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Abstract

Interpolation of time series by the sum of exponents of the function of a complex
variable makes it possible to achieve an approximation accuracy no worse than
using regression analysis. Despite the fact that time series are interpolated by
functions of a complex variable, the values of these functions under certain
conditions are real numbers. To calculate the interpolating function, the author
used standard procedures used in the MATHLAB software.

The absence of extremum points for exponents is the main advantage when using
exponent sums for interpolation purposes compared to interpolation by
polynomials.Numerical series characterizing the volume of exports and imports
within the Visegrad four were approximated as a sum of sixteen exponents , which
are functions of a complex variable .
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Introduction

The globalization of international economic processes is the engine of the
development of international trade exchange. The creation of an international trade
organization, as well as various other intergovernmental and commercial
organizations, has a beneficial effect on the exchange of services and goods.



International trade . it becomes a kind of production technology that allows
you to produce spare parts and components in different countries and on different
continents.

According to [1,2,3], all available countries participate in the process of
international trade.

The economic crisis associated with the COVID-19 pandemic clearly
demonstrates the interdependence of the world economy.

According to [4,5], routing and the volume of trade flows are important for
the development of international trade.

In this regard, the construction of various economic and mathematical
models describing international trade processes deserves attention.

One of such models is the linear model of international trade [6,7,8].

According to this model , there are budgets N countries that we will
designate yy,V,, ..., Vn-

Denote by A;; part of the budget y; , which it spends on purchasing goods
and services from the country j.

A;j can be represented as a square matrix:

a1 Q2 . Qi
A=][ %1 Q22 - Q2n (1)
An1 Qnz2 - QAun

where a;; — are fractional real numbers and
i=1a;; =1, where j=1.2,..,n (2)

The economic meaning of the coefficient a;; means the share of the budget that
the i-th country spends on the purchase of goods and services of the j-th country

a; =22 3)

According to the linear model of international trade [4]
expenses N; countries have equal rights to purchase services and goods on the
international market :

Yi=Q1 ¥yt Ay ¥y, + o+ Ay * Yy 4)

where i =1,2,...,n



It is possible to create a system of linear equations, called in the economic
literature [5] balance equations :

A1 * Y1t A * Y, + o+ Qip *Yn =1

Garr i T2 e T F Gan W = V2 (5)

Ap1 * Y1 T AQua * Yo o+ Ay * Y = Y

Knowing  vy;,V5,...,V, solving the system of equations (5), it is possible to
determine the value of the coefficients a;;

Methods

Approximation and interpolation of exponential , power, linear, logarithmic
functions, and polynomials have become widespread in the construction of
economic and mathematical models. Thus, for convenience and simplicity of
calculations, economic phenomena are described in a simplified form.

However , such simplifications may reduce the accuracy of the models
themselves , which may make it impossible for them to be successfully applied in
practice . Regression analysis has become an indispensable tool for the study of
economic phenomena . According to the author , the main disadvantage of
regression models is the fact that the algorithms for solving these models use the
least squares method . Since the least squares method has some disadvantages
.Then the calculation of regression models with its help , in some cases , may lead
to incorrect results . There is a widespread opinion in the economic literature that
many economic values have a pronounced random character . In this regard, the
author adheres to the point of view that any randomness is some kind of regularity
, and to describe economic phenomena, it is worth using not only indicators of
variance and correlation, but more complex mathematical tools. God doesn't play
dice with us.

In the book [9] the theorem is formulated

Let's say there is some analytical function of a complex variable F(z) . Then
this function can be decomposed into a series of exponentials.

F(z) = Yn=1 anexp(anz) (6)

That is, for any convex region D there is a sequence of indicators «,, , such
that any function F(z) analytical in D it can be represented as a series that
converges uniformly within a region D.



Within the framework of this work , the Brinks model of international trade
of the Visegrad Four countries was built : the Czech Republic , Slovakia , Poland
and Hungary for 2010-2020

Numerical series characterizing the volume of exports and imports within
the Visegrad four were approximated as a sum of sixteen exponents , which are
functions of a complex variable .

Results

As part of the construction of our model, we will act similarly to the linear
model of international trade.

According to this model , there is data on exports and imports N countries
that we will designate zq,Zz5, ...,Z, and Xxq,X,,...,X, accordingly.

Denote by C;; the part of exports that the i—th country exports to country j.

C;j can be represented as a square matrix:

Cll C12 Cln
C — C21 C22 CZTl
Cni1 Cn2 - Cun

Denote by B;; the part of exports that the i—th country imports from the j-th

country. B;; can be represented as a square matrix:

b11 b12 'Ll bln
B=|b2r b2z - bom
boi by . b

by analogy with (5), we make two systems of equations

C11*21+C12*ZZ+"°+C1n*Zn=21
Coq *Zl+C22*ZZ+.“+C2n*Z‘n:ZZ (6)

Cn1*Z1tCpa*Zy+ -+ Cppn*2y = Z,

bll*x1+b12*x2+"'+b1n*xn=x1
by1 * X1 + byy x5 + -+ by X, = X, (7)

by X1+ bpp *Xo + o+ by * X = X



The economic meaning of the coefficient ¢;; means the part of exports that the i-th

country exports to the j-th country

Cij = ZZ—:J (8)

The economic meaning of the coefficient b;; means the part of imports that the i-
th country imports from the j-th country
by =2

ij_x_j

9)

Due to the fact that the countries do not import anything and do not export
anything to themselves, the diagonal coefficients of the matrices are zero

bi1 =byy = =byy=€11=Cp =" =Cpp =0 (10)

Given (6) and (7) take the form

_Zl‘l‘clz *Zz+"'+C1n*Zn=0
C21%21 —Zp+ "+ Cop %2, =0 (11)

Cn1¥Z1+Cpp*Zy+ -+ Cppne1*2p — 2, =0

_x1+b12 *x2+-'-+b1n*xn=0
b1 ¥ X1 =Xz + -+ by ¥ x, =0 (12)

by *x1 +bpp *xy + -+ bpp_q *x, —x, =0

As a source material for the study, the author took from [6]

Table 1. Export volumes between the Visegrad Four countries (Czech Republic, Slovakia, Poland and
Hungary) in 2010-2020 (USS Thousand) excluding re-exports [ 10 ]

Year Czech Republic Slovakia Poland Hungary
2020 24974282 24742058 24693178 14382118
2019 25810272 25384420 25583234 15378665
2018 27732344 25629902 25956312 14747202
2017 24299106 23243614 22184332 13120882
2016 22360564 21826716 19257960 11585107
2015 21721962 22116876 19285376 11425076
2014 23563600 24263934 21419132 12166618
2013 22384086 24198162 20165664 11201395
2012 21788932 24326646 18319448 9572614
2011 21992210 25070042 19656612 10516582




Table 2. Coefficients (;; defining the part of exports that the i—th country exports to country j.

Calculated by the authors, based on the data in Table 1 by solving equation (11)

Year Czech Republic Slovakia Poland Hungary
2020 1,390990747 -0,106091918 1,374595747 1,580743321
2019 1,411896198 0,189279923 1,186032271 1,337428423
2018 1,239798912 0,31339237 1,073700654 1,612624807
2017 1,268291741 0,113627008 1,30793229 1,5652705712
2016 1,128879647 -0,030531617 1,53898458 1,79684679
2015 1,218362359 0,032975538 1,396675514 1,787239015
2014 1,464221995 0,113586689 0,345668709 1,73255559
2013 1,184125935 0,060583828 1,302409171 2,117036881
2012 1,140508321 -0,224681679 1,683440981 2,484506878
2011 1,199701001 -0,211988848 1,615686583 2,320812357

Table 3. Import volumes between the Visegrad Four countries (Czech Republic, Slovakia, Poland and

Hungary) in 2010-2020 (USS$ Thousand) excluding reimport [ 10]

Year Czech Republic Slovakia Poland Hungary
2020 32984258 17319930 22235556 16251892
2019 33622740 19286320 22245752 17001778
2018 33600172 20264886 23168270 17032432
2017 30271892 17273464 20142908 15159672
2016 27570444 15522488 18821282 13116132
2015 28055532 15744729 17670184 13078844
2014 29927096 17390100 19210870 14885218
2013 28188180 17075256 18211044 14474826
2012 27299204 15857072 17086880 13764482
2011 28491534 16362288 18010224 14371400

Table 4. Coefficients bij defining the part of the import that the i-th country imports from the j-th

country. Calculated by the authors based on the data in Table 1 by solving equation (12)

Year Czech Republic Slovakia Poland Hungary
2020 0,566050957 1,878062106 1,281251389 0,560157909
2019 0,616711123 1,549487409 1,359243126 0,664623158
2018 0,799982199 1,575866333 1,230310798 0,396143905
2017 0,725630257 1,724362891 1,181757145 0,481012397
2016 0,652669817 1,933818219 0,955206042 0,689233416
2015 0,632029043 1,774862526 1,182067306 0,610550943
2014 0,654935167 1,395186173 1,9402279 1,460190014
2013 0,864726866 1,883214507 1,197776402 -0,027281972
2012 1,126833817 2,131827 1,173984575 -0,771427278
2011 0,95202884 2,181460421 1,078919935 -0,34892837




Within the framework of this study , additional conditions are accepted everywhere : countdown .

Table 5. Additional conditions accepted in the models

Year 2020 2019 2018 2017 2016 2015 2014 | 2013 | 2012 | 2011
Number | 1 2 3 4 5 6 7 8 9 10

We show that the numerical sequence

{24974282 , 25810272, 27732344 , 24299106 , 22360564 , 21721962, 23563600, 22384086, 21788932
, 21992210, 17279962}

The characteristic volume of exports of the Czech Republic within the Visegrad Four countries ,
excluding re-exports , can be interpolated by the function w1l

(13)

w1l =(-4.08520666114374e-10+4.14524148579626e-
25i)*exp((2.37338686394796+3.14159265358979i)*x)+(30001.1890805311-
58388.8910331044i)*exp((0.256866644324129+1.99228363957843i)*x)+(30001.1890805313+58388.89
10331044i)*exp((0.256866644324129-1.99228363957843i)*x)+(-
3111769.47283749+2.56063215910932e-09i)*exp((-0.461564731555856+3.14159265358979i)*x)+(-
442542.526573902-1516793.61163557i)*exp((-0.0728507057041561+0.938319644384922i) *x)+(-
442542.526573884+1516793.61163558i)*exp((-0.0728507057041561-
0.938319644384922i)*x)+(31416033.9221922-2.15365882545206e-08i)*exp((-
0.0460042164077144+0i)*x)+(-19130928.4093645+8.65172281004634e-08i)*exp((-
0.766940515696017+0i)*x)+(2.1137490078327e-06+2.67529322924004¢-
07i)*exp((2.37338686394796+3.14159265358979i) *x)+(4.2957400446057-09+2.00793646123045¢-
08i)*exp((0.256866644324129+1.99228363957843i)*x)+(8.80158167740605e-09-1.5783143583343 1e-
08i)*exp((0.256866644324129-1.99228363957843i)*x)+(-2.04556583800745e-12-2.01901006255297-
12i)*exp((-0.461564731555856+3.14159265358979i)*x)+(-2.32003592157845e-09+4.4704514321586e-
09i)*exp((-0.0728507057041561+0.938319644384922i) *x)+(3.42189363469204e-09-
5.33199648983133e-09i)*exp((-0.0728507057041561-0.938319644384922i)*x)+(8.62863063471562e-
08+1.02767726570125e-08i)*exp((-0.0460042164077144+0i)*x)+(-9.20175732715796e-13-
2.31791880419569e-13i)*exp((-0.766940515696017+0i)*x);

where i = /-1 here and further in the text the imaginary unit.

Indeed



Table 6. Calculation of the sequence of export indicators of the Czech Republic within the framework of
the countries of the Visegrad Four, excluding re-exports produced according to the formula (13)

X Calculated by the formula w_1(x) Tabular data[10]

1 24974281.9999774-2.87057908590126e-06i 24974282
2 25810272.0002435+3.08191105230516€e-05i 25810272
3 27732343.997386-0.000330850073674354i 27732344
4 24299106.0280573+0.00355112243910283i 24299106
5 22360563.6988399-0.0381167173666179i 22360564
6 21721965.2325581+0.409132841824994i 21721962
7 23563565.3027425-4.39150238195704i 23563600
8 22384458.4294058+47.1369998704742i 22384086
9 21784934.4603261-505.953676783066i 21788932
10 22035118.3289182+5430.74704743642i 21992210

We show that the numerical sequence

{24742058 , 25384420, 25629902, 23243614 , 21826716, 22116876 , 24263934 , 24198162 , 24326646
, 25070042 , 19832150}

The characteristic volume of exports of the Slovak Republic within the Visegrad Four countries,
excluding re-exports, can be interpolated by the w2 function

(14)

w2 =(-0.0163392544743643-6.39439418000371e-17i)*exp((1.31177175580263+0i)*x)+(-
871.49584034297-62005.4840072101i)*exp((0.260768417723383+2.0444228881267i)*x)+(-
871.495840342668+62005.4840072101i)*exp((0.260768417723383-
2.0444228881267i)*x)+(295124.69174797-
610421.941162697i)*exp((0.0641231171789403+0.850641127714897i)*x)+(295124.691747963+61042
1.941162701i)*exp((0.0641231171789403-0.850641127714897i)*x)+(25843157.2412407-
6.50896491283694e-08i)*exp((-0.0150413776553088+0i) *x)+(7269370.31762103-
3076820.54086012i)*exp(-
0.989619053207588+2.36524261069861i)*x)+(7269370.31762107+3076820.5408604i) *exp|(-
0.989619053207588-2.36524261069861i)*x)+(-1.31411084768241e-06+3.58020080995357e-
07i)*exp((1.31177175580263+0i)*x)+(-2.11938362272338e-08-4.01689589259178e-
08i)*exp((0.260768417723383+2.0444228881267i)*x)+(-4.24097671136809e-10+3.4242597562777 7e-
08i)*exp((0.260768417723383-2.0444228881267i)*x)+(2.47373573637538e-08+4.13314202980139%-
08i)*exp((0.0641231171789403+0.850641127714897i)*x)+(-1.93915591637177e-09-
5.41921666623471e-08i)*exp((0.0641231171789403-0.850641127714897i)*x)+(-1.06629202284247¢-
06+5.14336394782463e-08i) *exp((-0.0150413776553088+0i)*x)+(-1.8852107503522 1e-
14+1.57179644641764e-14i)*exp((-0.989619053207588+2.36524261069861i) *x)+(-
2.52323942833382e-14-4.49844480449435¢e-15i)*exp((-0.989619053207588-2.36524261069861i)*x);




Really,

Table 7. Calculation of the sequence of export indicators of the Slovak Republic within the Visegrad Four
countries, excluding re-exports produced according to the formula (14)

X Calculated by the formula w_2(x) Tabular data [10]
1 24742057.9999955+1.23112945677511e-06i 24742058
2 25384419.9999817+5.00199278679591e-06i 25384420
3 25629901.9999327+1.83440136362668e-05i 25629902
4 23243613.9997507+6.79584129900352¢e-05i 23243614
5 21826715.9990731+0.000252594733400035i 21826716
6 22116875.9965582+0.000937671575230591i 22116876
7 24263933.9872217+0.00348139607040852i 24263934
8 24198161.9525545+0.0129262959531739i 24198162
9 24326645.8238469+0.047991603194718i 24326646
10 25070041.3459912+0.178180086435988i 25070042

We show that the numerical sequence

{ 24693178, 25583234, 25956312, 22184332, 19257960 , 19285376 , 21419132, 20165664 , 18319448
, 19656612}

The characteristic volume of Poland 's exports within the Visegrad Four countries , excluding re- exports
, can be interpolated by the function w3

(15)

w3=(-0.012886998343324-7.7947989345027 7 e-
17i)*exp((1.27731665299375+3.14159265358979i)*x)+(-26148.542387492-
85223.9515803332i)*exp((0.231446190867208+2.03327095764704i)*x)+(-
26148.542387492+85223.9515803333i)*exp((0.231446190867208-2.03327095764704i)*x)+(-
7209106.11790765-5944206.33302076i)*exp((-0.385637270252897+1.01242198548796i) *x)+(-
7209106.11790765+5944206.33302077i)*exp((-0.385637270252897-
1.01242198548796i)*x)+(31812974.6601666-1.21146516062585e-08i)*exp!((-
0.0563913787363134+0i)*x)+(-25370571.0146267+3.59519234839984e-08i) *exp((-
0.493145904907284+0i)*x)+(-63190621.3021273+3.89941553995001e-07i)*exp|(-
2.03778226763692+3.14159265358979i)*x)+(1.79970812380328¢-07-1.16871478100056e-
07i)*exp((1.27731665299375+3.14159265358979i)*x)+(1.96599872536313e-08-9.43849496114752¢-
09i)*exp((0.231446190867208+2.03327095764704i)*x)+(2.28539542656307e-08+1.00631003836365¢-
08i)*exp((0.231446190867208-2.03327095764704i)*x)+(1.20816720408599¢-11+1.31882418944944e-
10i)*exp((-0.385637270252897+1.01242198548796i)*x)+(1.44858199437027e-11-1.47993611011311e-
10i)*exp((-0.385637270252897-1.01242198548796i)*x)+(1.4359227834196e-07+4.39745723289906¢-
09i)*exp((-0.0563913787363134+0i)*x)+(-1.43592513018963e-10-4.6107493199272e-12i)*exp((-
0.493145904907284+0i)*x)+(6.5732542893469e-21+2.8252613968514 1e-22i) *exp|(-
2.03778226763692+3.14159265358979i)*x);

Really,




Table 8. Calculation of the sequence of Polish export indicators within the Visegrad Four countries,
excluding re-exports produced according to the formula (15)

X Calculated by the formula w_3(x) Tabular data [ 10]
1 24693177.9999995+3.56217571072714e-07i 24693178
2 25583234.0000023-1.48230482760475e-06i 25583234
3 25956311.9999917+5.3932593125399¢-06i 25956312
4 22184332.0000298-1.93581002133078e-05i 22184332
5 19257959.999893+6.94040332794587e-05i 19257960
6 19285376.0003834-0.00024893719319945i 19285376
7 21419131.9986249+0.000892934995135277i 21419132
8 20165664.004932-0.00320302842122929i 20165664
9 18319447.9823077+0.0114892908858138i 18319448
10 19656612.0634627-0.0412120913178581i 19656612

We show that the numerical sequence

{ 14382118, 15378665, 14747202 , 13120882, 11585107, 11425076, 12166618 , 11201395, 9572614
, 10516582}

XapakTepusyoLyto ob6bem 3KcnopTa BeHrpuMm B pamKax CTpaH Bbllerpaackon YeTsepku 6es yyeta
pPe3KCnopTa MOXKHO MHTEPNOANPOBaTb GyHKUMen wé

(16)

w4 =(-0.00237091908282981-
0.00237198737374214i)*exp((1.47101911100826+0.250677763547052i)*x)+(-
0.00237091908282981+0.00237198737374214i)*exp((1.47101911100826-
0.250677763547052i)*x)+(2158.99064587232+5.63854303209847e-
12i)*exp((0.399638046114549+3.14159265358979i) *x)+(-16667.8033475479-
15975.4603916164i)*exp((0.306640687539077+2.09197105388936i)*x)+(-
16667.8033475479+15975.4603916164i)*exp((0.306640687539077-
2.09197105388936i)*x)+(15914278.6699005-2.14154884275405e-11i)*exp((-
0.0482520995521711+0i)*x)+(-934108.777234004+235013.809382657i) *exp((-
0.161136494422463+1.27980602149871i)*x)+(-934108.777234005-235013.809382656i) *exp((-
0.161136494422463-1.27980602149871i)*x)+(7.18942827546879¢-08-8.3438067129022 1e-
08i)*exp((1.47101911100826+0.250677763547052i)*x)+(1.05156582769469e-07+7.34620176152269e-
08i)*exp((1.47101911100826-0.250677763547052i)*x)+(1.69232957448109e-09+3.61036535807993e-
10i)*exp((0.399638046114549+3.14159265358979i) *x)+(7.33969903731478e-09-5.54508903979964¢-
09i)*exp((0.306640687539077+2.09197105388936i)*x)+(7.70082680293972e-09+6.66565935879364e-
09i)*exp((0.306640687539077-2.09197105388936i)*x)+(-2.62728387565418e-08+6.12102492898845¢-
12i)*exp((-0.0482520995521711+0i)*x)+(-1.31744009321392e-10+6.37972352158789€-10i) *exp((-
0.161136494422463+1.27980602149871i)*x)+(-2.29984061429097e-10-6.46585294021235¢-
10i)*exp((-0.161136494422463-1.27980602149871i)*x);




Really,

Table 8. Calculation of the sequence of Hungarian export indicators within the Visegrad Four countries

produced according to the formula (15)

X Calculated by the formulaw_4 Tabular data [ 10 ]
1 14382118.0000009-7.85878919348787e-08i 14382118
2 15378665.0000043-4.68679136266502¢e-07i 15378665
3 14747202.0000196-2.47554053179781e-06i 14747202
4 13120882.0000818-1.20031820371228e-05i 13120882
5 11585107.0003195-5.43014877760587e-05i 11585107
6 11425076.0011466-0.000230523414378661i 11425076
7 12166618.0036131-0.000915421278099986i 12166618
8 11201395.0087462-0.00335198400559095i 11201395
9 9572614.00529346-0.0109235832971812i 9572614
10 10516581.8788668-0.0286074735826604i 10516582

Table 8. Calculation of export-import data for individual countries for 2009

Calculated by the authors based

on the functions wl, w2, w3, w4 Tabulardata [ 11 ]
Czech exports within the 1.6819¢+07 - 5.8292e+041
Visegrad Four countries in 2010
excluding re-exports 17279962
Slovakia's exports within the 1.9832e+07 + 6.6154e-01i
Visegrad Four countries in 2010,
excluding re-exports 19832150
Poland's exports within the 1.6639e+07 + 1.4783e-01i
Visegrad Four countries in 2010,
excluding re-exports 16639277
Hungary's exports within the 8.8661e+06 - 3.4259e-02i
Visegrad Four countries in 2010,
excluding re-exports 8866136

Thus, we can write the BRINKS model of international trade between the Visegrad Four countries

without taking into account re-export can be written in the following form

b1y * Re(w1(t)) + b1z * Re(w2(t)) + byz * Re(w3(t)) + b1q * Re(wy(t)) = Re(w,(t))
bz1 * Re(w1(t)) + baz * Re(w2(t)) + b2z x Re(w3(t)) + by * Re(wy(t)) = Re(w:(t))
b3y x Re(w1(t)) + b3z * Re(w,(t)) + b3z * Re(w3(t)) + b3y x Re(wy(t)) = Re(ws(t))
by * Re(W1(t)) + by * Re(W2(t)) + byz * Re(W3(t)) + bay * Re(wy(t)) = Re(w,y(t))

rfae byy = byy = b33 = by =0,

(17)




Discussion

The use of interpolation of time series by sums of exponents allows you to achieve
a good result when constructing an interpolation function . Although time series
are interpolated by functions of a complex variable, if the model (17) does not take
into account the imaginary part of the numbers arising during the calculation w;
MOJIeNIb MOXKET UMETh MPAKTUUECKOE MPUMEHEHUE

Interpolation of time series by the sum of exponents of a function of a complex
variable gives an approximation no worse than using regression analysis. . To
calculate the interpolating function, the author used standard procedures used in
the MATHLAB software.

The absence of extremum points for exponents is the main advantage when using
exponent sums for interpolation purposes compared to interpolation by
polynomials.

Conclusions

The use of complex variable functions for the interpolation of numerical series
makes it possible to expand the capabilities of researchers to build more accurate
economic and mathematical models describing socio-economic processes.

The use of the sum of exponents of the complex variable function as an
interpolation function makes it possible to achieve the accuracy required for
practical application, while using standard software packages.
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