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COMPRESSION OF BOUNDARY INTEGRAL OPERATORS
DISCRETIZED BY ANISOTROPIC WAVELET BASES

HELMUT HARBRECHT AND REMO VON RICKENBACH

ABSTRACT. The present article is devoted to wavelet matrix compression for
boundary integral equations when using anisotropic wavelet bases for the dis-
cretization. We provide a compression scheme which amounts to only O(N)
relevant matrix coefficients in the system matrix without deteriorating the ac-
curacy offered by the underlying Galerkin scheme. Here, IV denotes the degrees
of freedom in the related trial spaces. By numerical results we validate our
theoretical findings.

1. INTRODUCTION

Many problems from engineering result in partial differential equations, which
can often be solved efficiently by using the finite element method [3, 4]. However, if
the loading of the equation is zero, under some circumstances, one may transform
the partial differential equation in a domain into an integral equation on its bound-
ary. Such an integral equation can then be solved using the boundary element
method [23, 26]. There are many practical problems which can be treated with the
boundary element method, such as for example the Laplacian or linear elasticity
problems [22, 26], scattering problems [6], and homogenization problems [1, 5, 19].

A huge advantage of the boundary element method is that the integral do-
main under consideration is reduced from an n-dimensional surface to a (n — 1)-
dimensional hypersurface. This brings us a significant reduction in the number of
the degrees of freedom, but since the integral kernels are, in general, nonlocal, also
densely populated matrices.

To overcome the dense matrices, fast boundary element methods have been de-
veloped, such as adaptive cross adaptation 2], the fast multipole method [12], or
the wavelet matriz compression [8, 24]. A comparison of these methods with re-
spect to their advantages and disadvantages can be found in [14] for example. The
computational cost of all these methods scale linearly or loglinearly in the number
of degrees of freedom. Indeed, the wavelet matrix compression has been shown to
have linear cost complexity, compare [8]. Moreover, the boundary integral operator
is s*-compressible [27], with the consequence of a quasi-optimal convergence for the
adaptive wavelet boundary element method [9, 11, 17, 28].

However, all these works consider isotropic wavelets, meaning that the mesh
of the underlying multiscale hierarchy consists of isotropic elements. Therefore,
only anisotropic singularities cannot be resolved properly. This leads to a loss
in the convergence rate if the solution of the boundary integral equation exhibits
such singularites. Anisotropic singularities, however, appear if the boundary under
under consideration contains edges as this is the case, for example, for Fichera’s
corner [17]. This gives rise to considering anisotropic tensor product wavelets,
which are allowed to refine in one coordinate direction whilst staying coarse in the
other coordinate direction. With such wavelet functions, the disadvantage of the
isotropic wavelets might be overcome.
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Anisotropic tensor wavelets for boundary integral equations have been considered
first in [13] in the context of sparse tensor product approximations. In [20], for both
isotropic and nonisotropic boundary integral operators which are discretized with
respect to sparse tensor product spaces, a compression scheme has been developed.
This scheme which leads to an essentially linear number of the degrees of freedom
therein, provided the underlying integro-differential operator is of the order 2q >
%(\/5 — 1) > 0. We, on the other hand, will construct in the present article a
linearly scaling compression scheme for integral operators of arbitrary order which
are discretized with respect to the full tensor product space. In particular, our
compression estimates can be used to improve the results from [20]. Note, however,
that the computation of the matrix entries of the compressed system matrix is not
a topic of the present article. This can be done by using the techniques and results
of [15, 29].

The rest of the article is structured as follows. In Section 2, we introduce the
boundary integral equation to be solved. Then, in Section 3, we define the aniso-
tropic wavelet basis we shall use for the discretization on the unit square. Estimates
on the size of the entries of the respective Galerkin matrix with respect to the unit
square are derived in Section 4. The wavelet matrix compression is proposed in Sec-
tion 5. The number of the remaining nonzero matrix entries is counted in Section 6.
In Section 7, we generalize the wavelet matrix compression to the boundary of a
Lipschitz domain. Consistency and convergence of the wavelet matrix compression
is proven in Section 8. In Section 9, we provide numerical experiments to validate
the results derived. Finally, in Section 10, we state concluding remarks.

Throughout the article, let us replace generic constants by the notation A < B,
which means that A is bounded by a constant multiple of B, and, similarly we
define A > B if and only if B < A. If A < B and B < A, we write A ~ B.
Moreover, if j,j’ € N2 are given multiindices, the inequality j < j’ is understood
componentwise. Especially, the notion j < j’ means that j < j and j # j’. Finally,
we set 1 :=(1,1).

2. PROBLEM FORMULATION

2.1. Parametrization. Throughout this article, we consider a bounded, piecewise
smooth domain Q C R? with Lipschitz boundary I' := 0€2. We us assume that I'
can be decomposed into r four-sided, smooth patches I';, i = 1,...,r, such that

r:On.
=1

This decomposition needs to be admissible, meaning that the intersection I'; N T';
is for ¢ # j either empty, a common vertex, or a common edge of both I'; and I';,
cf. Figure 1. We next choose smooth diffeomorphisms v, : O := [0,1]?2 — T'; such
that there exist constants ¢; and C; with

0<e < \/det (Dv,(s)TD~,(s)) < C; < o0, sel. (1)

This parametrization should fulfill the matching condition that <, and -; coincide
up to orientation at a common edge of two neighbouring patches I'; and I';.

2.2. Boundary integral equation. In the following, we intend to calculate the
solution u of the boundary integral equation

Au@) = [ K(@y)u(y) ds, = o(e). @ eT, (2)

where A : HY(T') — H4(T) is a given boundary integral operator. Typically, the
kernel k is asymptotically smooth of the order 2¢, that is, K is singular only on the
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FIGURE 1. A parametrization of Fichera’s vertex. The different
shadings represent the different r» = 24 patches I';.

diagonal {& = y} and smooth apart from it in terms of
0808 K (z,y)| < Capllz — y||~@F20H*+BD, 3)

provided that 2 + 2¢g + || + |B| > 0. We assume that A is bounded and strongly
elliptic on H%(I"), meaning that there exists a uniform constant ¢ > 0, such that
for any u € HY(T"), we have

(u, (A + A 2 cllul 2o - (4)

Furthermore, for the sake of convenience the operator A is assumed to be injective.
If this is not the case, but if its kernel is finite-dimensional and known in advance,
then one can consider 4 as on operator

A: HY)/ker A — (HYT)/ker A),

and the presented approach is still valid, which is the case for example for any
interior Neumann problem, where the kernel consists of all constant functions.

A practical example, which can be written as a boundary integral equation, is
the Laplace problem with homogeneous Dirichlet boundary data in three spatial
dimensions for given boundary data g € H 3 (), ie.,

Av =0in Q, v=gonl.

It is well known that this problem is uniquely solvable. As described in detail in
[23, 26], for example, we may write v € H'({) as a layer potential of an unknown
density v € HY(T'), that is v = Pu, where P is a linear and continuous boundary
potential operator from HY(T) to H'()). By taking the trace of the equation
v = Pu, we arrive at a boundary integral equation

Au = tr(Pu) = g. (5)

Especially, in the case of the single layer and the double layer potential, the kernels
are given by

1 <:l} —Yyn >
Ki(z,y) = ———  Kalz,y)= 1%

’ Azl — y|| Azl —yl?

It can easily be seen that ks and kg are asymptotically smooth kernels of the orders
2q = —1 and 2q = 0, respectively.
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2.3. Galerkin scheme. By multiplying (2) with a test function ¢ € H%(T), we
derive the variational formulation of the boundary integral equation under consid-
eration:

find w € HY(T') such that (Au,¢)r = (g,¢)r for any ¢ € HY{(I'). (6)
-

Similar to [8], we are considering a sequence of nested trial spaces V; C Vg
... € HYT), which is asymptotically dense in H?(T"). For any fixed level J (re-
flecting a mesh width of size ~ 277), we restrict the variational formulation (6) to
V; to obtain the Galerkin problem

find uy € Vy such that (Auy, ¢)r = (g,¢)r for any ¢ € Vj. (7)

If V; = span{e1,...,¥n,} € HY(T), the Galerkin problem (7) is equivalent to
the linear system of equations

N N N
AJuJ =87, AJ = |:<A,(/)j7,(/)i>l_‘j|i,j"]:1’ g = |:<g?¢]>F:|J:Jla uy = [uj]j:17
where uy(x) = j-vz"l u;1;(x). Especially, by means of Cea’s Lemma, the solution

uy € V7 satisfies an estimate of the form
— < inf — .
|w UJ||Hq(r) N vJHele [|lu UJHHq(F)

Herein, the right-hand side can estimated further by imposing more knowledge on
the trial spaces V.

3. DISCRETIZATION

3.1. Single-scale bases. A natural choice of trial functions are piecewise polyno-
mial functions, defined on the unit interval, tensorized, and then transported onto
a surface patch I';. We postpone this transportation to Section 7 and consider the
unit square first. To this end, we first have to consider the unit interval I = [0, 1].
Given a level j, we want to construct a space V;, with dimV; ~ 27, which con-
sists of piecewise polynomial functions on the dyadic intervals [k277, (k + 1)277],
k =0,1,...,27 — 1. This is possible by choosing a suitable function ¢ and then
rescaling it according to

bix(z)=286(Pe—k), keA,,
where A; is a suitable index set. We remark that this scaling implies ||¢; & £2(jo,17) ~
1.

Outgoing from this construction, we can define any ansiotropic tensor product
function and the corresponding tensor product spaces. In particular, for j =
(j1,j2) € N, and k = (ki1,k2) € Aj := Aj, x Aj,, we define the tensor product
function

G5k (@) = (Dj1, 01 @ Dja ko) () = D ey (T1) Dy ey (2).
With these functions, we define the trial space
‘/j = span {(bj,k :j = (],j), k e AJ}

The spaces Vj are said to have the approximation order d € N given by
d = sup {s e R: v]ng/]”v - UjHL2(D) S 2778l gsmy for any v € HS(D)} (8)
and the regularity ~ given by

y=sup{s eR: V; C H*(O)}.

In the simplest case, we take piecewise constant scaling functions which are
defined by ¢ := 1jg 1. Then, for any fixed j € N, we define the local trial functions

Gk = 22U po-s (pr1ya-a] = 226(27 - —k), ke A;={0,1,...,27 —1}.
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This yields the well-known approximation spaces V; := span{¢; i : k € A;}, having
the parameters v = % and d = 1.

In general, piecewise polynomial functions of the order r result in an approxim-
ation order d = r. The regularity v is, however, limited by the global smoothness
of the trial functions. There holds v = % if they are discontinuous while there is

v = 2 if they are continuous.

3.2. Wavelet bases. Although the above method is very intuitive, we have a lot
of difficulties to deal with. As the boundary integral operators under considera-
tion are not local, the Galerkin problem results in fully populated matrices. This
drawback can, up to logarithmic terms, be overcome with fast boundary element
methods like the fast multipole method [12]. An alternative approach is to con-
sider specific, linear combinations of piecewise polynomial trial functions, which are
called wavelets. For a full introduction into this topic, see for example [10, 16, 24].

The general idea is to discretize the complement of V;_; in V;. Roughly speaking,
given a function u; in Vj, the projection P;_ju; € V;_; is a good estimation on u;,
and the difference u; — P;_ju; can be expressed in terms of complementary basis
functions. To this end, we fix a minimal level jy and introduce complement spaces
W; for all j > jo, satisfying

Vi=Via®W;.
Similar as before, W; is spanned by basis functions of the form
Gik =27 (07 k), keV;i={0,..., 2 =1}, j>jo.  (9)

The function v is the so-called mother wavelet. Also here, we note that |[1); x| 22y ~
1. However, it can be shown that {1, +};  is a Riesz basis of multiple Sobolev spaces
if properly scaled, compare e.g. [24]. We remark that the identity V; = V;_1 & W;
implies that

Vi=Vjo ®Wjos1 ®@Wjpp2 @& --- @ Wy. (10)
For the sake of notational convenience, we set W, := V;, and denote v, 1 := ¢;, &
for all k € Vjg := Aj,.

By tensorising (10) with itself, we arrive at

ViV, = @ Wj, @ Wj,.

lilee<J
Hence, in view of (9), we can write
Vy®@Vy =spanV :=span{¢jk: jloc < J, k € V;} (11)
with the tensor product wavelets ¥ x = ¥j, x, ® ¥, 1, and
Vj:=Vj, xVj,, V;:={0,...,max{0,2/"" — 1}}. (12)

3.3. Notation. Let us define some notation which we will use throughout the
remainder of this article. First, we define the support of a wavelet as

Qj 1 :=supp ;i
and, accordingly,

5 k 1= supp ¥j k-
Similarly, we define the singular support, i.e., the points at which a wavelet is not
smooth, as

QF == singsupp ¥; k, fy := singsupp ¥j k.
For a pair of wavelets 95 x and ¥/, we let

0y, 1= dist (jS,ki,Qj;,k;), Otot = dist (Qj,kv Qj’,k’)'
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Moreover, we also define

o L dlSt (jS,kiagz’k;)a ]l Z J;7
o dist (Q‘j’“ki, Qj;,kg)7 otherwise.

Finally, given a wavelet 1; 1, we say ph,at ¥ 1 is located in the far-field of 1
if there holds dist(€2; &, Qj x/) 2 27 min{5.5'}  otherwise, we say that ) 1 is located
in the near-field of 1; ;. For the tensorized wavelets, this threshold is the maximal
support length, which amounts to 2~ min{ii.dz.1.d2},

3.4. Some important wavelet properties. Wavelet functions have some very
nice properties, see e.g. [7, 10, 24] for the full range of expressions. In this section,
we will restrict ourselves on the most important ones, which are needed in the
remainder of this article.

First, it is well-known (see e.g. [7, 10]) that a one-dimensional wavelet basis on
the interval possesses a unique, biorthogonal dual basis. By tensorising this dual
basis with itself, we get a biorthogonal dual basis on [, which we denote by .
This dual basis then provides the approximation order d and the regularity 7 > 0.

As already stated in [13, 24|, the set ¥ := {¢)j: j > jo, k € V;} forms a Riesz
basis of L?(0J), meaning that

2
2
> Gatix ~ D el

Moreover, in accordance with [7, 13], they satisfy the norm equivalences,

2 $ljloo i
el oy ~ - 22 |G,
ik

2
], —y <5<, (13)

where H? := H® if s > 0 and H} := He if s < 0.
For a multiindex j, let us define the (non-orthogonal) projection onto Vj as

Qju = Z (V.00 W) 5 ke
kev;
whereas for J € N, we define the projection onto V; as
Quui= Y Qu= Y > (dcu)di (14)
liloo<J liloo <J kEV;

By using the a tensor argument, the duality and the biorthogonality, the one-
dimensional approximation property, which is derived e.g. in [24], generalizes to

[l — QJU||H3(|:|) < 2J(‘9_t)||u||Hg(|:|), s<t, —d<s<7vy, —-Fy<t<d. (15)
Moreover, there holds Bernstein’s inequality
1Q5ull sy S 29D Qsull ey, t< s <,
and, regarding @ ju € Vj, also
1Qull sy £ 27 DN Quullmey, t<s<n. (16)

Perhaps the most important property of wavelets for the present article is that
they have vanishing moments, also called cancellation property, which is induced
from the approximation order of the dual basis. Namely, in accordance with [7],
there holds

|<¢j7k7u>[o,1]| N 27(g+%)j|“|wcﬁ°°(ﬂj,k>'
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By explicitly enrolling the tensor product structure of the wavelet 15k, we can
immediately deduce that

|<1/)j,kvu>|:|| < 27(@%)'“1|u|w2fi<><>(ﬂj,k)' (17)

Remark 3.1. Due to the tensor product structure of the wavelets, we must tensorize
scaling functions on the coarsest level with wavelets on a finer level. This means
that we cannot use c?vanishing moments in both directions. However, if T C {j1, j2}
denotes the subset of indices corresponding to univariate wavelets with d vanishing
moments, we have the estimate

‘<'(/)j,k7 u>|:|| 5 2—%Ij\1—52je11 ‘U|WII\5‘°°(QJ-71()'

4. MATRIX ENTRY ESTIMATES

In order to develop a compression scheme for the operator A with respect to the
wavelet basis ¥, we need to estimate the matrix entries in the Galerkin matrix

1<ii <

Ay = [(i s Aiji)p],  where 3, > jo,
ke V;, k' € Vj,

where the wavelet function ; jx is the lifting of the function ;) onto the patch
Fi, i.e.,

Yigk(®) =Yy (@)
For now, let us consider the situation r = 1, where the only patch present is the

unit square [J, in which case we can assume that v, = id. The discussion of the
situation on a Lipschitz manifold is postponed to Section 7.

4.1. Far-field estimates. For the remainder of Section 4.1, we assume that dyo >
0, which means that the first compression [8, 16, 24] applies. There exist estimations
for the entries by Reich [20, 21], which make use of the vanishing moments in the
one dimensional wavelets with the smallest corresponding support length. This is
especially useful when considering thin, long wavelets with a small distance. We
quote the following result.

Theorem 4.1 ([20, Theorem 2.1.9]). For j,j’ > jo + 1, there holds

s Al £ 27 B0 it (054, 0p0) ™00,

Here, {j1M, i@} C {41, 41, j2, 35} N [jo + 1, 00) can be any two distinct indices, the
best behaviour is obtained by choosing the two largest indices.

Let us next derive an estimate which makes use of the vanishing moments in
every one-dimensional wavelet, which is beneficial if the supports of the wavelets
1;.x and ¥y - are small.

Theorem 4.2. Forj,j’ > jo + 1, there holds
—(d+1)(; i/ - d)
[ (s Aty ac) | S 27 R WA TG Er2ead), (18)

Proof. By explicitly enrolling the tensor product structure of the wavelets, we can
write

1 1
|y s A1) 5| N/o /0 /DK(iB,SB/)%bj,k(fB) da s g (27) Ao Py g (25) das.
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We can use the vanishing moments of ¢, 1, to deduce that

| (g 1 At i) 5 |

(da 1y ! q ’
szwwgééﬂﬁ@Wﬂwmmmmﬂmm@

Lee (szwkz)

Note that we can differentiate under the integral because the kernel k is smooth and
bounded on €25k X €y k. The vanishing moments of ¢;/ 1+ then allow us proceed
with the estimate to

K%",k/, A¢j,k>D‘

< 9—(d+)li'h

1 1
//%ﬁﬁmmwmmmm%mmmz
0 0

Lm(ﬂj/,k/)

By subsequently using the vanishing moments of ©;, r,, and ¥, , as well, we finally
arrive at
—(d+ D)5l +15 d ad ad ad /
(s Aty | € 2T DO 08 0L 08 L K (.9, )
If we remember the fact that the kernel k is asymptotically smooth of order 2gq,

compare (3), we can deduce (18). O

4.2. Near-field estimates. As we will see in Section 5, we may use the previous
estimates only if a wavelet pair is in the far-field, meaning that the supports are
sufficiently far away. For the near field, we need to derive different estimates. In
this case, we explicitly enroll the tensor product structure of the wavelets again.
We will use an approach which is similar to the one created in [20].

To this end, we define the dimensionally reduced kernel

Ki(z,2') = /01 /OlK ([?ﬂ ) [;D Vo s (W)W 1 (') dy dyf’ (19)

and the operator A; as the integral operator with the kernel K;. By definition, the
kernel K depends on the wavelets ), k, and ¥, x;, but the context will always
clarify this relation.

Due to the tensor product structure, the dimensionally reduced operator obvi-
ously satisfies (V5 1, AYjx)0 = (Vi1 x5 A1), k1 )j0,1)- Moreover, similar as shown
in [20, Lemma 2.1.5], the estimate

o g,’Kl (z,2)| < 2—%(j2+j§)|x _ x’|—(2+2q+a+a/) (20)

holds. However, there are also vanishing moments of the wavelets hidden in the
kernel K, which can be used to improve the estimate (20) and hence also Theorem
2.1.7 in [20]:

Theorem 4.3. Assume that 0 < o,, <2~ ™00} gnd max{ji, j; }, max{ja, j5} >
jo- Then, we have

(s> A1 ) 0. |
|<¢jl,klvd41¢ji,ki>[o,1]|
< 973 (2t g dmax(sz. g3} 93 |i1 —sil g—dmax{ji.ji} o —(1+20+2d)
~ 1 .
Proof. We will simply derive the appropriate estimate for the kernel k; similar

to (20). Then, the rest of the proof may be completed by simply following the
arguments of [20].
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If 2 # 2/, then the function under the integral in (19) is bounded, so we may dir-
ectly differentiate under the integral. Moreover, let us without loss of the generality
assume that jo > j5. Then,

0202 K1 (z,2")| = ‘/ Vi ke (Y / . Vi k() 0205 K ([gﬂ : BD dy dy’

Ljg ko Gh kb
s @he | [ u oo K ((5),[3]) av
Y€ s ko | Q1 4t
_ —(2+2g+d+a+a’)
s2@he [ )| [51- 7] v
e ?2;/2_/ >|z—z/|

< 2*%(j2+jé)2*gjz |x _ x/|f(2+2q+d~+a+a’)’

since |Q, k| S 2772.
As the remainder of the proof is based on the ideas of [8, Section 6], we just
sketch it. Without loss of the generality, we may assume that j; < j;. In this
case, ¥, k, is located on a smooth part of the wavelet ¢: xr, so we may decompose

Yk = f—l— f such that f is a smooth function satisfying
‘Q = Vji K, ’sz

FARLS 1k

This can be realized by Calderdn’s extension theorem [25] with ||fHHS([0 m) S < 2501,
Hence, we have

|<wj1,k1a-’41f¢)ji,k’l>[0,1]| S ‘<wj1,k17~’41f~>[071}| + |<wj1,k1a~’41f_>[0,1]|'

The estimate for f follows directly from [20, Lemma 2.1.1].
For the function f, we define the operator

A fa) = / @)X (VK (x, 2') f(2') da’

by employing a smooth cutoff function x satisfying x|j0,; = 1. Then, .A% is a
pseudo-differential operator of the order m = 1 + 2¢q + (Z cf. [18]. Remarking that
in our case, we have ¢(jo, j5) = 2’%(72“5)2*@2, we may apply [20, Lemma 2.1.4]
and the fact that o, < 2771 to conclude. t

Remark 4.4. Up to now, we have just considered a reduction to the first coordinate
direction. Nevertheless, as also done in [20], a reduction to the second coordinate is
possible by using a similar definition for the operator As, and the same estimates
hold with exchanged indices.

5. MATRIX COMPRESSION SCHEME

To keep the number of the degrees of freedom small, we need to introduce a
compression scheme, according to which many matrix entries do not have to be cal-
culated, whilst obtaining convergence with the full rate offered by the underlying
Galerkin scheme. We differ between the first compression and the second compres-
sion, but for either case, we require a matrix block error which is controlled by a
level dependent parameter o given by

05,5 = 2J(d/ - (]) - d/(|j|oo + |.]/|oo) + ’{(2“‘00 + 2|jl‘oo - |j|1 - |j/|1) (21)

Here, d’ > d and k > 0 are sufficiently small, but fixed real numbers, which are
introduced in order to avoid logarithmic terms in the consistency estimates.
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5.1. Far-field: First compression. In the case of the first compression, we con-
sider a pair of wavelets 15k and ) x, whose supports are located sufficiently
far away from each other. As we will see, we need to estimate a sum of matrix
coefficients by an integral, which requires that the minimal distance between the
respective wavelets’ supports is large enough. In two dimensions, we must have a
minimal distance, which is at least as wide the largest face of the included supports,
namely 2~ min{j1,j2,51,J2}

If this is not the case, however, we can make use of the tensor product structure
and estimate the sum only in the coordinate direction of x;, which results in a min-
imal distance of 2~ ™intii-di} | Thig procedure basically follows [20], but is adapted
here to the setting on the full tensor product space.

5.1.1. Compression in the x- and y-coordinate. For a fixed maximal level J, we
define the compressed matrix for the first compression ACJI’1 as

(A7 G = {

for k € Vj, k' € Vy, and |j|co, |i’|co < J. Herein, the cutoff parameter B; ; is given
as

07 jajl > jO + ]-a 5t0t > ijj”
(22)

[AJ] G (5 k) otherwise,

Tl '
i1 adl i) Uj’j/*d(h‘lj".] l1)
Bjy 1= amax 2 J1:d2:015025 9 2q-+4d , (23)

where a > 0 is a fixed real number.

Theorem 5.1. Let Ry == A; — ACJl’l. Then, for the matriz block R ;, we have
the estimate

Ryl < a=2r+4D2-0s
with a generic constant that is independent of the refinement level J.
Proof. We advance similar as in [8]. First, we define the set
Vi = {k € Vj: 6ot > By}
Then, we estimate the column sum of the block R;j by

Z ’r(j,k),(j/,k/) _ Z ’<¢j’,k’7-/41/}j,k>|]’ 52—<c7+%>(m1+u’|1> Z 5;§2+2q+4d>’

kev; kevE kevr

where the last inequality is due to Theorem 4.2. By the compression rule (22), we
have the relation dy; > Bj j, and, since also Bjj 2 277',2772, we can estimate the
sum by an integral, yielding

Z |7“(j,k),(j/,k/) g2—(5+%)(Ij\1+lj’\1)2\j|1/ Hw\|_(2+2q+4d~) de
kevV; HmHZBj,j/

< 9= (d+5)(ih+i' 1) 9lil g~ (2a+4d)
~ Jsd

UM/—J(UHHJIH)
As we also have B; 3 > a2 2q+4d , we obtain
N .| S a”Cardaih-lig-es (24)

keV;

Using exactly the same arguments, we can likewise derive the estimate for the
row sums _
> IrGagwo| S aCrtiDaz @iy ey, (25)
k/ij/
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Similar to [8], we now use the estimate for the operator norm of a matrix
IR; 3113 < IRs 5 [11IRs 3 lloo = IeRs g ll1lle™ Ry ylloc, >0, (26)
which gives us, together with (24), (25), the desired result

. s/
lila —13"11

T(j.%),(’ ) ax 2 TGk), 3G K)

€V ) k’er/

2 13711 =14l
Rosl, < | s, B

< g 2(2q+4d)g—20; 5

Remark 5.2. Similar to [20], using Theorem 4.1 and the cutoff parameter
~ o; =AM +53)
Bj.j» := amax 27min{jl’”’ji’jé}7 27 zat2d 3

where {j(l),j@)} C {j1,72,791, 35}, we have a compression scheme

(A5 ) G070 = {

The requirement jV) |73 > 0 is necessary to ensure the validity of Theorem 4.1.
By modifying the appropriate calculations, we get that the corresponding differ-
ence matric R = A — A?’z satisfies

0, JM, 5P > Go, S > By, (27)
[AJ](j,k)7(j/7k,), otherwise.

IR < a=Ce+2D2
This will be important when we consider the complexity since we can also com-

press matriz blocks where scaling functions are involved in at most two coordinate
directions.

5.1.2. Compression in only one coordinate direction. As remarked earlier, we need
at least that dyop > 27 ™in{i142.01:72} in the proof of Theorem 5.1 to estimate the
row and column sums of the matrix blocks by an integral. If this is not the case,
we may estimate the sum by an integral in just one coordinate direction z;. This
leads to restrictions on the distance in only this coordinate direction. Especially
when the term 2~ ™in{id2.71.02} in (23) is too large, this approach is beneficial. As
all the derivations can be found in [20], we just quote the results. We also remark
that we have exchanged the | - |;-norms from [20] with | - |oo-norms in (21), since
we are not working on a sparse tensor product space but on the full tensor product
space.
Let us define the parameters

in{jr.i1} o5 3 —dG M 45 —min{iz.45}
T1 . — min{j1,j i
Dy3 = amax{ 2 1502 1+2q+2d )
o, o; =AW+ @) —min{i1 .57}
,ij’ ‘= agmax<{ 2~ mln{321J2}72 14+2q+2d
)

We can then define the compressed value

L1
0, if 5”“>DJJ”. o
’ Op, < a2 Mindiziiz},

V(). (3 ) = o i 4 %= > Dijs
5 5:“ §a27min{j1,j1},

[A] GO K otherwise,
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and then the compressed matrix by the rule

[Achﬂ — V(ik), (k' k')» lf](l)a](Q) > j07 (28)
7 lGk),GK) [A,] o).y Otherwise.

The latter definition is just a restriction of the compression to the matrix blocks
A; v, for which 7M. 52 > 0, meaning that we can use Theorem 4.1 to estimate
the corresponding matrix entries.

With these definitions, out of the proof of Theorem 2.3.1 in [20], one immediately
obtains the following result:

Theorem 5.3. Let Ry := A — A31’3. Then, the compressed matriz blocks satisfy
the estimate

Ry, £ a-to3r2Da-mss

with a generic constant that is independent of the refinement level J.

By combining (22), (27), and (28), we can define the first compression of the
matriz by

[Acl] . {0, [Af}l’z](j,k)7(j/7k/) =0 for some ¢ € {1,2,3},
J (.k),(" k) [AJ] G,k),(G’ k) otherwise.
(29)
This compression affects the far-field of the system matrix in wavelet coordinates.

5.2. Near-field: Second compression. Up to now, we have considered wavelets
with disjoint and distant supports. As we will see, we can also discard many entries
if the supports of the wavelet pairs are close or even if they overlap, where a strict
requirement is that the distance of the support of the smaller wavelet to the singular
support of the larger wavelet is sufficiently big.

We will only use one direction for the second compression as done by Reich in
[20, 21], but with improved parameters. We define

5§/ —d(max{jy,j] }+max{jz,i5}) —min{j1,i] 42,55}

Ejvj/ = a2 1+2q+2d R

05,5 —d(max{j1,5] }+max{jz,i}}) —min{j2.55}

Tl . d
F 1= a2 r2er2d :

05,3 —d(max{j1,5] } +max{jz,i}}) —min{j1.51}

Fi3 = a2 1+2q+2d

Then, the compressed values are given by

0w > &y,
, oo
0, if {6, < a2 ™indinilt
a2—min{j17j27j{,j§} > 6932 > a2—min{j2,j§},

1) .,
Wi k), k) 0z, > &yt ,
0, if (5$2 < a2—min{j2,j2}7

@2~ min{jig2.31.92} > 5z, > @2~ min{j1,j1},

[A] GO I otherwise,
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o > Fip
0, if {6, < a2 minlini}
8y, < a2~ min{izds},
2) o x
Wi k), (5 ) Tuy > Fi s
0, if 8, < a2~ minlizi},
8y, < a2~ min{iuiih

[AJ](Lk)’(j/’k,), otherwise.

Similar as in the first compression, we define the corresponding compressed matrices
as

1 . . . . . .
[Acz,l} . ) — ng,)k),(j/,k/ﬁ if max{‘]l7ji}’ max{j%]é} > Jo, (30)
TGk, (k) [A] (0. k) Ofherwise,
2 . . . . . .
[AC272} . ' L ng,)k),(j’,k/)’ if maX{]h]iLmaX{]Za]é} > Jo, (31)
TGk, (k) I:A.J} G, (7K otherwise.

Combining these two compression schemes leads to the second compressed matrix
Cg,[ _

(A7 0.0 = {07 (AT 0371y = 0 for some £ € {123,

3% I:AJ} GGG k7 otherwise.

(32)

Remark 5.4. It suffices to compress only the entries with a2~ min{ji.z.i1.02}

0z, 0z, Otherwise, we have

Otot > max{dy,, 0z, } > a2” min{j1,j2,51,J2}

and the first compression applies, meaning that either the entries are zero, or that,
as we will see, there are only O(47) such entries.

For the remainder of this section, let us without loss of the generality assume
that j; < ji. The following estimate holds:

Theorem 5.5. The matriz blocks of the perturbed matriz Ry := Aj; — A7 satisfy
the estimate N
HRJ i < a_(1+2Q+2d)2_Uj’j/

with a generic constant that is independent of the refinement level J.

Proof. Tt suffices to consider the two coordinate directions separately. For Af‘,""l,
we first consider the case where §,, < a2~ ™Uii} and §,, > a2~ ™inti2.d2},

First, assume that j1 # min{ji, j2, ji, j5}. Since we assumed that j; < j, this
means that either jo < ji, or j5 < ji, so we have min{js, 75} = min{j1, j2, 1, 5},
resulting in

5y, > a2~ minli2idt} — go- min{igz.itd4)
Hence, according to (30), we do not compress such entries here and therefore, they
do not contribute to the block error.

Let us therefore consider the case where j; = min{j1, jo, j1, j4}. For the sake of
comfortability, let us define the index sets

Ozq >Sj,j’
— !
Ij,k = k/ S Vj/ : , 0py a2 Jl. y s
a2”71 251221127 min{jg,jg}
and likewise,
Tay >Ej 5
!
‘Z:i,’k, = k e VJ : , 5$1§a2 71 , .
a2 91 26w22a2—miﬂ{j27j2}
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As one readily verifies, the cardinality of these sets is bounded by
Zin S 2d2=J1 T e

Next, we recall that, according to Theorem 4.3, we have the estimate

. g .
J1—J19J2—J
< 9ii=digi2=in,

< 931 —i1)9—3(j2+iz) 9~ d(jr+max{j2,55}) —(1+29+25)_

7307 )
This allows us to estimate the column sums by
Z [ Z 2%(j;_jl)2_%(j2+j;)2_J<j1+max{j2,j;}>%_l(1+zq+zg)
keEV; kETy

< 9i1—il9i2=i1 93 (31 —i1) 9= 4 (ja+is) g—d(js +max{ja,js}) ¢ = (1+2a+2d)
~ 3o
< g~ (H20+2d) 93 (1311~ 1i" ) g —0y 5

Similarly, we may estimate the row sums by

Z ’7‘(_, 1.7 ) Z 9301 J1)2—*(]2+]2)2 (11+de{32732}) —(1+2q+2<f)
K'eVy k'eIJk

< 9it=il93 (=) 9=} (2 +ib) g—dljr+max{jz,js}) g~ (1+24+2d)
~ 3.3’
< g-(+20+20) 95 (3 il ) g =0y 5

Hence, we can argue in complete analogy to the proof of Theorem 5.1.

By using exactly the same arguments, but with interchanging the coordinate
directions, we may also control the compression error of the entries, for which
0z > a2~ min{indi} and 0z, < a2” min{j2.j2}  This implies the control of the error
for the whole matrix Aff’l.

For the matrix Acf’z, we may use exactly the same arguments as in the proof of
Theorem 2.3.2 in [20], with the only adaptation being that we have to use Theorem
4.3 to estimate the matrix entries instead of Theorem 2.1.7 in [20]. O

Finally, by using an additive argument, we can pose the main theorem of this
section.

Theorem 5.6. Consider the compressed matrix

(A% _J0 [AY ]Gk, k) = 0 for some £ € {1,2},
(3:k), (37, K) [A]Gx),G k), Otherwise.

(33)

Then, the block error is controlled by
as - A3l S 2,
with N _ N
£ := max {a—<2q+4d)7 o~ (20+2d), a—(1+2q+2d>} _
Remark 5.7. We have improved both the parameters &5 and ]-'fJ, i contrast to

[20]: For both & 3 and .7-'“1,, we gain an additional factor

Z—Emax{jg,jz}, ¢ # i,

in the above error estimates, but we have to pay another d in the denominator. This
is not mandatory to ensure linear complexity, but it reduces the number of required
vanishing moments, for example in the case of piecewise constant wavelets for the
single layer operator to as few as three, as it is the case if an isotropic wavelet basis
s used.

Much more important, we win the additional factor

_ min{jy 42,471,454}
2 1+2q+2d
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for &5 in the above error estimates. This is strictly necessary to ensure a linear
complexity.

6. COMPLEXITY

We are now going to count the number of nonzero matrix coefficients of the
compression matrix A and show that this number is asymptotically bounded by
Nj; =47, In the arguments below, it is crucial that the exponents are positive to
estimate the sum asymptotically by the largest term. To this end, for the sake of
simplicity, we will for the remainder of this section assume that £ > 0 is sufficiently
small. This is not problematic since we only have a bounded number of restrictions
on k, depending only on the uniform constants d’, c?, and the order of the operator
2q. Moreover, as we will see, we need to require the inequalities

d<d <min{c7+q, d+2q, 2+4q+ 3d, %+3q+2§,
1 1 1 (34)
5 + 4q + 2d, > +qg+d, 5 —|—2q+d}.
Since this inequality is strict, there will especially always be space for a small k > 0,
which can be inserted between d’ and the minimum over all these terms.

First of all, we note that the restriction of the compression to the appropriate
matrix blocks in (27), (30), and (31) never causes a problem. Indeed, if we can
not compress a matrix block, then at least two indexes in the set {41, j2, 41, j4} are
equal to jo. In particular, as dim Vj, ~ 27, there are only O(2%°) = O(1) rows
and columns corresponding to such situation. As every row and column contains
at O(N ;) entries, these are at most O(N) entries in total.

For the compressed blocks, we organize the proof in the following steps. First, we
split up the unit square in at most nine regions, compare Figure 2, corresponding
to the distance in each coordinate direction being either big or small. These nine
regions correspond to the four possible cases

g, > a2 min{indi} bz, < @2~ min{ingi})

(I) ) — min{j2,j5} (H) — min{j2,55}
zy > Q2 Jak 8y > G2 J2:d2}
o N (35)
Oy, > a2” min{ji.ji} 8p, < a2 min{j1.j1}

(IH) 0. < —min{j2,j5} ) — min{j2,55}
zy < a2 2}, 0uy < a2 2,2}

In Section 6.1, we will show that already the first compression gives a linear com-
plexity when there holds

6t0t > a2~ min{jh]‘m]—iﬂé} .

Then, in Section 6.2, we consider the wavelet pairs whose supports are closer to-
gether than a2~ ™in{it2.71.72} and we will show the linear complexity for those
regions as well.

6.1. Complexity of the first compression. We advance by the type of the
compression which is performed on the matrix entries. First, we count all the
nontrivial entries remaining from the compression scheme (22) in the case when

s —d(l3 i’
o35/ —4Uili+1i"1)

Bj)j/ ~ 2 2q+4d . (36)
Theorem 6.1. Assume that we set all matriz entries to zero where the underlying
wavelets satisfy Suor > By with By given by (36). Then, only O(4”) nontrivial
entries remain.
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(]I) 611 5 27j{7 512 Z 279

M) 6y S279, Gy 2277

FIGURE 2. Graphical illustration of the regions described in (35).
Note that there are at most nine different regions.

Proof. In any column of a block Aj;/, we find O(Q‘j/hl’)’ij,) entries, for which the
distance of the supports is bounded by B; ;. Since there are O(2411) columns in
such a block, there are at most (’)(2|j‘1+|j/‘1l3’ij/) nonzero entries per block. Hence,
the total complexity for the whole matrix is given by
R TN At G E R D)
C g Z 2|.]\1+|.] |12 at2d

liloo <J
i oo <

2J(d’ —q)—(d’ —2r) (liloo +1i [0 +(d+a—r) (lil1 +13"11)

g Z 2 q+2d

[iloo<J
i lee <7
2
oy —q — (& —25) |jloo +(dta—r)lily
= 92" gr2d E 2 a+2d ) (37)

liloo<J

To calculate the sum, we explicitly enrol the indices j; and jo. Then, after calcu-
lating the two sums over js, and shifting the index in the second sum, we obtain

T () @ @G+ T @ 2wt (g Gy tig)
E E 2 q+2d + E 2 q+2d (38)
J1=0 \J2=0 J2=J1
J dtqtr—d . diq—r . dtq—r ;. dtqtr—d’ . I dtqtr—d’ .
5 E 927 gt2a 719 q+2djl+2q+2d']12 t2d .712:2 pc
J1=0 J2=0
J = ’ s ’ el
2d+2q—d’ ; dtatr_d’ j diq—x
< E 2 av2d It L9 qt2d U9 qt2d
J1=0
J25+2qjd/

N

27 at2d
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Inserting this result back into (37), we obtain

J<1+2

¢ <27 = 0(47),

which is what we wanted to show. O

Remark 6.2. Theorem 6.1 implies that there are only O(4”) entries in the region
(1). Indeed, in view of (23), if By ~ a2~ ™0lind2dii2} | then the entries in the
region (1) are all set to zero. Otherwise, if (36) holds, then there are at most O(47)
nontrivial entries by Theorem 6.1.

Remark 6.3. If we tensorize scaling functions on the coarsest level with wavelets,
we must use the cutoff parameter from Remark 5.2. However, by using very similar
arguments as in the proof above, one concludes that there are only O(4”) nontrivial
entries in this case. If we enrol the expression explicitly, we may assume that

7Y = jloo and j@ = |j/|oe. Since ¢ < d < d’, the exponent in the second sum in
(38) will then be negative, but thus the sum can be estimated by the lower limit in
the exponent, which is ji.

6.2. Complexity of the second compression. In the next step, we want to
cover the regions (I) and (II) in (35). Due to the symmetry in the problem, these
two regions yield the same complexity, so we may only consider the region (II),
that is, 0, <27 min{j.i1} and gy > 27 min{s2 2}, For the sake of simplicity, let us
for the remainder of this section assume that j; < ji, as the case j; > j; follows
directly by exchanging j and j'.

Lemma 6.4. Consider all matriz entries in AG such that the underlying wavelet
pairs Yk and Yy w satisfy

bp, < a2791 Gy, > a2~ minliziz}, (39)

Then, after the combination of the compression schemes (29) and (30), these are
at most O(47) nontrivial entries.

Proof. We may without loss of the generality assume that ji = min{j1, j2, 51,55}
If not, then we must have either ji > jo or ji > j5 since we assumed j; < ji.
Therefore, we would have

Stot > Opy > 27 min{jz,j3} _ 9—min{j1,j2,51.55}

Hence, these entries are either trivial or there are only O(47) of them due to The-
orem 6.1. As a consequence, we may especially assume in the following j; <
min{j27 ]é } .

We remark that we only have to consider the situation

20 o —d(3D +5®) 451 +max{iz.i5} ) 23]
T2 o, 1+2q+2d
Djiciy ~ 2 ‘ ;

since if ij, = a2~ ™in{i203} in view of (39), all entries are compressed.
In order to estimate the entrles we need to consider four different cases: First,
if jo < g4 and [j|oo = j1, we have ji < jo < ji1,75. Hence, by using 5 := j; and
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3§ = 4, we conclude

o5 3/ — 401 +is+i1+i5)—24]

2
C 5 E 2‘J|1‘HJ,|12 1+2q+2d
J1<h
J2<3s

4d’ —4q o (4 _2d'+2d—2xk (1 2k -/( _ 242k -/( _2d/42d-2k
< 2J1+2q+2(i 2]1(1 1+42q+2d )2]2(1 1+2q+25)2]1 1 1+2q+25)2j2 1 1+2q+2§)
~ E
1<
32545

4d’ —4q . ( 72+2d’+25) 4/( _ 2d’+25)
< 2J1+2q+25 E 231 2 1+2q+2d 2]2 2 1+2q+2d
~J

J1,d5<J

( 4d’ —4q +4— 2+4d’+4.2)
< 2Y\1t2¢+2d 112q+2d

47,

Second, if jo < jb and |j|eo = j2, then we have the order j1 < j; < jo < jb, so
with j(1) = j5 j3) = j5, we may directly sum up

' i g I od o
cstmn Y ot (1) 9o (1= 22T ) ot (122 ) o (1- 252052 )
71591552575
o o) ) ()
J1<52<54

g4d —4q_ j (37 2+2d,+2(it2n) ./ (17 2d’+2572-)
< 27 1+2q+2d E 2 2 142q+2d 2 2 14+2q+2d
~Y

J2<35
4d’ —4q (4 2+4d'44d
< 2J 1+2q+2d E 2]2 (4 1+2q+25)
~Y
jb<J
J
<47,

Third, if j5 < j3 and |j|eo = j1, we have j1 < j5 < jo < j1, therefore the choice

G =1, §® = jy yields
C< 2‘]% Z 2471(1_%)2” (1_%) jS(l_%) 2jé (1_%122&5)
715955525051
< 2‘7% Z 2j1(1*%)2j2 (1’%) 9> (2*%)
J5<j2<j1
< 2"% Z 2j1(1*%)2j2(3*%)
J2<J1
< ol iinia 3 on (1-255057)
Ji<J

<47,
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Finally, if j4 < jo and |jleoc = Jjo, we also have j{ < j1 < jo. If we choose
71 = jy and j® := j;, then the complexity reads as

2d+2k

4 7 P
JAd —aq_ j1( ) ]2(1_2d +2d—2ﬁ) ! (1_ 242k ~) J! (1_ 2d —2»1)
C < 92" 1+2q+2d 2 1+2q+2d/ Q 1+2q+2d / Q71 1+2g¢+2d/ Q72 1+42q+2d
~ E

J5<J2
j{<j1<j2
4d’—4q j 2+2d+4r) o ( 74d/+2&(74~h‘)
<2 14+2q+2d E 2 1 142g+2d/ 9 14+2g+2d
J1<g2
’_ . ’ ~
< 2J1id2q-fgn7 E 2j2(472114;1:24;)
~Y
j2<J
J
<47, O

Let us now consider the last possible situation, that is, we suppose that
51:1 <92 min{jl»j{}7 51:2 <92 lﬂﬂilfl{.jznjé}7

which describes the region (IV) in (35), or, the near-field region in Figure 2. In this
case, the compression scheme (31) applies. Remember that we still assume that
J1 < i

Lemma 6.5. Consider all matriz entries in AG such that the underlying wavelet
pairs Yk and Yy o satisfy

5.’1}1 S a‘27‘]i7 6.’E2 S a27 min{j27jé}'

Then, after the compression scheme (31), these are at most O(47) nontrivial entries.

Proof. Tt suffices to count the respective matrix entries of ACf’Q. Suppose first that
jb > jo. In this case, the number of nontrivial entries in the matrix block [Ach’z]j,j/
can be estimated by

205 51 —2d(j1+55) (3] +i2)

. s/ . s/ —
Ny < olili+li ll_}'jflj’jl/}'jﬂjjz, ~ oliliFliTig Tr2q+2d . (40)

Remarking that for x > 0 sufficiently small, we have d’ — 2x > 0, so the properties
liloo > 71 and |j'|oo > j% imply that the number of entries can be estimated by

4d’ —4q . _2d'—2k+2d (1 142k
C(l) < E E Nj i < 2J1+2q+2z§ E 271 (1 1+2q+2d )231 (1 1+2q+2(2)
% ~Y
0<j1<J 0<j5<] 0<j1<J
0<51 <1 0<ja<j} 0<41 <

142k 2d/—2n+2[{)

. -/
E 2‘72(1714—2{14—25)2‘72(17 1+2q+2d

0<j5<J
0<j2<5%

As the indices can be exchanged, the two sums are equal and can be estimated b
y
J (1— 24’ —2n+2d 142k ) J i (2— 1+2d’+25) J(27 1+2d’+25)
E 2J1 1+2¢+2d E 2J1 T iy2qred/ < E 231 1+2q+2d / < 9 1+2q+2d
~Y ~Y

Jj1=0 ]1—0 j1=0

Putting everything together, we obtain that

<o It nd)
In the case where jo > jb, we need to argue in a slightly different way. By
the assumption j1 < ji, we have at least O(Z‘j/h) nontrivial entries in the matrix
block [ACJ2’2]j7j/, as at every point at which the singular supports Q?i’k'l and Q}T;,k’z
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intersect, there is at least one smaller wavelet 1; touching it. On the other
hand, every nontrivial entry satisfies o, < ]:fj, and o4, < ]-‘JIJZ,, so the number of
nontrivial entries in a block [A?"?]; j can be estimated by
Njy < 20 max {1, 28 Fo Frz b (41)
If the maximum in (41) is equal to 1, then it is easy to see that
IR S S I
i<i<J J1<51<J §5<j2<J J1<J g2 <J
If, however, the maximum in (41) is not equal to 1, we have

o5 5/ —2d(i1+i2)— (3] +35)

2
Nij, 5 2|J‘1+|J/|12 1+2q+2d
)

Using again that d' — 2k > 0, |jleo > J1, |i'|cc = jb, one obtaines

4d’ —4q . _2d'—2k42d (1 142k
C(2) < 2‘] 1+2q+2d E 2J1 (1 1+2q+2d )2j1 ( 1+2q+25)
~J
0<i1<J
0<51 <51

- (4 2d+2k ) ./( _2d'—2~+1)

E 232(1 Tt2q+2d/ 972 1 1+2q+2d
0<52<J
0<j5<j2

The first sum can be treated as in the previous case, whereas for the second sum,
there holds

. _ _2d42k (1 2d" —2r+1 , _142d'42d _ 142d'42d
E 972 (1 1+2q+25) 972 (1 1t2q+2d ) < E 972 (2 1+2q+2d ) < 2‘] (2 1+2q+2d )
~Y ~Y
0<ja<J 0<ja<J
0<j5<jz

Hence, we can conclude that also C?) < 47, O

With the preceeding three lemmata and Theorem 6.1 at hand, we conclude the
main result of this section.

Theorem 6.6. Assume that —qg < d < d and that (34) holds. Then, compressed
matriz AS arising from (33) contains at most O(47) nontrivial entries.

Remark 6.7. For the piecewise constant (d = 1) and piecewise bilinear (d = 2)
wavelets, used most often in practice, one needs at least the following number of
vanishing moments:

ld=1]d=2
2q =-1 3 4
2¢=0 2 3
2¢ =1 - 2

If 2q = 1, using piecewise constant wavelets is mathematically not meaningful be-
cause the energy space Hz (T") cannot be discretized by discontinuous trial functions.
Note that these are the same values as in the setting of isotropic wavelet bases, com-
pare [8].



BOUNDARY INTEGRAL OPERATORS IN ANISOTROPIC WAVELET COORDINATES 21

7. THE SITUATION ON A LIPSCHITZ MANIFOLD

Up to now, we have only considered the situation on the unit square. As stated in
Section 2, we are however interested in the solution of a boundary integral equation
posed on the boundary I' of a Lipschitz domain D C R?. Recall that the boundary
T" is given as the union of the patches I';, which can be smoothly parametrized by
v, O —=T4.

7.1. Sobolev spaces on manifolds. To properly define the Sobolev space H*(T'),
we choose for each patch I'; an extension fl such that I'; € fz € I'. Then, the
family {f i }i is an overlapping decomposition of I and, by the Lipschitz continuity
of I', every parametrization «, can be used to construct a piecewise smooth, globally
Lipschitz continuous parametrization 4, : O— fi, where [ is a suitable superset
of .

Next, we choose a partition of the unity {x;}i_;, consisting of nonnegative,
smooth functions x; € C§°(R?) such that

le(w) —lforallzel, x;(x)=0foralaxel\L;.
i=0

We then define the Sobolev space H*(T') for s < 1 as the space of functions u : T' —
R, for which the norm

ol ey = (;H(uo%—) xee omuis@))

is finite. Obviously, this norm is induced by the inner product

2

,
<u7 U>H5(F) = Z <(u © %z’)(Xi © :)71,)7 (U © ﬁi)(Xi o :?Z)>Hs(|i)
i=1
For —1 < s < 0, we define H*(I") as usual as the dual of H—*(I") with respect to
the L?(T)-inner product.

Remark 7.1. The above definition depends on the parametrizations =y, and the
chosen partition of the unity. However, it can be shown that the space H*(T') con-
sists of the same functions, regardless which parametrizations and which partition
of the unity is chosen [30]. Moreover, the requirement |s| < 1 amounts from the
Lipschitz continuity of ;. For a C*-surface, it is possible to define these spaces
up to |s| < k+ .

7.2. Patchwise smooth wavelets. Similar to the existing literature, see e.g. [8,
24], we discretize the energy space H?(I') with ¢ < 1 by transporting the wavelet
functions from the unit square onto I'. Precisely, we define a basis function as
Vi = Yjxo;
and then consider the basis set
U= {51 <i<r jeNG, ke Vsl

To construct a trial space on the level J, we proceed as on the unit square,
meaning that we cut the basis off at the level J, obtaining

Vy=span¥;, W;:={¢;x:1<i<r, il <J, ke V5l

Note that the above wavelets are supported on a single patch I'; only. In general,
they are not continuous over the patch boundaries, so they only attain a regularity
of v = %, regardless how smooth the wavelets are piecewise. It is possible to
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construct wavelets which are continuous over the patch boundaries, see e.g. [24],
but v = % is sufficient if we want to discretize an operator of nonpositive order.

Because the wavelets are supported on a single patch, and each parametrization
and cutoff function is smooth, one can generalize all the wavelet properties stated
in Section 3.4. For the same reason, the Lipschitz continuity of the surface is no
restriction in using d>1 vanishing moments for the cancellation property (17),
since we do not have to consider the behaviour of the test function over the patch
boundaries, and the expressions | - |Wd~.oo(9“ . 2re well-defined.

Finally, as the spaces V; coincide with the space spanned by all lifted dyadic
indicator functions on the level J, we can directly quote the following lemma,
compare [18].

Lemma 7.2. For a continuous, strongly elliptic and injective operator A : H4(T') —
H~9T), the Galerkin discretization is stable, meaning that

(v, (A+ A*)UJ>F 2 ||'UJ||§{q(r), vy € Vg,
for any sufficiently large J, and
|<UJ,«4UJJ>F| S ||UJ||H<1(F)H"~UJ||H‘1(F)a vy,wy € Vy.

Furthermore, let u be the solution of (5) and uy the solution of (7). Then, we have
the convergence

o —usllmgery 277 Nullgery, 20-d<t<gq, q¢<s<d,
provided that T' is sufficiently reqular.

Remark 7.3. The condition that A is injective is, as already stated, not strictly
necessary. It suffices if the kernel is finite-dimensional and known in advance.

7.3. Matrix estimates. As we will see, all the matrix estimates on a given surface
can be concluded from the matrix estimates on the unit square. Depending on the
situation of the two patches on which the wavelets are supported, we need to differ
between several cases. To this end, let

Ko (@,#') = K (v,(&), 77 (&))/det (DA D) (2)1/det (DY Dy, ) (&) (42)

with 1 < 4,7’ < r denote the transported kernel function. With the transported
kernel function at hand, we find that

(Vi xer, A ac)p = /F/FK(l‘,ml)wj,k(’)’i_l(w))%',k/ (v ' (&) dSer dSq

- / / Ko (@8 Y yac(@) oy 1o (2) A di (43)
OJ0 R
= (Y 1 Aiir i) o

where we define flm/ as the integral operator with the transported kernel IA(W.
Since that local parametrizations v, and -y, are smooth, the transported kernel
functions also satisfy the decay property

0508 Koo (,8)] < Cavr 1 lls (@) — (@) [[7FF2HSHCD - (4g)

provided that 2 + 2¢ + |&| 4 |&/| > 0. Therefore, in view of (43) and (44), the far-
field estimates of Section 4.1 hold true also in case of piecewise smooth Lipschitz
manifolds.
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7.3.1. Wavelets supported on the same patch. Let us look at the easiest situation
first. If we consider the interaction between 1;;k and ;j x/, we can use the
relations (43) and (44) together with

7 (@) =7 (@) ~ |2 — 2|
to conclude that the situation on a single patch is equivalent to that of the unit
square. Therefore, also the near-field estimates are valid one-to-one and we find at
most O(4”7) nontrivial entries in the matrix block associated with I'; xI';. Especially,

the compression error in each matrix block satisfies the same estimates as in Section
5.

7.3.2. Wawvelets supported on patches with a common edge. Let us now assume that
I'; and T';; share a common edge. For the sake of simplicity, we assume that the
common edge Y. satisfies

especially that there holds «;(1,z2) = v,,(0,22) for all x5 € [0,1]. Otherwise, we
can apply suitable rotations such that this assumption holds.

~(2,1)

7(2,0)

~(0,0) v (1,0)

FI1GURE 3. Graphical illustration of the parametrization ~ in case
of a common edge.

By gluing the two parametrizations together, we obtain a Lipschitz continuous
parametrization ~ : [0,2] x [0,1] — I'; UT;s such that

_ (=), x € [0,1] x [0,1],
) = {7i/(171 —1,z9), x€[1,2]x]0,1],

compare Figure 3 for a graphical illustration. For the near field estimates, we need
to interpret the coordinate directions in a meaningful way. This is quite intuitive
in Figure 3, since we can simply define the z-direction as the direction across the
edge, while the y-direction can be interpreted as the direction parallel to the edge.
Especially, we find
lv:(x) — 7i’(§3/)|| ~ Hiﬁ —-a' - [(1)] H

For Theorem 4.3, we followed the arguments in [20], where the smooth part of
the bigger wavelet 1j; ;s is extended to a smooth, compactly supported function.
Then, also the operator A; is extended to a classical, pseudo-differential operator
Aﬁ, compare [18]. This is not so easy to do in the current situation, as the kernel
IA(MI is no longer asymptotically smooth of the order 2¢, since it is only continuous
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over the edge Y. Nevertheless, this difficulty can be overcome. For the sake of
simplicity, let us define

Qj17k1 X Qj27k2 = supp (¢i,j,k 07)a Q ik X Q 1.k, = Supp (% gk 0'7)

Then, there holds €, », C [0,1] and jS’ki C [1,2] in (43). Hence, we either have
0z, = 0, in which case we cannot compress in the direction of z; at all, or that
the smooth extension function f from the proof of Theorem 4.3 is equal to 0, since
the two wavelets are located on different patches. Hence, we can ignore everything
about the pseudo-differential operator and only consider the complement function.

In the second coordinate direction, the situation looks more complicated, as
sz,kz and Qjé% may not be disjoint. In this case, we still need to argue with /lﬁz,
which corredponds to the kernel

K(2 -T27 / / 4,4’ qul,kl (561)1/13 k4 (xl) dxl dz,.

Although « is overall only Lipschitz continuous, it is indeed smooth in the second
coordinate direction, as both =, and <, are smooth and coincide on the common
edge ¥. Thus, the arguments of [20] work in this case as well.

In the proof of Theorem 4.3, we have also made use of vanishing moments hidden
in the kernel. This is possible to do here as well. Indeed, if e.g. j; > j1, then only
have to consider a term of the form

| im0 0 Ko (a,a) i,

31.k1

€ess sup
f:’leﬂjaykll

where the asymptotic estimate for f(”' holds since, 7,/ is smooth on §2;; 5r ¥ [0,1]
in view of (42). Hence, the same arguments as in the proof of Theorem 4.3 apply.

7.3.3. Patches with a common vertex. If the patches I'; and I';; have a common
vertex, we can use a similar argument as before. We assume that the common
vertex v satisfies — possibly after application of suitable rotations and translations

vi([i]) =v =7 ([8])-

Hence, we may find a Lipschitz continuous parametrization ~ : [0,2]> — T such
that

7’[0)1]2 = Yis 7|[1,2]2 =Y

0

0 2

FIGURE 4. A possible Lipschitz continuous extension of the maps
v, and =, in case of a common vertex.

Concerning the first compression, in view of (43), (44), and
lvi (@) =i (@) ~ [|& — 2" = [1]] (45)
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we can obviously use the estimates of Section 4.1 here, too.
To proceed with the second compression, we need an estimate like the one in
Theorem 4.3, for which we define

1 1
Kz(,lzg (Ci'l,li'/l) = / / Ki,i’ (:.i':, :i:/)’l/)jz,kg (fz)wjéké (iﬁ;) diC/Q CL’EQ.
0 0

In view of (45) and the fact that the restrictions of v to [0,1]? and [1,2]? are
smooth, we deduce for & = ~,(&) and =’ = ~,(z’) that

Op 0 K (01, 2)| S 27 20 dmaxtiadd] |y — |~ (H2utdreted)

1,1’

< 9= 3 (jatih) g—dmax{jz,jj} i — 1] ||*<2+2q+d+a+a )

|:i:f:c

< 2—%(j2+j;)2—3max{jz,j;}|§31 — i) - 1|—(2+2q+(§+a+a’).

This is exactly the estimate needed for Theorem 4.3 when considered on the interval
[0,2] with &7 € [0,1] and 7 := 2} + 1 € [1,2]. Similarly, we can derive such an
estimate for the second coordinate direction. As it holds

1 1
(Yir g 3y Ai ) =/ / K (@1, 2405, 0 (2105 4 () daf day
0 0

1 1
- / / B (@a, )50 50 (@2) iy 1 () day s,

it is enough if one realization of the entry can be compressed.

Moreover, on the parameter domain [0,2]?, cf. Figure 4, the preimages of Qi5x
and Q4 j s either touch each other, in which case we cannot compress, or they are
well-seperated in at least one coordinate direction. Hence, in this direction, the
smooth extension f of the larger wavelet is 0 as well, so we do only have to consider
the complement function. This estimate depends only on the distance between the
supports, which is, at least in this coordinate direction, equivalent to the distance
in R3, since

17i (@) =i (@)ll2 ~ [|& = 2" = [1]]|, ~ |2 = 2" = [1]]|. = |2 — 2} - 1]

for an £ € {1,2}.

7.3.4. Well-separated patches. If T'; and I';; do neither share a common vertex nor
a common edge, then, since the domain under consideration has at least a Lipschitz
boundary, it holds dist(I';,T';) =2 1 > 2~ min{ji.j2.j1.92} | Therefore, the first com-
pression is possible for all such entries. We also note that in this case, we only
need the spatial distance, so we do not have to think about appropriate coordinate
directions here.

In the first compression, there are two different possibilities: First, if

. . . S et
Byj ~ 27 min{ji,j2,71,02}

and h := min{1,dist(I';,I';)} > 0, then we can compress all entries, for which the
maximal support size is smaller than A, meaning if

min{jthaji?jé} > |—10g2 h~| = 07
leaving us at
Z il i —min{ji.jz.d1.02} < 093¢ = O(1)

J1,J2<J

312355
entries. Note that this is entirely theoretical — it is clear that this constant deterior-
ates if h > 0 is small. If not, then there are only O(47) entries on each patch-patch
interaction, which is implied by the proof of Theorem 6.1.
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8. CONSISTENCY AND CONVERGENCE

In this section, we are going to show that the Galerkin scheme for the compressed
operator converges as well as the Galerkin scheme for the uncompressed operator.
This means that the wavelet matrix compression under consideration realizes the
discretization error accuracy offered by the underlying Galerkin scheme.

Similar to [8], we define the compressed boundary integral operator A5 in ac-
cordance with

Juz= Y Y [Aﬂ(j,k),(j'.,kﬁ@j”k””>ij""

lilee<J keV;
Ij/‘ooSJklev‘j’

which defines a continuous operator H*(T') — H*~2¢(T) for all -y < s < 7 + 2q.
Especially, this operator represents the compressed matrix A% in terms of

<wj,’k,7‘A3wj’k>1" = IZAEI] (.k),(i’ k')’ ‘j|007 |j/‘oo S Jv ke Vj7kl € VJ’
Theorem 8.1 (Consistency). Let A5 denote the compressed matriz of the level J
with a parameter a, such that

max {a7(2q+43)’ a7<2q+25>, a7(1+2q+25)} <e.
Then, for g < s,t < d, the associated compressed operator A5 satisfies the estimate

(A= A9)Qu, Qv)| S &2/ Dl oy l|v]| rery (46)
holds uniformly in J.
Proof. By the definition of the operators A, A%, the biorthogonality and the rep-

resentation formula
u= Y (Y u) ik,
ik
together with all the block error estimations and the definition of oj 3 in (21), we
obtain that

(A= A9)Quu, Quoyp = > D (aou)r[A—AT] g e (Praev)p

‘JlocSJ keV;
§ e <J K €V

= > [madi[a - AT [y

lileo<J
li'lee<J
< Z ||[Uj,k}kH2 ||[A_A=€7j|j,j’ 2 H[UJ'Uk’]k/ 2
liloc <J
li'loo <J
J
Se2?/lend) 7 ol =2mknd N T oelih | [ugd
n,n’=0 liloc=n
Z QKU/hH[UJ",k’]k/ 2

i’ loo=n"

For each the two sums, we may apply the inequality of Cauchy-Schwarz to obtain
that

M
N

> 2l < | Do 2 > sl
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Herein, the first sum can be estimated by

n—1
Z 22n|j\1 — 9drn +2 Z 22n(m+n) S gdrn

liloo=n m=0

Moreover, if s > 0, the second sum can be treated by the approximation property
(15) of the spaces V,,, and we obtain that

1

2
2
> Muadlls |~ 1@n = Qu-v)ullzaqry
moo:n
< @Qnu — ull 2y + v — Qu—1ul| 21
S 27|l s ().

Whereas, if s < 0, we can use the Bernstein inequality (16) to get

1

SMuadil3 |~ 1(Qn = Qu-v)ullzary S 27" 1(@n — Qu-t)ull =y S 27" ull oy
[ilec=n

After applying the same procedure to v, we finally arrive at

J
(A= APy, Py, <22/ = on@=)on =01y o oy 0| e )

n,n’'=0
J J
< e 227 Dl g 0y lv]l ey Z 2n(d =) Z 2m (@=t)

n=0 n/=0
S €270l o oy 0 ey
since g < s,t <d<d. O
Our next goal is to show that the compressed wavelet scheme converges to the

original solution. First, similar to [8], we keep in mind that Theorem 8.1 implies
that

(A= AP us,vs) | S ellusllpeyllvsllmary, wr,vs € V.
In view of the strong ellipticity (4), we can conclude that
(u, (AT + (A7) )u)p > (e = 2¢) ullFrary,
so the operator A% is strongly elliptic for € sufficiently small, too. These two
properties then imply that the operator A% is stable in the sense that

H'AksfuJHqu(F) ~ HUJHHQ(F)'
With these two results at hand, we may deduce the following two theorems using
the arguments of [8].

Theorem 8.2 (Convergence). Let ¢ be sufficiently small such that A5 is strongly
elliptic. Then, the solution of the compressed matriz equation

uy = E g Ui kVj k>
[jloo <J KEV;

where the coefficient vector uy satisfies
A‘Ls]uJ = 8J; where [g‘]]j,k = <gv 1/’j,k>1«7

converges to the solution u of (5) in H1(T') and the estimate

q—d

= wsllgary S 27D |Jul| gragr

holds.
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Theorem 8.3 (Aubin-Nitsche). Let all the assumptions of Theorem 8.2 hold and
moreover assume that A* : HT4(T') — H*~4(T) is an isomorphism for any 0 <t <
d — q. Then, we have the error estimate

= wsll gra—eqry S 2790wl gragry.

These two theorems can be shown by using only the consistency, the ellipticity,
the stability, and the approximation property, cf. [8].

9. NUMERICAL COMPUTATIONS

In this section, we present numerical experiments to validate the theoretical
findings. We use piecewise constant wavelets with three vanishing moments and
consider the single layer operator on the unit square. We compute first the full
wavelet Galerkin matrix

Ay = [<¢j',k’7ij,k>D](j,k),(j’,k’)’ moov ‘j/|<>o <J ke Vi, k' € Vi

with A being the single layer operator. Then, the obsolete entries are removed
according to the compression scheme from Section 5. The number of nonzero entries
are calculated and plotted (blue line) in on the left-hand side of Figure 6. To
this end, we have chosen the parameters d = 3, d = 1.1, and k = 1073, while
for the bandwidth parameter a the different values a = 0.5,1.0,2.0 have been
considered. The system matrix for the anisotropic tensor product wavelet basis
and its compressed counterpart with 47 = 16384 rows and columns and a = 1.0
can be found in Figure 5.

2000 4000 6000 8000 10000 12000 14000 16000 2000 4000 6000 8000 10000 12000 14000 16000

FIGURE 5. The wavelet Galerkin matrix (left) and its compressed
version (right) for J = 7. We have used the parameters a = 1.0,
d=3,d =1.1, and kK = 1073. The colour indicates the absolute
values of the matrix entries in a logarithmic scale.

From a theoretical point of view, the number of nontrivial entries in each block
can be bounded by

Niy < 9lili+1i'l1 (Bij, + min{2~ min{jl,jz,ji,jé}, iy} + ]:f}]:ff) (47)

Moreover, in accordance with (40) and (41), an additional summand 2™n{lil1+i'l1}
isadded if j < j’ or j’ < j. The number of nontrivial entries in the whole compressed
matrix can therefore be also bounded by

cs > Y Ny (48)
iloe ST i e <J

This estimate is also found (red line) in the plot on the left-hand side of Figure 6.
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On the right-hand side of Figure 6, we have computed the consistency errors
arising from the compression scheme. Therein, we have generated random vectors
u, v and scaled them such that they correspond to coefficient vectors of functions
u,v € HY(T') with respect to the anisotropic tensor product wavelet basis. We
have used 100 random samples to calculate the quantity |VT (Ay — AS)u‘ which
is the discrete version of (46). We see that the calculations match the expected
behaviour.

1010 F \\HH‘ T T \\HH‘ T T \\HH‘ T \E 10_7 | =3 \\H\H‘ T T \\HH‘ T T \\HH‘ T \E
| —=—a € {0.5,1.0,2.0} 8 B
[| —<—a € {0.5,1.0,2.0} ] _s | N
N 10 E E
g 0o OW) 5 E :
= i £ 10-9 L ]
g i 1 5 E g
— o [ ]
'§ 108 | = 3 _10 | |
g B f B 1077 E E
k= " ] g I ]
B 107 |- E é 1071 g E
g E E 3 B ]
£ i i 1071 E
= H—<— a=0.5 B
Z 106 E H —x— a=1.0 y
§ 1071 4 a=20 E
| H---ow="?) 1
105 fm| [ [ L1 10—14 [ [ Lol L1

108 104 10° 10® 104 10°

N =47 N =4’

FIGURE 6. Left: Calculation (blue) and estimation (red) of the
number of nonzero entries according to (47) and (48). Right: Con-
sistency error according to (46).

10. CONCLUSION

We have developed a matrix compression scheme for the boundary element
method using anisotropic tensor product wavelets. In the end, we get a quasi-sparse
matrix containing only O(N) nontrivial entries whilst the approximate solution
converges to the exact solution at the rate of the discretisation error. This applies
for every integral operator of arbitrary order on the unit square. On a Lipschitz
geometry, however, the order of the integral operator is bounded by 2¢ < 1 for a
conforming method since the underlying wavelet construction yields ansatz func-
tions which are discontinuous across patch boundaries.

Likewise to [20, 21], our compression scheme may be generalized to an arbitrary
spatial dimension on the unit cube. One would have to choose the compression para-
meters according to the location of the two tensor product wavelets with respect
to each other. Then, one should combine the first compression in all directions, in
which the two wavelets are in the far-field with a second compression for all direc-
tions, in which the wavelets are in the near-field. Especially, optimal compression
estimates in sparse tensor product spaces are possible.

On the contrary, it is not known yet whether the anisotropic tensor product
wavelet basis is s*-compressible, which was established for the isotropic wavelet
basis in [27]. With the s*-compressibility at hand, it was shown in [9, 11] that
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adaptive wavelet compression schemes can approximate the solution at the rate of
the best N-term approximation at a linear complexity.
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