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Abstract:

In this paper, wave propagation analysis of multi-hybrid nanocomposite (MHC) reinforced doubly 

curved panel embedded in the viscoelastic foundation is carried out. Higher-order shear 

deformable theory (HSDT) is utilized to express the displacement kinematics. The rule of mixture 

and modified Halpin–Tsai model are engaged to provide the effective material constant of the 

MHC reinforced doubly curved panel. By employing Hamilton’s principle, the governing 

equations of the structure are derived and solved with the aid of an analytical method. Afterward, 

a parametric study is carried out to investigate the effects of the viscoelastic foundation, carbon 

nanotubes’ (CNTs’) weight fraction, various MHC patterns, radius to total thickness ratio, and 

carbon fibers angel on the phase velocity of the MHC reinforced doubly curved panel in the 

viscoelastic medium. The results show that, by considering the viscous parameter, the relation 

between wavenumber and phase velocity changes from exponential increase to logarithmic boost. 

A useful suggestion of this research is that the effects of fiber angel and damping parameter on the  

phase velocity of a doubly curved panel are hardly dependent on the wavenumber. The presented 

study outputs can be used in ultrasonic inspection techniques and structural health monitoring.
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Introduction:

Nowadays, a lot of researches are presented to show the importance of composite materials and 

structures [1] because of that, these structures encounter us with an attractive property [2-6]. Based 

on the mentioned issue, static and dynamic stability of the composite structures become an 

important field of study[7, 8]. Also, structural health monitoring in the inhomogeneous structure 

is an essential issue that wave propagation responses are the main point of this filed [9-14]. 

In the field of frequency information of different structures, Mehar et al. [15-17] investigated 

thermal frequency of the graded nanotube-reinforced composite structure embedded with shape 

memory alloy fiber using a micromechanical multiscale finite element material model. They 

formulated the smart nanotube-reinforced composite structure through the higher-order 

kinematics, including the shear deformations. Katariya et al. [18] computed time-dependent 

deflection responses of the mechanically excited layered skew sandwich shell panels using the 

higher-order shear deformation theory, including the effects of the large displacement. Mehar et 

al. [19] investigated the free vibration behavior of functionally graded carbon nanotube-reinforced 

composite plate under an elevated thermal environment. They modeled carbon nanotube-

reinforced composite plate mathematically using higher-order shear deformation theory. Sahu et 

al. [20] revealed the effect of hybridization numerically for different advanced fiber 

(Glass/Carbon/Kevlar) reinforcement in polymer matrix composite on the eigen-

characteristics. Mehar et al. [21] examined the vibration frequencies of multi-walled carbon 

nanotube-reinforced polymer composite structure via a generic higher-order shear deformation 

kinematics for different panel geometries. Dewangan et al. [22] presented numerical 

eigenfrequency and experimental verification of variable cutout (square/rectangular) borne layered 

glass/epoxy flat/curved panel structure. Also, many studies reported the application of applied soft 

computing methods for the prediction of the behavior of the complex system [23-30].

A key issue in the various engineering field is that the prediction of the properties, behavior, and 

performance of different systems is an important aspect [31-42]. By considering the mentioned 

necessities and in the field of wave propagation in composite beams and plates, Ref [43] presented 

a comprehensive formulation on the wave dispersion of a high speed rotating two dimensional-

functionally graded (2D-FG) nanobeam. They solved their complex formulation via an analytical 

method and reported that the rotating speed is the most effective parameter. By employing the new 



version of couple stress theory, Global matrix, and Legendre orthogonal polynomial methods, Liu 

et al. [44] had a try for reporting the characteristics of the propagated wave in a functionally graded 

(FG) microplate. They reported that by controlling the couple stress parameter, we will have the 

grater phase velocity in the aspect of wave propagation. Gao et al. [45] reported a mathematical 

framework to analyze the propagated waves in the graphene nanoplatelets (GPLs) reinforced 

porous FG plate via a well-known mixture method. Ebrahimi et al. [46] were able to provide results 

on the characteristics of propagated waves in a compositionally nonlocal plate in which the 

structure was located in a high-temperature environment. Also, they considered the shear 

deformation in each element of the structure. Finally, they found that without doubt, the nonlocal 

effect has a bolded role on the characteristics of the phase velocity. Safaei et al. [47] tried to report 

characteristics of the propagated waves in a CNTs reinforced FG thermoelastic plate via the HSDT 

and Mori–Tanaka method. Their important achievement was that the thermal stress and adding a 

small amount of CNTs could make a remarkable effect on the wave velocity in the structure. Also, 

Mehar et al. [16, 48-51] examined the mechanical responses of CNT reinforced composites with 

the aid of HSDT. In addition, the stability of the complex structure is investigated in Refs [52, 53].

In the field of propagated wave characteristics in the shell, Karami et al. [54] developed a 

mathematical model for wave dispersion analysis in an imperfect higher-order nanoshell. They 

provided some evidence that the sensitivity of the prospected waves to the nonlocal effects, 

temperature, and humidity should be considered. Bakhtiari et al. [55] provided some results on the 

wave propagation of the FG shell in which fluid flow through the shell is considered. The 

dispersion behavior of the wave in the MHC reinforced shell is investigated by Ebrahimi et al. 

[56]. They used the Eshelby-Mori-Tanaka method and rule of mixture in order to predict the 

equivalent mechanical properties of nanocomposite shell. They found out the impact of nanosize 

reinforcements is more effective than the macro size reinforcements for improving the phase 

velocity of the compositionally shell. Abad et al. [57] published an article in which they presented 

a formulation about the wave propagation problem of a thick sandwich plate. They smarted the 

plate by patching a piezoelectric layer on the top face of the structure, and they considered 

Maxwell's assumptions in their computational approach. Habibi et al. [58] studied the phase 

velocity characteristics in a nanoshell reinforced with GPLs. When they compared their result with 

molecular simulation, observed that the size effect should be considered via nonlocal strain 

gradient theory (NSGT) as an exact size-dependent theory. As a practical outcome, they reported 



that the thickness of the piezoelectric layer would have more effect on the characteristics of 

propagated waves in the nanoshell. Li et al. [59] succeeded in publishing an article in which they 

examined the wave propagation of a smart plate via a semi-analytical method. They modeled a 

GPLs reinforced plate, which is covered with a piezoelectric actuator. They used the Reissner-

Mindlin plate theory and Hamilton’s principle for developing the governing equations. The 

application of their result was that GPLs in a matrix can play a positive role in structural health 

monitoring and improve wave propagation in the structures, especially smart structures. Also, 

some researchers tried to predict the static and dynamic properties of different structures and 

materials via neural network solution [60-73].

Based on the extremely detailed exploration in the literature by the authors, no one can deny there 

is a study on the wave propagation of the MHC reinforced doubly curved panel in the viscoelastic 

medium. Therefore, in the current report, the characteristics of the propagated wave in the MHC 

reinforced doubly curved panel covered with the viscoelastic foundation is investigated. HSDT is 

utilized to express the displacement kinematics. Rule of the mixture and modified Halpin–Tsai 

model are engaged to provide the effective material constant of the MHC reinforced doubly curved 

panel. By employing Hamilton’s principle, the governing equations of the structure are derived. 

The results demonstrate that the CNTs' weight fraction, various MHC patterns, radius to total 

thickness ratio, and carbon fibers angel have an important role in the phase velocity characteristics 

of the MHC reinforced doubly curved panel.

Mathematical modeling:

Figure 1 shows an MHC reinforced doubly curved panel in the viscoelastic medium. The thickness 

and the shell curvatures of the doubly curved panel are presented by h, Rx, and Ry, respectively. 



Figure1: A schematic of the MHC reinforced doubly curved panel in the viscoelastic medium

MHC Reinforcement:

The procedure of homogenization is made of two main steps based upon the Halpin-Tsai model 

together with a micromechanical theory. The first stage is engaged with computing the effective 

characteristics of the composite reinforced with carbon fiber as following [74]
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Here, elasticity modulus, mass density, Poisson’s ratio, and shear modulus are symbolled via 

 and . The superscripts of the matrix and fiber are NCM and F, respectively. Also, have:, E , G 

1F NCMV V  (6)

The second step is organized to obtain the effective characteristics of the nanocomposite matrix 

reinforced with CNTs with the aid of the extended Halpin-Tsai micromechanics as follows [74]
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Volume fraction, thickness, length, elasticity modulus, weight fraction, and diameter of CNTs are

, , , , , and . Also, the volume fraction of the matrix and elasticity CNTV C N Tt CN Tl CNTE CNTW CNTd

modulus of the matrix are and , respectively. So, The CNTs’ volume fraction can be MV ME

formulated as below [56]:
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Also, the effective volume fraction of CNTs can be formulated as follows:
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Also, have

1CNT MV V  (11)

Also, Poisson’s ratio, mass density, and shear modulus will be calculated as:
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Kinematic relations

Based on HSDT, the fields of doubly curved panel displacement can be given by [75, 76]:
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in which , , and  show, respectively, the mid-plane displacements along the x, y, and z 𝑢0 𝑣0 𝑤0

directions. Moreover,  and  are shear rotations while , , , and  are the higher-order 𝑢1 𝑣1 𝑢2 𝑣2 𝑢3 𝑣3

terms. Furthermore, the non-zero shear and normal strains can be defined as follows [75, 76]:
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Also, the strain-stress equations of the structure can be given as [9, 10, 77-81]:
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Where[82]
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The terms used in Eq. (18) would be obtained as
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2.4. Extended Hamilton’s principle:

To obtain the governing equations, the extended Hamilton’s principle can be formulated as follows 

[9, 10, 77-81, 83]:
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which:

   2 3, , , , , ,ij ij ij ij ij ij ij ijz
N M Q P z z z dz    

(20-b)



Also, the kinetic energy of the structure can be defined as bellow:
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The first variation of the applied work due to viscoelastic foundation can be presented as below:

( )w d
A
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In the above equation, Kw, and Cd are the elastic and viscose parameter of the foundation. 

Consequently, by substituting Eqs. (22), (21), and (20-a) in Eq. (19), motion equations of the MHC 

reinforced doubly curved panel can be achieved. It should be noted that the motion and governing 

equations of the structure are given in “Appendix.”

 Solution procedure:

The fields of displacement for wave dispersion analysis of the structure can be expressed as follows 

[84]:
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where s and n are wave number along with the directions of x and y, respectively, also  is called 

frequency. With replacing Eq. (23) into governing equations achieve to:
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Also, the phase velocity can be calculated by Eq. (26):

c
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Validation:

The obtained results for the perfect panel are compared with the results of Refs. [85, 86]. These 

results are listed in Table 1. From this table, it can be observed that the current results are validated 

with the published research. Note that the dimensionless form of the frequency is as below:

2
M

M

a
h E

 
(27)

Table 1: Comparison of the first dimensionless natural frequency of simply-supported CNT reinforced composite 
square perfect panel (a/h = 10).

VCNT Ref [85] Ref [86] Present study
11% 0.1319 0.1357 0.1350
14% 0.1400 0.1438 0.1429
17% 0.1638 0.1685 0.1658

For more verification, the fundamental frequencies of the laminated moderately thick plates resting 

on elastic foundations are calculated by the eigenvalue problem. In Table 2, non-dimensional 

fundamental frequencies of the symmetrically laminated cross-ply plate are shown (0°,90°,90°,0°) 

as compared to different E1/E2.

Table 2: Non-dimensional fundamental frequency of simply-supported cross-ply laminated square plate with 
G12/E2=0.6, G13/E2=0.6, G23/E2=0.5, a=b=1, =0.25𝜐

E1/E2 Ref [87] Ref [88] Presented study Discrepancy 
10 8.2982 8.2981 8.5485 3%
20 9.5671 9.5671 10.0328 4%
30 10.326 10.326 10.6318 2%
40 10.824 10.854 11.0045 1%



Results:

In this part, a comprehensive investigation is carried out to demonstrate the effects of various 

parameters on the phase velocity response of an MHC reinforced doubly curved panel in the 

viscoelastic foundation. The geometrical and material characteristics of constituent materials 

would be presented in Table 3.

Table 3: Material properties of the MHC reinforcement [89]
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In Figure 2 the phase velocity of the hybrid nanocomposite doubly curved panel versus wave 

number is presented with attention to the effect of the damping parameter  of the viscoelastic 𝐶𝑑

foundation.
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Figure 2: The effect of the damping parameter of the viscoelastic foundation on the characteristic of the 
propagated wave in the MHC reinforced panel

The general result which could be seen from the given diagrams in Figure 2 is that when the 

foundation is used, as the wave number increases, the phase velocity improves. With more 

precision in Figure 2 can see that if the damping parameter of the viscoelastic foundation is equal 

to zero, as the wave number increases, the phase velocity increases logarithmic while for , 𝐶𝑑 > 0

the relation between wavenumber and phase velocity changes from exponential increase to 

logarithmic boost. The most impressive result is that, as the phase velocity of the panel increases,  

the damping parameter loses its effectiveness. Also, at the initial value of the wavenumber, we 

could find a positive effect from  on the wave response of the structure, but this impact will be 𝐶𝑑

ineffective at the higher wavenumber. As we mentioned, there is a range for the wavenumber in 

which there are not any effects from the damping parameter of the foundation on the phase velocity 



and this range can be stretched by each amplification in the damping parameter of the viscoelastic 

foundation. In Figure 3 the phase velocity of the hybrid nanocomposite doubly curved panel versus 

wave number is presented with attention to the effect of elastic parameter of the viscoelastic 

foundation.
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Figure 3: The effect of the elastic parameter of the foundation on the characteristic of the propagated wave in the 
MHC reinforced panel

Based on Figure 3 can conclude that when the elastic parameter of the foundation is equal to zero, 

as wave number increases, the phase velocity improves, while this relation will be complex by 

considering . For each , at first, the phase velocity of the panel is constant by increasing 𝐾𝑤 > 0 𝐾𝑤

the wavenumber, and at the medium values of the wavenumber, the phase velocity will be falling, 

so after a minimum value, the relation changes to increase. Another important result from Figure 



4 is that the impact of  on the wave response of the structure is considerable for 0.4 𝐾𝑤 < 𝐾𝑤𝑒4 <

1.5, and this effect is negligible at the initial and high value of the wavenumber.

In Figure 4 the phase velocity of the hybrid nanocomposite doubly curved panel versus  is 𝐾𝑤

presented with attention to the different values of the wavenumber.
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Figure 4: The effects of wavenumber and elastic parameter of the foundation on the characteristic of the 
propagated wave in the MHC reinforced panel

One of the bolded result in Figure 4 is that there are three ranges for  that in those regions, the 𝐾𝑤

relation between wavenumber and phase velocity is direct, indirect, and ineffective. Also, for each 

wavenumber, boosting the can be an encouragement for improving the phase velocity of the 𝐾𝑤

panel, linearly and this impact from on the wave propagation of the structure will change to be 𝐾𝑤

ineffective at the higher value of . Also, this ineffective range of  on the phase, velocity can 𝐾𝑤 𝐾𝑤



be limited due to having each rise in the wavenumber. As a practical conclusion from Figure 4, 𝐾𝑤

=4e12 is a critical value for the elastic factor of the viscoelastic foundation that the relation between 

wavenumber and phase velocity will change from direct to indirect. 

In Figure 5 the phase velocity of the hybrid nanocomposite doubly curved panel versus  is 𝐶𝑑

presented with attention to the different values of the wavenumber.
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Figure 5: The effects of wavenumber and damping parameter of the foundation on the characteristic of the 
propagated wave in the MHC reinforced panel

If we have excellent attention to Figure 5 could be seen that for each value of the wavenumber, 

due to each increase in , in the beginning, no change in phase velocity of the panel is observed 𝐶𝑑

due to changing the damping parameter and after a certain amount of , the phase velocity 𝐶𝑑

decreases exponentially with having an increase in the damping parameter. Also, the phase 



velocity in the panel will decrease after a specific value of the  and this value is decreased due 𝐶𝑑

to an increase in the wavenumber.

The wave information of an MHC reinforced doubly curved panel is investigated in Figure 6. In 

this section, we try to discuss the effects of wavenumber and different FG patterns on the phase 

velocity of the structure. 
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Figure 6: The effects of wavenumber and different FG patterns on the characteristic of the propagated wave in 
the MHC reinforced panel

The bolded result in Figure 6 is that for patterns 1, 2, and 5, increasing the wave number can be an 

encouragement for improving the phase velocity of the composite panel. Also, for patterns 3 and 

4, the relation between wavenumber and phase velocity will change from logarithmic increase to 

exponential decrease, and for each wavenumber, the impact of patterns 3 and 4 on the phase 



velocity of the panel is not considerable, or these patterns have the same phase velocity responses. 

As a practical result, For  0.5e5, when the structure is made by Patterns 1 and 2 we can see 𝑚 ≤

the lowest and highest phase velocity in the panel while For  0.5e5, the lowest and highest 𝑚 >

phase velocity are for the panel, which is made by Patterns 4 and 2, respectively.

Reported data in Figure 7 is shown to have a deep presentation about the effects of the carbon 

fibers angel ( ) and CNTs’ weight fraction ( ) on the wave responses of the sandwich 𝜃 𝜋 𝑊𝐶𝑁𝑇

structure.
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Figure 7: The phase velocity versus carbon fibers angel for various CNTs weight fraction

The most general result in Figure 7 is that for each value of , when the fibers angel is less 𝑊𝐶𝑁𝑇

than , the phase velocity decreases and this trend will be revers for the fibers angel more than 𝜋 2

. As another explanation, if the fibers distribute in the matrix vertically, changing the weight 𝜋 2



fraction of CNTs cannot play any role on the wave response of the panel and as the fibers become 

horizontal, the effect of the  on the phase velocity becomes more dramatic.𝑊𝐶𝑁𝑇

The wave information of an MHC reinforced doubly curved panel is analysis in Figure 8 and in 

this section, we try to consider the influences of the  and  on the phase velocity of the 𝐶𝑑 𝜃 𝜋

compositionally structure, simultaneously.
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Figure 8: The phase velocity versus carbon fibers angel for various 𝐶𝑑

Based on Figure 8 can conclude that when the orientation of the carbon fibers in the matrix is being 

close to the vertical axis the effect of  on the phase velocity of the panel will be evident and  𝐶𝑑 𝐶𝑑

has a positive impact on the wave propagation response of the panel. As shown in Figure 7, = 𝜃 𝜋 

0.5 is the critical fibers angel, and this critical value will be a range of angel by increasing the 

damping factor of the foundation. As an applicable report from Figure 8, for 0 0.2 and 0≤ 𝜃 𝜋 ≤



0.2, there is no effect from  on phase velocity. Besides, in the specific range of , ≤ 𝜃 𝜋 ≤  𝐶𝑑 𝜃 𝜋

the damping factor of the foundation has an ineffective role on the phase velocity of the panel and 

the range will become small by boosting the .𝐶𝑑
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Figure 9: The phase velocity versus carbon fibers angel for various 𝐾𝑤

According to Figure 9 can conclude that when the orientation of the carbon fibers in the matrix is 

being close to the horizontal axis the effect of  on the phase velocity of the panel will be evident, 𝐾𝑤

and this impact is a positive point on the wave propagation response of the panel. As shown in 

Figure 8, = 0.5 is the critical fibers angel, and in this range of fiber angle, there is not any 𝜃 𝜋 

effect from Kw on the phase velocity. As an applicable report from Figure 8, in a specific range of 

, the elastic factor of the foundation has an ineffective role on the phase velocity of the panel, 𝜃 𝜋

and the range will be grate by boosting the .𝐾𝑤



The provided results in Figures 10 and 11 encounter us with a study on the effects of , , and 𝑉𝑓 𝑅𝑥 ℎ

fibers angle ( ) on the wave propagation of the MHC reinforced doubly curved panel.𝜃 𝜋

Figure 10: The phase velocity versus carbon fibers angel for various 𝑅𝑥 ℎ
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Figure 11: The phase velocity versus carbon fibers angel for various .𝑉𝑓

With close attention to the provided diagrams in Figures 10 and 11 can see that as well as an 

improvement on the phase velocity of the structure due to increasing the volume fraction of the 

carbon fibers and , the mentioned impact is more remarkable when the carbon fibers in the 𝑅𝑥 ℎ

matrix are distributed horizontally. In addition, the more vertical carbon fibers will be a reason to 

decrease the impact of  of the structure on the phase velocity of the panel. For more detail, if 𝑅𝑥 ℎ

the fibers are vertical, there is not any change in the phase velocity due to any change in the . 𝑅𝑥 ℎ

The main point of figures 10 and 11 is that the wave response of the MHC reinforced panel is more 

dependent on the carbon fibers angle, and the phase velocity will be zero if the fibers angle is 90o.

A comprehensive and comparative study is presented in Figure 12 for providing a conclusion about 

the impacts of wavenumber, carbon fibers angel, and  on the wave responses of the panel.𝐶𝑑
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Figure 12: The impacts of wavenumber, the damping factor of the foundation, and fibers angle on the wave 
response of the panel 

The principal result in Figure 12 is that as the wave number increases, the changes in phase velocity 

become much more dramatic by increasing the fibers' angel and damping factor of the foundation. 

In other words, the effects of and  on the phase velocity of the panel is highly dependent on 𝜃 𝜋 𝐶𝑑

the wavenumber. Also, the effect of fibers angle on phase velocity is intensified by increasing the 

wavenumber. 

Diagrams in Figure 13 are shown to have a comparative study about the effects of  and fibers 𝐾𝑤

angel on the wave responses of the doubly carved panel.
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Figure 13: The impacts of  and fibers angle on the wave response of the panel𝐾𝑤

The principal result in Figure 13 is that as the  increases, the changes in phase velocity become 𝐾𝑤

much more dramatic by increasing the fibers' angel. In other words, the effects of on the phase 𝜃 𝜋 

velocity of the panel is highly dependent on the . In addition, the effect of  on the phase, 𝐾𝑤 𝐾𝑤

velocity is intensified when the fibers angel is more vertical. 

Conclusion:

This article accomplished wave propagation analysis of the MHC reinforced doubly curved panel 

embedded in the viscoelastic foundation within the framework of HSDT. Rule of the mixture and 

modified Halpin–Tsai model was engaged to provide the effective material constant of the multi-

hybrid nanocomposite panel. By employing Hamilton’s principle, the governing equations of the 

structure were derived. Finally, the most bolded results of this paper were as follows:



 for , the relation between wavenumber and phase velocity changes from exponential 𝐶𝑑 > 0

increase to logarithmic boost and at the initial value of the wavenumber we could find a 

positive effect from  on the wave response of the structure, but this impact will be 𝐶𝑑

ineffective at the higher wavenumber. 

 there is a critical value for the viscoelastic foundation in which the relation between 

wavenumber and phase velocity will change from direct to indirect. 

 For 0 0.2 and 0 0.2, there is no any effects from  on phase velocity and ≤ 𝜃 𝜋 ≤ ≤ 𝜃 𝜋 ≤  𝐶𝑑

in a specific range of , the damping factor of the foundation has an ineffective role in 𝜃 𝜋

the phase velocity of the panel. 

 the effects of and  on the phase velocity of the panel is hardly dependent on the 𝜃 𝜋 𝐶𝑑

wavenumber. Also, the effect of fiber angle on phase velocity intensifies by increasing the 

wavenumber.

  the effects of on the phase velocity of the panel is hardly dependent on the  and the 𝜃 𝜋 𝐾𝑤

effect of  on the phase, velocity intensifies when the fibers angel is more vertical. 𝐾𝑤

Appendix:

The motion equations of the MHC reinforced doubly curved panel embedded in the viscoelastic 

foundation are given as follows:
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(1-a)

Where

   
h
2

i
i

h
2

I z dz, i 0 : 6


 
(2-a)

Finally, by substituting Eq. (20-b), and (2-a) in Eq. (1-a) the governing equations of the structure 

can be achieved. 
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