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Abstract

In this thesis we study the principle that extremal objects in differential geometry
correspond to stable objects in algebraic geometry. In our introduction we survey
the most famous instances of this principle with a view towards the results and
background needed in the later chapters. In Part I we discuss the notion of a Z-
critical metric recently introduced in joint work with Ruadhai Dervan and Lars
Martin Sektnan [DMS21]. We prove a correspondence for existence with an analogue
of Bridgeland stability in the large volume limit, and study important properties of
the subsolution condition away from this limit, including identifying the analogues of
the Donaldson and Yang—Mills functionals for the equation. In Part II we study the
recent theory of optimal symplectic connections on Kahler fibrations in the isotrivial
case. We prove a correspondence with the existence of Hermite-Einstein metrics on

holomorphic principal bundles.
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Chapter 1
Introduction

The following fundamental principle has guided much of the research in complex

geometry since the late-20*" century:

Principle 1.1. Stable objects in algebraic geometry correspond to extremal objects

in differential geometry.

The origins of this principle go as far back as Riemann’s work on uniformisation of
algebraic curves. What exactly is meant by stable or extremal depends on the setting,
and there are now instances of Principle 1.1 appearing as celebrated theorems in the
context of points, varieties, vector bundles, and many variations on these geometric
themes.

In this thesis we will investigate several new directions which test Principle 1.1.
In Part I we will study the principle in the context of a new and exciting develop-
ment in algebraic geometry, that of Bridgeland stability conditions. This is largely
a reproduction of joint work of the author with Ruadhai Dervan and Lars Martin
Sektnan [DMS21] with an emphasis of the contributions of the author.

The notion of a stability condition arose out of the physics of mirror symmetry,
and key features of the new algebro-geometric theory include the ability to vary
the choice of stability condition (given, to first approximation, by some algebraic
invariant Z called a central charge), and indeed to extend this concept of stability

from Abelian to triangulated categories.



2 CHAPTER 1. INTRODUCTION

Thus the principle suggests the enticing possibility that we may see several new
features from the theory of stability conditions reflected in differential geometry:
the study of wall-crossing behaviour as we vary differential equations in interesting
ways aligned with the algebraic geometry of the situation, and the study of derived
phenomena using differential geometry.

The following is the central folklore conjecture in the study of D-branes on
the B-side of mirror symmetry, and the conjecture aligned with Principle 1.1 in
our setting. It is the mirror analogue of the (mostly) equally vague Thomas-
Yau-Joyce conjecture in symplectic geometry and can be variously attributed to
Douglas, Aspinwall-Douglas, Bridgeland, Leung—Yau—Zaslow, Mariano—Minasian—
Moore-Strominger, Collins—Jacob—Yau, and the mononymous “Physics” [DFR05,
ADO02, Bri07, LYZ00, MnMMS00, JY17, CJY20, HKK*03, ABC*09].

Conjecture 1.2 (Folklore). There exists a Bridgeland stability condition (Z, A) on
the derived category D° Coh(X) of any Calabi-Yau threefold X, with complexified

Kdhler form B + iw, whose central charge is given by
Z(E) = — / e e B Ch(E)\/Td(X),
X

and a differential equation Dz(h) = 0 for a Hermitian metric-type structure h on
an object E € A such that Dz(h) = 0 admits a solution for E if and only if E is
Bridgeland stable with respect to (Z,.A).

Several features of this conjecture are left to be made more precise, and we

summarise the key points here:

e The existence of the Bridgeland stability condition itself is a serious open
problem for general Calabi—Yau threefolds, and much of the difficulty arises
in constructing the Harder—Narasimhan filtrations of elements of the derived
category. A programme for how to resolve this using differential geometry
is being developed by Haiden—Katzarkov—Kontsevich—Pandit [HKKP20] called
“categorical Kahler geometry”, but any such process will in fact rely on a

Donaldson—Uhlenbeck—Yau-type theorem as proposed in the conjecture.



e The exact central charge Z may need to change (either by removing /Td(X),

changing to 1/ A(X), or by accounting for quantum corrections).

e The exact differential equation is not known, and the current best guess is the
deformed Hermitian Yang—Mills equation identified by Leung—Yau—Zaslow and
Mariafio-Minasian-Moore-Strominger [LYZ00, MnMMS00].! This has only
been derived from mirror symmetry or physics in the case of a line bundle, but

natural analogues in higher rank can be justified on general grounds.

In Part I we make some progress towards Conjecture 1.2. In particular, guided in
part by Principle 1.1 we do not restrict ourselves just to the central charge Z above,
but to a larger class of polynomial central charges introduced by Bayer [Bay09].
Nor do we consider the case of a Calabi—Yau threefold, but instead any compact
Kéhler manifold. To any of Bayer’s polynomial central charges Z we associate a
corresponding extremal metric, appearing as the solution of a differential equation
on a holomorphic vector bundle. We call such an extremal metric a Z-critical metric,?
and prove a correspondence between a stability condition and existence of solutions
to the Z-critical equation in an asymptotic limit, the large volume limit.?

The main result of Part I is the following, which justifies a posteriori our differ-

ential equation which has been chosen on general grounds.

Theorem 1.3. A simple, slope semistable holomorphic vector bundle E — (X, w)
over a compact Kdhler manifold, with locally-free graded object Gr(E), admits a Z-

critical metric in the large volume limit if and only if it is asymptotically Z-stable.

The existence part of the above result has a particularly simple proof in the case
where E is actually slope stable, covered in Section 5.2.1, and such bundles give

the first examples of solutions to the deformed Hermitian Yang—Mills equation on

'Recent discussion by Li [Li22] suggests that even a differential equation may be too much to
hope for in general, but physical reasoning assures that such Hermitian metric-type objects will be
critical points of some kind of action functional.

24Zed critical”

3This is the limit where the Kéhler metric w is replaced by kw and we scale k — oo. In the
language of physics this is the “quantum limit” of string theory, where string length goes to zero
and strings become well-approximated by point particles.
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higher rank vector bundles. In Section 5.2 we will give the full details of the proof of
Theorem 1.3 in the case where Gr(E) has two components, which demonstrates most
clearly how the algebro-geometric condition of asymptotic Z-stability enters into the
analysis, and refer the reader to [DMS21, §4] for the details of the more general case.
The case we prove in Section 5.2 is sufficient to produce new “non-trivial” examples
of Z-critical metrics on strictly semistable rank 3 vector bundles over CP? described
in Example 4.1.22.

Additionally in Chapter 4 we will study the basic geometric theory of these new
equations away from the large volume limit. This leads to a new notion of a subsolu-
tion which has not previously appeared in the context of non-Abelian gauge theory
in the literature, and we study the geometric consequences of it. In particular we

prove:

Theorem 1.4. When restricted to the locus of subsolutions inside the space of Chern
connections on a holomorphic vector bundle E — (X,w), the Z-critical equation
1s elliptic and arises from an infinite-dimensional moment map construction with

respect to the action of the gauge group.

Obstructions to existence of solutions to the Z-critical equation are expected to
arise from both subsheaves and subvarieties, and the latter is a new phenomenon
in gauge theory, but familiar in the literature of stability conditions in algebraic
geometry. This has been recently studied in the context of the deformed Hermitian
Yang—Mills equation on line bundles, and the J-equation, both of which can be de-
scribed as Z-critical equations for specific choices of Z.% It has been shown in those
cases how algebro-geometric obstructions due to subvarieties are captured by the no-

tion of subsolution, and we demonstrate this further in the case of complex surfaces.

Theorem 1.5. For a holomorphic line bundle L — (X,w) over a compact Kdhler
surface and a choice of polynomial central charge Z satisfying the volume hypothesis,

the following are equivalent:

(1) L admits a solution to the Z-critical equation,

4With degenerate stability vector, in the case of the J-equation.



(ii) L admits a subsolution to the Z-critical equation,
(111) L is Z-stable with respect to analytic curves C C X.

We begin the investigation of this phenomenon in higher rank for the first time,
giving the first explanation for how obstructions due to subvarieties may be captured

in a non-Abelian gauge-theoretic context using the subsolution condition.

Theorem 1.6. If a holomorphic vector bundle E — (X,w) admits a subsolution to
the Z-critical equation then E is Z-stable with respect to irreducible analytic divisors
D C X. Moreover if E admits a strong subsolution, then it is Z-stable with respect

to all irreducible analytic subvarieties.

In Section 4.5.1 we give further evidence of the importance of the subsolution con-
dition by constructing Donaldson and Yang—Mills-type functionals for the Z-critical
equation, and showing that restricted to the locus of subsolutions, the Donaldson-
type functional is convex and has critical points precisely given by Z-critical metrics,
which are also absolute minima of the Yang—Mills-type functional.

Curiously, the algebro-geometric stability condition implied by the subsolution
condition for the Z-critical equation is not the same as the one predicted by Bridge-
land stability, as has been observed by Collins-Yau [CY21]. Indeed due to this
discrepancy, a counterexample to Conjecture 1.2 has been constructed on (the non-
Calabi-Yau) Bl, CP? by Collins-Shi [CS19]. This suggests it may be necessary to
modify the definition of Bridgeland stability in order to accurately reflect this dis-
crepancy, and a possible (rudimentary) modification implied by the Freed—Kapustin—
Witten anomaly has already been suggested in the physics literature, but appears
to have gone unnoticed in the mathematical literature. In Section 4.6 we briefly in-
vestigate this modification, and discuss several other future directions including how
the notion of quasi-isomorphism may be reflected using the differential geometry of
complexes of vector bundles.

In Part II, our focus is shifted to a completely different geometric context in which
Principle 1.1 appears, Kdahler fibrations. This new setting interpolates between the
setting of vector bundles (seen in this context as arising from projective bundles, par-

ticular examples of Kéhler fibrations) and varieties (Kéahler fibrations over a point).
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These two settings have been well-studied in complex geometry, with Principle 1.1
manifesting as the celebrated Donaldson—Uhlenbeck—Yau theorem and Chen—Donaldson—
Sun theorem respectively, both of which we shall review in Chapter 2.

In the interpolating setting of fibrations, a hybrid of the stability conditions of
bundles and varieties has been introduced by Dervan—Sektnan [DS21a], who also
identified a corresponding notion of canonical metric on the fibration, an optimal
symplectic connection [DS21b].

The principle predicts a correspondence between these notions, and we investigate
this in the case of isotrivial Kdhler fibrations, where the complex structure of the
fibres does not vary over the base. All such fibrations arise as associated bundles to

holomorphic principal bundles, and in this geometric setting we prove the following.

Theorem 1.7. Suppose an isotrivial Kdhler fibration (X,wx) — (B,wg) arises
through the associated bundle construction from a holomorphic principal bundle P —
(B,wp) with connection A. Then the natural induced symplectic connection wy 1is

an optimal symplectic connection if and only if A is a Hermite—Finstein connection
on P.

In particular this implies a version of Principle 1.1 where we utilise the already-

existing theory of stability of holomorphic principal bundles:

Corollary 1.8. If a holomorphic principal bundle P — (B,wp) is polystable, then
the associated isotrivial Kahler fibration (X, wx) — (B,wpg) admits an optimal sym-

plectic connection.

This statement becomes an if and only if when the principal bundle under con-
sideration is the bundle of relative automorphisms of the isotrivial Kahler fibration.

Through the work of Dervan—Sektnan about existence of constant scalar curvature
Kahler metrics in adiabatic Kahler classes on the total space of Kahler fibrations
(X,wx) — (B,wg), the existence result for optimal symplectic connections above
allows us to construct many new examples of cscK metrics on the total space of
isotrivial Kéhler fibrations.

Corollary 1.9. Suppose P — (B,wg) is a simple, stable holomorphic principal
G-bundle. Suppose that (B,wg) is cscK with discrete automorphisms. If G acts



holomorphically on a cscK manifold (Y,wy) and the mazimal compact subgroup K C
G acts by holomorphic isometries, then the total space of the associated bundle X =

P xqY admits cscK metrics in adiabatic Kahler classes.

We describe an example of such a such a fibre bundle admitting a cscK metric
on the total space, using a principal SL(2, C)-bundle and model fibre given by the
Mukai-Umemura threefold, a Kéhler-Einstein Fano threefold admitting an action
of SL(2,C). Many such principal bundles exist, so this gives a large class of new
examples of fibrations admitting cscK metrics in adiabatic Kahler classes.

Further to this isotrivial setting, in Section 7.2 we will discuss the stability of
isotrivial fibrations, particularly in the case of projective bundles which has been
understood by Ross-Thomas using slope K-stability [RT06], and we will discuss a

description of non-isotrivial fibrations in terms of principal bundles.






Chapter 2
Preliminaries

In this chapter we recall some of the preliminaries necessary to understand both
Z-critical connections in Part I and Kahler fibrations in Part II, and indulge in a

survey of the most famous instances of Principle 1.1.

We will give a brief overview of geometric invariant theory and its relationship
to Kahler geometry through the Kempf-Ness theorem, which will not be used but

serves as the philosophical background for the principle.

We will then recall the theory of slope stability and canonical metrics on holo-
morphic vector bundles over compact Kahler manifolds, where Principle 1.1 is made
precise in the celebrated Donaldson—Uhlenbeck—Yau theorem (Theorem 2.2.21), em-
phasising the necessary Hermitian geometry required in later chapters. This is im-
portant in understanding the behaviour of Z-critical metrics at the large volume
limit £ = oo, and for understanding the existence of canonical metrics on isotrivial
Kéhler fibrations.

Finally we detour slightly into the corresponding stability theory for varieties,
K-stability, and work towards stating the correspondence there, the Yau-Tian—
Donaldson conjecture (Conjecture 2.3.7). This theory places the notion of a de-
generation as a focal point, and this language is used to understand the stability of
fibrations in terms of so-called fibration degenerations as we will describe in Part II.
The same language has also been used in the study of the deformed Hermitian Yang—
Mills equation by Collins-Yau [CY21].
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As part of our exposition of K-stability, we will investigate an interesting new
example of a singular variety whose deformation theory within the Fano deformation

class V14 can be explicitly understood in terms of the representations of SL(2, C).

2.1 Geometric invariant theory

We will begin with the simplest, finite-dimensional manifestation of Principle 1.1,
which has been either directly applied or used as a guide for most subsequent in-
stances of the principle (except, perhaps, for Bridgeland stability). The theory of
stability is known as geometric invariant theory (GIT), and the principle becomes
the Kempf-Ness theorem.

Geometric invariant theory is the language developed by Mumford to define quo-
tients of algebraic varieties by group actions [MFK94]. In accordance with the re-
volution of algebraic geometry in the mid 20th century, which placed the ring of
functions of a variety at the centre of focus, GIT concerns itself with invariant ele-
ments of commutative rings under group actions. This problem was considered to
varying extents by Hilbert in his invariant theory, whence the name comes.

The basic observation of Mumford! was the following: in order for the quotient of
an algebraic variety X by a group action of G to be a well-behaved algebraic space,
it is necessary to restrict to a locus X* C X of well-behaved, stable points.

Let us restrict to the setting of a reductive group G acting on a polarised vari-
ety (X,L). We will only consider varieties over C, although the theory has been
developed over more general fields. We require that the G action on X lifts to an
action on the ample line bundle L — X,? and hence acts on all its powers L* and
on the spaces of global sections H°(X, L*).

We have a homogeneous coordinate ring

R(X.L) =P H(X,LF)

k>0

ITo an extent, this was already implicit in the work of Hilbert, where the concept of a semi-stable
point (a ”Nullform”) was characterised using a weight inequality [Hil93, p. 359].

2Equivalently if we view X < P for some N then G € PGL(N, C) must lift to G € GL(N+1,C)
and act on CN+1,
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upon which G acts, and the ring of invariants is

R(X,L)" = @ H(X, L},

k>0

This is a graded C-algebra, and when G is reductive it is finitely generated [Hil90,

Nag64]. Thus we can define a projective variety
X /G = Proj R(X, L),

the geometric invariant theory quotient of (X, L) by G. The first key observation
is that this quotient variety misses some points of X. That is, there is a natural
rational map X --» X / G induced by the inclusion R — R, and if z € X is
a point such that f(x) = 0 for every invariant section f € HY(X, L)% for every
k, then the morphism X --» X / G is not defined at x. Such points are called
unstable by Mumford (or “nullforms” by Hilbert). We have the following further

characterisations of points in X:
Definition 2.1.1. A point z € (X, L) is called:

e semistable if there exists some f € H°(X, L*)¢ such that f(z) # 0. Call the

locus of semistable points X*°.

e polystable if the orbit GG - = is closed in X. Call the locus of polystable points
XPs,

e stable if the orbit is closed and z has finite stabiliser GG,. Call the locus of
stable points X°.

e unstable if it is not semistable.

By definition, the rational morphism X --+ X / G becomes a genuine morph-
ism when restricting to the semistable locus, X**. Furthermore if two semistable
points x,y € X*° have orbits whose closures intersect, G - NG -y # (), then every
G-invariant section takes the same value on x and y so they become identified in

X / G. This relation is called S-equivalence (after Seshadri, who investigated its
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consequences for the construction of moduli spaces of vector bundles). Conversely
the invariant functions will separate points whose closures do not intersect, and thus
the GIT quotient X?° — XP° // G is actually an orbit space X?* J/ G = X?*/G. In
fact it will be a consequence of the Kempf-Ness theorem that the orbit space X?*/G
is equal to the GIT quotient X / G.*> Thus we obtain the famous diagram of GIT

quotients:

AX:SS 3 Xss // G

X xmG

T

X* —— X°/G

It can be shown that the GIT quotient X j/ G satisfies the axioms of a categorical
quotient for the action of G on X, and therefore is the optimal solution to taking

quotients by reductive groups in the category of algebraic varieties (or schemes).

Remark 2.1.2. There are alternative notions of GIT quotient when X is affine or
non-projective and still twisted by a line bundle L — X. This is important in, for
example, the construction of CP" as a twisted affine GIT quotient of C**!, or the

construction of moduli of representations as in the work of King [Kin94].

2.1.1 The Hilbert—Mumford Criterion

The criteria to determine the stability of a point € X above are often difficult to
verify in practice, as they require information about the entire G-orbit of x. Mumford
identified a simpler criterion which only requires one to know about the one parameter
subgroups (1-PS) A : C* — G of G, called the Hilbert-Mumford criterion.

3We note however that X?* does not admit any nice description as an algebraic subvariety of
X, but is instead only a constructible subset of X. Therefore to obtain an algebraic quotient which
is also an orbit space, one must further restrict to the stable locus X°.
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Consider again the setting of a reductive group G acting on a polarised variety
(X, L). Given a point x € X and a 1-PS A, the limit point y := limy g A(¢) - x is
a fixed point of the C* action of A on X. Thus since the G action lifts to L, the
fibre L, over y is also fixed by A, and so comes with a weight p(x, A) such that
A(t) - v = t"@Ny for every v € L,. This is the Hilbert-Mumford weight of (z,)).

The Hilbert-Mumford criterion is the following [MFK94, Tho06]:

Theorem 2.1.3 (Hilbert—Mumford criterion). A point x € X is:
e semistable if for every 1-PS X\ in G, u(x,\) > 0.

e polystable if x is semistable and whenever p(x, \) =0, A is in the stabiliser G,

of x.

e stable if x is polystable and has finite stabiliser, so that p(z, \) = 0 only if X is
the trivial 1-PS.

e unstable if for at least one 1-PS X in G, p(x, \) < 0.

A famous pictorial proof of the Hilbert—-Mumford criterion as it relates to the
closedness of C*-orbits of points is given in Figure 2.1.

We will not utilize the Hilbert-Mumford criterion directly following this, however
the notion of a 1-parameter degeneration of an object is central to the understanding

of stability for both bundles and varieties as we will subsequently explain.

2.1.2 The Kempf—Ness theorem

According to Principle 1.1 corresponding to the GIT stability of points there should
be an extremal notion, which we now explain.

Consider now the setting of (X, w) a compact symplectic manifold, and suppose
a real compact Lie group K acts on X by Hamiltonian symplectomorphisms. That

is, for each ¢ € €, the induced vector field v¢ is Hamiltonian.

Definition 2.1.4. A moment map p : X — € for the Hamiltonian action of K on

(X,w) is a K-equivariant map with respect to the coadjoint action on £* such that

d<lu“7 €> = _ivgw
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P N
N OO

wu(z, A) >0

p(w, A) =

yO p(z,A) <0
X \
A—0

Figure 2.1: The Hilbert-Mumford criterion. If v lies over z, then as A — 0, A\(¢)-v €
L@ will go to infinity for pu(z,A) > 0 and zero for p(xz, \) < 0. Notice that the
orbit of Z is half-closed if p(z,A) > 0, but half-open when p(z, ) = 0. One can
check the other (A — o0) end of the orbit by replacing the 1-PS with its inverse.
Combining the statement for these two 1-PS gives the Hilbert-Mumford criterion
relating the asymptotic weight of A to the closedness of the orbit A - x.

for all £ € ¢, where (—,—) is the natural pairing between £* and ¢.. The map
t — C™(X) sending & — (u,&) is called the comoment map, which is sometimes
denoted p*.

The symplectic or Marsden—Weinstein quotient of (X,w) by K is given by
X ) K :=u*0)/K.

If 0 is a regular value of  and K acts freely on x~1(0), then the symplectic quotient
is a smooth manifold and naturally inherits a symplectic structure w,eq from X such
that

T Wreqg = "W
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where ¢ : p71(0) < X is the inclusion and 7 : 4~!(0) = X // K the projection.

Let us now return to the case of a projective variety (X, L). Fix a Kéhler metric
w € c¢1(L) and suppose a group G acts linearly on (X, L). Furthermore, suppose
a maximal compact subgroup K C G acts by Hamiltonian symplectomorphisms on
(X,w). Then we now have two possible quotients of X, one arising from GIT and

the other from symlectic geometry. The Kempf-Ness theorem relates these.

Theorem 2.1.5 (Kempf-Ness [KN79], Guillemin—Sternberg [GS84], Kirwan [Kir84]).
Let G be a reductive group with maximal compact subgroup K acting linearly on a pro-
jgective variety (X, L), such that K acts by Hamiltonians on (X,w) where w € ¢1(L)
is a Kahler form. Suppose i : X — € is a moment map for the K action. A point
x € X is GIT polystable for the G action if and only if G - x intersects u=1(0).

Furthermore, if x is polystable then G - x intersects = *(0) is a unique K-orbit.

It was first proved by Kirwan [Kir84] that this gives a homeomorphism of quotient

spaces. Indeed further to Theorem 2.1.5 one has:
o G- p7'(0) = X7,

A point z € X is semistable if and only if G - x meets £ ~1(0) in a single K-orbit.

0 is a regular value of u if and only if X* = X*.

The inclusion £7'(0) < X** induces a homeomorphism of quotients

XJoK—=(X,L)]G.

The homeomorphism between quotients follows from the fact that a continuous bijec-
tion from a compact space to a Hausdorff space is a homeomorphism. The continuous

inverse

(X,L))]G—=X ), K

4Exactly which level set of the moment map one takes is critical in the statement of the Kempf-
Ness theorem, as shifting the level set to some £ € 3(€*) corresponds to twisting the C* linearisation
on the ample line bundle L by a character. See [Sz¢é14, Rmk. 5.22].
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can be found by following the gradient flow of the norm squared of the moment map,
V=l

In particular the gradient flow of V' takes a semistable point x € X** and flows down
to a point y € X?¥ in the unique polystable orbit in the closure of G - = [Kir84].
The Kempf-Ness theorem may be proven working in a fixed orbit of G and

considering the so-called Kempf-Ness functional,
M:G/K = R.

The Kempf-Ness functional M, on an orbit G - = satisfies (or may be defined as the

unique functional satisfying) the characteristic variational property that

d

= tZOM([exp(ité“)g]) = —2(u(g - 2),§)

for ¢ € £. In particular a point g-z € G- x is a zero of the moment map u(g-z) = 0 if
and only if [¢] is a critical point of the Kempf-Ness functional. To prove the theorem,
one goes further to establish that M is convex along geodesics in G/K, which is a
complete negatively curved metric space with respect to the induced Riemannian
metric after choosing a bi-invariant metric on G. One deduces that the orbit of g - v
is closed for v some lift of z if and only if M, is proper on G/K, which by the
convexity of M occurs precisely when it has a critical point [Szé14, GRS21].

The relationship to the GIT picture can be made even more explicit. Indeed one

has the following.

Lemma 2.1.6 (See for example [GRS21, Lem. 5.2]). Let £ € ¢ be rational and let
A C* — G be the 1-PS generated by . Then the Hilbert—Mumford weight pu(x, \)
1s the slope at infinity of the Kempf-Ness functional:

_ o Me(A®)])
pu(z, A) = lim —

t—o00

The density of rational directions in g/¢ = ¢ and the above lemma produce
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the following philosophical statement: Provided M has good enough behaviour, it
suffices to verify properness over all of G/K just by checking the limiting slopes
are positive along rationally defined geodesics. This is the fundamental fact which
underpins Principle 1.1, and explains how just algebraic (i.e. rational) information
is strong enough to imply analytical existence theorems (see for example [Boul8, §1]
for a discussion of this principle in the finite-dimensional setting and how it relates

to the variational approach to the study of K-stability).

2.2 Holomorphic vector bundles

The study of stability and extremal metrics on holomorphic vector bundles began
with the work of Narasimhan and Seshadri relating the slope stability of an algebraic
vector bundle over a compact Riemann surface, in the sense of Mumford—Takemoto,
with existence of a projective unitary representation of the fundamental group of the
surface [NS65]. This work was a development in relation to ideas of André Weil, who
had already understood this correspondence for line bundles and suggested a similar
picture in higher rank.

The theorem of Narasimhan and Seshadri was placed within a much broader
context by Atiyah and Bott [AB83], who emphasized the role played by Yang—Mills
connections, which in the case of compact Riemann surfaces are just projectively flat
connections, whose holonomy therefore produces the representations of the funda-
mental group. Variously, Atiyah—Bott introduced an interpretation of the Yang—Mills
equation as an infinite-dimensional moment map, bringing the conceptual picture of
geometric invariant theory into focus, as well as providing new techniques in equivari-
ant Morse theory to compute the topology of these symplectic quotients — the mod-
uli of stable vector bundles on a curve (a theory subsequently developed by Kirwan
for many types of symplectic quotients). At the same time an independent proof
of the Narasimhan—Seshadri theorem using the language of Yang—Mills connections
was provided by Donaldson [Don83], and interpreted in the language of Atiyah and
Bott this proof could be interpreted as an infinite-dimensional Kempf—Ness theorem
for the curvature as a moment map.

Over the 1980s this theory was generalised to higher dimensional bases by Don-
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aldson, Uhlenbeck and Yau, and others, culminating in a correspondence bearing

their names. We now describe this theory.

2.2.1 Stability

Let us first turn to the stability theory of holomorphic vector bundles, and in par-

ticular slope stability and (briefly) Gieseker stability.

2.2.1.1 Slope stability

The notion of slope stability of a vector bundle was determined by Mumford shortly
after his development of geometric invariant theory [Mum63]. Mumford considered
the problem over a curve, and the condition for higher dimensional bases was de-
termined by Takemoto [Tak72], so this notion is often called Mumford—Takemoto
stability. We will state the definition in the setting of compact Kahler manifolds,

which includes the projective settings of Mumford and Takemoto.

Definition 2.2.1. The slope of a coherent analytic sheaf £ over a compact Kahler
manifold (X, w) is defined as

ue) = 228 _ Lol LTI

whenever rk € > 0, and u(€) = 400 if 1k € = 0.

Definition 2.2.2. A coherent analytic sheaf £ on a compact Kéhler manifold (X, w)
is slope semistable if for all non-trivial coherent analytic subsheaves & < £, we have
the inequality

1(S) < p(€).

Furthermore we say £ is slope stable if, whenever tk S < rk &, we have

u(S) < p(&).

We say the sheaf is slope polystable if it is a direct sum of slope stable sheaves of the

same slope. The sheaf is slope unstable if it is not slope semistable.
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Remark 2.2.3. Typically stability is defined for a torsion-free coherent analytic
sheaf. It is an instant consequence of our definition that a slope (semi)stable coherent
sheaf of positive rank is torsion-free. In general a well-behaved theory exists for pure
coherent sheaves of a fixed dimension, as detailed in [HL10, §1.6], but the slope of
torsion sheaves must be defined as the quotient of leading order coefficients of the

Hilbert polynomial in that case.

Slope stability can be intuitively understood when £ is a holomorphic vector
bundle E. In particular, it is a topological condition on the holomorphic geometry of
E, which asks that £ does not have sitting inside it holomorphic subsheaves which
are “more twisted” than F itself (after appropriate normalization by dividing by

ranks). See Figure 2.2.

Figure 2.2: An unstable bundle E has holomorphic subbundles F' which are more
twisted than F.

This criterion limiting the complexity of the holomorphic geometry of E has
various consequences, in particular for the existence of automorphisms of E. We

recall:
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Proposition 2.2.4 (See [Kob87, Prop. 5.7.11, Cor. 5.7.12]). Suppose E,E’ are slope

semistable coherent sheaves over a compact Kdihler manifold (X,w). Then
(1) If u(&) > p(&') then Hom(E, &) = 0.

(i1) Suppose E,E' are slope stable, u(€) = (&), and u : € — &' is a non-zero
morphism. Then u is injective and rkimu = rk&" (that is, u is generically
surjective). In particular u is an isomorphism away from a locus of codimension
> 2. If £ and &' have the same Chern numbers, that is

for all i, then u is in fact an isomorphism, since £'/imu must have vanishing
Chern numbers but if it is not zero then Chy(E'/imu).[w]"™* > 0 where k is the
codimension of the support of £'/imw.5 Furthermore, in this case after making
an identification € = &' then u is always a constant multiple of the identity

morphism u = Alg.

The second point above gives a strong restriction on the automorphisms of slope

stable coherent sheaves. We recall the following definition:

Definition 2.2.5. A coherent sheaf £ on X is called simple if
HY(X,End(€)) = C-1¢.

Thus the second point of Proposition 2.2.4 asserts that a slope stable coherent
sheaf is simple. Every such sheaf has automorphisms given by the constant multiples
of the identity morphism, so a simple sheaf is one with automorphism group as small
as possible.® As observed in our discussion of geometric invariant theory, it is often the
automorphisms of an object (the stabilisers of the corresponding point in the Quot

scheme) which are problematic for the construction of well-behaved quotients. In

When &,&" are locally free it is sufficient that k€ = rk&’ and deg& = deg&’. See [Kob87,
Cor. 5.7.12] for the proof of this case.

6One perspective is to consider the projectivised gauge group G(F)/C* - 1g, under which stable
bundles have trivial automorphism group.
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particular, one expects that after restricting to (semi)stable sheaves one should obtain
a better-behaved moduli space. The moduli space of slope (semi)stable sheaves is
particularly well understood in one and two dimensions [HL.10, §8.2], and has more
recently been understood in general [GT17].

A considerable theory of the algebraic geometry of stable bundles and stable
sheaves now exists, and a good survey is the text of Huybrechts and Lehn [HL10].
We will emphasise just a few further points about stability of bundles which we
will need later. Firstly, we will recall the following see-saw property for short exact
sequences of sheaves. We state the see-saw lemma explicity in the case of torsion
sheaves, in order to emphasize the comparison with the notion of Z-stability with

respect to subvarieties appearing in Chapter 4.
Lemma 2.2.6 (See-saw lemma; See [Kob87, Prop. 5.7.6]). Let
0 S & Q 0

be a short exact sequence of coherent sheaves. Suppose tkE > 0. Then

and

Furthermore:

o [f0O<rkS <1k€& then
w(S) <pu€) = wE)<pQ)

and

uw(S)>pul) = &) >uQ).

o IfrkS = 0 then u(S) > p(€) and w(&) > u(Q) with equality whenever S is

supported in codimension > 2.

o I[frkS = rk& then p(S) < w(€) with equality whenever Q is supported in
codimension > 2, and pu(€) < pu(Q).
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Proof. The proof follows quickly from noting that rank rk and degree deg are additive
in short exact sequences of coherent sheaves and we omit it here. We give a similar
proof for asymptotic Z-stability in Lemma 4.1.18. The final considerations follow
from the fact that if 7 is a torsion sheaf, then deg7 > 0, and furthermore if T
is supported in codimension > 2, then deg7 = 0 (see for example [Kob87, Lem.
5.7.5]). O

The see-saw property for the slope of sheaves allows us to rephrase the character-
istic inequality for stability in several ways: Suppose & C £ is a coherent subsheaf
with quotient & — Q. Then the following notions of stability are equivalent (see
[Kob87, Prop. 5.7.6]):

(i) Stable if pu(S) < p(€) for all coherent subsheaves S < &, with equality only if
rkS =1k €.

(ii) Stable if u(€) < p(Q) for all coherent quotients &€ — Q, with equality only if
tk Q@ =1k€&.

(iii) Stable if pu(S) < u(Q) for all short exact sequences S — £ — Q.

We will see later in Part 1 that Z stability is often more naturally stated in
terms of condition (ii) above, as obstructions due to subvarieties V' C X appear
via quotient sheaves £ — F ® Oy. Furthermore we will see in Chapter 5 that it
is actually condition (iii) which naturally manifests in the analysis of the Z-critical
equation, as opposed to the equivalent but less symmetric condition (i).

We will see a geometric manifestation of Lemma 2.2.6 in the next section, in
terms of the principle of Hermitian geometry that curvature (generically) decreases

i subbundles and increases in quotients.

2.2.1.2 Filtrations

It will be useful to us to recall several kinds of filtrations which naturally appear for
holomorphic vector bundles.

First, given a semistable holomorphic vector bundle £ — X there are a natural
class of so-called Jordan—Holder filtrations of E.
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Definition 2.2.7. A Jordan—Holder filtration & of a semistable vector bundle £ —
X is a filtration
E: 0=&c&qE C---CcéE=F

of E by torsion-free coherent subsheaves such that for every i, £ := &;/&;_1 is slope
stable and p(&!) = p(E). The polystable sheaf

Gr(E) = e

is called the associated graded object of E with respect to &.

There is a basic existence and uniqueness result for Jordan—Holder filtrations of
E. This comes with a subtlety that the graded object is not strictly unique. Since
slope stability is ignorant to torsion sheaves of codimension > 2, the graded object
Gr(F) is only unique up to codimension 2. This may be resolved by passing to the
reflexive hull Gr(E)* of Gr(FE).”

Proposition 2.2.8 (See [HL10, Thm. 1.6.7, Prop. 1.6.10] or [Kob87, Thm. 5.7.18]).
Any semistable vector bundle admits a Jordan—Hélder filtration. The graded objects
of any two Jordan—Holder filtrations are isomorphic outside a set of codimension > 2.
The reflezive hulls Gr(E)*™ of any two Jordan—Hélder filtrations are isomorphic, and
the hull is therefore uniquely defined.

Remark 2.2.9. Due to our notion of slope stability implying torsion-freeness, it is
an automatic consequence of the stability of the factors of the graded object Gr(E)
is torsion-free for any semistable sheaf E. The existence of a filtration with this
property is automatic when E is torsion-free as the maximal destabilising subsheaf
of a semistable torsion-free sheaf is always saturated. Moreover, a filtration with the
the property that the successive quotients are only destabilised by torsion sheaves of
codimension > 2 can be upgraded to a Jordan—-Hoélder filtration simply by replacing
&; with the saturation of &; inside &;,; at every step. The resulting filtration has the

same numerical properties, and each successive quotient is slope stable in our sense.

"A reflexive sheaf is a sheaf £ isomorphic to its double dual £ = £**. The reflezive hull of a
sheaf £ is its double dual £**, which is always reflexive. Reflexive sheaves are torsion-free and are
close enough to being locally free to do analysis with.



24 CHAPTER 2. PRELIMINARIES

The same remark applies to the existence of the Harder—Narasimhan filtration in
Theorem 2.2.13 (except that the summands are semistable and torsion-free). In that
case the full details that the maximal destabilising sheaf is torsion-free can be found
in [Kob87, Thm. 5.7.15].

The key properties of slope stability which are used in the construction and
uniqueness of Jordan—Hélder filtrations are those of Proposition 2.2.4 and Lemma 2.2.6.
In particular any slope-type stability function which satisfies these properties will
produce an analogous Jordan—Hoélder filtration theory for semistable sheaves (for

example one could use Gieseker or Z-stability instead of slope stability).

Remark 2.2.10. Even if F is a vector bundle, there is no guarantee that the poly-
stable degeneration Gr(FE) is locally free, or even reflexive. However in Chapter 5 we
will work under the assumption that Gr(E) is locally free.

We will make use of the existence of a Hermite-Einstein metric on Gr(£) in
the proof of the correspondence for Z-critical metrics. The Donaldson—Uhlenbeck—
Yau theorem admits an extension to polystable reflexive sheaves (see [BS94]) and
so the proof of the correspondence in Chapter 5 should generalise to the setting
where Gr(E) is not necessarily locally free, and a singular Hermite—Einstein metric
on the polystable reflexive sheaf Gr(FE)™ is utilized in the perturbation argument
instead. The key difficulty then is to understand the behaviour of the HE metric on
the singular set of Gr(E)* (i.e. the analytic subvariety forming the support of the
torsion sheaf Gr(E)**/ Gr(E), which has been well-studied in the theory of bubbling

phenomena in gauge theory).

One may obtain the vector bundle E from its graded object Gr(E) by a sequence
of extensions. After fixing a Jordan—Holder filtration & of E, we note that E fits

into a short exact sequence

0 —— gk,’—l E g;g 0

and so E corresponds to an extension of the graded factor &), by the subsheaf &_;,
classified by a class ey (&) € Ext'(€],E1). Indeed we can repeat this process to
build a sequence of extension classes ¢;(&) € Ext'(£/,&;_1) which reproduce E from

Gr(FE) given &.
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Remark 2.2.11. This process should be seen as a deformation of complex structure
from Gr(F) to E, or conversely a degeneration from E to Gr(F), through the process
of “turning off an extension” (see [RT06, Rmk. 5.14]). In particular given any one-
step filtration 0 C F C E of a vector bundle E (not necessarily the Jordan-Holder

filtration of a semistable bundle), we obtain a short exact sequence

0 F E E/F — 0

which defines an extension class e € Ext'(E/F,F). By scaling Ae for A € C we
obtain a family £ — C for which the generic fibre & = E for t # 0, and the central
fibre splits into the direct sum F & E/F.

In Part I we will take the viewpoint of deformation of complex structure for this
construction, in particular in the proof of the correspondence in Chapter 5.

In Part IT we will take the viewpoint of bundle degenerations, and this gives a
different interpretation of the stability of E as an object, which is more aligned with
the language used in the study of K-stability of varieties and of geometric invariant

theory. See for example [Don05] for a discussion of this perspective.

For the sake of completeness of discussion, we will also mention the existence of
a filtration for any holomorphic vector bundle £ — X, where E need not be slope
semistable. This is the famous Harder—Narasimhan filtration of E [HN75].

Definition 2.2.12. A Harder-Narasimhan filtration of a holomorphic vector bundle
EF — X is a filtration
0=&6&CcéE C---CéqE=F

by coherent subsheaves such that each quotient £ = &;/&;_ is slope semistable and

the slopes strictly decrease: pu(&;) > (&7, ;) for all .

7

In contrast to Jordan—Holder filtrations which only have uniqueness of the asso-
ciated graded object, the Harder—Narasimhan filtration of E s unique. Indeed we

have:

Theorem 2.2.13 (See for example [Kob87, Thm. 5.7.15].). Any holomorphic vec-
tor bundle E — X over a compact Kdhler manifold admits a Harder—Narasimhan

filtration, and there is a unique filtration with each successive quotient E! torsion-free.
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Associated to the HN filtration of E is a graded object Gr'™ (E) whose summands
are torsion-free and slope semistable of decreasing slope. For each summand & we
may then take the Jordan-Hélder filtration Gr'™™ (&) to obtain a double filtration
of £. Since the JH filtrations of each summand of Gr'"™(E) are not unique, the
double filtration of E is not unique, but its double graded object associated to the

Harder-Narasimhan-Seshadri filtration, denoted Gr™°(E), is unique.®

2.2.1.3 Gieseker stability

Let us briefly review the notion of Gieseker stability, which will be useful by com-
parison to Z-stability as it will appear in Part 1. Gieseker stability was introduced
by Gieseker and Maruyama [Gie77, Mar77, Mar78| and is an alternative to slope
stability which is more closely related to the geometric invariant theory of sheaves.
First let us recall the definition of the Hilbert polynomial of a coherent sheaf.

Definition 2.2.14. Let (X, L) be a smooth polarised variety. The Hilbert polynomial

of a coherent sheaf £ on X is given by

Pe(k) == X(E @ L¥) = ) "(~1)'dim H'(X, €)

1>0

where X is the holomorphic Euler characteristic of £ ® L*.
By the Riemann—Roch formula we can compute the Euler characteristic as

X(E®LF) = / Ch(€ ® LF) Td(X)

which is manifestly a polynomial in k. If L is ample (by definition for (X, L) polar-
ised), then by Serre vanishing we see H (X, ® L¥) = 0 for i > 0 and k > 0. Thus

for k sufficiently large, we have

X(E ® LF) = dim H'(X, £ @ LF).

8More precisely, the reflexive hull of the double graded object is unique.
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Note that the latter is not a polynomial for all k, but for k£ > 0 the Riemann—Roch

formula implies that it is polynomial.

Definition 2.2.15. A torsion-free coherent sheaf £ on (X, L) is called Gieseker stable

(resp. Glieseker semistable) if for all proper, non-zero coherent subsheaves F C £ we

have Prk)  Pelh)
F £
<
WF kg e S
for all £ > 0.
The quantity Pri(g) is the Gieseker slope of £. Gieseker stability is an asymptotic

form of stability for a sheaf near a “large volume” limit for (X, L) (where L is replaced
by L¥), and the first key property of Gieseker stability is the following, which follows

readily from the Riemann—Roch formula applied to the Gieseker slope.

Lemma 2.2.16. To leading order in k, the Gieseker slope is given (up to unimportant
geometric factors depending on (X, L)) by the slope u(E). Thus a slope stable vector
bundle is Gieseker stable. In particular there are implications

Slope stable =—> Glieseker stable —> Gieseker semistable =—> Slope semistable.

One can go on to observe that the analogues of Proposition 2.2.4 and Lemma 2.2.6
hold for the Gieseker slope also, and so the discussion of Section 2.2.1.2 could have
been equally carried out for Gieseker stability. For a detailed presentation of this
theory, see [HLL10, Ch. 1].

2.2.2 Yang—Mills connections

In view of Principle 1.1, corresponding to the preceding notion of a slope stable vector
bundle there should be a notion of an extremal object in differential geometry. The
first indications of what this extremal object is were provided by Donaldson and
Atiyah—Bott in their rephrasing of the theorem of Narasimhan—Seshadri in terms of
gauge theory [Don83, AB83].

In particular Atiyah and Bott made the following remarkable insight: If A is
a Chern connection on a Hermitian vector bundle (£, h) over a compact Riemann

surface then the map

A~ F(A)
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is a moment map for the action of the unitary gauge group G acting on E. In-
deed we recall that A lives in the space A(h) of integrable h-unitary connections,
which is an affine space modelled on Q'(X, Endgy(F,h)) where Endsy(E,h) de-
notes the skew-Hermitian endomorphisms of E with respect to h. The curvature
Fy € QY X, Endgy(E, h)) may be viewed as an element of the formal dual of the
Lie algebra g = Q°(X, Endgy(E, h)) of G under the natural pairing

(¢, 1) = —/Xtrsow

for p € g, ¥ € Q*(X,Endsy(E,h)). Here the underlying symplectic structure on
A(h) is given by the Atiyah—Bott symplectic form,

Qup(a,b) = —/Xtr(a/\b).

Primarily through observations of Donaldson [Don85, §4], this understanding of
the curvature as a moment map on compact Riemann surfaces admits an upgrade
to compact Kahler manifolds.” Associated to this moment map construction are
two natural functionals which have finite-dimensional analogues we have seen in

Section 2.1. The first is the Yang—Mills functional ||u||?, given by
YM(A) —/ | Fa|*dvol. (Eq. 2.1)
b

To identify the second functional, let us now recall that any Chern connection A for h
is determined uniquely by a Dolbeault operator V?Ll’l = 04 satisfying the integrablity
condition 5?4 = Ffﬁ = 0. Such Dolbeault operators are in one-to-one correspondence
with holomorphic structures on the underlying smooth vector bundle E, so using this
identification of the space of Chern connections A(h) with holomorphic structures
we transfer the action of the complex gauge group G onto A(h), and we obtain the
formal Kempf—Ness picture from finite dimensions analogous to Section 2.1.

On a fixed G© orbit inside A(h) we may consider the “Kempf-Ness functional” of

our problem, just as in Section 2.1.2. Indeed in this setting we switch our perspective

9Here the Atiyah-Bott symplectic form simply picks up a Aw™ ! in the integrand.
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from varying the holomorphic structure of (£, h) to fixing a holomorphic structure
Op and varying the metric, as follows: In a fixed complex gauge orbit G€ - 9 inside
A(h), pulling back the fixed Hermitian metric h from (E,g - 0g) to (E,0g) gives
a new Hermitian metric g*h on (E,dg) (modulo the unitary gauge transformations
g € G), which produces a Chern connection A(g*h). This construction gives a one-
to-one correspondence between Dolbeault operators 94 € G© - 0p and Hermitian
metrics h on (E,0g), and the orbit in A(h) may now be described as the quotient
G/G =~ Herm(E).

The Kempf-Ness functional in this setting is known as the Donaldson functional,
and was introduced by Donaldson in [Don85]. Given a fixed reference metric h on

E, the Donaldson functional is the unique functional
M:G°/G =R

satisfying M(h) = 0 and with first variation given by

%M(ht) = / tr(h;latht 9] (AWZF<ht) — )\lE))wn
X

2.2.2.1 Hermite—Einstein metrics

As is typical in a Kempf-Ness formalism for Principle 1.1, there are two types of

extremal objects we can study:

i) Critical points of the functional 2 on A(h).
i

(ii) Critical points of M on G€/G = Herm(E).

The latter critical points correspond to the absolute minima of ||u||*> on A(h)
inside ¥C orbits, but one also has higher critical points of ||u||? which we will remark
on later.

An analysis of the variation of the Yang—Mills functional YM or Donaldson func-
tional M reveals that the absolute minima of the Yang-Mills functional YM = ||u||?
are given by so-called Hermite-FEinstein metrics (see [KKob87, Thm. 4.3.9]).
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Definition 2.2.17. A Hermitian metric A on a holomorphic vector bundle £ —
(X,w) over a compact Kéhler manifold is called Hermite-Einstein (or Hermitian
Yang-Mills) if

iF(h) Aw"™ = Mp®w” (Eq. 2.2)

for some constant A € R.
If a metric h satisfies the Hermite—Einstein equation where A = f € C*(X) is a

non-constant function, we call h a weak Hermite—Einstein metric with function f.

This is a second order elliptic partial differential equation in the metric h, which

is linear in the curvature F'(h). Let us make several remarks:

Remark 2.2.18. We note that the Einstein constant A\ is purely topological, and by

integrating and using Chern-Weil theory we deduce

A= Q—W,M(E)

~ nlvol(X)
When instead we have a non-constant Einstein function A = f the above calculation

simply determines the topological average of f over X.

Remark 2.2.19. After a conformal change of metric any weak Hermite—Einstein
metric may be transformed into a genuine Hermite-Einstein metric, so without loss
of generality we may always take A to be constant (see [Kob87, §4.2]). In particular
the relationship of stability with existence applies to weak Hermite—FEinstein metrics
also.

Weak Hermite-FEinstein metrics will naturally appear in the large volume limit

of the Z-critical equation in Part I.

Remark 2.2.20. The higher critical points of the Yang-Mills functional YM cor-
respond to Hermite—Einstein-type metrics with a block diagonal matrix whose coef-
ficients depend on the Harder—Narasimhan—Seshadri type of E (see [Kob87, Thm.
4.3.27]). In particular suppose £ — (X,w) is a holomorphic vector bundle with HNS
type v(FE). If a Hermitian metric h on E is Yang-Mills, that is h is a critical point
of the Yang-Mills functional (Eq. 2.1), then E admits a holomorphic orthogonal
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decomposition
E=E & ---®E,

with summands E! each vector subbundles precisely so E 22 Gr™5(E) biholomorph-
ically. One can characterise when the Hermitian metric h on F is Yang-Mills by a
differential equation similar to the Hermite-Einstein equation. The metric is Yang—
Mills if and only if
iF(h) Aw" ™t = _am diag(v(F)) @ w"
n!vol(X)
with respect to this orthogonal decomposition of E, where diag(v(F)) has value

w(E?) on the summand E.

We will not delay any longer in stating the celebrated correspondence between

Hermite—Einstein metrics and slope stability.

Theorem 2.2.21 (Donaldson-Uhlenbeck—Yau). A holomorphic vector bundle E —
(X, w) over a compact Kihler manifold admits a Hermite—FEinstein metric if and only

if it is slope polystable.

This correspondence was conjectured independently by Kobayashi and Hitchin
[Kob82, Hit79] at the beginning of the 1980s. The “easy” direction that existence
implies stability was proven by Kobayashi and Liibke [Kob80, Liib83]. In the re-
verse direction, the case of compact Riemann surfaces is essentially the theorem of
Narasimhan-Seshadri [NSG65] reinterpreted using Donaldson’s proof [Don83]. The
case of algebraic surfaces was proven by Donaldson [Don85], and the full correspond-
ence for compact Kahler manifolds using a continuity method by Uhlenbeck and Yau
the following year [UY86]. Donaldson afterwards gave a new proof of the theorem
for all projective manifolds using a different technique to Uhlenbeck and Yau, with
an inductive argument along the lines of the case of algebraic surfaces [Don87].

There are generalisations of Theorem 2.2.21 known for non-Kéahler manifolds,
proved for surfaces by Buchdahl [Buc88] and in general by Li-Yau [LY87]. Addi-
tionally we recall that a version of the correspondence is known when F is instead a

reflexive sheaf over X due to Bando—Siu, which in particular applies in some settings
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to the graded object Gr(FE) of a semistable bundle F, which is always polystable but
not necessarily locally free [BS94].

As is true for the slope stability of vector bundles, we note that there is a sig-
nificant body of work using the Hermite-Einstein equation to construct moduli of
metrics on bundles, and indeed a rich interplay between the algebraic and differential-
geometric techniques to describe the same moduli spaces. We will not comment

further on these results, and refer for example to [GSTW21] for more details.

2.2.2.2 Hermitian geometry of Chern connections

In this section we will analyse the Hermite—Einstein equation and in doing so collect
a number of facts in the Hermitian geometry of complex vector bundles which will be
important in Parts I and II. As part of this we will observe many of the basic proper-
ties of stability which appeared in Section 2.2.1 manifesting in differential geometry,
and in particular we will prove the easy direction of the Donaldson—Uhlenbeck—Yau

theorem (at least when the subobject is also locally free).

Let us begin by linearising the Hermite-Einstein equation (Eq. 2.2). To do so,
let us recall the tangency structure of the space of Hermitian metrics Herm(F) on
a holomorphic vector bundle. The isomorphism Herm(E) = G€/G(E, h) for a fixed
reference metric h shows that any nearby metric (equivalently, any nearby Chern

connection in the same gauge orbit of A(h)) is given by
hy = exp(tV) - h = h(—,exp(tV)—)

where V' € Q% X, Endg(FE, h)) is a Hermitian endomorphism with respect to h. This
has the effect of transforming
Oy, =0y, = 0p

and
On, = exp(—tV') o 9y, o exp(tV).

Indeed we have:
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Lemma 2.2.22. The curvature F'(h) of a Hermitian metric transforms as

F(h;) = F(h) + 00, V't + O(t?).

Proof. Recall in local coordinates the (1,0)-part of the Chern connection takes the

form

A=H'0H

where H is the local Hermitian matrix representing h. In local coordinates H; =
Hexp(tV) so H7' = exp(—tV)H~'. Then we compute

A, = H'0H,
= exp(—tV)H Y (OH exp(tV) + HtOV exp(tV))
= exp(—tV)Aexp(tV) + texp(—tV )0V exp(tV)
= A+ (-VA+ AV +0V)t + O(t?)
= A+ 9,Vt+ O(t?).

The Chern curvature is further computed as 0A, which produces

F(hs) = F(h) + 00, Vt + O(*). O

Instead of working with a fixed holomorphic structure on E and varying h inside
Herm(E), one could instead fix h and vary the Chern connection A within its complex
gauge orbit inside A(h). Acting by a unitary gauge transformation g € ¢ (i.e. such
that g*g = 1g) conjugates the Chern connection, and in particular F4 will satisfy
a gauge-invariant equation if and only if F.4 will. Therefore if we wish to capture
a genuine change of the curvature inside a complex gauge orbit, we should work
orthogonal to the unitary gauge transformations. The orthogonal complement to the
unitary transformations are the Hermitian transformations g € ¢ such that ¢* = ¢
(in the sense that the Hermitian endomorphisms are the orthogonal complement to
the unitary Lie algebra of ¢ with respect to the natural trace pairing). The well-

known formula for the complex gauge group acting on Chern connections is given
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g-da=g"0daog +g ooy (Eq. 2.3)
=godsog ' +g 0daoy

where in the second line we have used that g = g* in our case.'® To produce a small

perturbation of a Chern connection A within its complex gauge orbit, we act by

g+ = exp(tV') where V is a Hermitian endomorphism to produce d4, = g; - d4. Then

we have the following.

Lemma 2.2.23. The curvature F4 of a Chern connection for a fired Hermitian

metric h transforms as
Fy, =Fy+ (EAEndEaAEndE — aAEndEgAEndE) Vit + O(t2).

Proof. Using the formula F, = d?, and the fact that 5?4 = 03 = 0 since the Chern

curvature has type (1,1), we have

Fa, = (giodaog  +g; 00aog)o(godaog ' +g," 0daogy)
= 0049, + 9:049; 2Dy
+ 9, ' 0agi0ng; " + 97 ' Ohgn
= 104G, 20agt + g; '0ag;0ag; "
= 0404 + 0404 +t(VO04 — 204V O + 0404V
— V0404 +204V04 — 0404V) + O(t%). (Eq. 2.4)

Recalling the endomorphism connections

ODpenaeV = OV + [Al’o, V], EAEndEV =9V + [A()’l’ V]

10Some sources use the convention that g - 95 = ¢~ o g o g which produces a sign difference

in the computation of the linearisation, but no other differences. Our convention matches the
transformation of the Hermitian metric and follows for example [Don85], at the cost of treating the
action on Herm(F) as a right action and on A(h) as a left action.



2.2. HOLOMORPHIC VECTOR BUNDLES 35
and expanding 94 = 9 + A and 94 = 0 + A%! we have

04V = OgenaeV — AV, 04V = 0 mmasV — A¥V,
and substituting these into (Eq. 2.4) one may compute

Fy, =F4+ (EAEndEaAEndE - aAEndEgAEndE) Vit + O(t2). O

Remark 2.2.24. One can see that the two ways of linearising the curvature are
equivalent. Indeed recall that the isomorphism between 4 - d4 and Herm(E, ) is
given by sending (h, g-0g) to (¢-h,dg) where g is a Hermitian endomorphism. One
can show

F(h,g'* - 0g) = ¢"* 0 F(g-h,0g) o g~/

and setting ¢ = exp(tV') and computing the first order expressions in ¢, one observes
that the expression in Lemma 2.2.23 appearing on the left-hand side is transformed

into the expression from Lemma 2.2.22 appearing on the right.

As a consequence of these computations, we can now compute the linearisation
of the Hermite—Einstein equation.
Proposition 2.2.25. The linearisation P of the Hermite—FEinstein operator
D : A|—>iFA/\w"71 — Mg Rw"
under the action of the Hermitian gauge transformations'! is (up to a constant factor)

giwen by the End E-Laplacian A yenar = d¥d 4.

Proof. Let A; = exp(tV) - A be a small perturbation of a Chern connection, where

HTnstead we could work with Hermitian metrics on a fixed bundle in an orbit.
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V' is Hermitian. Then by Lemma 2.2.23 we have

d — _
i D(At) =W A (aAEndEaAEndE — aAEndEaAEndE) %4
t=0

Aw ((EAEndEaAEndE - aAEndEEAEndE) V) w™

(AAEnd E V)w”

SI—3|=

The last equality follows from the Nakano identities
AOyinar = 10 yenan, Ny gonar = —i0 mmas.
See for example [Bal06, Prop. 5.22]. ]

Let us explicitly record some useful corollaries of our computation of the lin-
earisation, which we will use in Part I. These follow immediately from well-known

properties of the bundle Laplacian.

Corollary 2.2.26. The Hermite—Finstein equation is elliptic, and the kernel of the

linearisation is given by the global holomorphic endomorphisms
ker Py = H°(X,End(E,d%")).
Remark 2.2.27. The linearisation of the Hermite—Einstein operator as a map
D:h—iF(h) Aw"™ — Mg ®uw"
produces the Jy-Laplacian Ay, by the Nakano identity
—id; = AO.

This differs from the bundle Laplacian A 4ena s in Proposition 2.2.25 by a commutator

involving the contraction of the curvature:

QAahV = A enasV + [iAth, V]
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Thus at a solution to the Hermite—Einstein equation, the linearisations agree and
are both the standard bundle Laplacian. We will only need the linearisation at a

solution, so there is no subtlety introduced here.

We will now briefly recall the theory of second fundamental forms and the Her-
mitian geometry of subbundles, which produces the fundamental principle that “curvature
(generically) decreases in holomorphic subbundles” which underpins the easy direc-
tion of the Donaldson—Uhlenbeck—Yau theorem, and which we will make extensive
use of in Theorem 5.1.4.

Let A be a Chern connection for a Hermitian metric A on a holomorphic vector
bundle £ — X. Suppose S C F is a holomorphic subbundle, producing a short
exact sequence

0 S E Q 0

where ) = E/S is the quotient. With respect to the smooth (but not necessarily
holomorphic!) splitting
E=SaeqQ

induced by the metric h, the Chern connection may be written in block matrix form

Ap = (AS 5) (Eq. 2.5)

as

—B* Ag
where 8 € Q% (X, Hom(Q,S)) is the second fundamental form of the subbundle
S C FE. Further, with respect to this same splitting the curvature F' of A may be

= Fs=BAB" OgponasB ) (Eq. 2.6)
—0 moms, 3* Fo— BN

Remark 2.2.28. The second fundamental form can be given an algebraic interpreta-

computed as

tion using the Dolbeault isomorphism theorem, for example following a computation
similar to [Ati57, Prop. 4].'? Namely, if e € Ext!(Q, S) is the extension class of the

12 Atiyah’s calculation is for the particular problem of defining a holomorphic connection on a
principal bundle, but the particular sequence (the “Atiyah sequence”) being split is unimportant
to his proof.
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short exact sequence, then using the identification Ext'(Q, S) & H*(X, Hom(Q, S))
when () and S are locally free, and the Dolbeault isomorphism
1 ~ 770,1
H (X, Hom(Q, S)) = HY' (X, Hom(Q. 5))
one has e = []. In particular if 5 is zero in Dolbeault cohomology, then the short
exact sequence splits. Indeed in that case the Chern connection A can be transformed
by a change of gauge to one in which f = 0, and then S is invariant under the

covariant derivative d4, so the orthogonal complement is too (since d4 is unitary),

making () a holomorphic subbundle of E.

To finish off our discussion of Hermitian geometry of subbundles, let us demon-
strate the principle that curvature (generically) decreases in subbundles and increases
in quotients. This is the analogue in Hermitian geometry of the see-saw property
Lemma 2.2.6 for slope stability, and it quickly produces a proof of one direction of
Theorem 2.2.21 (at least when the subobject is a subbundle).

Proposition 2.2.29. Suppose E — (X, w) is indecomposable and admits a Hermite—
Einstein metric h. Then E is slope stable with respect to holomorphic subbundles

S CFE.

Proof. Here we use the decomposition of the Chern curvature and the properties of

the Hermite-Einstein metric. We know
iF(h) Aw"™t = Mg @w™

Suppose S C E is any proper non-zero holomorphic subbundle and Q = E/S is the
quotient bundle. Then with respect to the C* direct sum decomposition £ = S & @)

the End(S) component of the Hermite-Einstein equation is

i(Fs—BAB)AW" = 2m

= ——u(k)1 "
n!vol(X)M( s @w

Taking trace and integrating we note that

- [ (@ np) e = AP
X T
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(suitably normalised) and thus we obtain
2n(deg S + ||B8]|?) = 27 u(E) vk S

and using that ||]|> > 0 since F is indecomposable (otherwise £ = S @ @ holo-

morphically as § = 0 implies the sequence splits) we obtain

1(S) < p(E).

Thus FE is slope stable with respect to S. 0

2.2.2.3 Almost Hermite—Einstein metrics

In order to complete our background on holomorphic vector bundles, we will discuss
the differential-geometric analogue of Gieseker stability discussed in Section 2.2.1.3.
This theory was developed by Leung in [Leu97, Leu98], and shares a number of ideas
with those in Part I.

Let us take the moment map approach to the problem. As was observed by
Atiyah—Bott and Donaldson, the Hermite—Einstein equation can be obtained as the

moment map equation for the symplectic form
Qap(a,b) = —/ tr(a Ab) Aw™ !
X

on the space of integrable unitary connections .A(h) on a Hermitian vector bundle
(E,h) — (X,w). Donaldson constructed a determinant line bundle £ — A(h)
for which the Atiyah—Bott symplectic form is the curvature of a Hermitian metric
[Don87]. Donaldsons construction uses a local version of the index theorem and ideas
due to Bismut—Freed, and indeed going back to Quillen, to identify the correct de-
terminant bundle [Qui85, BF86a, BF86b]. As part of this construction, one considers
the universal bundle

E— A(h) x X

which has a universal connection A with the property that A| (A}xx = A. This

connection has a universal curvature Fj € Q*(A(h) x X). It follows from Bismut—
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Freed’s local version of the Atiyah—Singer index theorem for families that

vimatian)={ fLoo (£0) 100}

where on the right-hand side one takes the degree two component of the form on
A(h).

The symplectic structure which arises from this form on A(h) was studied by
Leung [Leu98]. In particular Leung considers the setting where E — X is replaced
by E ® L* where L — X is an ample line bundle and w € ¢;(L) is a representative

Kahler form. Leung computes

uA)(ab) = [

tr [exp (LFA + kw ® 1E) , @, b] Td(X) (Eq. 2.7)
¥ 2m

sym

where the symmetric bracket is defined as in Definition 4.3.1. With respect to the

action of the gauge group G on A(h), one obtains a moment map equation

. (2n) n

7 —~ 1 w

—Fy+k 1z | Td(X = EQLFH—®1 Eq. 2.
{exp(% W+ kw® E) d( )} 1d{(E>><( ® )n!® B (Eq. 2.8)

where rIA‘(Sl(X ) is given by the Chern-Weil representatives of the Chern classes of X
with respect to the Levi-Civita connection induced by the Kahler metric w. The
form of this moment map is highly suggestive of a link to Gieseker stabiliy. A
connection A satisfying (Eq. 2.8) is called an almost Hermite—Finstein connection
(or for a Hermitian metric h, an almost Hermite—Einstein metric).”®> The almost
Hermite—Einstein equation converges to the Hermite—Einstein equation in the large

volume limit, and Leung proves the following.

Theorem 2.2.30 ([Leu97]). Let E — (X,w) be a simple, slope semistable vector
bundle with locally free graded object Gr(E). Then E admits an almost Hermite—

13Not to be confused with an “approximate Hermite-Einstein metric” as defined by Kobayashi
[Kob87], which is any sequence of Hermitian metrics which are e-close to being Hermite-Einstein
in an appropriate norm. Indeed almost HE metrics are examples of approximate HE metrics, as
are the Zy-critical metrics for k > 0 which will appear in Part I.
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Einstein metric for all k > 0 if and only if E is Gieseker stable.

Remark 2.2.31. Theorem 2.2.30 is the direct analogue of our main theorem The-
orem 1.3 for Gieseker stability as opposed to asymptotic Z-stability. The idea of
the proof is similar, in that Leung applies a perturbation result around the limit
k — oo utilising the Donaldson—-Uhlenbeck—Yau theorem and the existence of a
Hermite—Einstein metric on the graded object. However the details of the proof
are different. In particular Leung’s analysis of the linearised operator does not take
into account possible automorphisms arising from symmetries of the graded object,
which introduces difficulties in bounding the inverse of the linearisation in the proof

of Theorem 5.1.1 in the general case.'*

2.3 Varieties

Having described in some detail the background of stability on holomorphic vector
bundles, we will now discuss the corresponding theory for varieties. Here the notion
of degenerations takes the central role over the subobject perspective which was most
geometrically meaningful in the case of bundles. Such degenerations are called test
configurations, and we will make use of this language in Part II to describe the notion

of a fibration degeneration.

2.3.1 K-stability

The theory of stability of varieties grew out of the success of the Donaldson—Uhlenbeck—
Yau theorem Theorem 2.2.21 in predicting the existence of solutions to geometric
PDEs on bundles and a search for a criterion which would imply the existence of
Kéhler—Einstein metrics on Fano manifolds (the cases of Calabi—Yau and general type
having been resolved by Yau’s proof of the Calabi conjecture). Indeed it was known
by work of Matsushima and Lichnerowicz that the Lie algebra of the automorph-

ism group of any Kéhler-Einstein Fano manifold must be reductive [Mat57, Lic58].

1We note that these terms do not appear in the proof in Chapter 5 where we restrict to the
simpler case where Gr(F) has two components.
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However the example of X = BIl, CP? is Fano with non-reductive automorphism
group.'®

Yau conjectured that the existence of a Kahler—Einstein metric on a smooth Fano
variety should be equivalent to a stability condition analogous to slope stability of
bundles, and suggested perhaps that existence should be equivalent to the slope
polystability of the tangent bundle [Yau93]. The correct criterion was identified
by Tian, who called this condition K-stability [Tia97]. The “K” was labelled after
the K-energy functional introduced by Mabuchi [Mab86], and stands for Kinetic
or Kanonisch (and not Kdhler!).' Tian’s stability condition was rephrased purely
algebro-geometrically and expanded to include the case of all polarised varieties
by Donaldson [Don02]. We will describe the notion of K-stability in Donaldson’s
language.

K-stability is defined in direct analogy with the Hilbert—Mumford criterion for
stability of points on a variety with group action. In order to make this analogy

precise, one must therefore define:
e a notion of one-parameter degeneration of a polarised variety (X, L), and

e a notion of weight computed on the limiting fibre of that one-parameter de-

generation.
First we will describe the one-parameter degenerations.

Definition 2.3.1 (Test configuration). A test configuration (see Figure 2.3) (X, £)
with exponent 7 of a polarised variety (X, L) is a scheme X with a flat morphism

m: X — C and a relatively ample line bundle £ over it, such that

e There is a C* action on the polarised family (X, L) covering the standard C*

action on C making 7 equivariant.
o For every t € C*, (X, L;) = (X, L").

We say a test configuration is a product if X = X x C and trivial if it is a product

and the C* action on the X factor is trivial.
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Figure 2.3: A test configuration. The generic fibre &; is isomorphic to X, but the
central fibre A may have singular points or multiple components.

One consequence of the flatness of the morphism 7 is that the Hilbert polynomial
X(X;, L) = X(X, L) agrees with X(Xy, Ly). Indeed, through more than just an
analogy, test configurations literally arise as (closures of) orbits of one-parameter
subgroups applied to (X, L") as a point inside a Hilbert scheme Hilbp,) for P(r) =
X(X, L") (see [RT07, Prop. 3.7]).

The weight associated to a test configuration is defined as follows. The central
fibre (Xo, Ly) is fixed by the C* action on (X, £) and therefore this action lifts to
H°(X,, £E) for k> 0. A C* action on a vector space splits it into a sum of weight
spaces, and the total weight is the sum of the weights on each factor. Equivalently
we define the total weight function w(k) as the weight of the induced C* action on
det HO(Xy, LE). Let us explicitly write

P(k) = dim H(Xy, L) = aok™ +a k"' +O(k"2),  w(k) = bok" ™ +b1 k" +O(k"2).

15The automorphism group is isomorphic to Aff(2,C) which is not reductive as it contains a
factor of the additive group C3.
16This was confirmed in a private correspondence between Ruadhai Dervan and Mabuchi.
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Definition 2.3.2 (Donaldson—Futaki invariant). The weight or Donaldson—Futaki
invariant of a test configuration (X, £) for (X, L") is given by
DF(x, ) i 200 = ot
Qo

An alternative computation of the Donaldson—Futaki weight in terms of inter-
section theory is now known. Indeed an intersection-theoretic formula was already
understood by Tian in terms of the CM line bundle when he introduced his ori-
ginal condition for K-stability [Tia97], and the equivalence of these notions was later
proven [PT09, PRS08] (see also [Wan12, Odal3]). Compactify the test configuration
trivially at oo to a family (X, £) — CP'. Then the DF invariant or CM-weight is
given by

DF(X, L) := (nu(X, L)L) 4+ (n+ 1)K g jcpr L7 (Eq. 2.9)

2(n+1)L"

where p(X, L) = —(L" " Kx)/L" is the slope of (X,L). The intersection-theoretic
formula will be useful in the definition of fibration stability in Part II.

Definition 2.3.3. Let (X, L) be a polarised variety. We say the pair is
e K-semistable if DF(X, L) > 0 for any test configuration (X, L).

e K-polystable if it is K-semistable and DF(X, L) = 0 only if (X, £) normalises

to a product test configuration.

o K-stable if DF(X, L) > 0 for any test configuration which does not normalise

to the trivial test configuration.
o K-unstable if it is not K-semistable.

Remark 2.3.4. An attempt to define a notion of K-stability more in line with Yau’s
original prediction of a stability condition analogous to slope stability was carried out
by Ross-Thomas [RT06, RT07]. The notion of slope K-stability is useful for finding
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obstructions to K-stability, but except in the case of curves it is not equivalent to
K-stability.!” Indeed Panov-Ross showed that Bl, , CP?* is slope K-stable but not K-
stable [PR09, Ex. 7.8]. The notion of slope K-stability considers test configurations
arising from the deformation to the normal cone of a subscheme Z C X (see [RT06,
§4]), but to get a theory equivalent to K-stability one must instead consider flags of
subschemes. This was already noted by Mumford [Mum77] and has been discussed
in detail by Ross-Thomas [RT07, §3]. We will discuss certain test configurations

arising out of flags of subschemes in the study of stability of fibrations in Part II.

Remark 2.3.5. The definition of K-stability is expected to need modification in the
case where (X, L) is not Fano in order to be strong enough to imply the existence of a
constant scalar curvature Kéhler metric. A modification was proposed by Székelyhidi
based on ideas of Witt-Nystrom [Szé15, WN12], known as filtration K-stability. This
notion has been expanded upon greatly in the wake of work by Berman—Boucksom—
Jonsson (see [BBJ21]) on a variational approach to K-stability, and the exciting work

of Li on the YTD conjecture for polarised varieties [Li20].

2.3.2 Canonical Kahler metrics

Repetitiously, guided by Principle 1.1 we now introduce the corresponding notion of
extremal object to K-stability. Indeed K-stability arose directly from its relationship
to the existence of canonical Kahler metrics, and we emphasise Donaldson’s point
of view on constant scalar curvature Kdhler metrics. The Ricci form associated to a

Kéhler manifold (X, w) is given by
Ric(w) = —L(?glog detw
27

and the scalar curvature by
S(w) = A, Ric(w).

"However in that case it essentially provides the first purely algebraic proof of the K-stability
of smooth curves, which can only be slope K-destabilised by singular points, therefore allowing the
uniformization theorem to take on an interpretation as an instance of Principle 1.1.
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The average value of S is determined topologically and given by

ney(X).Jw]? !
[w]”

S = =nu(X, L)

where [w]| = ¢;(L) if w is integral and a polarising ample line bundle has been chosen.

Definition 2.3.6. A Kéahler metric is Kdhler—Einstein if
Ric(w) = Aw

for some A € R. It is constant scalar curvature Kdhler (cscK) if

It was proposed by Calabi to search for examples of canonical Kéahler metrics
satisfying the above property [Cal82], which ultimately lead to Calabi’s notion of
an extremal metric (which we will not comment on further). The instance of Prin-
ciple 1.1 in this setting is a conjecture, proposed for Fano manifolds by Yau and
Tian, and for polarised manifolds by Donaldson (although the idea that such a cor-
respondence should hold in this generality was already implicit in the work of Fujiki
[Fuj92]).

Conjecture 2.3.7 (Yau-Tian-Donaldson). A smooth polarised variety (X, L) is K-

polystable if and only if it admits a constant scalar curvature Kdhler metric w € ¢y (L).

The case of Fano manifolds, where a cscK metric is Kdhler—Einstein, is known
in the smooth case due to Chen-Donaldson-Sun [CDS15a, CDS15b, CDS15¢], with
later proofs provided by Tian, and using a variety of different approaches by Datar—
Székelyhidi, Chen—Sun—Wang, and Berman—Boucksom—Jonsson [Tial5, DS16, CSW18,
BBJ21]. There are now versions of the YTD conjecture known for singular Fanos in
great generality due to the work of Li-Tian-Wang, Li, and Liu—Xu-Zhuang, whose
work combines to show any log Fano pair (X, A) admits a weak Kéhler-Einstein
metric if and only if it is K-polystable [LTW21, 1i22, LXZ22].

Let us complete our short survey of Principle 1.1 for varieties by emphasising

the importance of the Kempf-Ness-type functional in this setting also. Here the



2.3. VARIETIES 47

functional was introduced by Mabuchi, and is otherwise known as the K-energy
[Mab86]. As usual, we specify the functional by its first variation. If w is a Kéhler
metric and w, = w + 100y is any metric in the same Kéhler class, then the Mabuchi
functional is the unique functional M on the space of Kéhler metrics in the class [w]
such that M(w) = 0 and

9 M) = /X (S — S(wn))er

By construction, a critical point of the Mabuchi functional is necessarily a cscK
metric. A version of Lemma 2.1.6 for the Mabuchi functional on a Fano manifold,
computing the limit slope as the Donaldson—Futaki invariant of a test configuration
corresponding to a geodesic ray, is now understood well in terms of the variational
framework (see [BHJ19] and the references therein). A proof of the YTD conjec-
ture utilising this functional, which follows the approach of the original Kempf-
Ness theorem, was subsequently carried out by Berman—Boucksom—Jonsson [BBJ21].
There is now a great body of work proving the analogous properties to the Kempf—
Ness functional for arbitrary polarised manifolds, particularly by Chen and Cheng
[CC21a, CC21b].

2.3.3 Deformations of Fano threefolds with SL(2,C) actions

In this section we will briefly describe the explicit K-stability problem for the Mukai—
Umemura threefold as exposited by Donaldson [Don08, §5], and describe a new,
singular threefold with large automorphism group for which the same techniques may
apply. This singular threefold has not appeared in the literature, and we suggest how
its deformation theory may interact with K-stability.

We will make use of the Mukai-Umemura threefold to construct examples of
isotrivial fibrations associated to principal SL(2,C)-bundles which admit optimal
symplectic connections in Chapter 7.

These threefolds with automorphism group SL(2, C) are constructed as common
zero-loci of sections of bundles over Grassmannians, and we will describe three such

examples. In order to find threefolds with automorphism group G = SL(2,C), we
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make use of the basic representation theory of SL(2,C) which we now recall.

Theorem 2.3.8 (See for example [FHI1, Ch. 11]). For each non-negative integer k €
Z>, there exists a unique, irreducible, finite-dimensional representation of SL(2,C)

of dimension k + 1, denoted s*. This representation can be explicitly described as
s" = C[X, Y]y,

the homogeneous polynomials of degree k in two variables acted upon in the standard

way.

Lemma 2.3.9. Given two irreducible representations s*,s' of SL(2,C) with k > 1,

we have decompositions

sF@ s FH @ P2 g 2 g
Sym?st = s @ .ot s,

/\25k o g2h2 5 26 o 6 2

These decompositions can be obtained by analysing the highest weights of the
tensor products of irreducible representations, and using the fact that each irreducible
representation s* of SL(2,C) is acted on with highest weight k. One may also use
the Cayley-Sylvester formula by viewing s* as the symmetric product Sym” s of the
standard representation s' = C?* = C[X,Y];.

2.3.3.1 Mukai—Umemura threefold

In order to construct the Mukai-Umemura threefold as a subset of a Grassmannian,
one considers the 7-dimensional vector space V = s% and the Grassmannian Grz(V)
of 3-planes in V. This is 3 - (7 — 3) = 12 dimensional. Begin by choosing a 3-
dimensional subspace IT C A*V*, and define

X :={P € Gr3(V) | w|p =0 for all w € II}.
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We can alternatively view Xy as a zero locus of sections of bundles on the Grass-

mannian as follows. Denote by
V — GI‘g(V)

the tautological bundle of 3-planes over Grz(V'), and let w;,ws,ws be a basis of
IT € A*V*. Then define sections oy, 02,03 of A*V* by 0;(P) := w;|» and observe

XH = Z(Ul) N Z(O’Q) N Z(O’g) C Grg(V)

The resulting variety only depends on the three-plane II, and a dimension count
shows Xy is a threefold for a generic choice of II. Indeed by perturbing the 2-forms
w; we have a Zariski-open subspace U C Grz(A\?V*) of 3-planes IT such that Xy is a
smooth threefold, and a result of Mukai shows that the inequivalent 3-planes lie in
separate orbits of the action of SL(V') on U. Therefore the possible such threefolds
X1 are classified by the quotient space

M =U/SL(V).

Lemma 2.3.10. The threefold X1 is Fano for any 11 € U.

Proof. Let H = \?*V*. Then H =V ® L where L = det V*. Therefore we have
det H = L*®*,
The tangent bundle of Grs(V) is given
TGry(V) =V (Ve 0)/V),

so we see det T'Grz(V) = L®7. Given some II € U, the tangent bundle to X7 is the
kernel of a surjective map 7' Grs(V) — H @ H @ H. Therefore we obtain

det TXpy 2 LY @312~ [

SO K)}; = L > 0 is ample. O
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The Mukai-Umemura threefold arises as a particular choice of II. Namely if
V = s% then V* 2 V since the 7-dimensional irreducible representation of SL(2, C)

is unique, and consequently
NV =50 s @ s

The s? summand defines a 3-plane ITj in Grz(/A\?V*), and the corresponding threefold
Xo = X1, is the Mukai-Umemura threefold. 1t was shown by Mukai-Umemura that
X is non-singular, or in other words that s* € U C Grz(A*V*) [MUS83, §2]. Since
Iy is SL(2, C)-invariant, one obtains a natural SL(2, C) action on Xj.

Donaldson computed explicitly Tian’s alpha invariant for the Mukai—Umemura
threefold, which is a criterion implying the existence of a Kahler—Einstein metric on

a smooth Fano manifold [T1a87]. Indeed one obtains:

Proposition 2.3.11 ([Don08]). The Mukai-Umemura threefold Xy is smooth and

admits a Kahler—Einstein metric. In particular it is K-polystable.

Further to this, one has an SL(2, C)-equivariant embedding
Xo = P(H"(Xo, Kx;))

where H%(Xo, Ky!) = s° @ s'2. The divisor at co of Xy is given by the zero set of
the section o € H°(X,, K)};) generating the s = C factor. The geometry of X can
be explicitly understood in terms of this divisor, and for example one may observe
that Xo\Z(o) is isomorphic to SL(2, C)/T" where I' is the group of symmetries of an
icosahedron, and X is therefore a natural compactification of this space.
Furthermore the deformation theory of Xy can be computed in terms of the
representation theory of SL(2,C). Recall that the variety X, is identified with a
point Iy € U C Grz(A\?V*). The versal deformation space at [[Iy] € M =U/SL(V)

can be computed in the following way.'® We have A2V* = s @ s® @ s? s0

T, Grs(A*V*) = (s @ s%) @ s =2 @ s @ 25° @ s @ s

8By a result of Mukai all smooth Fano threefolds of rank 1 and degree 22 appear as sections of
the Grassmannian and are parametrised by U, so M is a representative for the moduli of Fanos in
this deformation family.
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There is an action of SL(V) = SL(s%) on Grz(A*V*) whose kernel is given by the
stabiliser at Iy = s?, which is SL(2,C). The Lie algebra of GL(s%) = End(s®) =

s% ® s% is given by
gl(s) =s’wsf=s"ososfasfast oo’

and therefore s[(s%) = s'2 @ --- @ s? after quotienting out the factor s° generating
C* -1 € GL(s%). The induced action on Ty, Grz(s®) does not see the stabiliser s?
factor. One therefore obtains that the Zariski tangent space Tj, M is given by the

quotient of the morphism
sl(s%)

s2

— THO Gr3 (56)

which by the above computation is
T[HO}M == 88.

Note that the generic expected dimension of the smooth locus of M is 6, and the
point [IIy] € M is expected to be a singular point, corresponding to the fact that X
has 3-dimensional automorphisms in comparison to the generic member of M which
has trivial automorphisms (and so the Zariski tangent space is 6+3=9 dimensional,
as computed).

The GIT stability of points in a representation s* of SL(2, C) is well-understood
and can be phrased in terms of the zeroes of the associated homogenous polynomials
on CP! (see for example [Tho06]). This lead to the enticing conjecture of Donaldson
relating this GIT stability to the K-stability of deformations of Xy in & [Don08]. This
conjecture was resolved due to the work of Székelyhidi and Bronnle [Sz¢10, Broll],
whose work applies in far greater generality to deformations of cscK manifolds with

automorphisms.

Theorem 2.3.12. A small deformation X1 of Xo inU is K-(semi/poly)stable if and
only if the associated point vy € T M is GIT (semi/poly)stable for the action of
SL(2,C) = Aut(Xn,, L) on TigM.

Computations of Tian show that manifolds arising from GIT unstable or strictly
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GIT semistable orbits above are not Kéahler—Einstein [Tia87]. Deformations of Xy will
break the SL(2, C) action, but some may preserve the C* action, and there is a one-
parameter family X (7) of such threefolds near Xy, with X, corresponding to 7 = 1.
Donaldson made a refined conjecture in this case [Don18, §4.1] where K-polystability
should be characterised by properties of the singularities of the divisor, and Cheltsov—
Shramov have resolved this conjecture showing that X (7) is K-polystable except for

a small number of values of 7 [CS18].

2.3.3.2 V5 manifold

One can construct another example of a smooth Fano threefold with an action of
SL(2,C) as a zero-locus of sections inside a Grassmannian, this time in the deform-
ation family V5. In this case one uses the irreducible representation V = s* and
considers a triple intersection in Gro(V'), which is 2- (5 — 2) = 6-dimensional. Indeed
if V — Gry(V) is the tautological bundle, then A?V* is a line bundle and a triple
of sections defined by a plane II C A?V* produces a Fano threefold, and a similar
formal theory exists as in the case of V55 above and the Mukai-Umemura threefold.

Indeed one may compute
A2V = 8 @ 52

and setting [Ty = s* one obtains a smooth Fano threefold Yy with SL(2,C) action.
The algebraic geometry of the manifold Yj has been described in [PCS19, §6] [San14].
In particular the alpha invariant of Y, can be computed and is greater than %, so Yy
admits a Ké&hler-Einstein metric and is K-polystable [CS09].

However a computation of the versal deformation space for Yj reveals M = {Yy}
and Yj is rigid. Therefore the same deformation picture which exists for the Mukai—

Umemura threefold X, cannot be studied for Yj.

2.3.3.3 A singular threefold in the class V4

There is a third deformation family of Fano threefolds which may be constructed
as zeroes of sections of a Grassmannian in a straight-forward way, class Vi4. Here
one takes 5-fold intersections of forms in Gry(C®). There are 15 dimensions of local

moduli of such smooth Fano threefolds. Their K-stability is completely understood.
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Theorem 2.3.13 ([ACCT21, Ex. 4.1.7]). Every smooth Fano threefold in the de-

formation class Vi4 has discrete automorphism group and is K-stable.

We will now describe a singular threefold in this deformation class with large
automorphism group. Consider now V = s° the 6-dimensional irreducible repres-
entation of SL(2,C). As usual let V — Gry(V') denote the tautological bundle, and
consider a quintuple of sections of A?V* defined by a 5-plane IT C A?V*. We have

A = S @ st @ o
and take Ty := s* C A%s°. Then set
Zo = Zn, C Gra(V).

Since Il is SL(2, C)-invariant, Z; comes with an SL(2,C) action. Unlike in the
cases of the Mukai-Umemura threefold and V5 manifold (which can be shown to be
smooth due to explicit descriptions as compactifications of SL(2,C)/I" for I" a finite
subgroup), the above classification of smooth Vi, manifolds shows that Z; must be

singular.’? Indeed we will explicitly describe Z; and identify two singular points.

Remark 2.3.14. Whilst we cannot prove Z; itself is Fano, we expect this to be
the case. A similar argument to the smooth case of V5 or Va3 shows that the ample
bundle det V* is generically isomorphic to K 201, so what remains is a more detailed
understanding of how the singular locus of Z; changes its anticanonical bundle.
Nevertheless Zj is a degeneration of smooth Fano threefolds, and therefore has nef

anticanonical bundle.

Consider the Pliicker embedding
Gry(V) = P(A?*V).

Under the canonical identification A?(s%)* & A%s® the s*-summand is sent to itself.
Indeed Zy can be identified with the 2-planes P € Gry(V') which are orthogonal

19Tt would be interesting to understand if Zy may be identified as a singular compactification of
SL(2,C)/T" for some finite subgroup I'. The subgroups admitting smooth compactifications were
identified by Mukai and Umemura.
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to s € A?s®. Thus the Pliicker embedding of Gry(s®) restricts to an SL(2,C)-
equivariant embedding
7 = P(s" @ s%).

The s° summand defines an SL(2, C)-invariant divisor D at co of Zy C P(s® & s%)
corresponding to the intersection D = Zy NP(s®) C P(s” & s®). This summand is
generated by a section of the ample line bundle det V* restricted to Z,, which we will

explicitly identify.

Let us now explicitly describe the embedding. First we will describe the rep-
resentations of SL(2,C) explicitly. Fix a basis 2’y of s° = C[z,y|s. Then the

generators of s[(2) are given by

0 0 0 0
X=2r—, Y=y—, H= XY =0——y—.

The subspace s* C s*@s?@® s’ = A\?s” is a 5-dimensional space spanned by the forms

22 nNa® =323y  Aaty,  2uyt Ax® —4atyP Aaty,  yP AL oyt Axty —8aPyP Aty
3y° Aty — 6zyt A xdy?, y° APy — 3ayt A xR

The 10-dimensional complement 5% @ s° is spanned by the forms

sy na®, By A, 3220 A ® + 523yt Aty
oyt A2’ +52%2 A xty, P A a4 15ayt A 2ty 4 20277 A 2y,
Y A2® —Bryt Axty+ 10222 Aay?, P Axty+Bayt Addy?, 3yS Axdy? 4 Bayt AxteyP,
v APy, v’ Ay, (Eq. 2.10)

where the irreducible component s is spanned by the form
& =vy° Az’ —bay® A xty 4+ 1027 A ayP

Thus the invariant section ¢ can be identified with the induced section of the ample
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line bundle A?V* from the form & defined by sending
P~ Glp

for all P € Gry(s®) such that w|, = 0 for all w in the span of s*. The points of
Zy C P(s" @ s®) can be identified with the elements P = a A b for a,b, € s* with are
orthogonal to every 2-form in Ily. In particular we may single out four points which
all lie along the SL(2, C)-invariant divisor D = Z (o) = P(s®) N Zy C Zy at oo of Zy:

sy na®, Py a2, P AP, P Ayt (Eq. 2.11)

We may now translate these representations into an explicit embedding Z; —
Gra(s®) <= P(A?s”)) of the variety Zy. Let us change notation slightly to denote
2% € s° by ey, 'y = es,...,9° = e5. Then if W = a A b€ A?s® is a 2-plane in s°
with a = ) a;e;,b =) bse;, the condition that W lies in Zj is given by the following

relations:

(agby — arby) — 3(asby — azbs) =0

2(asby — aybs) — 4(agby — agby) =0

(agby — arbg) + (asby — asbs) — 8(asbs — agby) =0
3(aghy — asbg) — 6(asbs — azbs) =0

(agbs — agbg) — 3(asby — asbs) =0

In Plicker coordinates for W these relations become

—Wis 4+ 3Wa3 =0
—2Wi5 +4Wsy =0
—Wig — Was +8W34 =0
—3Wss + 6W35 =0
—Ws6 + 3Wy5 = 0.

Combined with the Pliicker relations, this produces an explicit representation of
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Zy embedded in P(A%s°) as the intersection of the Grassmannian Gry(s®) with 5
hyperplanes in /\%s°.

Remark 2.3.15. At this point it becomes clear that despite the non-genericity of
st € A*V (e.g. Z is singular), the variety Z, has the expected dimension 3, being
the intersection of the 8-dimensional Gry(C%) with 5 hyperplanes.

Let us now describe the SL(2, C)-equivariant embedding Zy < P(s® & s°). The
variety Zy can be identified with the locus of totally decomposable two-forms a Ab €
s8 @ s°. Using the basis of (Eq. 2.10) we can distil the embedding of Z, from the
above embedding as follows. Let a € s% @ s be a two-form. Then « is specified as
a vector

o = O;0;

where vy, ..., v19 are the basis vectors listed in (Eq. 2.10). Such a vector is totally
decomposable if it satisfies the Pliicker relations for A%s°. We express the basis of

s® @ 0 in terms of the standard basis of s°:

eao Ney, ez/Ner, 3es/Nep+besAes,
es ANep+oes Ney, egAep+ 15es Aeg + 20e4 A e,
eg Nep —des ANeg+ 10eg Neg, egAes—+9es Aes, 3eg A es+ des A ey,
eg Neq, egNes, (Eq. 2.12)

Then the element a has Pliicker coordinates given by

Wi = -y

Wis = —an

Wiy = —3a3
Wis = —a3

Wig = —a5 — ag
Was = —das

Was = —day
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W25 = —15045 + 50(6

Was = —aq

W34 = —20a5 — 100
W35 = —dar

W36 = —3as

Wyis = —das

Wi = —ay

Wse = —ang.

Using the Pliicker relations gives the homogeneous ideal defining Z,

ag — b arag + 20 asaqg + 10 agang,
5 arag — 15 asag + b agag + 5 aua,
5 a? — 45 asag + 15 agag + 5 agay,
20 asar + 10 agar — 15 agag + 5 azay,
5 asag + b agag — azag + 3 agaqg,
dasar + b agar — 3 agag + asaqg,
15 ag + 10 asag — 5 ozg — aza7 + aqaqg,
20 ozg + 30 a5 + 10 ozé — 9 azag + asay,
D a5 + b aygag — 3 agar + g,
O aszas + b azag — asar + 3 aag,
300 ozg + 50 asag — 50 042 — 25 a7 + 25 azas,
20 azas + 10 agag — 15 azar + 5 asasg,
5 agay — 4b azas + 15 agag + 5 aqag,
5} 04§ — 15 asas + 5 asag + 5 aay,

1503 — 5 agay + 20 s + 10 o

inside (C[O{l, . ,Oélo].

One can observe directly from computing the Jacobian of partial derivatives that:
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Lemma 2.3.16. The variety Zy is singular at
P=z'yna’, Q=1 Ay

Proof. The generic rank of the Jacobian of the defining ideal of Z; is 6, and at the
points P and ) drops to 5. Note that the other points lying along the invariant
divisor D in (Eq. 2.11) are non-singular points of Zy where the Jacobian has rank 6.

In fact, a less computational argument can be given that P and @) are singular.
Following the discussion in [Kuz03, Prop. A.4] we note that a 2-dimensional subspace
P C V such that P € Zj is a singular point of Zj if and only if P C ker a for some

2-form o € II. Now see that P = 2%y A 2° is contained in the kernel of the form
a=1" ANady? —3xy® Aty € st

and Q = y° A zy* lies entirely within the kernel of the form
B = 2%y> Axd — 323y* A aty € s O

Notice that the C* action of SL(2, C) is infinitesimally generated by the commut-
ator H = [X, Y], and planes P € Z, of the form a A b for a,b eigenvectors of H will
be fixed by the C* action on Zj. Indeed the above four points (Eq. 2.11) on D are
fixed points of the action of C* C SL(2,C).

Following the same process of geometrically describing the Mukai-Umemura
threefold by Donaldson [Don08, §5.2], one could proceed to attempt to describe
further the structure of the divisor D at co and the symplectic geometry of Z,. In-
deed choosing an invariant symplectic structure on Z; for example by pulling back
the SL(2, C)-invariant Fubini-Study form via the SL(2, C)-equivariant Pliicker em-
bedding Zy < P(s® @ s°), one can consider a moment map for the S* C C* action
for which we have four fixed points. This should act like a Morse function for the
SL(2, C)-invariant divisor at oo (except for the fact that Z; is now singular), and for
example the index of this Morse function at the C* fixed points should be given by

the weight of the C* action on the fibre of det V* over those points. In particular we
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have weights
wxty Aa®) =8, w(@®yP Az®) =6, w(y’ Az?y®)=—-6, w(y® Azy')=-8.

We see the points P and () should be thought of as the highest and lowest critical
points of the Morse function. As in [Don08] we predict that by by studying the level
sets of the Morse function on the divisor D, one may build a fairly explicit description
of the geometry of Z; around the divisor D, and for example recover its homotopy
type, and explicitly describe the local defining equation for the divisor D aiding in
the computation of the alpha invariant.

We predict that the points identified above are the only singular points of Zj.
Conjecture 2.3.17. The points P, Q) are the only singular points of Z.

Let us now turn to the versal deformation space of Z,, similarly to the case of
the Mukai-Mumemura threefold. To vary our Fano threefold within the deformation
class, we can vary the choice of 5-plane of two-forms on V = s°, so we are concerned
with the Grassmannian Grs(/A?V*) which is 50-dimensional. The tangent space at

II = s* is given by
TaGrs(\*s°) =s'@ (58 @ ") = s @ s @ s* @ s° @ 25
and there is an action of SL(V) on Grz(/A*V*) which is infinitesimally described by

5 2 5
si(s%) = 2 is =s"esfpsS@s' s’

The stabiliser at s* for this action of SL(s®) is given by the s? generating the SL(2, C)

action, and thus we obtain an 18-dimensional versal deformation space

T[S4]./\/l =s2 @ st

Remark 2.3.18. Note that this deformation space is larger than the dimension

of the moduli space of smooth Fanos of type Vj4. The higher-dimensional Zariski
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tangent space to the moduli space at the point [s%] indicates the singular nature of M
at this point, and the discrepancy is captured precisely by the extra 3-dimensional
stabiliser at [s*] which is not present for the smooth points, all of which have discrete

automorphism groups.

Motivated by the analogous picture in the smooth case of the Mukai—Umemura

threefold, we conjecture the following:

Conjecture 2.3.19. The singular threefold (Zy, —Kz,) is Fano and K-polystable.
Furthermore a small deformation Z, of Zy in M is K-(un/semi/poly)stable if and
only if the corresponding point x € T M is GIT (un/semi/poly)stable for the

SL(2,C) action on this vector space.

As in the case of the Mukai-Umemura threefood, the K-polystability of Z; should
be verifiable just by analysing the behaviour around the single SL(2, C)-invariant
divisor D = Z(o). Indeed if we assumed that the equivariant ag-invariant was
applicable in this setting, this invariant divisor would produce the only contribution
to the calculation.

We expect that the recent computational techniques of the beta or delta invariant,
which are highly effective in computations of K-stability for singular Fanos, will be
applicable to this setting. The formal structure of the divisor appears similar to the
case of Xy or Yy and if its local description is similarly given by a union of tangent
lines to a rational curve with a cusp singularity of the form z? = z3 it is reasonable
to expect the same bound ag(Zy) > 2 holds in this case.

The conjecture Conjecture 2.3.19 is in fact a theorem for Q-Gorenstein Fano
varieties by the work of Spotti-Sun—Yao [SSY16], who generalised the techniques of
Székelyhidi and Bronnle to the case of smooth deformations of singular log Fanos in
that case. If the Z; is Q-Gorenstein and K-polystable, then the results of Spotti—
Sun—Yao would resolve the conjecture.

To be more precise about the conjectural K-polystability of deformations, let us
recall the structure of GIT of SL(2, C) acting on sP.

Proposition 2.3.20 (See for example [Tho06, Thm. 3.10]). The orbits of SL(2,C)

on sP come in one of five types:
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(1) The trivial orbit {0}.

(i) The orbits of polynomials in sP having no zero of multiplicity > p/2. These
orbits are closed in sP.

(111) The orbits of polynomials having two distinct zeroes, each of multiplicity = p/2.

These orbits are closed and have positive-dimensional stabiliser C* € SL(2,C).

(iv) The orbits of polynomials having one zero of multiplicity = p/2 and all other
zeroes with smaller multiplicity. Then orbits are not closed, but contain an orbit

of type (iii) in their closure.

(v) The orbits of polynomials with a zero of multiplicity > p/2. These orbits are not

closed and 0 1s contained in their closure.

In the sense of GIT these orbits can be categorized as follows. Orbits of type (i)
and (v) are GIT-unstable. Those of type (iv) are semistable, of type (iii) and (ii)
polystable. The orbits of type (iii) are strictly polystable.

Let us now use this description to describe the orbits inside the direct sum s'2@s*.

Proposition 2.3.21. An orbit inside s'? @ s* is GIT (un/semi/poly)stable if and
only if the union of zeros of the two polynomials is (un/semi/poly)stable in the sense
of Proposition 2.3.20 for p = 16.

Proof. This can be seen most directly from the corresponding moment map descrip-
tion. The moment map for the action of SL(2,C) on s is given by the centre of mass
of the configuration of p points on CP' = S2. The moment map for the action on
s12 @ st is given by the sum of moment maps, corresponding to the centre of mass

of the combined system of 16 zeroes. m

Let us denote M := s'2 @ s*. Let us denote by M?* the locus inside M corres-
ponding to smooth representatives of Vi4 near Z,. Then the fact that every smooth
representative of V4 has trivial automorphism group reveals that M?® must be con-
tained inside the union of orbits of stable points in M. Since smoothness is an open
condition, one expects M?® to define an 18-dimensional Zariski-open subset inside
M of GIT-stable points, and the quotient M*/SL(2,C) to provide a model for the

15-dimensional moduli of smooth representatives of class V4.
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2.3.3.4 General remarks

The singular threefold above should be a typical example in the study of K-stability
of varieties. Namely, the study of K-stabiliy of polarised varieties (X, L) in terms of
test configurations (X, £) implies a menagerie of mildly singular polarised varieties
with large automorphism groups. Indeed the central fibre of any test configuration
admits at least a C* action.

In the case where (X, L) is K-semistable there is conjecturally an optimal de-
generation to a possibly singular K-polystable variety, so generally one expects a
wealth of examples of singular K-polystable varieties with non-discrete automorph-
ism groups. Existence results for Kédhler-Einstein metrics on singular varieties have
strengthened in recent years, particularly in the Fano case. The study of K-stability
of deformations of K-polystable varieties (see for example [Szé10, SSY16], and in the
case of bundles for example [BS20]) suggests that an effective method of understand-
ing the local moduli of K-polystable varieties, and indeed of Kahler-Einstein or cscK
manifolds, is to look at the GIT stability of smooth loci near singular points in the
moduli space which have large automorphism groups.

The above example in the deformation class ;4 appears to be a to fit into the
existing framework of this deformation theory, and serves as an excellent test case
for this approach to local moduli, since the structure of the smooth deformations
of Zy are completely understood due to the strong classification results of K-stable
Fano manifolds [ACCT21].
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Chapter 3
Background

In this chapter we will survey the origins of the folkore Conjecture 1.2, Bridgeland
stability, the deformed Hermitian Yang—Mills equation, and the Z-critical equation
as it relates to mirror symmetry. The material of this chapter will not be directly
used in the subsequent chapters, but we hope that it provides an updated survey
of the place the dHYM or Z-critical equation fits into the mirror symmetry picture.
For previous surveys which emphasize the role of stability conditions as they relate
to physics, see [HKKT03, Asp05, ABCT09].

3.1 Mirror symmetry and BPS branes

In this section we briefly summarise the physical origins of BPS D-branes and their
incarnations in various models of string theory. See [Asp05] for a survey of D-branes
on Calabi—Yau manifolds.

In superstring theory the model for spacetime S is 10-dimensional, and a common

toy model is to consider the product structure
S=R*'x X

where X is a 6-dimensional manifold. In order to macroscopically reflect the regular

4-dimensional spacetime of (super)gravity, one assumes the manifold X is compact,

65
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with a diameter roughly near the Planck length.

By analysing the supersymmetry condition for &, Candelas—Horowitz—Strominger—
Witten deduced that the manifold X must have, ignoring quantum corrections (i.e.
to leading order in the string tension '), SU(3) holonomy [CHSW85]. That is, X
is a Calabi—Yau threefold with Kahler metric w and holomorphic volume form 2

satisfying the equation

for some constant ¢ € R.
Inside the spacetime S, open string worldsheets ¢ : ¥ < & are required to satisfy
boundary conditions.! The Dirichlet-type boundary conditions lead to the notion of

a “D-brane”. This consists of the following data:

e A submanifold L C S of spacetime on which the D-brane is “wrapped.” This
submanifold is required to satisfy certain geometric criteria depending on the

model of string theory considered.

e A “Chan—Paton bundle” E over the submanifold with a gauge field (connec-
tion) on it. This bundle (with connection) is often viewed as a geometric
representative of the charge of the D-brane, which takes values in the K-theory
(possibly K-theory with connection, i.e. differential K-theory) of the subman-
ifold.

The D-brane serves as a boundary condition by requiring that +(93) C L and ad-
ditional couplings between the gauge fields over ¥ and that on E. The particular
geometry of the submanifolds I C X of spacetime and the bundles £ — L over them
depends on the model of superstring theory being considered. In Type II string the-
ory one has two different models for D-branes, arising from the A and B topological
twists of the theory. In either model spacetime is compactified on a Calabi—Yau
manifold (X, w, §2).

In the A-model, D-branes are wrapped on Lagrangian submanifolds L C (X,w)
and the Chan—Paton bundle is a flat unitary bundle over L. In the B-model the

LA string worldsheet is the surface ¢« : ¥ < S inside spacetime which is swept out by the string
as it moves through time. When such a string is open, its worldsheet can be modelled by a Riemann
surface 3 with boundary, embedded in S.
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D-branes are wrapped on complex submanifolds L C X and the Chan—Paton bundle
admits a unitary connection with curvature of type (1,1), a Chern connection. There-
fore the Chan—Paton bundle is a holomorphic bundle over L. In fact the process of

taking sums

£ =P(E., L)

nez
of D-branes wrapped on different submanifolds, combined with a study of deforma-
tions of such objects, shows that one should enlarge the D-branes in Type IIB string
theory to include complezes of holomorphic bundles [ABCT09, §5.3]. This homolo-
gical description of D-branes was first predicted by Kontsevich [Kon95] before the

precise notion of a D-brane had been distilled in the physical literature.

3.1.1 Large volume limit

The study of superstring theory is generally considered perturbatively around the
limit in which string length ¢, goes to zero.? This is equivalent to the large volume
limit on the Calabi-Yau manifold (X,w,€) in which w + kw and k — 00.> The
validity of the predictions of superstring theory and mirror symmetry which do not
depend only on the topological A or B model (i.e. metric considerations, or those
considerations which require understanding both the Kahler w and complex €2 struc-
tures on the Calabi—Yau) should be understood as only approximate, depending on
corrections arising from quantum and stringy effects as one moves away from the
large volume limit (or its mirror, the large complex structure limit).

For example as has been recently discussed by Li [Li20] (see also [ABCT09, §7]
for an earlier discussion) the existence of an SYZ fibration by special Lagrangian tori
should only be expected in some generic region of the Calabi—Yau threefold X. The

mass of the region on which the SYZ fibration exists should approach the full volume

2The string length is often replaced in the physical literature by the string tension o’ ~ ¢2. This
factor of o/ always appears as a perturbative constant in front of any curvature term F for the
gauge field on the Chan—Paton bundle E over a D-brane. The limit o’ — 0 is equivalent to £, — 0
and in Chapter 5 where we consider the scaling of the Z-critical equation by 2 = 1/k we note
€ ~ {4 is a similar scaling limit.

3Either think of the string length become very small compared to the size of the spacetime, or
the spacetime becoming very large compared to the fixed string size.
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of X as one approaches the large complex structure limit.

Similarly the study of BPS D-branes discussed in the next section, which is a
non-topological? aspect of string theory depending on both the Kihler and com-
plex moduli of X, should experience similar corrections away from the large volume
limit. Near the large volume limit understanding of D-branes, Z-critical metrics, and
stability conditions is closer to the non-derived theory occurring at k& = oo (which
correponds to the traditional slope stability and Hermite-Einstein metrics discussed
in Section 2.2.1). As we move away from this limit, more features of the derived
category and influences from corrections arising out of enumerative geometry should
manifest. In some sense this explains the effectiveness of the asymptotic assumptions
appearing in Chapters 4 and 5 for studying Z-critical connections, or the compar-
ative ease through which Bayer’s polynomial Bridgeland stability conditions may be

studied (see Section 3.2.1) compared to genuine Bridgeland stability.

3.1.2 BPS branes

Critical to superstring theory is that the D-branes under consideration respect su-
persymmetry. Such branes are known as BPS branes and given the choice of Type
ITA or IIB there are alternative perspectives on what geometric conditions a pair
(E, L) must satisfy to be BPS.

e In Type ITA string theory the condition for a D-brane to be BPS was first
derived in [BBS95] and requires that the submanifold L should be a special

Lagrangian in the sense that
Im(e ™ Q|,) =0

where (2 is the holomorphic volume form on X (which is therefore a top-degree

form on L) and ¢ is a constant argument.

4Here “topological” is used in the physical sense, and refers to those properties of the geometry
which do not depend on the Riemannian metric. Namely this is not taken to exclude effects
depending on the complex structure or symplectic structure, so is certainly not only topological in
the mathematical sense.



3.1. MIRROR SYMMETRY AND BPS BRANES 69

e Inspired by Principle 1.1 and the success of Theorem 2.2.21, Thomas and
Thomas—Yau conjectured an alternative characterisation of BPS D-branes in
the A-model in terms of stability of Lagrangians [ThoO1, TY02], now known
as the Thomas—Yau conjecture. This has since been upgraded to the derived
Fukaya category by Joyce [Joy15] and so sometimes obtains the suffix —Joyce.

In this case the stability condition should have central charge

Z(L):/LQ

where L < X is the Lagrangian and Q. See [Li22] for a recent discussion of
the status of this proposal.

e On the B-side a BPS condition was proposed on physical grounds by Douglas,
called II-stability [DFR05, Dou02]. This was distilled into the mathematical
concept of Bridgeland stability by Bridgeland [Bri07]. We will discuss this

notion in more detail in Section 3.2.

e A characterisation of the BPS condition in terms of the associated gauge fields
in Type IIB string theory was carried out directly in [MnMMS00] for Abelian
D-branes (that is, £ — L being a line bundle’). A derivation, again for a
line bundle, using a semiflat model of SYZ mirror symmetry was carried out in
[LYZ00]. On the A-side the special Lagrangian equation is transformed into the

deformed Hermitian Yang—Mills equation which we will review in Section 3.3.

Guided by Principle 1.1 and the physical origins of Il-stability and the dHYM
equation, one is lead to the folklore Conjecture 1.2 dicussed in the introduction.
Combined with mirror symmetry, which predicts that the BPS branes in the A and
B model should be interchanged [ABCT09, Conj. 1.4], we get a larger body of

conjectured correspondences represented in Figure 3.1.

50ne can only apologise for the confusing notation here, where L is the submanifold not the line
bundle.
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DG Special Lagrangian ol S1 7 dHYM metric
T o~ g
i Principle 1.1 ii Thomas—Yau Conjecture ii Conjecture 1.2
; § §
AG Stable class [L] ¢=====================3> Bridgeland stable object
A model ¢--------mmoo > B model

Mirror symmetry

Figure 3.1: The grand mirror symmetry/Principle 1.1 conjecture.

3.2 ll-stability and Bridgeland stability

The notion of Il-stability was introduced by Douglas [DFR05] as a criteria for a
D-brane in Type IIB string theory to be a BPS brane. See [AD02] for a discussion
of the physical interpretations of II-stability. The essential principle is to regard a

short exact sequence

0 F E Q 0

as a decay of the D-brane F to the pair F' and @) (or conversely to view E as a “bound
state” of F' and Q). In order for E to be BPS, it must be extremal in the sense that
it has maximal supersymmetry charge density. One criteria for determining this is
that E cannot decay into any D-brane F' with larger supersymmetry charge density
than F itself. This translates to the criterion that

pz(F) < pz(E)

where Z is the supersymmetry charge (and pz is the charge density or “normalised
charge,” given by the slope).

This criterion closely resembles the traditional slope stability discussed in Sec-
tion 2.2.1, but as mentioned previously, a deeper understanding of D-branes in light

of homological mirror symmetry reveals that one must consider the case where E, F,



3.2. II-STABILITY AND BRIDGELAND STABILITY 71

and @ are complexes of coherent sheaves. Here the notion of a short exact sequence
fails (instead being replaced by an ezact triangle) and it is unclear which complex
out of F, F and () is meant to be decaying into the other two. In order to consistently
keep track of this, one must introduce a grading on complexes.® This physical theory
was made precise by Bridgeland [Bri07]. Let us now recall the notion of a Bridgeland
stability condition (see [MS17] for a survey of the many interesting aspects of this
theory in algebraic geometry). We will consider just the setting where the triangu-
lated category D = D’ Coh(X) is the bounded derived category of coherent sheaves
on a manifold X.

In order to emphasise the links with the Abelian theory appearing in Chapter 4,
we will first introduce the notion of a stability condition on an Abelian category A,

which we will use to define a Bridgeland stability condition.

Definition 3.2.1 (See for example [Rud97]). Let A be an Abelian category. A

stability condition Z on A is an additive group homomorphism
Z K()(.A) —C

such that

e For every non-zero F € A, we have Im Z(F) > 0 and if equality occurs then
ReZ(E) < 0.7

e Any non-zero E € A admits a Harder—Narasimhan filtration,
O=FEyCE,C---CEy1CE=F

of objects E; € A with strictly decreasing generalised slope such that E] =

E;/E;_1 is semistable with respect to Z, in the following sense.

60r on the central charge, although as discussed in [AD02, §8] this introduces other difficulties.

"Here we can actually ask just that Z(E) € e - H for every non-zero E, where 6 € [0,27) is
some angle depending only on Z, which is the same for every E. Any such stability function can
be rotated into one landing in the upper-half plane without changing the theory.
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Define the generalised slope of E by

Re Z(E)

pz(E) = “mZ(E)

when ImZ(F) > 0 and +oo when ImZ(E) = 0. Then an object £ € A is
(semi)stable if for all proper, non-zero subobjects 0 — F' — E we have

pz(F) <p(E)  (resp. <).

Equivalently we can use the argument arg Z(F') < arg Z(F) instead of the generalised

slope pz, since they lie in the same half-plane (see Lemma 4.1.11).

Using the notion of a stability condition on an Abelian category, we will give a
definition of Bridgeland stability which is slightly different to the standard present-

ation, although completely equivalent.

Definition 3.2.2 ([Bri07]). A Bridgeland stability condition on D’ Coh(X) consists

of a choice of surjective group homomorphism onto a finite-rank lattice
v: Ko(X) > A,
and a pair o = (Z, A) of

e a heart A of a bounded t-structure on D’ Coh(X), which is a full Abelian
subcategory of D’ Coh(X), and

e a stability condition Z on A such that
7 Ko(X) = Ko(A) = Ko(D* Coh(X)) — C
factors through v, and hence only depends on the image of [E] € Ky(X) in A.

These must satisfy the support property (originally due to Kontsevich—Soibelman
[KS08], but equivalent to the full locally-finite condition of Bridgeland):
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e Let || - || be any norm on Ag (all being equivalent), then

inf{ ﬁ( (<E)?|)| ‘ 0£FeAis semistable} > 0.

Remark 3.2.3. This differs from the standard approach to defining a stability con-
dition in terms of a slicing of D Coh(X), which is more aligned with the notion
of grading mentioned above for elements of the derived category. A slicing P of
D’ Coh(X) is essentially an assignment of a lift ¢ of the phase angle ¢ for any
E € D’ Coh(X), such that if

Z(E) = re'™

then ¢ = ¢ mod Z. The full subcategories P(¢) C D’ Coh(X) of semistable objects
of phase ¢ must satisfy

e P(9)[1] =P(o+1),
o if ¢; > ¢ then Hom(A, B) =0 for any A € P(¢1), B € P(¢2), and

e any object £ € D’ Coh(X) admits a Harder-Narasimhan filtration whose suc-

cessive quotients have decreasing phase ¢; and live in P(¢;).

Given such a slicing, the subcategory A := P((0,1]) defines a heart of a bounded
t-structure. Notice that the second condition above demonstrates how this grading
encodes possible decays of objects F to F, () appearing in exact triangles ' — F —
Q — F[1] by requiring that ¢(F) < ¢(E).

The standard example of a heart in D° Coh(X) is given by A = Coh(X). A
choice of finite rank lattice and homomorphism v is typically given by the Chern
character

v=~Ch: KyX) = H(X,Q)

of a complex E € D’ Coh(X). An ideal choice of stability condition (although one
that would demonstrate that Bridgeland stability is no more complicated than the
slope stability of Section 2.2.1) is

Z(E):=—degE+irtk E
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on Coh(X). Stability with respect to Z reproduces slope stability (since the gener-
alised slope py is simply the slope). On a compact Riemann surface X = 3 the pair
(Z, A) so described gives a Bridgeland stability condition on D Coh(X). However in

general we have the following important observation:

Proposition 3.2.4 (See for example [MS17, Ex. 4.3]). There exists no stability
condition on D’ Coh(X) with heart A = Coh(X) or central charge Z = — deg +irk

when X has dimension at least two.

This observation reveals the fundamental difficulty in the study of Bridgeland
stability conditions: their existence. In order to find adequate hearts, one considers
the process of tilting of t-structures, and candidate central charges Z arise primarily
out of physical input. The difficulty in understanding when a heart A is a candidate
for some Bridgeland stability condition comes in proving the existence of Harder—
Narasimhan filtrations in the sense of Definition 3.2.1. To do so, one often requires
strong Chern number inequalities known as generalied Bogomolov—Gieseker inequal-
ities.

The central charges of primary interest arising out of string theory (see [Asp05,
§2.3]) are the following:

Zasyst(E) = /X ¢ ChB(E), Zra(E) = /X e ChP(B)/TA(X)  (Eq 3.1)

where Ch”(FE) = ¢~ Ch(E) for some class B € H"'(X,R) and [w] is some Kihler

class on X. We will return to these central charges in more depth in Chapter 4.

Remark 3.2.5. As has been computed using physical techniques (see [ABCT09,
§5.1.4] and the references therein), the expected central charge of a D-brane (L, E)

where ¢ : L — X is some submanifold is given by the formula
Z(L,E) = — / e ChP (1, E)\/ A(X)
X

where A(X) is the A-hat genus, which is related to the Todd class by Td = exp(%cl)fl.

This suggests that in general for non-Calabi—Yau varieties one should also consider
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central charges of this form (which will be genuinely different to Ztq above since
¢1(X) will not necessarily vanish). In particular when computed on the submanifold
L we expect a correction term relating to ¢;(L) to appear. This has been predicted
physically by the so-called “Freed—Kapustin—-Witten anomaly” and seems to at least
partly resolve the discrepancy between Zy (L) and Z(L ® Oy ) which occurs in the
study of the deformed Hermitian Yang—Mills equation. We will discuss this in more
detail in Section 4.6.1.

In the case of complex surfaces stability conditions with the above central charges
have been constructed (see for example [Bri08] for stability conditions with central
charge Zrq constructed on K3 surfaces).

For strict Calabi—Yau threefolds until recently not a single example of a stability

condition with one of the above central charges was known.® However we now have

Theorem 3.2.6 ([Lil9]). There is a family of stability conditions (Z,A) on each
smooth quintic threefold X with central charge given by the first central charge in

(Eq. 3.1) for varying choice of class B, |w].

This was proven using earlier work of Bayer—Macri-Toda and Bayer—Macri—
Stellari [BMT14, BMS16] which shows that, if a generalised Bogmolov—Gieseker-type
inequality for sheaves holds on a given threefold X, then tiltings of the heart Coh(X)
admit stability conditions with the above central charges.

We remark that there is a rich body of work in studying the space of stability con-
ditions, which was already identified by Bridgeland to be a complex manifold [Bri07].
We are primarily concerned with the study of stable objects for a given stability con-
dition in the following, so we refer the reader to [Bri09] which in addition contains
an interesting discussion of how the space of space of stability conditions admits
an interpretation in terms of the moduli space of string backgrounds in superstring

theory.

8Due to techniques developed in work of Bayer—Macri-Toda [BMT14] existence of stability
conditions on threefolds such as P3, Abelian threefolds [MP15, MP16] and crepant resolutions of
finite quotients thereof [BMS16] are known.
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3.2.1 Polynomial stability conditions

Let us briefly discuss a limiting version of the above theory introduced by Bayer
[Bay09], which is closely aligned with the study of Z-critical metrics in Chapter 4.
The main alteration to the definition of Bridgeland stability in Definition 3.2.2 is
that the central charge

7 KoX)—C

is now polynomial-valued,

Zy + Ko(X) = C[k].

This produces a phase ¢, = arg Z; or generalised slope iz, on a heart A which
depends on k. The polynomial central charge Z is required to be compatible with a
polynomial phase function ¢ = ¢ on A, corresponding to a choice of slicing on A in
the sense of Remark 3.2.3 which is compatible with the limiting behaviour £ — oo

in the sense that
Zi(E) € Ry - e™4(E)

for any non-zero E in A and k£ > 0. Such stability conditions are closely related to
the notion of polynomial stability on an Abelian category introduced by Rudakov
[Rud97, §2] as a generalisation of Gieseker stability.

The asymptotic nature of polynomial Bridgeland stability enables the existence
of such stability conditions on any projective manifold to be proven more easily than
genuine Bridgeland stability conditions. Namely by considering hearts of ¢t-structures
defined by perverse sheaves, the leading order terms in the polynomial central charge
can be compared in the large volume limit k& — oo allowing strong Artinian and
Noetherian properties to be proven, from which the existence of Harder-Narasimhan
filtrations follows. We will meet the central charges of most interest to Bayer in
Chapter 4.

3.3 Deformed Hermitian Yang—Mills equation

In this section we will briefly recall the existing literature on the deformed Hermitian

Yang—Mills equation. This equation, which characterises BPS D-branes in Type 11B



3.3. DEFORMED HERMITIAN YANG-MILLS EQUATION 7

string theory, is derived through SYZ mirror symmetry in the semi-flat limit from the
special Lagrangian equation [LLYZ00], or by a direct analysis of the supersymmetry
and critical points of the Dirac-Born-Infield action as in [MnMMS00].

Let (X, w) be a compact Kéhler manifold and [a] € H'(X,R) a real class of type
(1,1). The dHYM equation asks for a canonical representative « € [] satisfying the
equation

Im(e ™ (w + ia)") = 0 (Eq. 3.2)

where 0 = arg Z and

zZ= /X(w—i—ia)".

One typically subjects a to the positivity condition
Re(e ™ (w + ia)") > 0 (Eq. 3.3)

in the sense of positivity of (n,n)-forms. This is called the almost calibrated condi-
tion. A typical example is the case where [a] = ¢;(L), and then given a Hermitian
metric h on L producing a Chern curvature F'(h), any other form in the class ¢; (L)

can be identified with ;= F(e?h) for a smooth function ¢ : X — R.

The analytical study of (Eq. 3.2) was initiated by Jacob—Yau [JY17] and con-
tinued in a series of works [CJY20, CXY18, CY21, CS19]. Indeed already it was
observed by Jacob—Yau that (Eq. 3.2) is a fully non-linear elliptic partial differen-
tial equation for o, and an intimate relationship to some algebro-geometric stability
condition was identified. One key observation is that if A\; denote the eigenvalues of

a with respect to w, then (Eq. 3.2) can be rewritten as
O := Z arctan()\;) = 6 mod 27 (Eq. 3.4)
i=1

where we take the branch arctan : R — (—m/2,7/2). Therefore a solution of the
dHYM equation produces a canonical lift of 0 to a real-valued phase for Z (see
[CXY18, §2] for more details). The behaviour of the dHYM equation is highly

sensitive to what region © lies inside. The maximum possible value of © is given by
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7. Values near that maximum are known as the critical phase range.

Definition 3.3.1. The hypercritical phase range is given by

and the supercritical phase range is given by

@E(M @)

2 "2

The central conjecture proposed by Collins—Jacob—Yau relating to the dHYM
equation, given as a rudimentary formulation of Conjecture 1.2 in this setting, is the

following.

Conjecture 3.3.2 ([CJY20, Conj. 1.4]). Let (X,w) be a compact Kihler manifold
and [a] € HY(X,R) a real (1,1)-class. Let

Oy = arg/(oz+@'w)dimv.
v

There exists a solution to the dHYM equation (Eq. 3.4) if and only if for every proper

wrreducible analytic subvariety V- C X we have
) s
@V > @X — (n — dlmV)§

Remark 3.3.3. After rewriting the dHYM equation in terms of the central charge
Zanywm as in Example 4.1.20, the above stability condition is precisely the Z-stability

condition Definition 4.1.13, as was already noted for example in [CY21].

In dimension two Conjecture 3.3.2 was resolved already by Jacob—Yau [JY17] by
appealing to the Demailly—Paun theorem and Yau’s proof of the Calabi conjecture.
We will prove an existence result for Z-critical metrics on line bundles over surfaces
following the same idea in Theorem 4.4.2.

In general Conjecture 3.3.2 is now well-understood in the supercritical phase

range. Let us call (Eq. 3.2) with © in the supercritical phase range the “supercritical
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deformed Hermitian Yang—Mills equation.”

Theorem 3.3.4 (Chen [Che21], Datar—Pingali [DP21], Chu-Lee-Takahashi [CLT21}).
Let (X,w) be a projective Kdhler manifold where w € c1(L) for some ample line
bundle L. There exists a solution in the class [a] to the supercritical dHYM equation

if and only if [ is stable in the sense of Collins—Jacob—Yau.

This was shown using a uniform version of the stability condition by Chen, and
extended to the non-uniform case by Datar—Pingali and Chu—Lee-Takahashi. These
works also prove a form of Theorem 3.3.4 for arbitrary compact Kahler manifolds
under slightly more analytical stability hypotheses, which can be strengthened to the
purely algebro-geometric criteria conjectured by Collins—-Jacob—Yau in the projective

case.

3.3.1 Higher rank

There is no derivation in general of the dHYM equation for higher rank vector
bundles, either from mirror symmetry or directly from the analysis of the Dirac—
Born-Infield action for non-Abelian gauge theory.” The higher rank equation should
appear as the mirror of the special Lagrangian equation for a Lagrangian multisec-
tion of a semiflat SYZ fibration [LYZ00]. However, the naive derivation using the
techniques of Leung—Yau—Zaslow produces a U(1)"-dHYM equation as opposed to
a U(n)-dHYM equation, because it fails to take into account monodromy around

ramification points of the multisection.

Nevertheless Collins—Yau proposed on aesthetic grounds a higher rank analogue

9In [MnMMSO00] the Abelian case is derived from the Dirac-Born-Infield action directly, as op-
posed to [LYZ00], but the higher rank version of this action is not fully understood with various
proposals existing in the literature. It would be interesting to choose the most popular (using a sym-
metrised trace [Tse97]) and attempt to derive the higher rank dHYM following similar arguments
to the Abelian case.
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of (Eq. 3.2) for a Hermitian metric A on a vector bundle £ — (X, w) [CY21, §8.1].
" F(h)\"
Im (e"e (w ®1g — L) > = (Eq. 3.5)
7r

tr (Re (e—ié (w ®1p — %p)n)) >0 (Eq. 3.6)

where § = arg [y tr(w® 1 — 5= F(h))™ and Re and Im refer to the h-Hermitian and
skew-Hermitian parts of the endomorphism respectively.

This equation is expected to be one of the first instances in non-Abelian gauge
theory of an equation with algebro-geometric obstructions to solutions arising both
from subsheaves (as in the case of slope stable bundles discussed in Section 2.2), and
subvarieties (and indeed sheaves supported on subvarieties).

A further derivation in the case of complexes of vector bundles so as to make
contact with the upgraded notion of D-brane in Type IIB string theory is also lacking.
We will make some remarks about this problem in Section 4.6. In general we do not
necessarily expect a differential equation in the traditional sense (an observation
which has also been discussed by Li [Li22]), but generally one expects an equation
of the above tensorial form including some singular or current-like objects related to

the geometry of the underlying complex.



Chapter 4
/-critical connections

In this chapter we introduce the notion of a Z-critical connection (and a Z-critical
metric) and investigate their basic properties. Z-critical metrics are generalisations
of dHYM metrics which allow one to vary the choice of stability input, and in light of
the folklore Conjecture 1.2 one expects according to Principle 1.1 a correspondence
with a stability condition for any choice of Z-critical equation.

The discussion of this chapter is geared towards understanding the correspond-
ence in Chapter 5 and so remains well within the world of metrics on holomorphic
vector bundles. Any subtleties of the derived category are suppressed here, but we
will remark on various shadows hinting at a deeper theory as they arise. We will
discuss the possibility of a theory on complexes in Section 4.6.

The majority of the content of this chapter with the exception of Sections 4.3.2,
4.5.1 and 4.6 is joint work with Ruadhai Dervan and Lars Sektnan [DMS21]. This

work has been reproduced here with an emphasis on the contributions of the author.

4.1 Asymptotic Z-stability

In this section we define the key notion of stability which will be relevant for the
correspondence in Chapter 5. In particular this is a limiting form of the stability
conditions one sees arise in the derived category, and we also fix a simple geometric

background.

81
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The primary input of this notion of stability is a central charge, an assignment of
an algebraic invariant to each sheaf over a compact Kéahler manifold. We work with
a particular explicit class of such central charges identified by Bayer [Bay09], known
as polynomial central charges, which we have briefly discussed in Section 3.2.1. This
class is large enough to include the deformed Hermitian Yang—Mills equation and
interesting alternatives to or perturbations of that equation.

First we need to define the notion of a stability vector.®

Definition 4.1.1 (Stability vector). A stability vector p € (C*)"*! consists of a

collection p = (po, . .., pn) of non-zero complex numbers such that Im(p,) > 0 and

Im Pa >0
pa+1

ford=0,...,n— 1.

A Ps3
P2 °
. .
k PRL

.

P1

o
P4

Figure 4.1: A stability vector consists of a sequence of non-zero complex numbers
with angles moving clockwise around the origin.

Remark 4.1.2. The condition Im(p,,) > 0 is a normalisation condition which ensures

that in the large volume limit the central charge lands in the upper-half plane H. As

'In Bayer’s work one also introduces the the perversity function, which is important in identifying
a particular t-structure consisting of perverse sheaves for his notion of polynomial stability condition.
We will not need that technology here.
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discussed in Section 3.2 what is actually important is that the algebraic invariants
of sheaves land in the same half-plane of C, and indeed any stability vector may be
rotated so that Im(p,) > 0 without changing the condition on successive quotients

of pg or the corresponding notion of stability.
Let us now define a polynomial central charge.
Definition 4.1.3 (Polynomial central charge). A polynomial central charge
Z:K(X)—C
on a compact Kahler manifold X consists of the data of:
e A stability vector p = (po, - .., pn) where n = dim X.
e A Kabhler class [w].

e A real unipotent class U € H*(X,R) such that U = 1 + N where N €
H>°(X,R).

The density of the central charge [Z] : K(X) — H*(X,R) is the inhomogeneous class

[Z(E)] = (Z pd[w]d> .Ch(E).U € H*(X,R).
d=0
The central charge Z : K(X) — C is defined by

2(E) = (ZENX) = [ 3 pei.CHE)L.

X 4=0

The term polynomial arises for the following reason: If the Kéhler class [w] is
replaced by k[w] for an indeterminant & > 0, then one obtains a polynomial map
Z, + K(X) — CIlk] and a polynomial central charge in the sense of Section 3.2.1.
The limit £ — oo is the large volume limit, and in the following we will denote by

Zy, a central charge of the above form with Kéahler class replaced by k[w].



84 CHAPTER 4. Z-CRITICAL CONNECTIONS

To define stability, we use Z to produce a suitable notion of slope in the sense
of the traditional slope stability. Alternatively we can use the phase, as is more

traditionally used in the Bridgeland stability literature.

Definition 4.1.4 (Slope and phase). Let Z be a polynomial central charge. Suppose
E is a bundle with Z(F) # 0. Define the Z-slope as

Re(Z(E))

na(B) =~ Z(®))

and pz(F) = 400 (resp. —o0) if ImnZ(E) =0 and Re(Z(E)) <0 (resp. > 0).
Define the Z-phase of E as
p(E) = arg Z(E)

where we use the principal branch arg : C* — (—7,7]. If Z(F) = 0 define pz(E) =
+00 and p(E) = .

We now define our key notion of stability for the correspondence in Chapter 5.

Definition 4.1.5 (Asymptotic Z-stability). A holomorphic vector bundle £ — X
over a compact Kéhler manifold with Z,(F) # 0 for k£ > 0 is said to be asymptotically
Z-stable with respect to a polynomial central charge Z if, for every proper, non-zero
coherent subsheaf 7 C E, one has

or(F) < pr(E)

for all £ > 0.

We also explicitly define the alternative notion of Z-stability away from the large

volume limit.

Definition 4.1.6 (Z-stability). A bundle £ — X with Z(F) # 0 is called Z-stable

if for every proper, non-zero coherent subsheaf, one has

p(F) < @(E).

Let us now make a series of remarks about the definiton of Z-stability.
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Remark 4.1.7. Notice that asymptotic Z-stability is not the same as Z;-stability
for all £ > 0, as the choice of k may depend on the particular coherent subsheaf F
in asymptotic stability. One expects that Z-stability should be the relevant stability
condition away from the large volume limit, but here one will certainly need to take

into account the full derived category for most purposes.

Remark 4.1.8. We could, similarly to the settings of slope stability and Gieseker
stability in Section 2.2.1, define (asymptotic) Z-(semi/poly)stability, the existence of
Jordan—Holder and Harder—Narasimhan-type filtrations with respect to the Z-slope
and so on. These constructions will not be relevant to our work, and indeed one
expects them to be poorly behaved away from the large volume limit, requiring the

technology of the derived category.

Remark 4.1.9. The assumption Z(E) # 0 should not be serious, as in the setting of
Bridgeland stability this must imply E is numerically trivial. In our more simplified
setting, it has already been observed by Collins—Jacob—Yau that if a line bundle has
Z(L) = 0 then it cannot admit any solution to the deformed Hermitian—Yang—Mills
equation, so one might include the case Z(FE) = 0 in the definition of a Z-unstable
bundle, for the purposes of proving a correspondence with existence of solutions to
the Z-critical equation.

On the other hand by definition if £ admits a subsheaf with Z(F) = 0 then F
is Z-destabilised by F and in particular an (asymptotically) Z-stable never contains
coherent subsheaves with Z(F) = 0. This is motivated by the analogous assumption
for slope stability (that a torsion sheaf supported in codimension > 2 has slope +00)
and the definition of a weak stability condition [Tod10] and weak polynomial stability
condition [Lo20].

Remark 4.1.10. As explained in [Bay09] it is possible to embed the theory of
Gieseker stability in the language of polynomial stability conditions. Whilst for a
small class of such central charges it follows from, for example [Rud97], that Gieseker
stability coincides with asymptotic Z-stability, in general we allow for enough free-

dom in the choice of Z to explore genuinely different stability conditions.

The inequality of phases given in the definition of asymptotic stability is cumber-

some, and in the setting where all phases of bundles and subbundles lie in the same
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half-plane, it can be replaced by a simpler condition.

Lemma 4.1.11. Let E — X be a holomorphic vector bundle and F C E a proper,

non-trivial coherent subsheaf. Then consider the following conditions:

(1) or(F) < or(E) for all k>0

(ii) T (23) < 0 for all k>0

(111) pz, (F) < pg,(E) for all k>0

If Zy(F) # 0 for all k > 0 then the above conditions are equivalent. If Zp(F) =0

then conditions (i) and (iii) are equivalent.

Proof. The normalisation condition on the stability vector p of the polynomial central
charge Z and a computation of the leading order coefficient using Riemann-Roch
ensures that the leading order term in k has positive imaginary part, Im(p,) > 0.

Working in the large volume limit we thus have for k sufficiently large,

Zy(E), Zy(F) € H.

A . ) )
For two non-zero complex numbers z = re?, 2/ = r'e? | working with the branch

arg : C* — (—m, 7] we have

Im (E) . sin(f — 6").

Z/ ,r/

If | — ¢'| < 7 so that z and 2’ lie in the same half-plane, then the sign of sinz is the

2
m () <0
if and only if 6 < #’. Thus (i) is equivalent to (ii) except when Z;(F) = 0 for all
k> 0.
That (ii) is equivalent to (iii) follows immediately from the definition of the Z-

same as that of z, so

slope. O

The equivalent stability condition appearing in Lemma 4.1.11 (ii) given in terms

of the Z-slopes is the one which will naturally appear from the analysis of the Z-
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critical equation in the proof of the correspondence in Chapter 5. It also naturally
appears in the context of subsolutions and stability with respect to subvarieties.

To that end, let us also explicitly define Z-stability with respect to subvarieties.
Let ¢ : V C X be a subvariety and £ — X a vector bundle. Define the central charge
of E over V by

Zy(E) == *[Z(BE)([V]) = /V (Z pd[u)]d> .Ch(E).U. (Eq. 4.1)

Remark 4.1.12. This defintion of Zy (E) differs from the central charge Z(E ® Oy)
of the coherent sheaf £ ® Oy on X, which would be the natural quotient object in
Bridgeland stability. We will return to this point in Section 4.6.1.

Note that with the above notation, Z(E) = Zx(FE). Let us now define Z-stability

with respect to subvarieties.

Definition 4.1.13 (Z-stability with respect to subvarieties). A holomorphic vector
bundle F — (X,w) is Z-stable with respect to an irreducible subvariety V' C X with

Zv(E) #0if
Zv(E)
Im (ZX(E)) > 0.

Again we remark that this notion of stability is not well-behaved away from the

large volume limit, as we need to guarantee that every Zy(FE) lands in the same
half-plane as Zx(F) (see Remark 4.3.18 where it is observed one sometimes needs to
ask for the above inequality to be flipped depending on the codimension of V' C X).
Indeed this type of stability will not actually be relevant for us near the large volume
limit, and we will discuss this more in Section 4.3 when we study subsolutions to the
Z-critical equation.

Indeed Z-stability in the form Definition 4.1.13 is equivalent to the stability
condition of Collins—Jacob—Yau in Conjecture 3.3.2 for Z = Zggym on a line bundle,
where by Theorem 3.3.4 it is a necessary and sufficient condition in the supercritical
phase of the dHYM equation. Under this phase assumption it is automatic that the
charges Zy(E) for all V C X lie in the same half-plane.?

2This seems to suggest that there is a strong link between the assumptions of phase ranges for
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Let us now discuss the basic properties of asymptotic Z-stability. Firstly, we have

the following relation to slope stability.

Lemma 4.1.14. If a coherent sheaf E is asymptotically Z-stable, then it is slope

semistable.

Proof. By Lemma 4.1.11, if F is any proper, non-zero coherent subsheaf (which must
therefore satisfy Zp(F) # 0 for k > 0 by the definition of asymptotic Z-stability),

we have
Im <Zk(]:
(E)

~—

N

) < 0. (Eq. 4.2)
Consider the expansion
Zi(E) = ppk™[w]" tk(E) + pp_1k" Hw]" . (cr(E) + tk(E)Uy) + O(k" ) (Eq. 4.3)

where Uy denotes the degree two component of the class U € H*(X, R). For simplicity

let us write

degy (E) = [w]" '.(c1(E) + 1k(E)Us). (Eq. 4.4)

Then dividing we see

Z(F)  rk(F) 1 Pn_1 [ degy Frk E — deg, Erk F H
Zo(B) ~ k(B) pn( (o k E)? )w(k )

Since p is a stability vector we have

Im <””‘1> > 0.
Pn

As (Eq. 4.2) holds for all k, the leading order term of its expansion in k is non-

positive. Thus by taking imaginary parts, this inequality produces

deg; Frk E — deg;; Etk F <0

the dHYM equation and hearts of ¢-structures.
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which is equivalent to asking

degy F < deg;; E
vk F = 1kE

Since degy (E) = deg E + tk E[w]" .Uy, this can be further simplified to the usual

slope inequality
deg F < deg B

tk F = tkE

]

Remark 4.1.15. The condition that U (or rather its degree two component) is a real
operator is used in the proof above; in general, for U complex, one needs to impose
a further topological hypothesis on the imaginary part of its degree two component,
which seems slightly unnatural. For this reason we included U being real in the
definition of a central charge. This includes the examples of most interest which we

discuss in the next section.

The following shows that the considerations of Remark 4.1.9 are not important

in the large volume regime.

Corollary 4.1.16. For an arbitrary torsion-free coherent sheaf £ and polynomial
central charge Zy, the value Z(£) # 0 does not vanish for k> 0.

Let us also note explicitly the following, which is the direct analogy of Lemma 2.2.16
in the case of asymptotic Z-stability.

Corollary 4.1.17. If E — X is slope stable, then it is asymptotically Z-stable for

any Z. In particular there are implications
Slope stable = asymptotic Z-stability = Slope semistable.

Let us also observe that asymptotic Z-stability satisfies the see-saw property just

as slope stability does in Lemma 2.2.6.

Lemma 4.1.18. Consider a short exact sequence of coherent sheaves

0 S & Q 0
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with tkE > 0. Then

1z, (S) < pz (E) for allk >0 <= uz(€) < pgz,(Q) forallk >0
and

pz,(S) > pz (E) for allk >0 <= gz () > pz, (Q) for all k> 0.
Furthermore:

o I[fZr(S)#0 and Zx(Q) # 0 then
Pz (S) < pz, (E) for allk >0 <= gz () < uz(Q) for all k>0

and

Pz, (S) > pz (€) forallk >0 <= gz (€) > pz(Q) for all k> 0.

b [f Zk(S) =0 then Kz, (S) >z, (8) and Kz, (5) = :qu<Q)'
b [f Zk‘(Q) =0 then Kz, (’5) = Mz, (5) and Kz, (8) < :LLZk<Q>‘
The same conclusions hold if we replace the Z-slope by the phase py by Lemma 4.1.11.

Proof. Since Z is additive in short exact sequences, we have
Zi(&) = Zu(S) + Zi(Q)

for all £ > 0. Therefore Re Z and Im Z are also additive in short exact sequences.
Since rk € > 0, we have by the expansion Equation (4.3) that Im Z(E) > 0 for
all k> 0. Suppose then that uz, (S) < pz, (€) for all k£ > 0. If this occurs either
Im Z,(S) > 0 for all k£ > 0 or Im Z(S) = 0 and Re Z(S) > 0 for all £ > 0, (in the
latter case if Re Zi(S) < 0 then puz, (S) = 400 but g, (€) is finite). If Im Z;(S) > 0
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then

0> TIm Z,(5) (12, (S) = 1z,())

— —ReZy(S) + 2 Z’;f);(z )Zk<5>

= Re Z,(Q) — Im Z(Q) iz, (£).

If ImZ,(Q) > 0 then we conclude gz (€) < pz,(Q). If ImZ,(Q) = 0 then we
conclude Re Z;,(Q) < 0 s0 g, (Q) = 400 and again piz, (£) < pz, (Q). Now consider
the case where Im Z;(S) = 0 and Re Z;(S) > 0 for all £ > 0. Then we must have
Im Z;,(Q) = Im Z,(£) > 0 for all £ > 0. Therefore

Im Z,(Q) (112,(Q) — 112,(€)) = Re Z(S) > 0

from which we conclude piz, (£) < pz, (Q) for all £ > 0. We can repeat the same
argument in the reverse direction to conclude iz, (£) < pz, (Q) for all £ > 0 implies
pz, (S) < puz, (€) for all k > 0 also.

On the other hand, repeating the same argument with inequalities reversed we
obtain the analogous statement that pz, (S) > pz, (€) for all £ > 0 if and only if
pz, (E) > pz, (Q) for all k> 0.

Now suppose piz, (S) = pz, (€) for all k > 0. Since Im Z;(€) > 0 and uz, (€) < o0
we must have Im Z;(S) > 0. We have

Re Zk(g)

> 0.

Now we compute
0 =1Im Zy(8)(pz,(S) — 1z,(€)) = — Re Zy(Q) — Im Z,(Q) iz, (€).

From this we conclude either pz (Q) = puz, (€) or Zx(Q) = 0 for all £ > 0, in
which case piz, () < p1z,(Q) = +oo. The same argument resolves the case piz, (£) =
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In particular just as for slope stability we obtain the simplicity of an asymptotic-
ally Z-stable sheaf, which will be critical in our proof that stability implies existence

of a Z-critical metric in Chapter 5.
Lemma 4.1.19. An asymptotically Z-stable vector bundle E is simple.

Proof. This only uses the see-saw property, and so follows from the standard argu-
ment for slope stable or Gieseker stable sheaves [HL10, Cor. 1.2.8]. Let u: E — E
be a non-zero sheaf endomorphism and suppose keru # 0. Then by asymptotic

Z-stability since ker u — E we have

or(keru) < pr(E)

for all £ > 0. By the see-saw property Lemma 4.1.18 this gives
ok(F) < prp(E/ keru) = @p(imu)

which contradicts asymptotic Z-stability with respect to the subsheaf imu — F.
Thus keru = 0. Thus u is an injective morphism from F to E, and therefore induces
an injective morphism u : det F — det £, which is therefore an isomorphism (since it
is a non-zero map of line bundles of the same rank and ¢;). Thus u is an isomorphism
too.

It is then a standard result that H°(X, End E) = C. Indeed this vector space is a

finite-dimensional division algebra over C, and thus must be isomorphism to C. [

4.1.1 Examples

Here we give several important examples of central charges we will be interested in.
For the purposes of stating the central charges in the same form that has appeared in
the literature, we will ignore the normalisation condition Im(p,,) > 0 on the stability

vector for now.
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Example 4.1.20 (dHYM central charge). Fix a class B € H" (X, R) (the class of
a “B-field”). Let (X,w) be a compact Kéhler manifold of dimension n. Define data

Then using the given Kéhler form w on X as the Kéhler class, one obtains a central

charge
Zaaym(E) = —/ e~ =B Ch(E),
b's

which we call the deformed Hermitian Yang—Mills central charge.

Example 4.1.21 (String theory central charge). Fix py as in the above example,
but now set U = e¢~?,/Td(X). The resulting central charge

Zra(E) = — /X e =B Ch(E)/Td(X)

is the one most relevant for considerations in string theory. We will also be interested
in the variant with U = e~51/ A(X), which we denote Z;(E).

Let us now discuss a detailed example where we can easily understand asymptotic
Z-stability for the above central charges. In order to be interesting, such an example
should consist of a strictly slope-semistable bundle which is not slope polystable, and

such an example was considered by Maruyama.

Example 4.1.22. We consider a simple rank three bundle on CP? considered by
Maruyama in the context of Gieseker stability, and we follow its presentation in
[OSS11, p.96]. Thus let F be a slope stable vector bundle of rank 2 on CP? with
c1(F) =0 and H'(CP? F) # 0. Given 7 € H'(CP? F) \ {0}, define an extension

0=F —=FE—= Ocp—0
using 7. The Chern characters of E are then given by

Cl(E) =0 CQ(E) :CQ(F).
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Note by the Bogomolov inequality that co(F') > 0, since F is a slope stable bundle
with vanishing first Chern class. The bundle E is then not slope stable, since pu(F) =
1(E) and hence destabilises F, but F is in fact Gieseker stable. It follows that E is

simple and slope semistable, with
OCFCE
giving a Jordan—Holder filtration of E, meaning E has associated graded object
Gr(E) = F @ Ogpe.

Since this graded object is locally free, the assumptions of Theorem 1.3 apply. First,
consider the dHYM central charge with B-field, given by

ZdHYM(E) = —/ €_ik[w] Ch(E)e_B,
Cp?

for some B-field B € H?(CP? R). Then since ¢;(E) = 0, we have ch(E) = rk(E) —

ca(F). Let us denote

v [ etrr= [ eiryzo

Denoting h = ¢1(O(1)) = [w], one can compute

rk(E) rk2E B2,

Zaaym(E) = o + k* —iktk(E)B.h —

and so the imaginary part of Z(F)/Z(E) is a positive constant multiple of

(o + @(l{? — B%) - (=ktk(F)B.h) — (o +

= koB.h(tk(E) — rk(F)).

rk(E)
2

(k* — B?)) - (—ktk(E)B.h)

When o > 0 is positive, since rk(E) — rk(F) > 0, we have pi(F) < ¢x(F)
whenever the B-field is chosen such that B.h < 0. Thus with an appropriately
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chosen B-field, Theorem 1.3 implies E admits deformed Hermitian Yang-Mills con-
nections for all £ > 0; note that this requires the B-field to be non-trivial. In the
remaining case B.h > 0 or ¢ = 0, which includes the case of trivial B-field, we have
ok(F) > ¢r(E), which implies F is not asymptotically Zggyy-stable, and therefore
by Theorem 1.3 F cannot admit deformed Hermitian Yang-Mills connections for
k> 0. Note that we have only used the fact that co(E) = ¢o(F) in this calculation.
Considering the same question for the dual E*, we have that co(E) = c2(E*), but the
subbundle F' C F induces a quotient £* — F*, and so the opposite conclusion will
hold for E*. That is, E* fails to be asymptotically Zqgym-stable whenever o B.h < 0
and is stable otherwise.

Indeed one may actually compute that if £ admits a Zggywm, p-critical metric for
some B with B.h < 0 then the Chern connection for the induced Hermitian structure
on E* satisfies the Zgpywm,—p-critical equation, which combined with Theorem 1.3
recovers the above algebro-geometric observation. It is interesting to interpret the
above duality by noting that Zguywm,—p is the “dual polynomial stability condition”
to Zamym g in the sense of Bayer [Bay09, §3.3] provided we abusively ignore whether
the heart of our bounded t-structure contains the bundle E. There it is shown that

if E'is Zanywm,p-stable then E* is ZdHYM_B—stauble.3

Next, we consider the other central charge of relevance to string theory

Zra(E) = — / e~ Ml ch(E)4/Td(CP?)e?,
CP?

that is, where the unipotent operator U = /Td(CP?)e~# contains both the B-field
and the square root of the Todd class. The Todd class of CP? is given by

Td((CIP’Q) =1+ ;h + R,
and so
Td(CP?) =1 + Sht T p2
4 32

3Technically Bayer considers the dual object D(E) which in our case would be E* ® wp2, and
the dual stability condition involves transforming e 2 to Ch(wp2)~! - e?, so the numerics work out
to align exactly with the above calculations in our example.
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By the same computations above we obtain that the imaginary part of gzzgg is a

positive constant multiple of

%U(rkE —1k F) (B.h — %) :

Thus ¢(F) < ¢(E) holds whenever B.h < 2, producing Zrq-critical connections,

and in the case B.h > % asymptotic Zrpg-stability is violated and such connections

cannot exist. As before, the opposite conclusions will hold when taking E* instead
of E.

As mentioned above, as a consequence of the proof of Theorem 1.3 it suffices to

check asymptotic Z-stability only with respect to F. Since co(E) > 0 always holds

by the slope stability of F', we can summarise our findings as follows:

(i) If ca(E) > 0 then E' is asymptotically Zggyn-stable whenever we have chosen a
B-field with B.h < 0, and asymptotically Zqgyn-unstable if B.h > 0. Therefore
E admits a deformed Hermitian Yang—Mills metric with B-field for B.h < 0, but
does not admit deformed Hermitian Yang-Mills connections when B.h > 0 in
the large volume regime. In particular £ does not admit a deformed Hermitian

Yang-Mills connection with vanishing B-field.

(ii) The opposite conclusions as above hold when E is replaced by E*. That is,
E* admits deformed Hermitian Yang—Mills connections whenever the B-field is
chosen such that B.h > 0, and does not admit deformed Hermitian Yang-Mills
connections when B.h < 0. In particular neither E or £* admit dHYM metrics
with vanishing B-field.

(iii) If co(F) > 0 then E is asymptotically Zpg-stable whenever B.h < 2, and is
unstable otherwise. Therefore E admits a Zrg-critical connetions whenever

B.h < %. In particular this includes the case with vanishing B-field.

(iv) The opposite conclusion as above holds for E*. That is, E* admits a Zrq-
critical metric whenever B.h > %. In particular this does not include the case

with vanishing B-field, in contrast to E.



4.2. Z-CRITICAL CONNECTIONS 97

(v) If eo(E) = 0 then E is asymptotically Z-semistable with respect to either central

charge.

Remark 4.1.23. The example above demonstrates a simple example of a wall-
crossing phenomenon for Z-stability and the existence of Z-critical connections. In
particular as the stability conditions Zggyy and Zrpq are varied by replacing B with
tB and letting ¢t € R vary, we see a jump from stability to instability across critical
thresholds (¢ = 0 and ¢ = 2 respectively).

One can observe similar wall-crossing phenomena if we choose to vary the stability
vector for our stability conditions instead. Let us work just with Zggyy. If we change
our stability vector to p = (pg, p1, —1) to obtain a new stability condition Z, having
normalised p, = —1 for convenience, then regardless of the B-field chosen we obtain
Z-stablity whenever Im py < 0, and also when Im py = 0 and B.h < 0. Instability
follows whenever Impg > 0 or Impy = 0 and B.h > 0. Similar conclusions will
follow for Zrq, and one can also replace F by E* and flip the inequality B.h < 0 to
B.h > 0.

Remark 4.1.24. These examples are the first non-trivial solutions to the dHYM
equation and Z-critical equation in higher rank. Here non-trivial means where
E — X is not itself slope stable, all such bundles admitting solutions in the large
volume limit by Theorem 5.2.3, although even the existence in that case had not

been previously observed.

4.2 Z-critical connections

Let Z be a polynomial central charge. In this section we will define a differential
equation the existence of solutions to which formally aligns with Z-stability. To do
so we must specify some differential-geometric representative data for the polynomial

central charge as follows:

e Let w € [w] be a fixed Kéhler form in the Kéahler class of the polynomial central
charge Z.

o Let U € Q*(X,R) be any differential form representing the unipotent class U.
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e Let A be a Hermitian metric on E.

Given a Hermitian metric h on E one obtains Chern—Weil representatives of the

characteristic classes of E by the expression

Ch(h) = exp (%F(h)) € O*(X,End(E))

where F'(h) is the Chern curvature of h. For example one obtains

Cho(h) = 15, Chy(h) = —F(h), Chy(h) = ——

2 - 8n2

F(h)?
and so on. These define representatives of the Chern classes in the sense that
[tr (fhz-(h)] = Cly(EB).

Using the above data, we define the differential-geometric representative Zj(h) of

the density of the polynomial central charge [Z;(FE)] by

Z(h) == <i pdkdwd> A Ch(h) AU.

d=0
Let us now define a Z-critical metric. Given an endomorphism 7" € I'(End(E))

then with respect to the Hermitian metric / one obtains a splitting
T =Re(T) + ¢ Im(T)

where Re(7T),Im(7T") are Hermitian endomorphisms, and therefore i Im(7') is skew-
Hermitian. Indeed Re(7T") = (T4 7*)/2 and Im(T") = (T' — T*)/2i. Note that with
respect to a metric h, the Chern curvature F'(h) is an imaginary endomorphism-

valued form, so that iF(h) is real.*

Definition 4.2.1 (Z-critical metric and connection). Let h be a Hermitian metric

on a holomorphic vector bundle E — (X,w) over a compact Kéhler manifold. Let

4Indeed recall that the Chern connection is unitary so its curvature F'(h) has values in a u(n)-
bundle which consists of skew-Hermitian (i.e. “imaginary”) endomorphisms.
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Z be a polynomial central charge with data [w], U, p and fixed representative data

w,U. Suppose Z(E) # 0. Then we say h is a Z-critical metric if
Im(e~ ) Z(h)) = 0.

If A is the Chern connection of h we say A is a Z-critical connection. We call the

above equation the Z-critical equation.

In the following we will freely interchange perspectives between Z-critical metrics
or connections, depending on which language is most convenient at the time. As has
already been discussed in Section 2.2.2.2 there is no loss of generality in taking either

perspective.

Remark 4.2.2. Under the assumption Z(F) # 0 we could alternatively define a

Z-critical metric as one satisfying the equation
arg Z(h) = ¢1g (Eq. 4.5)

where arg Z(h) is the unitary part of Z (h) with respect to the polar decomposition
induced by h and @ is a constant.” This would be more adapated to definition of
Z-stability in terms of phases Definition 4.1.6. An equation of this form has been
previously proposed for metrics on quiver representations by Kontsevich [Konl5]
inspired by King’s stability and moment map criterion [Kin94]. The author thanks
Pranav Pandit for pointing this reference out to them.

On a line bundle the two equations are equivalent, and in general (Eq. 4.5) im-
plies the Z-critical equation. It would be interesting to understand the relationship
between these different formulations in general. One expects that the Z-almost cal-

ibrated condition Definition 4.2.8 may play some role as it does in the case of line

bundles.®

5Note the unitary part of the polar decomposition is not uniquely defined unless the positive
semi-definite part is in fact strictly positive-definite. This is precisely the assumption of being
Z-almost calibrated.

6The equations should not be equivalent in general, since after passing to higher rank taking
real and imaginary parts does not interact with the polar decomposition in the same way as for line
bundles.
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Note that this equation makes sense on the level of cohomology. That is, we have
/ tr Im(e ") Z(h)) = 0. (Eq. 4.6)
X

Let us state the Z-critical equation for Examples 4.1.20 and 4.1.21.

Example 4.2.3 (Deformed Hermitian Yang-Mills equation). Consider the example
Example 4.1.20 of the dHYM central charge

Zanym(E) = —/ e~ WI=B Ch(E).
X

Choose representatives w € [w] and § € B, and let h be a Hermitian metric on a

vector bundle £ — X. We compute

T ONE) = = 3 A (8)
S (o)
3 (e ae ()
_ % (mlE—zﬂ@lE—%)".

The phase is given by

p—ie(E) _ r(E)
Z(E)
_1\n+1l;n n\ —1
=r(E) ((DTZ/)‘(tr<W®1E_Z.B®1E—%?> ) )
If we define

Fh)\"
éz/tr(w@)l};—zﬂ@l]g—ﬁ)
e 2m
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and z = fe"‘;s, then since r /7 = l, it follows that

(e Z(E)) = — Tm ( i <w ©1p— B 1s - %)) |

n!
This is the deformed Hermitian Yang—Mills equation with B-field in higher rank, as
discussed in Section 3.3.

In the literature on the dHYM equation where E is a line bundle one normally
writes & = ;= F'(h) — 8 which is a real (1,1)-form, and the dHYM equation for « is
written

Im(e " (w +ia)") = 0.
Example 4.2.4 (String theory central charge equation). Consider the central charge
Ztq or Zj; of Example 4.1.21. Then again choosing representatives w e [w],B €

B, and now representatives /T ) of /Td(X \/ one produces the

equations

Im(e % E) Z1q(h)) = 0

and
Im(e ) Z:(h)) = 0.

The former equation was introduced in the physics literature by Enger—Liitken
[EL04], who proved a version of the correspondence in Chapter 5 on a Calabi—Yau
threefold.

We note that the most natural choice of representative forms for Td(X) or A(X)
are those arising as the Chern—Weil representatives of T'X with respect to the Levi-
Civita connection of the Kahler metric w. Indeed in works studying coupled dHYM
metrics such as [SS21] it is likely very important to choose these particular repres-

entatives (although in their work they consider the standard dHYM equation rather
than a version involving 1/Td(X) or y/A(X)). Nevertheless which particular rep-

resentatives are chosen does not seem to be relevant to our work.

It is interesting to consider the Z-critical equation on a line bundle, to point out
the analogy with the forms of the dHYM equation which have previously appeared

in the literature.
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Example 4.2.5. If L — X is a line bundle, then Z(h) is a complex (n, n)-form on

X. The Z-critical equation can be formulated as
Im (e exp(ig(h))) = 0

where we define

as the phase function

Z(h)

wn

o(h) = arg : X = (—m, 7).
Thus the Z-critical equation is equivalent to the condition

p(h) = ¢(L) mod 2. (Bq. 4.7)

This scalar form of the Z-critical equation is similar to that which has appeared
previously for the dHYM equation [JY17, §2]. In general if one defines the eigenvalues

of F(h) relative to w as Ay, ..., A,, then there is a function fz such that

Q(h) = fz(MA,..., An)-

Equations in the form (Eq. 4.7) have appeared in the context of Székelyhidi’s work
on fully non-linear equations [Sz¢18], and the behaviour of such equations is sensitive

to the properties of the function f;. In particular for the J-equation one has
frlu M) =31
Z\N\Ly -y \n) — i )\Z
and for the dHYM equation one has

fz(A1, .. ) = Z arctan(\;).

The symmetry of the function f7 in these examples is important in the analysis of
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those equations, and we will explain this in Section 4.3.

Related to the algebraic statement Lemma 4.1.19 showing that asymptotic Z-
stability approaches slope stability, there is a corresponding property of the Z-critical

equation in the large volume limit.

Lemma 4.2.6. In the large volume regime k > 0, the leading order condition for
h to be a Z-critical metric for a polynomial stability condition is given by the weak

Hermite—Finstein equation. More precisely, there is an expansion in k of the form
Im (e*w’“(E)Zk(h)) —

ck* ([w]” rk(E)w" ! A (%F(h) + 021E) — degy(E)w" @ 1E) +O(k"™),

where ¢ € Ryg 1s a positive constant depending on p, Uy is the degree two part of
the differential form U, and degy (E) is the degree defined as Equation (Eq. 4.4). To
leading order therefore, the Z-critical equation is equivalent to

degy (E)

F(h) Aw™™! = —27i (W

1 -
- _AwUQ) ]-E ® wnv
n
which is the weak Hermite—Einstein equation (Definition 2.2.17) with function

— 9 degy (E) - l ¥
f=-2 ((n— Dl[w]" 1k(E) nA”UQ)‘

Proof. This follows from computing the leading order terms directly. Writing Z(E) =

T (cos @i, + i sin g ), one computes

7, cos pp = Re ppk"[w]" 1k E + Re p, 15" Hw]" (e (E) + tk(E)Uy) + O(K™2),
T sin @ = Im p, k" [w]" tk E + Im p, 1" [w]" L. (c1(E) + rk(E)Uy) + O(K" ).

We also have

Re Zk(h) = Re pok"w" @ 1 + Re pp_1 K" 1™ A <2LF(h) + UZIE) + O(k"?),

™
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Im Zi(h) = Tm pp k" @ 1 +Tm pp 1K1 A (%F(h) - Um) +O(k"2).
™

The condition for h to be Zj-critical is thus
r cos o) Im Zk(h) — rpsin o, Re Zk(h) =0
Computing the induced expansion in k gives
Im (e_i‘pk(E)Zk(E))
= 21 ((Re pu|w]" Tk E) (Im PnaW" A (%F(h) + U21E>)
+ (Re pp—1 degy (E)) (Im ppw” ® 1)

— (Im p,[w]" 1k E) Re p, 1 k" 1wt A (2iF<h) + U21E>

T

- (Im Pn—1 degU(E))<Re pnw" @ lE)) + O(k2n_2)'
We simplify by dividing by the factor
c=Rep,Imp, 1 —Imp,Rep,_1,

which is non-zero, and in fact positive, by the stability vector assumption that
Im(p,_1/pn) > 0. Thus the k*"-coefficient becomes

7
2T

[w]" rk(E)w™ A ( F(h) + (721E> — degy (E)w" ® 1,

as desired. [
Remark 4.2.7. For the purposes of proving the correspondence between asymptotic

Z-stability and existence of Z-critical metrics in the large volume limit, the above

and Lemma 4.1.19 only use the condition

Im (Pn—1> >0
Pn
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and the lower order conditions on the stability vector p are not necessary. One
can therefore allow certain degenerate examples of polynomial central charges as
examples for Z-critical equations without effecting the strength of the main result.
These should include examples of so-called “weak” stability conditions for which
Z(E) = 0 does not imply E is numerically trivial. In particular slope stability

satisfies all the necessary conditions for our theory to apply.

For completeness let us define the almost calibrated condition for the Z-critical

equation, which was proposed by Collins—Yau [CY21, §8.1].

Definition 4.2.8. Let £ — (X, w) be a vector bundle and Z a polynomial stability

condition. Define the space of Z-almost calibrated metrics by

Hy = {h | Re (tr (e’i‘p(E)Z(h))> > 0}.

Part of the importance of the almost calibrated condition is that it implies the

positivity of a natural L? inner product on endomorphisms ¢, of E, given by

00) = [ ovre (ir (1 20)) ).

This defines a positive Riemannian metric on the space Hz, and the geodesics with
respect to this metric were utilized by Collins—Yau to obtain strong analytical results
for the dHYM equation. It is likely that this will be important for the Z-critical
equation in the future. We will note see the almost calibrated condition near the

large volume limit, due to the following lemma.

Lemma 4.2.9. A Hermitian metric h on E — (X,w) is Z-almost calibrated for all
k> 0.

Proof. One simply verifies
Re (tr (e‘W’(E)Z(h)» = k2 (tk Bw]™(|pn|)w" + O(k**1)

which is positive for k > 0 since p,, # 0. O
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We note that the Z-almost calibrated condition should be related to certain phase
assumptions for Hermitian metrics, just as for similar almost calibrated conditions
in the study of Lagrangian submanifolds or the dHYM equation. Indeed working

with the principal branch of arg we observe:”

Proposition 4.2.10. Suppose h is a Z-almost calibrated metric on E — (X, w).

Then
T

’argtr (Z(h)) — argZ(E)‘ <3

The above inequality is straightforward from noting that

Re (tr (e_i‘P(E)Z(h)>> = 7 COS <tr (e_i‘p(E)Z(h)>>

where r : X — R.( is a positive function, and the positivity of cos(x) within the

principal branch of arg, z € (—m,7) occurs whenever |z| < 7.

4.3 Subsolutions

To begin our study of subsolutions, we will first take a detour and investigate the

linearisation of the Z-critical equation.

4.3.1 Linearisation and ellipticity

First we will define the symmetrised product of a collection of endomorphisms.

Definition 4.3.1. Let By, ..., B; be such a collection of endomorphisms. We define

1
[Bre Bilom = 57 2 Boty Bt

) o€S;

When the B; are endomorphism-valued forms, we must take the graded symmetrisa-

tion. Define the graded sign grsgn of a permutation o as follows. If ¢ is an adjacent

“In general one expects a decomposition of the space of Z-almost calibrated metrics into pieces
consisting of shifts of the argument bound in Proposition 4.2.10 similarly to those observed by
Collins—Yau [CY21] for the dHYM equation on a line bundle. We will make no further comment
on this important consideration.
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transposition (i 7 + 1) then
grsgno = deg B; deg B;11 mod 2.

In general any permutation o € S; can be written as a product of adjacent trans-

positions o = oy - - - 0y, and we set

¢
grsgno = Z grsgno; mod 2.

=1

Then the symmetrisation is defined by

1 rsgn o
[BuA-+ A Bilom = = 3 (=17 Byt A+ A B

o€S;

The graded symmetrisation is constructed so that, for example, the graded sym-
metrisation of even degree endomorphism-valued forms is just the regular symmet-
risation, and for endomorphism-valued one-forms is just the standard graded sym-
metrisation with sign changing by sgno. In the following we will have expressions
involving symmetrisations of two-forms and one-forms. We note that the graded sign
of a permutation of By A --- A B; does not depend on the choice of decomposition

into adjacent transpositions.

Remark 4.3.2. We must caution that it is not the same to consider [By By Bs)sym and
[(B1B2)Bs|sym. In general such expressions will only agree when all the B; commute.
This will for example be the case when FE is a line bundle so the curvature is just
an imaginary two-form, which explains why the formalism above is not necessary in
that setting. In the following we will always treat each curvature term F4 appearing

in a factor of the Z-critical equation as a separate endomorphism of E.

Let us now work in the convention of fixing the Hermitian metric A and varying
the Chern connection A. To compute the linearisation of the Z-critical equation, let

us recall Lemma 2.2.23 which computed the linearisation of the curvature as

Fp, = Fao+ (00 — 00)Vt + O(t?)
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for Ay = exp(tV) - A where V is a Hermitian endomorphism of (E, h).
Let Dy denote the Z-critical operator

Dy : A Im(e B Z(A)).
Each term appearing in Dy is some real constant multiple of a form
d i T
AN —Fa) AN, Eq. 4.8
SN (3oFa) AT (Bq. 1)
such that d + j + ¢ = n. Perturbing A to A; = exp(tV') - A, we linearise (Eq. 4.8) as

. J
d ! -
—F
7 wh A (27r At) AUy

t=0

i | (L o (L 30— 59 ;
=w'Aj (QWFA>/\ A(QWFA> /\%(aa 00)V A U,. (Eq. 4.9)

~~

7—1 times sym

Definition 4.3.3. Define the derivative Z'(A) to be the End E-valued (n—1,n—1)-

form given by taking the formal derivative with respect to ﬁF "4, where d(;—ﬂF W) =1g.

Proposition 4.3.4. The linearisation Py of Dy at A is given by

Po(A)(V) = |Tm(e=#) 2/(A)) A %(5@ o0y

sym

Proof. This follows from applying the calculation in (Eq. 4.9) to every term appear-

ing in the Z-critical equation. O

In order to understand the ellipticity of our equation and the resulting notion of

a subsolution, let us define a notion of positivity for End-valued forms.

Definition 4.3.5. A real End E-valued (n — 1,n — 1)-form

T=Y BiA-AB
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is positive if at every p € X and every u € 15, X, ® End E}, with u # 0 one has

triZ[Blp/\n-/\ij/\u*/\u > 0.

sym

This definition of positivity recovers the regular notion of positivity such as in
[SWO08] or [Dem97, Ch. IIT §1] when T is just an (n — 1,n — 1)-form. It enters our

discussion through the definition of a subsolution.

Definition 4.3.6 (Subsolution). A Chern connection A on £ — (X, w) is a subso-

lution of the Z-critical equation if
Im(e B Z'(A)) > 0
in the sense of End E-valued (n — 1,n — 1)-forms Definition 4.3.5.

The relevance of this definition to the linearisation computed above is the follow-

ing.

Proposition 4.3.7. Suppose A is a subsolution to the Z-critical equation. Then the

Z-critical operator Dy is elliptic at A.

Proof. By definition, a non-linear differential operator Dy is elliptic at A if the
linearisation Py(A) is a linear elliptic differential operator. Consider the linearisation

Proposition 4.3.4 as an operator
Pz (A) : T(Endy(E,h)) — I'(Endg (E, h))

on the space of Hermitian endomorphisms of F, defined by

[Im(e= ") Z'(A)) A 5= (00 — 99)V]

wn

sym

Pz(A)Vl—)

As the notation already suggests, we may ignore any dependence of @ and 0 on the
Chern connection A, as these occur only at first order and below in 99 (so these

terms are irrelevant for demonstrating ellipticity).
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To compute the symbol, notice that if we have a test differential form n = a;dz* +

b;jdy’ then
0 1 , 0 1 .
O.<azi) = i(ai—zbi), U(ﬁ) = §(Gj+2bj).

In particular if we define £ := &dz" = (a; + ib;)dz" € T;, X, then in the operator

0o 0

Vi 00V = Z
7.k

we compute the symbol by formally replacing

9, 9, =
FEASE N

Thus the principal symbol o¢(Pz(A)) : End E — End E is defined by

Im(e #EZ'(A) A =26 NEQ V]
(P AN (V) = 4) Joym.

wn

Ellipticity holds when o¢(Pz(A)) is invertible for any £ # 0. Since A is a subsolution,
we have
tri [Im(e_i“’(E)Z'(A)) Au*Au] > 0.

sym
If we choose u = £ ® V' for some non-zero endomorphism V then using the tra-

cial property we may cyclically permute one of the V’s in each term in the above

expression to the end, and we obtain

tr(oe(Py(A) (V)V) = %m‘ (e~ Z'(A)) Au* Au],, 0.

It follows that o¢(Pz(A))(V) # 0 for any V' # 0, so 0¢(Pz(A)) has no kernel and Dy
is elliptic. O

Remark 4.3.8. The subsolution condition does not appear in the large volume
limit of critical interest in Chapter 5 as the leading order term in k has coefficient
[w]®! and so dominates the other terms for k& > 0. Indeed Proposition 4.3.7 is

not necessary in the large volume limit, where ellipticity is easily inherited from the
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Hermitian Yang—Mills equation at k = oo, using the property that invertibility of

the symbol is an open condition. Let us record this in the following proposition.

Proposition 4.3.9. In the large volume limit every Chern connection A is a subso-
lution of the Z-critical equation, and in particular the Z-critical equation is elliptic

in the large volume limit. Furthermore there is an expansion of the linearisation
Py (A) = C(rk E)[Cd]nan_lAAEndE + O(k‘Qn_z)
for some constant C # 0.

Proof. The claim about subsolutions is immediate from the expansion Lemma 4.2.6
and computing the derivative Z’(A). Indeed to leading order k*~! the subsolution
condition consists of a form

citru* AuAw' !

for a constant ¢ > 0 depending on the stability vector p, which dominates all other
terms in the large volume limit.

The expansion of the linearisation is a straight-forward application of the calcu-
lation Lemma 2.2.23 of the linearisation for the Hermite-Einstein equation applied

to the expansion Lemma 4.2.6 of the Z-critical equation. O

For posterity we also record one more property of the linearisation of the Z-critical

equation unrelated to the subsolution condition.

Proposition 4.3.10. The linearisation Pz(A) of the Z-critical operator is self-
adjoint as an operator on the space of smooth sections of the bundle of Hermitian
endomorphisms of E. In particular Pz(A) extends to a symmetric unbounded oper-

ator from the L? sections of the bundle of Hermitian endomorphisms to itself.

Proof. This follows simply from integration by parts. Indeed we consider

m(e—i#(B) 71 339 — 99
Py(A): V s [Im( Z'(A)) A 5=(90 aa)v]sym

wn
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for a Hermitian endomorphism V. Then we wish to show
(U, Pz(A)(V)) = (V, Pz(A)(U))

where the inner product is given by the pairing on smooth Hermitian endomorphism

U,V defined by
(U, V) = / tr(UV)w™.
X

Integrating by parts with respect to 94 and 94 and using the graded symmetrisation
and tracial property gives the result, which in fact holds individually for any term
of the form .
TN L(EAGA — 8A5A)V
2T

where T is any d4-closed endomorphism-valued (n — 1,n — 1)-form. O

4.3.2 Stability with respect to subvarieties

Let us now reveal the importance of the subsolution condition for the algebraic
geometry of the bundle E.

First we emphasise the following somewhat remarkable property of the Z-critical
equation, which is fundamentally due to the Chern—Weil theory of the Chern char-

acter.

Lemma 4.3.11. Let D C X be an wrreducible divisor, and E — X a vector bundle.
Then

Zp(E) = /D tr Z’(A)‘

where A is a Chern connection on E.

D

Proof. Recall that by definition of the Z-slope of a subvariety (Eq. 4.1), we have

Zo(E) = /D 2(E))

where [Z(E)] is the density of the central charge Z. To verify the claim, it suffices
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to check

Indeed

so the degree (n — 1,n — 1) component is

(Z(E)" = N pw. Chy(E).U;
d+j+l=n—1

= Z pdwd.Chj_l(E).Uj
d+j+l=n

where we interpret Ch_;(E) = 0. Now we use the fact that the Chern—Weil repres-

entative of Ch(F) with respect to a connection A is

)
—F
P (27T A)
and the formal derivative of Ch;(A) with respect to S Fyis Ch;_(A), since 4L exp(z) =
exp(z).
Therefore we have

tr Z/(A)] = [Z(A) "D,
]

Remark 4.3.12. Let us take the perspective that other gauge-theoretic equations,
such as the Hermite-Einstein, J-equation (and higher rank J-equation), and dHYM
equation can be written as Z-critical equations possibly for degenerate choices of
stability condition. Then Lemma 4.3.11 manifests for each of these equations, and
demonstrates that if the equation can be expressed in terms of the Chern character,
then (due to the Chern—Weil representation in terms of exp) positivity of success-
ive linearisations of the equation can be related to algebro-geometric stability with

respect to subvarieties.

Let us now use Lemma 4.3.11 to deduce a stability criterion implied by the
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subsolution condition.

Theorem 4.3.13. Suppose E — (X,w) admits a subsolution to the Z-critical equa-
tion. Then E s Z-stable with respect to quotients E — E ® Op for D C X an

wrreducible analytic divisor.

Proof. Let D C X be an irreducible codimension one analytic subvariety of X, and
let A be the subsolution of the Z-critical equation on E. Let f € Ox(U) be a
holomorphic function on an open subset U C X such that D[, = {f = 0}. Set
u=df ® 1 at a smooth point p € D N U. The subsolution condition implies

tri [Im(e "B Z/(A)),df ® 1,df ® 15] >0

sym

at p. Since df ® 1z commutes with other endomorphisms, this is equivalent to the

condition

tr <Im(e*w<E)Z'(A))> Nidf Adf > 0.

This implies that the (n — 1,n — 1)-form
tr <1m(e—w<E>Z'(A))>

is a positive volume form on 7,D at p € D. Indeed choosing submanifold coordinates

(2',...,2") on U such that 2! = f, then expanding

a = tr (Im(e @ 2/(a))|

in local coordinates (z2,...,2") on D NU, we observe that
tr <Im(e_w(E)Z'(A))> Nidf Ndf = a Nidf ANdf

on U. Since the kernel of idf A df is generated by the coordinate vector fields fzi

for i = 2,...,n but o Aidf Adf > 0, we must have that a is positive in these
directions. This result also follows from applying [Dem97, Ch. IIT §1 (1.6)], which
we have observed directly here in our case.

Using the subsolution condition for all points p in the smooth locus of D, we
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obtain that the top-degree form

r (Im(e_i‘P(E)Z'(A))> (

D

is positive on the smooth locus of D, and conclude

/ tr (Im(e*i‘p(E)Z’(A)» ’D >0,

where the integral only depends on the smooth locus since this form extends, being
the restriction of a globally-defined smooth form from X. By Lemma 4.3.11 this is
equal to

Im(e % E) Z,(F)) > 0

(7)) >0

Thus F is Z-stable with respect to D in the sense of Definition 4.1.13. O

which occurs if and only if

Remark 4.3.14. In the case where 7 = —deg+irk is the degenerate central
charge which reproduces the Hermite-Einstein equation, the above condition that

tr <Im(e"¢(E)Z’ (A))) restricts to a volume form on any divisor is the simple fact

that
/ W >0
D

for any divisor D C X combined with the fact that rk £/ > 0. In particular translating

to generalised slopes this is equivalent to the fact that
pz(E) < pz(E® Op) = 400,

that is, F is never slope-destabilised by a torsion sheaf with support in codimension
one. Later on Theorem 4.3.17 in this setting will be vacuous (since the further
derivatives of the central charge Z will vanish) which manifests in the fact that the
quotient £ — E ® Op with codim D > 2 has a kernel F' — E which is a coherent

subsheaf of rank rk F' = rk E' and equal slope, and such subsheaves are irrelevant by
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definition of slope stability.

In the case of the deformed Hermitian Yang—Mills equation and J-equation the
relationship between stability with respect to subvarieties and the subsolution con-

dition is well-understood. Let us consider just the example of the J-equation

wAa" = ca”
for a Kéahler metric o with fixed input w. Then the subsolution condition identified
by Song—Weinkove [SWO08] is given by

nca” ' —(n—1wAa"?>0 (Eq. 4.10)

in the sense of (n — 1,n — 1)-forms. Writing the eigenvalues of « relative to w as

A1, ..., An, the J-equation takes the form

n

1
— =nc
Ai

=1

and the subsolution condition becomes

n

1
)\—<nc, j=1,... k. (Eq. 4.10)

i=li#j "

One may exploit the inherent symmetry of the J-equation with respect to the eigen-

values \; to deduce from the subsolution condition (Eq. 4.10) the bound

1 nc
<

for all i« = 1,...,n. In particular as was noted by Lejmi-Székelyhidi [LS15], this
quickly implies the stability condition

/cozp—pap_l/\w>0
v
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for all p-dimensional subvarieties V C X%
A similar analysis can be done for the dHYM equation which has the symmetric

expression
n

Z arctan();) = 0,

i=1
provided one works near the hypercritical phase range.

To summarise, the inherent symmetry of the J-equation and dHYM equation
allow one to pass from a subsolution condition just on an (n — 1,n — 1)-form such
as in Definition 4.3.6 to stability criterion like Theorem 4.3.13 for all higher codi-
mension analytic subvarieties. In general we therefore expect the following notion of

subsolution to be necessary and stronger than Definition 4.3.6.

Definition 4.3.15 (Strong subsolution). A Hermitian metric h on £ — (X,w) is a

strong subsolution for the Z-critical equation if
Im(e #E) 2P (1)) > 0

in the sense of End E-valued (n — p,n — p)-forms for all p = 1,...,n. Here Z®(h)
denotes the pth formal matrix derivative of Z(h) with respect to iF'(h)/2x.

Here we say an End E-valued (n — p,n — p)-form T is positive if for all z € X
and all non-zero, linearly independent wy, ..., u, € T§; X, ® End E,, we have

trz’p[T|x/\u’{/\u1/\---/\u;/\up] > 0.

sym

This is a generalisation to bundles of the positivity of (n — p,n — p)-forms in
[Dem97, Ch. IIT §1].

Based on the above discussion, the dHYM equation in higher rank should still
exhibit some of the symmetries of the line bundle setting, albeit with added difficulty

due to the curvature F4 being matrix-valued. Nevertheless let us propose a possibly

8Lejmi-Székelyhidi conjectured the converse, that this stability condition implies the existence of
a subsolution, and a uniform version was proven for any compact Kéhler manifold by Chen [Chel9).
This was strengthened to the full conjecture in the projective case by Datar—Pingali [DP21] and in
general by Song [Son20].
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very strong conjecture, which we do not expect to hold in the pointwise sense except

in the case where Z exhibits particular symmetries as described above.

Conjecture 4.3.16. A subsolution h of the higher rank deformed Hermitian Yang—

Mills equation is a strong subsolution.

We note that similarly to the case of the dHYM equation, we may only expect
the above conjecture to hold in some “critical phase range” (what exactly is meant
by the phase for the higher rank Z-critical equation is not clear).

In any case, after assuming the strong subsolution condition, we can produce an

analogue of Theorem 4.3.13 for any codimensional subvariety.

Theorem 4.3.17. Suppose E — (X,w) admits a strong subsolution to the Z-critical
equation. Then E 1is Z-stable with respect to all irreducible analytic subvarieties

VCX.

Proof. The proof is a straightforward adaptation of Theorem 4.3.13 and Lemma 4.3.11
to the case of higher derivatives. Namely the exact same argument as in Lemma 4.3.11

applied to successive derivatives of Z (A) implies

2y (E) = /V o Z0(4)]

where codim V' = p. Now supppose A is a strong subsolution and let fi,...,f, €
Ox(U) be a collection of holomorphic functions on some open subset U C X such
that

Dly={fi=-=f,=0}L

We apply the subsolution condition with vy = dfy ® 1, ... Uy = df ® 15. Then
just as in Theorem 4.3.13 we see that the (n — p,n — p)-form

tr Im(e~B) ZP)(A))
is a positive volume form when restricted to V', and so

/ Im(e~ B 2P (A)) > 0.
1%
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But by the analogue of Lemma 4.3.11 explained above, this is equivalent to
Im(e % E) Z,,(E)) > 0

which is equivalent to

i (5im) !

so E is Z-stable with respect to V. O

~—

Remark 4.3.18. As observed in the work of Jacob—Sheu [JS20] and in [Che21,
Rmk. 1.10], when working far from the large volume limit and under “lower phase”

assumptions, the required sign of algebro-geometric invariant

Z
Im ( V(E))
Zx(E)
in Z-stability may change depending on the codimension of V' C X. Thus our defin-

ition Definition 4.3.6 and results Theorems 4.3.13 and 4.3.17 should be viewed as

preliminary. In particular it is likely that the correct definition of strong subsolution

should have a sign which depends on the codimension of the subvarieties being con-
sidered. We note that in all cases one will require non-degeneracy of the resulting
End E-valued (n — p,n — p)-forms, and so any alternative definition will still imply
the ellipticity of the Z-critical equation and the non-degeneracy of the (potentially
negative or indefinite) Kéhler form Qz on A(h).

Again we predict that the correct formalism for identifying these conditions is
that of the derived category. Indeed we note that in the study of polynomial stability
conditions [Bay09] the perverse sheaves identified as hearts of bounded ¢-structures
for a given stability vector p and perversity function p are arranged precisely so that
quotient objects F in the heart corresponding to sheaves supported in codimension
p have central charges Z(F) all lying in the same half-plane. Under a suitable
formulation of the Z-critical equation on such perverse sheaves for example, the
required sign of the algebraic invariants identified by Jacob—Sheu should be identified
by (—1)P@ where p(d) = —|%] is the perversity function for the stability vector p

for Zagyy and codimV =n — d.
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In Figure 4.2 we sketch the conjectured relationships between the the various
notions of solution, subsolution, and stability we have discussed away from the large
volume limit. We suppress any mention of the derived category in the figure, ac-

knowledging that it will be necessary to make sense of the proposed equivalences in

general.
3d7-critical metric h €=======z==szc========3 F /-stable
=== i
! N
;':' h is a strong subsolution & Z-stable for subvarieties
\\Qﬁ . . . .
h is a subsolution £============-==¢ 7 gtable for divisors

Figure 4.2: The conjectural relationships between stability and solutions and subso-
lutions.

For posterity, we single out the most important analytical conjecture related to

subsolutions in Figure 4.2.
Conjecture 4.3.19. A solution to the Z-critical equation is a strong subsolution.

Again we expect this to hold only in some critical phase range for the Z-critical

equation.

4.4 Existence on surfaces

Away from the large volume limit, the analytical difficulties of the dHYM equation
or Z-critical equation are significant. However in the case of a line bundle over
a complex surface the equation admits a transformation to a Monge-Ampere-type
equation and using Yau'’s proof of the Calabi conjecture an existence result can be
proven. In the case of the dHYM equation this is a result due to Jacob—Yau [JY17],

and our proof follows a similar approach.
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Let L — (X,w) be a holomorphic line bundle over a compact Kahler surface and
let us denote a := 5= F(h) for some Hermitian metric h on L. Let Z be a polynomial

central charge for (X,w). The Chern—Weil representative may be written

B B B 2
Z(h) = pow? + prw A (a4 Us) + po <U4+2&/\U2+%).

The Z-critical equation for h is given by

(Re po Im p; — Im po Re py) ([w]2w A (o +Uy) — (deg L + [w].Ug)w2>

2
a
+ (Im pa Re pg — Re po Im po) (U + [a] .Uy + %)wQ
2

~ WP+ a AT+ )
+ (Re po Im p; — Im pg Re p1) ((Uy + [a].Us + %)w A (o + Us)

— (deg L + [w].Us) (Us + a AUy + %2)) =0. (Eq. 4.11)

Let us write (Eq. 4.11) in a different form by collecting powers of a. Write the
equation as
ac® +aAB+~y=0 (Eq. 4.12)

for some f and v and constant c. Explicitly, we have

a = —(Im py Re pg — Re po Impo)@ — (Re pp Im p; — Im py Re py) (degL;— [w]‘UQ).
B = (Re py Im py — Im py Re py) [w]*w — (Im ps Re pg — Re pa Im po ) [w]*U

+ (Re po Im p; — Im py Re py) <(U4 + [a].Us + %)w — (deg L + [w].Ug)Ug) .
v = (Re pa Im py — Im py Re py) ([w]*w A Uy — (deg L + [w].Uy)w?)

+ (Im po Re pg — Re p2 Im po) ((Us + [a].Uz + %)WQ — [w]PUs)

+ (Re po Im p; — Im pg Re p1) ((Uy + [a].Us + %)w AUy — (deg L + [w].Us)Uy).
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From now on we will make the assumption that a # 0. In the case of the dHYM
equation where py =i,p; = 1,p9 = —i and Uy = 0, a # 0 except in the case where
deg L = 0, in which case the trivial metric is a dHYM metric.

Given a polynomial

p(z) = ax® +bx +c

with a # 0 we may rewrite it as

p(z) = 2 (%p’(x))2 te-— %b?.

Applying this completion of the square to (Eq. 4.12), we can rewrite the Z-critical

equation on a surface as the Monge—Ampere-type equation
1\* 1,
ao + 55 = Zﬁ — any. (Eq. 4.13)

Definition 4.4.1. We say (L,w, U) satisfies the volume hypothesis if a # 0 and

L o

- —ay >0

B~
as a volume form on X.

The importance of the volume hypothesis is contained in the following theorem.

Theorem 4.4.2. Suppose L — X is a holomorphic line bundle and Z is a polynomial
central charge for which (L,w, U) satisfies the volume hypothesis. Then the following

are equivalent.

(1) L admits a Z-critical metric,

(11) L admits a subsolution to the Z-critical equation,
(111) L is Z-stable with respect to analytic curves C C X.

Proof. First let us rephrase the subsolution condition. If L admits a subsolution to
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the Z-critical equation, the subsolution condition asks that
2ac0+ >0

in the sense of (n — 1,n — 1)-forms. For two-forms on a surface this is simply asking
that ac + %6 is a Kahler form.
Now suppose L admits a Z-critical metric with curvature « solving (Eq. 4.13).

Defining X = aa + % B we have the equation

(i)

where the right side is a positive volume form on X by the volume hypothesis. Since
X is a complex surface, this implies X or —X is Kéahler, and hence that L admits a
subsolution.” So (i) implies (ii).

On the other hand suppose X is Kéahler for some Hermitian metric h on L, that
is L admits a subsolution. Then by the volume hypothesis, comparing volume forms
on X we may write

1

for some function F': X — R. Then (Eq. 4.13) may be rewritten
(X 4 100¢)? = X2

By Yau’s solution to the Calabi conjecture [Yau78], this equation admits a solution
whenever e integrates to the appropriate constant (which follows in this case from
the Z-critical equation always holding on the level of cohomology). Thus (ii) implies
(1).

Theorem 4.3.13 shows (ii) implies (iii). In order to deduce that Z-stability

with respect to analytic curves implies the subsolution condition, we must apply

9The case that —X is Kahler should be excluded by the assumption that the polynomial central
charge always lands in the upper half-plane, but as remarked on in Remark 4.3.18, for certain
choices of central charge the subsolution condition should appropriately reverse sign to account for
this discrepancy. In this case one simply applies the Demailly-Paun theorem to —X to conclude
the theorem holds.
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Demailly-Paun’s theorem [DP04], the generalisation of the Nakai-Moishezon cri-
terion to Kahler classes. In this setting of a surface, the theorem states that that a
class [X] on X is Kéhler if and only if

[ x>0
c

for all analytic curves C' C X. Now if we assume Z-stability with respect to analytic

curves, then we have
/ Im(e B Z'(h)) > 0
C
for every analytic curve C' C X, so Demailly-Paun’s theorem asserts that

[tm(e=**® Z'(n))] = [X]

is a Kahler class on X. O

Remark 4.4.3. In the case of the dHYM equation on a line bundle L, the volume

hypothesis is automatically satisfied, where it is equivalent to the condition that
(14 (cot(p(L)))*)w? > 0

which is automatic if w is a Kahler form. In general the volume hypothesis is a
positivity condition on the data of the central charge Z. For example, consider the
case Zrq on X a Calabi—Yau surface with trivial B-field. Then we have py = i, p; =

1, pp = —t and
X
U=/Td(X)=1+ %.

The condition a # 0 is equivalent to
deg L # 0.

The condition )
152 —ay >0
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is equivalent to the cumbersome looking requirement that

4

1 (([w]2 _ c2(X) cl(L)Q)2 . (degL)2> s (deg L)? &(X) .

24+ 2 2 2 24

as a (2,2)-form on X. Indeed for fixed L we can always scale w large enough that this
form will be positive.!’ Then Theorem 4.4.2 provides new examples of Zpg-critical

metrics on line bundles in this case.

4.5 Moment map

In this section we will exhibit the Z-critical equation as a moment map on the space

A(h) of integrable unitary connections on a holomorphic vector bundle £ — (X, w).

Recall that the tangent space to A(h) at a connection A consists of skew-Hermitian
endomorphisms a € Q'(Endgy(E, h)) such that (94 + a®')? = 0. Let Z be a poly-
nomial central charge with representative data w and U. Define a two-form on A(h)

by the expression

Qe = |

tr [a, b, Im (e~ Z'(A)) (Eq. 4.14)
X

sym

for A € A(h), a,b € T4A(h). By the definition of the graded symmetrisation, this is

a skew bilinear form.

Associated to €1z is a Hermitian pairing. Recall that there is a complex structure
J on A(h) defined by

J(a) = —ia"? 4 ia®*

for a € Ty A(h) = QY (Endsy(E, h)). The two-form Q is compatible with J in the
sense that J*Q; = Q4 (which can be verified using the fact that Im(e () Z’(A)) is

0However it is not necessary to go all the way to the large volume limit, since the size required of
[w] is bounded in terms of the topology of L and X. It would be interesting to have an interpretation
of this condition in terms of chambers of the stability manifold of the surface X.
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type (n — 1,n — 1)). Therefore we can define a Hermitian pairing
{(a,b) 4 = Qz(a, J(b)) +1iQz(a,b).

Explicitly one may compute

(a,by 4 = z/ tr [Im(e’i“"(E)Z’(A)), a'?, bo’l]
b

sym

Proposition 4.5.1. If A is a subsolution of the Z-critical equation, then the two-

form Qz is non-degenerate at A.

Proof. The subsolution condition at A gives
itr [Im(e‘i“"(E)Z'(A),u*, u} >0
sym
at every point p € X. Integrating this gives the positivity condition

1/ tr [Im(e‘i“"(E)Z/(A),u*,u] >0

X sym

for any non-zero u € Q% (End E). Setting u = a®! where a € Tx.A(h) we obtain
<Cl, a>A >0

for any a € T4 A(h), and equality occurs if and only if @ = 0. Therefore (—, —) 4 is a
positive-definite Hermitian inner product on T4 A(h), and consequently its imaginary

part 27 is a non-degenerate two-form. m

Let us denote A(h)? C A(h) the locus of subsolutions to the Z-critical equation,
which is open since the subsolution condition is an open condition. Then Proposi-
tion 4.5.1 asserts that A(h)? is an infinite-dimensional Hermitian manifold. Notice
that this locus is invariant under the action of the complex gauge group G© (as can
be easily checked from the definition of subsolution, using the presense of the trace).
We will now show that Qz is in fact a G(h)-invariant closed form on A(h)%, and

therefore A(h)% is an infinite-dimensional Kihler manifold. In fact in the follow-
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ing it is not necessary to restrict to the locus of subsolutions, and €2 is closed and

G(h)-invariant on all of A(h).

Proposition 4.5.2. The two-form Qy is closed and G(h)-invariant on A(h). Con-
sequently it is a Kdhler form on A(h)Z.

Proof. The G(h)-invariance of Q2 is clear from the presence of the trace in (Eq. 4.14).
Indeed if g € G(h) then

9" Qz(A)(a,b) = Qz(g - A)(Ad(g)a, Ad(g)b)
and using the fact that for a unitary gauge transformation we have
Fg-A = gFAgil

and
Ad(g)a = gag™

then

s A)(at) = [

trg [Im(e‘i‘p(E)Z’(A), a,b| gt =Qz(A)(a,b).
X S

ym

We will verify the closedness of €27 in the space of all unitary connections for h.
In particular we will consider vector fields a,b,c € I'(T\A(h)) constant with respect
to A € A(h). Therefore the Lie brackets vanish:

[a,b] = [a,c] = [b,c] = 0.
To show the closedness of {17 we will show
(dQ2z)(A)(a,b,c) = 0.
Since the Lie brackets vanish, we must verify

(d2z)(A)(a, b, c) = d(Q2z(A)(b, ¢))(a) — d(Qz(A)(a, ¢))(b) + d(Q2z(A)(a,b))(c) = 0.



128 CHAPTER 4. Z-CRITICAL CONNECTIONS

In order to differentiate F4 in the direction of a, we take the constant path A + ta.

Then the curvature transforms as
Fasta = Fa+tda(a) +t*ana

and so the curvature linearises as da(a). In particular an arbitrary term in, for
example, d(2z(A)(b,c))(a) is of the form

B . j72 .
/ tr [w”_j_k A Ui A (iFA> A da(a) AbA c]
X 2m 2m

Summing this expression over all cyclic permutations of {a, b, ¢} with sign according

sym

to the graded symmetrisation we obtain

d(27)(A) (. b, ¢) = 2L / trd [Im(e=# ) Z0)(4), a,b,

™ sym

where Z®)(A) is the second formal derivative of Z(A) with respect to iF/2n. Here
we have used the Bianchi identity d4F4 = 0 and the closedness of w and U.

Now since trdy = dtr, Stokes’ theorem implies
d(Q2)(A) (a,b,¢) = 0

so € is closed. ]

Remark 4.5.3. Proposition 4.5.2 clearly demonstrates the necessity of the graded
symmetrisation introduced when studying subsolutions in Definition 4.3.1. The ne-
cessity of this symmetrisation is apparent in Leung’s work on the moment map for the
almost Hermite—Einstein equation described in Section 2.2.2.3. In fact in that case
one can also prove the closedness of the corresponding symplectic form by exploit-
ing that it is the curvature of a connection on a universal determinant line bundle
over A(h), and the symmetrisation manifests in the formula for the curvature of the

universal connection.

We will now show that the Z-critical equation is a moment map for the action
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of 4(h) on A(h)? with respect to the Kihler form Q. It is customary to formally
identify the dual space of Lie ¥ (h) = Endgy(F, h) with Q™" (Endsy (E, h)) using the

non-degenerate pairing

@) = [ trou. (Fq. 4.15)

Theorem 4.5.4. The map

Dy : A(h)? — Q™"(Endgy(E, h))
A 21 Im(e # B Z(A))

is a moment map for the G(h)-action on (A(h)Z,Qy).

Proof. The proof is a reasonably straight-forward adapation of the Collins—Yau mo-
ment map for the dHYM equation on a line bundle [CY21, §2] and Leung’s proof
that the almost HE equation is a moment map [Leu98, §3]. Let ¢ € Lie¥(h) be a
skew-Hermitian endomorphism of £. Then by the infinitesimal action obtained by
differentiating the action of G(h) on A(h) (see (Eq. 2.3)) the induced vector field is
given by da¢. We wish to verify the moment map identity

d(Dz, ¢)(A)(b) = —Qz(A)(da¢, b)

for any b € T4 A(h). On the right-hand side we compute

0(d0h) = |

__ / tr [Im(e 49 2 (4))6 A d.)

tr [Im(e—ME)Z'(A)) Adad A b]

sym

sym

using integration by parts. Explicitly we have

0= /thr [Im(e‘i“"(E)Z’(A) A ¢b}

sym

_ / trds [Im(e_w(E)Z’(A)/\qbb]
X

sym

_ /X tr [da (Tm(e=#®)2/(4)) /\gbbLym+ /X tr | (Tm(e ™5 2/(4) ) A da(6b)|

sym
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- / tr [Im(e—ME)Z’(A)) A dad A b] + / tr [Im(e‘“"(E)Z’(A))gzﬁ A dab
X sym X sym
where we have used in the first step Stokes’ theorem, in the second step that trdy =
dtr, in the third step the product rule for d4 combined with the Bianchi identity
dsF4 = 0 and closedness of w and U for each term appearing in Im(e~#(F) Z'(A)),

and in the final step the product rule d(¢b) = da(¢) Ab+ ¢ A da(b).

Now recall that if F4 is a curvature form then in the direction of a tangent vector
b, the curvature transforms as Fla 4 = Fa+1tda(b) + t2b Ab. In particular computing
the exterior derivative on the left-hand side similarly to in Proposition 4.5.2 we have,

using our non-degenerate pairing (Eq. 4.15),

d(Dy. 6)(A)(b) = —2ri L

/ tr Im(e B Z(A + tb))
t=0J X

= —2m'/ tr {Im(e_w(E)Z’(A)) A LdAb] o)
¥ 2

sym

_ / tr [lm(e 7 2/ (A)) A dabo ]

sym

Thus we have
d(Dz,9)(A)() = —Qz(dad,b)

as desired. The G(h)-equivariance of Dy is straightforward and similar to the com-

putation of G(h)-invariance of Q7 in Proposition 4.5.2. O

Remark 4.5.5. Note that the subsolution condition was not used in the proof of
Theorem 4.5.4. In particular the moment map condition is still formally satisfied
on all of A(h) for the possibly degenerate form 2. That is, the form Q; — Dy is
G(h)-equivariantly closed on A(h).

Remark 4.5.6. This moment map formalism is new even in the case of dHYM on a
line bundle with non-zero B-field. The moment map formalism of Collins—Yau only
considered the case of dHYM for o = iF (h), although the calculations there could

have been extended in a straightforward way to include the case of non-zero B-field.

Remark 4.5.7. A moment map criterion of this form for gauge-theoretic equations
f(F4) = 0 on vector bundles was predicted by Thomas [HKK 03, Eq. 38.11].
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4.5.1 Variational functional

As we observed in Chapter 2 associated to a moment map formalism is a Kempf-
Ness-type functional M, which is formally defined by its first variation. Let us
deduce the Kempf—Ness functional for the Z-critical equation as a moment map.
We work now in a fixed complex gauge orbit inside A(h), and take the view of
fixing the holomorphic structure on £ — (X,w) and varying the Hermitian metric
h. First we define a functional M(h,h’) of a pair of Hermitian metrics. To do so

take the Z-critical operator Dyz(h) and replace any form
; k
YA (—F (h))
2m

YA Riya(hy 1)

with

where Ry (h,h') € QF1+71 is the kth Bott-Chern form (see for example [Don85,
§1.2] or [Kob87, §6.3]). We interpret terms of the form v ® 1g as v A (%F(h))o.
Recall that the Bott-Chern forms are characterised by the following properties:

(i) Ri(h,h) =0 and Ry(h,h') + Ri(R',h") = Ri(h,h"),

(i) & Relhe ') = [y Oyl (%F(ht))k_l]sym’
- (EFm)"

Write M z(h, 1) for the resulting expression, and define a functional

(iii) i00Rk(h, ') = (= F(h))

27

Mz(h, 1) ::/ tr My (R, 1').

X
Theorem 4.5.8. Fiz a reference metric h. Then h is a critical point of My(h, h)
if and only if it 1s Z-critical.

Proof. Let h; be a family of Hermitian metrics on F with hg = h and compute the

first variation

di./\/l(ht, ;L) = / tr (ht_latht @) Dz(ht)) .
t X
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Near ¢ = 0 we may consider a path h; = exp(tV) - h in which case h; '0;h, = V.
Using the non-degeneracy of the trace pairing we see the first variation vanishes for
all such V' if and only if Dz(h) = 0. O

Theorem 4.5.9. The functional My is convex along geodesics on the locus Herm(E)? C

Herm(E) of subsolutions to the Z-critical equation.

Proof. The condition for a path h; of metrics in A(h) to be geodesic is that 9, (h; *0;h;) =
0 (see [Kob87, Eq. 6.1.11]). Note in particular this is satisfied for h; = exp(tV) - h
and in fact all geodesics are locally of this form. We need to compute the second
variation P )

ﬁj\/l(ht, h).

From the expression in Theorem 4.5.8 and the geodesic condition applied to h; =

exp(tV') - h we obtain

d2
dt?

M(hy, h) = / trV [Im(eME)Z'(h))AiEahv]
¥ 2m

t=0 sym

= / tr {Im(e‘igD(E)Z'(h)) A L(E&V}V}
X 2m

sym

Here we have used the linearisation of the curvature under a change of metric iden-

tified in Lemma 2.2.22, which naturally produces the subsolution expression as dis-

cussed in Section 4.3. Integrating by parts we obtain

d2
at?

M(he, ) = /X fr {Im(e‘“"(E)Z’(h))/\%(&V)/\EV}

t=0 sym

_ 1 tr [Im(e_w(E)Z'(h)) Ni(OR V)" A EV]
2 X

sym

>0

where we have set u = OV and used the fact that (9,V)* = OV since V is Hermitian,
and finally the assumption that h € Herm(FE)Z is a subsolution to obtain strict

positivity.!! O

"Note that this expression is just 5= times the norm [|8,V[|% for the Hermitian pairing (—, —)z
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Previously a functional of a similar form has appeared for the dHYM equation and
was introduced by Collins—Yau [CY21]. They refer to the complezified Calabi-Yau
functional CY¢ defined by the first variation

ICY (i) () = /X blw + ila + i09p))"

where a is some closed real (1,1)-form and ¢, are smooth functions on (X,w).
Indeed we remark that the property (iii) for the Bott—Chern classes for a pair of
Hermitian metrics h, A’ on a line bundle L — X shows that, for example, Ry(h,h’') =
¢ where F(h') = F(h) — 2n88¢. Indeed replacing o = F(h) for some reference
metric h we see that Mz recovers CY¢ in the case where Z = Zggyn is the dHYM
central charge on a line bundle.

Another variational framework was proposed earlier by Jacob—Yau [JY17] (see
also [CY21, §2] for further discussion) where it is observed that dHYM metrics are

absolute minimisers of the functional
Vi) = [ Zaw(a)]
X

That is, dHYM metrics define forms Z(«) with constant phase angle, and which
minimise the corresponding radial norm. The functional V' is the “Yang-Mills func-
tional” in comparison to Mz being the “Donaldson functional” of the problem.

In general one might define a “Z-Yang—Mills” functional as follows.

Definition 4.5.10. Let Z be a polynomial central charge and fix representative data
w,U. Let A be a Chern connection and write Z (A) = ¢ ‘jL—T for an endomorphism
¢ € I'(End E). Define the Z-Yang—Mills functional by

ZYM(A) = /X AP

where we use the trace pairing (¢, £) = tr(¢£*) on endomorphisms.

defined in Section 4.5, which is non-degenerate on the locus of subsolutions.
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Theorem 4.5.11. A Chern connection A in A(h) is a minimum of the Z YM func-

tional if and only if it is Z-critical and
Re(e B Z(A)) = Mg @ w" (Eq. 4.16)

for some constant A € R. On the locus of Z-almost calibrated connections A > 0.

Proof. First note that we have

ZYM(A /|g |2 /\ew n|

Now decompose e ?F)( = Re(e ™ F)() + i Im(e~*£)() and consider the inequality

0< / P _ Re(eet0)) 2
X

n!’

Then on the right hand side we have
ZYM(A) 4 || Re(e B0 ||2 — (e ¥ BV, Re(e ¥ E)()) — (Re(e W E) (), e E))

and expanding the inner products and using the sesquilinear property this reduces

to
ZYM(A) — || Re(e~ ")) ||?

so we obtain the inequality
I Re(e#P)Q)|1? < Z YM(A)

with equality if and only if A satisfies Im(e=**#)¢) = 0, that is if A is Z-critical.
Now using the fact that Re(e (¥)¢) is Hermitian with respect to h, and applying

Cauchy—Schwarz we obtain

n |2

[ trReleH PO L < [(Re(e P10, 1) < rk(E) ol (X)) Refe IO
X

n!
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Thus we get the topological bound

Re(e %P Z(E))?
rk(E) vol(X)

< ZYM(A)

with equality if and only if A is Z-critical and Re(e~*¥)() is a constant multiple of
1.2 O

Remark 4.5.12. The above theorem suggests that the definition of a Z-critical con-
nection may be modified to include the stronger Einstein-type condition on the real
part of e () Z(A). Note that in the case of line bundles this second equation is
automatically implied by the dHYM equation due to the rank being one, so for ex-
ample does not appear in Jacob—Yau’s analysis of the minima of the Z YM functional
for the dHYM equation [JY17].

It may be interesting to determine if a more careful perturbation argument for
the existence of solutions proved in the large volume limit in Chapter 5 could find
a solution satisfying this stronger system of equations. One expects this to involve
a more careful understanding of the errors introduced when solving the Z-critical
equation and how they change the expression Re(e #(¥) Z(A)). For example note
that to leading order in k this is a constant multiple of 1z, and to subleading order
is a constant multiple of the Hermite—Einstein equation, so an approximate solution
to the Z-critical equation is also an approximate solution to (Eq. 4.16) to second
order. If such an approximate solution can be improved (or is manifestly a higher
order approximate solution due to the structure of the Z-critical equation) then a

similar perturbation argument may solve the stronger system of equations.

Remark 4.5.13. Notice that in the proof of the moment map criterion in The-

orem 4.5.4, one could have equally considered the “complex moment map”

i A e B Z(A)

12Tt might be interesting to the reader to think about this inequality in the case where Z(E) =
—deg E+irk E, in which case the Z YM functional is essentially 1+ YM(A) and the bound on the

left-hand side is essentially 1 + dfff 52. Thus we recover the traditional lower bound on the Yang-
Mills functional [Kob87, Thm. 4.3.9] which is attained if and only if a connection is Hermitian

Yang-Mills.
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which formally satisfies the moment criterion with respect to the alternating form

(a,b) — / tr [a, b, e B Z(A)
X sym
This represents the “complexified Kahler geometry” upgrade of the Yang—Mills func-

tional and Atiyah—Bott symplectic structure of Section 2.2, and in particular we note
ZYM = |

and we have essentially “taken the imaginary part” of this complex moment map
in Theorem 4.5.4. It would be interesting to understand if the complexified Kéhler
geometry point of view for the Yang—Mills functional can be pushed further to obtain

analogues of the many interesting facts about YM in the complexified setting.

4.6 Future directions

In this section we will discuss some future directions of research in the study of

Z-critical metrics.

4.6.1 Modification due to Freed—Kapustin—Witten anomaly

In this section we will discuss a counterexample to Conjecture 1.2 as it relates to the
dHYM equation and Bridgeland stability, identified by Collins—Shi [CS19]. We will
investigate how a modification to the stability condition which has been suggested

in the physics literature appears to resolve this counterexample.

Recall that the existence of solutions to the Z-critical equation away from the
large volume limit is obstructed both by subbundles and subvarieties. The way this is
predicted to manifest in Bridgeland stability is due to destabilising quotient objects
of the form

EF— FE® Oy
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where V' C X is a proper subvariety of X, or more generally quotients
E— F

where F'is a torsion coherent sheaf.

Correspondingly, recall Conjecture 3.3.2 and its resolution in the supercritical
phase Theorem 3.3.4 provide an algebro-geometric stability condition from subvari-
eties which is equivalent to the existence of a dHYM metric on a line bundle. How-
ever, Collins—Shi have produced an explicit counterexample to Conjecture 1.2 on
Bl, CP?, a line bundle L which is Bridgeland stable with respect to the dHYM sta-
bility condition described in Example 4.1.20, but does not admit a solution to the
dHYM equation [CS19]. In particular, the line bundle L fails to satisfy the algebro-
geometric stability condition equivalent to the dHYM equation, which depends on
the invariant Zo(L), but is Bridgeland stable, and in particular satisfies stability
with respect to quotients L — L ® O¢ for analytic curves C' C Bl, CP?.

The key point of this discrepancy is that the algebraic invariants
Zy(L) := —/ e ™ Ch(L) and Zx(L ® Oy) := —/ e ™ Ch(L ® Oy)
v X

do not agree. Indeed the difference can be easily computed from the Riemann—Roch

theorem as follows.

Lemma 4.6.1. Let v : C' C X be a smooth curve in a surface X. Then

Ch(1.00) =1 (1 aEe® KX|Z*)) ‘

2

Proof. We note that by the Grothendieck—Riemann—Roch formula, which applies
even to non-projective compact complex manifolds by [AH62], for the embedding ¢

we have

Ch(1,.Oc) = 1. (Td(N¢) " Ch(O¢))

where N¢ is the normal bundle to C'. Recalling the short exact sequence

0= N&—=1"Qx - Ko —0
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and taking determinants we have

Kx |C =N, é‘ ® Kc
so No = Ko ® Kx|5. Computing the inverse of the Todd class

K K
Td(NC)—I — 1 o 61(2 C) + Cl( 2X|C)

By the lemma, we note that

Zx(L®Og) = — / e Ch(L® K,'? @ Kx|?)
c
and thus we see the discrepancy between the algebraic invariants arising from Bridge-
land stability and the dHYM equation come from the class —3(c1(K¢) — a1 (Kx|q)).
It has been suggested in the physics literature (see [MM97, KS02, CKS03], [Asp05,
§5.4], and [ABCT09, §5.1.4, §5.3.3.4]) that taking into account the Freed—Kapustin—
Witten anomaly (see for example [FW99, Kap00] and the discussion there) and
a detailed understanding of the Ext groups defining morphisms of intersecting D-
branes, the coherent sheaf on X corresponding to a D-brane on a submanifold ¢ :
Y < X with Chan—Paton bundle E — Y should not be ¢, E, but v,(E @ K\/?).
Note that in general the square root of the canonical bundle of an arbitrary
Y C X may not exist. Indeed recall the following fundamental theorem from spin

geometry.

Theorem 4.6.2 (For example [Hit74]). A compact Kdhler manifold X is spin if and

only if the canonical bundle Kx admits a holomorphic square root.

Whilst not every complex submanifold is spin, they are all Spin®, and the holo-
morphic square root K;,/ ? exists as a gerbe. In this case, the Freed—Witten anomaly
in the presence of a topologically trivial B-field asserts exactly that if £ is a D-brane

on X which is locally free supported on a submanifold Y, and Y is only Spin®, then
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there exists a twisted bundle E’ (twisted by a gerbe) precisely so that
VE=FE @K,

where (*& is a regular vector bundle.

This suggests that the correct formalism for studying the dHYM equation or Z-
critical equation in order to get a direct correspondence with Bridgeland stability as
predicted in Conjecture 1.2 is not connections on vector bundles, but connections
twisted by Spin® structures, or twisted Dirac operators. The key property these
objects must have is that restriction to a submanifold requires a twisting which pre-
cisely introduces a factor of Td(NN)~! so that the natural algebro-geometric invariants
arising out of the subsolution conditions such as Definition 4.3.6 agree with those
from Bridgeland stability.

Let us consider the case of a locally free sheaf £ on a manifold (X,w). Then
associated to &£ is the gauge “bundle” £ =& ® K)_(l/ ?. Suppose we wish to consider
an obstruction from a quotient & — £ ® Oy for some submanifold ¢ : V < X. Then
the appropriate gauge “bundle” corresponding to £ @ Oy is B/ = £ ® K;l/ 2,

Thus upon restriction of twisted bundles (*E' = E' @ det N, Y2 We propose that
this twisting operation is the first approximation to the correct differential-geometric
operation which captures stability with respect to quotients £ — E ® Oy . In order

to justify this proposal, consider the following straightforward observation.

Proposition 4.6.3. Let C' be a smooth curve on a Calabi-Yau surface X and E — X

a vector bundle. Then

Zc(E® Kgl/z) =Z(E ® O¢).

Proof. First let us note that Ch(Kgl/Q) =1- @ By the preceeding calculation
in Lemma 4.6.1 for the Todd class this gives

Ch(K.'?) = Td(Ng) ™.
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This implies

(E X OC e W Ch E® Oc)

b

/ e ™ Ch(F) Td(N¢g) ™

Q

/ e ™ Ch(E ® K.'?)

Q

= Zo(E @ K.,

]

By a similar computation as above but for Calabi—Yau threefolds, one obtains

the following:

Proposition 4.6.4. Let X be a Calabi—Yau threefold, and C C X a smooth curve.
Then
Zo(E® K.\ = Z(E © O¢)

for any vector bundle E — X.

Proof. This follows from the same calculation as a curve in a Calabi—Yau surface,
but now the normal bundle N¢ is rank two. However only the first Chern class of

the determinant det No enters due to dimensional reasons, and the same formula

Ch(K_"?) = Td(Ng)~! holds. O

However, in dimension three we observe a failure of the anomaly condition to
produce this matching for divisors. This suggests in general a more sophisticated
understanding of the restriction of these twisted connections is necessary to accur-

ately capture the stability condition.

Proposition 4.6.5. Let X be a Calabi—Yau threefold, and D C X a divisor. Then
1
Ch(t, K%)= (1 + 5 e1(Ks) ) .

In particular

Zp(E) + Z(E ® K}{?)
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i general for vector bundles E — X.

Proof. The key point is to observe that
Ch(t.K}?) = t.(Td(Np) ™ Ch(K?))

and one may compute

Cl(KS) Cl(Ks)Z

Td(Np) t=1-—

(Np) 5 T ¢

whilst we have " oy
on(icy?) = 14 A | atts)

Thus we see

L (TA(Np) ' Ch(K ™) = 1. <1 + (% + é - }l) cl(Kg)2> .

4.6.2 Categorical Kahler geometry

An upcoming proposal'® of Haiden—Katzarkov—Kontsevich-Pandit (mentioned for
example in [HKKP20]) suggests that Bridgeland stability conditions may be defined
on the derived category through an analogue of geometric invariant theory in the
derived setting. In particular the proposal, dubbed “categorical Kahler geometry”,

hopes to make sense of the following:

e A categorical notion of “ample line bundle” on D’ Coh(X). This should be

essentially equivalent to the notion of a Bridgeland stability condition.
e A categorical notion of “Kéhler metric” on D’ Coh(X).

e Bridgeland stability of an object £ with respect to some condition (Z,.A) cor-
responds to a categorical GIT stability with respect to the ample line bundle.

13The author thanks Pranav Pandit for explaining many of the aspects of this proposal to them.
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e There exists a flow for the categorical Kihler metric on any object £ € D° Coh(X)

which converges to a metric on the Harder—Narasimhan filtration of £.

In particular the proposal of HKKP relies on a notion of a space Met (&) of metrics
for each object £ € D”Coh(X), and eventually on an analogue of the Donaldson—
Uhlenbeck—Yau theorem which would allow a geometric flow to choose out the al-
gebraically stable components of the Harder—Narasimhan filtration of £.

This ambitious proposal was studied in an elementary form in [HKKP20] where
the way that canonical Jordan-Holder filtrations of semistable objects arise from
geometric flows was studied. In particular they consider the the case of the Hermitian
Yang-Mills flow on a compact Riemann surface, and flows for Hermitian metrics on
quiver representations, and show how the asymptotic convergence rates of the flow
cause the filtration to manifest.

Under any reasonable upcoming interpretation of HKKPs proposal, we note:

e The categorical Kihler metric on D° Coh(X) depending on a stability condition
(Z, A) should be approximated by the Kéhler forms €2z on the spaces of integ-

rable unitary connections 4(h) on vector bundles considered in Section 4.5.

e The categorical line bundle can be given a literal interpretation as a kind of
Quillen determinant line bundle £ — A(h) for Qy such that Qz € ¢;(£). Such
a line bundle will generally only be a Q or R-line bundle over A(h) depending
on the stability condition (Z,.A).

A first verification of the proposals of HKKP in this setting would be to repeat the

analysis of canonical Jordan—Holder filtrations for asymptotic Z-stability.

4.6.3 Metrics on complexes and a variational proposal

In order to develop a theory of Z-critical metrics for objects in the derived category,
it is necessary to identify a well-behaved notion of Hermitian metric on an object
& € D" Coh(X). A preliminary notion of such a metric has been identified by Burgos
Gil-Freixas i Montplet-Litcanu [BGFiML12]."

4The author thanks Mario Garcia-Fernandez for directing their attention to this work.
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Definition 4.6.6. A Hermitian structure h on £ € D° Coh(X) is given by

e A quasi-isomorphism ¢ : £ --» £ in D’ Coh(X) where E is a complex of vector

bundles, and
e a choice of Hermitian metric h; on E; for each term in the complex F.

Note that when X is a smooth projective variety every object £ € D° Coh(X)
admits a quasi-isomorphism to a complex of locally free sheaves, so for such X objects
will have many Hermitian structures.

In [BGFiMLI12] the notion of a Hermitian structure is upgraded to give a re-
finement D® Coh(X) of the derived category consisting of complexes with Hermitian
structures, with a well-behaved forgetful functor § : D¥ Coh(X) — D Coh(X). It is
necessary to make precise the notion of equivalence of such structures. Essentially,
one considers two Hermitian structures on an object £ to be equivalent if they differ
by meager complex, which is to first approximation an orthogonally split complex of
Hermitian vector bundles.

One can then identify a “space” of Hermitian structures on an object &£.

Definition 4.6.7. Define
Met(€) :=F H(€) € D Coh(X)
to be the collection of all Hermitian structures on an object £.

This space is a torsor over a group KA(X) of complexes of Hermitian vector
bundles up to meager complexes. It should be formally thought of as an analogue of
the set G€/G(h) parametrising Hermitian metrics on a vector bundle E.

One motivation for [BGFiML12] was to define a notion of Bott—Chern class which
makes sense for complexes of vector bundles and for coherent sheaves, for other
applications.

Recall that in Section 4.5.1 we defined a Kempf-Ness-type functional for the Z-
critical equation using the Bott-Chern classes for a Chern connection on a vector

bundle, whose critical points are precisely Z-critical metrics.
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In [BGFiMLI12] the Bott—Chern class of an additive genus ¢ (such as the Chern
character) is defined for a pair h,h’ of Hermitian structures on an object & €
Db Coh(X) as a class

p(h. ) € @D (X,p)
n,p

in Deligne cohomology. Such a class is represented by a Bott—Chern form
p(h, ') e @D (X, p)
n,p

in the Deligne algebra of differential forms.
We propose therefore a variational functional on Met (&) using the above formal-

ism for which “critical points” should be Z-critical metrics on an object £.

Definition 4.6.8. Let (Z, A) be a Bridgeland stability condition on D’ Coh(X) for
a projective manifold X, such that Z is given by a polynomial central charge Z of
the form Definition 4.1.3.

Let £ € A and suppose h,h' are two Hermitian structures on €. Define a func-

tional

My (h,h') = / tr My (h, ')

X
where as in Section 4.5.1 we replace terms in the Z-critical equation with the corres-

ponding Bott—Chern class for the kth Chern character of the complex £.

After making sense of such a functional in terms of the Bott—Chern classes for a

complex &, one could define a Z-critical metric on the object £ to be a minimiser of

Mz on Met(E).



Chapter 5

Correspondence in the large

volume limit

In this chapter we prove our main correspondence Theorem 1.3, that existence of
Z-critical metrics in the large volume limit is equivalent to asymptotic Z-stability.
The results of this chapter are joint work with Ruadhai Dervan and Lars Martin
Sektnan [DMS21], and have been reproduced here with an emphasis on the contribu-
tions of the author. In particular in the proof that existence implies stability, we will
restrict to the case where the graded object Gr(E) of the semistable bundle £ — X
has just two components. This is a simplification of the general result proven in
[DMS21], however many of the technical difficulties already occur at this step, and
in particular the importance of asymptotic Z-stability is apparent in this setting (in
fact, its relevance is demonstrated more clearly in this simpler setting than in full
generality). We refer to the joint work for the details of the full proof when Gr(E)
is locally free with arbitrarily many components. We will briefly comment on the

difficulties that manifest in this more general setting at the end of the chapter.

5.1 Existence implies stability

In this section we prove that existence of solutions to the Z-critical metric in the

large volume limit implies asymptotic Z-stability.

145
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Theorem 5.1.1. Let E — (X,w) be a holomorphic vector bundle over a compact
Kahler manifold. If E admits Zy-critical metrics for all k > 0 which are uniformly
bounded in k, then E is asymptotically Z-stable with respect to holomorphic sub-

bundles.

We proceed following the general strategy for existence implying stability in gauge
theory, using the principle that curvature decreases in subbundles.

It will be convenient to rephrase the Z-critical equation in terms of the parameter
¢ = 1/k in the following. Recall that our definition of asymptotic Z-stability asks
that for all holomorphic subbundles S C E, for 0 < ¢ < 1 we have strict inequality

pe(5) < pe(E).

Our restriction to subbundles rather than subsheaves is natural given our hypothesis
that F is sufficiently smooth, and will arise naturally in the analysis to follow.
In our new notation, using e rather than k, our central charge takes a slightly

different form. Namely, define

ch'(E) =Y dchy(E), U'=Y €U
5=0 5=0
where we recall U; refers to the degree 25 component of U. The central charge

associated to the input (w, p,U) may then be written in terms of € as

Z(E)= [ Y poaw" " ch’(E) - U,

X 4=0

and noting that we have

L ZAE) = 7,(B)

The Z-critical equation is simply produced as before, and we see a solution to the

Zy~critical equation is equivalent to a solution to the Z.-critical equation at € = 1/k.

Remark 5.1.2. In Section 5.2 we will make the different substitution €* = 1/k,

which will avoid the introduction of fractional powers in that argument, but is not
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necessary here. To emphasise the differences in parameters, we use the notation

€ = &2

In this section we will take the view of Hermitian metrics on £ — (X, w) rather
than Chern connections. In addition to assuming that the vector bundle £ admits
Z~critical metrics h, for all 0 < € < 1, we make in Theorem 5.1.1 the assumption
that these metrics h, are uniformly bounded as tensors in the C?-norm (with respect
to any fixed Hermitian metric on F). This extra assumption will be justified in
Section 5.2, where we prove the reverse direction that asymptotic Z-stability implies
the existence of Z.-critical connections for all 0 < ¢ < 1. There the metrics h, will be
constructed as perturbations of the Hermite-Einstein metric on the bundle Gr(E),
and hence uniform boundedness in C?, or even in C* holds. The reason we employ

the C%-norm is the following.

Lemma 5.1.3. Suppose h. is a family of Hermitian metrics on a holomorphic vector
bundle E with uniformly bounded C*-norm with respect to a fivred Hermitian structure
hg, and suppose S C E is a holomorphic subbundle. Then the second fundamental

orms 7. and the curvature forms F. are uniformly bounded in C* and C° respectively.
i Y Y

Proof. This is an immediate consequence of the definitions. Recall that locally, the

Chern connection of h,. is given as
Ac = 0Ohe-hh,
while the curvature is given as
F.=dA .+ A N A

Thus the Chern connections A, are uniformly bounded in C! due to the uniform

C%-bound on h,, and the curvature forms F, are uniformly bounded in C°.

The holomorphic subbundle S C F induces a short exact sequence

0 S E Q 0.
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The Hermitian metrics h. define an e-dependent orthogonal splitting of F into a

direct sum of complex vector bundles
E=SaQ,

where () = E/S. Via this orthogonal splitting one writes the connections A, as
A € €
A= (70 ).
Ve AQ,e

Ye € Q%Y X, Hom(Q, S))

Here

is the second fundamental form of the subbundle F' of E with respect to the Hermitian
structure h.. Thus the uniform C?-bound on A, induces a uniform C*'-bound on the

second fundamental forms ~.. O

We are now ready to prove the main result of the Section, which uses some
techniques of Leung in the study of almost Hermite-Einstein metrics and Gieseker
stability [Leu97, Proposition 3.1].

Theorem 5.1.4. Suppose E is irreducible and sufficiently smooth, and for every
0 < ek 1, E admits a solution h, to the Z-critical equation such that the metrics h,
are uniformly bounded in C? with respect to some fixed Hermitian metric hy. Then

E is asymptotically Z-stable with respect to holomorphic subbundles.

Proof. We follow the notation introduced in Lemma 5.1.3. The e-dependent ortho-
gonal splittings £ = S & @ defined through the Hermitian metrics h,. induce block

matrix decompositions

A € € F, e ™ Ve A : d €
A= s,* it ’ F = Se =7 ; Ve Aﬂ* 7
=Y Age —dae FQe— 7N
where as above 7, is the second fundamental form of F' C E and F, is the curvature

of h.. We fix a reference Hermitian metric Ay with which to measure the norms of the

various tensors of interest; by our assumption of uniform boundedness, any of the h,
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suffice, all producing equivalent L?-norms on tensors with values in End E. Since we

have assumed that F is irreducible, the second fundamental form is non-trivial, thus
[7el| > 0.
By the uniform boundedness obtained in Lemma 5.1.3 we have
lim e[| leo = 0, Tim el en = 0. (Eq. 5.1)

In order to show F is asymptotically Z-stable with respect to S, we must show
that

pe(S) < @e(E)

for all 0 < € < 1, where ¢ (F) = arg Z.(E). This is equivalent to the inequality

i (53 <°

which in turn is equivalent to the inequality

Im (e P Z,(9)) < 0.
Now since h, solves the Z.-critical equation, we have
Im(e"#<®) Z (h)) =0

and so
Im (e~ trg(Z.(he))) = 0. (Eq. 5.2)

Here Z.(h.) is an End(E)-valued (n,n)-form, which restricts to an End(S)-valued
(n,n)-form via the splitting £ = S & Q induced by h,, and trg(Z.(h.)) is the induced
(n,n)-form on X obtained by taking trace. Note in particular that trg depends on

€.

We will argue that for sufficiently small €, there is a positive e-dependent constant
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C. such that
/ Im(e” B trg(Z.(h,))) = Im(e B Z(9)) + C||7|1%, (Eq. 5.3)
X

which will imply the result since the left hand side vanishes by (Eq. 5.2). Note that
the leading order term in the Z.-critical equation occurs at order €, so the constant
C. will have lowest order e. We begin by considering the order ¢ = ¢! term. By
Lemma 4.2.6, to leading order the Z.-critical equation is given by the weak Hermite—
Einstein equation. That is, there is a positive constant ¢ > 0 such that the leading

order term of the e-expansion of the Z.-critical equation is given by
c ([w]” rk(E)w" 1 A (QLFAE + [721E> — degy (E)w" ® 1E> :
T
Thus we see the leading order e'-term of Im(e=*<(®) trg(Z.(h.))) is given by

c ([w]”rk(E) : ([w}"_l.(chl(S) + rk(S)Us) — [w]”_l.% tr(ye A 72“))
- degy (B) k(S

= Tm(e 4 7,(8)! — etk )" - [~ [or(ye A7)

= Im(e™ P Z(9)" + Cullve|*.
Here we have used the fact that, for some positive constant C
"V Atr(ye AE) = —2miCy [y W™,

and have written Im(e~%<(®)Z_(S))! to denote the €! term in the expansion. This is
precisely the desired Equation (Eq. 5.3) to leading order ¢, where we observe that,
C. = ¢C; + O(¢?). What we have crucially used here is that ¢ > 0, which from
Lemma 4.2.6 follows from our assumption that Im(p,,_1/p,) > 0, the crucial stability
vector assumption on our central charge Z. Curiously, at higher order in € the lower

order inequalities Im(p;_1/p;) > 0 do not come into the argument, again reinforcing
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the observation that we only require this leading inequality in our work.

We will now argue that at each higher order €/, we obtain a similar expansion.
Each of the terms appearing in the Z-critical equation at order ¢/ involve differential

forms of the form
Cew"™ ANFY A Ui (Eq. 5.4)

for p possibly between 0 and 7 and C' some e-independent constant.

First let us note that if p = 0, then this term is independent of the subbundle
S and is unaffected by our taking the trg in (Eq. 5.2), and so after integrating is
absorbed by Im(e~%<¥) Z_(S))’ on the right-hand side of (Eq. 5.3).

Now if p > 0, we need to understand the block matrix decomposition of a product

of curvature terms

FAE VANEIEIAN FA€
pt?;nes
_ FS,G_’YE/\’Y: dA’Ye A-ve A FS,E_’YEA’Y: dA'Ye
_dA’Y: FQ,E - '7: A Ye p times _dA’V: FQ,E - ’7: A Ve

(Eq. 5.5)

We will be interested in the trg of the terms that appear in the top left block of this

matrix decomposition. This will in general involve a term of the form

Fs. N---N\Fsg,
Se s S,

p times
which after taking trg and wedging with the differential forms as in (Eq. 5.4) and
integrating, gives the required factor for Im(e~*<Z.(S))’ in (Eq. 5.3), which is

/ Cew"™ Atrg Fh AUy,
X

In addition to this desired term, we will also obtain other terms all involving at least

one of

VNV, Ve NV dave, danl, Foe (Eq. 5.6)
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and also some possible factors of Fs.. We wish to show that no matter what product
we obtain containing these terms, the corresponding form can be absorbed by the
factor C.||v|>w™ in (Eq. 5.3) after taking a trace and integrating.

At order ¢ with a differential form of the form (Eq. 5.4), our curvature component
consists of a product of p terms in the list (Eq. 5.6) given above, with p at most j.

Following Leung’s notation, let us call such a product 7,, so our form of interest is
WEANT, AU,

We will show that provided e is sufficiently small, any such form is much smaller in
norm than Cje||v.||? appearing in (Eq. 5.3), and therefore can be absorbed into this

term whilst preserving the positivity of C||y||*. There are three cases to consider.

(i) T, containing v: A ye or e N::

First notice that by the uniform estimates (Eq. 5.1), € times any term in the list
(Eq. 5.6), or a term Fg,, Fg . tends to zero as € — 0. Thus if we have a term of

the form v A 7. or 7. A~ in our product 7,, we have an expression
+W" T NT_ AUjp AYE A

where 7, consists of the remaining p — 1 factors in 7,, and the sign depends

on the order of 7, or 7’ in our wedge term. But we can rewrite this as
FW" T AL NP N ey A e

Then by our initial observation, ep_l’];’_l tends to zero as € — 0, so for € taken

sufficiently small we can estimate (after taking trace and integrating over X),
o™ ATy AUl < ceellyell®

where the constant ¢, depending on our factor €#'7_, is as small as we like

provided we take e sufficiently small. Such a term is therefore small in norm

compared to Cie||[y.||? for € sufficiently small, as desired.
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(i)

(i)

small in norm relative to Cie||v.
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T, containing da ve or da vy} :

If there is no 7 A 7. or 7. A~} term in the product 7,, but there is a term of the
form da,v. or da,y}, then we may integrate by parts when computing (Eq. 5.3).

This shifts d4, on to the other terms appearing in the differential form
WINT AU,

Using the Leibniz rule for the exterior covariant derivative d 4, , we can deal with
each possibility in cases. If d4, is applied to a term of the form Fg or Fy, after
integrating parts, or a form Uj,p or w™ /. then this will vanish by the Bianchi

identity d4, F. = 0 or closedness of w and U.

Thus the only non-vanishing possibilities occur if, after integrating by parts, the
d 4, is applied to a term of the form da4,v. or da.vF. Now we recall that in fact
da.y = 04y and similarly da v* = 04.7*. Thus, for example, if we started with
04,7y and our product 7, contains another term 04 7, after integrating by parts
we would obtain v A 03 v = 0, and similarly for when we have 04.7*. Thus we
reduce just to the case where we have a factor y A 94,04,7" or * A 94,04,y in

our product after integrating by parts.

Using the fact that 04 v, = da.vF = 0, and that Fa, Ay = d%4ve = (04,04, +
04,04, )7e, we will therefore obtain more curvature terms wedge terms involving
¥E A or . A 7. This lands us in the previous situation above, which we have

already dealt with, so we are done in this case.

T, not containing a term with a .:

When there is no 7. term appearing, from the block matrix decomposition we
see that the only non-zero terms which can appear are p-fold products of Fg,
or . The latter terms have vanishing trg and the former terms were already

accounted for, contributing to Im(e~"<Z.(S))’.

This shows that every form with curvature part given by a product 7, is very

| provided we choose € > 0 small enough. Thus
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(Eq. 5.3) holds and since the left hand side is zero, for such small ¢ we have
Im(e~ <) Z.(8)) <0

so F is asymptotically Z-stable with respect to the subbundle S. [

Remark 5.1.5. In Leung’s proof of the above result for Gieseker stability and al-
most Hermite-Einstein metrics (see Section 2.2.2.3) where they show that the ex-
istence of almost Hermite-Einstein metrics implies Gieseker stability with respect
to subbundles [Leu97, Proposition 3.1], Leung states that the existence of almost
Hermite-Einstein metrics actually implies Gieseker stability in general, with respect
to not only subbundles but also subsheaves. Leung’s proof of this statement relies

on the claim that if

f:5—=Qo

is a morphism between coherent sheaves such that S is Gieseker stable, () is slope
stable and S, Qo have the same slope, then f must be zero or an isomorphism [Leu97,
page 530]. It follows from general theory that such an f must be zero or surjective,
since S is slope semistable, but it is possible for such an f to not be injective. Thus
one only obtains stability with respect to subbundles. A similar issue occurs in The-
orem 5.1.1 where we have restricted to the same assumption. Since the perturbative
result of stability implies existence also restricts to the case where the graded object
Gr(FE) is locally free, it is no further restriction to only have stability with respect

to subbundles, as this is all which is required for the existence result in any case.

5.2 Stability implies existence

In this section we prove the following existence result for Z-critical connections in

the large volume limit.

Theorem 5.2.1. Let E — (X,w) be a simple, semistable holomorphic vector bundle
over a compact Kahler manifold, such that Gr(FE) is locally free with two components.
If E is asymptotically Z-stable for a polynomial central charge Z, then E admits a
Zy-critical metric for all k> 0.
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As mentioned in the introduction to this chapter, this is a simplification of the
main result of [DMS21] which includes the case where Gr(E) is locally free with
arbitrarily many components. We will comment on the difficulties that manifest
in that case at the end of this section, and refer to the joint work for the details.
In particular the existence result in that generality combined with Theorem 5.1.1

completes the proof of the main theorem Theorem 1.3. Let us recall the statement:

Corollary 5.2.2 (Theorem 1.3). A simple, semistable vector bundle E — (X,w)
with Gr(E) locally free is asymptotically Z-stable if and only if it admits Zy-critical
metrics for k> 0.

The proof technique is based on the perturbation result of Sektnan—Tipler who
considered the problem of constructing Hermite-Einstein metrics on pullbacks of
slope stable vector bundles under holomorphic submersions [ST20]. The strategy is

as follows:
Step 1: Construct approximate solutions to any order on a slope stable vector bundle.

Step 2: On the graded object Gr(E) = E; @ E, of an asymptotically Z-stable bundle
E, take the direct sum of approximate solutions on each stable factor F;. Using
general properties of the linearisation, after perturbing the complex structure

2a=1 where q is the

from Gr(E) to E one can correct any errors up to order €
discrepancy order of Ey, the first order at which the coefficient of p.(E;) becomes

strictly less than . (E).

Step 3: At the critical order €29, the stability of E with respect to the holomorphic
subbundle FE; allows one to cancel the terms which are not orthogonal to the

kernel of the linearisation, and obtain an approximate solution to order £%.

Step 4: Having corrected the error at order €24, similarly to Step 2 one can cancel errors

to all higher orders to obtain approximate solutions to arbitrary order.

Step 5: Using a Poincaré inequality, establish a bound on the inverse of the linearisation
of the approximate solution. When the approximate solution is sufficiently good
(precisely, at least order £%97!) one may apply the quantitative implicit function

theorem to obtain solutions for all € > 0 sufficiently small.



156 CHAPTER 5. CORRESPONDENCE IN THE LARGE VOLUME LIMIT

In the following we will make the change of variables ¢ = % similarly to Sec-
tion 5.1 but noting the square €2 = e. The square here is taken to avoid fractional

powers appearing in the construction of approximate solutions later in the argument.

We will label the Z-critical operator by

D.: A(h)—T(X,Endy(E, h))

Im(e~#=(F) Z_(A))
wn

A

and we will rescale this operator by a factor of €%~2 = k!=2" g0 that the leading

order, which by Lemma 4.2.6 is the weak Hermite-Einstein operator, is order O(e?).

At times we will want to consider the operator D, near a particular Chern con-

nection A, that is, in a given orbit of G€ in A(h), and may use the notation
D..i: D(X,Endy(E, b)) — T(X, Endg(E, b))

where we interpret the operator as D, 4(s) = D.(exp(s)-A) for s € I'(X, Endy(E, h))
a Hermitian endomorphism. In this case D, 4(0) = D.(A). We will drop the subscript

A when the Chern connection is understood.

The linearisation of D, at some Chern connection A will be denoted P. 4, and
similarly we will drop the A if the particular Chern connection is understood. The

inverse of the linearisation, when and where it exists, will be denoted Q..

In the following all estimates will be taken in L? with respect to a reference
Hermitian metric hg on E. The L?>-norms with respect to any such choice are equi-
valent as norms on tensors with values in End F, so it is immaterial which norm
is used to estimate, but the natural choice is to choose this reference metric to be
the Hermite-Einstein metric on Gr(E), which defines smoothly a metric on £ (un-
der the assumption that Gr(FE) is locally-free, and is therefore smoothly (but not
holomorphically!) isomorphic to E).
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5.2.1 Step 1: The slope stable case

Before proceeding with the proof of Theorem 5.2.1 in the case where Gr(FE) has
two components, we will prove the existence result when Gr(E) has just one com-
ponent, that is, when F is itself slope stable (and therefore by Corollary 4.1.17 is
asymptotically Z-stable).

In fact we give two proofs, firstly by applying the inverse function theorem to
prove the existence of genuine Z-critical metrics on F. Secondly however, we con-
struct explicitly approximate solutions of arbitrary order, which is necessary to have
control over the expansion of the linearised operator at an approximate solution in
the later steps of the argument when the graded object Gr(E) has two components.

First let us prove a genuine existence result in the slope stable case. By Lemma 4.2.6,
the leading order term in the Z-critical equation is the weak Hermite—Einstein con-
dition. As discussed in Section 2.2.2.1 by applying a conformal change of metric one
can transform between Hermite—Einstein and weak Hermite—Einstein metrics, so we
can apply the Donaldson—Uhlenbeck—Yau theorem Theorem 2.2.21 freely to obtain
a weak Hermite-Einstein metric on E with the function f € C*°(X,R) defined by

— _9r degy (E) _ F
== ((n—l)![wmk(E) A“Uz)’

arising through Lemma 4.2.6. The function f will be fixed throughout, so we will refer

to a connection solving this equation as simply a weak Hermite—FEinstein connection.

Theorem 5.2.3. Suppose E — (X,w) is slope stable. Then for all k > 0, E admits

Zy.-critical connections.

Proof. Since E is slope stable, it admits a weak Hermite-Einstein metric hy by
Theorem 2.2.21. By Lemma 4.2.6 the leading order term of the Z-critical equation

is the weak Hermite—FEinstein equation, so we immediately have
Do(ho) =0, [|D<(ho)|| < C<

for some constant C', where D, denotes the weak Hermite-Einstein operator. As

observed in Lemma 2.2.22, when taking the point of view of changing the Hermitian
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metric on E through the action of the gauge group, the linearisation of the weak

Hermite—Einstein operator Dy at hg is given (up to a constant factor) by
P() = Agho,

the bundle Laplacian on End E with respect to hg. Since E is stable, it is simple, and
so the kernel of Py consists only of the constant endomorphisms, and F, is invertible

orthogonal to this kernel.

We pass to Banach spaces, and view our linearisation as an invertible operator
P : Lle’O(End E) — L3(End E)

where d € Z>( is some non-negative integer and wa denotes the Sobolev of space
trace-integral zero endomorphisms of E. Our previous discussion produces the es-

timate
|P. — Py < Ce?

for some C' independent of €, and since Py = Aj is invertible modulo constant
0

endomorphisms and invertibility is an open condition, for ¢ sufficiently small, P. is

also invertible on this space L2 190- 1 G denotes the inverse of Fy and (). denotes

the inverse of P., then we also obtain a bound
1 !/
SIGI <@l < G

for some constant C’ independent of ¢, provided ¢ is sufficiently small. By the
inverse function theorem for Banach spaces applied to the point hg, there exists a
neighbourhood of D.(hg) in L3(End E) with size independent of ¢ which is in the
image of the operator D, from L? 190+ In particular, since D.(hg) — 0 as e — 0,

there exists some ¢y > 0 such that for all 0 < & < ¢¢, there exists a solution
D.(h:) =0

for h. = exp(V.)hg for some V. in the Sobolev space L? 00(End E). But as was proven

in Proposition 4.3.9, the Z-critical equation is elliptic for all ¢ sufficiently small, so
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by elliptic regularity this A, is actually smooth and hence is a genuine solution of the

Z.~critical equation. ]

Remark 5.2.4. This result gives the first known examples of solutions to the higher
rank deformed Hermitian Yang—Mills equation. After proving Theorem 5.2.1 for
the case where Gr(F) has two components, we will also obtain solutions on the
asymptotically Z-stable bundles identified in Example 4.1.22, which in particular do

not admit solutions to the Hermite-Einstein equation.

Having proven a genuine existence result on slope stable vectors, we now back-
track to show the existence of approximate solutions of a specific form. This will
both demonstrate the general technique of constructing approximate solutions we
will make great use of in the next steps, and serves as the starting point for under-

standing approximate solutions when Gr(F) has two components.

Proposition 5.2.5. Let E — (X,w) be a slope stable vector bundle with Dolbeault
operator O and weak Hermite Einstein metric h, with associated Chern connection
A. Let r € Zsy be any non-negative integer. Then there exists Hermitian endo-

morphisms fo, fa, ..., for such that

Ar = exp (Z f2j€2j> A
j=1

satisfies
D.(A,) = O(e* ).

Proof. Since F is stable, it is simple. By Proposition 4.3.9 the linearisation of D, at h
is, to leading order, given by the Laplacian Ag on End E. Recall from Corollary 2.2.26
that the kernel of A is given by

ker Ag = H°(X,End E) = C - 15.

The equation Ag(f) = g is solvable whenever g is orthogonal to the kernel of the

Laplacian, and f is a smooth endomorphism whenever g is. This orthogonality on
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/ trgw™ = 0.
X

By expanding out (Eq. 4.6) in powers of ¢ we see that for every j, the €% term in

['(Endg(FE, h)) occurs when

D, trace-integrates to zero, and is therefore orthogonal to the kernel of A,.

Now let f be some Hermitian endomorphism of E. Then by Proposition 4.3.9
and Lemma 2.2.23 we see Ay := exp(e?fy) - A satisfies

D.(As) = D.(A) + *P.(f2) + O(e")
= DE(A) —+ 82A0(f2) —+ 0(84)

where P. is the linearisation of D. at A and in the second line the O(e?) term may
depend on fy itself. Moreover again applying (Eq. 4.6) to As and expanding in ¢,
we see that these additional error terms at order * and higher depending on f;
trace-integrate to zero.

Now note that D.(A) = O(&?) since A is the weak Hermite-Einstein connection,
and as remarked the €2 term, 0,¢? say, is orthogonal to ker Ay. Thus there exists

some fy such that
Ao(f2) +02=0

and we obtain Ay with D.(Ay) = O(eg*). This completes the r = 1 case of the
proposition. Repeating the same argument at order £* by considering a correction
Ay = exp(f4e*)- Ay we obtain Ay, and so on inductively cancelling errors up to order

€% obtaining an approximate solution A,. O

Remark 5.2.6. In the above notion, the sum notation

9r = €xXp <Z f2j€2j)
j=1

is used abusively to denote the automorphism

gr = exp(foje™) exp(foj—2e? %) - - - exp(foe?)
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and in general the f, do note commute so the expressions cannot be literally inter-
changed. This is simply a notational convention and in the construction of approxim-
ate solutions we will always mean the latter ordering of products of automorphisms.
No confusion will arise as this ordering is already implicit in the arguments of con-

structing approximate solutions.

Remark 5.2.7. Now with approximate solutions of order A, we could apply the
inverse function theorem again to obtain genuine solutions, however the argument of
Theorem 5.2.3 already shows that A = Aj is a good enough approximate solution.
Indeed carefully checking the quantitative perturbation argument in the proof of
Theorem 5.2.1 in Section 5.2.6 we see that one needs an approximate solution of
order 4q + 1 where ¢ is the discrepancy order, which in the stable case is ¢ = 0 so Ag

is already good enough.

5.2.2 Deformations of complex structure

We now begin the proof of Theorem 5.1.1 proper. To that end we fix a holomorphic
vector bundle £ — (X,w) which is asymptotically Z-stable. Then Lemma 4.1.14
implies that E is slope semistable, so as discussed in Section 2.2.1.2 E admits a

Jordan—Holder filtration which we assume to have two steps:
0C Ey CE.

Then E has graded object
GI‘(E) = E1 D E2

where Fy = E/E,. We will work under the assumption that Gr(E) is locally free, so
that F; and Ej are vector bundles, and in this case Gr(F) is the unique torsion-free
graded object associated to E. Recall that F; and F5 have the same slope. The first

consequence of asymptotic Z-stability in this setting is the following:
Lemma 5.2.8. If E is asymptotically Z-stable, then E; is not isomorphic to Es.

Proof. This follows from the see-saw property Lemma 4.1.18 for asymptotic Z-
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stability. In particular we have

or(E1) < or(E) < pr(E2)

for all £ > 0, so we cannot have £} =& F,. O
As a consequence of the above lemma, we can very easily describe the automorph-
ism group of the graded object.

Lemma 5.2.9. The endomorphisms of Gr(FE) are given by
H°(X,EndGr(E)) = H*(X,End E;) @ H°(X,End E,) = Cly, @ Clg,.

Proof. By the slope stability of £ and E5 any morphism w : Fy — Es is either zero
or an isomorphism. By Lemma 5.2.8 since E is asymptotically Z-stable we must
have u = 0. Therefore any automorphism of Gr(E) has only diagonal components
with respect to the holomorphic splitting Gr(E) = E; @ Fy. Then we recall Pro-
position 2.2.4 implies E; and E, are simple so all holomorphic endomorphisms are

constant multiples of the identity. ]

As discussed in Remark 2.2.11, we can view the short exact sequence

0 Ey E £y 0

as producing a degeneration of E to Gr(F) by turning off the extension. Recall from
Section 2.2.2.2 that we can describe this process differential-geometrically as follows.

The graded object Gr(F) of E is slope polystable, and therefore admits a Hermite—
Einstein metric i by the Donaldson—Uhlenbeck—Yau theorem Theorem 2.2.21. View-
ing h as a Hermitian metric on F itself (by the smooth identification £ = Gr(F)),

this defines a smooth splitting
E=FE & FE,.

Let us fix a Dolbeault operator dz on E producing its holomorphic structure. Then

with respect to this splitting d splits as

= 51 v
O = _
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where 0, and 0, are the Dolbeault operators defining the holomorphic structures on
E; and E, respectively, and v € Q%(X, Hom(FEs, E1)) is the second fundamental

form of £y C E. Let us write
~ d 0
80 = ! _
0 0,

for the Dolbeault operator on Gr(E) for which the Chern connection A(h,dy) is
Hermite-Einstein. Then
g = 0o+

and the integrability condition for Oz implies dyy = 0. Recall that as discussed in
Remark 2.2.28 this condition implies [y] defines a class in Dolbeault cohomology. If y
is Jg-cohomologous to zero then E splits holomorphically as a direct sum E = Gr(E)
and is slope polystable. In this case the direct sum of Z-critical connections on the
E; afforded by Theorem 5.2.3 is Z-critical on E. From now on therefore we assume

[v] # 0 and that E is strictly slope semistable.

In this case we produce a deformation of complex structure from Gr(F) to E by

turning off the extension. Define
515 = 50 + t")/

Such Dolbeault operators can be obtained from 0y from an automorphism

_(tlg O
gt = 0 1

st:gtogEogt—l'

by

In particular for every ¢ # 0 the operators 0; define isomorphic complex structures

equivalent to dg, and at ¢ = 0 the structure splits into Gr(F).
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The Chern connections of 0, with respect to h are

Vt:VO—}-ta

0 v
a =
_fy* 0

and V is the Chern connection of dy. The curvature of V, is

where

F, = Fy + tdy,a+t*aNa (Eq. 5.7)

alN\a=— TAY 0 .
0 VAN

Notice that the term tdy,a is off-diagonal in the block matrix representation of

where we note

F;, where the induced connection on the endomorphism bundle is given by
Vit = vt 4 tla, ).

In the following we will fix the gauge of the Chern connection A inside its G©

orbit by imposing the Coulomb condition
Byy = 0. (Eq. 5.8)

It is well-known (see, for example, [Kob87, §7.2] or [BS20, Lem. 2.5]) that the
second fundamental form can always be transformed by applying a unitary gauge
transformation of E to be of this form.

The key concept which we will need when working in the asymptotic regime is
the notion of the order of discrepancy.

Definition 5.2.10 (Order of discrepancy). Normalise the Z-phase ¢x(E) to have
leading order term O(k°) in k. Let op(E)(j) denote the order k=7 term in the
expansion of ¢i(F) for k& > 0. Define the order of discrepancy of a subbundle
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S C E as the smallest g such that

er(S)(q) < vr(E)(q)-

Note that when F is asymptotically Z-stable, we have ¢ (S)(j) = wr(E)(j) for
all 7 = 0,...,¢g — 1. In the case where E is slope stable, we have ¢ = 0 since

vr(E)(0) = u(E) so inequality occurs immediately.

Remark 5.2.11. With our convention that €2 = 1/k, the order of discrepancy g is
equal to half the smallest order at which ¢.(FE;) becomes strictly less than ¢.(E).

Thus in the the following arguments the critical order will be £%.

We record explicitly the following key feature of the order of discrepancy, which

is more or less a rephrasing of Lemma 4.1.11.

Lemma 5.2.12. If q is the order of discrepancy of Ey C E then the €2 term in the

expansion of
Im(e =B Z_(E,))

15 strictly negative, and the lower order terms in € vanish.
Proof. Write Z.(E)) = r.(E;)e?(F1). Then
Im(e™ % Z.(Ey)) = ro(Ey) Tm(e'=(F)=70<(5)),

We have Im(exp(i(pe(E1) —¢:(E)))) = sin(p:(E1) — pe(F)) where the term ¢.(E;) —
v-(F) is equal to Ce??+ O (e%*1) for some C' < 0. To leading order sinx = z+O(z?)
and r.(Fy) = C'rk(E)[w]™ + O(e) for some C’ > 0 so we obtain an expansion

Im(e =B 7 (Ey)) = CC'tk(E,)[w]"e® + O(2)

for e > 0 sufficiently small, and since C' < 0 the we get the result.! O

'We could have avoided this straightforward comparison of phases and slopes by defining the
order of discrepancy as the first order at which Im(e~%<(®)Z_(E;)) became negative. The given
definition is closer in style to the study of polynomial Bridgeland stability however.



166 CHAPTER 5. CORRESPONDENCE IN THE LARGE VOLUME LIMIT
5.2.3 Step 2: Approximate solutions below the discrepancy
order

Before constructing approximate solutions, we need to understand the expansion of
the linearised operator in € for the Chern connections g - A; which will occur at
successive stages of constructing approximate solutions. Critically, so long as our
perturbations are of order at least ¢, the leading term in P. remains the bundle

Laplacian Aj on Gr(E).

Lemma 5.2.13. The bundle Laplacian for A, has the expansion
Ay =Ag+tLy + 2Ly

where

Li(u) = iAo (0o([v: u]) — [v", Oo(w)] + Do ([v", ) — [, Go(u)])
LQ(U) = ZAUJ([’% [’7*a u” - [’7*7 [77“]])

Proof. Recall that on the endomorphism bundle we have
Vi= Vot =]
where « has type (0,1). Then

Ay(u) = iA, (0,0, — 0,0,)(u)
= iAy ((80 — tly*, =1) (Do + t[y, =]) — (Do + t[y, =) (0 — t}y", =) (u)
= Ao(u) + tiA, (Oo([v, u]) — 7", Do(w)] + Bo([v*, u]) — [, Do(u)])
+ %A ([, [y ul] = 1 [y ul)

which proves the result. O

Corollary 5.2.14. Let P. be the linearisation of the Z-critical operator D. at a
connection g - Ay for g = exp(s) and t = Ae?. Then if s = O(e) we have the
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eTPansion

P. = C(rk E)[w]" Ao + O(e).
Proof. By the same argument as Proposition 4.3.9 applied at g - A we obtain
P. = C(rk E)|[w]"Ay 4+ O(e)
and then we apply Lemma 5.2.13. O

Remark 5.2.15. This explains analytically the main difference between the stable
case, where the leading term in € of the linearisation of the Z-critical operator was
invertible modulo constants, and the semistable case, where Ay has non-trivial kernel

generated by the identity endomorphisms of Ey, Fs.
Let us now begin to construct approximate solutions to the Z-critical equation.

Proposition 5.2.16. Suppose E is asymptotically Z-stable with graded object Gr(E) =
E\@® FEs and Ey has order of discrepancy q. Pickt = \e?. Then there exists Hermitian
endomorphisms fo, ..., fag—1 of E such that if

2q—1
g = exp <Z fj€]>
=0

and we set A, = g - Ay then
Ds(flt) = 0(*).

Proof. Let h denote the weak Hermite-Einstein metric on Gr(E) with its complex
structure 9y and Chern connection Ay. By Proposition 5.2.5 there exist block-
diagonal Hermitian endomorphisms fs, ..., fgq_g such that, working separately on

the two factors, we have

satisfies D.(Ag) = O(£%9).
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In order to obtain a Chern connection on £ we must perturb the complex struc-

ture from Jy to 0;, obtaining a Chern connection A;. Now consider

q—1
Ag = exp (Z f~2j82j> . At'

j=1

Then we get two types of new contributions coming from the off-diagonal term td4,a
and diagonal term t?a A a in (Eq. 5.7). These contribute to D.(A}) in the form
of a term Ae%dy,a at order €7, and conjugates of this term by the block-diagonal
automorphisms exp( fo;£%) contributing off-diagonal errors at order e4t%+2 for j, £ >
0. We also get a contribution t?a A a at order £2¢ which we can ignore at this step,
which also contributes errors at orders £297%+2¢ for j, ¢ > 0 after being conjugated
by exp( f2j€2j ). From the expansion of wedge products of curvature terms similar
to (Eq. 5.5) we also obtain new terms resulting from wedge products of tds,a and

t?a A a terms, all of which will occur at order €2 or higher.

Let us now correct those error terms above which arise at orders below 2.
From our working assumption that E is strictly slope semistable, we know that
that discrepancy order of E;, ¢ > 1. By Corollary 5.2.14 at fl% the linearisation has
leading order given (up to a constant factor) by the bundle Laplacian Ag. The first
error term occurs at order £? provided by AiA,da,a. Since da,a is off-diagonal with
respect to the block-matrix decomposition for Gr(E) = E; & Es, it is orthogonal to
the kernel of Ay and its contraction is in the image of Ay. In particular we can find

an off-diagonal Hermitian endomorphism f, such that
Ao(fy) + NiAyda,a = 0.
Setting
fl? = exp(elf,) - fltl
we have D.(A?) = O(e7).

Now the correction at order £? has introduced new error terms at higher orders
in €. However f, is off-diagonal, so the lowest order diagonal errors introduced when

perturbing to fl? come from ?A(f,) and the conjugate of e?\iA,d4,a by exp(f,e?).
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These occur starting at order £2¢ so we can ignore them at this step (but we will
consider them in Proposition 5.2.17). Thus again we only have an off-diagonal error
at order £9+2 which lies in the image of Ag, and we can perturb from A? to A3 to
correct this error. Again higher order errors occur but are off-diagonal to at least
order €2¢t2. Continuing inductively we produce an approximate solution A4, = A9™!
satisfying

D.(Ay) = O(e*).

5.2.4 Step 3: Stability at the discrepancy order

The next step is to correct the errors occuring at the critical order €2¢ coming from
the discrepancy between the Z-slopes of E; and E. Whereas in the previous step
Proposition 5.2.16 we only had to deal with off-diagonal error terms arising from
perturbing from Ay to A, or from off-diagonal errors introduced after subsequent
corrections, at order €27 we have new diagonal contributions, chiefly from A\2c%a A a

in the expansion (Eq. 5.7) of the curvature of A;.

Here we make connection with the algebraic condition of asymptotic Z-stability
of . This will allow us to cancel out the terms which are not in the image of Ay by

a judicious choice of deformation rate A > 0 in t = Ae?.

First let us introduce the projection operator

7 :[(Endy(E, h)) — ker Ag = H°(X,End Gr(E))

()

2
1
7(u) := Z )
i=1

defined by

where trg, is defined by taking the block decomposition of u with respect to the
smooth splitting £ = E; & E5 and taking the trace of the ¢th diagonal block of u.

This is, up to a constant factor n! vol(X)~! the L2-orthogonal projection onto ker Aq
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with respect to the inner product

(u,v)p2 :/Xtr(uv)w”.

Further, define a distinguished endomorphism 1. of E by

1 1

1, = ——1p — ——
* I'kEl = I'kEQ

1g

o

Then 1. is in the kernel of Ay and indeed is a holomorphic endomorphism of Gr(E).
It is orthogonal to the subspace C- (1g, + 1p,) C ker A, and in particular is ortho-
gonal to C - 15 and therefore is orthogonal to ker A, = H(X,End E).

Proposition 5.2.17. Suppose E is asymptotically Z-stable with graded object Gr(E) =
Ey & Ey and Ey has order of discrepancy q. Then there exists a A > 0 such that if

t = Xe? then there exist Hermitian endomorphisms fi,. .., foq such that if

2q
g = exp <Z fj6j>
j=1

then

D.(A;) = O(g*™).

Proof. By Proposition 5.2.16 there exist Hermitian endomorphisms fi, ..., faq—1 so

that, in the notion above if we set f5, = 0, we have
D5<g . At) = O(Efzq).

We now need to analyse the error terms occuring at this critical order. The first
component is an error term, say oy, which is a conjugate by g of the term 29\%iA aAa

arising from (Eq. 5.7). Let us split this term up as
g1 = &1 + 7T(01)

where &7 is orthogonal to ker A.



5.2. STABILITY IMPLIES EXISTENCE 171

The second error term, say o, is the total error term introduced in the product
of the approximate solution of Proposition 5.2.16. As noted in the construction of
the approximate solution at lower orders, the only contribution to order £2¢ that is
not off-diagonal occurs in the construction of the connection fl? when dealing with
the error at order €9. All other diagonal contributions occur at higher order in €. By
considering the expansion in the proof of Corollary 5.2.14, this contribution is given
by the t coefficient in the expansion Lemma 5.2.13 of the Laplacian A; applied to
the Hermitian endomorphism f, chosen to satisfy

Ao(f,) + Nidydaga = 0.

Using the expansion of the Laplacian, we therefore have

(o) = Am(iAu(Oo([, fol) = [0, 0o (fo)] + Do([0", ful) = [7, 00 (f)]))-  (Ea. 5.9)

Now first note that f, = A(8 — 8*) for some 5 € I'(Hom(E,, E})) because a = vy —~*
is of this form. Then we get (Eq. 5.9) equals

N7 (1o (=00([7. B7]) = [v", 00(B)] + Do ([, B]) + [, 0(87)])) -

Then using the fact that dy3* = (0p8)* and [a, B]* = —[a*, *] we have

—0(l%: ) + [7, 00(89)] = 8ol B1") + [, (Bo(8))7]
= (Bo([v*, 8] — [v", (Bo(B))]) " -

Now, as 0o([v*, B8] — [v*, (0o(B))] is purely imaginary,

tre, (Do(ly", 81 — 7", (Bo(B)])" = —tre, (Do(lv", 81 — [v", (Do(B))]) -
Thus
trg, (—aoq%ﬁ*]) - [7*750(5)] +50([V*75]) + [Vﬁo(ﬁ*)]) =0,

and so in fact
m(o2) = 0.
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Thus we will be able to remove the error caused by oy using A,.

The third term error term at order £, say o3, arises from the expansion of the

Z-critical equation at order €%4. Let us split this term up as
o3 = 03 + m(03)
where 73 is orthogonal to the kernel of Ay. Thus we have an expansion
D.(g-Ay) = e*(0y + 09 + 03) + O(£27™)
where the only factors not orthogonal to ker A, are
(o) + 7(o3)

where o1, a conjugate of A\2iA,a A a depends on our deformation rate A > 0. We will
now show that assuming asymptotic Z-stability, we can choose A so that this sum

vanishes.

Now the projection (o) is a positive multiple of

2
1 2 n
; L, /XtrEi()\ iNpa N a)w™ - 1g,

where we have used the trace to get rid of the conjugation by ¢g. Then using the fact

that try Ay* = —try* Ay we see trg, (a Aa) = —trg,(a Aa) so the above projection

1 1
M ——1p — —1
C <I'kE1 = I'kEQ EQ)

for some positive constant C' depending on . On the other hand 7(o3) is a positive

equals

multiple of the sum

1p,
rk El

(e~ 09 7,(E,))]

2
=1

)

where [—]?? denotes the order e2¢-coefficient. Thus we need to find A > 0 solving the
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equation
[Im(e_wf(E)Zg(Eﬂ}zq +CX?* =0
, % (Eq. 5.10)
[Im(e~=(F) Z(Ey)|™ — CA* = 0.
This implies

A2 — % [Im(efwg(E)Zs(Eg)]Qq _ _é [Im(eii“”s(E)Zs(El)]

2q

so we require the two conditions
[Tm(e =) Z.(B,)] ™ = — [Tm(e =) Z.(Ey)] ™

and
[Tm(e=") Z.(E,)] ™ > 0.

The first condition follows from the additivity of the central charge Z for the short

exact sequence

0 Ey E Ey 0

and the fact that Im(e () Z_(E)) = 0 for all e. The second condition follows
from Lemma 5.2.12 and the see-saw property Lemma 4.1.18, using the fact that ¢ is
the order of discrepancy of the subbundle F; C E (or equivalently of the quotient
E — E,).

Thus we can always choose some A > 0 solving (Eq. 5.10). The remaining terms
01 + 09 + 03 are all orthogonal to the kernel of Ay and can be removed using a

Hermitian endomorphism fs, as before. m

5.2.5 Step 4: Approximate solutions to arbitrary order

Having fixed the deformation rate A > 0 and constructed approximate solutions at
the critical discrepancy order of Fy, we move on to the construction of approximate

solutions to arbitrary order.

Lemma 5.2.18.
(A (1y)) = tQO]_j:
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for some non-zero constant C' independent of t.

Proof. Using that 1, € ker Ag, let us compute

Ay(1y) = tily, (Oo([7, 12]) — 7%, 0o(12)] + Oo([7*, 11]) — [, Do(11)])
+ tQiAw ([’77 [7*7 1i“ - [’7*7 [77 1i]]) :

Note that we have 91y = Jply = 0 as Vo = Jy + 0 is a product connection and
1. consists of two constant components on the factors of £ = E; @ E>. This reduces
the t term to

tidy ([00y, 1£] + [007", 1+]) -

Recall that the gauge dyy = 0 from (Eq. 5.8) implies Ay (dyy) = Aw(do7*) = 0, so

this term in fact vanishes. The t? term can be simplified by computing

2
A B | T 1.]]=—(O Ay *AY).
b 1]l = b [ el = g (r AT 7 A )
Computing the orthogonal projection we now have

2it2 S~ 1 e 0
W(At(li» = k E Z rk F; </X trEi(AW(7 ANy +7 A’V))w > 1g,.

=1

We now use the fact that tr(y A y* 4+~ Ay) = trg, (Y Av*) + trg,(v* Avy) =0, to

conclude .
520 [ tre, (Au(y Ay*))w”

m(A(11)) =t T E

1,
0

Proposition 5.2.19. Let P. denote the linearisation of the Z-critical operator D, at
Ay where t = Xe? for A >0 and ¢ > 2. Then P.(11) is order O(g9) and furthermore

7(P.(11)) = CA%e*11 . + O(e*t)

for some non-zero constant C. This expansion also holds at a complex structure
g - O, provided g = exp(s) for some s which is O(e) of the form used to construct an

approximate solution.
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Proof. By Corollary 5.2.14 we know
P. = C(k E)[w|" Ay + O(e).

Recall from Section 4.3 that the linearisation of the Z.-critical equation at a

Chern connection A consists of a sum of terms of the form
f— Ce? Wt A Fi_l A (8,45,4 — 5,43,4)8 N Uvg (Eq. 5.11)

where C' is constant, x > 0, and i + j + ¢ = n (and graded symmetrisations of
such terms). We wish to consider the case where A = A; also depends on €. By
Lemma 5.2.18 after applying the linearisation to 14, we see that the contribution of
ON\?c%1 . from the Laplacian A, comes from the term above with j = 1 and & = 0,
so we can assume j > 1,k > 0. The computation of Lemma 5.2.13 shows that the

difference

(04,04, — 04,04,) — (04,04, — 04,04,

equals

s — Xe? (0o([7, s]) — [v*, Bo(s)] + Do([v", s]) — [7, Do (s)])
+ )‘252(1 ([77 [’7*7 SH - [’7*7 h/a S”) :

The corresponding term of the form (Eq. 5.11) in the linearisation is multiplied by
e%* for some x > 0, and we only wish to understand terms of order £2¢. Thus we

only need to consider the contribution from the €7 term

s Xe? (Oo([7,8]) — [v*, 0o(s)] + Do([v", 5]) — [7, Do(s)]) - (Eq. 5.12)

When s = 1., this consists of constant multiples of dyy and dyy*, which in particular
are off-diagonal. Moreover since the connection A; is a product of the weak Hermite—
Einstein connections E1, F5 up to order €971, the curvature Fy, is a diagonal up to

order e97!. Using furthermore that

A()]_:t == 0
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we see that the term in (Eq. 5.11) is a product of:
e a coefficient Ce?* for k > 0,
e an off-diagonal term of order €7 coming from (Eq. 5.12) with s = 1., and

e a product of curvature terms Ffl:l which are diagonal up to and including order
ga— 1,

Thus the term in Equation (5.11) is off-diagonal to at least order 2k + ¢+ ¢ —1 =
2q — 1+ 2Kk > 2q. Thus every such term is in the kernel of 7 up to and including to

order €29, showing
7(P.(11)) = CA\%e*11 . + O(e*t).

Now suppose we make a perturbation g - A; with ¢ an automorphism arising in
the construction of approximate solutions. Since the perturbation g is by diagonal
automorphism up to order €771, we still have that F' gj.;é is diagonal up to and including

order €771, so we just need to analyse
0g2,044, — 0g.4,05.4, — (04,04, — 04,04, )-
For example we have
8g.At5g.At =goda, 0 g 2o 5At 0g.

Thus we see that provided g = exp(s) has s = O(¢) then for the perturbed connection
g-A; we have the exact same contribution (Eq. 5.12) at order €9. Thus all the above
assumptions are satisfied for the terms (Eq. 5.11) when A = g - A;, so we obtain the

same expansion for m(P.(14)) for the linearisation at g - A; also. O

Proposition 5.2.20. Suppose E is asymptotically Z-stable with graded object Gr(E) =
E, @& E5 and Ey has order of discrepancy q. Let r € Z~q. Then there exists a X > 0
such that if t = Ae? then there exist Hermitian endomorphisms f1,..., f, such that

if

g ‘= exp (Z fj€j>

=1
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then

D.(A,) = O+,

Proof. The proof is by induction. By Proposition 5.2.17 we can assume r > 2¢q and
this fixes our choice of A > 0. Write A,_; = g,_1 - A; for the approximate solution
with D.(A,—1) = O(¢"). Then since each term in the expansion of D.(A,_;) is

orthogonal to 1g, we can write this as
D.(A,1) = (¢,14 + 0,)e" + O™

where ¢, is a constant and o, is orthogonal to Ay.

Since r > 2q, the leading order in ¢ change in the expansion of
D, (exp(r,e" 2114) - A,_y)

is given by the linearisation at A,_; applied to s = 7,6"72?1.. In particular by

Proposition 5.2.19 we have
7(D.(exp(s) - Ar_1)) = (¢, + 7,C)* 1 + O(e™)
for some non-zero constant C' depending on A. Thus one can choose 7, such
¢+ 7.C = 0.

Set A, = exp(7,6"7211) - A,_; for this choice of 7,. Then we have that DE(AT)
is orthogonal to ker Ay up to order e"*'. However we have only controlled for the
projection onto ker Ay, and we may have introduced errors at lower orders in € which

are orthogonal to ker Ay. That is, we have some expansion

2q—2
D.(Ay) =) 6,2 4 O™

J=0

for some terms &; orthogonal to ker Ay with &, diagonal for j < ¢ — 1 because

1. is and the approximate solution A,_; is a product structure up to order €91
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Now we can repeat the standard procedure of constructing approximate solutions to

r—2q+2

successively cancel these errors which begin at order e using the linearisation.

In particular there exists some fy such that

Ao(fo) +60=10

so taking Al = exp(foe"2972) . A, we remove the G, error. This now introduces new

r—2q+3

errors at higher orders ¢ and higher, but these errors stay orthogonal to 1.

"2 as the leading order correction P.(d;) is orthogonal to 1.

up to at least order e
up to order ¢, since the connection A, _; is a product up to order q. Moreover the
higher order corrections act at order at least r — 2¢ + 2 + 7 + 2¢g > r 4+ 2 and so do
not effect the correction at lower orders (for a similar correction, see [ST20, Prop.
5.16]). Thus we obtain a new expansion of the above form with a sum starting at
Jj = 1, where the ¢; are still orthogonal to ker Ay. Successively removing all these

errors in the same way we produce an approximate solution 213‘1_2 = A, with
D.(A,) =0

as desired. [

5.2.6 Step 5: Perturbing to a solution

Having constructed approximate solutions to any choice of order, we now wish to
apply the inverse function theorem to obtain nearby solutions for all ¢ > 0 sufficiently
small. To do so we apply a quantitative version of the inverse function theorem
(which follows immediately from the standard proof, taking care to notice when
the Lipschitz constant is being used to construct the contraction before applying the
Banach fixed point theorem). In order to apply this theorem, it is necessary to obtain
a bound on the inverse of the linearised operator (). at an approximate solution A,
with » > ¢, which is uniform in € for ¢ > 0 sufficiently small. This will allow us to
find neighbourhoods of A, of definite size upon which D, is surjective provided r is
taken large enough, and therefore obtain solutions for all € sufficiently small.

The required bound is the following. Here the Sobolev space Lio denotes the
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subspace of L2 of trace-average zero sections of End F with respect to h and w.

These are precisely the sections orthogonal to 15 € L2.
Proposition 5.2.21. Suppose the discrepancy order of Fy is q. For any d,r €
Lo, let P. : Li,,o — Lj, be the linearisation of the Z-critical operator D, at
the connection A, constructed in Proposition 5.2.20. Then P. is invertible for all €
sufficiently small. If Q. : L3 — L, denotes the inverse, then there exists C' > 0
depending on d,r such that

1@z, sz, < Ce.

d+2,0 —

Proof. Let s € I'y(End F) and write s = § 4 ¢;11 where § is orthogonal to ker Ay.

Consider the operator
P.: L?H—Q,O - Lé,o

defined by

P.(s) = rk(E)[w]" Ao (8) 4+ ¢,CN2211
where C' # 0 is the constant given in Proposition 5.2.19. This operator is invertible,
as Ag(8) remains orthogonal to ker Ay when § is, and A is invertible orthogonal to
its kernel.

It follows that || P.(3)|| > C||5|| for § in the orthogonal complement to ker Aq by
the Poincaré inequality for the bundle Laplacian A.

On the other hand we have ||P.(cly)|| > Ce||cl| for some C, so combining

these inequalities we obtain a bound
IP-(s)[| = Ce™ s

for some C' > 0 and any s orthogonal to 1.

Recall that in the construction of approximate solutions, the perturbed solution
is a product up to and including order 971,

Now for § € ker Ag we have that P.(3) is the leading order term in the linearisa-

tion P.(s) by Corollary 5.2.14. Thus we obtain a similar bound

[1P(3)]| = €3]
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for such s, provided € > 0 is chosen sufficiently small. Similarly by Proposition 5.2.19
the leading order term in the projection of P.(1.) is given by P.(1.). Thus we obtain
a bound

17 P-(c1y)ll > Ce™||el]]

for € > 0 sufficiently small. Let us now consider the difference

R.=P.— P.
Then we have expansions
2q
R.(5) = YT (3) + O
j=1
for 5 € ker Ay and
2q
R.(1y) =) &loj+0(e™™)
§=0

where 7o; = 0 for all such j by Proposition 5.2.19.

Now we observe that the image of R.(3) lies in ker Ag- up to and including order &9.
Indeed the only relevant diagonal contribution occurs at order € and is precisely the
error term oy occuring in Proposition 5.2.17, which was observed to satisfy mo, = 0.

The contribution to the linearisation from this term is the operator
5 €2inwd0<H7 - 7*7 g — J*]> §])
which therefore lies in ker Ag for any 3, since o o y* — o o* is traceless.

To obtain the required bound, by self-adjointness it is equivalent to prove the
bound
(Pe(s),8) = C*||s*.

By the above discussion the case where s = § is orthogonal to ker Ag and s = 14 are

concluded, so it remains to verify the bound for an arbitrary s = § 4 ¢,14. Thus we
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need to verify
(Po(8),c51e) + (3, P(es1s)) = C=|s|*.

By the above discussion concerning R.(s) we know P.(§) is orthogonal to 1. up to
and including order €%, and thus [(P.(5), c,14)| > C'e? Y cy|||s]|. We now wish to
show also that

(P(esly), 8) = Ce™e||s])

From the expansion of Lemma 5.2.13 and Corollary 5.2.14, and the fact that the
approximation solution A, is diagonal up to order €%, we see the key contribution
arises due to the inner product with the term at order €7 in the linearisation of the

curvature, which takes the form

iAw<80([787 Csli]) + 50([7; Cslﬂ:]))'

Since s is a Hermitian endomorphism, the diagonal contributions coming from the
inner product with the above form sum to be traceless, and therefore the inner
product at order £? vanishes. Thus we obtain the desired bound, and that there is
some C’ > 0 such that

(P(3), e51e) + (3, Pe(es1s)) = O™ e [||3]
Now writing 7| c,|||5]] = ¢]|s|||e%cs| and completing the square we obtain

a1 . ;
C'e e8] = 50" ((le%esl + 1131)? = (*lesl? + 1131)

v

1, )
—5C% (e +11511%)

Now this is a negative lower bound, but due to the factor of € for ¢ sufficiently small
this term can be absorbed into the bounds (P.(8), 5) > C||5]|* and (P.(cs1+),cs14) >

Ce%|c,|?. Thus we obtain in total the bound
(P:(s),s) > Ce™|s|”

for some C' > 0. By self-adjointness of P. we obtain the required lower bound on the
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operator itself for any s € L? 12,0+ This implies the associated upper bound on the

inverse operator (). as desired. 0

We also need to more carefully understand when the non-linear part of the Z-
critical operator D, is Lipschitz to utilise the inverse function theorem. We do so

using the mean value theorem for Banach spaces as follows.

Lemma 5.2.22. Let M., denote the non-linear part D, , — P., of the Z-critical op-
erator at a connection A, constructed in Proposition 5.2.20. Then there are constants
¢,C' > 0 such that for all € > 0 sufficiently small, we have that for sg,s1 € L?l+2,0
with ||s;]| < ¢,

[Meir(s0) = Mer(si)llz < Clllsollrz,, + [Is1llzz,,)llso — s1llz2

d+2 d+2”

Proof. We apply the mean value theorem. Let sg,51 € By(c) C L7, 5, Consider the
path s(t) = (1—1t)sp+ts;. Then by the mean value theorem for Banach spaces there

exists some s* = s(t*) such that
M (80) = Me (1) = (DMe,) s (50 — 1)

Now
(DME,T)S* = (Pe,r)s* - (PE,T‘)O

where (P.,), is the linearisation of the Z-critical operator D, at exp(s) - A,. Thus

we need to estimate

”(PEHS* - (PE,T)OHLQ

d+2°

Setting g = exp(s*) and recalling Lemma 2.2.23 with ¢ = 1 we see that the order

O(£%) term in the linearisation (P.,)s — (P, )o will consist of terms of the form
Vs> (04,04, 5%, V)
i=1

where f; is a polynomial expression each term of which contains exactly 7 factors of

s*, one copy of d4,, D4, and V. Say we choose ¢ < 1/2 so ||s*|| < 1/2, then we have
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|s*|I* < ||s*|| so to order €, we quickly obtain the bound
[(Per)se — (PS,T)OHO < C|s|

for some C' depending on A,. Choosing ¢ sufficiently small we can repeat this process

for higher orders of € in the expansion to obtain a bound
[(Per)ss = (Per)oll < CJls™.
Now since s* is a convex linear combination of sy and sq,

[Mer(50) = M (s0)l] < Cllsoll + [Is1lDlls0 = 1l

for some C, ¢ > 0 and all € sufficiently small such that ||so||,[|s1] < e O

The above lemma gives a characterisation of the Lipschitz constant of the non-
linear part of the operator D, on balls of decreasing radius p < ¢ around 0 € L2 2.0
Using this characterisation, we will apply the quantitative inverse function theorem
to find a solution to the Z-critical equation. See for example [Fin04, Thm. 4.1].

Theorem 5.2.23 (Quantitative inverse function theorem). Let ® : V. — W be a
differentiable map of Banach spaces V, W , with invertible linearisation P = D® at 0

with tnverse Q. Let

e & be the radius of the closed ball in V' such that ® — P is Lipschitz of constant

‘»—t

*)

=
s

|
5/

2RIl

)
(o)
I

Then for all w € W with ||lw — ®(0)|| < 9, there exists a v € V with ®(v) = w.
Finally we can complete the proof of the existence result.

Proof of Theorem 5.2.1. We can now prove the existence of a solution to the Z-
critical equation. We wish to find a root of D, near some approximate solution A,

constructed in Proposition 5.2.20 for all € > 0 sufficiently small. By Lemma 5.2.22
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we see that there exists some constant C' > 0 such that for all p > 0 sufficiently
small, the non-linear part M., of D, at A, is Lipschitz with Lipschitz constant 2Cp

on the ball of radius p. Moreover, by Proposition 5.2.21 we have a lower bound

Ce? <

1
~ 2| Qs

for some constant C, > 0. Thus there exists a constant C > 0 such that the radius

¢’ of the ball upon which M. , is Lipschitz with Lipschitz constant m is bounded
below by

Cle < §

for a constant C. = C,./2C > 0.
Therefore by the definition of § and again applying the lower bound Proposition 5.2.21

we obtain the lower bound
C,','€4q <4

for some constant C = C?/2C" > 0. Now let us take r = 4¢q. Then ||D.(4,)| <
C"e471 for some constant C” so, when & > 0 is sufficiently small, D.(A,) is con-
tained within the ball of radius C”&, and hence in the ball of radius 4.

By the inverse function theorem Theorem 5.2.23 for ® = D, we can therefore
find a root of D. in L} ,, when ¢ is sufficiently small. By Proposition 4.3.9 the
Z-critical operator is elliptic for such small ¢, so by elliptic regularity this solution

is smooth. O

5.2.7 Remarks on the general case

In the proof of Theorem 5.2.1 we have only considered the case where Gr(E) has one
or two components. Indeed in the case where Gr(FE) has two components, Propos-
ition 5.2.17 demonstrates clearly how the asymptotic Z-stability assumption enters
into the analysis of the construction of approximate solutions.

Considerable technical difficulties occur in the general case covered in [DMS21, §4]
for the following reason: When Gr(E) = E; @ - - - @ Ey the assumption of asymptotic

Z-stability no longer guarantees that the locally free factors E; are pairwise non-
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isomorphic. Indeed Gr(FE) may admit automorphisms which permute factors, so
the kernel ker Ay = H°(X, End Gr(F)) becomes more complicated. This makes the

above arguments more difficult in two ways:

e The second fundamental form ~ specifying the deformation of complex struc-
ture from Gr(E) to E has a more complicated off-diagonal shape, meaning
extra care must be taken in the construction of approximate solutions at each

stage.

e Extra care must be taken in the proof of the bound on the inverse (). of the
linearised operator Proposition 5.2.21, as the kernel does not just consist of

sums of diagonal endomorphisms.

In order to control these extra factors, in [DMS21, §4.2] a refinement of the Jordan—
Holder filtration depending on the stability condition Z is constructed, so that the
deformation of complex structure which is induced using this filtration has a particu-
larly nice form. An inductive process on this filtration allows approximate solutions
to arbitrary order to be constructed, and the bounds on the inverse ). to be proven.

Once the same approximate solutions and bounds are established, the proof of

Theorem 5.2.1 repeats without change to find Z-critical metrics.

Remark 5.2.24. A version of the theory of Z-critical connections and asymptotic
Z-stability has been developed by Dervan for varieties, where so-called “Z-critical
Kahler metrics” are perturbations of cscK metrics and asymptotic Z-stability con-
verges to K-stability [Der21]. Dervan uses the moment map formalism in that prob-
lem to reduce the perturbation result to a finite-dimensional GIT-type problem, and
the technique seems to be quite general. In view of the moment map description
of Section 4.5 for the Z-critical equation, it would be interesting if such techniques

could be adapted to the study of Z-critical metrics on bundles.
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Chapter 6
Background

In this chapter we will recall the notion of an optimal symplectic connection on
a Kahler fibration introduced by Dervan—Sektnan [DS21b], and, as according to
Principle 1.1, the corresponding notion of stability of a fibration [DS21a].

For our purposes, we will also describe the theory of stability and Hermite—
Einstein connections on holomorphic principal bundles, which is a variant of, but
closely related to, the theory for holomorphic vector bundles which has been de-

scribed in Section 2.2.

6.1 Optimal symplectic connections

To begin, we will recall the motivation of the work of Dervan—Sektnan who introduced
optimal symplectic connections (OSCs). The spaces we will be considering are certain
Kéhler fibrations.

6.1.1 Kahler fibrations

Definition 6.1.1 (Kéhler fibration). A Kdhler fibration consists of a surjective holo-
morphic submersion
7 (X,wx) = (B,wp)

189
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where (B,wg) is Kéhler and wx is a closed (1, 1)-form on the complex manifold X
such that the restriction to the fibre directions is non-degenerate. That is, wx is a
Kahler form in the vertical directions. We call such a form relatively Kdahler. Denote

the restriction wy| x, to any fibre as wy.
In the proceeding theory, we will always make the following further assumptions:

e We will always notate that dim B = n and reldim X/B = m, so that the

dimension of any fibre dim X, = m.

e The spaces X and B will always be compact. In this case Ehresmann’s lemma
implies that X — B has the structure of a smooth fibre bundle, but the complex

structure of the fibres may vary.

e We will always assume that the fibres (X, w;,) are cscK manifolds so that
S(wyp) is constant for every b. We call relatively Kéhler metrics satisfying this

assumption relatively cscK metrics.

e We will always consider the polarised setting where wg € ¢;(L) for some ample
line bundle . — B and wy € c¢;(H) for some relatively ample line bundle
H— X.

e We assume that the dimension dim Aut(Xp,w,) is independent of b. As a
consequence, by the upcoming discussion in Section 6.1.2 the space ho(Xp, wp)®
of real mean-zero holomorphy potentials on X, has dimension independent of
beB.

Since the form wy is relatively symplectic, the study of Kahler fibrations is the
complex analogue of the more general theory of symplectic fibrations (see for example
[MS17]). Let us emphasise some key features arising from the symplectic structure
of the fibration (X,wx) — (B,wp). Since wy is non-degenerate in the direction of
the vertical subbundle V C T'X, there is an orthogonal complement H C T'X with
respect to wx, the horizontal subbundle, such that TX = )V & H. This defines an
Ehresmann connection on X as a fibre bundle, with curvature Fy € Q%(X,V) defined
by

Fy(u,v) = [uy, vyly = [uy, vy — [u, v]x.
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Definition 6.1.2 (Symplectic curvature). Given two vectors u,v € T, B then
Fy(u”,0%) € Symp(Xp,w)

is a symplectic vector field, where u# and v# are the horizontal lifts of u, v. Denote
(abusively)
Fy € Q*(B,Symp(V, wx))

the two-form on B with values in fibrewise symplectic vector fields on (X, wx). This

is the symplectic curvature of (X, wx) — B.
In this symplectic setting we have the following remarkable theorem.

Theorem 6.1.3 (Minimal coupling, see [GLS96, §1], [DS21b, Lem. 3.2]). The sym-
plectic curvature Fy always takes values in vertical Hamiltonian vector fields. Fur-
thermore if p* : Ham(V) — C5°(X) denotes the map taking a vertical Hamiltonian
vector field to its associated relative (mean zero) Hamiltonian function on X, and

we abuse notation by identifying u* Fy with its pullback to the total space of X, then
Py = (wx)y+7f

where (wx )y is the horizontal component of wx and (3 is some two-form on B.

6.1.2 Holomorphy potentials and automorphisms

As remarked in the previous section, we will always assume that the fibres (X3, wp)
of the Kahler fibration are cscK manifolds. Let us now discuss the consequences of
this for the symplectic curvature and the automorphisms of the fibration. To do so,
we must recall a special class of Hamiltonian-type functions on a Kahler manifold,

the holomorphy potentials.

Definition 6.1.4. Let (Y, w) be a compact Kéhler manifold. A holomorphy potential
fonY is a function f : Y — C such that

oVl f =0
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where V10 is the (1,0)-component of the Riemannian gradient of f. Any such

function f defines a holomorphic vector field

ff = VLOfv

the (1,0)-part of the symplectic gradient of f. Denote the space of holomorphy
potentials by
b :=ker OV : C®(Y,C) — Q1 (T"0Y).

The holomorphy potentials generate holomorphic vector fields, which live in the
Lie algebra H°(Y, TY) of the holomorphic automorphism group Aut(Y") of the Kihler
manifold Y. Two holomorphy potentials which differ by a constant define the same
vector field, so we fix this indeterminacy by restricting to the mean-zero holomorphy
potentials, which we denote bj.

We also have assumed that the fibration is polarised, so we have a pair (X, H) —
(B, L) where H is relatively ample and L is ample. For a polarised compact Kéhler

manifold (Y, w, Hy ), we can consider the reduced automorphism group
Aut(Y, Hy) C Aut(Y)
of automorphisms of Y which lift to Hy. The Lie algebra
Lie Aut(Y, Hy)

can be identified with the non-zero holomorphic vector fields on X which vanish
somewhere. Such vector fields are precisely those which can be written as V3 f for

some mean-zero holomorphy potential f, so we have an identification
[’]0 = Lie Aut(Y, Hy)

See [Gaul0, §3.5] for more details.
If w € ¢;(Hy) is a Kéhler form, then we obtain a group of holomorphic isometries
Isom(Y,w) C Aut(Y), and a reduced isometry group Isom(Y,w, Hy) C Aut(Y, Hy)

of holomorphic isometries which lift to Hy. The Lie algebra Isom(Y,w, Hy) is given
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by the space of holomorphic Killing vector fields which vanish somewhere on Y. The
following theorem shows that such automorphisms can be described by holomorphy

potentials when (Y,w) is cscK.

Proposition 6.1.5 (Matsushima-Lichnerowicz theorem (see [Gaul0, §3.5,3.6])).
If (Y w, Hy) is a polarised manifold and w is cscK, then the reduced automorph-
ism group Aut(Y, Hy) is reductive, and the reduced holomorphic isometry group

Isom(Y,w, Hy) is a maximal compact subgroup. Under the identification
h = Lie Aut(Y, Hy)
this corresponds to the decomposition
ho = by & ibg

of (mean zero) holomorphy potentials, where by denotes the real mean-zero holo-
morphy potentials f 1Y — R. With respect to the isomorphism between holomorphy
potentials and holomorphic vector fields, a purely imaginary holomorphy potential
[ € by generates a Killing vector field V'O f € LieIsom(Y,wy, Hy).

Remark 6.1.6. One may go further to describe the space of all cscK metrics
in the class ¢;(Hy) by constructing an identification with the homogeneous space
Aut(Y, Hy)/ Isom(Y, wy, Hy) for a fixed cscK metric wy. One may further use that
the Riemannian exponential map is a diffeomorphism on this space to deduce an
isomorphism

be = Aut(Y, Hy)/ Isom(Y,wy, Hy)

of the real mean-zero holomorphy potentials with respect to wy with the set of
cscK metrics in the class ¢;(Hy). See for example [Hal22, §2.2] for a more detailed

discussion of this description.
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6.1.3 The equation

Let us now turn to the question studied in [DS21b]. We will briefly recall its origins

in the adiabatic limit, which occurs when we consider the de Rham cohomology class
wx + km*wp] = c1(H) + key (L)

on X, which for k£ > 0 is a Kéhler class (in the following we will omit the 7* when
referring to wp on X). In this setting the natural question about canonical metrics

is the following:

Question 6.1.7. When does an adiabatic Kahler class [wy + kwp] admit a constant

scalar curvature Kahler metric?

To answer this question, it is useful to compute the expansion of the scalar
curvature S(wx + kwp) in powers of k. We have (see [DS21b, Cor. 4.7])

S(wx + ka) = S(wb) + ]ﬂil(S(wB) + AprH -+ Av(AwB(wX)%» + O(kiz)
(Eq. 6.1)

Here S(wp) is the function on X whose restriction to a fibre Xj is the scalar curvature
of wy. Since this appears as the leading order term in the expansion (Eq. 6.1), to
first approximation in order to answer Question 6.1.7 we should require that S(w)
is a constant function on X, for every b, as we assumed in Section 6.1.1.

The other terms in the expansion (Eq. 6.1) are defined as follows:

e For a differential form § on X, the horizontal component (3 denotes the re-

striction to the horizontal distribution defined by wy.

e The contraction A, is given by

ﬂy A\ w%_l

n
Wp

A,,B=n

where the quotient is taken in det H*. When ( is pulled back from B, this is

just the pullback of the regular contraction of § with wg on B.
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e The form p denotes the relative Ricci curvature of wx defined as follows. The
form wy is Kéhler in the vertical directions, and so induces a positive-definite
Hermitian metric on ¥V — X. The induced Hermitian metric on the holo-
morphic line bundle det V — X has curvature form p. In local coordinates one
can write

p= —iaglog det(wx)y
2

where the determinant is taken in V*, so py is equal to the Ricci curvature of
(X, ws). Note that p may have non-trivial horizontal component py, as 90 is

being taken on the total space of X.

e The vertical Laplace operator Ay on functions f on X is defined by
Ay = Ay(id9f)
where Ay is the vertical contraction with wy, given by

ﬁv A w}?il

m
Wx

Avﬁ:m

where the quotient is taken in det V*.

To write down the optimal symplectic connection, we need one more ingredient,

a certain projection operator
p: C®(X,C) — OF(X).

Here C%(X) is the subspace of smooth functions C*°(X, C) which restrict to mean-
zero real holomorphy potentials on each fibre (X, wy):

C¥(X) = {f € C*(X,C) | flx, € bo(Xy,ws)* and fly,wi"=0forallbe B} :

Xp

The vector space Ep := Ho(Xp, wp)® of real mean-zero holomorphy potentials on
(X4, wp) has dimension independent of b by our last assumption in Section 6.1.1 and

the fact that the Lie algebra of reduced automorphisms is identified with holomorphy
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potentials as described in Section 6.1.2. Indeed these vector spaces Ej, form a real
vector bundle over B and a smooth section of £ — B can be identified exactly with
a smooth function in CF(X) ([DS21b, p. 13]). Furthermore it was explained by
Hallam [Hal22] that relatively cscK metrics in the same relatively Kéhler class [wy]
as wy can be identified with the smooth sections of £ (on each fibre this corresponds
to the discussion in Remark 6.1.6).

The projection p is the L? projection onto C%(X) with respect to the inner
product

(f.9) /X Fuh A

defined on (X, wyx) — (B,wp).

Remark 6.1.8. Note that if f € C°°(B) is a smooth function on the base, then
p(m*f) = 0. In particular if ¢ is a smooth function on B then p(A,,,7*(i00p)) = 0
by the observation that the horizontal contraction on X for pulled back forms is

simply the contraction on the base.

Definition 6.1.9. A relatively cscK metric wx on a compact Kéhler fibration 7 :

X — (B,wg) is an optimal symplectic connection if

Notice by Remark 6.1.8 and Theorem 6.1.3 that we could have equivalently writ-
ten (wx )y instead of p*Fy, so the term inside the projection agrees with the terms
at subleading order in Equation (6.1).

Remark 6.1.10. As has been observed in [DS21b, §3.5] an optimal symplectic con-
nection on the projectivisation P(E) of a holomorphic vector bundle arises precisely
from a Hermite—Einstein metric on E. Moreover it follows simply from the relatively
cscK assumption that, vacuously, an optimal symplectic connection on a fibration
X — {p} over a point is simply a cscK metric on X. In this sense the notion of
an optimal symplectic connection interpolates between cscK metrics on varieties and

Hermite—Einstein metrics on vector bundles.
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Let us now recall the existence result of Dervan—Sektnan for cscK metrics in

adiabatic Kahler classes.

Theorem 6.1.11 ([DS21b]). A compact polarised fibration = : (X, H) — (B, L)
admits a cscK metric in the class H + kL for all k > 0 sufficiently large whenever

1

e X admits an optimal symplectic connection wx € c1(H)," and

e the base (B, L) admits a twisted cscK metric wg € c1(L) such that
S(wp) — Apya = const

where o = ¢*Qwp s the pullback of the Weil-Peterson metric from the moduli

space of cscK manifolds.?

The form « can be defined via pullback using the existence of the moduli space
of cscK manifolds with automorphisms by Dervan-Naumann [DN18], although the

form can be identified with a fibre integral

a——/ PHA\WY
X/B

without any reference to to the moduli space. The condition that X admits an
optimal symplectic connection is vacuous when the fibres of (X, H) have discrete
automorphisms, in which the above theorem follows from the work of Fine [Fin04]
when X is a surface and B is a curve.

We also have the following uniqueness result due to Dervan—Sektnan and Hallam.

Theorem 6.1.12 ([DS21b, Hal20]). Suppose wx,w’y are two cohomologous optimal

symplectic connections on a Kdhler fibration m : X — (B,wg). Then there ezists a

'Here the inclusion of the projection p becomes clear after comparing with the expansion
(Eq. 6.1). Indeed the space C%(X) @ mx C°°(B) is the kernel of the linearisation of the adiabatic
scalar curvature, so the assumption that wx is OSC ensures obstructions to higher order corections
to (Eq. 6.1) vanish and the linearisation can be used to construct arbitrarily good approximate
solutions.

2This term appears since the function A, py has non-zero projection onto m*C°(B) given
precisely by the contraction of the Weil-Peterson metric on the base.
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holomorphic automorphism g of the fibration X — B (a biholomorphic g : X — X
such that mo g =) and a function ¢ on B such that

wx = g'wh + 7 (100¢).

Since the forms are cohomologous, the automorphism g can always be taken in the

identity component Auty(m) of the automorphism group Aut(m) of the fibration.

One interpretation of this uniqueness result is that optimal symplectic connections

give canonical relatively Kahler metrics on compact Kahler fibrations.

Remark 6.1.13. The preceeding notion of an optimal symplectic connection has
been generalised by Ortu [Ort22] to smooth deformations Y — (B,wp) of a rel-
atively cscK fibration (X,wy) — (B,wg). In this case an extra term appears in
(Eq. 6.2) related to the deformation of complex structure of the fibres, and a ver-
sion of Theorem 6.1.11 is proven on the deformed fibration Y. Algebraically such
deformations should correspond to fibrations with only K-semistable fibres (rather
than relatively cscK fibrations, which by Conjecture 2.3.7 should correspond to fibra-
tions with K-polystable fibres). Since K-semistability is an open condition, fibrations

of this form should be more amenable to the construction of moduli.

Remark 6.1.14. In view of the Kempf-Ness picture of Section 2.1, we note that
Hallam [Hal20] has introduced a relative version of the Mabuchi functional of K-
stability (see Section 2.3.2) which acts as a Kempf-Ness functional for the optimal
symplectic connection equation. However an interpretation of the equation in terms

of a moment map is still an open problem.

6.2 Stability of fibrations

Let us now describe, as suggested by Principle 1.1, the algebro-geometric theory
corresponding to the preceding notion of a canonical metric on a fibration. Just
as the OSC equation generalises the Hermite—Einstein equation in the case of pro-
jective bundles, this theory will be closely related to the slope stability described in

Section 2.2.1 for vector bundles.
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We begin with a polarised fibration 7 : (X, H) — (B, L) where L is ample and
H is relatively ample. We will work in the setting where X and B are smooth, and
where the fibres (X, H,) of X are K-polystable. This agrees (assuming the Yau-
Tian—Donaldson conjecture Conjecture 2.3.7) with the assumption of the fibres being
cscK which appeared in our discussion of optimal symplectic connections. In order
to identify stability, we will first define a notion of test configuration for a fibration

analogous to Definition 2.3.1.

Definition 6.2.1 (Fibration degeneration). A fibration degeneration of w: (X, H) —
(B, L) of exponent k, for k > 0, is a scheme p : X — B x C over C, and a relatively
ample line bundle H on X such that

e The morphism p: X — B x C is flat,
d (Xtv,?{t) = (X7 Hk) for ¢ 7£ 07

e there is a C* action on X lifting to H which covers the standard action on
B x C (which is trivial on B).

We say the fibration degeneration is a product if there is a C*-equivariant iso-
morphism X = X x C where the action on X is given by a one-parameter subgroup
of the group Aut(m) of relative automorphisms of the fibration (X, H) — (B, L).
Furthermore if this one-parameter subgroup is trivial so that C* acts on X x C only
on the second factor, we say the fibration degeneration is trivial.

If there is a C*-equivariant isomorphicm X = X x C as fibrations over B x C
we call the fibration degeneration a product degeneration. If furthermore H = H we

call it a trivial

Remark 6.2.2. Any such fibration degeneration is equivalent to a one-parameter
subgroup of GL(N,;, + 1) acting on Hilb(P(U;x)) where U, is the universal family
of an appropriate quot scheme for which Hilb(P(l4;;)) parametrises fibrations over
B. See [DS21a, Lem 3.2].

Note that for every j > 0, we have a genuine test configuration (X, jL + H) for
the polarised variety (X, jL + H*) of exponent one, in the sense of Definition 2.3.1.



200 CHAPTER 6. BACKGROUND

Using the standard definition of Donaldson—Futaki invariant Definition 2.3.2 we can

expand

DF(X, 5L+ H) = j"Wo(X, H) + "' Wi (X, H) + O(j"?) (Eq. 6.3)
in powers of j.
Definition 6.2.3 (Stability of fibration). We say a fibration 7 : (X, H) — (B, L) is

o semistable if Wy(X,H) > 0 for all fibration degenerations (X', H) and W1 (X, H) >
0 whenever Wy(X,H) = 0.

e polystable if it is semistable and whenever W, = W; = 0, there exists an
open subset U C B of complement codimension at least 2 such that X, H|;

normalises to a product fibration degeneration over U,?

e stable if it is semistable and whenever Wy = W; = 0, there exists an open
subset U C B of complement codimension at least 2 such that X', |, is the

trivial degeneration.

Remark 6.2.4. Recently an alternative notion of stability called f-stability has been
introduced by Hattori [Hat22], which is the “asymptotic Chow stability” version
of the above notion of stability of fibrations. This stability asks that whenever
Wi(X,H)=0fori=0,...,i then W; ,1(X,H) > 0. In particular it follows quickly
that stability in the above sense implies f-stability, which in turn implies semistability
of the fibration.

We will now describe the standard method of producing fibration degenerations
of a given polarised fibration 7 : (X, H) — (B, L), which was indeed given as the

definition of a fibration degeneration in [DS21al.

3The necessity of this condition was pointed out by Hallam [Hal22] to resolve the existence of
certain fibration degenerations identified by Hattori [Hat22] which destabilise any fibration. This
condition is analogous to considering only torsion-free coherent subsheaves in the theory of slope
stability of vector bundles, or considering “almost trivial” test configurations in K-stability.
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By the relative ampleness of H, for k > 0 the dimension of H°(X,, Hf) is constant
over b € B. Indeed for such k£ > 0 by the flatness of © we obtain vector bundles

Vk = W*Hk

over B with fibre Vi|, = H°(X,, Hf). To produce degenerations of X, we will take
degenerations of Vj as a vector bundle. As discussed in Remark 2.2.11, this is one
perspective that one may understand the stability of vector bundles in the language
of K-stability.

Definition 6.2.5. Given a vector bundle £ — B, a vector bundle degeneration is a

torsion-free coherent sheaf &€ — B x C, flat over C, such that
e £ is an equivariant sheaf with respect to the standard action of C* on B x C,
e the general fibre &; is isomorphic to F — B for all ¢ # 0.

Let £ be some vector bundle degeneration of Vj. Then we may take the relative

Proj of the sheaf £ to obtain a projective variety
P(E) := Proj(Sym¢&)

with a morphism p : P(£) — B and a relatively ample line bundle O(1). The fibre
of P(E) over b € B is the projective space of quotients P(E(b)) of the vector space
E ®o, k(b). In Section 7.2 we will consider a simpler case where £ is a locally-
free vector bundle degeneration, in which case P(£) is simply the regular projective
bundle of quotients.

By the relative Kodaira embedding for the relatively ample line bundle H — X,

one naturally obtains an embedding
for £ > 0 large enough that H” is relatively very ample. Thus we obtain a subscheme

X xCrCP(€)
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and define
X=X xC*

to be the closure of X x C* inside the projectivisation P(£) of the vector bundle
degeneration £. Being the projective closure of X x C*, X has equidimensional
fibres and therefore is flat over the one-dimensional base C. The C* action on &

produces a C* action on X', and we obtain a C*-equivariant morphism
p: X =B

and a relatively ample line bundle H := .*O(1) where ¢ : X — P(€) is the inclusion.
Then (X, H) is a fibration degeneration of (X, H) of exponent k.

As discussed in Remark 2.2.11 the simplest vector bundles degenerations are those
obtained by starting with a subsheaf F C V) and “turning off the extension class”
e € Ext'(V,,/F,F) defining the extension

This produces a vector bundle degeneration & — C for which the general fibre &;
is given by Vi, — B for t # 0, and the central fibre is & = F @ Vi/F — B. In
the case where, for example, F is a holomorphic subbundle, then the induced test
configuration on each fibre (X,, Hy,) corresponds to a test configuration arising from
deformation to the normal cone of a linear subspace, a special form of those appearing
in slope K-stability (see Remark 2.3.4).
Let discuss further the coefficients W, and W; appearing in the expansion (Eq. 6.3).

First we recall Wy(X, H).

Proposition 6.2.6 ([DS21a, Lem. 2.33] or [Hat22, Lem. 4.8]). Let (X, H) be a
fibration degeneration of (X, H). Then for general b € B, we have

m-+n

Wo(X, H) = ( )L” - DF (X, Hy,).

n

By the assumption that the fibres of (X, H) — (B, L) are K-polystable, we auto-
matically have Wy (X', H) > 0 for any fibration degeneration of (X, H). Further, from
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the definition of stability of a fibration Definition 6.2.3 the fibration degenerations of
most interest are those for which the induced test configuration (X, H;) of a generic
fibre (X3, Hp) normalises to a product test configuration (so that DF (A3, Hy) = 0).

Remark 6.2.7. In fact, if the fibres of (X, H) — (B, L) have trivial automorph-
isms Aut(X,, H,) = 0 so that they are K-stable (and not just K-polystable), then
Wy (X, H) > 0 for any fibration degeneration which does not normalise to the trivial
test configuration on a generic fibre. by the above proposition, and therefore the
fibration is stable. This agrees with the observation that any such fibration with
trivial automorphisms of the fibres admits an optimal symplectic connection (the

condition being vacuous in that setting).

The subleading order coefficient W;(X,’H) admits an intersection-theoretic ex-
pansion identified by Dervan—Sektnan, by expanding the intersection formula for the
Donaldson—Futaki invariant (Eq. 2.9) in powers of j in this setting. We will only
recall this formula in the simplified setting of a Fano fibration, so we have a polarisa-
tion (X, —Kx/p) — (B, L). Here we compactify the test configuration (X,jL + H)

over P! trivially at infinity and obtain

-1
n+m m -1 2 1 1 -1 1
Wi (X = —— " H" P ——— AL HT S LV HTTLK
(n—l) 1(X,H) 2 H +m—|—17 H H X/BxPl!
(Eq. 6.4)

where
B Lnfl.(_KX/B)m+1

L (—Kx/p)™
As discussed for example in [CP21, §1.2], —~ is the degree of the CM line bundle
over the base B induced by the family (X, —Kx/g) — (B, L) of Fano varieties. In
particular by the positivity of the CM line bundle, v < 0 and if X — B is isotrivial

then in fact v = 0. This is the case for example for projective bundles as we will see
in Section 7.2.1.
Finally let us state the central conjecture relating stability of fibrations and op-

timal symplectic connections is the following.

Conjecture 6.2.8 ([DS21a]). A polarised fibration (X, H) — (B, L) is polystable if

and only if it admits an optimal symplectic connection.
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Progress towards this conjecture was made by Dervan—Sektnan, who showed that
the existence of an optimal symplectic connection implies semistability of the fibra-
tion [DS21a]. This was improved to polystability with respect to certain product-type

fibration degenerations by Hallam using geodesic analysis [Hal20].

6.3 Principal bundles

We will now recall the theory of stability of principal bundles over compact Kahler
manifolds and the associated notion of a Hermite—Einstein connection. This theory
closely mirrors the theory of holomorphic vector bundles discussed in Section 2.2,

and in particular relies on the analogue of a Chern connection on a principal bundle.

6.3.1 Hermite—Einstein connections

Consider now a holomorphic principal G-bundle P — (B, wg) over a compact Kéhler

manifold, where G is a reductive complex Lie group.

Definition 6.3.1. A Hermutian structure on P is a choice of reduction of structure

group
o:B— P/K

of P to a principal K-bundle P, — (B,wpg) where K is a maximal compact subgroup
of G, such that K¢ = G.

The key example of a Hermitian structure occurs when G = GL(r,C) and
K = U(r). Then the quotient GL(r,C)/U(r) is identified with the space of Her-
mitian inner products on C", and a reduction of structure group o : B — P/K is a
smooth choice of Hermitian inner product on every fibre of the standard associated
holomorphic vector bundle F := P x4 C". That is, o is just the data of a Hermitian
metric on E.

In general we note that when G is reductive, the quotient space G/K is con-
tractible and there are many sections o of the quotient bundle P/K. Thus there
always exists Hermitian structures on holomorphic principal bundles with reductive

structure group.
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Definition 6.3.2. A principal bundle connection A € Q'(P, g) on P is said to be:
e Complex if A€ QM0(P,g) is of type (1,0).

o Unitary with respect to a Hermaitian structure o if there exists a principal bundle
connection A, on the reduction of structure group P, such that under the

induced associated bundle construction
P=P o XK G,

A, pushes forward to A.

The analogue of the existence and uniqueness of Chern connections on vector

bundles is the following.

Proposition 6.3.3 ([KN69, Thm. IX.10.1]). Given a Hermitian structure o : B —
P/K on a holomorphic principal G-bundle P with reductive structure group, there
s a unique complex connection A on P unitary with respect to o. This is called the

Chern connection of o on P.

In the case where G = GL(r,C) and K = U(r), the Chern connection on P
induces exactly the standard Chern connection on £ = P x5 C" with respect to the

Hermitian metric induced by o.

Definition 6.3.4. A complex unitary metric A on a Hermitian holomorphic principal

G-bundle P — B with Hermitian structure o is Hermite—Einstein if
AwB F A=T

where Fy € QY (B,ad P) is the curvature of A and 7 is a covariantly constant,
central section 7 € I'(ad P).

In order to clarify this definition, we note that the Lie algebra bundle ad P — B
has fibre g the Lie algebra of G. Whilst ad P is in general a non-trivial vector bundle
on B with connection induced by A, it contains a trivial central subbundle Z C ad P,

and a section 7 € I'(Z) is covariantly constant with respect to the induced connection
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if and only if it is constant with respect to the standard trivialisation (the pushdown
of the trivialisation of P x Zz(g) under 7). Such a section pulls back to a constant
function P — Z(g) into the centre of the Lie algebra on the total space of P.

In the case where G = GL(r,C) and K = U(r), the centre Z(g) of the Lie algebra
End(C") of G is simply C-1¢r and ad P = End E where FE is the standard associated
bundle £ = P x5 C". In this setting Z C ad P is the trivial bundle generated by
C-1g and 7 is constant if 7 = A1 g for some A € C determined by the topology of P.
Thus a Hermite-Einstein connection A on P induces a Hermite-Einstein connection

on F in the sense of Section 2.2 discussed previously.

Remark 6.3.5. Suppose if G = GL(r,C) x GL(r',C). Then a central element of
the Lie algebra g is of the form
AMcer 0
0 plew

and if one considers the product standard representation then we have
Pxg(C®C)Y=E®F

where F and I are the standard associated bundles for the two factors of G. Then

a Hermite—Einstein metric on P is equivalent to an extremal Yang—Mills metric on
E @ F in the sense of Remark 2.2.20.

6.3.2 Stability

By Principle 1.1 associated to the above extremal notion on a principal bundle we
expect a stability theory closely analogous to the slope stability of vector bundles.
Such a theory was first developed by Ramanathan on compact Riemann surfaces
[Ram75, Ram96a, Ram96b]| and a general theory has been developed for projective
manifolds and compact Kéhler manifolds (see for example [RS88, ABO1]).

Let (B,w) be a compact Kéhler manifold and P — B a holomorphic principal G-
bundle. Let () C G be a parabolic subgroup. We wish to consider reductions of struc-
ture group o : U — P/ where U C B is an open subset such that codim(X\U) > 2.
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Definition 6.3.6. The principal bundle P is (semi)stable with respect to the reduc-

tion of structure group o to a maximal parabolic subgroup @) if
deg o™ V(P/Q) >0 (resp. >)

where V(P/Q) is the vertical tangent bundle of P/Q. The bundle P is (semi)stable
if it is (semi)stable with respect to reductions to all maximal parabolic subgroups

defined over Zariski open subsets with complement codimension greater than one.

We will omit the precise definition of polystability of a principal bundle, where
one must precisely encode the idea that P splits as a direct sum of stable principal
bundles of the same slope. See [ABO1, Def. 3.5].

Remark 6.3.7. Note that ¢*V(P/Q) — U is a vector bundle over U C X so one
must be careful in defining the degree. It is not necessarily the case that o*V(P/Q)
(or indeed as is necessary here, even just the determinant of this bundle) extends to
all of X. However one can show that when V(P/Q) has arisen from the reduction of
structure group to a parabolic subgroup ) C G, the determinant line bundle always

extends uniquely and the degree is well-defined [RS88, §1].

Remark 6.3.8. The restriction only to maximal parabolic subgroups is analogous
to the restriction of testing stability of vector bundles only on single subsheaves
as opposed to filtrations thereof. Indeed a parabolic subgroup @ C G is specified

exactly as the stabiliser of a flag
ocvic---cVp=V

inside a vector space V' for which p : G — GL(V) is some faithful representation. A

maximal parabolic corresponds to a one-step filtration
ocwvicV.

It suffices to consider reductions to such parabolic subgroups to obtain a well-behaved

theory for stability of principal bundles.
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Remark 6.3.9. In the case where G = GL(r,C), the stability of P — (B,wg) is
precisely equivalent to the slope stability of £ = P x& C" the standard associated
bundle. In general the stability of P implies the polystability of the adjoint vector
bundle ad P with fibre g. In fact P is semistable if and only if ad P is semistable,
and a consequence of the Hitchin—-Kobayashi correspondence in this setting shows
that P is also polystable if and only if ad P is polystable, so one can in this sense
subsume the theory of stability of principal bundles into the corresponding theory of

vector bundles.

The analogue of the Donaldson—Uhlenbeck—Yau theorem in this setting is the
following (which is proved by appealing to the regular theorem Theorem 2.2.21 for

vector bundles after identifying the correct associated vector bundle of P).

Theorem 6.3.10 ([RS88, ABO1]). A holomorphic principal G-bundle on a compact
Kdhler manifold (B,wg) admits a Hermite—FEinstein connection if and only if it is

[wg]-polystable.

6.4 Product fibrations

To conclude our background, we briefly discuss the above constructions in the case of

product fibrations. The following holds for any product of compact Kéahler fibrations.

Proposition 6.4.1. If wx and wx: are optimal symplectic connections on two fibra-
tions (X, H),(X',H') — (B, L), then the product metric on the fibred product Z =

X xp X' is an optimal symplectic connection.

Proof. This is simply a matter of verifying that the various terms appearing in the
optimal symplectic connection equation split with respect to fibred products in the
expected way. Let us first note that the curvature Fy of the product metric w =
wyx + wy is the direct sum Fy = Fx + Fx. where Fx, F'y: denote the curvatures of

wx,wx on X and X' respectively. One also observes that

*
dp* By = tp,w = tp, (Wx +Wxr) = tpywx + Lp, Wx!
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from which we conclude that p*Fy, = p Fix +p% Fxo. Similarly it is straight forward
to see Ay, = Ay + Ay where Ax and Ay denote the vertical Laplacians on X and

X' respectively. .

If the dimension of the fibres of X and X’ are mx,myx respectively, for the
projection operator p applied to a sum function ¢ = px + @x where px, px depend

only on the fibre coordinates of X and of X’ respectively, we have

_ Jxyxr, Ply (wx +wxr)mxtms

((JJX + wX/)mX+mX’

p(90|b> = 90|b f
XbXX/b
B bexX’b ol W AW

mx ’ITLX/
n Wxo A wxi

= ¢
’ beXX

B l_mm&ymﬁx+ ’_mm&ymﬁf
I R D R TN, [y, wit

= px(ex|,) +px(px]y),

where in the second to last step we have used Fubini’s theorem.

Finally, let us note that if px and pxs denote the relative Ricci forms of wx and

wx, then we have

p = i00log det(wx + wx’)
= i00log det wyx det wxs
= 00 log det wx + 100 1og det wx
= px + px’.

Here we have used that the determinant of the product metric wx +wx- is the product
of the determinants, as can be seen by using the block matrix decomposition of the
metric in local product coordinates, and note that any derivative in 90 in the X fibre
direction will vanish on log det wy:, which depends only on the X’ fibre coordinates,

and vice versa.

In conclusion, since Axp’, Fx: =0 and Ax/p’ Fx = 0, we observe that
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P(AYA 1" Fy + Moy )
= p(Ay x Aoy itx Fx + Aupprx) + p(Ay xr A i Fxr + Aoy pr,xr)

and thus we have the result. O

The above proposition combined with Theorem 7.1.1 produces a wealth of ex-
amples of optimal symplectic connections. Namely all fibred products of projectiv-
isations of polystable vector bundles admit optimal symplectic connections, which in
fact already follows from the above proposition and previous work about the exist-
ence of optimal symplectic connections on projective bundles [DS21b, §3.5].

This is somewhat curious from the perspective of vector bundles, as the direct
sum of polystable vector bundles is not necessarily polystable (and therefore does
not necessarily admit a Hermite—Einstein metric) unless the vector bundles have the
same slope. Indeed the process of taking a direct sum and then projectivisation does
not commute with taking projectivisation and then fibred product, in regards to the

existence of optimal symplectic connections.

ELF——— S E&F

! l

P(E) x5 P(F) ¢-4-> P(E & F)

Figure 6.1: The existence of optimal symplectic connections on fibred products of
projective bundles is not equivalent to the projectivisations of direct sums of bundles.

On the other hand, a product of cscK manifolds is always cscK without regard
for any topological matching criteria, so in this sense the study of optimal symplectic
connections is closer to the study of cscK metrics.

Let us clarify this lack of commutativity from the perspective of principal bundles.

If F(E) denotes the frame bundle of a vector bundle E, which is a principal GL(rk £, C)-
bundle, then the fact that P(E) xp P(F') admits an optimal symplectic connection
when F and F' are polystable corresponds to the fact that F(E) x g F(F) is a poly-
stable principal bundle by our main result Theorem 7.1.1. By the Hitchin-Kobayashi

correspondence for principal bundles, this is known to be equivalent to the slope
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polystability of the slope zero vector bundle
ad(F(E) xp F(F)) =ad F(E) ® ad F(F) = End(F) @ End(F).

On the other hand if £ and F' have different slopes, so p(E) < u(F) without loss of
generality, then the principal bundle F(E & F') has adjoint bundle End(E & F) =
End(F) @ Hom(E, F) @ End(F) which is not polystable, and so F(E & F') is not
polystable either, which agrees with the fact that P(E® F') does not admit an optimal
symplectic connection.

It is known (see [RR84]) that if P is a polystable principal G-bundle and p :
G — H is a representation which sends the connected component of the identity
of the center, Zy(G), to the corresponding component Zy(H), then the associated
principal H-bundle P x , H is also polystable. Now the direct sum structure of £® F'
provides a reduction of structure group from F(E & F) to F(E) x g F(F), however
the associated homomorphism GL(rk £, C) x GL(rk F, C) — GL(rk E+rk F,C) does

not map the centre into centre, as a central element

Mg 0
0 ,ulp

does not commute inside the larger group GL(rk F + rk ), C) unless A = p. This

explains the lack of commutativity in Figure 6.1.

Remark 6.4.2. By the above discussion if P(E) x gIP(F') admits an OSC then E® F
admits an extremal Yang-Mills metric. One therefore expects the projectivisation
P(E & F) to admit an eztremal symplectic connection in the sense of [DS21b, Def.
3.15]. In particular one should expect the diagram Figure 6.1 to commute if we
instead only consider extremal symplectic connections instead of optimal symplectic

connections.

Finally note that by the uniqueness of optimal symplectic connections The-
orem 6.1.12, if a holomorphic fibration (Z, Hz) admits a fibred product decompos-
ition into factors (X, Hy) and (X', Hy) admitting optimal symplectic connections,

then any optimal symplectic connection on Z in ¢1(Hz) = ¢1(Hx X HY ) must be of
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fibred product form after the action of some relative automorphism and pullback of

a two-form from the base. Thus we might introduce the following notion.

Definition 6.4.3. A reducible polarised holomorphic fibration (Z, Hyz) is a fibration
admitting a fibred product decomposition of the above form. A polarised holo-

morphic fibration is irreducible if it is not reducible.

For the notion of reducibility to be useful, it should be the case that if wy is
an optimal symplectic connection on Z, then it can be transformed into product
form where wy and wy are optimal symplectic on X and X’. The corresponding
algebro-geometric prediction is that the (semi/poly)stability of (Z, Hz) implies the
(semi/poly)stability of (X, Hx) and (X', Hx/).*

4In the case of K-stability this follows from a straightfoward calculation of the Donaldson-Futaki
invariant of a fibred product of test configurations (taken over C). A similar calculation should
produce this algebro-geometric fact for fibration degenerations, provided more care is taken in the
decompositions of spaces of sections HY(Zy, j L+Hz) with respect to a fibred product decomposition
Zy = Xp xp X}. This would justify the notion of reducibility in view of Conjecture 6.2.8. Note
the corresponding metric property: a cscK metric on a product is necessarily a product of cscK
metrics; is not at all obvious.



Chapter 7

Isotrivial fibrations

In this chapter we will study the notion of an optimal symplectic connection in the
case of isotrivial fibrations. Our main result relates the existence of such connections
to the existence of Hermite—FEinstein connections on holomorphic principal bundles.
Using the Theorem 6.3.10 this gives a characterisation of the existence of optimal
symplectic connections in terms of a purely algebro-geometric stability condition in
the isotrivial case, proving an instance of Principle 1.1.

The main section Section 7.1 is the content of the paper [McC22].

We will also discuss several future direction of interesting, including a discussion
of stability for isotrivial fibrations, and a formalism in terms of principal bundles in

non-isotrivial setting.

7.1 Existence of optimal symplectic connections

Recall that a Kéhler fibration (X,wx) — (B,wg) is called isotrivial if it is a holo-
morphic fibre bundle. By the theorem of Fischer—Grauert this is equivalent to asking
that the fibres of X — B are all biholomorphic [FG65]. In this section we prove the

following.

Theorem 7.1.1 (Theorem 1.7). Let P — (B,wg) be a holomorphic principal G-
bundle with maximal compact K C G and suppose G acts by biholomorphisms on

a cscK manifold (Y,wy) such that K acts by holomorphic isometries. Then the

213
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symplectic connection wx on the associated bundle
X=PxgY =PF, xgY — (B,wp)

induced by a complex unitary connection A on P is an optimal symplectic connection
whenever A is a Hermite—Finstein connection.

Moreover, if P arises as the bundle of relative automorphisms of a given compact,
isotrivial Kdhler fibration (X,wyx) with cscK fibres, then the induced principal bundle

connection A on P is Hermite—Finstein if and only if wx is optimal symplectic.

We will be interested in smooth isotrivial relatively cscK fibrations (X,wyx) —
(B,wp). Let H be relatively ample on X and suppose wx € ¢;(H). Then for the
model fibre (Y, wy, Hy) of X, where wy is cscK, the automorphism group of (Y, Hy)
is reductive [Gaul0, §2.4, §8.1].

To summarise, let Gy = Auto(Y, Hy) denote the the connected component of the
identity of the group of holomorphic automorphisms of Y which lift to Hy, and let
Ky = Isomg(Y,wy, Hy) denote the subset of Auty(Y, Hy) of holomorphic isometries
of wy. Then K, C Gy is a maximal compact subgroup. The Lie algebra h = Lie(G))
of complex holomorphy potentials of Y can be identified with the holomorphic vector
fields on Y which vanish at least once. The Lie algebra ¢ = Lie(Kj) C b is identified
with the real holomorphy potentials, and h = €@ J€ where J is the complex structure
on Y. Integrating up to the Lie group, Gy = K§, so Gy is reductive.

In the case of fibrations the above description of the automorphism group has

the following consequence.

Lemma 7.1.2. A smooth polarised isotrivial relatively cscK fibration
7 (X,wx, H) = (B,wp, L)

with model fibre (Y,wy, Hy) arises as the associated bundle to a reductive holo-
morphic principal Gy = Auty(Y, Hy )-bundle P which admits a reduction of structure
group o : B — P/Kj to a principal Ko = Isomy (Y, wy, Hy)-bundle P, such that

X=Pxqg Y =PF, Xk, Y.
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Proof. Since X — B is a holomorphic fibre bundle, it admits a holomorphic system
of local trivialisations, say {(Ua,¢a)}. Fix any by € B and any ( with by € Up.

Define a model cscK metric wy = g, p WX and polarisation Hy := @g*’bH. Let
Go = Auty (Y, Hy) and K = Isomy (Y, wy, Hy).

By the uniqueness of cscK metrics up to automorphisms, for any local trivialisa-
tion ¢ on V for X and any b € V, there exists a holomorphic automorphism g, of YV’
taking ¢,wx|, to wy. Since Y,wx and wy are cohomologous, this may be taken to
lie inside the reduced automorphism group of biholomorphisms which lift to the line
bundle Hy for which wy € ¢;(Hy). Performed for the covering by the U, this defines
a system of local sections of a principal Go-bundle over B. The cocycle condition for
this system of sections follows from that of the trivilising functions ¢, for this cover.

Furthermore, if b € U, then under the identification of X, with Y with respect
to the biholomorphism ¢, the automorphism group Ky for Y can be identified with
a conjugate of Isomg(Xy, wx|,, Hp) in Auty(Xy, Hp). The cocycle condition for this
system of local trivialisations guarantees that on overlaps of the U, the isometry
groups of b € U, N Up are mapped to the same conjugate. This defines a smooth
section o : B — P/ K specifying the desired reduction of structure group to Ky. [

7.1.1 Induced optimal symplectic connections

We suppose now that we have an isotrivial fibration arising as the associated holo-
morphic fibre bundle to some holomorphic principal bundle with reductive structure
group, which reduces to a principal bundle for a maximal compact subgroup of the
structure group. As we observed, every isotrivial relatively cscK fibration arises in
this way, although in the following we make no assumption that the associated prin-
cipal bundle has structure group the identity component of the automorphism group
of the model fibre.

Explicitly, fix a smooth polarised variety (Y, Hy) with a constant scalar curvature
Kahler metric wy € ¢1(Hy). Assume that a reductive group G acts linearly on
(Y, Hy) and furthermore that there exists a maximal compact subgroup K C G for
which the restriction of the G action to K preserves the Kéahler metric wy, that

is, assume that K acts by holomorphic isometries on Y. Such an action of K on
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(Y, wy) is always Hamiltonian, where the Hamiltonian function of any induced vector
field is given by the real mean-zero holomorphy potential with respect to wy (see
Section 6.1.2). Let us denote by u : Y — £ a corresponding moment map. Finally
let us assume that P admits a reduction of structure group o to K, and let P, denote
the principal K-bundle which induces P. Associated to this data is a holomorphic
fibre bundle

m: X=PXxgY =P, xgY — B,

associated to P. Given such an associated bundle, there is an induced symplectic
connection on X given by the cscK metric on Y and a complex unitary connection
on P. This follows essentially from working with the smooth principal K-bundle P,
and applying a theorem of Weinstein (see for example [MS17, Thm. 6.3.3]). We
reproduce the details here to emphasise the relationship between P, and P in our

setting and show that the resulting form wy is a (1,1)-form on X.

Proposition 7.1.3. Given the set up above, any choice of complex unitary connec-

tion A on P induces a relatively Kihler metric wx € ¢1(H) on X.

Proof. Let vg denote the induced vector field on Y from some £ € € under the action
of K on Y. Then v¢ preserves the Kéhler structure of Y.
Let y € Y,y € T,Y,n € £. Then we have the two identities

(du(y)g, &) = wy (ve(y), 1),

(1Y), [€,1]) = wy (ve(y), vy (y)).

The first follows from the definition of a moment map, and the second from the
infinitesimal equivariance condition on the moment map.

Let us abuse notation by writing A = A, to denote the connection on the reduc-
tion of structure group P, of P, and let F' € Q%(P,; ) denote the curvature form of
A,. Then for p € P,,£ € €,v1,v, € T,P, we also have the standard expressions

Ap(pg) = ga

Fy(v1,02) = (dA)p(v1,v2) + [Ap(v1), Ap(va)].
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Define a projection operator m4 : TPy X TY — TY by ma(v,9) = § + va, ) (y). Let
us define a two-form &y € Q*(P, x Y) by

(;JX =Wy — d<,u, A)

Then note that Wy is closed on P, x Y.

One may write
(I)X:ﬂ'zu.)y— </JJ,F> (Eq 71)

Indeed, using the identities above and the definition of 74, we compute

(mawy — (ks F7)) () (01, G1), (v2, 2))
= wy (§1 + Va,0) (Y), U2 + Va, ) (¥) = (1Y), Fy(v1,v2))
= wy (I1, 92) + wy (Va, (1) (¥), §2) — wy (Va,(00)(¥), 1)
+ Wy (Va, (1) (¥)s VA, 02) (V)
— (1Y), (dA)p(v1,v2)) — ((y), [Ap(v1), Ap(v2)])
= wy (§1, 92) + (dp(y) 2, Ap(v1)) — (dp(y)ir, Ap(va))
+ (), [Ap(v1), Ap(v2)])
— (1Y), (dA)p(v1,v2)) — ((y), [Ap(v1), Ap(v2)])
= wy (I1, 92) — d(p, A)p((v1,91), (v, G2))-

From (Eq. 7.1) it follows that the two-form wx is K-invariant and horizontal for
the quotient map P, X Y — P, X, Y = X. In particular a vector (v, ) is vertical
with respect to this projection precisely if v is a vertical tangent vector to P and
ma(v,9) = 0. From this it follows immediately that ¢(, y»wx = 0. Since wx is also

closed this holds infinitesimally, and wx is basic.

Additionally, the moment map condition for u and wy implies the K-equivariant
closedness of w — i, and combined with the Bianchi identity this implies the equivari-

ant closedness of @Wx.

Therefore the K-invariant and equivariantly closed two-form wx descends to a
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closed two-form wx on the quotient X = P, X Y. The explicit expression

wx ((v1,91), (V2,92)) = Wy (G1 + Va, ) (Y), T2 + Va, ) (¥)) — (1Y), Fp(v1,v2))

shows that wx|, = wy since a vertical vector of X takes the form (0, 7), and (wx )y =
w* F3,, since a horizontal vector is given by (v,0) where v is horizontal on P. Since
we assumed that the initial connection A was complex, the curvature F' has type
(1,1), and so wy is a closed (1, 1)-form on X. O

In order to investigate when the symplectic connection wy induced on X is op-
timal, we will use the following fact about compact Kéahler manifolds which will

simplify the optimal symplectic connection equation in the isotrivial setting.

Lemma 7.1.4 (See for example [Szé12, Lem. 28]). If h is a Hamiltonian function
for a Kdhler metric w on a compact Kdahler manifold, with Hamiltonian vector field
v, then Ah is formally the Hamiltonian function for the (not necessarily symplectic)

two-form Ricw = p with the same vector field.

Proof.

2u,p = 1y(dJdlogdet w)
= L,(Jdlogdet w) — du,(Jdlog det w)
= —d(Lj, log det w)
=dALj,w.

Here we have used that v preserves J and w, where A is the trace with respect to w.
But £ ,w = —2i0dh so Lyp = dAh. O

The key argument which demonstrates how the optimal symplectic connection

equation simplifies for isotrivial fibrations is the following.

Proposition 7.1.5. Given a complex unitary connection on a holomorphic principal
bundle P — (B,wg) with reductive fibre G, and an associated Kdhler fibration X =
P x¢g (Y,wy) with cscK fibre, the relative Ricci form p of the induced symplectic
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connection wy 1is related to the curvature of the connection A by

P(Awppn) = P(AvAL 1" Fy).

Proof. As above, suppose we have an action K ~ (Y, wy) of a real compact Lie group
by holomorphic isometries on a Kéhler manifold Y. By assumption this action admits

an equivariant moment map u : Y — €. Let us define a comoment-type map
vt — CR(Y)
by the composition
v = Ao u*.

A restatement of Lemma 7.1.4 implies that the comoment map v* satisfies the stand-

ard moment map criterion with respect to the Ricci form Ricwy = py. That is,

dl/*(g) = Z'vgpy.

Additionally, since K acts by isometries on Y, the Laplacian is K-equivariant as
a morphism C§°(Y) — C§°(Y), and therefore the composition v* = Ao u* is a
K-equivariant map from € to C§°(Y') with respect to the adjoint action of K on ¢.
Differentiating this condition at the identity in K gives the infinitesimal equivariance

condition

v (1§ m]) = py (ve, vy)

for the comoment map v*, which explicitly gives the interesting geometric formula
py (Ve, vy) = A(wy (ve, vy))
for induced vector fields vg, v,,.

Whilst the comoment map v* is not a genuine comoment map for a symplectic
form, it satisfies the same formal properties with respect to the K action relative to

py as pu* does relative to wy. In particular the argument of Proposition 7.1.3 repeats
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without change for the differential form
Ta = py —d(V'A) =mhpy —V'F

on the product P, x Y. Thus there exists a closed (1,1)-form 74 on X = P, xg Y
with the property that

(Ta)v = (p)v

where p is the relative Ricci form of wy itself. Additionally the explicit formula for
Ta reveals that (74)y = v Fy.

By [DS21b, Lem. 3.9], if two closed (1,1)-forms agree when restricted to the
vertical directions of a fibration, then their horizontal components are equal up to

pullback from the base. In particular we have
pu+ 7B =" Fy

for some two-form (5 on B.

Let us now observe that after contracting with wg we have
Aoppr + 77 f = Ny Foy = Ap Ay, 10" Py

for some function f = A, .8 on B. This second equality follows from the observation
that F; on X actually arises from a two-form defined on B, which is the very same
Fa € Q*(B,ad P,) defining the curvature of the connection A on P, (after composing
with the Lie algebra homomorphism from £ to Ham(V)). Since the two-form wg
contracting p*Fy is also pulled back from the base, we can consider A, ,Fy as a
section of the bundle of Hamiltonian vector fields on each fibre over B, and we have

Ao i Fy = A, Fy and similarly for v*. Here we also use the identity
App*s =v's

where s : B — Ham(V) is a section of the relative Hamiltonian vector field bundle
of the fibres of X over B. This identity defines v* for a general Kahler fibration, but

in this case follows immediately from the descent of the comoment maps p* and v*
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to X with respect to the diagonal action on P x Y.
To conclude, we note by Remark 6.1.8 that since the projection p is invariant

under the addition of a contraction of a form pulled back from the base, we have

p(AVAwB,U/*FH> = p(AWBV*FH) = p(AwBIOH)'
O

Theorem 7.1.6. If a complex unitary connection A on P is Hermite—FEinstein with
respect to the Hermitian structure o defining the reduction of structure group to K,

then the induced symplectic connection wx on P 1is an optimal symplectic connection.

Proof. Let (X,wx) — (B,wg) be an isotrivial Kahler fibration with cscK fibres and
base, with symplectic connection wx induced from a holomorphic principal bundle
P. Then by Proposition 7.1.5 the optimal symplectic connection equation for wy
reduces to

p(AyAwB/L*FfH) =0.

Suppose now that wx is an optimal symplectic connection, and that A, 1" Fy = h
for some smooth function h € C*°(X). Then h restricts to a mean-zero holomorphy
potential on each fibre of X, because the isotrivial fibration X arises from a holo-
morphic principal bundle and the curvature takes values in fibrewise holomorphic
vector fields. Since p is the orthogonal projection onto such relative holomorphy
potentials, we have

:/ hp(Ayh)w'¢ A wh
X
:/ hAYhwY A wi
X

= VA[?PW? A wWh.
X B
X

Thus the holomorphy potential h is covariantly constant, and in fact zero as p* lands

in the mean-zero holomorphy potentials. Thus we have p(Ayh) = 0 if and only if A
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is zero. In particular the optimal symplectic connection equation is equivalent to
AwB ,LL*FH =0.

Now if wx arose from a principal bundle connection A, then the correspondence
between the Lie algebra of automorphisms and holomorphy potentials tells us that

the above equation is equivalent to asking
Aw B F A—=T

for some central section of ad P, so if A is Hermite-Einstein then the induced sym-

plectic connection wy is an optimal symplectic connection. O

The Hitchin—Kobayashi correspondence for principal bundles Theorem 6.3.10 al-

lows us to interpret the above theorem in terms of the algebraic geometry of P.

Corollary 7.1.7. If a principal bundle P — (B, L) is polystable over a cscK base,
and if the structure group G of P acts linearly on a polarised variety (Y, Hy) and
admits a restriction to a K action for a maximal compact subgroup which acts on
Y by isometries with respect to a cscK metric wy € ci(Hy), then the associated

fibration (X, H) — (B, L) admits an optimal symplectic connection.

By Theorem 6.1.11 one can use Theorem 7.1.6 to generate new examples of
cscK metrics in adiabatic Kahler classes on the total space of holomorphic principal
bundles.

Example 7.1.8. Let P — (B, L) be a non-trivial, stable principal SL(2, C)-bundle
over a polarised variety (B, L) of dimension at least two (every such principal bundle
is trivial in dimension one, and the construction reduces to a product cscK metric
in that case). Such a principal bundle could be constructed as the frame bundle
of a non-trivial stable rank two holomorphic vector bundle over (B, L) with trivial
determinant. For the existence of such bundles on any projective algebraic surface
see for example [Gie88]. Assume (B, L) admits a cscK metric and has discrete

automorphism group. Let (Y, —Ky) denote the Mukai-Umemura threefold discussed
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in Section 2.3.3.1, which admits an action of SL(2,C) and a Kéhler-Einstein metric
satisfying the assumptions of Theorem 7.1.6 [Don08, §5]. Then the associated bundle

X=P XSL(Q,(C) Y

admits an optimal symplectic connection by Theorem 7.1.6 and Corollary 7.1.7 and
since the base has discrete automorphisms and P is simple, the total space of the
fibre bundle has discrete automorphisms and by Theorem 6.1.11 admits cscK metrics

in adiabatic Kahler classes.

The construction demonstrated above is general, and produces a wide variety of

new examples of cscK metrics on the total space of holomorphic fibre bundles.

Remark 7.1.9. It may be interesting to ask the question of when a polarised fibra-
tion (X, H) — (B, L) admits cscK metrics in non-adiabatic Kéhler classes kL + H
for k£ not necessarily very large. In a special setting where B = B; X --- x By and P
is a product principal (C*)"-bundle arising from C*-bundles on each B;, Delcroix—
Simon [DJ22] have identified criteria for which associated isotrivial fibrations with
toric fibre admit cscK metrics in Kéahler classes on the total space. Away from the
adiabatic limit, it is necesary to assume, in addition to the existence of a Hermite—
Einstein connection on P and a cscK metric on the base, that the toric fibre has a
weighted cscK metric.

It would be interesting to understand if existence of cscK metrics in non-adiabatic
classes can be understood in terms of a weighted cscK condition on the fibre for
other principal bundle constructions such as the one considered above, which is not

necessarily of the special toric form considered by Delcroix—Simon.

7.1.2 Induced Hermite—Einstein structures

Let 7 : (X,wyx, H) = (B,wp, L) be an isotrivial relatively cscK fibration arising from
a principal bundle @w : P — (B, L) as described by Lemma 7.1.2. In this section
we will describe how to pass from the symplectic connection wx on X to a principal
bundle connection A on P, and show that when wy is optimal, the induced principal

bundle connection A is Hermite—Einstein.
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7.1.2.1 Alternative description of P

First we proceed by giving an alternative invariant description of the principal bundle
P associated to the isotrivial fibration X. This description is inspired by the case
of infinite-dimensional principal bundles of symplectomorphisms for a symplectic
fibration [MS17, Rmk. 6.4.11].

Let (Y,wy, Hy) denote the model fibre of the isotrivial fibration. Then the fibre
P, of P over a point b € B is given by the set of all biholomorphisms f : Y — X,
isotopic to the identity which also lift to the linearisations Hy and H|,. This set is a
Go-torsor for the group Gy = Auty(Y, Hy) acting by precomposition, which defines
the right Gy-action on P.

The tangent space TyP C I'(f*I'X) for some f € P, is given by all vector
fields v € I'(T'X|y,) such that d(m o f)v : Y — T,B is constant and for which the
vertical part of v with respect to the symplectic connection wy is holomorphic. The
vector fields which preserve the Kéahler structure of the fibration further satisfy the

compatibility condition that the one-form
wx(v,df(—)) € Q(Y)

is closed, which implies the vector field preserves the symplectic form wx|,.

The vertical vectors V; C T} P consist of all vector fields of the form v = df ow :
Y — TX|y, for some u € h(Y, Hy) a holomorphic vector field on Y which generates
an automorphism lifting to Hy .

To define horizontal vectors, note that using the Ehresmann connection defined
by wx, any vector vg € T, B admits a unique horizontal lift to a vector field vf €
I'(TX|y,). Define the horizontal vectors Hy C TP as the vector fields of the form
v = 115# o f for some vf Xy — TX\Xb for vy € T,B.

To observe the splitting, note that any vector field v € Ty P, when viewed as a
vector field on X,, admits a splitting with respect to wy, and the condition that
d(m o f)v is constant is exactly the statement that the horizontal component of v is
of the form U# for some vy € T}, B.

Thus the connection wx on X induces a connection on P. We note that the
equivariance of H C TP with respect to the action of Gy = Autg(Y, Hy) follows
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from the fact that dR,(v) = v] o (fog) for v = v} o f € TyP and g € Gy, so
dR,(Hf) C Hy,,.

Again we note that if we restricted to holomorphic isometries and vector fields
preserving the Kéhler structure then the same construction above would afford us
a principal bundle connection on the principal Ky-bundle P, which is the reduction
of structure group for P as in Lemma 7.1.2. This connection on P, induces the
connection on P under the associated bundle construction, as can be seen easily by
noting that the induced Ehresmann connection under the inclusion Ky — Gq simply
views a horizontal vector v = v# o f for f:Y — X, a holomorphic isometry as a
vector v for f : Y — X, a biholomorphism, forgetting the isometry. This clearly

maps the horizontal subspaces for P, into those for P.

7.1.2.2 Curvature of the connection on P

We have described how a symplectic connection wx on X induces a principal bundle
connection on P, which we denote by A. The curvature of A is a two-form on B
with values in ad P, a Lie algebra bundle with fibre b, defined by

FA(U17U2) = [U#avf]‘/ert € b(Xba wX|b7 H|b))

where vy, vy € T} B.

From the above construction we can see that the horizontal distribution inside 7'P
which defines the connection A induces the same horizontal distribution on X, given
by the orthogonal complement of wx. Then using the construction of Section 7.1.1*
we obtain a new, possibly different relatively Kéhler metric w’s on X which has the
same horizontal distribution as wyx, and with the property that w|, = wx|, for
every b. Thus by [DS21b, Lem. 3.9] we have w’ = wx + i097*p for some function
¢ on B. Since wx is OSC by assumption, so too is w and by the direct calculation
in Section 7.1.1 applied to w we have that the curvature of the connection on P

induced by w’ satisfies the Hermite-Einstein equation. Since this is just the same

'Here we must choose some moment map on the fibre, for example by fixing a model fibre
(Xp,wp) and defining a moment map p* on the Lie algebra of holomorphic vector fields lifting to
Hpg by taking the holomorphy potential of mean zero.
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connection A on P induced by wy, we are done. Thus we obtain:

Theorem 7.1.10. An optimal symplectic connection wx on an isotrivial relatively
cscK fibration (X, H) — (B,wp, L) induces a Hermite—FEinstein metric on the asso-
ciated principal bundle P of relative automorphisms described in Lemma 7.1.2 and
Section 7.1.2.1.

We remark that from the construction of P it is clear that a holomorphic auto-
morphism of P is the same data as a holomorphic fibre bundle automorphism of X,
and the uniqueness of the Hermite—Einstein connection A on P up automorphism
shows that the induced optimal symplectic connection on X is unique up to auto-
morphisms (and pullback of a two-form from B). This recovers a special case of the

uniqueness result Theorem 6.1.12 of Dervan—Sektnan and Hallam.

7.2 Future directions

7.2.1 Stability

The Principle 1.1-analogue of the main theorem Theorem 7.1.1 of the previous section

is the following.

Conjecture 7.2.1. Suppose P — (B, L) is a holomorphic principal bundle with
reductive fibre G, and that G acts linearly on a K-polystable variety (Y, Hy). Let
X = PxgY by the associated isotrivial fibration with the relatively ample polarisation
H = (P x Hy)/G where G acts diagonally with respect to the lift of the action from
Y to Hy. If (X, H) — (B, L) is (semi/poly)stable, then P is (semi/poly)stable.

In order to approach this conjecture, it is first necessary to identify how fibration
degenerations for (X, H) — (B, L) relate to the stability of P. Recall that to test the
stability of P one considers reductions of structure group ¢ : B — P/ to maximal
parabolic subgroups ) C G. Such subgroups ¢ C G should be thought of as those
stabilising a (one step, in the maximal case) flag with respect to some representation
p: G — GL(V). To understand this process, let us consider another characterisation

of parabolic subgroups.
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A subgroup @ C G of a reductive group is parabolic if and only if there exists a
one-parameter subgroup A : C* — G such that

Q={geqG| g% M) gA(t) ™" exists}.

Given a parabolic subgroup @ = @Q(\) and a representation p : G — GL(V), the
induced action of A on V produces a filtration into weight spaces of the C* action.
If wy,...,w, are the weights of the C* action with w; > --- > w, then we obtain a
filtration

0=VO cy® .. .cyn_y

with the property that the induced action of A on V®/V (=1 has weight r;. In
particular if Q(\) is a maximal parabolic then it will act with just two weights

w1, wo and fix a flag
ocvWcv

inside V', where A acts on V(1) with weight w;, and V/V®) with weight ws,.
Now suppose G acts linearly on a polarised variety (Y, Hy). Then there is an
induced action on the space of sections H°(Y, HE) for each k > 0 and a choice of

parabolic subgroup Q(\) C G induces a filtration
ocvVc...cvi c By, HE).

Using the representation p : G — GL(H°(Y, HE)) we see that the bundles V;, =
7. H" for the associated fibration (X, H) — (B, L) may be obtained as associated
bundles

Pxq H' Y, HY) =2 n,H* = V.

A choice of parabolic reduction of structure group o : B — P/Q) gives the associated
bundle V}, the structure of a ()-bundle, and so the above construction on each fibre

produces a filtration
ocvlc-.cvicy

of Vk

Working under the simplified setting where the reduction of structure group o :
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B — P/Q is defined over the entirety of B (recalling as in Section 6.3.2 that in general
we must allow ¢ only to be supported on open subsets U C B with complement
codimension two) then each term Vk(i) in the induced filtration of the vector bundle
Vi, for k> 0 will also be locally free.? In this setting we can easily define the vector
bundle degeneration given by turning off the extention (Remark 2.2.11) by smoothly
splitting

Vi 2V =PV

and considering the extension class v € H'(B, End V) whose Hom(Vk(i) / Vk,(i_l), Vk(i_l))—

component is given by the extension class of the short exact sequence

0 —— VY v vawEY —— 0.

Scaling ¢y and allowing t — 0 we obtain a degeneration & — C of Vj, of the stand-
ard form described in Section 6.2 and therefore a fibration degeneration (X, H) of
(X, H) = (B, L).

Remark 7.2.2. The fibration degenerations of this form have been described expli-
citly in terms of transition functions by Hallam [Hal20, Ex. 6.15] where they form
examples of product-type degenerations. There it is proven that if (X, H) — (B, L)
admits an optimal symplectic connection, then it is stable with respect to such

product-type degenerations.
A more precise version of Conjecture 7.2.1 is the following.

Conjecture 7.2.3. Suppose o : B — P/Q is a reduction of structure group to a
mazximal parabolic. Suppose the induced test configuration (X, Hp) of a generic fibre
(Xp, Hy) = (Y, Hy) normalises to a product, so that Wy(X,H) =0. Then

Wi (X, H) =Cdego*V(P/Q)

for some constant C > 0 and if o destabilises P, then (X, H) destabilises (X, H) —
(B, L).

2In general we expect a filtration by coherent subsheaves.
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We make the following further conjecture which is the analogue of Theorem 7.1.10

in our setting.

Conjecture 7.2.4. Suppose P — (B, L) is the bundle of relative automorphisms of a
polarised isotrivial Kdhler fibration (X,wx, H) — (B, L) as described in Lemma 7.1.2.
Then P is (un/semi/poly)stable if and only if (X, H) — (B, L) is (un/semi/poly)stable.

7.2.1.1 The case of projective bundles

In the case of projective bundles, parts of Conjecture 7.2.4 follow from the work of
Ross—Thomas using their notion of slope K-stability [RT06]. In that setting they con-
sider fibrations of the form (P(E), O(1)) — (B, L) and study K-stability in adiabatic
classes j L+ O(1) for j > 0 with respect to test configurations arising as deformation
to the normal cone of subschemes Z = P(F') C P(F) arising as the projectivisation
of saturated coherent subsheaves F' C E. In particular they prove in this case that
if £ is unstable then (P(E),O(1)) is an unstable fibration, and moreover if B is
a curve they show that if (P(F),O(1)) is a (semi/poly)stable fibration then FE is
(semi/poly)stable. In this section we will rephrase this theory using the language of
stability of fibrations of Section 6.2.

By using Ross—Thomas’s formula for the Donaldson—Futaki invariant for a de-
formation to the normal cone, it is possible to compute explicitly the Donaldson—
Futaki invariant for certain fibration degenerations of P(F). Namely if F' C E is a
subbundles and Z = P(F') C P(F) is the projective subbundle, then the deforma-
tion to the normal cone (see [RT06, §4]) (X, H.) of (P(E), H) has Donaldson-Futaki

invariant

/

aDF(X,jL+H,) = a) /O ao(z) dz — aq /0 (al(m) + “Oéx)) dr.  (Eq. 7.2)

Here we will take H = —Kpg)/p to be the relative anticanonical bundle of the

projective bundle instead of the linearisation O(1) considered by Ross-Thomas.?

In particular this gives us a Fano fibration, and as discussed in Section 6.2 the

3Note that H, and indeed O(1), are already relatively very ample.
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expressions for W simplify in that setting. Recall we have
K]P’(E)/B = —(rk E)O(l) — 7" det B
and so
Vi, = 1 (= Kppy)" = Sym"™ ¥ E* @ (det E)".
We study the setting in which P(F) C P(E) C P(Vj).

Remark 7.2.5. Note that p(Vy) = 0 for all £ using this linearisation of the pro-
jective bundle, which corresponds to the vanishing degree of the CM line bundle as

mentioned in Section 6.2.

The coefficients a;(x) appearing in (Eq. 7.2) are computed as the coefficients in

the expansion of
X(Blp(r) P(E), L'* @ H(—2kE)) = ag(z, )K" + ar (2, ))k" " + O(k"?)

where 2k € Z and £ is the exceptional divisor of the blow up Blpp) P(E). The
coefficients a;(z, 7) are polynomials in x of degree at most n+m —¢ where dim B = n
and dimP(E,) = m so that tk E = m + 1.

The weight of the C* action on the central fibre of the deformation to the normal
cone for P(F) C P(F) can be computed in terms of the a;(x) by

by = / ag(x) dxr — cay,
0

e [ (o S o,

and then the expression above for the Donaldson—Futaki invariant follows from the

definition
DF(X,jL + H,) = 0t~ %ol
Qo
Note here ¢ € (0,6(Z)] is a parameter for the relatively ample line bundle H,. on
the deformation to the normal cone. We wish to consider the critical case in which

¢ = &(Z) so that the induced test configuration on the fibres of the projective bundle
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normalise to a product. The relative Seshadri constant in this case is ¢ = rk E.
This follows from Ross-Thomas who show that the relative Seshadri constant for
the projectivisation of a subbundle with respect to the linearisation O(1) is ¢ = 1,
and in our case the linearisation on the fibre reduces to O(rk E). At such a choice,
the resulting fibration degeneration has Wy (X, H,.) = 0.

In our setting one may compute that

_ m 1 _l n—1 o m-+2
Wl(X’HC)_Q(m—i—l !(n—l)!m+2( EL (H =) )

- 2m!(s_ D mi - (—%L”‘l.(H — &)™ (H — pg)) (Eq. 7.3)
where p = codimP(F) is just tk £ — rk F', and € denotes the exceptional divisor
in Blpm P(E). Notice that comparing to the expansion (Eq. 6.4) we can identify
the L H™*! and L" ' H™ ! Ky pyp terms appearing in the intersection-theoretic
formula for Wj. This third term vanishes due to working with an isotrivial Fano
fibration and the fact that the degree L"~1. H™! of the CM line bundle vanishes, as

already noted previously.

We can relate the above expansion of W; to the topology of £ and F' using the
following characterisation of the Segre classes. Recall (see for example [EH16, Prop.
9.13]) that if P(F') C P(E) then the normal bundle N — P(F') can be expressed as

N = Np(ry/pe) = Opp)(1) @ T E/F.

The Segre classes of N appear in the intersection formulae

/ Lr L gL EmT L = (—)mt / L™ smpeist(N). Hlppy
Blp(r) P(E) P(F)

For the critical exponent such that m — i 4+ 1 = p we obtain on the right-hand
side the zeroth Segre class so(N) = 1. The higher Segre classes are defined by the
relation s(E)c(E) = 1 where s(EF) and ¢(F) are the total Segre and Chern classes.



232 CHAPTER 7. ISOTRIVIAL FIBRATIONS

In particular one has the general expression

q
(kE-1+44q
SAE®L)=§:“4VJQkE—1+j

Jj=0

)i By

for a vector bundle £ and line bundle L. In our case we take the vector bundle

7 E/F to compute

m—p—i+1 .
—p—itl—j [ T 1 * m—p—i+1l—j
st (N) = 3 (0t (T 5B P Oy (1)
=0

A laborious calculation applying the above expression to (Eq. 7.3) produces that if

m R J——
= (=LY (H — c&)"t? LV (H — Y™ (H —
A 5 (gL ( c€) ) + gL ( c€) ( pE),

which is a positive constant multiple of W7, we obtain
A= Bk E)* (tk Edeg F — 1k F deg E))

where B is the constant

rk F'

(tkE+1 tk B —1—1
B = -1 rk F—i [ L .
;( ) < i )(rkE—l—rkF)
tk E —i itk E+ (tkE—rk F)0kE +1—1)
—— | -tk E+1 .
rkE—rkF( e AL tk E/

Thus in this case (taking the frame bundle of E — (B, L) as the principal bundle
P and the reduction of structure group inducing the holomorphic subbundle F)
Conjecture 7.2.3 can be resolved provided B > 0 for all 0 < rk F' < rk E. Indeed

this follows a posteriori from the work of Ross—Thomas.

Remark 7.2.6. In view of the notion of f-stability introduced by Hattori (see Re-
mark 6.2.4) it would be interesting to see if the above formalism can be upgraded

to study the Gieseker stability of vector bundles as it relates to the f-stability of
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the associated projective bundles. In particular does the Donaldson—Futaki invari-
ant DF(X,jL + H) admit an expension in powers of j for which the higher-order
coefficients correspond in some way to the lower-order polynomial coefficents in the
difference of Gieseker slopes appearing in Definition 2.2.15. It has been shown by
Ross—Keller [KR14] for example that the projectivisation of a Gieseker unstable rank
two vector bundle on a surface is not asymptotically Chow stable, and using some
analytical tools that Gieseker stability can recover asymptotic Chow stability of the

projectivisation.

7.2.2 Principal bundles for non-isotrivial fibrations

The characterisation of optimal symplectic connections in Section 7.1 in terms of
connections on principal bundles uses the isotrivial structure of the fibration crit-
ically. However, in the case of symplectic fibrations (see for example [MS17, Rmk.
6.4.11]) it is possible to associate to a fibration (X, wx) — B an infinite-dimensional
principal bundle of relative symplectomorphisms P — B of the fibres of X. The
symplectic connection H on the fibration X — B induces, using the same arguments
as in Section 7.1.2, a principal bundle connection on P. One can ask if the optimal
symplectic connection condition on wy in the case where X — B is actually a Kéhler
fibration can be characterised in terms of the connection on the principal bundle P.

Although a prior: this principal bundle does not admit any holomorphic struc-
ture, it is possible to identify a holomorphic principal bundle associated to certain
polarised Kéahler fibrations (X,wx, H) — (B,wg, L). Indeed under the assumption
that the fibres (X,,wyp) are cscK and that the automorphism groups Aut(X,, Hy) are
isomorphic for every b, then one can define a principal bundle P — B whose fibre

over b is given by
Py ={f:G — Aut(X,, H) | f an isomorphism }
where G' = Aut(X,,, Hy,) is a fixed model of the automorphism group.

Remark 7.2.7. It suffices to assume, as we have in Section 6.1.1 that the dimension
dim Aut(X,, Hy) is independent of b. At least when B is connected, this implies that
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Aut(Xy, Hy) = Aut(Xy, Hy) for all b,/ € B by the rigidity of deformations of the
reductive group Aut(X,, Hy).

Upon this holomorphic principal bundle with reductive structure group one may

construct a connection arising out of a relatively Kahler metric wy as in Section 7.1.2.

Question 7.2.8. Is there a characterisation of the optimal symplectic connection
condition in terms of the connection on the principal bundle P of relative automorph-

isms of the fibration?

In particular it is expected that just as in the isotrivial case, the term
Ay, 1 Py

appearing in the OSC equation should relate to the curvature A, ,F4 of the connec-
tion on P, but one expects that the Ricci term A, py, which is no longer necessarily
proportional to the first term, will contribute non-trivially to the resulting curvature
equation on the principal bundle. For example, does there exist a characterisation
of the difference

T =ANoppr — AyA, 1" Fy

in terms of the local deformation of complex structure of the fibres of the fibration
X = B?

Due to an observation of Hallam [Hal22|, the space of relatively cscK metrics
cohomologous to a given relatively cscK metric wx on a Kahler fibration can be
identified with the sections of the vector bundle E — B of real (mean-zero) relative
holomorphy potentials. In particular £ — B here arises as the real adjoint bundle
ad P, with respect to the reduction of structure group ¢ : B — P/K for K =
Aut(Xy, wy, Hy) defined by the choice of wy. Thus we may expect that the term
Ay, pu for some relatively cscK metric wy may admit an interpretation in terms
of sections of the real adjoint bundle ad P,, and the optimal symplectic connection
equation on X should be related to a coupled Hermite-Einstein type equation for a
pair (A, s) where s: B — FE = ad F,.
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