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NONLINEAR ROBIN PROBLEMS WITH LOCALLY DEFINED
REACTION

SERGIU AIZICOVICI, NIKOLAOS S. PAPAGEORGIOU, AND VASILE STAICU*

ABSTRACT. We consider a nonlinear Robin problem driven by a p— Laplacian.
The reaction consistes of two terms. The first one is parametric and only locally
defined, while the second one is (p — 1)- superlinear. Using cutt-off techniques
together with critical point theory and critical groups, we show that for big values
of the parameter A > 0, the problem has at least three nontrivial solutions, all
with sign information (positive, negative and nodal). In the semilinear case (p =
2), we produce a second nodal solution, for a total of four nontrivial solutions,
all with sign information.

1. INTRODUCTION

Let © ¢ RY be a bounded domain with a C?— boundary 9. In this paper we
study the following parametric nonlinear Robin problem

—Bpu(2) +€(2) u ()PP u(2) = AMf (2,u(2)) + g (z,u(2))
(Px) in 02,
Ou 4 3 (2)|ulPu =0 on O,

np

with A > 0, 1 < p < oco. By A, we denote the p—Laplace differential operator
defined by

Ayu = div (| DufP~? Du) , for all w € WP (),

where |-| denotes the norm in RY. The potential function ¢ satisfies ¢ € L™ (2) and
€(z) > 0 for a.a. z € Q. The reaction of the problem (right-hand side) consists of
two terms. One is the parametric term Af (z,x) with A > 0 being the parameter.
The other one is a perturbation g (z,x). Both functions f and g are Carathéodory
functions (that is, for all z € R, z — f(z,z) and z — g (z,x) are measurable
functions, while for a.a. 2 € Q, x — f(z,2) and z — g (2, x) are continuous). The
interesting feature of our work here, is that the parametric term Af (z,-) is only
locally defined, namely the conditions imposed on f (z,-) concern only its behavior
near zero. There are no hypotheses on f (z,-) for large values of z € R.
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In the boundary condition, aT“p denotes the conormal derivative of u correspond-
ing to the p—Laplacian and is interpreted using the nonlinear Green’s identity
(see Papageorgiou-Radulescu-Repovs [?], Corollary 1.5.17, p.35). Specifically, for
uwe Cl (ﬁ) , we have

where n (.) is the outward unit normal on 2. Using cut-off techniques together
with variational tools based on the critical point theory and Morse theory (critical
groups), we show that for all A > 0 big, problem (Py) has at least three nontrivial
smooth solutions, all with sign information. More precisely, we prove that there
exist two solutions with fixed sign (one positive and the other negative) and a third
solution which is nodal (that is, sign changing). In the semilinear case (that is,
p = 2), by strengthening the regularity of the functions f(z,-) and g¢(z,-) (we
assume that both are C'! functions), we produce a second nodal solution, for a total
of four nontrivial solutions, all with sign information. Finally, for both the nonlinear
and the semilinear problems, we show that the solutions produced converge to zero
in C! (ﬁ) as A — oo.

The first paper dealing with equations which have reaction terms that are only
locally defined is the work of Wang [?]. In that paper, the author deals with a
semilinear Dirichlet equation driven by the Laplacian and with a reaction of the
form x — A ]a:\q_Qx + g (z,2), where 1 < ¢ < 2. So, in the reaction we encounter
a parametric concave term and a perturbation g € C (2 x R, R), which is odd in

Z,XT
i
conditions are imposed on g. In particular, there are no conditions on g (z,-) for
|z| big. The symmetry of the reaction near zero permits the use of a symmetric
mountain pass theorem, and so the author shows that for all A > 0, the problem has
a sequence {uy,},~; C H} (Q) of weak solutions such that |Juy|,, — 0 asn — oo. No
sign information is given for the solutions produced. Later, Li-Wang [?] extended
the result to Schrodinger equations, and in addition proved that the solutions are
nodal.

More recently, Papageorgiou-Radulescu [?] and Papageorgiou-Radulescu-Repovs
[?] extended the aforementioned works to nonlinear, nonhomogeneous Robin prob-
lems, while very recently Aizicovici-Papageorgiou-Staicu [?] obtained similar results
for anisotropic (p, g)-equations. All these papers impose a local symmetry condition
on the reaction, which permits the use of some version of the symmetric mountain
pass theorem. No such symmetry condition is employed here.

z € R for |z| small, and lim,_,o = 0 uniformly for a.a. z € Q. No other

2. MATHEMATICAL BACKGROUND - HYPOTHESES

In the analysis of problem (Py) we will use the the Sobolev space WP(Q), 1 <
p < 00, and the Banach space C*(Q). By ||.|| we will denote the norm of W1P(Q)
defined by

1

[ull = |llwlly + | Dull; ? for all u € wir(Q),
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where ||.[|, stands for the LP-norm. The space C1(Q) is an ordered Banach space
with positive (order) cone
Ci ={ueC'(Q):u(z) >0forall z € Q}.
This cone has a nonempty interior given by]|
intCy ={ueCy:u(z)>0foral zeQ},
If u, v € WP(Q and u (2) < v () for a.a. z € Q, then we define
[u,0] ={y € WP(Q):u(z) <y(z) <wv(z) for aa. z € Q}.

Also by intcn g [u, v] with denote the interior in CH(Q) of [u,v] NCH(Q).

On 09 we consider the (N — 1) —dimensional Hausdorff (surface) measure o (-).
Having this measure, we can define in the usual way the boundary Lebesgue spaces
L?(09) (1 < s < o00). We recall that there exists a unique continuous linear linear
map o : WHP(Q — LP (09) known as the "trace map”, such that

Y0 (1) = u |pq for all w € WHP(Q)NC(Q).
So, the trace map extends to all Sobolev functions the notion of boundary value. We
1
know that 7 is compact from W1P(Q) into LP (09) , Im g = W P (99) (%—I—% =1)
and keryy = Wol’p(Q)

In the sequel for the sake of notational simplicity, we drop the use of the trace
map ~g. All restrictions of Sobolev functions to 0€) are understood in the sense of
traces.

If z € R, then we set

ot = max {+z,0}.
For u € WP (Q), we define u® () = u (2) for a.a. z € Q. We know that

uF e W (Q), u=ut —u and |u| =uT +u".
Given a Carathéodory function fy :  x R — R, we say that it satisfies the

Ambrosetti-Rabinowitz condition (the AR-condition for short), if there exist M > 0
and ¢ > p such that:

0 < qFy(z,2) < fo(z,2)x for a.a. z € Q, all |z| > M,
where Iy (z,2) = [ fo(z,s)ds, and
0

0< essg%nf Fo (-, £M).

This condition is very convenient for the verification of the Palais-Smale condition
(the PS-condition for short).

Recall that if X is a Banach space and ¢ € C! (X,R), then we say that ¢ satisfies
the PS-condition, if every sequence {un},~; € X such that {¢(un)},~; € R is
bounded and - -

¢ (up) = 0in X* as n — oo

admits a strongly convergent subsequence.
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By A: WP (Q) — WP (Q)* we denote the nonlinear operator defined by
(A(u), by = / \Dul’~2 (Du, Dh)g d for all u, h € W (Q).
Q

This operator has the following properties (see Gasinski-Papageorgiou [?], Problem
2.192, p.279):
e it is bounded (that is, it maps bounded sets to bounded sets);
e it is continuous and monotone (hence maximal monotone too);
e it is of type (S), , that is, for every sequence {us},~; C WP (Q) such that
U — u in WHP(Q) and
lim sup <A (un) y Un — u> S 07
n—oo
one has
Uy — u in WHP (Q) as n — oo.

Here %+ designates the weak convergence in WP (Q) and (-, -) denotes the du-
ality brackets for the pair (W2 (Q)*, W7 (Q)).

Let S C WP (). We say that S is downward directed (resp. upward directed),
if for all uy, ug € S we can find u € S such that u < uy and u < uy (resp. for all
vy, v2 € S, we can find ¥ € S such that v1 < v and v9 <7V ).

Let X be a Banach space, ¢ € C!' (X,R) and ¢ € R. We introduce the following
sets:

K,={ue X :¢ (u) =0} (the critical set of ¢),
and
¢ ={ue X :¢(u) <c} (the sublevel of ¢ at c).

Let (Y1,Y2) be a topological pair such that Yo C Y1 C X. For every k € Ny, by
Hj, (Y1,Ys) we denote the k- relative singular homology group for the pair (Y7, Y>)
with integer coefficients. Recall that for & € —N we have Hj (Y1,Y2). Suppose
u € K, is isolated and let ¢ = ¢ (u). Then the critical groups of ¢ at u are defined
by

Cr (pyu) = Hp (0 NU, (¢ NU) \{u}) for all k € Ny,
where U is a neighborhood of u such that K, N¢“NU = {u}. The excision property
of singular homology theory implies that the above definition of critical groups is
independent of the particular choice of the neighborhood U.

Now suppose that ¢ € C! (X,R) satisfies the PS—condition and inf ¢ (K,) >
—o0. Let ¢ < inf ¢ (K,) . Then the critical groups of ¢ at infinity are defined by

Cr (p,00) = Hi, (X, ¢°) for all k € Np.

By the second deformation theorem (see Papageorgiou-Radulescu-Repovs [?],
Theorem 5.3.12, p.386), this definition is independent of the choice of the level
¢ < inf(K,). Indeed if ¢ < ¢ < infp(K,), then ¢ is a strong deformation
retract of ¢° (see [?], p.386) and so,

H, (X, %) = Hy, (X, w’) for all k € Ny
(see [?], Corollary 6.1.24, p.468).
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Suppose that K, is finite. We introduce the following quantities:
M (t,u) = Z rank Cy, (p,u)t* for all t € R, all u € K,

keNy
P (t,o0) = Z rank Cy (@, 00)t* for all t € R.
keNy
Then the ”Morse relation” says that
(2.1) > M(t,u)=P(too)+ (1+1)Q(1),
ue Ky,

where
Q(t)=>_ Bit"
keNp
is a formal series in ¢t € R with nonnegative integer coefficients.
Now we introduce the hypotheses on the data of problem (Py) .

H(): £€ L™ (2),£(z) >0 for a.a. z €
H(B): B€C%(Q) with a € (0,1), 8(2) >0 for all z € ;
Hy :¢(#0or#0.

Remark: If 5 =0, then we recover the Neumann problem.

31

H(f): f: QxR—=R is a Carathéodory function such that f(z,0) = 0 for a.a.

z € ) and
(1) there exists r € (p,p*) such that
lim / (Z_’;U) = 0 uniformly for a.a. z € Q,
z—0 |x‘r T
where

N .
o= N—_pp %f p< N
+oo if N <p;
(i) if F(z,2) = [y f (2,s)ds, then there exists T € (r,p*) such that
F
lim Flz)

— = oo uniformly for a.a. z € Q.
T—00 x

Remarks: We emphasize that this reaction term is only locally defined. No con-
ditions are imposed on f (z,z) for |x| big. We also point out that no sign condition

is imposed on f (z,-).

H(g): g : 2 x R =R is a Carathéodory function such that ¢ (z,0) = 0 for a.a.

z € ) and
(1) there exist a € L () and 1 < p < d < p* such that

l9(z,2)| < a(z) [1 + \x|d_1} for a.a. z € Q, all z € R;
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(i) If G(z,2) = [; g(2,s)ds, then there exists ¢ € (p,r) (see hypothesis
H (f)(¢)) and M > 0 such that
0<qG(z,2) <g(z,x)z for a.a. z€Q, all |z| > M,
and
0< es%nfG(~,j:M) ;
(7i7) there exists ¢o > 0 such that

0<g(z,z)x <colz|" fora.a. z€Q, all z € R.

Remarks: We see that for a.a. z € Q, g(z,-) satisfies the AR-condition (see
H (g) (i7)). Moreover, g (z, ) satisfies a global sign condition (see H (g) (i77)).

In what follows by v : W!? (Q) — R we denote the C'—functional defined by

v (u) = || Dullp + /QE(Z) |ul? dz + /896 (2) [u|P do for all u € WP (Q).
Hypotheses H (§) , H () , Hp together with Lemma 4.11 of Mugnai-Papageorgiou
[?] and Proposition 2.3 of Gasinski-Papageorgiou [?] imply that
(2.2) Cy |Jul|? < v (u) for some Cy >0, all u € W' (Q).
On account of hypotheses H (f) (i), (i), we can find d9 > 0 such that
[f ) < a0, |F (z0) < Flaf”, F(z,2) 2 [2f

(2.3) for a.a. z € Q, all |z < &.

Let 6 € (0,6) and consider the cut-off function n € C! (R) such that
(2.4) suppn C [=0,0], 0<n <1, n|_s =1

Using this cut-off function, we introduce the following modification of the para-
metric, locally defined reaction term

(2.5) I (zw) =n@) A (z0) + [1—n (@) 2] 2.
This is a Carathéodory function. We consider the positive and negative truncations
of fx(z,-), namely the Carathéodory functions

f)\i (z,2) = f";\ (z, :i:xi) )
We set

ﬁf (z,z) = /f;c (z,s)ds.
0

Also, we introduce the positive and negative truncations of g (z,-), namely the
Carathéodory functions

g+ (z,2) =g (z, :l::vi) .
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We set

T

Ge (e0) = [ g (2.2 ds.
0
Finally we define

Zf\c (z,2) :J?,%E(va)‘i‘gi (z,x) for (z,2) € 2 x R.

These are Carathéodory functions.

Proposition 2.1. If hypotheses H(f), H(g) hold, then for every A > 0, the func-
tions Cf (z,-) satisfy the AR condition.

Proof. On account of hypothesis H (g) (i7) , it suffices to show that ]?;r (z,-) satisfies
the AR condition. First we note that (??), (??) and (??) imply

(2.6) ’f)\ (z,w)‘ < Cylz|"t foraa. z€Q, all z € R,
with Cy = Cy (\) > 0, hence

(2.7) ‘ﬁ)\ (z,x)‘ < % |z|" for a.a. z € Q, all z € R.
Let z > 6. We have

= [ fr(z5)ds

F+zx

O%H
O%&z

[ () Af (2,8) +[1=n(s)]s"!] ds (see (?7))
(2.8)

(N (s)Af(z,8) +[1—n(s)] st ds+ Z s"lds (see (77))

C—o ==

< C3M0" + %x’” for some C3 > 0.

Since x > 6, from (??) and (??) it follows that

(2.9) ]?;“ (z,x) = 2" 1,
Then with ¢ € (p,r) as in hypothesis H (g) (ii) , we have
(2.10) f>\ (z,2)x — qFJr (z,z) > [1 — ;] " — qCs A" (see (77),(?7)).

Choose My > max {M,0} (see H (g) (it)) big such that
[1 - %] MY > qCoA0" (recall ¢ < 7).
So, from (??7) we have

]?; (z,x)x > qﬁ; (z,2) for a.a. z€Q, all x > M.
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Also note that for z > My, we have

ﬁ;(z,x):/A;L(z,s)ds—&—/}(z,s)ds
0 b

0
> —C’g/sr_lds + % [z" —0"] (see (??)and (?7))

0
1 Cy

= —z" — —0" for some C4 > 0.
”

r
Choosing M even bigger if necessary, we may assume that

Mi > O49T.
Therefore we have

ess{%nfﬁAJr (w,My) >0 and F\f (z,2) >0 for a.a. z€Q, all z > M.

This proves that Ej (z,-) satisfies the AR condition. Similarly we show that E; (z,-)
satisfies the AR condition. O
3. NONLINEAR PROBLEMS

Let by @y : WP (Q) — R be the O —functionals defined by

Py (u) = 17 (u) —/ [ﬁ; (z,2) + GF (z,u)| dz for all u € WP (Q).
p Q

Proposition 3.1. If hypotheses H () ,H (3), Ho, H(f), H(g) hold and X\ > 1,
then we can find py > 0 and my > 0 such that
Py (u) > my >0 for all u € WHP (Q) with [|ul| = py.
Proof. Using (7?), (?7?), hypothesis H (g) (i7) and the fact that A > 1, we obtain
Py (u) > O |Jul/P — AC5 ||ul|” for some C5 > 0, all u € WP (Q),
hence

& (u) 2 [C1 = ACs [[ul "] [Ju”.

1
Therefore if py, € (O, ()%5) rp> , then

B (u) = iy = g} |C1 = ACEp 7P| > 0
for all w € WP (Q) with |lu|| = px.
g

Proposition 3.2. If hypotheses H (&) , H (B), Ho, H(f), H(g) hold, then there
exist u € WP (Q), u > 0 and \; > 1 such that for all A\ > \; we have

B (£) <0 and [@] > pa.
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Proof. Let u =4 € WP (). Then from (??), (??) and hypothesis H (g) (i) , we
have
g P ~
B @) < - |IElloc 90y + 18l omy 7 (09)] = | AF (2, dz
< Cgu? — \u” for some Cg > 0 (see (77)).

Here by ||,y we denote the Lebesgue measure in RY.
We choose A\g > 1 such that

(3.1) P (W) < 0 for all A > Xp.
From the proof of Proposition 77, we know that
pr— 04+ as A — oo.

So, we can find Xl > Xg > 1 such that

]| > py for all A > Aj.
We conclude that for u = g €iint C4 and for A > A1 we have

@f\t (£u) < 0 and ||ul| > px.
O

From Proposition ??, we know that the integrands Zf (-, -) satisfy the AR-condition.
So, we have the following result (see Ambrosetti-Rabinowitz [?]):

Proposition 3.3. If hypotheses H () ,H (5), Ho, H(f), H(g) hold, then for every
A > 0, the functionals g/o\f satisfy the PS-condition.

We consider the following nonlinear parametric Robin problem

—Apu(2) + € (2) [u ()PP u(z) = fr(zu(2) +9 (2,u(2))
(@x) in Q,
C(?T“p—}—5(2)|u|p72u:0on89, A>0,1<p<oo.
Using variational tools, we can show the existence of constant sign solutions of (Q))
when A > 1 is big.

Proposition 3.4. If hypotheses H (&) ,H (5), Hy, H(f), H(g) hold, and \ > M
(see Proposition ?7), then problem (Q») has at least two constant sign solutions
uy € int Cy and vy € —int Cy.

Proof. Propositions 7?7, 7?7 and ?? permit the use of the mountain pass theorem [?].
So, we can find uy € WP (Q) such that

(3.2) Uy EKQj\r and {5}’: (0) =0<ﬁ”b}\ SC)\ZQ/IBX_ (U)\)
From (?7?) we have that uy # 0 and

(@1) (ur) = 0.
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Hence
(A (un) , h) + /Q € (2) Jun ()P~ s (=) haz
(33) + [ B () () o
= /Q {ﬁr (z,up) + g+ (z,u/\)} hdz for all h € WP (Q).

In (??) we choose h = —u, € WP (). We obtain
Ch Hu;Hp <0 (see (77)),
therefore
uy >0, uy #0.

Then from (??) we have

~Apux (2) + € () (27" = Fzun () + 9 (2,0 (2))
(3.4) for a.a. z € Q,

g%: +B8(2)u}" =0 on 0Q.

From (??) and Proposition 2.10 of Papageorgiou-Radulescu [?], we infer that uy €
L (£2) . Then we apply Theorem 2 of Lieberman [?] and obtain that

uy € C+\ {0} .
From (?7?) it follows
Apux (2) < [|I€ll o + 2 Jurll2o?] ur (2)P7" for aa. 2 € Q

(see (?7), (??) and hypothesis H (g) (iiz)) and by the nonlinear maximum principle
we get

uy € int Ci.
Similarly, working this time with ¢, , we produce a negative solution

vy € —int C.

Next we determine the behavior of u) and vy as A — oo.

Proposition 3.5. If hypotheses H(§) ,H (8), Ho, H(f), H(g) hold, then
uy = 0 and vy — 0 inC’l(ﬁ) as A — +oo.

Proof. Let A\, — +oo and consider u, = uy, € int Cy be positive solutions of
problem (@), ), n € N. From the proof of Proposition ??, we know that

: my, < SN =i NEG!
(3.5) my, < Cx, =@y (un) ;gli ez 3, (7 (s)),

where
I'={5eC([0,1],W"(Q):7(0)=0,7(1) =u}
From (?7) we have

~+ < ~+ ~
(3.6) Px, (un) < max o5 (st).
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Also (77), (??), (??) and hypothesis H (g) (¢i¢) imply that
Dy, (su) < C7s? — X\, Css™ for some C7 > 0, Cg > 0.
We consider the function
Wy, (s) = C7s? — Cygs™ for all s > 0, with n € N.
Evidently since p < 7, we can find sy > 0 such that

0 < pa, (80) = max iy, (s),

hence
//)\n (30):07
therefore
1
pC7 |7
. = An) = )
(3.7 o= 30 ) = | {250

Using (??7) we obtain

pC7
A, 7Cs

_pP
(3.8) wy, (s0) < Cy [ } - Cg)\_%fﬂ for some Cy > 0, all n € N.

From (??7) we have

{5;; (un) < i, (s0) < CoA ™77 for all n € N (see (77)),

hence »
9Py (un) + <($§n)/ (un) ,un> < qCo\ 77 for all m € N,

1) ()

p

therefore

o [ o 0 ) v~ B o) G )

< gCoA 7,
and in view of Proposition ?? and hypothesis H (g) (i7) we conclude that
lun||P < Chp for some Cyp > 0,all n € N,

Therefore {uy,},~; € WP () is bounded. Then Proposition 2.10 of Papageorgiou-
Radulescu [?] implies that we can find C1; > 0 such that

lunllo < Cr1 for alln € N
Invoking Theorem 2 of Lieberman [?], we can find o € (0, 1) and C12 > 0 such that
u, € CH* (Q) and lunll .o gy < Crz for all n € N,
We know that C1: (ﬁ) is compactly embedded in C! (ﬁ) , so for at least a subse-
quence we have B
Uy — U in C! (Q) as n — o0o.
By (??) and (??) we infer

(3.9) 1 (un) = 0% as n — oo.

n
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Moreover, we have
(3.10) <(@jﬂ)’ (un) h> —0forall he W' (Q), all n € N.

Since A\, — 400, from (?7?) and (?7?) it follows that @ = 0. Therefore we conclude
that

un%OinCl(ﬁ) as n — oo.
Similarly, working this time with @, (-) we show that
v,\n—>0inC1(ﬁ) as n — oo.

O

Now we will produce extremal constant sign solutions for problem (Q)), that is,
we will show that for A > 0 big, problem (@) has a smallest positive solution and
a biggest negative solution

So, we consider the following two solution sets

g;r = {u : u is a positive solution of (Q\)},

§; = {u : u is a negative solution of (Q,)}.
From Proposition ?? it follows that for A > Xl
@ #8f Cint Cy and @ # Sy C —int O .

Moreover, from Papageorgiou-Radulescu-Repovs [?] (see the proof of Proposition
7), we know that

g‘j\r is downward directed

and
S, is upward directed.

Proposition 3.6. If hypotheses H(),H(B), Hy, H(f), H(g), hold and X >
A1, then problem (Qx) has a smallest positive solution u} € int Cy and a biggest
negative solution vy € —int C.

Proof. By Lemma 3.10, p.178 of Hu-Papageorgiou [?], we can find a decreasing
sequence {un},s; C Sy such that
inf u, = inf §j\‘
n>1
We have
(A (un), h) + / E(2)un ()P hdz+ | B(2)up (2)P " hdo
Q o0
(311) = [ [B o) 0 Gru)
foralln € N, all h € WIP (Q),

(3.12) 0<wu, <uj foralln € N.
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In (??) we chose h = u, € WP (Q) and using (??) and (??), we infer that
{unt,>1 € WP (Q) is bounded. So, we may assume that

(3.13) Uy = u} in WP (Q) and u, — u} in LP (Q) and L? (09).
In (??) we choose h = u, — u} € WP (Q), pass to the limit as n — oo and use
(??7). We obtain

lim (A (un),u, —uy) =0,

n—oo
hence

(3.14) U, — u} in WP (Q)

(see Section 2). We pass to the limit as n — oo in (??) and use (??). Then
(A3) 1)+ [ €6 03P hdz+ [ 5(:) () b
Q o0
= / []?,\ (z,u}) +9g(z, uf\)] hdz for all h € WP (Q),
Q

hence u} € g;r U {0}. If we show that u} # {0}, then u} is the desired minimal
positive solution Of (Qy) .

We argue indirectly. So, suppose that u} = 0. Then u, — 0 in WP (Q) (see
(?7)). We set

Unp,

Un n € N.

 uall”
Then
[Ynll = 1, yn > 0 for all n € N.
We may assume that
(3.15) Yo — y in WHP(Q) and y,, — y in L" (Q) and L (99).

From (7?7) we have

Ao+ [ € haz+ [ ) thao

(3.16) .
_ / [Dla) o 9 | g for all h e WP (©).
Q n Un,
By (??) and (??) we see that
NNE , 1 1
(3.17) M C L" (Q) is bounded, where — + — = 1.
||un||p n>1 r T/

Similarly from hypothesis H (g) (i) it follows that

(3.18) {W}M C L" () is bounded.

If in (??) we choose h = y, —y € WLP(Q), pass to the limit as n — oo and use
(?7), (??) and (?7?), we obtain

lim (A (yn),yn —y) =0,

n—o0
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hence
(3.19) yn —y in WP (Q) (see Section 2), with ||y| = 1.
On account of (??), (??), (??), (??) and hypothesis H (g) (iii) , we have
(3.20) "W 0 and W “0in L7 (9).
Un, Up,

So, if in (??)we pass to the limit as n — oo and use (??) and (?7), then

(A(y),h) + /Qg (2) y*thdz + 895 (2)y* thdo = 0 for all h € WP (Q).

Let h =y € WP (Q). Then
Crllyl” <0 (see (77)),
hence y = 0, which contradicts (?7). Therefore u3 # 0 and so
uy € §+ and u} = inf§+
Slmllarly, working with S)\ , we produce vy € S with v} = supS . In this case,

since Sy ), is upward directed, we can find {v,},5; C SA increasing, such that

sup v, = sup S;.
n>1

O

We will use these two extremal constant sign solutions in order to produce a
nodal solution for problem (@) when A is big enough.

Proposition 3.7. If hypotheses H({l,H(B), Hy, H(f), H(g) hold, then there
exists g > A1 such that for all A > Ag, problem (@x) has a nodal solution y, €
[0}, u3l N CH (Q) -

Proof. Let uy € int Cy and vy € —int C; be the two extremal constant sign
solutions of problem (@) produced in Proposition ??. We introduce the following
Carathéodory function

Az (2) + (205 (2) if 2 <vf(2)
(321)  kx(z,2)={ h(zz)+g(z) if vi(z) <z <uj(z)
A(zus (2) +9(zu5(2) i u}(2) <

We consider the positive and negative truncations of /15)\ (z,-), namely the Carathéodory
functions

(3.22) 74:\)% (z,2) = 5\ (=, :tl'i) .
We set

Ky (z,2) = /%A (z,8)ds and IA(ic (z,2) :/@f (z,8)ds
0 0
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and introduce the C!—functionals 12)\, 12)% : WP (Q) — R defined by

QZ/\ (u) = 17 (u) — / I/(\')\ (z,u)dz for all u € wlp Q)
p Q

and

oy L I 1p

Py (u) = =y (u) K5 (z,u)dz for all u € WHP ().

p Q
Using (?7?), (??7) and the nonlinear regularity theory, we show easily that
Kz C [vx,u] nct (), Ky C [0, u3] ﬂ0+,K7;A— C [v},0] N (—C4).
The extremality of u3, v} implies that
* * 1 /0O * *

(3.23) Kj C[v}uilnC (Q), Kg = {0,u}}, Kj- = {0,v3}.
Note that @Zj\r is coercive (see (?77), (?7)). Also it is sequentially weakly lower

semicontinuous. So, by the Weierstrass-Tonelli theorem, we can find a5 € WP ()
such that

(3.24) o5 (@) = inf {Jj (w) s u € Whe (Q)} .
Let
{aps)
Uy = min§ — minuy o >0
2" 0
(recall that u} € int Cy). Then
12;5 (uy) < Crzuf — AC1qu], for some Cy3, C14 >0

(see (??7), (??7) and hypothesis H (g) (iii)). So, we can find X; > A; such that

&F (us) <0 for all A > Af,

hence R R N

Ui (uh) <0=1) (0) for all A > AJ (see (?7)),
therefore
(3.25) uh #0 forall A > X\ .

From (??) we have

e Kon

Uy S w;r,
hence

uy =u) €int Oy (see (727), (77)).
It is clear from (?7?) that
¢;\_ |C+: w)\ |C+7

hence u} is a local Ct (ﬁ) —minimizer of @ZA, therefore
(3.26) u} is a local WP () -minimizer of 1y for all A > X;‘
(see Papageorgiou-Radulescu [?], Proposition 2.12).

Similarly, working this time with )", we produce XQ_ > Xl such that
(3.27) v} is a local WP () -minimizer of ¥y for all A > X;
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Let

A2 = max{)\j,)\g}
and let A > Xg. We may assume that

A (v7) < ¥ (uh).

The reasoning is similar if the opposite inequality holds, using (?7?) instead of (?7).
Also, we may assume that

(3.28) K s finite.

Otherwise, we already have an infinity of smooth nodal solutions.
Using (??), (??) and Theorem 5.7.6, p. 448, of Papageorgiou-Radulescu-Repovs
[?], we can find p € (0,1) small, such that

B (03) < Ox (w3) < inf {r (u) : llu— w3 | = p} = 7,

(3.29) o
[uy — o3[l > p.

Evidently, 1y (+) is coercive (see (??)). Therefore
(3.30) 1y satisfies the PS-condition

(see Papageorgiou-Radulescu-Repovs [?], Proposition 5.1.15, p.369).
Then (??7), (??) permit the use of the mountain pass theorem. So, we can find
yx € WP (Q) such that

(3.31) yr € Kg €3, uilnCH(Q), n < ¥ (1)
(see (?7?7) and (?7)). From (??7) and (?7?) it follows that

(3.32) ya ¢ {uf, 5}

Since yy is a critical point of zZ,\ (+) of mountain pass type, we have
(3.33) o (fp\)\,yg £ 0.

(see Papageorgiou-Radulescu-Repovs [?], Theorem 6.5.8, p.527).
On the other hand, if v € C! (Q) and

lull 1 sy < po < min 0 min { min v}, min (—vy)
Cl(Q) = F0 = 9’ o Ao a A
(recall that u} € int C, vy € —int Cy, see Proposition 77), then

x (u) = 11)’7 (u) = /Q AF (2,u) + G (2,u)]dz (see (77),(77),(77))

1 1
=gl (w) = —[A+ Col [lull;. (see (?7),and H(g) (ii)
Cy 1 ,
2 lull” = = A+ Col u]l" (see (77)).
Since r > p, for pg € (0, 1) small, we have

¥y (u) > 0 for all 0 < lullor(my < o,



NONLINEAR ROBIN PROBLEMS WITH LOCALLY DEFINED REACTION 43

hence u = 0 is a local C' (€2) —minimizer of 7 (), therefore u = 0 is a local
WLP (Q)-minimizer of ¥ (-) (see [?]), and we conclude that

(3.34) Ch (JA, 0) = 0,07 for all k € N
(where 0y, denotes the Kronecker symbol defined by 6,; = 1 if K = and d;; = 0 if

k #1). Comparing (??) and (??), we infer that yx # 0 and so, yy € [v}, u5]NC* (Q)
is a nodal solution of the problem (@), for A > Ao O

In view of Proposition 77, we arrive at:
Proposition 3.8. If hypotheses H (&) ,H (), Ho, H(f), H(g) hold, then
uy, vl ya — 0 in C* (ﬁ) as A — +oo.
Then Proposition 7?7 and (??) lead to the following multiplicity theorem for (P}) .

Theorem 3.9. If hypotheses H(£) \H (8), Ho, H(f), H(g) hold, then there exists
)\3 > )\2 such that for A > )\3, problem (Py) has at least three nontrivial solutions

uy € int Cy, vy € —int Cy and yy € [vy,uy] N C? (Q) , nodal.

Moreover,
uyx, v, yn — 0 in C* (Q) as A — +oo.

4. SEMILINEAR PROBLEMS

In the semilinear case (p = 2), under stronger regularity hypotheses on f(z,)
and ¢ (z,-), we can improve Theorem ?7 by producing a second nodal solution of
(Py) for a total of four nontrivial solutions, all with sign information.

So, now the problem under consideration is the following

{ —Au () + & (2)u(z) = M (2u(2)) + 9 (zu(2) inQ

(SP)) o4 8 (2)u=0o0n 02, A>0.

The conditions on the two nonlinearities f (z,x) and g (z,x) are the following.
H(f) : f: QxR =R is a measurable function such that f (z,0) = 0 for a.a. z € Q,
f(z,-) € CH(R) and
(1) there exists r € (2,2*) such that
iy £ 22)

z—0 |x‘

= 0 uniformly for a.a. z € Q;

(i) if F(z,2) = [y f(z,s)ds, then there exists T € (r,2*) such that
lim Flza)

— = +00 uniformly for a.a. z € (2.
T—r00 x

Remark: Hypothesis H (f)' (i) implies that

0= [ (0) = lim .59

z—0 T

uniformly for a.a. z € Q.
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H(g): g: QxR —R is a measurable function such that g (z,0) = 0 for a.a. z € Q,
g(z,-) € C'(R) and
(1) there exist a € L>* () and 2 < d < 2* such that

g9 (z,2)| < a(z) [1 + |x]d_2} fora.a. z€ Q, all z € R;

ii) If G(z,2) = [V g(z, s)ds, then there exist ¢ € (2,r) and M > 0 such
that ’
a

0<qG(z,2) <g(z,x)z for a.a. z € Q, all |z| > M,
and
0< es%nfG(~,j:M) ;
(7i7) there exists ¢p > 0 such that
0<g(z,x)x <colz|" foraa. z€Q, allz e R.

Remark: Hypothesis H (g)’ (i) implies that

! S 1 g(z,m)
0=4g (z2) = lim L=

uniformly for a.a. z € Q.

H;: For every A > 0 and p > 0, there exists f;‘ > 0 such that for a.a. z € €, the
function © — Af (z,2) + g (z,2) + &)« is nondecreasing on [—p, ] .

Remark: This is a lower Lipschitz condition. It is satisfied if for every A > 0 and
p > 0, there exists @p > 0 such that
Mi(z,x) + 4, (2,2) > —El))‘ for a.a. z € Q., all |z| < p.

In what follows we set

(o) = Fulea) +g(20), Buao) = [ R ds
0
and we consider the C!—functional @y : W1 (Q) — R defined by

ox(u) = 11)7 (u) — /Q [F\,\ (z,2) + G (z,u)} dz for all u € WP (Q).

Theorem 4.1. If hypotheses H (&) ,H (3), Ho, H(f)", H(g)", Hy hold, then there

exists Xg > 1 such that for all X > X3, problem (Py) has at least four nontrivial
solutions

uy € int Cy, vy € —int Cy, and yx, Yy € intcl(ﬁ) [un, up], nodal.
Proof. From Theorem ?7?, we know that there exists Xg > 1 such that for all A > Xg
problem (Py).has at least three nontrivial solutions

(4.1) uy € int Cy, vy € —int Cy and yy € [vy,ur] N ct (ﬁ) nodal.
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Let p = max {||uy||o, , [|vall} and let ?p‘ > 0 be as postulated by hypothesis Hj.
We have

— Ayx + [5 () + gﬁ] ya = Af (2,90) + 9 (2,90) + Exyn
<A (zyupn) + g (z,uy) + {A;\uA (see (?7?) and Hy)
= —Auy + [5 (2) + 52] (O
hence
A=) < [l + &) (ur = w2,

therefore uy — y) € int C4 (by the Hopf boundary point theorem). Similarly we
show that

yx — vy € int Cy.
It follows that
(4.2) Y € intcl(ﬁ) [Ux, U] -
Consider the homotopy
he (u) = h (t,u) = (1 — t) by (u) + tPx (u) for all (t,u) € [0,1] x H' ().
Suppose that we could find {t,},; € [0,1] and {yn},>; C H'(Q) such that
tn —tin [0,1], yn — v in H' (), A} (y,) = 0 for all n € N.
We have

» A )+ [ €Gmhds+ [ 5()yho
‘ =(1—tp) /l@\ (z,yn) hdz —i—tn/ C (2,yn) hdz for all h € H' ().
Q Q

By (??), using standard regularity theory, we show that in fact we have
Y — y in C! (ﬁ)
hence
Yn € [vr,un] for all n > ng (see (77)).

This contradicts (?7). Then, the homotopy invariance property of critical groups
(see Papageorgiou-Radulescu-Repovs [?], Theorem 6.3.8, p.505) implies that

(4.4) Cy (72;)\7 yx) = Ck (Pr,yn) for all k € Ny,
hence
(4.5) C1 (@x,yn) # 0 (see (77)).

But ) € C? (H' (Q),R) . So, by (??) and Theorem 6.5.11, p.530 of Papageorgiou-
Radulescu-Repovs [?], we have

Cy (g/ﬁ,\,y,\) = 5k71Z for all £ € Ny,

hence

(4.6) Cj, <1Z)\,y,\) = 01 Z for all k € Ny, (see (77)).
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Recall that uy, vy are local minimizers of ¥y (-) (see the proof of Proposition ?7).
Hence

(4.7) Ci (@Z,\,u,\) —C, @A,UA) = 6.0Z for all k € Ny.

Also from (?7) we have

(4.8) O (@,o) = 007 for all k € Ny

The functional ¥y (+) is coercive (see (?7)). Hence we obtain

(4.9) Ci (@, oo) = 6107 for all k € No.

Suppose that Kj = {0,ux,vx,yn}. Then from (??), (??), (??), (??) and the
Morse relation with ¢ = —1 (see (77)) it follows

3(-1)°+ (=)' = (-1)°,
therefore (—1)” = 0, a contradiction.
So, there exists 7y € K@’ U & {0,ux,vr,yn}, and since A > A3, this is the

second nodal solution for problem (P)). Finally, using the Hopf boundary point
theorem, we conclude that

U € inth(ﬁ) [U)\, u>\] .
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