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Abstract

This paper is concerned with Linear Canonical Transforms (LCTSs) associated with two-dimensional
quaternion-valued signals defined in an open rectangle of the Euclidean plane endowed with a hyperbolic
measure, which we call Quaternion Hyperbolic Linear Canonical Transforms (QHLCTSs). These transforms
are defined by replacing the Euclidean plane wave with a corresponding hyperbolic relativistic plane wave in
one dimension multiplied by quadratic modulations in both the hyperbolic spatial and frequency domains,
giving the hyperbolic counterpart of the Euclidean LCTs. We prove the fundamental properties of the partial
QHLCTs and the right-sided QHLCT by employing hyperbolic geometry tools and establish main results
such as the Riemann-Lebesgue Lemma, the Plancherel and Parseval Theorems, and inversion formulas. The
analysis is carried out in terms of novel hyperbolic derivative and hyperbolic primitive concepts, which lead
to the differentiation and integration properties of the QHLCTs. The results are applied to establish two
quaternionic versions of the Heisenberg uncertainty principle for the right-sided QHLCT. These uncertainty
principles prescribe a lower bound on the product of the effective widths of quaternion-valued signals in the
hyperbolic spatial and frequency domains. It is shown that only hyperbolic Gaussian quaternion functions
minimize the uncertainty relations.
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1 Introduction

The Linear Canonical Transform (LCT) is a four-parameter family of linear integral transforms which was first
introduced in the 1970s by Collins [4] and Moshinsky et al. [24] (cf. Healy et al. [I3] and the bibliography
quoted there) and has found many applications in signal processing, design of filters, signal separation, pattern
recognition, and optics [I1], 12} 27, 29] (see also [28, B3] and further references given in these papers). The
flexibility of choice on the four parameters makes the LCT a highly adaptable transformation and, in particular,
allows us to recognize that the classical Fourier Transform (FT), the Fractional Fourier transform (FRFT), the
Fresnel transform, scaling operations, and multiplication by chirp functions are merely particular cases of the
LCT. The LCT has more degrees of freedom and is more flexible than the conventional FT and the FRFT but
with similar computational costs as the FT. The LCT is used to analyze and measure chirp signals and obtain
sampling theorems for certain types of non-bandlimited signals with nonlinear Fourier atoms [22]. The LCT
was first introduced within the framework of Quaternionic Analysis in [I7]; these transforms were called the
Quaternion Linear Canonical Transforms (QLCTs). The authors investigated an uncertainty principle for the
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right-sided QLCT, which prescribes a lower bound on the product of the effective widths of quaternionic signals
in the spatial and frequency domains. The same type of QLCT was employed in deriving a quaternionic version
of the Bochner-Minlos Theorem by Kou and Morais [I8]. Concerning further details and applications of the
QLCTs, the reader is referred to Kou et al. [16, 19} 21].

In recent years, Petrov [25] defined the FT and the convolution of functions on the interval (—1,1) by
employing the diffeomorphism between R and (—1,1). The main idea in developing the proposed transforms
was to find applications in the study of differential and integro-differential type equations, including Prandtl,
Tricomi, Lavrentjev-Bitsadze, and Laplace-Beltrami equations on the sphere [25] 26]. Recently, in [3 [6], the
authors studied new aspects of the FT defined by Petrov, such as solvability and boundedness results for
multipliers and convolution equations and the associated pseudo-differential calculus in the sense of Hérmander.
These works have renewed interest in extending such types of transforms within the Quaternionic Analysis
language. In [I0], we generalized the transform explored in [25] by introducing the two-sided and right-sided
quaternion hyperbolic FTs associated with the two-dimensional quaternion-valued signals defined in an open
rectangle of the Euclidean plane endowed with a hyperbolic measure.

The motivation of the present paper is two-fold. On the one hand, it is of intrinsic interest to check
whether the Euclidean QLCT's can be extended to non-Euclidean spaces using hyperbolic geometry tools. More
precisely, we introduce the QLCTs on the spaces of quaternion-valued signals defined in an open rectangle of
the Euclidean plane endowed with a hyperbolic measure. We will call these new transforms the Quaternion
Hyperbolic Linear Canonical Transforms (QHLCTSs). We replace the Euclidean kernels of the LCTs depending
on three real parameters with two quaternionic hyperbolic factors, where two quaternion algebra generators
take over the role of the imaginary unit. The QHLCTs will pave the ground for extending all known properties
of the QLCTs in the standard 2D Euclidean case, thus unifying the rich canonical structure of Quaternionic
Analysis on Euclidean and hyperbolic spaces. On the other hand, our work gives the fundamental tools to study
hyperbolic quaternion-valued signals within Quaternionic Signal Analysis. This understanding can be the basis
for more generalizations of the Euclidean Quaternionic Signal Analysis.

The contents of the paper are summarized in the following. The primary background material necessary
for our investigation is contained in Section [2] The new hyperbolic derivative and primitive concepts and their
properties are fundamental in the analysis. Using the hyperbolic geometry language, Section [3| presents the
partial QHLCTs of two-dimensional quaternion-valued signals defined in an open rectangle of the Euclidean
plane endowed with a hyperbolic measure. We prove the primary operational properties, the Riemann-Lebesgue
Lemma, the Plancherel and Parseval Theorems, and an inversion formula for the partial QHLCTSs, representing
hyperbolic relativistic counterparts of the corresponding properties of the Euclidean partial QLCTs. In Section
we introduce the right-sided QHLCT and prove some of its fundamental properties, which form the basis
for the later developments. The novel hyperbolic derivative and primitive notions lead to the differentiation
and integration properties of the right-sided QHLCT. We further prove the Riemann-Lebesgue Lemma, the
Plancherel and Parseval Theorems, and an inversion formula for the right-sided QHLCT. The results in [1I [2]
Bl [7, [T4] [15] of the different definitions of the Quaternion Fourier Transforms (QFTs) or QLCTs [I7, [I8], 19, 20]
can be seen as particular cases of our achieved results as we highlight throughout the paper. The second part
of the paper is devoted to applications. In Section [5] we establish two hyperbolic analogues of the Heisenberg
uncertainty principle for the right-sided QHLCT, which give a lower bound on the product of the effective
widths of quaternion-valued signals in the hyperbolic spatial and frequency domains. It is shown that only
hyperbolic Gaussian quaternion functions minimize the uncertainty relations. Some discussions about the new
results and future work related to the QHLCTSs are drawn in Section [6}

2 Definitions and terminology

2.1 Einstein’s special relativity in the real line

In one-dimensional special relativity, velocities x and y (whose magnitudes are given as fractions of the speed
of light) do not add in the usual way. We have the following definition arising in the study of the algebraic
structure of the open interval (—t,t) for some ¢t > 0 (cf. [31]).



Definition 2.1. Let t > 0 be any positive constant and let Ry = (—t,t). We define the (Einstein) relativistic
addition law by

r+y
rdy = 1
V=1 (1)
and the relativistic multiplication by real scalars by
A®z = ttanh (Atanh_l (%)) 2)

for all x,y € Ry and all X € R.

It can be seen that the set R;, together with the operations @& and ®, forms a vector space over the field of
real numbers.

The addition is both commutative and associative, so that it is a group operation. The additive identity
for the vector space is the element 0 € Ry, satisfying 0 @ x = z for all x € R; and the additive inverse for the
element = € R; is Sz € Ry, such that ©x & x = 0. (We shall note that in this case, ©x = —z.) Moreover, it
follows that z ©y = x ® (©y). We observe that in the limit of large ¢, the interval R; expands to the whole of
the space R, and as we see from and , limy yyox®@y=a+yand lim; ;o A®z = Az for all z,y € Ry
and all A € R. In this way, the open interval R; has an algebraic structure similar to R, and in the limit
t — 400, the hyperbolic structure agrees with the Euclidean structure. There exists indeed an isomorphism
between (R, 4+, x) and (R, ®, ®) through the mapping f(z) = ttanh(z/t), x € R.

FEinstein’s addition law in the one-dimensional case can also be deduced from the Mobius transformations
of the complex unit disk, whose importance in the theory of gyrogroups has been well-known for over thirty
years; see, e.g., [30, BI]. The algebraic properties of the Einstein and Mobius gyrogroups in the context of
hyperbolic harmonic analysis can be found in [8 [@].

We draw the reader’s attention to the formal similarities between the following concepts in the context of
hyperbolic geometry and the corresponding usual ones in Euclidean geometry. (All results have already been
proved in [10].)

Definition 2.2. Let t € RT, f: R, — R, and a an interior point of R,. We say that f is h-continuous at

the point a if for any real number € > 0 there exists some real number 6 > 0 such that for every x € Ry with
|z ©al <4, it holds that |f(x) — f(a)] < e.

A natural definition of piecewise h-continuity is given as follows.
Definition 2.3. Let t € RT. A function f: Ry — R is said to be piecewise h-continuous in Ry if:

(i) the interval Ry can be subdivided into a finite number, say m, of intervals (—t,a1), (a1,a2), ..., (@r, @ry1), ...
(am—1,t), in each of which f is h-continuous;

(ii) f is finite at the end-points a,, withr =1,...,m — 1.

To express condition (ii), we introduce the standard notation. If € — 0 purely through positive values of e,
we say that f(x@e€) — f(x ®0) whenever the limit exists. Similarly, if e — 0 through negative values of ¢ only,
we say that f(x @ e€) = f(xz60). For f(0&0), we shall write f(0"), and for f(0& 0), we shall write f(07).
Condition (ii) then states that at each end-point a,, f(a, ®0) and f(a, © 0) should both be finite (though they
need not be equal).

Another concept we require is that of a uniformly h-continuous function.

Definition 2.4. Let t € Rt. A function f: R; — R is uniformly h-continuous on Ry if for every real number
€ > 0 there exists some real number 6 > 0 such that for every xz,y € Ry with |x © y| < 0 implies that

[f(z) = f(y)l <e.

Definition 2.5. Lett € RY, f: Ry — R, and let a be an interior point of R;. We say that f has an h-derivative
(or is h-differentiable) at the point © = a if the following limit

e—0 €
exists and is finite. We call the h-derivative of f at x = a to the limit value and denote it by f;(a). If the
h-derivative exists and is finite for all points x in Ry, we denote the h-derivative of f by f;(x) and say that f
s h-differentiable at every point of R;.



We refer to the following relationship between the hyperbolic and the Euclidean derivatives and the opera-
tional properties of the h-derivative, which play a role in Sections [3] and [

Proposition 2.1 ([10]). If f: R; — R is h-differentiable, then

2

fh@) = f@) (1= 25), (4)

t2
where f' denotes the standard Euclidean derivative of f. Furthermore, the following properties hold:
1 (f£9), =1y £ g
2. (f9) = fha+fan

2 () fhg— fgh’ g#0,
(fo

4

9);, = (f' o g) x g},, whenever the composition o is well-defined.

The relation shows that the Euclidean derivative is the appropriate limit of the hyperbolic derivative
when ¢ — 4o00. (This limit will frequently occur in due course.)
Considerations in the calculus of primitives within the hyperbolic context lead to the following definition.

Definition 2.6. An h-differentiable function F: [a,b] C Ry, — R is called an h-primitive of f in [a,b] if
Fj(xz) = f(x), for all x € (a,b).

Theorem 2.1 ([I0]). Let f be an h-continuous function in [a,b] C Ry, and let

) = (1 UQ>_1du

12

be the hyperbolic measure on Ry (which is translation invariant under the operation @). Then the function

_ / " Fu) dpus(u) (5)
is an h-primitive of f. Moreover,
/ " ) ) = G — Gla), (6)
where G is any h-primitive of f. '

Proposition 2.2 ([10]). Let f and g be continuously h-differentiable functions defined in Ry. The formula for
integrating by parts is as follows:

/ fi(u)g ) dpsg () = F(u)gu) - / F(w)gh (1) s (). (7)

2.2 Quaternion signals in hyperbolic space

We will use standard notation for the skew field of (real) quaternions [23]

H:={g=qo +iq: +jg2 + kgz: ¢; € R}.

We will identify H with the real vector space R*; the binary operations of addition of two quaternions and
multiplication of a quaternion by a scalar coincide with the usual operations on vectors in R*. The multiplication
in H is given in terms of the canonical basis (1, i, j, k) by the formulas

2=j2=k%=ijk=—1.

Using the customary notation, one writes ¢ = Sc(q) + Vec(q), where Sc(q) = qo and Vec(q) = ig1 + jgo + kqs
are the scalar and vector parts of g. The conjugate of a quaternion ¢ is defined by § = Sc(q) — Vec(g), with the
property that the conjugate of a product is the product of the conjugates in the reverse order, i.e., qr = 7q,



Vgq,r € H. The (algebraic) norm of ¢ is defined by |¢|? = q7 = Gq = Z?:o q?. Tt further follows that |qr| = |q] |r],
Vg, r € H. A unit quaternion ¢ is a quaternion with |¢| = 1.
Throughout this paper, we will adopt the following notation:

Rfl,tz = {(z1,72) € R?: |71| < t1, |22| < to, t1,t2 € RT}

is an open rectangle centered at the origin in the two-dimensional Euclidean space R2. We define the operations
of hyperbolic addition and hyperbolic scalar multiplication in R, , as
(z1,22) & (y1,92) = (21 B Y1, 22 B y2)

and
A® (x1,22) = (A®@ 21, A @ x2)

for all (x1,22), (y1,y2) € Rf, ;, and all X € R.
We have found it convenient to introduce a special symbol to denote the extensions of the variables (1, z2) €
thtrz to the whole of the space R? by putting

2= (21,25) = (1 tanh™" (z1/t1), tatanh™" (22/t2)) € R2 (8)

We will consider functions f: R, ,, — H of the form

f(@) = fo(z) +ifi(z) +ifa(z) + kfs(2), (9)

where z := (x1,22) € Rf ,, and f;: R7 ,, — R. Properties (such as h-continuity, h-differentiability, or h-
integrability) ascribed to f are defined coordinatewise.
We introduce the following quaternionic spaces, which will be of use in further discussion.

Definition 2.7. Let 1 < p < oo. The left-linear modules LP(thtz,H) are defined to be the classes of all
measurable H-valued functions f defined on Rfl)tz such that |f|P € LI(R%MQ,R), i.e.,

1/p
DR ) = (£ R~ B ([ 1@ (@) < oo},
ty,to
where dpy, 1, (x) = dpy, (21)dp, (22) denotes the hyperbolic measure on R7 . :
dzy dzo

dlu’thb (‘T) = 22 22\
(1-%)(-%)

For p = oo, the space L>°(R?, ,,, H) contains essentially the bounded measurable functions f with norm || f|sc =
A — !

The primary space L?(R? , H) is endowed with the usual definition of the left-quaternionic inner product
t1,t2

(10)

e = [, F@ 5@ 1) (1)

t1,t2°
t1,t2

for f,g € L*(R? ., H). (It is a (left) quaternionic Hilbert space with the associated norm Hf”L?(Rfl,tQ,H) =
1/2
o ) foge )

ty,t2”

Definition 2.8. Let C“(betz,H) be the space of smooth quaternion-valued functions defined in beb. We
further denote by S(Rgl,th) the Schwartz space of all rapidly decreasing H-valued smooth functions on thhtz:

S(thtyH) = {f S C“(Rfl’th) : sup  |z® 85f(:13)| < oo} ,
where a = (a1,a3) and B = (B1, B2) are multi-indices of non-negative integers such that z* = z'z5* and
B _ o2
o f = 5

xfl 8x§2 ’



The hyperbolic partial derivatives Oy, f/0x; (i = 1,2) in Definition are constructed from by

onf flry @€, 20) — fay, 1)
oy 707 = 1) 6

and ,
Lf(mth):hm f($1;m2@€>—f(xl’x2).
8172 e—0 c

For later purposes (see Section [4] below), a hyperbolic counterpart of Lebesgue’s Dominated Convergence
Theorem for quaternion-valued functions is given in the following theorem.

Theorem 2.2 (Lebesgue’s Dominated Convergence Theorem). Let {f,}22, be a sequence of measurable H-
valued functions defined in R?Ltz' Suppose that

1. the pointwise limits f(x) = limy o0 fn(x) exist a.e. on x € RF , ,

2. there exists a nonnegative h-integrable function g: R7, , — [0,00) such that |fn(x)| < g(x) a.e. on x €
R, ,, and for all n € N.

Then, f is in L'(R?, ,,,H), as is f, for each n, and

lim Fo ) dpny 1y () = / £() dpsgy 10 (2):
" JRS, L, R?, ¢

Proof. This is proved similarly to its complex version. Since |f, ()| < g(x) a.e. on € R} , , for all n € N, and
g is h-integrable, it follows that

/ )] ey () < / o) dpe, 12 (z) < oo,
R2 ]RZ

t1,to t1,tg

Hence, f, is h-integrable for each n. Similarly, | f(z)| = lim,— o | fn(z)| < g(x) implies that f is h-integrable as
well.

Now, since |f,(z)| < g(x) a.e. on R , , for all n € N, then it follows that each component of fy, say fn.
(i € {0,...,3}), satisfies |fn(x)| < g(x) and lim, o0 frni(2z) = fi(x) for each i € {0,...,3} a.e. on R ;, and
for all n € N. The rest of the proof follows from the Lebesgue Dominated Convergence Theorem for real-valued
functions f,; € L'(R? ,  R), and so

ti,t2)

lim fn,i(‘r) d:uthb (1‘) = / fl(l‘) dlu’tl’tz (:L‘),
nee ]R?l,tz waz

which establishes the statement. O

When t,ts — +00, the above theorem reduces to the corresponding result for quaternion-valued functions
defined in the whole space of R? (see [21]).

3 The partial QHLCTs and their properties

In this section, we introduce the definition of the right-sided partial QHLCTs and give their properties for
functions in L'(R, ,,,H). We further establish the Riemann-Lebesgue Lemma for the partial QHLCTSs, which
prescribes the asymptotic behavior of these transforms, and the Plancherel and Parseval Theorems. Besides, a
result will be proven that gives an inversion formula for the partial QHLCTs. The treatment given here is a
generalization of that considered by Kou et al. in [I7] and [I8].

3.1 Definition

Partially motivated by the results of [10], we will now introduce a four-parameter family of quaternionic hyper-
bolic plane waves on R;. (Only three of those parameters are free since there is a constraint involving the four
parameters.)



Definition 3.1. Let t1,t5 € RY, and let Ay = (ag,bx;ck,di) be 2 X 2 matrices of real parameters satis-
fying apdy, — bper, = 1 for k = 1,2. For (wy,w2) € R? and (z1,72) € beh, the four-parameter families
{K,i41 (aL“l,oJl;tl),Kf42 (x2,wa;t2)} of 1D quaternionic hyperbolic plane waves are defined by

iwgty
jo1 2 d1 2 (147 26
. 1 olop %1 oloe @t ;11 , by 7,5 0,
Ky, (z1,wi3t1) = ¢ V2l =% (12)
sc1dy 2
d1 elmz w1 (5(&1 —dl wl), bl :O,
and
__dwata
sag 2 sdy 2 (1472 2b2
5 1 T gy 2 . by #0,
KAz (172,0.)2;t2) = V27b2j -5 (13)
scody 2
\/dge‘] 2 W2 5(@2 —d2o.)2), b2 ZO7

where § is the Dirac delta function. (Note that 1/vi=e 1%, 1//j=e9%.)

When by, # 0 for k = 1,2, it turns out that we can write and as

@
L et (1)
K% (z,wi;ty) = e (akzk + due}) o T
Ak( ks ks k) 27Tbkq
L (et - aor fd) (19

\/27Tbkqe ’

2 2
where e (anf +dief)

can be interpreted as quadratic modulations in both the hyperbolic spatial and frequency
domains. Here ¢ =i for k =1 and ¢ = j for k = 2. (We will often adopt this notation throughout the paper.)

In the limiting cases by — 0, we use the well-known representation d,, (z;) = 1/(\/ﬂpk|)e’@k/”’“)2 with
pr = (2bkq/ay)"/?, combined with the fact that 1/a, — dj, as by — 0, to show that

a w2 e
K, (zr,wrsty) = #eqﬁ@fﬁ) I3 Wi

V2mby, q
1 Wi k,2
= —09 ( — 7> 950, Yk
v T g )
— dy eq%“i d(zy, — drwi) as by, — 0.

When (ag, bg; cx,dg) = (0,1;—-1,0), reduces to the ordinary quaternionic hyperbolic plane waves (with
regard to this special case, see [10]). From now on, we will omit the dependence of on the parameters ¢y
and write Kquk (2, wy) instead of Kflk (g, Wi T )-

When by, # 0 for k = 1,2, these kernels satisfy the following differential relations

ngik (xk,wk) = (dkwk + qbkawk)Kf‘k (xk,wk) (15)
0
—axhk Kj, (vg, wr) = (ckwrq — ar0u, ) K, (T8, wi) (16)

which are the hyperbolic analogs of the relationships verified in the Euclidean setting. Thus, it is possible to
relate the QHLCTs we will develop in this paper with quadratic hyperbolic quantum systems (see, e.g., [32
Sec. 1.2.2] for more details).

The following proposition summarizes some useful properties of . (Many of these properties are similar,
more or less analogous, to the properties of the corresponding 1D quaternionic Euclidean plane waves in the
QLCTs. For this reason, we shall be brief and omit details unless essential differences in statement or proof
make the contrary necessary.)

Proposition 3.1. Let Ay = (a, bg; ck,di) be 2 X 2 matrices of real parameters satisfying ardy — brer, = 1 with
by #0 for k=1,2, and let t, € RT for k =1,2. For wy, & € R and xy, yx € Ry, , we have

(i) ng(xk’wk) = K%,k (Wi, k), where By = (dg, by; ek, a),
(i) K%, (Sxp,wi) = K}, (vk, —wi),

(it)) K%, (Ozk, —wi) = K (Tx,wr),



(iv) K3, (zx,wr) = K¢, (wg,wr), where Cy = (ay, —bg; —cp, di),

o D &, — Sk g2
(V) K4, (op,wp + &) = Y70 Kik(wk,wk)KZ,k(mk,&)eq(bk Kok "”’k*k),

'S — Ak 2
(Vi) K4, (00 ® yp,wp) = Y72 K4, (xk,wk)z(gk(yk,wk)eq(bkwk st t)

1
\27mbi q

(viii) thk Kff‘k (wk,yk)ng (yk,wk) dp, (yr) = KJquAk (xg,wy), where DAy corresponds to matriz multiplica-

ag 2 1 dy 2)
. . XL — T TErWE + 5w
(vii)  lim K9 (zg,wi) = eq(%k kB TRER T2 k)
tr—>+00 k

tion.

Proof. The first five properties can be directly verified using Deﬁnition To prove Property (vi), we consider
2/t = tanh(ay) € (=1,1) and yi/tp = tanh(Bx) € (—1,1). On account of the addition formula

tanh(ay) + tanh(By)
1 + tanh(ayg) tanh(B)

= tanh(ag + By),

and the fact that

/v~ =1/v=q, (17)

we readily get

K, (xr © yg, w)

a d,
_ # eQ(WIZti(ak-‘rﬂk)z - itk(ak-i-ﬁk)wk + ﬁwi)
V2mby, q
a 2 d 2 / a 2 a
— 1 Q(ﬁﬁk_ %kﬁkwk+ﬁiwk) 27Tbk 1 q(ﬁgk_bikgkwk-'—ﬁ&kgk)

—€ —€ s
\/27Tbkq Vv —q \/27Tbkq

from which the statement follows.
Property (vii) is based on the following limits computed using L’Hépital’s rule:

. — . Tk

lim tptanh ™' (2x/t;) = 1

o I B tanh ™ o /t) = Mmooy
tlc

= Tk.

To prove the reproducing property (viii), we first extend the definition of the hyperbolic plane waves
ng (zk,w) from (z,wr) € Ry, X R to the whole space of R%. The rest of the proof follows the same reasoning
as in the Euclidean case. O

Due to the non-commutativity of the quaternions, different formulations are possible for the partial QHLCTs
of quaternion-valued signals. We introduce the following definition, which gives the hyperbolic relativistic
counterpart of the right-sided Euclidean partial QLCTs introduced in [I7]. (The derivation of the left-sided
partial QHLCTS is also possible, but we do not dwell further here on this structure.)

Definition 3.2 (The right-sided partial QHLCTSs). Let Ay = (ax, bx; ¢k, dr) be 2 X 2 matrices of real parameters
satisfying apdy, — brey = 1 for k = 1,2, and let (w1,w2) € R%.  The right-sided partial QHLCTs of f €
LY(R, ,,,H) are defined as

ﬁin(f)(whxz): & f(ffl,xz)Kkl(ffl,wl)dﬂtl(xl) (18)

and

'C.i42(f)(x17w2): . f($1,$2)Kf42(x27w2)dﬂm(f@)- (19)

Here Kff‘k (zg,wr) for k = 1,2 have the same meaning as in . We refer to (x1,x2) as hyperbolic space-
variables and (wi,ws) as angular-frequency variables.
Notice that when by = 0, the partial QHLCTSs reduce, respectively, to

cy1dy w2

LYy (Hlwr, z2) = Fdywy,w9)\/dy ezt




and
codg

£ (f) (@1,ws) = far, dows) /o & 5542,

which are essentially chirp multiplications and are of no particular interest for the objective of this work.

Therefore, from now on, we shall confine our attention to the cases by # 0.
According to Definition [3.2] since

1
\/27T|bk|

for all (z1,22) € R7 ,, and (wy,w2) € R?, it follows that if f € L'(R? ,,,H), then the partial QHLCTs are
well-defined, and the integrals and converge absolutely.

We shall observe that the factors in and must be written in a fixed order since the kernels Kzi‘h
and K ;'42 do not commute with every element of the quaternion algebra.

|f(x17x2)K?4k (l'k,wk)l =

|f(z1,22)] (20)

The particular cases when A; = (0,1;—1,0) yield the following result involving the basic properties of the
partial Quaternion Hyperbolic Fourier Transforms (hereafter referred to as the partial QHFTs). (Although the
proofs of the statements can be found in [I0], we will include them for completeness.) Applications of these
properties will be given in Section

Proposition 3.2. Let (wi,ws) € R?, and let the right-sided partial QHFTs of f € L'(R7, ,,,H) be defined as

]:i(f)(wlv 1:2) = f(x17x2)eiiwlgl d:uh (561), T2 € Rtm (21)
Ry,

FIf) (@1, we) = f(@1,22)e %82 dpy (22), 71 € Ry,
R,

The following properties hold:

1. (Partial h-derivatives) Let m,n € N. If f € S(R, ,,,H), then

mn

fi(‘f)a;fl f(x1,x2))(w1,x2) = ]:i(f)(whxg) (iwy)™,

ij(%f(th))(xhw) = F(f) (@1, w2) (jw2)"

n
oxy

2. (Riemann-Lebesgue Lemma)
Ff) (w1, 22) = 0 as |wi] — o0

for all xo € Ry,, and
]:j(f)(xl,u@) —+0 as |we| = o0

for all x1 € Ry, .

3. (Inversion) For a.e. on (x1,22) € R} ,

flan ) = PP (Dara) = 5 [ P rza)e = don (22

whenever the integral exists. A sufficient condition for the integral to exist is that Fi(f) € L' (R x Ry,, H).
(A similar statement holds for the transform F(f).)

Proof. Bearing in mind that

% efio.n&l — 7iw1 efiwlgl (23)
then, by induction, for f € S (Rfl’b, H) the integration by parts formula yields
alrmn —iwiz m G}T —iwx
(g florae)) e B dpn, () = (=)™ | flarwa) (Fhme ™) duny (@)
Ry Ly Ry Ty

= F(f)(wr,22) (iwr)™.

The second equality can be established analogously.



We now prove Property 2. Using the change of variable

— —

T+ mjw =y, Sy =31 O T/w,

where

7% = t; tanh <7T£W1> )

1

direct computation shows that

Pz =— [ flana)e ™ @) du, ()

R,y

- _/ f (yl S 7T/lexz) e dpit, (yl)
R

t1

Therefore,

e

2 }fi(f)(wl,iﬂzﬂ = |/]R (f(x17x2) —f (551 @W/Wla$2>) e iz dpg, (1)

S/R ’f(fﬂl,m)*f(ml @7;7(;175”2)‘ dpar, (1)

Since f € L'(R, ,,,H), by dominated convergence theorem, it follows that

lim  Fi(f)(wy,z2) =0

Jwi | =00

for all x5 € Ry,, which establishes the statement.
By inserting (21)) into (22) and using the relation §(z; —y,) = 6(21 — y1), it follows that

1 i i 1 iw
*/]'—l(f)(wl,@)@ml&l dw; = fly1,z2) (/ 1 dwl) dpe, (y1)
™ JR Ry 2m R
1

= fQyr, 22)0(zy —y,) die, (1)

R,
= f(x1,72),

which proves Property 3.
This completes the proof of the theorem. O

Remark 3.1. It shall be noted that Property 1 remains valid whenever f € L'(R7 , ,H) and the m-th partial
h-derivative of f with respect to the variable x1 (resp., the n-th partial h-derivative of f with respect to the
variable x3) exists and is in L'(R7, ,,, H).

We are thus led to the following remarkable relationships between the partial QHLCTs and the partial
QHFTs.

Lemma 3.1. Let Ay = (ag,br;ck,dr) be 2 X 2 matrices of real parameters satisfying apdy — bre, = 1 with
b #0 for k=1,2. If f € L*(R? ,,,H), then

i i 1 181 2 w 41,2
EAl(f)(UJ]_,.'L'g):]: (f(xlaxQ) \/Fb]_ie 2171)(1)7117'%2)6 2 (24)
and
, : 1 e, Wa\ iz 2
J — T J 25, L2 22 ) d 2y W2
£A2(f)($1,WQ) F (f(xlva) \/szje )(1’13 b2)e . (25)

Proof. By the definition of the partial QHFT of f € L (Rt1 +,» H), we have, as is easily seen,
1 2

i iol g2 —ifly W
(D) = ([ (Faran) oo )R () )
t1
i 1 iglz igLg,
=7 (f(xhl”z) == € 2”11’?> (ﬂ,ﬂh)e e,

\/2mbi b1
An argument similar to that used leads to the statement for EJ;% (f)- O
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3.2 Properties, Plancherel’s Theorem, and inversion formula

In this subsection, we study the elementary operational properties of the proposed partial QHLCTs, which will
be used to establish the properties of the right-sided QHLCT in Section [l In the following considerations, we
again assume that by # 0.

Proposition 3.3. Let f € Ll(Rme,H), and let (x1,x2), (y1,y2) € beh, (w1, ws), (01,02) € R2, and A\, \y €
R\ {0}. Then

1. (Hyperbolic translation)

Ly (f(@y ® o, w2)) (W, @) = Loy, () (w1 + ary,, xz)e o m 505,

L, (F(x1,22 © y2)) (@1, w2) = Ly (f) (21, w2 + agy, e 32 (22 F55),

2. (Modulation)

.diby

Ly (f(w1,32) 1) (wy,20) = Lo () (w1 — by, 20) e 2 oF et

dobo eg

EjAz (f(w1,22) @ibez)(%,w) = EjAg(f)(iFl,wz — bayb) e

6jd2 02&)2 .

3. (Hyperbolic dilation/scaling)

341(f(/\1 ® r1,22)) (w1, x2) = ﬁﬁbl(f)(%7$2)a
ﬁiqg(f(xh)\g ® x2))(21,w2) = ﬁﬁéz(f)(xh %))

where By, = (ak/)\i7bk;ck,dk/\%).
4. (Symmetry)

W, (f(ex1,22)) (Wi, w2) = Ly (f)(—wi,22),
Ly, (f(z1,022))(21,w2) = Ly (f) (@1, —w2).

5. (Additivity)

6. (Reversibility)

L, (B0 =L (L)) = 1.

7. (Partial h-derivatives) Let m,n € N. If f € S(R?, ,,,H), then

a2~ () g 5 ) o,
w;ﬁ;%(f)(xhw) =F (5833}2 <f(z1’ 72) %bz.] ej%ﬁg)) (xlv %22) (_b2j)"ej2%w§.

8. (Riemann-Lebesque Lemma)
Ly, (f)(wi,22) =0 as |wi] = o0

for all o € Ry,, and
L, (F)(x1,we) =0 as |w| — oo

for all x1 € Ry,.

11



Proof. The first property follows by using the change of variables z @y = zx for k = 1,2 (which are equivalent
to xx = 21 © yi) together with the hyperbolic translation invariance property of the hyperbolic measure ([10)
and Property (vi) in Proposition

Property 2 follows directly from the definition. To prove Property 3, we make the change of variables
Ak @ x = yg for k = 1,2 (which are equivalent to z; = (1/Ag) ® yx.) Since

A (1 3 yj)—l
cosh® (A tanh ™" (yi, /1)) t2

gives the Jacobian of the change of variables, then by direct computations, we obtain

1 1
d:utk (Yk by y1> = m d:utk (yk)’

which establishes the statement.

The property of symmetry follows from the previous one.

Now, we prove Property 5. We can naturally extend Definition [3.2] of partial QHLCTS to all functions in
L'(R? H) so that a composition of two transforms can be made. With regard to this fact, we combine Fubini’s
Theorem and Property (viii) of Proposition to obtain

By (L, () (w1, 22)) (wi,m2) = A Ly (f)(y,,x2) Kp, (y,w1) dp, (y1)

= f($1,$2)(

Ry,
= L, 4, (/) (w1, 22).

A Kixl(iﬂlayl)KJiel(yl,wl)dutl(yl))dutl(v’cl)
ty

A similar computation can likewise be used to prove the Property of additivity for the other partial QHLCT.
The Property of reversibility is an immediate consequence of the Property of additivity.
We now prove Property 7. By , for f € S(betw H), the integration by parts formula yields

gy (Fo1003) g 0 Yonan) = [ (s (o) g 450 ) 20t o)

1 [ o i
1 g? ( h €7l£1w1)d,u,t1(f£1)

e' 21
oxt

#

N
>

=
|8

e 21’1*1) (w1, z2) (iw)™. (26)

By combining and , the statement follows.

For the proof of the Riemann-Lebesgue Lemma, we use a density argument as in the classical case and
assume that both f and (9,/0z1)f are h-continuous with compact support. Obviously, such functions form a
dense subspace in L'(R7, , ,H).

By assumption f € L'(R? ,,,H), then

t27

1 12l o2
Jama e LR T,

Combining Lemma [3.1] and Proposition direct calculation leads readily to

f(xy,12)

128, ()] = [P (Fr.a) S H050) ()| 0

as |wi| — oco. Hence,
lim £ (f)(w1,22) =0

Jwi|—o0

for all zo € Ry,.

12



Now, for any given € > 0, we approximate f € Ll(Rf1 ¢ H) by a compactly supported and smooth function
fe- We choose such an fe so that || f — fellpigz . @) < e By (20), we find

t1,tg?

tim sup (2, (o] € T | [ (F@ras) = fioraa) K (on0) don @)

Jw1|—00 |wi|—o00

+ lim

\wl ‘A)OO’ Rtl

1

<—c
\/27T|b1|

e, w2) IS, (o1, ) e, ()|

for all x5 € Ry,.
Since this holds for any arbitrary ¢ > 0, the statement follows. (A similar statement can be proved for

£y, () O

Now we establish a Plancherel’s formula for the partial QHLCTSs, which shows that Eih (f) and EJ;% (f) are
unitary operators on L?(R x Ry,, H) and L?(R;, x R, H), respectively. (We shall return to this result in Section
[ where it will be used to establish hyperbolic counterparts of the Plancherel and Parseval Theorems for the
right-sided QHLCT.)

Theorem 3.1 (Plancherel Theorem for the partial QHLCTS). Let Ax = (ag, br; ¢k, di) be 2 X 2 matrices of real
parameters satisfying apdy, — brcy, =1 with by # 0 for k=1,2. If f,g € L' N L*(R?, ,,,H), then

(fs9)r2 RZ . .H) = kl(f)aﬁiAl(g»LZ(RxR,z,H) (27)
and
(e, 1 = (Ch, (9 L, (9)) 12w, xR 8- (28)
In particular, if f = g, Parseval’s identities read as
1o e, ) = 1LY, (N)llz2 @xre, 1) (29)
and
1f 12z, .y = €%, (D2, xz8)- (30)

Further, the map f — Ehl(f) (resp., [ +— £f42( )) has a unique extension to a continuous linear map from
L?(R, ,,, H) into L*(RxRy,, H) (resp., L*(Ry, xR, H)) and (resp., (B0)) holds, whenever f € L*(R? ,  H).

Proof. Combining Fubini’s Theorem with the definition of the quaternionic inner product, we obtain
(L, () Lo, (9) 12 ®xRy, 1)
= [ ) B @) ma) o a2)
Ry,

[ [ fnwa) ([ K e K G don) glor,22) dus, () die (1,22
R? to Rh R

= / f(xl»xz)eiﬁ@ligl)(/641’1 v, El)dwl) 9(y1,22) dppe, (y1)dp, 1, (21, T2)
27Tbl R2 Rtl R

[

t1,t2

fl1,@p) 75 @78 oy, — £1)dut1(x1))g(y1,xz)dutl,tz (y1,22). (31)
Ry,

Bearing in mind that
5@1—&1):5(?}1—371)7 (32)
it follows that

§2L (2 g2
Flar, o) €0 EW 5y — x)) dpg, (1) = f(yn, w2). (33)
Ry,

Now, putting all these facts together, we can simplify to

<£i41(f),£iAl (g)>L2(RxRt2,H) :/ flyr,22) g(y1, x2) dpig, ¢, (y1,22)
RZ

t1,t2

= (f,9)r2( (B3, ., H)"
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For the second part of the statement, we shall first notice that the left-linearity of the map f +— £f41 (f) on the
whole of L}(R x Ry,,H) follows from the linearity of integration. Now, we prove that the map is one-to-one.
Suppose that f,g € L' N L*(R7 ,,,H) are such that £f41(f) = 5241(9)- Then Ehl(f — g) = 0 by linearity, so
1cy, (f — 9|2 (xR, 1) = 0. Hence, by Parseval’s identity, ||f — 9||L2(R?1,t2’H) =0,and so f =gae onR7 , .
Now, let f be in L? (R%htz,R) but not in L' OLQ‘(REDQ,R). Since L' N L? (Rt217t2,R) is dense in LQ(R%)Q,R),
there exists a sequence (f); € L' N L*(R?, ,,,R) such that [|(f); — fllz2r2 , ) — 0. By Parseval’s identity,

t1,t2”

1L, () = (Lo, (Fmllz@xre, 1) = 1) = (Hmllz@e , )

t1,t2”

and hence (£} (f)); is a Cauchy sequence in L?(R x Ry,, H) that converges to some function in L*(R x Ry, H),
which we still denote by £ (f). Then we have

||£iql(f)||L2(R><]Rt2,H) = Jlggo ||(£E41(f))j||L2(RxR¢2 H) = ]lggo ||(f)jHL2(R,?l1t2 R) = ”fHL?(R,?l‘tZ,R)'
Finally, let f € L? (R%17t2,H). The previous argument can be extended to every component f; of f in @ and,
hence, £Y € L*(R x Ry,,H). The statement is thus established. O

The following preliminary result will be useful to prove the inversion formula stated in Theorem (Such
an approach to the inversion differs from that used in [10].)

Lemma 3.2. Let by (k= 1,2) be positive constants. Then

3 (8%
a 2 SIN( — ap .2
lim 920, (@x—Y,) 7( O gk) A, i
a—r 00 Rtk

dpw, (yx) =me
Yy

a

. 2
Proof. A first observation shows that the QHFT of the function f(z;) = 12721 exists in view of the fact that

A

. sin(&y b b b b
/ eiwiz, M d,utl(yl) — 71/ e—ljlmul sinc(ul) duy = nm reCt(flwl),
R a Jr Q (07

. 2 . in1/2 . b 2
elnglzl ez g — (27Tb11) / 6_1ﬁw

1

iQQTIQ? *iwlwld _
et eionss () =

R ai

t1

But since

where rect is the rectangular function given by

1, if Jwi| < a/by,

by
t _— =
ree (a“’l) {0, i Jwr| > a/by,

we have, after applying the convolution theorem,

: [e]
. a SN —
iggy (z,-y,)° (5,9,

dpae, (y1) = lim (F)7HFi (el

«

)(eon) F(sine(y-y)) ()] (1) -

lim e
a—r 00 ]Rtl yl
. a1 2

— () R

. 2

— el

This establishes the lemma for k¥ = 1. An argument similar to that used leads to the statement for £k =2. [

We now derive an inversion formula for the right-sided partial QHLCTSs. The result shows that the kernels
of the inverse transforms are obtained from the kernels of the forward transforms by replacing the matrices
A = (ag, by; ek, di) with Afl = (dg, —bg; —ck,ar). (In the large limits of ¢; and to, ie., t1,toa — +o00, the
inversion formula reduces to the corresponding result for the Euclidean right-sided partial QLCTs; see [I7].)

Theorem 3.2 (Inversion theorem for the right-sided partial QHLCT). Let A; = (a1,b15¢1,d1) be a 2 x 2
matrix of real parameters satisfying a1dy — bicy = 1 with by # 0, and let f € Ll(Rflth,H). Suppose that f is
h-continuous except for a finite number of finite jumps in any finite interval and has the self-averaging property

14



flzyy) = (1/2)(f(zT,y) + f(z™,y)) for all (z,y) € Rflvtg, The inversion formula for the right-sided partial
QHLCT is

[e3

f(xo,y) = lim 3 Ezl(f)(wl’y)Kill—l(wl’xo)dwl (34)

for every xog and y where f has finite left and right partial h-derivatives, whenever the integral exists. In
particular, if f is piecewise smooth (i.e., h-continuous and with piecewise first-order h-continuous derivatives),
then the formula holds for all zo € Ry, and uniformly in y. Further, if £, (f) € L*(R x Ry,,H), the inversion
formula takes the form of the absolutely convergent integral

f(:co,y):/Rﬁhl(f)(wl,y)Ki‘f(whxo)dm.

(A similar statement holds for the transform EJ;% (f).)

Proof. Let g € Ry, be a fixed number and assume without loss of generality that b; > 0. By and Fubini’s
Theorem, direct computations show that

Hangie) = [ L, (D) (or,0) dn

—x

—x

= / ( flz1,9) Ky (21, w01) dpg, (21))—7(}1 (w1, To) dwy
R, 1

= f(z1,v) (/f KiAl(Zhwl)KiAfl(whxo)dwl)dﬂtl(zl)

Ry,
. a 2 2 & cw
= f(Zlvy)(Q 2 elﬁ(zl_%)/ elﬁ(go_gl)dwl)dutl(zl>
R¢, o1 —a
oy o SiD (l%(zo - z1) a1,
== Flz1,y) o : dun(zl))e e
Re, Lo — 21

)2 sin(zruy) ay 2

dpit, (Ul))e_imgo-

™

l( f(zo ©u1,y) ¢l (ot
Re, Uy

From Lemma [3.2] it follows that

2 t1 1231 (0 g )2 sin(gg ) {81 .2 _
; (/0v f(.’l?() S Ul,y) € 2b11 o) ubill d:utl (ul))e 2b1170 - f(l”o 7y)

= 2(/0 ! (f(xo@ul,y) _f(xo—,y)) i (20—

™

sin( X . a
IR g ) )i (3)
Uy
as a — 00.

We proceed by splitting the integral on the right-hand side of Eq. into three terms:

2 B — . s ag _ 2 _say 2
= (/ (f(xo Suny) = fwg ’y)>e’2b11 (@o—)" gip 291 dutl(ul))e 1207 Zo
0 b

s Uy

t o
+ g( 1 f(xO © ul,y) eizaTll(Eofﬁl)z M
TN B u

e sin(2u »
- QL flzg,y) (/ e‘ﬁ(&)*HlFM d/%(zq))e“ﬁlg
T

1 Uy

.a 2
dpt, (Ul))eﬂﬁlo

=1L +1,—Is.

Taking account of

1, sin(#u t ;o b1, )2 si
/ enﬁ@ofﬁl)z M d;u'n (Ul) = / elﬁ(ﬁofﬁb) SN vy th1 (Ul) =0 (36)
1 Uy 5 ®B1 U

as a — oo, we find that the term I3 tends to zero as by > 0 and o — co.
Now let € > 0 be given. Since f € L'(R, ,,,H), there exists a number ; € Ry, such that

2

™

t1
/ (@0 © w1, )| dpny (ur) < e.
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Thus, it follows that the term I is bounded:

> sin(&u . a
) )15

2 b 19l (p g
12| = ’;(/ Flao & uy, y) ' Fom )
B1

t1

Uy

2

= s, |f(zo © ur,y)| dpg, (u1).

Now, we see that the function in the term I,

flwo©ur,y) — flzg,y)
Uy

g(ulvy) =

is h-continuous except for jumps in the interval (0, 51) X Ry,, and it has the finite limit

v o flweouny) — flzg,y)  Of
g(o 7y)_u1h_r)%+ Ql - axa,(xOuy)

This means that ¢ is uniformly bounded in y and thus is h-integrable on the interval. By Property 8 of
Proposition we conclude that I; — 0 as 31 — ¢;.
All this together gives, since € can be taken as small as we wish,
2 t1 cay e sin(Su ey o
=( / (20 © ) e omw* D5 21) dpu, (wn) ) e 50— [ (a5, y)
™ 0 Uy
as a — oo.
A similar argument also implies that the corresponding integral over the interval (—t1,0) tends to f(zd,y)
uniformly in y.
By taking the mean value of the two results, the statement of the theorem is completed. O

4 The right-sided QHLCT

In this section, we introduce the definition of the right-sided QHLCT associated with two-dimensional quaternion-
valued signals and study some of its elementary properties, such as the Riemann-Lebesgue Lemma, the Plancherel

and Parseval Theorems, and an inversion formula.

4.1 Definition and properties

The right-sided QHLCT, which gives the hyperbolic counterpart of the corresponding Euclidean right-sided
QLCT [17], is based on two distinct families of 1D quaternionic hyperbolic plane waves of the form 7 each
depending on a different quaternion basis unit (an essential feature to maintain the separation between the two

dimensions).

Definition 4.1 (The right-sided QHLCT). Let A = (a,bk;ck,dr) be 2 X 2 matrices of real parameters
satisfying apdy — bpcy = 1 for k = 1,2, and let (wy,ws) € R2. The right-sided QHLCT of quaternion signals f
are defined as

Jp2  flzr, @)Ky, ($1,w1)K§42 (w2, w2) dpig, 1, (@1, 2), bi,ba #0,
t1,to

! sc1dy 2 H
Ei,j (f)(wl,UJQ) _ \/IIRQ f(dlwlﬂxQ) el'Twl K;]42 (1'622;:‘}22 d:u‘tQ (1:2)’ by = Oa ba 7é Oa (37)
(A1,42) \/£th1 f(x17d2w2)K:41 (xl’wl) el d:utl (331), bl # Oa b2 = Oa
vV d1d2 f(dlwl,dQWQ) ei%w%@j%“)g, bl = b2 =0.

Here Kqu (zg,wk) for k = 1,2 have the same meaning as in . A sufficient condition for the integrals to
exist is that f € L'(R?, ,,, H).

The following lemma shows that the right-sided QHLCT separates a real signal f into four quaternionic
components, i.e., the even-even, odd-even, even-odd, and odd-odd components of f.
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Lemma 4.1. Let Ay, = (ag, br; ¢k, di) be 2 X2 matrices of real parameters satisfying apdy —bicp = 1 with by, # 0
for k =1,2. The following closed-form representation of the right-sided QHLCT of a function f € Ll(thl,tQ,H)

holds:

L3 4y (Dwr,wn)

- % ®?, ., UCHED Zli cos (;bllx% a bll&lwl * dellwf) cos <2ab22x§ - é§2w2 + ;;2“-’%) 22j dpty b, (21, T2)
* % R2 flzy, ) \/;7 sin (;blle %%wl + 2b11 W%) cos (;;236% %szz + 2b2 w%) 11)2j dp, 1, (21, 22)
+ % w2 f(wy, x2) JTll cos <2ablﬁ %glm + 2db11w%> sin (;Zxé i&QWZ + 2622 w%) 22j dpe, 1, (1, 22)
+ % -~ f(wy,22) \/llel sin <2ablle - %lwl + ;Zbllwf> sin (;{izg bl Zowy + 2db2 w%) 11)2j dpie, 1, (21, 72).

(38)

Figure [I] shows some of the basis functions of the QHLCT in the hyperbolic spatial domain. The frequency

parameter is modified from image to image.

Figure 1: The small images are intensity images of the basis function of the first component in (38)), up to
the dilation and phase factors 1/+4/b1i and 1/4/b2j, with parameters t; = 20 and t; = 10, A = (5,3;3,2),
wy € {7/2,2r}, and wy € {7/4,87}.

A relationship between the right-sided QHLCT and the right-sided partial QHLCTSs follows.

Lemma 4.2. Let Ay = (ag,bk;ck,dr) be 2 x 2 matrices of real parameters satisfying ardy — bre, = 1 with
b # 0 for k=1,2, and let (w1, ws) € R?. The right-sided QHLCT of a function f € L*(R? ,,,H) is obtained
from the composition of two right-sided partial QHLCTs of f as follows:

Ei(fll,Az)(f)(Cthz) = EJ;% (LY, (f)) (wi,ws). (39)

Proof. According to Definitions [3.2] and direct computation yields to

L8 ) (D) wr,wz) = / ([ flnw)Kh, @rwn) du, (0) ) K (@3, 02) dp, ()
Ry, Ry,

= | LY, (f)(wr,22) Ky (22,ws) dpue, (22)
Re,

=0, (LY, (f)) (w1, ws2).
O

The following proposition describes the fundamental mapping properties of the right-sided QHLCT. (We
assume here that by # 0 for k = 1,2 as before.)
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Proposition 4.1. If f € Ll(Rfl’b,H), then

1. £

(A1, As) is bounded and uniformly h-continuous (and hence a measurable function).

2. (Riemann Lebesgue Lemma)
lim £2%1’A2)(f)(w1,w2) =0

|wi|—o0
for all ws € R, and
lim EE:‘!‘hAZ)(f)(wl,WQ) =0

|wa|—00

for all w1 € R.

Proof. In view of Definition and , it follows that

1

Li,j , < —
| (Al,Az)(f)(('u1 wo)l < 27/]b1ba|

T T (10)
which shows that the transform is bounded.

We pass now to the uniform h-continuity of Ez’j‘} : A)(f). Since h-continuous functions are uniformly h-
continuous in compact sets, it suffices to show that 52’}41 Az)( f) is h-continuous at every point (wq,ws).

Direct computation shows that

Ezixl,AQ)(wl + p1,w2 + ,02) — £21.1417A2)(W1,w2)
= /2 f(x, 1) (KLI(CULM + PI)K;iq (w2, wa + p2) — Kfql(l’hwﬁKfq (w2, w2 + ,02)) dpiey 2, (21, T2).
Rtl.tZ
For any p1, p2 > 0, the integrand is dominated by a constant multiple of | f(z1, z2)|. Now, since the factor inside
the parentheses tends to zero, by Theorem [2.2] we find
pl}ggo(ﬁiil,,qz)(wl + p1,w2 + p2) — EEZZ\I,Az)(WhWQ)) =0.

This establishes the statement of uniform hA-continuity.

For the proof of the Riemann-Lebesgue Lemma, we use a density argument similar to Property 7 of Propo-
sition and assume that both f and (9;,/0z1)f are h-continuous with compact support. Such functions form
a dense subspace in L'(R? ,,,H). Combining Lemmas and we find the relation

£ (Deorsn) = B (L, () eor,m2) e 39553 (i, 22 ) 51 “
(A1,A2) ’ A1 ’ V2mbaj " by

Since f € L'(R7, ;,,H), then

1 .

i 22 42
;\1 (f)(wlva) \/szj 6‘]%2272 € LI(R X Rt'sz)

for by # 0.
Now, according to Property 2 of Proposition it follows that

|£i(:’l17A2)(f)(w1,w2)| = ‘]:j( hl(f)(whﬂ?z)\/%szei%b) (wl, %)’ =0

as |wi| — oco. Thus,

i L8 4y () =0

for all we € R. Similarly, we can prove that

lim £i(£\1,A2)(f)(w1’w2) =0

|wa | =00

for all w; € R.
For any given € > 0, there exists a function f. in the above-mentioned dense class, such that

If = felloime , my <e

ty.tp’
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Thus, under these conditions, by , we obtain

ij ij 1
|£ (A1, As) (f)(wr,w2)] < |£ (A1, As) (f)(wr,wa)| + If— fs”L R, .. .H)
2 |b1b2‘ L

1
————c.
271'\/ |b1 bg‘
On account of the result just proved for the density class, it follows that

. 1
lim |£}) wi,w)| < ————¢
w1—>io<>‘ (A17A2)(f)( 1 2)‘ = or |b1b2|

< |£Ej\1,,42) (fe)(wl, WQ)‘ +

for all we € R. Since € is arbitrary, we have

lim L 4 ())(wr,wz) =0

wi—Foo
for all wy € R. Similarly,
lim 'C(’ih,Az)(f)(wng) =0

w2 —+o0
for all w1 € R.
This furnishes the complete proof. O

We will now derive the Plancherel’s Theorem for the right-sided QHLCT. It states that the quaternionic
inner product of two quaternion signals is independent of the domain of description (hyperbolic spatial or
frequency). The primary tool of the proof is Theorem

Theorem 4.1 (Plancherel’s Theorem for the right-sided QHLCT). Let Ay = (ag, bk; ck, dx) be 2 X 2 matrices
of real parameters satisfying axdy — bycy = 1 with by, # 0 for k =1,2. If f,g € L' N L*(R?, ,,, H), then

(F912m = (L0h an (D L0, a0 (9) 222 5)- (42)

In particular, if f = g, Parseval’s identity reads as

ty,to?

1l = 1, 0 (Dl s (43)

ty t27

Further, the map f — E'Al A2)(f) has a unique extension to a continuous linear map from L? (Rtl t,» H) into
L?(R?,H) and ([43) holds, whenever f € L*(R? ,,, H).

Proof. Let f,g € L' N L*(R? ,,,H). According to the definition of the quaternionic inner product and
using the identities and , Fubini’s Theorem, and Theorem we obtain

<£(A1,A2)(f) (Al,Az)( )>L2(R2 H)
/ / / xl’x2 KAl(xl’wl)(Kiz(x27w2) Ki}g(y27w2))
R2 ]R2

t1,t2 t1 t2

X g(y1,y2) Ky (y1,w1) dpae, o (21, 22)dpie, 1, (Y1, y2) dwr duwy

// / xl,.’ﬂg KA (x17w1)<7ej2b2(95§_£§)/e—j%(EQ_EQ)dw2>
R2 L 2 b2 R

t1,to tl to

X g(ylva)Kjih (ylawl) d:u‘tl,t2 (x171.2)d/1't17t2 (ylvyZ)dwl
_ i iz (z5-y2)
- ([ rrwe) K, (o) 050y, — o)) dyu, (2) )
RJRZ IRy SRy,

x g(y1,y2) Ky, (Y1, w1) dpae, (1) dpae, o, (Y1, y2)dwr
L] fnm B ) du @)
R,, “JR,,
X (/R g(y1,y2)Kih(y1,w1)dutl(yl)) dpit, (y2)dwr

= ( Ll(f)aﬁiAl(g»L?(R?,H)

= (192w, ,, 1)-
From this point, the statement that the right-sided QHLCT can be extended uniquely to the whole of L?(R?, H)
follows the same way as in the proof of Theorem This completes the proof. O
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Parseval’s identity shows that the total energy of a signal f(z1,z2) can be obtained by calculating
the energy in the hyperbolic spatial domain or in the frequency domain. As the signal f and the spectrum

Ei(’ih Az)( f) contain the same amount of energy, the law of conservation of energy applies to the right-sided

QHLCT.

4.2 Inversion formula

We now derive an inversion formula for the right-sided QHLCT, which includes the corresponding result of [10]
as a particular case. (This is proved in a similar manner as in [20], but it is necessary to employ the definitions

and (B7).)

Theorem 4.2 (Inversion theorem for the right-sided QHLCT). Let Ay = (ak, bg; ¢k, dr) be 2 X 2 matrices of
real parameters satisfying axdy — b, = 1 with by, # 0 for k = 1,2, and let f € Ll(Rflh,]Hl), The inversion
formula for the right-sided QHLCT given by (37 @ 15

2

1'1,1'2 / LlAl A2 wl,WQ)K‘Afl(WQ,$2)Kj41_1(w1,1'1)dwldCUQ (44)

for a.e. (x1,22) € Rtl,tw whenever the integral exists. A sufficient condition for the integral to exist is that
Ez’ihAz)(f) € LY(R?,H).
Proof. Since by assumption f € L'(R? ,,,H), then £, (f) € L'(Ry,,H) (of the variable x5 € R¢,.) This implies

that
1

cl —_—
A (f)(wl, l‘g) \/szj
Now, since £ (A, A2)(f) € L'(R? H), by identity (4I), we find

fj( 341(f)(w1,$2)ﬁ

Moreover, by the inversion of the right-sided partial QHFT and using again, it follows that

S75%: ¢ [1(R? H).

ej%‘;ﬁ)(wl, . )61%2“’2 € L'(R?, H).

i 1 Jos 12_ 1 J i L i 215 5 3 & JT2a,
£A1(f)(w1ax2)\/me - 27Tb2/]R]: <£A1(f)(W1,x2)\/Tb2jeJ )(wh b2>e dws

1 ij *j(;TQ‘*’S By “J2z2)
= by Jo FChan) (P (s wp)e TR n T duy
for almost every xs.

With these computations at hand, together with (17), we further obtain

s da 2 1 ag 2 1
—J( 25, w2~ 5y W2Zotop, Zh
A1 ) w1, x2) //“:(Al,Az) ) (w1, we)e (22 2 2y )wdwg
m™(—02))

_ /R L5 (P w1, wa) K (w,ws) dovs (45)

2

for almost every xs.
. . . . . . i 1
Now an argument similar to that used above, in combination with and the fact that £}, (f) € L'(R,H)
(in the variable wy), give after some simplification

1 g2 1 i (el oz, )
VI gy Jy P (e ma)e TR d

As a consequence of the last equality, from and Fubini’s Theorem we obtain

J
/

R‘Z

f(xy,22)

fry,m2) = EiAl(f)(thz)KLl—l(whxl)dwl

Li(’jh,AQ) (f)(w17w2)K;i42—1 (w2, I2)K,i41—1 (w1, 1) dwidws

for a.e. (z1,x2) € thtz, which is the inversion formula for the right-sided QHLCT. (Here the interchange
of the order of integration is permitted since the integrals converge absolutely.)
This establishes the statement. O

In the large limits of ¢; and to, t1,t2 — 400, the inversion formula reduces to the corresponding result
for the standard Euclidean right-sided QLCT; see [20].
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4.3 Hyperbolic differentiation properties

In this subsection, we derive some equalities between integrals in spatial and frequency domains involving the
hyperbolic spatial differentiation property of a quaternion signal f and the right-sided QHLCT of f, which
will be used to establish the hyperbolic counterparts of the Heisenberg uncertainty principle for the proposed
transform. (For the proof, we use the techniques of Theorem )

Theorem 4.3. Let Ay = (ag,br;ck,dr) be 2 X 2 matrices of real parameters satisfying apdy — by = 1 with
b #0 for k=1,2, and let f € L"(R?, , ,H). If (On/0xy)f exists for k = 1,2 and is in L*(R, ,,,H), then

ay . 2
) ]—f@l,@) G aif (o) du, (0. 22)

a2 2
/ wi ’[,(Al Ag)( 12”11£1f(z1,m2)) (wl,w2)‘ dwidwy = b2/ o7

R?
(46)

by 332Jf(331a332)’ dpi, 1, (21, T2).

cay 2
/ w2 “C(Al AQ)( J2b272f(.1317l‘2))(0.)1,OJ2)’ dwidwy = b2 /]Rz . ‘ame(xl,IQ) +
(47)

Proof. We only prove . (No other modifications in the argument are necessary to establish )
From the definition of the quaternionic inner product and Fubini’s Theorem, combined with and

, we find

2
‘ dwldwg

/ w? ’L(AMAZ)( e ?f(fl?l,flfz))(wlvm)

imlq? i i
— ([, R v, () I, () die ()
R2 R

X (/ ei#ﬁf(xl,@)KA (xlawl)KA (xz,wz) dpg, t2($17$2)) dwydws

//2 /2 w162b1 1JC(29172J2)KA1 Y1,w1) /K (y2,w2) '($27w2)dw2>
R R

t1,t2 t1,t2
a

x K Ki (x1,w1) €71 ($1,$2)d,ut1,t2 (Y1, y2)dpe, 1, (21, T2)dwy

//]R2 /R wi /t2 ' ?f(th)KAl(thl)j v; *2)5( QQ)dutz(yQD

x Ky (x1,wr) € L f (21, w2) i, (1) dpie, p (1, 22)deon
igly : —
/ / ' yla?!2)< wi Ky, (yl,wl)Ki‘l(zl,wl)dwl)
R2 Ry R

x €' 1f(ff1»$2) dpie, (y1)dp, 1, (71, T2). (48)

Now, we evaluate the integral inside the parentheses. According to Property 1 of Proposition we have, after
some simplification

; —_ 1 i o
WP Yy (y1,01) Ky (21, 01) dwy = b3 €19 070 /wf B8 doy = —37}125(3?1 — 1)
R 2m Jr 1
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With these computations at hand, we can simplify to

ail 2

. 2
/ w? ’42\1,,42)< 2 & 1f(ac1,x2))(w1,w2)‘ dwy dws
R
1012 i (y?—a?) Oh TS IR
= b%/ ( YL f(yy, x)el 1 W *1)37;2 0(y1 — @1) dpse, (Zh)) e T f (e, w2) dpng, 1, (21, T2)
R 1
2 P81 g2 On igiat,
= b e 217 f(xy, o) 526 U f (21, 22) Aty p, (21, 22)
i 1
8 i3l 2 2
= b%/2 7’1(6 2b171f(‘r1)m2))’ dutl,tg(xlaxz)

121 42 8 a N 2
= [ [ (S pnen) + )| d o0
% Xr1 b1

On ar 2
_ 12 ta
= b /R2 e (a1, x2) + b £1lf($1,$2)’

diiey (21, 2),

which is the same as . This establishes the statement. O
By similar arguments used in the proof of the previous theorem, we also obtain the following result.

Theorem 4.4. Let Ay = (ag,by;cr,dr) be 2 X 2 matrices of real parameters satisfying apdx — bicr, = 1 with
b #0 for k=1,2, and let f € Ll(thtz,H). If (On/0xy) f exists for k=1,2 and is in Lz(Rf17t2,H), then

2
/]R Wi |£¢3 (A Az)(f)(wl,w2)|2dw1dw2 = bi/ ‘axk T1, T2 ‘ dpt, b, (71, T2). (49)

Equality is the generalization of [I7, Lemma 17], which corresponds to the case of the Euclidean right-
sided QLCT.
Properties of the right-sided QHLCT are summarized in Table

Table 1: Properties of the right-sided QHLCT.

Left-linearity £z‘i‘hA2)(af(m1,x2) + Bg(z1,22)) = aﬁzilﬁA”(f)(wl,wQ) + BL(Al A (@) (Wi, w2), a, B € H
Inversion f(z1,m2) = ™ EtghAﬂ(f)(wl,wg)KJ (wg,@)K (w1, 1) dwr dws
Plancherel (fr 9o, m = (L, an( f)@}f,hA?)(g))LZ(W,H)

Parseval HfHLZ(Rtl o) = HL(Al As) (P2 re ey

h-Derivatives Jre w%|£("A1,A2)(f)(w1,wg)\zdwldwg = b2 fm% . Hlk f(z1,22) dutl‘t? (x1,22), k=1,2

P ag o2 2
Sz W}%‘ﬁtjl'AZ’)(eqzbk‘—kf(l'l;x?))(wlauJZ)‘zdwlde = b fmz alk f(wy,22) + %Zlkqf(l'hI?)‘ dpsg, 1, (T1,22), b =1,2

1:t2

5 Uncertainty principles for the right-sided QHLCT

In this section, we derive two quaternionic analogues of the Heisenberg uncertainty principle for the right-sided
QHLCT, which generalize the uncertainty principle due to Kou et al. in [I7] within the hyperbolic context.
These results assert that a quaternion signal and its right-sided QHLCT cannot be well-concentrated around
their respective means: narrowing one broadens necessarily the other. More precisely, we give a lower bound on
the product of the effective widths of quaternion signals in the hyperbolic spatial and frequency domains. It is
shown that only hyperbolic Gaussian quaternion functions minimize the uncertainty relations. Many variations
and related information about this result can be found in [I9]. Other versions of the Heisenberg uncertainty
principle were given for the right-sided QFT by Bahri et al. [I], for the two-sided QFT by Hitzer [15] and Chen
et al. [5], and the QHFT by Ferreira et al. [10].
We have the following definition.

Definition 5.1. Let Ay = (ak, bi;ck,dr) be 2 X 2 matrices of real parameters satisfying arpdi — bpcp = 1 with
b # 0 for k = 1,2, and let g, 2,9 € L*(R?, ,,,H), and wi L3 (A0 (9) € L?(R%,H). We define the normalized
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effective hyperbolic spatial width (or spatial uncertainty) of g as

) ||xkgHL2(]Rt1 1 0H)
T ‘=

)

gl 2 2(RZ, ,, H)

and the normalized effective spectral width (or frequency uncertainty) of [,2’134 Az)( g) as

H“”CE(A1 As) (D> ®2,m)
| (qul,Az)( M L2 (2 m)

Now we are able to prove our main results of this section. Theorem gives the uncertainty associated
with the right-sided QHLCT for quaternion-valued signals of the form e?2** f(x1, z5), with f € L*(R7, ,,,H),
while Theorem gives the classical uncertainty for signals f(x1,z2).

Theorem 5.1 (Heisenberg-type Uncertainty Principle I). Let Ay = (ag, bg; ck,dr) be 2 X 2 matrices of real
parameters satisfying arpd, — bpcy, = 1 with by, # 0 for k=1,2. If fiz,.f € LQ(IR%1 ¢, H), (On/0xy)f exists for
k=1,2 and is in L*(R}, ,,,H), and wkE(A A, )( 7 gif) € L?(R2,H), then the following inequality holds:

Az Nxy Awy Nwy > % (50)

Further, equality in holds when f is a hyperbolic Gaussian quaternion function of the form
2 2
- Ce——((tltanh H(/Eritien)) +(ttanmt (/ETiZie 2)) ) (51)

1) (B1Bem?) /4

Proof. Because the proof is relatively technical, we will break it into two parts to make it easier for the reader

f(xla‘rQ

where 31, B2 are real positive constants and C = Hf||L2(Rt .

to follow. In part one, we show that
b
Al‘k Awk Z Ek (52)

for k = 1,2. In part two, we prove that (50) becomes an equality when f is of the form (51)).
aje 2
Part One: Let f € L*(R? ,,,H). Applying Definition to g(z1,m2) = eqﬁ&kf(:cl,xg), combined with
Parseval’s identity (43)) and Proposition yields

akag 7k 2
(Aew Don)? (ngl . x [eTPREE f(y, x0)]? dpg, 4, (21, 22) ) (fW w? |£ A1 A (eT2k %R £) (w1, wo)|? dwldw2>
T LAWE = g2
||€q2b’“7kf”L2(Rt D ||L (41,A2) (e qukfkf)”%z(Rz’H)
fR?hb &% ‘f(x17$2)|2d/‘l’tl’tQ(x17x2) 9 8h ag 2
= 1 by, ’ f(@1,22) + —qzp f(z1, 22)| dpe, ¢, (21, 22).
||fHL2(]R?1,t2 JH) ngz alfk bk
(53)
Now, using the Cauchy-Bunyakovsky-Schwarz inequality,
[(hisho)reme , ml < hallzems, , m 1h2llrems, ) (54)
where
hi(z1,22) = zy f(21, 22) (55)
and 5
a
ha(21,@2) = o (@1, 2) + 1o 24qf (1, 22), (56)
8Ik bk
combined with Property 2 of Proposition and , we have after some simplification
2
b7 (f]Rf vy Lk 367&(|f($17$2)|2)dutl,tz(m,zz))
(A{Ekﬁwk)Q . (57)

“1 T

This reduces the statement to the discussion of the integral in .
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Integration by parts (see Proposition above) yields

8 Tp=tk
/ 2o g el don o) = | (@m0, - [ e i 00) di ()

k

tm

ez

where m € {1,2}, m # k. This proves and, hence, .
Part Two: We show that the equality in is satisfied when f is of the form .
First, we observe that becomes an equality when the two functions, h; and ho, defined respectively by

and , are proportional, i.e.,

z, f(x1,22) = Bru (% flxy,x2) + %:ika(xlyx2)>a (58)

where (3, are real positive constants and w« is a unit quaternion.

Moreover, since

ISc((h1, ha) L2 @2
the sign of equality in also implies that

m)l < [haho)rewe )l

ff’

— SC(hl(.’El,xg) hg(xhl'g)) = ‘hl(xhl'g) h2(1'1,1'2)|. (59)

From , we obtain

~ g florm) (o o) + 2 zaf(on,02)) 20, (60)

Now, multiplying both sides of from the right by

0
pu o) + 35 maf (o1, o)

it easily follows that

2

0 0
—Ekf(l‘hxz)(ai;cf(xhwz) b &kCIf(xhb)) = —5ku‘87?1f($1,$2) b Qka(UChﬂCz)

Applying , we find that v = —1. Combining this with our previous results gives

S fann) = —(5- + ) oy S, (61)

Finally, solving , we find that f must be a hyperbolic Gaussian-type quaternion signal of the form
Flz1,x0) = C e H((Fr ii)ai+(F+ £20)28) (62)

where the value of C' € R is found to ensure that the function f is of unit norm.
Since 1/8k + (ax/br)g € R @ gR, we extend the definition of the operation such that \/1/8k + ar/brg ®
(zk/tr) represent relativistic multiplications in (—1, 1),

1 1 ar _1/Tk
7_|_7 ®—tanh(\/+7tanh )E —-1,1) ®q(—1,1).
B 173 Br bkq (tk) ( ) @l )

In this way, the hyperbolic Gaussian-type quaternion signal defined by can be written as

1 go (vt (O 2)) (o (B0 2)))

This establishes the statement. O

f(!El,&Uz

Finally, we obtain the hyperbolic analogue of the Heisenberg-type uncertainty principle associated with the
Euclidean right-sided QLCT; see [I7]. The proof is similar to that of Theorem of course, also follows
directly from the formula combined with .
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Theorem 5.2 (Heisenberg-type Uncertainty Principle II). Let Ay = (ak, by; ck,dr) be 2 X 2 matrices of real
parameters satisfying ardy, — bycy = 1 with b, # 0 for k= 1,2. If f,z,f € L*(R?, ,,,H), (On/0zx) [ exists for
k=1,2 and is in L*(R?, , ,H), and wkﬁz’il Az)(f) € L?(R2,H), then the following inequality holds:

A.’ﬂl ASEQ Awl ACUQ Z % (63)

Further, equality in holds when f is a hyperbolic Gaussian function of the form
—= anh~— ! z1 ’ anh~ ! Z2 2)
Fer ) = Co ;(<t1t h (\/Igj@’tl)) +(t2t h (\/1‘?2@)%)) ’ (64)

2,H)(51527T2)_1/4-

In the large limits of ¢; and to, i.e., t1,ts — 400, the particular case when A; = As = (0,1;—1,0) boils

where 31, B2 are real positive constants and C = Hf||L2(R$
1

st

down to the classical Heisenberg uncertainty principle for the standard Euclidean right-sided QFT investigated
by Bahri et al. in [I].

6 Conclusion

We introduced the right-sided QHLCT associated with two-dimensional quaternion signals defined in an open
rectangle of the Fuclidean plane endowed with a hyperbolic measure. The new transform uses a four-parameter
family of two-dimensional quaternionic hyperbolic plane waves and contains the QLCTs as particular cases.
Although we confined the analysis to the right-sided QHLCT, there are two other types of QHLCTs due to
the lack of commutativity of quaternions: the left-sided QHLCT and the two-sided QHLCT. With a slight
modification, the same techniques can be used to study the left-sided QHLCT employing the definition of a
right-quaternionic inner product. Further investigations on the two-sided QHLCT are now under research and
will be reported in a forthcoming paper.

Various properties of the right-sided QHLCT were discussed, such as the Riemann-Lebesgue Lemma and
Plancherel and Parseval Theorems, and an inversion formula was obtained. The algebraic approach requires the
introduction of novel hyperbolic differentiation and integration concepts. The results were applied to establish
two quaternionic versions of the Heisenberg uncertainty principle for the right-sided QHLCT. These uncertainty
principles give a lower bound on the product of the effective hyperbolic spatial width and the effective spectral
width of a hyperbolic quaternion signal. It was shown that only hyperbolic Gaussian quaternion signals minimize
the uncertainty relations.

All the results presented in this paper have a Euclidean counterpart in the large limit of ¢; and s, t1,t3 — 0.
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