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Abstract

We prove the every spectral set in Z,2, tiles, where p, ¢ and r are primes. Combining
this with a recent result of Malikiosis we obtain that Fuglede’s conjecture holds for Z,z ;..

1 Introduction

A Lebesgue measurable set 0 C R™ is called a tile if there is set T in R”, called the tiling
complement of € such that almost every element of R™ can uniquely written as w + ¢, where
we Nandt € T. We say that Q is spectral if L?(Q2) admits an orthogonal basis consisting
of exponential functions of the form {e‘*®) | X € A,z € Q}, where A C R”. In this case A is
called a spectrum for Q2.

Fuglede conjectured [3] that a bounded domain S C R? tiles the d-dimensional Euclidean
space if and only if the set of L?(S) functions admits an orthogonal basis of exponential
functions. The conjecture might have been motivated by Fuglede’s result [3] that it is true
when the tiling complement or the spectrum is a lattice in R"™. The conjecture was disproved in
[12]. Tao considered a discrete version of the original conjecture and constructed spectral sets
in Z4! and Z3, which are not tiles. The latter example was lifted to R® to refute the spectral-
tile direction of Fuglede’s conjecture. Matolcsi [6] proved that the spectral-tile direction of
the conjecture fails in R*. Kolountzakis and Matolcsi [4] [8] and Farkas, Matolcsi and Méra
[2] provided counterexamples in R? for both directions of the conjecture.

It is important to note that every (finite) tile of the integers is periodic. Moreover, the
tile-spectral direction of the conjecture is true for R if and only it holds for Z, which is further
equivalent for the conjecture to hold for every finite cyclic group. If the spectral-tile direction
of Fuglede’s conjecture holds for R, then it holds for Z, which again implies that it holds
for every (finite) cyclic group. On the other hand, the converse of this statements is not
necessarily true.

The investigation of Fuglede’s conjecture for finite cyclic groups started with a result of
Kolountzakis and Malikiosis [10] by proving that the conjecture holds for Zyn,, where p" is an
arbitrary power of the prime p and ¢ is a prime. As a strengthening it was proved in [7] that
Fuglede’s conjecture holds for Z,n,2, where p and ¢ are prime. A recent result of Malikiosis
shows that a for cyclic group of order p™q"™, Fuglede’s conjecture holds if minm,n < 6 or
prin{mn}t=2 - gmax{mn} = Apother important result was proved by Shi [I1] who showed that
Fuglede’s conjecture is true for Zy if k is the product of 3 (distinct) primes.
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The Coven-Meyerowitz conjecture states that if n is square-free, then every tile of Z,, is
complete set of residues (mod k), where k is a divisor of n. This was originally settled by
Laba and Meyerowitz on Tao’s blog and a self-contained proof of this fact was provided by
Shi [11].

Coven and Meyerowitz [I] proved that a subset A of Z,, tiles if two properties called (T1)
and (T2), defined in the next section, are satisfied. The converse also holds if n has at most
two different prime divisors or if n = p"qy...q with p,qi,...,q; are different primes [9].
Furthermore for every n € N the tiles of Z,, satisfy (T1).

The main result of the paper is the following.

Theorem 1.1. Every spectral set in Zyqs is a tile.

Combining this theorem with the result of Malikiosis mentioned above we obtain that
Fuglede’s conjecture holds for Zygrs.

2 Fuglede’s conjecture for cyclic groups

Fuglede’s conjecture is still open in the 1 and 2 dimensions. We will focus on the one di-
mensional case which is heavily connected to the discrete version of the conjecture for cyclic
groups.

Let S be a subset of Z,,. We say that S is a tile if and only if there is a T' C Z,, such that
S+T = Zy and |S||T| = n. We say that S is spectral if and only if the vector space of complex
functions on S is spanned by pairwise orthogonal functions, which are the restrictions of some
irreducible representations of Z,. The irreducible representations of Z, are of the following
form:

2mik z

Xk(z) =€ n",

so these are parametrized by the elements of Z,. It is easy to verify that y and x; are
orthogonal if and only if yx_; is orthogonal to the trivial representation, which can also be

written as
> Xe-i(s) =0.
seS

One can assign a polynomial mg to S by > .g2°, which is called the mask polynomial of
S. It is easy to see that > __¢xx(s) = 0 if and only if & is a root of mg, where &, is a
primitive k’th root of unity. This can also be said as @, | mg, where @y, is the k’th cyclotomic
polynomial. Note that mask polynomials can also be defined for any element of the group
ring Z[Zy,).

Now using the character table of Z,, we have that (S, A) is a spectral pair if and only if the
submatrix of the character table whose rows are indexed by the elements of A and columns
with those of S is a complex Hadamard matrix. In fact, the adjoint of a complex Hadamard
matrix is also a complex Hadamard matrix so if (S, A) is a spectral pair, then (A,S) is a
spectral pair too.

Now we introduce the properties that are needed to formulate the Coven-Meyerowitz
conjecture for any natural number. Let Hg be the set of prime powers p* dividing N such
that @ . (z) | S(z).

(T1) ms(1) = [Lyen, Pa(l),



(T2) for pairwise relatively prime elements g¢; of Hg, we have ®174, | ms(z).

We remind that if (T1) and (T2) hold for some S C Z,, then S is a tile and if S is a tile,
then (T1) holds, see [I]. Further we mention that Laba [5] proved that a set having (T1) and
(T2) properties also is a spectral set.

3 Preliminary lemmas

For the sake of simplicity let n = p?qr. First, we collect the results obtained in [7] that
apply in our case. Note that in our case (n = p2q7‘) for every proper subgroup or quotient
group of Z,, we have that spectral sets coincide with tiles. The results of Section 4 in [7] were
summarised in a statement called Reduction 1 but it is important to note that n has more
than 2 different prime divisors so we only have the following.

Proposition 3.1. Let us assume that (S,A) is a spectral pair for an abelian group whose
subgroups and factor groups satisfies the spectral-tile direction of Fuglede’s conjecture. Then
we may assume 0 € S, 0 € A. Further S is a tile if one of the following holds.

(a) S or A does not generate Zy,
(b) S can be written as the union of Zy-cosets, where u is a prime dividing n.

Lemma 3.2. Let 0 € T C Zn a generating set and assume x and y are different prime
divisor of N. Then there are elements t1 # to of T such that x {t; —te and y 1 t; —to for any
pair of prime divisors of N.

Proof. T is not contained in any proper coset of Zy so it contains an element ¢; not divisible
by z and t2 not divisible by y. If y 1 t1, then t; — 0 € (T — T) is not divisible by either z or
y, when we are done so we may assume y | t;. Similar argument shows that we may assume
x | ta. Then x 1t —ty and y 1 t; — tg, as required. [ |

Another important tool is the following lemma. This is the same as Proposition 3.4 in [7]
formulated in a different language. Let m be a square-free integer, where m is the product of
d primes. Then Z,, @?:1 Zy, a direct sum of d cyclic groups of different prime order so the
elements of Z,, are encoded by d-tuples. This allows us to introduce Hamming distance on
Zy,. Further we say that P is a cuboid in Z,, if it can be written as [[ H;, where H; C Zj,

Proposition 3.3. Let w be an element of the group ring Z|Z,] with nonnegative coefficients,
where m = Hle pi, a product of d different primes. Assume ®,, | my. Let P be a d-
dimensional cuboid and p a vertex of P. Then

Y (=) Eu(e) = 0. (1)

ceP

We will refer to the previous proposition or more precisely to equation (1) as the d-
dimensional cube-rule. Note that this lemma is a corollary of Corollary 3.4 in [7], that is
formulated below.

Lemma 3.4. Let w be an element of the group ring Z[Z.,| with nonnegative coefficients.



o Then w can be written as the weighted sum of Z,,-cosets with rational coefficients.

o If m = pq, where p and q are primes, then w can be written as the Z,-cosets and Zq-
cosets with nonnegative coefficients. Moreover, if the coefficients of w are integers, then
it is a sum of Zy-cosets and Z4-cosets with nonnegative integer coefficients.

It is also important to know what happens if w is a multiset on Z,,, with ®,, | m,,, where
m is not square free, which is also described in [7]. Let m’ be the square free radical of m.
Then w is the weighted sum of Zj,-cosets with rational coefficients again, implying that the
cube-rule holds for the restriction of w to each Z,,/-coset.

Lemma 3.5. Let T' C Zpgr. Assume ®pgp | mp and T N ((t + Zg) U (t + Zy)) = {t} for all
te€T. Then T is a union of Zy,-cosets.

Note that the statement holds verbatim for any permutation of the primes p, g, .

Proof. Assume ®,,, | mr, then T satisfies the 3 dimensional cube-rule. Suppose t € T. By
our assumption T'N (t + Z,) = {t} and T'N (t + Z,) = {t}.

By the way of contradiction, assume 7" is not a union of Z,-cosets so there is t € T with
tp € (t+7Z,) \ T. Then for every cuboid containing ¢ and t, as its vertices, the neighbours
(consider the cube as the natural graph on 8 vertices) of ¢ are not in 7. Now using the
cube-rule we obtain that the vertex of the cuboid, which is of Hamming distance 3 from ¢ is
contained in T'. Thus for every x € Z,q with p |  — ¢, and dy(x,t) = 3 we have z € T.
Then there are elements of 7" whose difference is divisible by pr if ¢ > 2 and the same holds
with pq if r > 2. This contradicts the assumption that TN ((z +Zy) U (x + Z,)) = {z}. N

Now we prove a Lemma that will be used in the proof of our main result. Since Z, is
a cyclic group, for every m | n there is a unique subgroup of Z, of order m. Thus if f is a
function on Z,, then there is a well defined way to define its projection to Z» by summing
the values of f on each Z,,-coset. This can also be applied to sets by identif};rilng them with
their characteristic function.

Lemma 3.6. Let T C Zy, where N is a positive integer and let m and r are divisors of N
with (m,r) = 1. Assume further that for every d | m we have ¢4 | mp or ¢gq- | mp. Let Ty,
denote the projection (points counted with multiplicity) of T to Z,. Then T,, = cZy, + 1D,
where ¢ > 0 an integer and D is a multiset on Zy,.

Proof. Since (d,r) = 1 we obtain ®4.(z) = Py4(z"). This equation can be written as
D4 (x) = Pg(x)" in the polynomial ring Z,[x]. Now ®g.(z) | mr(z) implies ®4(z) | mp(z) in
Z,[x]. These cyclotomic polynomials are pairwise relatively primes Z,[z] as well so we obtain
[14m ®a | mr in Z[z]. This implies that my = 0 (mod 2™ — 1) in Z,[z]. Now let T, the
multiset obtained from 7' by the natural projection to Z,, and let ¢ = mingez,, t(x). Then
the claim follows from mz =0 (mod z™ — 1) in Z,[z]. [

4 Proof of the main result

Let (S,A) be a spectral pair. We will distinguish certain different cases by the cardinality of

S, which equals to those of A. For a subset A C Z,, we write k || |A]| if gcd(|Al,n) = k.
Before we start proving our main result we introduce a notation. For every k | n there

is a unique subgroup of order k of Z,,, which we may also denote by Zj. For a subset A of



Zy, one can define a function from the cosets of Z; to N. The image a coset is the number of
elements of A contained in the coset. This function can also be considered as a multiset i.e.
elements of Z[Z] with nonnegative coefficients, and it will be denoted by Aj. Sometimes we
say that Ay is the natural projection of A to Zj.

4.1 |S| has 3 prime divisors

In this case we assume that |S| is divisible by three of the primes p, ¢, counted with multi-
plicity. Thus the cases handled here are p?q || |S|, p*r || |S| and pgr || |S].

Assume p?q || |S|. Project S to Zy2q. If two elements of S project to the same element of
Zy24, then we have a pair of elements of s1,s2 € S with p?q || 51— s2. Note that this is always
the case when |S| > p?q. Thus we have ®,. | my, which implies r | |A| = | S|, a contradiction.
Thus |S| = p?q and S is a complete set of residues (mod p?q) so is a tile.

The same argument works if p?r || |S].

Let us assume now that pgr || |S|. If a Z,2-coset contains at least p+1 elements of S, then
S contains a pair of elements contained in the same Z,-coset and a pair of elements contained
in the same Z,2-coset but in different Zy-cosets. These imply ®, | ma and ®,2 | my so
p? | |A| = |S], a contradiction.

It remains to investigate the case when each Z,2-coset contains exactly p elements of S,
which gives |S| = pgr. Moreover by excluding ®,®,2 | ma we obtain that the intersection of
S with each Z,2-coset is either a Z,-coset or it is a complete coset representative of Z,-cosets.
In both of these cases S is a tile.

Note that similar argument will also be used later in this paper if |S| > p?min{q,r} or
S| > pgr.

4.2 |S| has two prime divisors

Now we handle the cases when p? || |S|, pq || |S], pr || |S| and gr || |S].

Case 1. We first handle the case p? || |S].

Assume first that ®,, | mg. Then we may apply the cube-rule on every Zq,-coset. By Lemma
we obtain that S is the union of Z,-cosets, which case is handled in Proposition Bj]@
Thus we may assume ®, { mg.

If every Zg,-coset contains exactly one element of .S, then S is a tile. Thus we may assume
there are 51 # so € S with p? | 81 — so. If p%q || 51 — 52 or p?r || 81 — 82, then r | |S] or ¢ | |S],
respectively. Both of these cases contradict p? || |S]. Thus we have p? || s1 — s 50 @4 | M.

It follows from @, | my that Ay is the weighted sum of Zg-cosets and Z,-cosets with
nonnegative weights by Lemma [3.4l Both type of cosets appear since otherwise we would
have ¢ | |S| or r | |S|, a contradiction.

Let T be a graph whose vertices are the elements of A and two vertices are adjacent if and
only if their difference is not divisible by either ¢ or r. If T' is connected, then since ®,, t mg
we have A is contained in a Z,q,-coset, which is excluded by Proposition B.11

Without loss of generality we may assume r > ¢ so r > 3. Then there are A\, € A with
g | A= XN but rtX— XN and there is \” € A, whose ¢ and r coordinates differ from those of
A and \. By this we mean ¢t A — X' gt N = X' rt X=X and r{ X — \’. Since ®,, { mg
we have p | A — M and p | N — X\ so we have pg | A — X and 7t A — X. Thus we either have
®, | mg, which is excluded since r { S|, or we have ®,, | mg.



Assume I' is disconnected. Let Aqr denote the underlying set of the multiset A,.. We
have that Ay, is the sum of Z; and Z,-cosets and we have seen that both types appear. Thus
Aqr is the union of a Z,-coset @ and a Z,-coset R, otherwise I' is connected. In this case, I
has a large connected component consisting of those elements of A which do not project to
the intersection of ) and R denoted by x € Z,,.. The p-coordinate if these points is the same.
Note that the number of elements of A projecting to z is less than %

We claim that ®,, 1 ma. By the way of contradiction let us assume ®,, | my. Using the
same argument when we excluded ®,, | mg we have that A is the union of Z,-cosets. But then
(A, S) is a spectral pair and by Proposition 3.1l we have that A is a tile whence |A| = p? = |S)|.
Theorem Bl in [I] shows that (T1) holds for A. Thus it follows that ®,®,. | ms. Since
O, =1+ax+...+ 2P"~1 and |A| = p? we have A is a complete set of coset representatives
of Zgr in Z,,. This contradicts the fact that all but the elements of A projecting to x € Zg,
give the same remainder (mod p).

We have that there is p in A projecting to @ € Zg, with pf p— X and p { o — A”, where
A projects to R\ {z} and X to @\ {z}, otherwise A is contained in a Z,g-coset. Thus we
obtain ®,2, | mg and @2, | mg since &, { mg.

Now we exclude the case p = 2. If p = 2, then by » > ¢ we have r > 5. Thus the
description of Aqr shows that there are at least 4 elements of A projecting to R in the same
connected component of I'. The difference of any two of these is divisible by p so there is a
pair whose difference is divisible by p? as well. Since their projection to Zgr lie in R we obtain
¢r | mg, a contradiction.

We claim that p > r. Otherwise there are more than p elements of A, projecting to
mutually different points of R \ {x}. Their difference is divisible by p since they are in the
same connected component of I' but then there would be a pair whose difference is divisible
by p? as well, implying ®, | mg and r | |S|, a contradiction. Similar argument shows that we
may assume p > q or p = 2 and ¢ = 3, which we have already excluded.

A simple calculation shows that the number of elements m of A projecting to x exceeds
p. This follows from p? < kq + lr and m = k + [ since p > ¢, r, where k and [ are defined by
Ay = kQ + [R. Thus there are elements A3, Ay, A5 of A with gr || A3 — A4 and pgr || A3 — X5
thus implying ®,®,2 | ms.

We remind that ¢, | mg. The fact that D,P, | mg implies that every Zg,-coset contains
the same amount of elements of S. Denote this number by a. If a = 1, then S is a tile so we
assume a > 2. If a = ¢, then |S| = p?q which case has been handled before. If a > ¢, then
|S| > p2q and by a simple pigeonhole argument (the same argument is used in subsection )
we obtain r | |S].

Now project S to Zyz,. Sz, is a set, otherwise ¢ | |S|. Then each Z,-coset in Z,2, contains
2 < a < q elements of S2,. By Lemma [3.2] we have ®,2, | mg or ®, = ®,2,,. | mg, but the
last one is excluded. Using ®,2, | mg we have that the intersection of S, with each Z-coset
is the union of Z,-cosets or Z,-cosets. Since a < g < r it is the union of Z,-cosets only.

Then we build up a graph I” whose vertices are the elements of A and two vertices are
adjacent if and only if their difference is not divisible by either p or r. It follows from the
previous observations using p > 3 that I is connected. Since ®,, { my we have that the ¢
coordinates of these elements of A is the same so A is contained in a proper coset of Z,,. Thus
by Proposition B.1] we have that S is a tile.

Case 2. Assume pq || |S]|. We may exclude the case, when S is complete set of residues
(mod pg), which is the same as S contains exactly one element from each Z,,-coset, since S



is a tile in this case. Then there are elements of S projecting to the same element of Z,,. We
either have ®,, | mp or ®, | ma or ®, | my. The latter case is impossible since 7 1 |S].

Now we project S to Z,2,. The projection Sz, is a set, otherwise we have ®, | ma and
thus r | |S|, a contradiction. If there is a Z,2-coset of Z,2, containing more than p elements
of 52,4, then there are two of them, whose difference is not divisible by p, implying ®,2 | ma
or ®2,. | mp. If every Z,2-coset of Z,2, contains exactly p elements of Sz, and for each
Z2-coset all of these elements are contained in the same Zj-coset, then we have that S is a
tile. Thus we may assume ®,2 | mp or 2, [ ma.

Applying Lemma using the conditions that ®, | my or ®,, | ma, and ®,2 [ mp or
®,2, | mp we obtain that the projection of A to Z,2 is of the following form:

Apz = Csz +rD, (2)

where ¢ is a nonnegative integer and D is a multiset on Z,2. If ¢ = 0, then » | [A| and if
D =0, then p? | |A|. Both cases contradict our assumption that pq || |S| = |A|. Thus there
are at least 7+ 1 elements of A projecting to the same element of Z,2 so we obtain ®, | mg. If
q < r, then there are two of them, whose difference is divisible by ¢ as well, implying ®,. | mg,
a contradiction. Thus we may assume g > 7.

Assume @2, | mp. Then A2, is a multiset, which is the sum of Z,-cosets and Z,-cosets
by Lemma 3.4l Since ¢ > 0 and D # 0 in equation (2)), there is a Zp,-coset of Z,2,, whose
intersection with the multiset Apzr is the sum of k Z,-cosets and [ Z,-cosets with k +1 > 2.

Now we argue that A2, contains a Z,-coset. Assume this is not the case, thus we can
write A2, as the sum of Z,-cosets. Then the number of elements of A2, contained in each
Zpg-coset is divisible by p. If ®, | my, then these numbers are the same so we would have
p? | |A, a contradiction. If ®,, | my, then A, is the sum of Z, and Z,-cosets. If A, contains
a Z,-coset, then Apgr—contains a Zpy-coset since it is the sum of Zy-cosets so Apgr contains
a Z,-coset as required. If A, is the sum of Z,-cosets only, then we again have p? | |A|, a
contradiction.

Since ¢ > 0 in equation (2]) and since we have a Z,2,-coset containing a Z,-coset, which is
also contained in A,2,, we have two elements A1, A2 € A2, with pr || Ay — Ag. It is not hard
to see from the description of A in this case that for every d | p?r we have A\, X € Ap2, with
d || X\=X. Then we have ®,®,®,,®,2® 2, | mg in Zy[x] so by projecting S to Z,2, we obtain
a multiset of the form ¢'Z,2, +¢D’ (¢, D" > 0). If ¢ = 0, then S is spectral set, which is the
union of Zg-cosets, hence a tile. If ¢ > 0, then D’ = 0 since a Zg-coset cannot contain more
than ¢ points of A. Then p?r | |S|, a contradiction.

Thus we may assume D2, { my so we have ®,2 | ma. Then since p? { [S| we must have
®,  mp so we have @, | my. We remind that we have already seen that ®, | mg so S
is equidistributed on the Z,2,-cosets. Now we apply this to obtain information about the
structure of S.

We investigate the intersection of S with each Z,2,-cosets. Assume sy, 53 € S are contained
in a Zy2,-coset but are not contained in a Zj,-coset. If their difference is not divisible by r,
then we would have ®,2, | my, which we have excluded above. Similarly, if s3 # s4 € S are
contained in a Zy,-coset, then they need to have different r-coordinates, otherwise we would
have ®, | my. Their difference is not divisible by p? since we would have ®,. | m, which is
impossible since r { [A| = |S|. Each Z,2,-coset contains the same amount of elements of S by
®, | mg, which is then at least p. The previous argument shows that each Z,2,-coset contains
exactly p elements of S and either they lie in different Z,,-cosets or they are all contained in



one Zy,-coset with p? not dividing their differences. If for each Zy2,-coset only one of the two
types appears, then S is a tile.

Now we argue that ®,2, | ms or ®, | mg. By Proposition 3.1 we may assume 0 € A and
that A is not contained in a proper subgroup of Z,z,,. Then our claim follows from Lemma
0.2

Since 7 { |S| = [A| we have Sz, is a set. Assume ®,2, | ms. Then S, is the union of 7Z,
and Zg-cosets. Since there is at least one Z,,-coset such that each of its Z,-cosets contains
one or three elements of S we have that S, is the union of Z,-cosets all contained in different
Zpq-cosets. This contradicts the existence of Z,2,-cosets of Z,, which contains a Z,-coset
containing exactly p elements of S (any pair of these elements have different r-coordinate).

Assume now that ®,, | mg. It is clear from our previous discussion that there are z,y
with p |  —y and ¢ { * — y such that Z,, + = and Z,, + y contains 1 and p elements of
S, respectively. We remind that if it contains p, then in that Z,,-coset, the difference of the
elements of S lying in this Z,,-coset is not divisible by either p? or with r. Then one can
build up a 3-dimensional cube in Z,q., which contains exactly one element of S or exactly
two elements of S of Hamming distance 2, which contradicts the fact that S satisfies the
3-dimensional cube-rule in each Z,q-cosets.

A similar argument works if pr || |S| since the role of ¢ and r is symmetric.

Case 3. Let us assume that ¢r || |S].

Then either S is a complete set of residues (mod gr), whence S is a tile or there are two
different elements of S, whose difference is divisible by ¢r. This would imply ®, | ma or
®,2 | mpa. In both of these cases we have p | |[A| = [S], a contradiction.

4.3 |S| has at most one prime divisors among p, q,

Let us assume 1 || |[S| or p || [S]| or ¢ || |S| or r || |S].

If &, | mg, then the intersection of S with each Z,q,-coset satisfies the 3-dimensional cube-
rule. Then by Lemma [B.5] we cannot have 1 || |S| and if |S| =p or |S| = g or |S| =, then S
is a Zp-cosets, Zq-cosets or Z,-cosets, respectively. These cases are excluded by Proposition
B.1

A similar argument works for A. If ®,, | my, then A is the union of Z,-coset or Zg-cosets
or Z.-cosets. Then since (A, S) is also a spectral pair we have by Proposition [3.1] that A is a
tile. Then |A| = |S| | n so we have that |[S| = |A| =por |S|=|A| =qor |S| =]|A| =r. The
fact that A is Zy-coset implies that @5 | ms. Then it is easy to see that (T1) and (T2) are
satisfied for S so it is a tile.

Thus we may assume ®,, { mg and ®, { mp. By Lemma [3.2] we have ®,2,®,2, | ms.

Without loss of generality we may assume r t |S| since the role of ¢ and r are symmetric.
Then S, is a set so it is the disjoint union of Z,-cosets and Z4-cosets. By Proposition [3.1]
we have that (S) = Z, so (Sp2,) = Zy2,. It follows using 0 € Sz, that that at least two
Lpq-cosets of Z,2, contain elements of S)2,. Note that the same argument works for A2, as
well. We remind that Sz, is the union of Z,-cosets and Z-cosets.

Assume there is a Zpq-cosets in Z,2,, whose intersection with )2, contains a Z,-coset and
another Zy,-coset containing a Zy-coset also contained in S,2,. Then for every d | p?q there
are 841,842 € S such that d || mp2,(s4,1) — Tp2,(84,2), where 7,2, is the natural projection of
Zn to Zy2y. Hence @4 | mp or @4, | my for every d | p?q. Thus by Lemma [3.6] we have that
A = cZyp,+rD. If ¢ > 0, then |S| > p?q. In this case S is a tile or 7 | |S| by the argument
used in Case 1. If ¢ = 0, then we obtain r | |S]|, a contradiction.



Assume now that the intersection of Sy, with each Z,q-coset is the union of (possible 0)
Zg-cosets and this intersection is nonempty for at least two cosets of Zp,. Then it follows
from @, { mp that if 2,y € S, whose natural projections to Z,2, are not contained in a proper
coset of Zyq, then their difference divisible by r. If ¢ > 2, then it follows from (S)2,) = Z,2,
that the difference of any two elements of S is divisible by r so it is contained in a proper
coset of Z,,. Proposition B.1] gives that S is a tile in this case.

If ¢ = 2 but there are more than two Z,,-cosets containing elements of 5,2, then we build
up a graph I' having vertex set S and two vertices are adjacent if and only if their difference
is not divisible by either p or ¢q. Again, the difference of two adjacent vertices is divisible by
r. It is not hard to verify that I' is connected and then S is contained in a Z,2,-coset of Z,
S0 it is a tile.

If there is a Zp,-coset in Z,2,, whose intersection with Sy, contains at least two Z,-cosets
and another one which contains at least one Zgj-coset, then again we have that for every
1#d| p?q there are elements sy, so of Sp24 such that d || s1 — s2, which case has already been
handled above.

The |S| = 4 case follows from a theorem of Kolountzakis and Matolcsi [4], which says that
spectral sets of cardinality at most 5 in finite abelian groups are tiles.

Thus it remains that 5,2, is the union of Z,-cosets only. We also have that these Z,-cosets
are not contained in a Zyg-coset or a Z,2-coset of Z,2,. For every s € Sz, the unique element
of S projecting to s and it is denoted by 5. Assume that for every x € 52, there is y € 52,
such that pf 2 —y and ¢ { « —y. Then for every 2/ € x +Z, C S, we have p {2/ —y and
q {2’ —y. Since ®, { mp we have that 7 | Z — 7 and 2/ — 7 so r | Z — 2/. The same holds
for every element of z + Z, so {x +u: w € Z,} is a Z,-coset. Therefore S is the union of
Zy-cosets, which is handled by Proposition B.11

If there is a o € Sj2, such that p | x —y or ¢ | x — y for every y € S2,, then Sz, is
contained in (x+Zpq) U (2 +%Z,y2). Since Sz, is not contained in any of this two sets appearing
in the union we again have that for every d | p?q there are z,y € Sp2, with d ||  — y, which
case has already been settled.
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