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ABSTRACT. We consider a class of nonlocal conservation laws with exponential kernel and prove that
quantities involving the nonlocal term W := 1(_ 0](-) exp(-) * p satisfy an Oleinik-type entropy con-
dition. More precisely, under different sets of assumptions on the velocity function V', we prove that
W satisfies a one-sided Lipschitz condition and that V/(W)W,W satisfies a one-sided bound, respec-
tively. As a byproduct, we deduce that, as the exponential kernel is rescaled to converge to a Dirac
delta distribution, the weak solution of the nonlocal problem converges to the unique entropy-admissible
solution of the corresponding local conservation law, under the only assumption that the initial datum
is essentially bounded and not necessarily of bounded variation.

1. INTRODUCTION

We study the nonlocal conservation law

(1.1) Oepe(t, @) + Op (V(Ws[ps](t,w))pe(t,x)) =0, ()€ (0,T) xR,
pe(0,2) = po(z), z €R,
with a velocity function V' : R — R and an exponentially-weighted nonlocal impact
(o)
(1.2) W.lpe)(t, ) = L / exp (222 . (t, ) dy. (t,2) € (0,T) x R,
T

where € > 0 and T > 0. We note that, for (¢,z) € (0,T) x R, the nonlocal term W, satisfies the following
equation:

(1.3) 0 Welpe](t,x) = 8r% /Oo exp (w;y)l’s(tay) dy = %Ws[Ps](tax) - %ps(t,:c).

The existence and uniqueness of solutions for nonlocal conservation laws have been thoroughly analyzed
in recent years: we refer to [2] [I1l 28| 30, BI] and references therein for an overview. Furthermore, the
convergence of nonlocal conservation laws to the corresponding local models as the nonlocal weight tends
to a Dirac delta distribution has attracted much attention. Several results in this direction are available
in the literature (see [6] [7, [9] [10] 13} 14} [15], [16], 29]). In particular, the most recent ones — [9] [I5] — provide
satisfactory answers in case the initial datum has bounded total variation.

Our main aim is to prove Oleinik-type inequalities for quantities involving the nonlocal term W,. Then,
we use them to prove that, as ¢ — 0%, the solution of converges to the unique entropy admissible
solution of the (local) conservation law

{atp(t, 2) + 0. (V(p(t,2))p(t,2)) =0, (t,2) € (0,T) x R,

44 2(0,2) = pol), e R,

assuming that the initial datum is not necessarily of bounded variation, but only essentially bounded,
which is a novel contribution compared to the previous literature. A main point in the study of this
singular limit problem is establishing the precompactness in L] of the solutions p. of the nonlocal
equation. In our approach, this is a consequence of the maximum principle (uniform in €) and of the
Oleinik-type estimate, which also rules out the emergence of non-entropic shocks, thus leading to the
entropy admissibility of the accumulation points of the family p. as ¢ — 0%.

2020 Mathematics Subject Classification. 35L65.
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For the scalar (local) conservation law
(1.5) Op(t,x) + 0 f(p(t,x)) =0, (t,z) € (0,T) x R,

the celebrated result by Oleinik [38] (see also the following contributions, which are contemporary to
Oleinik’s work: Lax, [35]; Ladyzenskaya [33]; and Hopf [20]) states that if f is uniformly strictly convex,
ie. f’(-) > k> 0 on R, then any entropy admissible solution of (1.5 satisfies the following one-sided
Lipschitz estimate:

y—z

p(ty)—p(t,w)ST, t>0, 2,y eR, z <y.

The Oleinik estimate provides an equivalent characterization of entropy solutions and is an example
of the fact that the nonlinearity of the PDE provides a regularizing effect on the solution: indeed,
as this upper estimate only allows for decreasing jumps, it implies that L>° data are instantaneously
regularized to functions of locally bounded variation (BVie.). On the contrary, a linear flux f(p) = bp
(with b € R) does not generate additional regularity as the solution is simply a translation of the initial
datum: p(t,z) = p(0,z — bt).

This inequality can be written in a ‘sharp’ form (see [I8],25]): when f”(-) > 0 and moreover there are
no non-trivial intervals where f is affine (Tartar’s condition [39]), we have

Pt y) = F(pte) < ==, >0, zyeR o<y,
Several inequalities of Oleinik type have been established for non-convex (or non-concave) fluxes as well
as for some systems of conservation laws (see, e.g., [5l [8, 23] 27, [36]).

As Lax observed in [34], the Oleinik inequality implies the compactness in L11OC of the semigroup
(St)t>0 of entropy weak solutions to strictly convex scalar conservation laws in one space dimension.
More recently, quantitative estimates of the compactness of S; have been established by relying on the
notion of Kolmogorov e-entropy (see [I, 20]).

For nonlocal conservation laws, inequalities of the type listed above are not known to date. In this
direction, the only result available in the literature is [I4] Theorem 3|, where an Oleinik-type estimate is
obtained under the strong assumptions that the initial datum itself satisfies a one-sided Lipschitz condition
and is bounded away from zero; and [I7, Theorem 3.10] (for a slightly different, but related, class of
nonlocal equations, namely nonlocal transport equations), under the rather restrictive assumptions that
the initial datum is quasi-concave and has an upper bound on the derivative.

1.1. Outline. The paper is organized as follows. In Section |2 we present the statements of our main
results, namely, the Oleinik-type inequalities involving W, and V/(W,)W_.0,W-.

The proof of these inequalities is contained in Section [3] As a byproduct, in Section [4] we prove the
nonlocal-to-local convergence for initial data in L°°. Finally, in Section [5] we conclude by presenting
some numerical experiments.

2. MAIN RESULTS

Our main results are the following Oleinik-type estimates involving the nonlocal term W.. More
precisely, under different sets of assumptions on the velocity function V, we show that W, satisfies a
one-sided Lipschitz condition and that V'(W.)W_.0,W. satisfies a one-sided bound, respectively.

Theorem 2.1 (Oleinik-type inequality for W.). Let 0 < k1 < k2 and pg € L®(R;R>¢) and let V €
WQ’OC(R) be a nonincreasing velocity function such that at least one of the following conditions is satisfied:

loc
(2.1) V(€ =-6<0, V¢ € [essinf pg, esssup pol;
(2.2) 0< V(&) +V"(OE< k1, V'(E) < —kKa, ka—k >0, V¢ € [essinf pg, ess sup po.

Let p. be the solution of the Cauchy problem associated to (L.1)). Then the nonlocal term W, satisfies the
following inequality:
W (t — We(t 1
(2.3) e(t,2) =(t:9) > ——, forallt >0 and x,y € R with x # y,
T —y Kt
with k=6 (in case assumption (2.1)holds) or k == ko — k1 (in case assumption (2.2)) holds).
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Remark 2.2 (Convexity/concavity assumptions). If we assume that the fluz is strictly convex (instead
of strictly concave as implied by assumptions or ), the wvelocity increasing, and the convolution
looking to the left, we can establish analogous results. In particular, for the case of a convex flur with
linear velocity (i.e., the counterpart of the setting of ([2.1))), we refer to [12].

Here, we consider the concave case because of its relevance for traffic models (see [21] ).

Theorem 2.3 (Oleinik-type inequality for V(W )W.0,W,). Let 0 < k1 and py € L= (R;R>¢) and let
Ve VVE)COO(R) be a nonincreasing velocity function such that at least one of the following conditions is
satisfied:

(24) 0K (=V'(&) = V"(§)E)(esssup pg — essinf pg) < =V'(£)E, V& € [essinf po, ess sup pol;

(25)  —VI(O VIO < —(2 - m)V'(©), Ve € [ess inf po, es5 5up po).

Let p. be the solution of the Cauchy problem associated to . Then,

2.6 sup V(W )W.0, W, < Hponw, for all t > 0,
t
R K

where k=1 (in case assumption (2.4) holds) or k := k1 (in case assumption (2.5) holds).
Remark 2.4 (Independence of the constant on TV (pg)). In Theorems|[2.1] and[2.3, the initial datum is

not required to be of bounded variation.

Remark 2.5 (Assumptions on the velocity function and traffic models). The assumptions on the velocity
function V in Theorems and [2-3 may look quite restrictive. In the proofs, we exploit such conditions
when manipulating the equations satisfied by 0, W and V' (W)W.0,W; to deduce a Riccati-type differ-
ential inequality. Despite their apparent intricacy, these assumptions are satisfied by several classes of
well-known traffic models, possibly under some restrictions on the initial data.

(1) Assumption (2.1) is satisfied by the Greenshield model, V(€) = vmax(1 —&/pmax) (see 21, Chap-
ter 3, Eq. (3.1.3)]).
(2) The Underwood model V(§) = voe(_ﬁ), with pmax > 0 and vy > 0 (see [21, Chapter 3,

Eq. (3.1.5)]), satisfies Assumption (2.4) under the constraint essinf py > 3_2\/§ €ss Sup po-

(3) The generalized Greenshield model V(§) = wvg (1— (L n), with pmax > 0 and vg > 0
J

pmax
(see [21,, Chapter 3, Eq. (3.1.6)]), satisfies Assumption

mebbbuppo.

4) The generalized California model V,(§) = vg - , With pmax > 0 and vg > 0 and
z P

=
Pmax

a € (0,1) (¢f. 21 Chapter 3, Eq. (3.1.7)]), satisfies Assumptions (2.2) and (2.5)). This velocity is
1 1

not locally Lipschitz continuous at & = 0; however, its variant Vo (§) = Umax P v
Vihax T1 e

is and satisfies the same assumption; alternatively, we may just assume pg > co > 0.

4) under the constraint essinf py >

As a consequence of Theorems [2.] and we deduce the following nonlocal-to-local convergence
results. The key difference compared to [9, [I5] is the fact that we do not require the initial datum to
have bounded total variation; on the other hand, some extra assumptions on the velocity function are
required.

Corollary 2.6 (Nonlocal-to-local singular limit problem). Let us suppose that either

— the assumptions of Theorem [2.1] hold;
— the assumptions of Theorem 2.5 hold, and additionally V' < —ko < 0 for some kg > 0.

Let p. be the unique weak solution of the nonlocal conservation law (1.1) and p be the unique entropy
admissible solution of the local conservation law (1.4). Then, both p. and the corresponding nonlocal term
We converge to p in LL _([0,T) x R).

loc

Before diving into the proof of our main results, let us recall the following well-posedness result and
some fundamental properties of the nonlocal conservation law . In particular, we remark that the
nonlocal term W, has additional regularity and satisfies a local transport equation with nonlocal source.
We refer to [0, Theorem 2.1 & Lemma 3.1] (which, in turn, relies in part on [28, Theorem 2.20 &
Theorem 3.2 & Corollary 4.3] or [I1l, Theorem 2.1 & Corollary 2.1]), [24, Theorem 2.1], [15, Proposition
2.1 & Corollary 2.2], or [12] for the proof of a similar statement.
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Theorem 2.7 (Existence and uniqueness of weak solutions, maximum principle, and properties of the
nonlocal term). Let pg € L (R;R>o) and let V € VVlifo (R) be a non-increasing velocity function. Then,
for every e > 0, there is a unique weak solution p. € C([0,T]; L, (R))NL>((0,T); L>=(R)) of the nonlocal
conservation law , Also, the mazimum principle holds:

(2.7) ess ilélfpo(x) < pe(t,z) <esssuppg(z), fora.e. (t,z)€ (0,T)xR.
ze zER

Moreover, the nonlocal term W, satisfies the following properties:

(1) W. € Wt ([0,T] x R) and essinf pg < W. < esssup po;

(2) W, € CO (0. 7% L (R)

(3) if po € C¥(R), then W. € C*+1([0,T] x R) for k > 0.
In addition, for every t € [0,T], the map t — Lip~ (p:(t,)) is a locally Lipschitz continuous function
from [0,4+00) to [0,400). Here, Lip™ (p:) := —igg% Furthermore, W, satisfies the following
transport equation almost everywhere:

W (t,x) + V(We(t, 2))0. We(t, x)

(2.8) = —1 [ exp()V (We(t,9)0,We(t, y)We(t,y) dy,  (t,2) € (0,T) xR,
W.(0,2) = £ [ exp(*Z%)po(y) dy, zeR.

We remark that (2.8) can be equivalently rewritten as

(2.9) OWe + 0, (V(W)We) = ge — ge * 7, provided g. = V' (W.)W.0, Wk,

and we use the notation

(2.10) n() =L ()exp(s), n.:=c 'n(-/e).

3. PROOF OF THE OLEINIK ESTIMATES

In order to prove the Oleinik estimates, it is helpful to regularize the initial data of the nonlocal
conservation law (1.I)). To this end, we need the following stability result (see [9, Theorem 3.1] and [12]
for related results).

Lemma 3.1 (Approximation). Let us consider the Cauchy problem

3.1) Op(t, x) + O (V(WIpl(t, x))p(t, ) =0, (t,2) € (0,+00) X R,
p(0,2) = po(z), z €R,

where
“+o0

Wpl(t, ) = / exp(e — y)p(t.y)dy, () € (0,00) x R.

x

Let us also consider the family of the Cauchy problems

{atpn(t,x) + 0, (V (Wy(t, ) pu(t,z) =0, (t2) € (0,+00) x R,

(3:2) pn(0,2) = po.n(x), r € R,

where n € N and .
Walpal(t0)i= [ expla—p)out.0) v
Let us furthermore assume that, for a suitable cwonstant M > 0, it holds
(3.3) 0<pon <M a.e. foreveryn, Pon — po weakly-* in L>°(R) for n — oc.

Then,
W, — W  strongly in L. (Ry x R).

Remark 3.2 (More general kernels). The statement of Lemma 1s still valid if we replace the expo-
nential weight with a more general kernel

n € Lip(R_), /n(y)dy=1, n >0.
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Proof of Lemma[3.1l By the maximum principle, the first condition in (3.3) yields
(3.4) 0 < pn, W, < M a.e. and for every n.

Owing to , we have that, up to subsequences, p, = v in the weak-* topology of L (R, x R), for
some bounded limit function v. By Lebesgue’s Dominated Convergence Theorem, this, in turn, implies
that W, — v % L (_oo 0)(+) exp(-) strongly in L (R4 x R). By passing to the limit in the distributional
formulation of (3.2)), we conclude that v coincides with the unique bounded distributional solution of
(3.1). This concludes the proof of the lemma. O

Remark 3.3 (Continuity in time). By using [I9, Lemma 1.3.3], we can assume — with no loss of generality
— that the functions t — p(t,-) and t — W(t,-) are continuous from Ry to L (R) endowed with the L>°-
weak-* and the strong LIOC topology, respectwely In Sectzonl, we will use this remark to pass to the limit
in the nonlocal Oleinik inequalities (2.3|) or (2.6) for everyt > 0.

. Oleinik-type estimate for W.. In this section, we prove Theorem [2.1] The basic idea is to use
the transport equation with nonlocal source satisfied by W, i.e. (2.8).

Proof of Theorem[2.1, Owing to Lemma [3.1] it suffices to prove the statement for initial data py €
DN C?(R) and thus for solutions p. € C?([0,T] x R). Here,

(3.5) D= {py € L(R) : TV(po) < 00, po(x) € [0, pmax] for a.e. z € R}.

By differentiating (2.8]) with respect to x we get

D2, = — V(W02 We — V' (W) (s W.)2 + SV (W) W0, W,
(3.6) o €
—6%-/ exp (222) VI (W )W.0,W. dy.

We now set m(t) := miny,eg 0, We(t,y) and assume without loss of generality that m(¢) <0.
Case 1: we assume ([2.2). We estimate the right-hand side of (3.6) from below as follows:
O We = = V(W)O2,We — V(W) (0:We)? + LV (W) W0, We
-1 exp(w y)V( W )W.0,W. dy

e2
x

> —V(W.)02,We — V! (W.)(0,We)? + 2V (W) W0, W

[

(integrating by parts in the last term)
=—V(Wo)02,We = V(W) (0, W) + 1V (W) W0, W,

(WE)WE dy

— ImV'(W, m/ exp (Z2) (V' (W) 9, W, + V" (W, )W.0,W.) dy

Let us consider Z € R such that m(t) = 9,W.(t,Z) (we then know that 92, W.(t,Z) = 0) and evaluate
the previous expression at x = Z. Due to (2.2)), we have

—im /OO exp (Z22) (V/(We) + V" (We)We) 0, We dy > —rkym?
and, then, we deduce '
Am(t) > —V'(We)m(t)? — kim?(t) > (ke — k1)m>(t), t>0.
Case 2: we assume - We estimate the right-hand side of from below as follows:
O We = —V(W.) 02, We + 6(9,We)? — SW.0,W.

+ E% exp (%) W.0,W.dy

= —V(W.)02,W. + 6(0,W.)* — SW.0, W,

+5 exp (£4) (eang(t, y) + pe(t, y))@_yWE dy
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= 7V(W6)a:3st + 5(8IW€)2 - gWsast

—&—g/ exp (¥=¥) (0,W*)*dy +E%/ exp (%=Y) p-0,W. dy

x

>0

> _V(We)aixwe + 5(81W5)2 - gwaaacwa + E%m/ €Xp (%) pe dy
= —V(W.)02,W. + 6(0,We)? — SW.0,We + SmW..

We fix Z € R such that m(t) = 8, W.(t,Z) (we then know that 92, W, (¢, Z) = 0) and evaluate the previous
expression at x = z. We get

Im(t) > om(t)® — SW.(t,Z)m(t) + Sm(t)W.(t,Z) = om(t)®,  t>0.
Conclusion. In both cases, we arrive at the Riccati-type differential inequality
Lm(t) > km?(2), t>0
(with K := (k1 — K2) or k := ¢, respectively), which yields
We(t,x) — We(t, y) 1

r 1
= / O We(t,€)dE > ——, t>0, z,y eR, x#y.
Tr—y T—Y Jy Kt

]

3.2. Olefnik-type estimate for V’'(W.)W.0,W.. The basic idea underpinning the proof of the Oleinik
inequality for g. = V/(W,.)W.0, W, is to observe that this quantity satisfies the equation

0rge = (V' (W)W + V' (W) 0. W0 W, + V! (W) W02, W...

Proof of Theorem[2.3 Owing to Lemma [3.1] it suffices to prove the statement for initial data py €
DN C?(R) and therefore for solutions p. € C*([0,T] x R). The set D has been defined in (3.5).

For the sake of brevity, we set z. := 0, W.. By differentiating with respect to z, we obtain the
following equation for z.:

(3.7) Orze = —V(W.)0pz — VI (W.)2% — go % 9pme,  (t,x) € (0,T) x R,
From (2.9)), (3.7), and the fact that

1
(3.8) Opne = - (Me — do)

where 7. is the same as in (2.10), we get
Orge = (V' (Wo)We + V! (W) 2O W, + V! (W )W.0; 2.

B (Vs g VORI (VR0 - VOV - o= )
where

(3.10) he == V" (W)W, + V' (We),

and

(3.11) 02ge = he22 + V' (W)W.0, 2.

We now separately consider two cases:

1. for every t € [0, T, there exists x € R such that g.(¢,z) > 0;

2. there exists t € [0, 7] such that g.(¢,z) < 0 for every z € R.
Case 1. Owing to Lemma 3.1, we can assume, with no loss of generality, that, for every ¢ > 0, we have
p=(t,") € DN C*(R) and hence W.(t,-) € DN C?(R). For every t € [0,T), there exists a maximum point
z of ge(t,-). In particular, 8,g. (¢, z) = 0; by (3.11]), we have

(3.12) Opze(t,T) = ——————22(1, 7).
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Evaluating (3.9) at (¢, %), we get
VI (WW.

g (t,z) = (_hazegs w0 — (V/(W2))*Wez2 — (ge % e — ge)> (t,z)
—: T4 I+ IIL

(3.13)

We observe that ITT < 0 since V' < 0, W, > 0, and ¥ is a maximum point of g.(Z,-). Moreover, by using
the definition of g. and the maximum principle, we get

2
1
_ 9= < - g?.
We [P0l o= (r)
The term I is more delicate and can be controlled using the assumptions (2.4]) or (2.5).

Case la. Under the assumption (2.4]), we have h. < 0. Therefore, if g. * n.(f,z) > 0, then T < 0.
Otherwise, let us assume that g. x n.(t,z) < 0: since z. = p. * 9,7 then by recalling (3.8)) we arrive at

(3.14) Il =

1 Osc
(3.15) J2e] = ‘(ps*ne )| < e
£ £
and therefore
N Osc _ V' (WW, _
(316)  Jhezege 2] = 1 < 2P g (i) < I 3)) < o,

where we used (2.4) and h. < 0 in the second inequality and g. * 77:(f,Z) < 0 in the last inequality. In
particular, this shows

1 _
2(t, ),

(3.17) 0y g (%, ——g
0l oo ()

8l

) <

which, by comparison, yields the desired claim.
Case 1b. Under the assumption (2.5), we have h. > 0. In case g. * 1-(¢,Z) < 0, then I < 0. We then
focus on the case g. * n:(t,Z) > 0. Since Z is a maximum point for g.(¢,-), then g. *n-(¢,z) < g-(¢,Z);
hence
I+ 1< — [hezege + (V/(We))*W.22] (T, 7)
=— WV (W) 22 (V" (W)W, + 2V (W.)) (L, z)
< — i We(VI(We))?22 (¢ x)

K1
= — Wla Ge (t, x)2
K1 T \2
- 9:(1, %)%,
190l Lo )"
where, in the second inequality, we used ([2.5). This establishes (3.17)) which, by comparison, yields ([2.6)).

Case 2. We define ¢ € [0, T] by setting
(3.18) t:=inf{t € [0,7]: g-(¢t,z) <0 for every z € R}.

Assuming that ¢ > 0, we can apply the same argument as in Case 1 on the interval [0,%). Since
t — Lip~ pe(t) is a continuous function, then also ¢ — max g. (¢, ) is continuous and this establishes
on [0,#]. Note that g.(¢,z) < 0 for every z € R if and only if p.(t,-) is non-decreasing. Therefore,
since (1.1]) preserves the monotonicity of the initial datum (see [2} 28]), then, for every ¢ € (¢, T, pc(t,-) is
a monotone non-decreasing function, that is g.(¢) < 0. If = 0, then we can directly apply the argument
for the preservation of monotonicity. This concludes the proof. |

Remark 3.4 (The Greenberg model). Let us consider the velocity function V(§) = voIn (pmax/&) with
vg > 0 and pmax > 0, which corresponds to a traffic model proposed by Greenberg and supported by
experimental data (see |21, Chapter 3, Eq. (3.1.4)]). Formally, an Oleinik-type estimate still holds:
indeed, going back to , we get he = 0; thus I = 0 therefore, since Il <0 and , it follows from

B13) that

1 _
2(82),

e (t,7) < =92
llpo HLOC(R)

which, by comparison, implies (2.6). Assuming that the initial density is bounded away from zero, this
remark can be made rigorous.
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4. PROOF OF THE CONVERGENCE IN THE NONLOCAL-TO-LOCAL SINGULAR LIMIT

As a first step towards the proof of Theorem we point out that Theorem [2.1] implies a uniform BV
estimate (see [3, Eq. (4.3)] and [4, Lemma 2.2 (ii) & Remark 2.3]) and, thus, compactness of {W,}e>o
for t > 0.

Lemma 4.1 (BV-regularization and compactness). Let us assume that (2.3) holds. Then the solution
We(t,-) of (2.8) belongs to BViee(R) for every t > 0 uniformly with respect to € > 0: namely, for every
compact interval K € R,

| K|
LWLt ) e .
5 + [IWe(t, )l Lo (k)

This implies that the set {W}c~o is compactly embedded into L .((0,T) x R).

loc

Proof. The claim in (4.1) is contained in [3] Eq. (4.3)] or [4, Lemma 2.2 (ii) & Remark 2.3]. The second
one follows by arguing as in [9] Theorem 4.1]. O

With Lemma in hand, we can directly establish Corollary under the assumptions or
— i.e. using the Oleinik inequality from Theorem — by arguing similarly as in [9, Corollary 4.1 &
Theorem 4.2]. In fact, more simply, to prove that the limit point of {W.}.~¢ is an entropy admissible
solution of the local conservation law , it suffices to pass to the limit pointwise in .

The proof of Theorem under the assumptions or — i.e., using the Oleinik inequality
from Theorem — is somehow more delicate. Indeed, we cannot directly deduce a uniform BV bound
on {W_.}.50. In Lemma below, we rather show that W2 is equi-bounded in BVi0.((0,7) x R) and,
therefore, that the family W, is precompact in L. .((0,T) x R) and that limit points W of W, as e — 0 are
weak solutions of . The fact that the limit point of {W;}.~0 so constructed is an entropy-admissible
solution of the local conservation law is already known from [7]. In Lemma we present, however,
an independent proof. We point out that the Olemik-type inequality for W2 rules out the presence of
non-entropic shocks in the limit W. When W does not have bounded variation it is not trivial to deduce
that it is in fact the entropy-admissible solution: we achieve this by exploiting the recent results of [22], [37]
on Besov regularity and on the structure of solutions of conservation laws with finite entropy production.
This seems to be of independent interest.

Finally, we need to show that p. converges to the same limit as W,. If we have a total variation bound
on W, this follows immediately from the identity . In case the bound holds only for W2, a more
subtle analysis is needed, which we perform in Lemma [£.4]

(4.1) Wt )y < 2 (

Lemma 4.2 (Precompactness in L'). Let us assume that (2.6) and V' < —kq hold. Then the sequence
{W.leso is precompact in Li ((0,T) x R) and every accumulation point of W. is a weak solution of

loc
().

Proof. Step 1: Precompactness of W.. Since V' < —kq, then, from g.(¢,-) < %, we deduce
2

4.2 0, W2(t,) <

(12) 2 <

and

2V(0) + 2 max pg

Kkot
for t > 0. In particular, this yields that W2 is equi-bounded in BV),.((0,7T) x R). By Helly’s compactness
theorem, there is a subsequence W2 which converges a.e. to some function W?2. Therefore W, converges
to W a.e. and, by Lebesgue’s Dominated Convergence Theorem, W., — W in L] .((0,7) x R).
Step 2: W is a weak solution of . By , it suffices to show that g. —g. *n. — 0in D’'([0, T) x R).
Let us first fix ¢ € C°((0,T) x R), then

// ©(ge — ge xme) dadt = // ©ge * (00 — ne) dedt = // @ * (00 — 7 ) ge da dt,
(0, T)xR (0, T)xR (0, T)xR

where 7. (z) := n.(—x). Since @(t,) * (6o — 7e) converges uniformly to 0 and decays exponentially in
space uniformly in € and

athz(tv ) = *V(Ws)azwgz —2Wege ¥ me > —

L
/ 192 (6,2) [ dz < |V e (e TV (1.1 WE(E, )
L
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grows at most linearly in L owing to , then for every ¢ € C2°((0,T) x R) we have

lim // — ge ¥ 1) dadt = 0.
=0/ Jo T)><]R

We now fix ¢ € C°([0,T) x R); since p. solves (L.1)), then the map

tH/ﬂ{th,x)ga(t,m) dz

is Lipschitz continuous with respect to t uniformly with respect to € on [0,T). Therefore, the same is
true if we replace p. by W, := p. x n.. In particular, by (2 , we have that

t|—>/ — ge xne)p(t, z) da

is Lipschitz continuous with respect to ¢ uniformly with respect to € on [0,7"). Hence g. — g * 1. — 0 in
D'([0,T) x R). a

Lemma 4.3 (Entropy admissibility of the limit point). Let us assume that (2.6 holds. If W is an
accumulation point of We, then W is the entropy admissible solution of (1.4).

Proof. We already know from Lemma that W is a weak solution of (1.4). Moreover, since W is a
limit point of We, then W2 € BVy,.((0,7) x R). We check that this implies W € Biﬁf’c((O,T) x R):
indeed, given 2 compactly contained in (0,7) x R and h € R? sufficiently small, we have

L 1D o < lpnllmcey [ IDAWLP de < ol e / DWW < [lpoll e )[BTV, W2,

where Qj, := {(t,z) € (0,T) x R : dist(x, Q) < [h[} and we used 0 < W, < [[po]| o (r). Weak solutions W

to Burgers equation belonging to Biﬁf’c((o, T) x R) enjoy a kinetic formulation (see [22, Theorem 2.6])

and for every weak solution enjoying a kinetic formulation there are countably many Lipschitz continuous
curves v, : [0,7) — R such that for every entropy-entropy flux pair (e, f) and every ¢ € C°((0,T) x R)
we have

/ /( (e(W)dyp + F(W)aip) da dt

-3 / o [FVF) = FW) = (@) (W) — e(W)] (ta(6)) i,

n=1
where W* denotes the traces of W along v, (see [37]). The uniform one-side bound on g. proven in
Proposition implies that for every n and a.e. t € (0,7) we have W (t,v,(t)+) > W~ (t,7,(t)—).
Since u +— uV (u) is concave, then it is well-known that the shocks with W+ > W™ are entropic, namely
for every convex entropy e and every W~ < W™ we have

FVT) = f(W7) = 3 (t)(e(WF) —e(WT)) > 0.
In particular, by (4.3]), we have that W is the entropy solution of (1.4)). O

Lemma 4.4 (Convergence of p.). Let us assume that (2.6|) holds. Then the functions p. converge to W
in L ((0,T) x R) as e — 0.

Proof. Owing to the specific choice of the kernel 7., we have the relation
(4.4) pe = We — €0, We.

Therefore, by (4.2)), we deduce
W2 — Wep. = We(We — po) = eWeore = %amwf —0 in LL_((0,T) x R),
so that there is a sequence €, — 0 such that p,, converges to W a.e. in the set {W # 0}.
We now discuss the convergence on the set {W = 0}. Given ¢, L > 0, let us define
A(t, L) :=={(t,x) € (0,T) x R:x € (—L — Vipax(t — ), L + Vinax(t — t))},

where Viax = V(0) = max V. Up to removing a negligible set of values for ¢ and L, we can assume that
H!-a.e. point in GA(Z, L)N(0,T) xR is a Lebesgue point of W, and p., for every k € N. Taking a further
subsequence of ¢j, which we do not rename, we can assume that We, converges to W a.e. in (0,7) x R.
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Given h > 0, let us consider an increasing function x5, € C°°(R) such that

() 1 if z > h,
1’:
Xn 0 ifz<0,

and the approximation ¢y, of the characteristic function of A(%, L) defined by
@h(tv J?) = Xh(f_ t)Xh(JJ + L+ Vmax(f_ t))Xh(L + Vmax(f_ t) - LL‘)
Testing (|1.1) with ¢, and letting h — 0, we get

L+Vimaxt L t t
(4.5) / po(z) dz — / pe(f,z) do = / FH (o) () dt + / F(po)(t) dt,

—L—Viaxt -L
where
]:+(p5)(t) = (pEV(WE) + Vmaxpe) (t, L+ Vmax(f— t)),
‘T..7 (pi)(t) = (7PEV(W€) + Vmaxps) (t7 *L - Vmax(ff t))

are the exiting fluxes of the quantity p. across the lateral boundaries of A(¢, L). Since p., — W in the
set {W # 0} and p., > 0, then

L+Viaxt L L+Vmaxt L
(4.6) lim sup/ po(x)dz — / pe, (L) dz < / po(x)dz — / W (t,z) da.
koo J—L—Viaxf -L —L—Vmaxt -k

Similarly, observing that ¢ — F¥(¢) is increasing, we have
t t t t
@7) lim inf / F*(pe) () dt + / F(pe)dt > / FHW) () dt + / F(W)(t) dt.
— Jo 0 0 0

Now let us test (2.9) with ¢, and let ¢ — 0: since g. — g * e — 0 in the sense of distributions on
[0,T) x R, we get

/ (W@tgoh + WV(W)azQDh> dzdt + / po(z)en(0,x)dx = 0.
(0, T)xR R

Letting h — 0, we thus obtain

L+Vinaxt L t t
(4.8) / pol) de — /_ W(ta)dr = /O FHOW) () dt + /0 Fo(W)() dt.

_L_‘/maxE

Comparing (4.5) and (4.8)), we get that the two inequalities (4.6)), (4.7) are actually equalities and the
liminf and limsup are actually limits. In particular, since p., > 0, it follows from (4.6) and p., — W in

{W # 0} that
lim pe,(t,x)dz =0
k=oo Jyw=0}n[-L,L]
and therefore p., (t) — We(f) in LL _(R). Since the limit W does not depend on the subsequence ¢ we
are considering, we conclude that
pe =W  in L ((0,T) x R). O

Remark 4.5 (Effect of a lower bound on the density). The proof of the convergence result is easier and
self-contained if we also assume a lower bound on the density:

(4.9) essinf py > ¢y > 0.
From (4.9), we can show
(4.10) essinf p. > essinf pg > ¢y > 0.

Let us note that, in this case, the generalized California model and the Greenberg model mentioned above
(which are not Lipschitz continuous at zero density) are well-posed.
From (2.6)), (4.10) and the upper bound on V' < —ks, we deduce that, for everyt > 0,
1

Kkacot

(4.11) sup O, We(t,-) > —
R

This implies that We € BV1,.((0,400) x R) uniformly with respect to € > 0. In particular, let W be an
accumulation point of W, as € — 0 in L ((0,4+00) x R), then W solves ([1.4) and, since it is one-sided

loc
Lipschitz continuous, it coincides with the entropy solution p.
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In order to complete the proof, we only need to show that p. also converges to p. We follow the
argument in [9): by (3.8) we have
pe = We — 0, W,.

Being 0, W, equi-bounded in Llloc, the two sequences p. and W, converge to the same limit function p.

Proof of Corollary[2.6. We proceed according to the following steps.

Step 1: proof using Theorem[2.1, We assume and apply Lemma to deduce that {W_.}.s¢ is
compactly embedded in L{ ((0,7) x R). Then, by arguing as in [J, Corollary 4.1 & Theorem 4.2], we
obtain that W, converges to the unique entropy solution of the local conservation law and so does p;.
We only need to pay extra attention to the fact that the convergence holds on every compact set contained
in the open set ¢ > 0. To this end, given a parameter n € N and a test function ¢ € C2°(]0, +c0) x R),
as in [9, Corollary 4.1 & Theorem 4.2], by the compactness of {p:}.~0 in L ((0,T) x R), we can pass
to the limit in the entropy inequality as € — 0™ and deduce

OS/ /(W(P(tax))atw(tw)+q(p(t,x))8x90(t,m))dxdt
1/n JR

I pn

1/n
+ / / (7t 2)up(t, ) + (¢, )Dpip(t, 7)) dar b + / n(po()) (0, ) da,

Iz

where 7(p.) = 7 and ¢(p.) = g in L>°(R) by the uniform L>°-bound on {p. }c~o. By letting n — oo, we
then deduce

T
0< [ [ Glott.a)optt.) + alott. 2ot ) dode+ [ (m(a))e(0.1) de,
where we used the fact that I, — 0 because of the L' bound on the integrand.
Step 2: proof using Theorem . We assume ([2.6]), then the claim follows by combining Lemmas
and [£4] and the computation above. O

5. NUMERICAL EXPERIMENTS

In this section, we illustrate the results of Theorem [2.1] and Theorem with some numerical simu-
lations. For the nonlocal problem, we rely on a non-dissipative solver based on characteristics (see [32]
for further details). In particular, we consider the Greenshields velocity function V(£) = 1 — &; in Figure
and Figure 2| we show the behavior of t — 0, W,(t,-) for two types of initial data, continuous (Figure
1)) and with a jump discontinuity (Figure . We present simulations for both the exponential kernel
(top row of Figures|l{and [2) and for a piecewise constant kernel 7 := 5_11(0,5) (bottom row of Figures
and [2)) which is not covered by the results of the present paper; the same result appears to hold in this
case too. Finally, in Figure |3| we highlight the BV-regularization effect on W provided by the Oleinik
inequality.

6. OPEN PROBLEMS

In this contribution, we proved several Oleinik-type inequalities for nonlocal conservation laws with
exponential kernel. As a byproduct, we obtained some convergence results for the nonlocal-to-local limit
problem without monotonicity or total variation assumptions on the initial data. Several questions remain
open for future work:

(1) the case of more general velocity functions (which, in turn, means more general initial data) that
do not satisfy the technical assumptions in Theorems [2:1] or 23}

(2) the case of more general nonlocal weights (i.e., not necessarily of exponential type), as considered
in [15].
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