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1. Algorithms

Algorithm 1 Computation of VBHC for Parameter Learning
Input: Proposed intervention i, current initial state s0, desired number of posterior-samples NS , current belief over
parameters ppΛ | H, Gq, initial variational parameters ακ,0, βκ,0. As initial values for the optimization, we set the
initial values for the optimization to the posterior counts ακ,0 “ ᾱ, βκ,0 “ β̄, see main-text.
for nS = 1 : NS do

Draw Λ̂nS „ ppΛ | H, Gq.
Perform intervention by setting Λ̂nS ,n “ 0 and initial state x0

n for all n R ℵ.
Calculate W from Λ̂nS and G by amalgamation.
Solve the master-equation main-text (3) subject to W and s0 and recover ErM̂ps, s1qs and ErT̂ psqs using appendix
(6) and (5) respectively.
for n = 1 : N do

Compute expected statistics ErM̂n | Λ̂nS , G, is and ErT̂n | Λ̂nS , G, is from ErM̂ps, s1qs and ErT̂ psqs, see appendix
(3) and (4).

end for
end for
Calculate VBHCpi, κq via main-text (12) and gradients appendix (7) and (8) with weighted posterior samples replacing
ş

dppΛ | H, Gq with
řNS
nS“1 ppΛ̂nS | H, Gq.

Minimize w.r.t κ.
Output: minκ VBHCpi, κq.

2. Derivations
All derivations are done for a fixed set of conditions i and respective initial states s0. We will omit those in the following
derivations for readability.

2.1. Kullback–Leibler divergence between two CTBNs

Evaluation of our design criteria (V)BHC, requires the calculation of the KL-divergence between two cCTBNs.

The likelihood of observing a CTBN path D “ Sr0,T s is (expressed in terms of its sufficient statistics)

ppSr0,T s | Λ, Gq “
ź

n

ź

x,x1,u

Λnpx, x
1, uqMnpx,x

1,uq exp
 

´Λnpx, x
1, uqTnpx, uq

(

. (1)

The KL between two measures is defined via the integration over all paths

KL
´

ppSr0,T s | Λ, Gq || ppSr0,T s | Λ1, Gq
¯

“

ż

dppSr0,T s | Λ, Gq ln
ppSr0,T s | Λ, Gq

ppSr0,T s | Λ1, Gq
.
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Algorithm 2 Computation of VBHC for Structure Learning
1: Input: Proposed intervention i, current initial state s0, desired number of posterior-samples NS , current belief over

parameters ppΛ | H, Gq and structures ppG | Hq, initial variational parameters κ.
2: for n = 1 : N do
3: for nS = 1 : NS do
4: for parpnq in power-set of V do
5: Draw ĜnS „ ppG | H,parpnqq.
6: Draw Λ̂nS „ ppΛ | H, ĜnS q.
7: Perform intervention by setting Λ̂nS ,n “ 0 and initial state x0

n for all n R ℵ.
8: Calculate W from Λ̂s and ĜnS by amalgamation.
9: Solve the master-equation main-text (3) subject to W and recover ErM̂ps, s1qs and ErT̂ psqs.

10: Compute expected statistics ErM̂n | Λ̂nS , ĜnS , is and ErT̂n | Λ̂nS , ĜnS , is from ErM̂ps, s1qs and ErT̂ psqs, see
appendix (3) and (4).

11: end for
12: end for
13: end for
14: Calculate VBHCpi, κq using appendix (13) and gradients appendix (14) with weighted posterior samples replacing

ř

G|parpnq

ř

G1|par1pnq ppG | HqqpG1q
ş

dppΛ | Gq with
ř

nS ,n1S
ppĜnS | HqqpĜn1S qppΛ̂nS | ĜnS q.

15: Minimize w.r.t κ.
16: Output: minκ VBHCpi, κq.

Algorithm 3 Computation of the EIG for Parameter Learning
1: Input: Proposed intervention i, current initial state s0, desired number of posterior-samplesNS , number of path samples
NP , current belief over parameters ppΛ | H, Gq.

2: Set EIG “ 0.
3: for nS = 1 : NS do
4: Draw parameter Λ̂nS „ ppΛ | H, Gq
5: Perform intervention by setting Λ̂nS ,n “ 0 and initial state x0

n for all n R ℵ.
6: for np = 1 : NP do
7: Draw path Ŝr0,T s „ ppSr0,T s | Λ̂nS , G, i, s0q.
8: Set EIG “ EIG` 1

NPNS

´

ln ppΛ̂nS | Ŝ
r0,T s,Hq ´ ln ppΛ̂nS | Hq

¯

.
9: end for

10: end for
11: Output: Estimate EIG.

Inserting (1) yields

KL
´

ppSr0,T s | Λ, Gq || ppSr0,T s | Λ1, Gq
¯

“
ÿ

n,x,x1‰x,u

(2)

 

Λ1npx, x
1, uq ´ Λnpx, x

1, uq
(

E
”

T̂npx, uq | Λ, G
ı

´ ln
Λnpx, x

1, uq

Λ1npx, x
1, uq

E
”

M̂npx, x
1, uq | Λ, G

ı

,

with the expectations being taken with respect to the process ppSr0,T s | Λ, Gq. The expected moments can not be calculated
from the parametric form of ppSr0,T s | Λ, Gq directly. Instead, we will construct an ODE for the moments of the CTMC
recovered after amalgamation, and recover its expectation as solutions. The moments of the CTBN can then be calculated as
projections of the CTMC moments, the dwelling times per state T psq and the number of transitions Mps, s1q

M̂npx, x
1, uq “

ÿ

s,s1

Mps, s1q1ps1n “ x1q1psn “ xq1psparpnq “ uq, (3)

T̂npx, uq “
ÿ

s

T psq1psn “ xq1psparpnq “ uq. (4)
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Algorithm 4 Computation of the EIG for Structure Learning
1: Input: Proposed intervention i, current initial state s0, number of path samples NS , current belief over parameters
ppΛ | H, Gq and structures ppG | Hq.

2: Set EIG “ 0.
3: for n = 1 : N do
4: for parpnq in power-set of V do
5: for ns = 1 : NS do
6: Draw ĜnS „ ppG | H,parpnqq.
7: Draw parameter Λ̂nS „ ppΛ | H, ĜnS q.
8: Perform intervention by setting Λ̂nS ,n “ 0 and initial state x0

n for all n R ℵ.
9: Draw path Ŝr0,T s „ ppSr0,T s | Λ̂nS , ĜnS , i, s0q.

10: Set EIG “ EIG` 1
NS

´

ln ppparpnq | H, Ŝr0,T sq ´ ln ppparpnq | Hq
¯

,
see appendix (12).

11: end for
12: end for
13: end for
14: Output: Estimate EIG.

2.2. Moment ODEs of a CTMC

Expected Dwelling-times. The expected dwelling-times E rT psqs in a state s P S of a CTMC are calculated as solution of
an ODE. For this, we need to consider the evolution of the stochastic process T ps, tq, the dwelling times in state s P S up to
time t. For this process we can denote transition probabilities, by considering the dynamics of the CTMC

ppT ps, t` hq “ τ ` h | T ps, tq “ τq “ ppSpt` hq “ s, Sptq “ sq,

ppT ps, t` hq “ τ | T ps, tq “ τq “ 1´ ppSpt` hq “ s, Sptq “ sq.

Thus T ps, tq evolves according to

ppT ps, t` hq “ τq “ ppSpt` hq “ s, Sptq “ sqppT ps, tq “ τ ´ hq

` r1´ ppSpt` hq “ s, Sptq “ sqs ppT ps, tq “ τq.

For small h, we can expand ppT ps, tq “ τ ´ hq “ ppT ps, tq “ τq ´ hBτppT ps, tq “ τq ` ophq, and we arrive at

ppT ps, t` hq “ τq ´ ppT ps, tq “ τq

h
“ ´ppSptq “ sqBτppT ps, tq “ τq ` ophq.

We can now take the expectation E rT ps, tqs “
ş8

0
dτ 1τ 1ppT ps, tq “ τ 1q, and the continuum limit hÑ 0 in order to arrive at

BtE rT ps, tqs “ ´ppSptq “ sq

ż 8

0

dτ 1 τ 1Bτ 1ppT ps, tq “ τ 1q,

which, after integration by parts, reduces to simply

BtE rT ps, tqs “ ppSptq “ sq.

Thus, the expected dwelling-time is given by the solution

E rT psqs “

ż T

0

dt ppSptq “ sq. (5)

Expected Number of Transitions. Similarly to above, we can compute the expected number of transitions of a CTMC
E rMps, s1qs. The computation is analogous to above. We consider the stochastic process Mps, s1, tq of transitions from s
to s1 till time t. Transition probabilities are

ppMps, s1, t` hq “ k |Mps, s1, tq “ k ´ 1q “ ppSpt` hq “ s1, Sptq “ sq,

ppMps, s1, t` hq “ k |Mps, s1, tq “ kq “ 1´ ppSpt` hq “ s1, Sptq “ sq.
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After inserting the identity ppSpt` hq “ s1, Sptq “ sq “ 1ps “ s1q ` hW ps, s1q ` ophq, we arrive at

ppMps, s1, t` hq “ kq ´ ppMps, s1, tq “ kq

h

“W ps, s1qppSptq “ sq
“

ppMps, s1, tq “ k ´ 1q ´ ppMps, s1, tq “ kq
‰

` ophq.

The expected number of transitions can be calculated via E rMps, s1, tqs “
ř8

k“0 ppMps, s
1, tq “ kq. Noticing that

ppMps, s1, tq “ k ´ 1q “ 0 for k ă 1, we can perform an index-shift k Ñ k ` 1and arrive at

E rMps, s1, t` hqs ´ E rMps, s1, tqs

h

“W ps, s1qppSptq “ sq
“

E
“

Mps, s1, tq
‰

´ E
“

Mps, s1, tq
‰

` 1
‰

` ophq,

and thus in the continuum limit hÑ 0 we recover the ODE,

BtE
“

Mps, s1, tq
‰

“W ps, s1qppSptq “ sq,

with the solution

E
“

Mps, s1q
‰

“W ps, s1qE rT psqs . (6)

2.3. (V)BHC for Parameter Learning

Equipped with the moments derived in the last Section, we can now derive the (V)BHC. The VBHC takes the form of an
expected KL-divergence

VBHC “

ż

dΛ

ż

dΛ1 ppΛ | H, GqqκpΛ1qKL
´

ppSr0,T s | Λ, Gq || ppSr0,T s | Λ1, Gq
¯

`KL pqκpΛq || ppΛ | H, Gqq ,

with the KL given in appendix (2). As explained in the main-text, we
have ppΛ | H, Gq “

ś

n,x,x1,u Gam
`

Λnpx, x
1, uq | ᾱnpx, x

1, uq, β̄npx, uq
˘

and choose
qκpΛ

1q “
ś

n,x,x1,u Gam pΛnpx, x
1, uq | ακnpx, x

1, uq, βκnpx, uqq. As the expected moments in (2) only depend on
Λ, we can calculate the integral over Λ1 analytically. For this, we notice that the moments

E
“

Λnpx, x
1, uq

‰

“
ακnpx, x

1, uq

βκnpx, uq
,

E
“

ln Λnpx, x
1, uq

‰

“ ψp0qpακnpx, x
1, uqq ´ lnβκnpx, uq,

where the expectation is w.r.t qκpΛq, have a closed form expression. By insertion into (2), we recover the expression from
the main-text. Finally, we notice that

KL
`

qκpΛ
1q || ppΛ | H, Gq

˘

“
ÿ

n,x,x1,u

KL
`

Gampακnpx, x
1, uq, βκnpx, uqq ||Gampᾱnpx, x

1, uq, β̄npx, uqq
˘

,

with the KL-divergence between two gamma-distributions (5)

KL
`

Gampακnpx, x
1, uq, βκnpx, uqq ||Gampᾱnpx, x

1, uq, β̄npx, uqq
˘

“

ᾱnpx, x
1, uq ln

ˆ

βκnpx, uq

β̄npx, uq

˙

´ ln

ˆ

Γpακnpx, x
1, uqq

Γpᾱnpx, x1, uqq

˙

` pακnpx, x
1, uq ´ ᾱnpx, x

1, uqqqψpακnpx, x
1, uqqq ´ pβκnpx, uq ´ β̄npx, uqq

ακnpx, x
1, uq

βκnpx, uq
.
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Gradients. The gradients of the VBHC can be calculated in (semi-)analytical form

Bακnpx,x1,uqVBHC “

ż

dΛ ppΛ | H, GqE
”

T̂n | Λ, G
ı

"

Λψp1qpακnpx, x
1, uqq ´

1

βκnpx, uq

*

(7)

` ακnpx, x
1, uqψp1qpακnpx, x

1, uqq ´
pβκnpx, uq ´ β̄npx, uqq

βκnpx, uq

Bβκnpx,uqVBHC “

ż

dΛ ppΛ | H, GqE
”

T̂n | Λ, G
ı

"

ακnpx, x
1, uq

βκnpx, uq
2
´

Λ

βκnpx, uq

*

(8)

`
ᾱnpx, x

1, uq

βκnpx, uq
´
ακnpx, x

1, uq

βκnpx, uq
` pβκnpx, uq ´ β̄npx, uqq

ακnpx, x
1, uq

βκnpx, uq
2
.

If necessary, also higher-order derivatives can be computed in principle.

In all results above, the corresponding BHC expressions are recovered by setting βκnpx, uq “ β̄npx, uq and ακnpx, x
1, uq “

ᾱnpx, x
1, uq.

2.4. (V)BHC for Structure Learning

KL-divergence between Marginal CTBNs. The marginal likelihood of a path Ŝr0,T s „ ppŜr0,T s | Λ, Gq, with statistics
T̂npx, uq and M̂npx, x

1, uq, given a structure and history H can be calculated via marginalization of (1)

ppŜr0,T s | G,Hq “
ż

dΛ ppΛ | H, Gq
ź

n

ź

x,x1,u

Λnpx, x
1, uqM̂npx,x

1,uq exp
!

´Λnpx, x
1, uq ` T̂npx, uq

)

9
ź

n

ź

x,x1‰x,u

Γpα̂npx, x
1, uqqβ̂npx, uq

´α̂npx,x
1,uq, (9)

where α̂npx, x
1, uq “ M̂npx, x

1, uq ` ᾱnpx, x
1, uq and β̂npx, uq “ T̂npx, uq ` β̄npx, uq and

ᾱnpx, x
1, uq “ αnpx, x

1, uq `Mnpx, x
1, u, i “ 0q and β̄npx, x1, uq “ βnpx, uq ` Tnpx, u, i “ 0q, see main-text. The KL

between two measures, in this case CTBNs with different graphs, is defined via the integration over all paths

KL
´

ppSr0,T s | G,Hq || ppSr0,T s | G1,Hq
¯

“

ż

dppSr0,T s | G,Hq ln
ppSr0,T s | G,Hq
ppSr0,T s | G1,Hq

.

In order to avoid solving the computationally taxing solution of the marginal master-equation (6; 2) (which is an integro-
differential equation), we can express this in terms of the original path-measure

KL
´

ppSr0,T s | G,Hq || ppSr0,T s | G1,Hq
¯

“

ż

dppΛ | G,Hq
ż

dppSr0,T s | Λ, Gq ln
ppSr0,T s | G,Hq
ppSr0,T s | G1,Hq

.

Inserting (9) yields

KL
´

ppSr0,T s | G,Hq || ppSr0,T s | G1,Hq
¯

“

ż

dppΛ | G,Hq
ż

dppSr0,T s | Λ, Gq
ÿ

nPℵ
(10)

ÿ

uPUGn

ÿ

u1PUG1n

ÿ

x,x1‰x

„

ln
Γpα̂npx, x

1, u qq

Γpα̂npx, x1, u1qq
` α̂npx, x

1, u1q ln β̂npx, u
1q ´ α̂npx, x

1, uq ln β̂npx, uq



.

As mentioned in the main-text, exact computation of the integral w.r.t ppSr0,T s | Λ, Gq is not feasible, due to non-linearity.
For this reason we expand this KL around the expected transitions and dwelling times and arrive at

KL
´

ppSr0,T s | G,Hq || ppSr0,T s | G1,Hq
¯

«

ż

dppΛ | G,Hq
ÿ

nPℵ

ÿ

uPUGn

ÿ

u1PUG1n

ÿ

x,x1‰x

(11)

„

ln
ΓpErα̂npx, x

1, u qsq

ΓpErα̂npx, x1, u1qsq
` Erα̂npx, x

1, u1qs lnErβ̂npx, u
1qs ´ Erα̂npx, x

1, u q lnErβ̂npx, uqs



,

” Frκ, ppG | Hqs
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with Erα̂npx, x
1, uqs ” ᾱnpx, x

1, uq ` ErM̂npx, x
1, uq | Λ, Gs and Erβ̂npx, uqs ” β̄npx, uq ` ErT̂npx, uq | Λ, Gs.

Below, we derive higher-order moments of the transitions and dwelling-times. This allows to compute higher-order
approximations of this KL-divergence, under higher computational costs. However, in this work a first order approximation
was sufficient to demonstrate effectiveness of our method.

VBHC for Structure Learning. We can then approximate the VBHC by

VBHC « Frκ, ppG | Hqs `KL pqκpGq || ppG | Hqq ,

with the KL-divergence, between two categoricals

KL pppG | Hq || qκpGqq “
ÿ

G

qκpGq pln qκpGq ´ ln ppG | Hqq .

While the form of F is compact, it is helpful for computational reasons to re-order this summation into a node-wise form.
This is helpful, as it will allow is to compute sample approximations of the VBHC, where only a summation over local
parent-sets instead of global graphs needs to be performed

Frκ, ppG | Hqs “
ÿ

nPℵ

ÿ

G,G1

ppG | HqqpG1q
ż

dppΛ | G,Hq
ÿ

uPUGn

ÿ

u1PUG1n

ÿ

x,x1‰x

„

ln
ΓpErα̂npx, x

1, u qsq

ΓpErα̂npx, x1, u1qsq
` Erα̂npx, x

1, u1qs lnErβ̂npx, u
1qs ´ Erα̂npx, x

1, u q lnErβ̂npx, uqs



.

The product form of (9) translates to a product posterior, if not broken by the prior, over parent-sets

ppG | Hq “
ź

n

ppparGpnq | Hq (12)

9
ź

n

ppparGpnqq
ź

x,x1‰x

ź

uPUGn

Γpᾱnpx, x
1, uqqβ̄npx, uq

´ᾱnpx,x
1,uq.

This allows us to rewrite
ÿ

nPℵ

ÿ

G,G1

ppGqqκpG
1q “

ÿ

nPℵ

ÿ

parpnq,par1pnqĂV

ppparpnq | Hqqκppar1pnqq
ÿ

G|parpnq,G1|par1pnq

ppG | HqqκpG1q.

We then get the form of the VBHC for structure learning, as used in algorithm 2

Frκ, ppG | Hqs “
ÿ

nPℵ

ÿ

parpnq,par1pnq

ppparpnq | Hqqκppar1pnqq (13)

ÿ

uPUparpnq
n

ÿ

u1PUparpnq1
n

ÿ

G|parpnq

ÿ

G1|par1pnq

ppG | HqqκpG1q
ż

dppΛ | G,Hq
ÿ

x,x1‰x

„

ln
ΓpErα̂npx, x

1, u qsq

ΓpErα̂npx, x1, u1qsq
` Erα̂npx, x

1, u1qs lnErβ̂npx, u
1qs ´ Erα̂npx, x

1, u q lnErβ̂npx, uqs



.

Similarly, we make the ansatz for qκpGq “
ś

n qκpparGpnqq, then the KL-divergence decomposes

KL pppG | Hq || qκpGqq “
ÿ

n

ÿ

parpnq

qκpparpnqq pln qκpparpnqq ´ ln ppparpnq | Hqq .

Gradients. The gradient for the parameter qκppar1pnqq can be calculated to be

Bqκppar1pnqqVBHC “ 1` ln qκppar1pnqq ´ ln pppar1pnq | Hq `
ÿ

parpnq

ppparpnq | Hq (14)

ÿ

uPUparpnq
n

ÿ

u1PUparpnq1
n

ÿ

G|parpnq

ÿ

G1|par1pnq

ppG | HqqκpG1q
ż

dppΛ | G,Hq
ÿ

x,x1‰x

„

ln
ΓpErα̂npx, x

1, u qsq

ΓpErα̂npx, x1, u1qsq
` Erα̂npx, x

1, u1qs lnErβ̂npx, u
1qs ´ Erα̂npx, x

1, u q lnErβ̂npx, uqs



.
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Figure 1. Mutual information between design sample estimates and recommended interventions for different number of samples NS .
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Figure 2. a) Mean and variance (area) of the evolution of the posterior entropy in BHPS data-set for 100 repetitions. b) Sketch of the
underlying network. c) AUROC and d) AUPR converge equally fast to the inferred network b) for all criteria but negative VBHC.

3. Experiments
3.1. Additional Experiments

Sample Estimates of Design Criteria. We want to investigate the viability of using sample estimates of different criteria
for active learning of CTBNs. One basic requirement on such an estimate is that its recommendations actually depend
on the history of observations H ÝÑ

design
i. We can make this formal by the following non-parametric dependency check:

The recommended intervention i is dependent on experimental sequence H if they share high mutual information Ipi,Hq.
We stress, that this does not reflect the quality of recommended interventions! We calculate the MI for random graphs of
size L “ 3 for different sample sizes NS for random histories H consisting of 30 trajectories drawn from our synthetic
network. The results are displayed in figure 1. For all sample sizes considered, (V)BHC shares a much higher MI with their
recommended interventions, than the sample estimate of the EIG.

3.2. Processing of British-Household Data-set

As mentioned in the main-text, the British-Household Data-set is incomplete, as no complete paths of variables are provided,
but only their measurement at singular time-points ti P t1, . . . , 11u (yearly for 11 years). In order to process, this kind of
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data, we employ a standard forward backward filter for continuous-time Markov jump processes, as in (4; 3; 1; 2). For this
data Y r0,T s ” tY ptiq | ti P t1, . . . , 11uu and Y ptiq „ ppY ptiq | Sptiqq some observation model, with measurements at
singular time-points, posterior inference of the marginals ppSptq “ s | Y r0,T sq is implemented by solving a time-dependent
master-equation

d

dt
ppSptq “ s | Y r0,T sq “

ÿ

s1‰s

”

Ŵ ps1, s, tqppSptq “ s | Y r0,T sq ´ Ŵ ps, s1, tqppSptq “ s1 | Y r0,T sq
ı

with Ŵ ps, s1, tq “W ps, s1qρps
1,tq

ρps,tq and

d

dt
ρps1, tq “ ´

ÿ

s1‰s

“

W ps1, sqρps, tq ´W ps, s1qρps1, tq
‰

subject to: lim
tÑt´i

ρps, tq “ lim
tÑt`i

ρps, tq ln ppY ptiq | Sptiq “ sq.

This allows to calculate the marginal likelihood

ppY r0,T s |W q “
ź

s,s1‰s

W ps, s1qErMps,s
1
q|Y r0,T ss exp

!

W ps, sqE
”

T psq | Y r0,T s
ı)

,

with E
“

T psq | Y r0,T s
‰

”
ş

dt ppSptq “ s | Y r0,T sq and E
“

Mps, s1q | Y r0,T s
‰

” W ps, s1qE
“

T psq | Y r0,T s
‰

. By calcula-
tion of the corresponding moments of the CTBNs by appendix (4) and (3), we can also write this likelihood in terms of
rates Λ and structure G

ppY r0,T s | Λ, Gq “
ź

n,x,x1‰x,u

Λnpx, x
1, uqErMnpx,x

1,uq|Y r0,T ss exp
!

Λnpx, x, uqE
”

Tnpx, uq | Y
r0,T s

ı)

.

As can be seen in (2), this finally allows to form a posterior over parameters ppΛ | Y r0,T sq9ppY r0,T s | ΛqppΛq, which is
again a Gamma distribution, if ppΛq is gamma-distributed. Similarly, this holds for structures, by marginalization. Aside
from this posterior calculation, everything about our method remains the same for incomplete data.

In Fig. 2 a), we track the evolution of the posterior entropy over structures for 100 independent runs. In Fig. 2 b) and c), we
show that for all designs (except the "worst" design neg. VBHC) the inferred network converges against the one inferred
using the full data-set (using AUROC and AUPR as metrics). We note that the effect of active learning can be expected to be
small in this synthetic scenario, as we were only able to intervene on a single node.
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