONBECK has shown that there is no uniform energy decay rate
for general data u® € LZ; more precisely, for every 3,e,T > 0 there exists u’ € B2
such that a Leray—Hopf solution satisfies £(T') > (1 — ¢)£(0). Furthermore, whenever
u® € L2\ Uj<p<oLP, the energy £(t) does not undergo polynomial decay. Several precise
statements on the decay rate of £(¢) under extra integrability assumptions on u" € L2
are given in [11].

In Corollary 5.5 below, we recover the lack of polynomial decay for a Baire-generic
datum. The result applies to all distributional solutions of (3.1)—(3.3), which we define
as mappings v € L, L2 (R? x [0,00), R?) such that

loc,t
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o

/u@tgo dt—l—/( ® u, D) dt+y/uA<p ydt + (u”,¢(0)) =0
0 0

for all p € C°(R3 x [0, 00), R?) with divp = 0.

Proposition 5.4. Let p € (2,00) and M > 0. It is only for a nowhere dense set of initial
data that (3.1)~(3.3) admits a distributional solution with ||u|prr> < M.

Proof. We consider the relaxed problem where we require u € LYL2 ., S € LY / 2MI
and S? € LPH; " to satisfy

o,xr?

o oo

u, Oy dt 4+ [ (ST, D) dt + v [ (S?, D) dt + (u®, (0)) =0 (5.4)
[ fis oo |

for all ¢ € C°([0,00), R?) with divp = 0. As before, denote by
DcCIPL2, ®L°M, o LVH,; ' = X*

the set of triples (u,S?,S?) such that (5.4) holds. Again, the assumptions of Proposi-
tion 3.7 are satisfied. We set uy(z,t) = u(z/\, t/A) and S¥(z,t) = S%(z/\,t/A). A simple
computation gives

HUA”LfLi = )\"/2+1/pHU||L’§L§7 HS}\HLf/zMI = /\n+2/pHSIHL§’/2MI7

[l llze = A2 ul] 2, 1SRN pp gz = A" 2EIERPYS?
As before, we set u) = Au and jf\; = Af. The claim now follows from Theorem 3.8. O

Corollary 5.5. Let € > 0. For a Baire-generic initial datum u® € L2, solutions in L;’OLg’m
satisfy ||[t°E|| Lo (r,00) = 00 for every 7 > 0.

Proof. Given ¢ > 0 choose p > 2/e. By Proposition 5.4, for a Baire generic initial
datum wuy € L2 there is no solution u € (LP N L*); L2 . Given such a datum ug, sup-
pose, by way of contradiction, that a solution u € LOOL”U satisfies |[t°E|| 1o (r,00) < 00.
Thus there exists M > 0 such that £(t) < Mt~ for a.e. t > 7. Now [ |lu(t)[[}. dt <
MP/? f:o t7Pe/2dt < oo so that u € LpLg’z. We have reached the sought contradic-
tion. O

Remark 5.6. In view of Wiedemann'’s results in [82], the analogue of Corollary E is false
on the torus T™. An analogous remark applies to the Navier-Stokes equations on R?
and R3. Indeed, on the torus and on smooth, bounded domains, all Leray-Hopf solutions
have an exponentially decaying kinetic energy from some time point on. More detailed
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information on the decay rate of energy and enstrophy in bounded domains and the torus
can be found in [35]. Moreover, recently, Buckmaster and Vicol have constructed C;H -
regular, 3 > 0, mild solutions in T? x [0,T] with a prescribed smooth, non-negative
kinetic energy profile [13]. In particular, mild solutions are non-unique and may come to
rest in finite time.

6. Concluding discussion

In this section, we discuss the advantages of the nonlinear open mapping principles
proved in this paper, when compared to the classical Banach—Schauder theorem. We also
point out some of the limitations of our results, as well as directions for future work.

We begin by recalling the standard proof of the Banach—Schauder open mapping
theorem in a special case. If a bounded linear map L: X — Y between Banach spaces is
surjective and X is reflexive, the Baire category theorem then yields a constant C' > 0
and a ball By (fo,r) such that L(Bx(0,C)) 2 By (fo,r), and the proof is completed as
follows. First, by linearity, L(—Bx(0,C)) = —L(Bx(0,C)) 2 —By(fo,r), so that, by
linearity again,

L(Bx(0,20)) = L(Bx(0,C)) — L(Bx(0,C)) D By(fo,7) — By (fo.7) = By(0,2r).
We notice that this proof uses in a fundamental way three properties:

(i) the linearity of the operator L;
(ii) the vector space structure of the domain of definition of L;
(iii) the symmetry of the range of L.

Concerning (i), we note that if one attempts to generalise the above proof to non-
linear operators, then surjectivity only leads to “1/2-openness” and, more generally,
1/n-surjectivity leads to 1/2n-openness. To our knowledge, Theorem B and Proposi-
tion 2.5 give the first abstract results on RUDIN’s problem, cf. Question 1.1, which yield
1/n-openness from 1/n-surjectivity.

With respect to (ii), another key novelty of our work is that the domain of definition
D of the operator T need not be a vector space. This is crucial when applying open
mapping theorems to typical Cauchy problems in nonlinear evolutionary PDEs as is
done in §3-5.

Finally, we note that (iii) is not needed for our results either. In fact, Theorems B and
3.5 apply when the target space is a closed convex cone such as { f € LP(R™): f > 0 a.e.},
for 1 < p < oo, cf. Remark 3.6, and also when the symmetry of the range is non-trivial
to check, as is the case for the Hessian operator H: W1 2(R?) — 7 (R?).

We now discuss some of the limitations of our work. From a PDE perspective, the
main weak point of Theorem 3.5 is that assumption (//&\3) seems difficult to adapt to
function spaces defined over the flat torus T™ or bounded domains. For instance, on
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T™, translations o} f(x) = f(z — ke) typically fail the condition ¢} f -~ 0. On R”,
translations can often be replaced by scalings such as X f(z) = k®f(kx), but such
operators are of course not invertible on function spaces over the torus or bounded
domains.

Despite the fact that Theorem 3.5 applies to many different equations, it would be
interesting to look for generalisations, in order to account for other physical PDEs. Note,
for instance, that even if one does not assume that 7" is positively homogeneous, as in
Theorem B, the proof of this theorem still provides §, M5 > 0 such that T'(Bx~« (0, Ms)) 2
By«(0,9). It thus seems natural to ask whether one can achieve openness at the origin,
i.e., whether one gets lims\ o Ms = 0. Another interesting problem is to decide whether
the weak*-to-weak™ closed graph assumption on the operators is an artifact of our proofs
or a fundamental requirement for the validity of a nonlinear open mapping principle. We
hope to address these questions in future work.
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