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Abstract: In this paper, for given mass m > 0, we focus on the existence and nonexistence of
constrained minimizers of the energy functional

b 2
Iw) =2 f IVl dx + f Vul dx| — f F(u)dx
2 R3 4 R3 R3

onS,, = {u € H'R?) : |lull; = m} ,where a,b > 0 and F satisfies the almost optimal mass subcritical
growth assumptions. We also establish the relationship between the normalized ground state solutions
and the ground state to the action functional () — %llull%. Our results extend, nontrivially, the ones
in Shibata (Manuscripta Math. 143 (2014) 221-237) and Jeanjean and Lu (Calc. Var. 61 (2022) 214)
to the Kirchhoff type equations, and generalize and sharply improve the ones in Ye (Math. Methods.
Appl. Sci. 38 (2015) 2603-2679) and Chen et al. (Appl. Math. Optim. 84 (2021) 773-806).

Keywords: Kirchhoff type equations; constrained minimizers; L*-subcritical; Berestycki-Lions type
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1. Introduction and main results

In this paper, we are devoted to investigating the following Kirchhoff type problem:

— (a +b |Vu|2dx) Au=Adu+ fw), ueH' R, (1.1)

R3

with an L? constraint

2
”u”LZ(R3) = m’
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where f € C(R,R), a, b, m are positive constants and A € R is not a priori given, and will appear as a
Lagrange multiplier.
Problems like (1.1) is related to the stationary analogue of the equation

Uy — (a +b f |Vu|2dx) Au = f(x,u), (1.2)
Q

which was proposed by Kirchhoff in [1] as an extension of the classical D’ Alembert’s wave equation
for free vibrations of elastic strings. In [2], Lions proposed an abstract framework for this problem and
after that (1.2) began to receive more attention. Due to the strong physical meaning and the presence
of the nonlocal term j}i@ |Vul*>dx, equations like (1.1) have been widely studied during the past decade.
We mention that there are two totally different views to explore solutions for problem (1.1) in terms
of the parameter A € R. The first one is to fix the parameter A. In this case, solutions without any L2
constraint can be obtained as critical points of the associated functional. We refer the reader to [3-8]
and the references therein. Nowadays, finding solutions with a prescribed L?>-norm for problem (1.1)
has been the object of an intense activity. In this situation, the parameter A is unknown and determined
by the solution. For related works, one can see [9-19] and the references therein. Here, we would like
to introduce some results for (1.1) with mass subcritical growth nonlinearities. In [14], Ye studied the
existence and non-existence of normalized solutions for problem (1.1) with f(u) = |u|’u (p € (2,6)),
and showed that p = % is a L*-critical exponent. Roughly speaking, for any given mass m > 0, when
p € (2,1, Ye proved that the functional 7 associated to (1.1) defined by

2
I(u) = % f |vu|2dx+§( f |Vu|2dx) ~ f F(uydx, (1.3)
R3 R3 R3

where F(s) := fos f(t)dt, is bounded from below on
Swi={ue H'®) : ul} = m},

and when p € (%, 6), I is unbounded from below on S, for any m > 0. Moreover, for any p € (2, L,
Ye established the sharp existence of global constraint minimizers for (1.1). Subsequently, for p €
(2, 2), Zeng and Zhang [17] proved the existence and uniqueness of normalized solutions by using
a different method. Recently, Li and Ye [11] considered the existence and concentration behavior of
L?-subcritical constraint minimizers for a class of Kirchhoff equations with potentials and the power-
type nonlinearity. More recently, replacing f(u) by K(x)f(u) in (1.1), Chen et al. [20] considered the
nonautonomous Kirchhoff type equations with mass sub- and super-critical case. More precisely, in the
mass subcritical case, Chen et al. [20] obtained the global minimizers when K satisfies some suitable
assumptions, and f satisfies

(T f € CR,R), f(1) = o(t) as t — 0, and there exists constant C > 0 and p € (1, %), such that
IF(Ol < C(L+ ey,
(T,) there exists i € (2, 2), such that f(¢)t > uoF(t) > 0 for all € R\{0};

(T3) there exists go € (2, 12), such that limy0 %? > 0 or limy,o IZ% =0.

Motivated by the above works and [21] which was concerned with global minimizers for the
nonlinear scalar field equation with L? constraint (see also [22,23]), in this paper, we aim to establish
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the existence of global L? constraint minimizers for problem (1.1) with Berestycki-Lions type
conditions, which was first introduced by Berestycki and Lions [24], that we believe to be nearly
optimal, and also discuss the relationship between the minimizers v of / on S ,, and the ground state to
equation (1.1) with 4 = A(v), where A(v) denotes the Lagrange multiplier. To the best of our
knowledge, so far, few results on this issue are known to the nonlocal problem. More precisely, we
introduce the following assumptions:

(f) f € C(R,R), lim,o &2 = 0 and lim sup,, ., L < oo;

I
- F
(f2) limsup,_, tI‘E‘t/)3 <0;

(f3) There exists £ # 0, such that F({) > 0;

. . F
(fa) liminf,o s = +oo3

F@)

(f4) llm Supt—)O | |10/3 < +OO
() Tim sup, o s < 0.

Now, we state our first main result which reads as follows:
Theorem 1.1. Assume that f satisfies (fi) — (f3). Then, we have the following conclusions:

(1) If (fa) holds, then for any m > 0, E,, := inf s, I(u) < 0 and is achieved for some v € S, and,
thus, I admits a constraint minimizer vonS,,.

(i1) If (f,) holds, then there exists a number m* > 0, such that E,, = 0 if m € (0,m"] and E,, < 0 if
m > m*. Moreover, when m > m”, E,, is achieved for some v € S, and, thus, I admits a constraint
minimizer v on S,,; and when 0 < m < m"*, E,, is not achieved.

(iii) If we replace (fy) by the stronger condition (}Z), then E,- = 0 is achieved for some v € S ,» and,
thus, I admits a constraint minimizer v on S -

(iv) The Lagrange multiplier A(v) corresponding to the minimizer v € S ,, obtained above is negative.

(v) If (f;) holds and we, in addition, assume that f(f)t < 13—0F (t) for t € R, then E,, is not achieved.

Remark 1.1. It is clear that the nonlinearity f(t) = |t|%t fulfills the assumptions in Item (v). We would
like to point out that, when f(t) = |t|%t, Ye [14] derived the exact description of m* and proved E, is
not achieved. The optimal achieved function for the well known Gagliardo-Nirenberg inequality plays
a crucial role in [14]. However, the methods used in [14] are not available anymore for our general
conditions case.

Remark 1.2. Due to the existence of nonlocal term, in contrast to the mass constrained nonlinear
Schrodinger equations in [21,23], the behavior of f near 0 for Kirchhoff type equation depends heavily
on the growth rate %, not on the mass critical exponent %. Moreover, from Item (v), the results for
the case that F(t) grows like C |t|13*O is totally different from those in [23, Theorem 1.4 (ii)] about the
Schrodinger equations. In fact, in [23], the author showed that E,» is achieved when there exist positive
constants C and 6, such that F(t) = C |t| for |t| < 6. Therefore, our results extend, nontrivially, the
ones in [21, 23] to Kirchhoff type equations. However, for the Kirchhoff type equation, we do not know
whether E,- is not achieved under the assumption that F(t) grows locally like C |t|lT0, ie, F(t)y=C |t|%
for|t| < 0.

Remark 1.3. There are many functions satisfying our general assumptions and different to the pure
power nonlinearity considered in [14], and not satisfying the Ambrosetti-Rabinowitz type conditions
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(T). For example, the function

7] t
) =2tIn(l + |t —_—
f@® n( +||)+1+|t|,

satisfies (f1) — (fs) and (f]) but it does not fulfill (Ty). The function
f@&) =12t —11"%, 2<p<q<6

satisfies (fi) — (f3) but does not satisfy (T,) if g > 13—4. Moreover, it satisfies (f4) and (f}) if p < % and

p=> %, respectively. Therefore, Theorem 1.1 sharply improves and extends the results in [ 14, 20].

Next, inspired by [21], we investigate the relationship between the global constrained minimizers v
of I on §,, and the ground state of (1.1) with 4 = A(v). Indeed, we have the following result.

Theorem 1.2. Under the assumptions of Theorem 1.1, the following conclusions are held:
(1) The minimizer v of I on S, is a ground state of (1.1) with A = A(v), i.e., J}(v) = 0 and

By~ Sm = = inflJ @l € H'ENO), i) = 0),

where the C' action functional J, : H'(R*) — R defined by

Jau) = I(u) - A |ul* dx. (1.4)
2 Jg3
In particular, the minimizer v has constant sign and is radially symmetric up to translation (i.e.,
v(x) = v(r), where r = |x|) and monotone with respect to r.
(ii) For any given A € {A(v) : v € S, is a minimizer for I on S,,}, any ground state w € H'(R?) of
(1.1) is a minimizer of I on S, i.e., w € S, and [(w) = E,,,.

The remainder of this paper is organized as follows: In Section 2, we give some preliminary lemmas
that will be frequently used in the proofs of our main theorems. Section 3 is devoted to dealing with
the proof of Theorems 1.1 and 1.2.

Throughout this paper, we use the standard notations. We denote by C, ¢;, C;,i = 1,2, - -- for various
positive constants whose exact value may change from lines to lines but are not essential to the analysis
of the problem. || - ||, denotes the usual norm of L? (R?) for g > 2. We use “—” and “—” to denote the
strong and weak convergence in the related function space, respectively. We will write o(1) to denote
quantity that tends to 0 as n — oo.

2. Preliminaries

In this section, we collect some known results and prove some lemmas, which will be used
frequently in what follows. We start with recalling the well-known
Gagliardo-Nirenberg inequality: for p € (2,6), there exists a constant C,, > 0, such that

e < C VUl 277, Vue H'®R?), 2.1)

where y, = 3(2’;2)

The following well-known Brezis-Lieb type splitting result (see [25, Lemma 3.2]) will be useful to
study our problem.
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Lemma 2.1. Assume that f satisfies (f,) and {u,} € H'(R?) is bounded and u,, — u a.e. in R? for some
u € H'(R?), then

lim |F(u,) — F(u, —u) — F(u)|dx = 0. (2.2)
n—oo R3
Now we summarize some properties of / on S, which play an important role in our proof.

Lemma 2.2. Assume that (f1)—(f3) are satisfied. Then, the following conclusions hold:

(1) Forany m > 0, E,, = inf 5, I(u) is well defined and E,, < 0.
(i1) There exists my > 0, such that E,, < 0 for any m > my,.
(iii) If (f4) holds, then one has E,, < 0 for any m > 0.
(iv) If (f;) holds, then one has E,, = 0 for m > 0 small enough.
(v) The function m — E,, is continuous and nonincreasing.

Proof. (i) Note that (f;) and (f5) imply that for any € > 0, there exists C, > 0, such that
F(t) < Colt)* + &lt)**,  for all ¢ € R. (2.3)

Then, for any u € H'(R?), from (2.3) and (2.1), we deduce that

1 2
f F(u)dx < C, f u* dx + & f uls dx < Cy |ull2 + eCy ||Vully llul - (2.4)
R3 R3 R3
Thus, by (1.3) and (2.4), choosing & = b__ forues,, wehave
8C 14m3
3
a , b 4
Iw) 2 2 |IVully + ¢ IIVull - Com, (2.5)

which implies [ is coercive and bounded from below on S ,,, and, thus, E,, is well-defined.
For any u € H'(R?) and s € R, we define (s * u)(x) := e*/?u(e’x) for ae. x € R?. Fixed u €
SN L2[R?), it is clear that s * u € S, and

[V(s*u)|, =0 and ||s+*ullc =0, ass— —oo.

Then, by (f;) and (1.3), we have

b
lim I(s * u) = lim §||V(s*u)||§+Z||V(s*u)||;‘—f F(s*u)dx):O.
§——00 3

——00
s R

Thus, E,, < 0 for any m > 0.
(i1) In view of (f3) and arguing as in the proof of Theorem 2 in [24], we can find a function u €

Hl(R3), such that F(u)dx > 0. For any m > 0, we set u,,(x) := u I * x|. Clearly, u,, € §,,.
R3 y m y
[hen, it follows from (1.3) that

1 2
ams3 bm3s m
) = —— [Vl + = |IVull; = 725 f Fudx,
2udl Al ully J
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which implies that E,, < I(u,,) < 0 for m > 0 large enough.

a 11 2 .
(iii) For any m > 0, we choose u € S,, N L°(R?). By (f3), for M := ”VLHQ > 0, there exists 6 > 0,

3
lll
3

such that F(t) > M|t|m for any |f| < 6. Then, for any s < 0 small enough, such that ||s * u||., < ¢ and
e¥|IVull2 < 2, by (1.3), we have

2s 4s

10
S+ —||Vull; - Mezsf u| 5 dx
R3

4s 2s

ae
= IVull; = ——1IVul;
<0.
(iv) Fixed p € (1, ). By (f5) and (f}), there exists C > 0, such that

F(r) < c(|z|‘s*° 5+ #”), for all r € R.

For any u € H'(R?), from (2.1), we have

f F(u)dx < Cf (|u|? a5+ |u|P)dx
R3 R3

(2.6)
3(; 2) 6-p
< C(Clo IIVullzllullz +Cu IIVMIIZIIMIIZ +CpVaully > lul, )
Taking m small enough, such that
CCum’ <% and CCum® <2, 2.7)
3 4 3 -8 )
for any u € S,,, by (1.3) and (2.6), we conclude that
a , b 4
(W) = Z|[Vull; + - IVull, = | F(wdx
2 4 R3
) a b ) 2 6-p 3]) 10
> 1Vl (5 + 7 IVull = C (Coom + Cogm® 1Vl + o™ ¥, ) 2.8)
a b 3[) 10
> ||Vu||§(;1 + 3 Ivull; - €C, m T Vull,” )
By Young’s inequality and (2.8), one has
CC 4 ||V ”3,7 10 [ b ]3p10 ||V ”3” 0 [2(3p 10)]3p CC Tp
m u =—— ~rF 7 m
2 2(3p - 10) 2 b
b 14-3p £ [2Gp—10) oy 29
< SIVul + ==L cc, @ | L2 T @9
b a
< g IVulz + 7,
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if we choose m > 0 satisfies

3p-10

a b 143p
14 — 3p[2(3p - 10)]

m5 < (CC,)w™ (2.10)
Therefore, from (2.8) and (2.9), we deduce I(u) > O for any u € §,, if we choose m > 0 small
enough, such that (2.7) and (2.10) hold. Therefore, from (i), we infer that E,, = O for m > 0 small
enough.
(v) To show the continuity, it is equivalent to prove that for a given m > 0, and any positive sequence
my, such that m; — m as k — oo, one has
lim E,,, = E,,. (2.11)

k—c0
In view of the definition of E,, , for every k € N, let u; € S,,,, such that

I 1
I(u) < Emk + Z < % (2.12)

From (2.5), it follows that {u} is bounded in H'(R?). By (f;), for any & > 0 there exists C, > 0,
such that
If@0)) < eltl + Colt’  and  |F(0)| < |t + C,ltl®, for all £ € R. (2.13)

Then, noting that /mﬂk”k € S, fromm; — mas k — oo, (2.13) and (2.12), similar to the proof
of [23, Lemma 2.4], we obtain that

E, < 1( , /ﬁuk) = I() + 0(1) < Ep, + 0(1),. 2.14)
my

On the other hand, choosing a minimization sequence {v,} € S, for I, we can follow the same line
as in (2.14) to obtain that E,, < E,, + o(1). Therefore, we obtain (2.11).
To show that E,, is nonincreasing in m > 0, we first claim that for any m > 0,

E,, <tE,, foranyt> 1. (2.15)

Indeed, for any u € S, and t > 1, set v(x) := u(t‘%x). Then, v € S, and we deduce that

1 2
at3 bt3
Ep < 1(v) = — [IVull; + — [Vull; — 1 f F(u)dx
:Z ‘1 R3

bt3(1 = 5) (2.16)

1 2
at3(1 —13)
T IVuli

= tl(u) + — \Vull5 +

< tl(u).

Since u € S,, is arbitrary, we obtain the inequality (2.15). As a consequence, from (i) and (2.15), it
follows that E,, is nonincreasing.

In view of Lemma 2.1, m* := inf{m € (0, +0), E,, < 0} is well-defined and it is easy to obtain the
following property of m*.

Electronic Research Archive Volume 31, Issue 5, 2580-2594.



2587

Lemma 2.3. Assume that (fi)—(f3) are satisfied. Then, the following statements are true:

(1) If (f4) holds, then m* = 0.
(i) If (f;) holds, then m* > O, in addition, E,, = 0 for m € (0,m"] and E,, <0 for m € (m", +00).

The following subadditivity property is crucial in the proof of Theorem 1.1.

Lemma 2.4. Assume that (f)—(f3) are satisfied and either (f4) or (f;) holds. Then, for any m > m”,
we have E,, < E; + E,,_; for all k € (0, m).

Proof. For any m > m*, let {u,} C S,,, such that I(x,) — E,,. We claim that there exists 6 > 0, such
that
lim inf [|Vu,|l5 > 6. (2.17)

Indeed, if (2.17) is not true, then passing to a subsequence, ||Vun||§ — 0. Thus, by (2.13) and
Sobolev’s inequality, we obtain

lim F(u,)dx = 0.

n—oo R3

Then, recalling m > m*, by Lemma 2.3 and (1.3), we deduce that

b
0> E, = lim I(u,) = lim (gnvunn’;‘ + 2113 - f F(u,,)dx) =0,
n—oo n—oo R3

a contradiction. Therefore, it follows from (2.17) that

at(1 - %) bi(1 —1%)
Eu < 1) + ———— IVusll; + ———— IVl

1 2 2 1
3(1 =13)0  bt3(1 — £3)6?
StEm+ag( 5 ) + '« 2 i +0(1),

which implies that for any # > 1 and m > m",
E,. < tE,,. (2.18)
For k € (0, m), it k > m* and m — k > m*, using (2.18), we have
E,<Ei+E,;. (2.19)

On the other hand, if k < m* or m — k < m*, from Lemma 2.3, we deduce that E; = Qor E£,,_; = 0.
Then, using (2.18), we also show that (2.19) holds.

Remark 2.1. It is worth mentioning that the strict inequality in Lemma 2.4 is obtained without the
priori assumption “E,, is achieved for any m > m*”, and so our result settles an open question
proposed by Jeanjean and Lu in [21, Remark 2.3] in the general conditions framework.

As in [21], we give a mountain pass type characterization of the nontrivial solutions of (1.1) with
A € R, as below.
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Lemma 2.5. Assume that f satisfies (f). If J\(w) = 0 for some w € H YR)H\{0}, where the functional
J, is defined by (1.4), then for any 6 > 0 and any L > 0, there exist a constant T = T(w, L) > 0 and a
continuous pathy : [0, T] — H'(R?), such that

(i) y(0) = 0, Ju(y(T)) < =1, maxep,r) Ja(y(?)) = Jy(w);

(ii) y(1) = w for some T € (0, T), J,(y(t)) < Jy(w) for any t € [0, T] such that ||y(t) — w|| = J;

(iii) m(¢t) = ||)/(t)||§ is a strictly increasing continuous function with m(T) > L.

Proof. For any w € H'(R*)\{0} with J/(w) = 0, we define a continuous function

Wi if >0,
1) = !
v {o, if =0,

Then, it is clear that m(t) := ||y(t)||§ =1 ||w||§ is strictly increasing with respect to ¢ and m(t) — oo
ast — oo. Since w is a critical point of J,, it follows from (1.4) and the Pohozaev identity (see [3])

a b 3
P(w) := = ||Vw||§ + = ||ch||‘2l - —ﬂllwll% -3 f F(w)dx =0 (2.20)
2 2 2 R3

that

b A
COE g VY@l + 7 19yl = f Foy()dx = 5 Iy 0)ll;
R3

a b A
= ~t||Volj3 + =2 Vo3 - r3f F(w)dx — = w3
2 4 - 2

3

a b r
= StV + 32 Vol - = (a Vel +bIVel))

A 2 P
= (5 - g)anw»n% + (Z - g)bnwn‘;.

Thus, by a simple computation, J,(y(?)) has a unique maximum at t = 1 and J,(y(¢)) — —oo as
t — oo. Consequently, from the above argument, for any L > 0, there exists a large enough constant
T = T(w,L) > 0, such that J,(y(T)) < —1 and m(T) > L and the continuous path y(¢) : [0,T] —
H'(R?) is desired.

3. Proof of main theorems

In this section, we devote to proving our main theorems. We first give the proof of Theorem 1.1.

Proof. [Proof of Theorem 1.1] (i) Fixed m > 0, from Lemma 2.2 (iii), one has E,, < 0. Let {u,} C §,,
be a minimization sequence, such that I(u,) — E,. By (2.5), {u,} is bounded in H'(R*). Up to
subsequence, there exists u € H'(R?), such that u, — u in H'(R?), u, — win L} (R?) for s € [2,6) and
u,(x) = u(x) a.e. in R*. Denote

P = lim sup sup f lut, | dx.
B1(»)

n—oo y€R3

Suppose p = 0. In view of Lions’ Lemma [26, Lemma 1.21], one has u,, — 0in L*(R?) for s € (2, 6).
Note that by (f;) and (f,), for any € > O there exists C, > 0, such that

F(t) <&t +C.Jf|5, forallteR. (3.1)
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Then, using (3.1) and (2.1), we obtain

lim supf F(u,)dx < 0.
R3

n—oo

Consequently, in view of Lemma 2.2 (ii1), we deduce that

0>E, =limI(u,) > —lim supf F(u,)dx > 0,

n—oo n—oo R3
a contradiction. Thus, {u,} is non-vanishing, i.e., o > 0. Passing to a subsequence if necessary, there
exists {y,} C R* and v € H'(R*)\{0}, such that u,(x + y,) =: i, = vin H'(R%), &t, - vin L} (R?) for

p € [2,6) and ii,(x) — v(x) a.e. in R*. Clearly, |fb7n||§ = m, I(ii,) — E,, and ||v||§ < m. Then, from
Lemma 2.1, we infer that

E,, = lim I(@,)

b
=1(v) + im[I(@t, —v) + 2 VI3 1V (it — v)II5] (3.2)
2 Epe + E, -

If ||v||§ < m, it follows from Lemma 2.3 (i), Lemma 2.4 and (3.2) that

Em Z EHVHZ + E |2 > Em,
2 2

m—||v|

a contradiction. Therefore, ||v||§ = m and so it follows from (3.2) that &z, — v and I(v) = E,,. Hence,
E, <0isachievedatv e S,,.

(i) By Lemma 2.3 (ii), when m > m* one has E,, < 0 and when 0 < m < m* one has E,, = 0. For
m > m*, one can follow the same line in the proof of Item (i) to obtain that E,, < 0 is achieved at some
v € §,,. Now we show that if 0 < m < m* then E,, = 0 is not achieved. Indeed, arguing indirectly, we
assume that there exists m € (0, m"), such that E,, = 0 is achieved at some v € §,,. Then, from Lemma
2.3 (i1) and (2.16), it follows that

*

0=E, < Z10m="F, =o,
m m

a contradiction.
(iii) Let m, = m* + % Then, from Lemma 2.3 (ii), E,,, < O for all n € N*. Similar to the proof of
Item (1), there exists {u,} C S, such that

I(u,) = E,, <0, for all n e N". (3.3)
Since by Lemmas 2.2 (v) and 2.3 (ii),
I(u,) = Ey, = E,» =0, (3.4)

it follows from (2.5) that {u,} is bounded in H'(R?). Set

p = lim sup sup f |u,|* dx.
Bi(y)

n—oo  yeR3
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~Assumep = 0. From Lions’ Lemma [26, Lemma 1.21], u, — 0in L*(R?) for s € (2,6). By (f») and
(f;), for any & > 0, there exist C,, such that

F(t)<el] +C.lf|5, forallteR. (3.5)
Then,
lim f F(uy)dx < 0.
n—o0 R3

Thus, by (3.4), one has
. . |a ,» b 4
0=E, = lim I(u,) > lim > IVu,|l5 + 7 IVu,ll5 |,
which implies ||Vu,||, — 0. Then, it follows from (1.3), (3.5) and (2.1) that
1 2 2 3 3 2
I(u,) 2 1 IVuall3 (Za + D ||Vu,ll; — 4ellugll; — 4C, [lull; IVuall; )
Therefore, if we choose £ > 0 small enough, I(«,) > O for large n € N*. This contradicts (3.3).
Thus, p > 0. Up to subsequence, there exists {y,} C R* and v € H'(R*)\{0}, such that u,(x+y,) =: u, —
vin H'(R%), %, — vin L (R?) for p € [2,6) and &,(x) — v(x) a.e. in R*. Then, [[#,l15 = llu.ll3 — m",

I(u,) » E,~ and ||v||§ < m*. As a consequence, by (3.4), Lemma 2.1, Lemma 2.2 (v) and Lemma 2.3
(i1), we obtain

0=E, = lim I(u,)

b
=1(v) + lim[I(u, —v) + 3 IVall3 IV @, = v)Ii3] (3.6)
2 Epyz + Epepg = 0,
2 2

which implies ||V(u, — v)||§ — 0. Then, using (3.5), (2.1) and (1.3), one can show that

lim I(u, —v) > 0.
Therefore, from (3.6), it follows that /(v) = lim,_,, I(4,) = E,~ = 0. Noting that by Item (ii), E,, is
not achieved for any m € (0, m"*), we conclude that ||v||§ = m"*. Hence, E,» = 0 is achieved at v € § .
(iv) For any minimizer v € §,, of I, from the Pohozaev identity associated to (1.1) (see (2.20)) and
the fact that I(v) = E,, < 0, we deduce that

1 a b 1
0>1v)=1(v)— §P(V) = §IIVII§ + EIIVII3 + Eﬂ(V)m

and, therefore, A(v) < 0.
(v) From Item (i1), m* > 0. Arguing indirectly, we suppose that there exists v € §,- such that
I(v) = E,» = 0. Then,

b
gIIVVI|§+ ZIIVVII4 =f F(v)dx, (3.7)

R
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and there exists A(v) € R, such that v is a solution of (1.1) with 4 = A(v). As in Item (iv), 4 < O.
Moreover, v lies in the corresponding Nehari manifold, i.e.,

allVvllz + bIIVvll; = Al + f; JWvdx, (3.8)
R.

and satisfies the folowing Pohozaev identity

a b A
EIIVVH% + gIIVVIIE1 = 5|IV|I§ + fx F(v)dx, (3.9)

R

Noting that f()t < 13—0F (1), combining (3.7) and (3.8), we conclude that

SIVIE — VI = bR (3.10)
In view of (3.7) and (3.9), we then obtain that
%IIV\/H% + gIIVVIIZ‘ = —Alvli3,
which, jointly with (3.10), implies ||Vv||§ = 0. Hence, v = 0, contrary to v € §,-. The proof is
complete.
Now we present the proof of Theorem 1.2.
Proof. [Proof of Theorem 1.2] (i) In order to show that the minimizer v € §,, of I is a ground state of

(1.1) with A = A(v), it is equivalent to prove that for any w € H'(R*)\{0}, such that J}(w) = 0,

1
J,{(a)) > J/l(V) = Em - E/lm
In view of Lemma 2.5, for L := m > 0, there exists a continuous path y : [0, T] — H'(R?) satisfying
Ji(w) = max,eo,r Ja(y(?)) and there exists 7y € (0, T), such that ||y(t0)||§ = m. As a consequence,

1 1
Ja(w) = max Ja(y(1) 2 Jaly(t0)) = 1(y(t0)) = 5.4m 2 Eyy = 5 Am,

as required.

Now, we prove that any minimizer v of / on S, has constant sign. Indeed, for any given minimizer
v € S, of I, using the notations v* := max{0,v} and v~ := min{0, v}, if m* := ||vi||§ # 0, then
m =m"* + m~ and, thus, by (2.15), we have

b
E,=10)=10v")+1(v") + > f Vv* Pdx f Vv Pdx
2 R3 R3

)
> I +107) = Epe + Epy. > 2 E, + E, = E,,
m m

f Vv [Pdx f Vv Pdx = 0.
R3 R3
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Therefore, we obtain v* = 0 or v~ = 0, a contradiction. Hence, v has constant sign. Without loss of
generality, we may assume v > (. Noting that by regularity, any nonnegative ground state of (1.1) with
A = A(v) is of class C!, we also deduce from [27, Theorem 2] that v is radially symmetric with respect
to the origin up to translation in R? (i.e., v(x) = v(r), where r = |x|). Moreover, in view of [28, Lemma
3.2], we can follow the same line of the proof of [21, Theorem 1.4] to prove that v is nonincreasing
with respect to the radial variable. Therefore, we obtain that the minimizer v is radially symmetric up
to translation and monotone with respect to . We omit the details and leave them to the reader.

(ii) Obviously, from (i), we infer that any ground state w € H'(R?) of (1.1) satisfies

1
Jy(w)=E, - E/lm. (3.11)
Arguing indirectly, we assume that IIwII% # m. For given § := |\/% — ||a)||2| >0and L :=m > 0,

from Lemma 2.5, there exists a continuous path y : [0, T] — H'(R?) and there exists #, € (0, T), such
that IIy(to)Ilg = m and ||y(#y) — wl||, > 6. Then, from Lemma 2.5 (ii), we have

1 1
Tiw) > L(y()) = I(y(t0)) = 5A4m 2 Ey = 54m,

which contradicts with (3.11). It follows that Ilelé = m and I(w) = E,,. This completes the proof.
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