
Utah State University Utah State University 

DigitalCommons@USU DigitalCommons@USU 

All Graduate Plan B and other Reports Graduate Studies 

5-2023 

An Integrated Experimental and Modeling Approach to Design An Integrated Experimental and Modeling Approach to Design 

Rotating Algae Biofilm Reactors (RABRs) Via Optimizing Algae Rotating Algae Biofilm Reactors (RABRs) Via Optimizing Algae 

Biofilm Productivity, Nutrient Recovery, and Energy Efficiency Biofilm Productivity, Nutrient Recovery, and Energy Efficiency 

Gerald Benjamin Jones 
Utah State University 

Follow this and additional works at: https://digitalcommons.usu.edu/gradreports 

 Part of the Biological Engineering Commons, Ordinary Differential Equations and Applied Dynamics 

Commons, and the Partial Differential Equations Commons 

Recommended Citation Recommended Citation 
Jones, Gerald Benjamin, "An Integrated Experimental and Modeling Approach to Design Rotating Algae 
Biofilm Reactors (RABRs) Via Optimizing Algae Biofilm Productivity, Nutrient Recovery, and Energy 
Efficiency" (2023). All Graduate Plan B and other Reports. 1719. 
https://digitalcommons.usu.edu/gradreports/1719 

This Report is brought to you for free and open access by 
the Graduate Studies at DigitalCommons@USU. It has 
been accepted for inclusion in All Graduate Plan B and 
other Reports by an authorized administrator of 
DigitalCommons@USU. For more information, please 
contact digitalcommons@usu.edu. 

https://digitalcommons.usu.edu/
https://digitalcommons.usu.edu/gradreports
https://digitalcommons.usu.edu/gradstudies
https://digitalcommons.usu.edu/gradreports?utm_source=digitalcommons.usu.edu%2Fgradreports%2F1719&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/230?utm_source=digitalcommons.usu.edu%2Fgradreports%2F1719&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/121?utm_source=digitalcommons.usu.edu%2Fgradreports%2F1719&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/121?utm_source=digitalcommons.usu.edu%2Fgradreports%2F1719&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/120?utm_source=digitalcommons.usu.edu%2Fgradreports%2F1719&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.usu.edu/gradreports/1719?utm_source=digitalcommons.usu.edu%2Fgradreports%2F1719&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digitalcommons@usu.edu
http://library.usu.edu/
http://library.usu.edu/


AN INTEGRATED EXPERIMENTAL AND MODELING APPROACH TO DESIGN

ROTATING ALGAE BIOFILM REACTORS (RABRS) VIA OPTIMIZING ALGAE BIOFILM

PRODUCTIVITY, NUTRIENT RECOVERY, AND ENERGY EFFICIENCY

by

Gerald B. Jones

A thesis submitted in partial fulfillment
of the requirements for the degree

of

MASTERS OF SCIENCE

in

Mathematics

Approved:

Dr. Jia Zhao
Major Professor

Dr. Ronald Sims
Committee Member

Dr. Luis Gordillo
Committee Member

Richard Cutler
Vice Provost of Graduate Studies

UTAH STATE UNIVERSITY
Logan,Utah

2023



ii

Copyright © Gerald B. Jones, 2023

All Rights Reserved



iii

ABSTRACT

Microalgae biofilms have been demonstrated to recover nutrients from wastewater and serve

as biomass feedstock for bioproducts. However, there is a need to develop a platform to quantita-

tively describe microalgae biofilm production, which can provide guidance and insights for improving

biomass areal productivity and nutrient uptake efficiency. This paper proposes a unified experimen-

tal and theoretical framework to investigate algae biofilm growth on a rotating algae biofilm reactor

(RABR). The experimental laboratory setups are used to conduct controlled experiments on testing

environmental and operational factors for RABRs. We propose a differential-integral equation-based

mathematical model for microalgae biofilm cultivation guided by laboratory experimental findings.

The predictive mathematical model development is coordinated with laboratory experiments of

biofilm areal productivity associated with ammonia and inorganic phosphorus uptake by RABRs.

The unified experimental and theoretical tool is used to investigate the effects of RABR rotating

velocity, duty cycle, and light intensity on algae biofilm growth, areal productivity, nutrient uptake

efficiency, and energy efficiency in wastewater treatment. Our framework indicates that maintaining

a reasonable light intensity range results in better biomass areal productivity and nutrient uptake

efficiency. Our framework also indicates that faster RABR rotation benefits biomass areal produc-

tivity. However, maximizing the nutrient uptake efficiency requires a reasonably low RABR rotating

speed. Meanwhile, energy efficiency is strongly correlated with RABR rotating speed and duty

cycle. Following these developments, we then extend our model to become a partial differential

equation (PDE) based model that takes into consideration the spatial heterogeneity present in the

reactor, by incorporating the spatial resolution of the substratum on which the algae biofilm grows

within the RABR. In the proposed model extension, we conduct an extensive series of numerical

simulations to better understand algae biofilm growth in an outdoor setting. Our primary focus in

these simulations is to investigate the impact of various harvesting strategies and frequencies on the

overall biomass productivity of the algae biofilm. Our model and numerical results provide valuable

insights into optimizing algae biofilm growth and harvesting techniques in RABR systems in the

context of a heterogeneous system.
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PUBLIC ABSTRACT

Microalgae biofilms can grow on a rotating algae biofilm reactor (RABR) as a way to clean

wastewater and provide a source of biomass for creating valuable products. However, we need a

quantitative way to understand how these algae biofilms grow to make the RABR more efficient

and productive. In this study, we designed experiments in the lab to test different factors that

might affect the growth of the biofilms, such as how fast the RABR spins and how much light

it gets. We then used these results as guidance to create a mathematical model that helps us

predict how microalgae biofilms will grow in different situations. Our new method allows us to

test various conditions for growing these biofilms so they can clean wastewater more effectively and

provide more biomass simultaneously. Additionally, we have investigated the energy efficiency of the

process, which is closely tied to the speed of the RABR and how often it rotates. By understanding

these factors, we can develop better ways to use microalgae biofilms for cleaning wastewater and

producing valuable biomass.
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CHAPTER 1

INTRODUCTION

Microalgal biofilms, which are often attached to a surface in aquatic environments, comprise

a synergistic consortium of microalgae and other microorganisms embedded within extracellular

polymeric substances (EPS). Microalgal biofilms are often found on human-made structures such

as drainage pipes, building walls, ship bodies, and swimming pools [37]. Microalgal biofilms have

recently attracted considerable interest worldwide because of their excellent promise for biotechno-

logical applications, including wastewater treatment and bioremediation, and for adverse effects due

to biofouling. Due to their renewable, sustainable, and economical properties, they are also resources

for biofuels, biopolymers, bioactive metabolites, bioactive medicinal products, and food ingredients

[34, 1, 35, 42, 27, 26]. Thus, microalgal biofilms have great potential to support the building of a

bio-based economy. They can contribute new solutions to some of the grand challenges of the 21st

century.

Rotating algae biofilm reactors (RABRs) have been used to combine nutrient recovery from

wastewater through uptake by attached-growth microalgal biofilms with harvesting by physical

scraping from a growth surface. RABR biofilms cultivated on municipal and industrial wastew-

aters have been demonstrated to serve as feedstocks for microbial and chemical transformations to

value bioproducts that include biofuels, biofertilizers, bioplastics, and chemicals for improved animal

gut health and plant growth [9, 39]. Engineering challenges related to algae-based biofilm reactors

for these dual applications have been reviewed and addressed [10, 23, 2]. RABR and rotating algae

bioreactors (RAB) systems are relatively new compared with traditional suspended culture open

raceway pond (ORP) systems and were recently compared by [28]. Several other studies [17, 24, 25]

compared ORP and RAB cultures systems, demonstrating the benefits in terms of biomass produc-

tivities, achieving productivities up to 700% higher in RAB than ORP, under the same geographical

and meteorological conditions [25].

Difficulties in cultivating, harvesting, concentrating, and dewatering algae-based biomass

grown in suspended cultures have limited the development of an effective biomass production pro-
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Figure 1.1: A side view of the pilot scale RABR operating at the Central Valley Water Reclamation
Facility (CVWRF). The algae biofilm is grown on a square substratum sheet and rotated into a 4,500
L tank containing anaerobic digester effluent. A plastic polycarbonate cover has been mounted to
reduce heat loss in the winter months.

cess. Initiated in 2012 by the Sustainable Waste-to-Bioproducts Engineering Center [10], The RABR

consists of a rotating growth surface partially submerged in wastewater. The rotation alternately

exposes the growth surface with naturally occurring microalgae and heterotrophic bacteria to the

wastewater to contact nutrients and microbially produced carbon dioxide and to the atmosphere for

sunlight energy and atmospheric carbon dioxide. No additional light energy or carbon dioxide ad-

dition is necessary for effective operation. The RABR was the first engineered algae biofilm reactor

designed and operated outdoors open to the environment to treat wastewater from municipal and

industrial operations to remove nutrients, including phosphorus and nitrogen, and to utilize the har-

vested algae biofilm to produce bioproducts. RABR bioproducts that have been produced include

bioplastic [32], phycocyanin [38], struvite biofertilizer [20], biodiesel [5], biocrude [36], and dietary

protein in lactation dairy diets [41]. The RABR operates without the need for a separate process

to separate algae from water but combines both upstream biomass production with downstream

microalgae separation from water through simple physical scraping. The RABR also has achieved a

solids content of 12-16% solids by controlling the rotation rate of the growth platform and has been

utilized in water with high turbidity, and color [41, 36]. A pilot scale (4,500 L) RABR operating

at the Central Valley Water Reclamation Facility (CVWRF) for nutrient removal and for biomass

feedstock for biofuel, bioplastic, and biofertilizer production is shown in Figure 1.1 and represents a

physical model of a microalgae-based biofilm reactor for wastewater reclamation.

This paper aims to address the need for a quantitative understanding of algae-based biomass

productivity, nutrient uptake, and energy efficiency on the RABRs under various environmental
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factors and operational parameters. When disregarding other confounding factors, the primary

mechanisms for algae biomass accumulation in algae are photosynthesis and endogenous respiration.

While other variables such as temperature and pH can be used to predict biofilm growth, one

critical environmental factor is the light intensity, which is measured as photosynthetic photon flux

density (PPFD) with units of µmol of photons per square meter per second, i.e., µmol/(m2s).

Critical operational parameters include the duty cycle (the ratio of the cycling time over the total

time), RABR rotating speed, hydraulic retention time and harvesting strategy. Fine-tuning the

RABR through experiments to boost algae biomass productivity and nutrient consumption is both

time and cost-prohibitive, making theoretical predictions with data-driven mathematical models a

promising option.

Here we briefly point out some seminal works on model developments. Mathematical mod-

els focusing on PPFD as a predictor for biofilm growth have three light regimes to consider: (1)

light-dependent photosynthesis, (2) light saturation of photosynthesis, and (3) light toxicity to pho-

tosynthesis. At lower light intensities, the rate of photosynthesis is directly proportional to incident

light. The incident light limits the rate of photosynthesis. The biofilm becomes ’light-saturated’

at a certain threshold and is not limited by incident light but by the photosystem’s photosynthesis

rate. At higher light intensities, the biofilm exhibits photoinhibition, and the rate of photosynthe-

sis decreases as light intensity increases. There are two major classes of mathematical models with

PPFD. The first class of models developed were macroscale models. When constructing a macroscale

model, the underlying assumption is that the photosynthesis of the entire culture is a function of the

average incident light reaching a culture. Some examples of this relationship include a hyperbolic

tangent model, a Poisson model, and a Monod-like relationship model [8, 13, 11]. The other primary

classification of models is photosystem models. In contrast to macroscale models, photosystem mod-

els takes the non-uniform incident light of culture into account. They consider both the impacts of

light gradients and short light cycles. Using Beer Lambert’s law of light attenuation, photosystem

models employ a functional relationship between the depth of the algae biofilm and its PPFD [15].

A systematical review paper on modeling the effects of light and temperature on algae growth can

be found in [6]. Extending the photosystem model to rotating algae biofilm reactors has been the

focus of several studies. For example, in [4], the authors investigated the impact of sunlight intensity

and exposure on the productivity of the biofilm in Rotating Algae Biofilm (RAB). A spatial model

that describes the growth dynamics of a photosynthetic algae biofilm was developed in [31], while a

time-space model for algae biofilm growth for biofuel production was proposed in [30]. To optimize

and control the RABR, parameter studies of rotation velocity and its effect on productivity have



4

been conducted, and harvesting strategies, such as the frequency and proportion of harvesting, have

been modeled to optimize productivity [22, 31]. Furthermore, multivariate parameter studies have

been conducted to determine optimal biofilm growth, considering light intensity, the substratum

exposure fraction to the atmosphere, and RABR peripheral velocity [22].

However, most of the existing mathematical models are phenomenological, and there is no

experimental justification, making their predictions less convincing. This paper aims to bridge this

gap between experimental data and theoretical models, making the mathematical models closer to

reality and providing convincing predictions on better design of the RABR to maximize algae-based

biomass productivity and nutrient uptake while maintaining low energy cost. The experimental and

theoretical results will serve as a guide to achieving better practical RABRs, operation settings, and

performance to treat anaerobic digester effluent using trickling filter algae as inoculum. Additionally,

the results in this paper are useful for predicting the outcomes of certain scenarios in industrial

settings that are not trivial to test experimentally due to cost and time constraints.
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CHAPTER 2

EXPERIMENTAL AND THEORETICAL INVESTIGATIONS OF ROTATING ALGAE

BIOFILM REACTORS (RABRS): AREAL PRODUCTIVITY, NUTRIENT RECOVERY, AND

ENERGY EFFICIENCY

2.1 Materials and Methods

2.1.1 Laboratory rationale and setups

Though the RABR has been utilized on both pilot and industrial scales, controlled labora-

tory experiments are more effective for data collection from both time and cost perspectives. These

laboratory findings will meanwhile help provide insights and guidance. The laboratory RABR ex-

periments are easy to conduct and provide an alternative way to investigate the algae biomass areal

productivity and nutrient uptake efficiency.

Three sets of triplicate RABRs (nine in total) with a volume of 1L each and plan view area

of 77.01cm2 and 4-ply cotton substratum surface area of 175 cm2 were utilized to test the effects of

light intensity, measured as photosynthetic photon flux density (PPFD) and the duty cycle, which

may occur during the night when there is no photosynthesis occurring. The RABR setups are shown

in Figure 2.1. PPFD values were selected to represent mid-summer (1000 µmol/(m2s)) and mid-

autumn (700 µmol/(m2s)) in Northern Utah using light-emitting diodes. To mimic the diurnal

cycle, the incident light is set to “on” for 14 hours and then “off” for 10 hours for one day. Nutrient

uptake for each PPFD value was tested for five weeks, to a total testing duration of ten weeks for

both PPFD values.
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(a) (b)

Figure 2.1: This figure provides an overview of the laboratory experiment setups for RABRs using 1
L of anaerobic digester effluent. Initially, the nine RABRs were constructed using wooden boxes lined
with plastic with a photosynthetic photon flux density (PPFD) of 700µmol/(m2s), as illustrated in
(a). Later on, the RABRs were transferred into plastic containers, as depicted in (b), with a higher
PPFD of 1000µmol/(m2s).

Duty cycles (DCs) were selected as continuous rotation (DC = 1), 75% of time rotating

and 25% no rotation (DC = 0.75), and 50% of time rotating and 50% no rotation (DC = 0.5).

Triplicate RABRs were used to test each of the three DCs for the full duration of testing. The

rotation rate was 6 RPM using a single-speed PolyVolt XMC-6035 motor. The temperature was

maintained constant at 25◦C± 2◦C. The RABRs were operated in batch mode, and algae biofilms

were harvested every seven days when the media was replaced with new media. Anaerobic digester

effluent served as the medium for algae cultivation. Hach Method #2606945 was used for ammonia

analysis, and a Lachat QuikChem 8500 Series 2 instrument with method 10-115-01-3-A was used

for total phosphorus analysis. The energy content of the algae biofilm was measured using bomb

calorimetry.

Autotrophic Index. The Autotrophic Index (AI) is a measure that reveals the ratio of

autotrophic and heterotrophic (microalgae) organisms within an algae biofilm community. It is

calculated as the ratio of total dry biofilm biomass (heterotrophic + autotrophic) per unit biofilm

area of a sample to the dry mass of chlorophyll an (autotrophic) extracted from the biomass per

unit biofilm area [33], i.e.

Total biomass including heterotrophs and autotrophs (kg/m2)

Mass of chlorophyll a (kg/m2)
= AI.

Thus, the autotrophic index values for a biofilm indicate whether or not the algae biofilm is au-

totrophic dominant. The AI value is unitless. AI values less than 200 typically indicate an
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autotrophic-dominated biofilm, while higher values suggest increasing heterotrophic dominance. The

procedure for the AI measurement [3] is provided in the supplementary materials.

Microalgae characterization. Microscopic characterization of biofilm microalgae was con-

ducted to identify the types of microalgae present in the RABR biofilm visually. All microalgae

were sourced from the Central Valley Wastewater Treatment Facility (CVWRF) trickling filters.

Microalgae were observed using a compound light microscope to characterize the dominant types of

microalgae present (green, cyanobacteria, diatoms) that remained consistent over time during the

testing trials.

Measuring energy content of algae biofilm with bomb calorimetry. To determine

the energy content of the algae biofilm, bomb calorimetry was utilized. It involves measuring the

change in temperature for a 1 g dry mass sample of biofilm and the heat capacity for the calorimeter

with the equation:

∆u = q := C∆T,

where C is the heat capacity with a unit kJ/oC, ∆T is the temperature change with the unit oC,

and q is the heat released with a unit kJ/g which is equal to ∆u, internal energy of the biofilm.

The procedure of using the bomb calorimetry to measure the energy content [16] is provided in the

supplementary materials.

Measuring biomass areal productivity. All the experimental data are collected from

the experiment in Figure 2.1, except the biomass areal productivity. Because the biomass areal

productivity, in particular the algae biofilm growth rate, shall be measured in a shorter time scale, we

utilize another experiment, as shown in Figure 2.2, to estimate the areal productivity of algae biofilms

on rotating algae biofilm reactors (RABRs). A growth platform of 0.7 m2 of 4-ply cotton carpet

with a plan view area of 2228cm2 was placed on 4 RABRs and split into 32 sections. Three sections

were sampled daily, with two sections sampled on day 11. The sections sampled were randomized

to mitigate confounding factors. The RABRs were operated at a rotating velocity of 6 RPM with

a photosynthetic photon flux density of approximately 600 µmol/(m2s). The temperature of the

media was maintained at around 25◦C±2◦C. An anaerobic digester effluent was changed on day six

of the experiment. Algae were sampled daily in appropriate sections and placed into labeled bags.

Then, all algae were removed and dried on labeled aluminum pans in a 105◦C oven. The weights

were then measured, and the difference between the total weight and pan weight was recorded.
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(a) (b)

Figure 2.2: This figure shows a side view (a), and an aerial view (b) of some of the rotating algae
biofilm reactors (RABRs) used to obtain empirical data on algae biomass growth. Four RABRs were
placed within two 40L tanks containing anaerobic digester effluent. Three sections across RABRs
were sampled daily over 11 days. A section was delineated by the black zip ties.

Energy efficiency. In industrial applications, areal productivity is the primary dependent

variable of interest. However, it alone does not provide sufficient information for determining the

design parameters of a RABR. Even though RABR is an energy-efficient system for cultivating

microalgae to produce biomass for various applications, its energy cost shall not be ignored when

compared with other bioreactors for biomass production. Mainly, the focus should not be solely on

maximizing biomass production but rather on optimizing the biomass yield concerning the energy

expenses associated with running a RABR. To address this, we introduce the energy efficiency metric

Φ as Ψ = Y
P
, where Y represents the RABR’s yield and P denotes the power consumption of the

RABR to achieve Y. The units for energy efficiency are kg/(m2kW) and the derivations for total

power are found in the supplementary materials section A.3. Negative values of energy efficiency

will not be discussed in this paper and will be considered 0 for visualization and discussion purposes.

2.1.2 Mathematical model formulation

The experiments described above guide the development of this section’s theoretical work.

Our primary goal is to develop a predictive mathematical model that can be used to investigate

the RABRs and provide theoretical insights on improving algae biomass areal productivity, nutrient

uptake efficiency, and energy efficiency.

Photosynthetic mechanism. Given that light is the primary factor in algae biofilm areal

productivity, we utilize the photosynthetic system [40] to model the algae biofilm photosynthetic

process on the RABR. The photosynthetic process is assumed to have three physiological states,

namely the reactive state in which the cell is ready to observe photons; the activated state, where the
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cell processes solar energy into chemical energy; and the inhibited state in which the cell is dormant

due to intense solar radiation, with volume fractions represented by A, B, and C, respectively. The

inhibited state is assumed to recover to a reactive state once the light intensity is tolerable. On

the RABR, the algae biofilm alternates between two distinct regimes, the water regime, and the air

regime, as shown in Figure 2.3. During the photosynthetic process, the reactive state (A) is ready

to absorb photons into the activated state (B). The activated state (B) is processing solar energy

into chemical energy that will reproduce algae biofilms. Under intense solar radiation, the activated

state (B) will transit into the inhibited state (C), a dormant status.

Figure 2.3: This figure depicts a schematic illustration of the rotating algal biofilm reactors (RABRs)
and the photosynthetic system. The left panel shows a computational model proposed for RABRs,
while the right panel illustrates the reactive kinetics taken from [40].

Through the mass action principle, the reactive kinetics for the three photosynthetic states,

as summarized in Figure 2.3, are given as

dA

dt
= −σIA+

B

τ
+ krC, (2.1a)

dB

dt
= σIA−

B

τ
− kdσIB, (2.1b)

dC

dt
= −krC+ kdσIB. (2.1c)

In this context, kr denotes the rate of repair, kd represents the rate of damage, I is the light intensity,

τ stands for the turnover time of the electron transport chain, and σ indicates the effective absorption

cross-section per unit of photosynthetic units. Using the constraint A+ B+ C = 1, we can simplify
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the reactive kinetics in (2.1) as

dB

dt
= σI− σIC−

(
σI+ kdσI+

1

τ

)
B,

dC

dt
= −krC+ kdσIB.

(2.2)

Biofilm thickness. Next, we consider the thickness of the biofilm and its effect on light

attenuation. We will now assume that A, B, and C are functions of z and t where z ∈ [0, h(t)] with

h(t) ≥ 0 the biofilm thickness. Denote the algae biomass concentration as X(t) with units g/m2.

We propose the algae growth rate to be determined by the following equation [4]

dX

dt
=
[ 1
h

∫h
0

µ(z, t)dz
]
X(t), (2.3)

where µ(z, t) is the net growth rate, proposed as

µ(z, t) = k
B(z, t)

τ
− R(t), (2.4)

based on the reactive kinetics in (2.1) with R(t) the respiration rate and k a constant to scale the

growth rate. We remark that k shall be determined with empirical studies of algae biofilm growth

rates in laboratory settings. We assume R(t) = R is a constant for simplicity.

Due to the thin nature of biofilm and to reduce the model complexity, we assume that the

density of the algae biomass is uniform. This isotropic biofilm is assigned a density ρ, representing

the algae biofilm’s areal dry biomass density. Therefore, we can represent X(t) as

X(t) = ρh(t), (2.5)

with h(t) the height of the biofilm. Substituting (2.4) and (2.5) into (2.3), we obtain

dh(t)

dt
=

∫h
0

k
B(z, t)

τ
dz− Rh(t). (2.6)

Light attenuation. With the introduction of biofilm thickness, we must now determine a

relationship between light attenuation and the depth of the biofilm. Realistically, as one travels

further within the biofilm, the available light for each photosystem of the cell will decrease. One

of the most widely used equations to model this relationship, and the choice for our model, is Beer

Lambert’s law [4]. Let Î(t) be the surface light intensity at time t and let b be a constant representing
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the light attenuation factor. Then, the available light at time t and depth z is represented as

I(z, t) = Î(t)e−b(h−z), z ∈ [0, h]. (2.7)

As the RABR rotates, a proportion of the surface will be exposed to the sunlight, while the

rest will be immersed underwater. Then, we introduce the variables L to be the circumference of

the RABR and l∗ the exposed length. We denote the peripheral velocity of the RABR as v and the

period of the RABR as T . Then the peripheral velocity v, length L, and period T have the relation:

T = L
v
. Then the actual light intensity can be modeled by a square wave defined as

Î(t) = Î0(t)Γ(t), Γ(t) = H
(
mod(t, T) −

Tl∗

L

)
, (2.8)

with Î0(t) the maximum light intensity and H is the Heaviside step function.

Nutrient uptake. The algae biofilm shall be regularly exposed to adequate nutrients to

accumulate biomass, which is then absorbed through nutrient mass transport. Let us denote E(z, t)

as the nutrient concentration in the biofilm with depth z at time t with 0 ≤ z ≤ h. To simplify

the model, we assume that the nutrient concentration E(z, t) is homogeneous at different depths of

the algae biofilm, i.e., E is only a function of time. When the algae biofilm is within the water,

nutrients are replenished. When the algae biofilm is in the air, the nutrient is consumed. Therefore,

we propose the governing equation for the nutrient on the RABR as

dE(t)

dt
= −γa1Γ(t)

E(t)

Ka + E(t)

1

h

∫h
0

B(z, t)dz− γa2

(
1− Γ(t)

)
(E(t) − ET (t)), (2.9)

where ET (t) is the nutrient concentration in the water at time t, and γa1, γa2 control the nutrient

uptake and intake rates, and Ka is the half-saturation constant.

When the nutrient in the wastewater is abundant, we can assume ET (t) as a constant. When

the nutrient in the wastewater becomes a limiting factor, the dynamics for ET (t) shall be considered.

Next, let us consider the finite nature of the nutrients available to the RABR. When the RABR

is within the water, nutrients are taken from the water into the algae biofilm. The uptake rate is

a function of both the current mass of algae biofilm present and the proportion of algae biofilm

converting itself into algae biomass in the B state, i.e. activated state.

Therefore, we propose the governing equation for ET as

dET (t)

dt
= γT

Sh

V

(
1− Γ(t)

)(
E(t) − ET (t)

)
, (2.10)



12

where V is the volume of the waste water container, Sh represents the total volume of biomass on

the RABR, and γT is the effective nutrient consumption rate for the system.

Water evaporation. When the RABR rotates slowly or when the RABR is idle during the

duty cycle, part of the algae biofilm is exposed to the air for a prolonged period of time. In such

situations, the effect of water evaporation on algae biofilm growth and mortality shall be taken into

account.

We introduce W(t) as the water saturation percentage. In the water, W(t) = 1, and outside

of the water, W(t) is a monotone decreasing function of time. The governing equation for algae

biofilm growth would be updated as

dh(t)

dt
=

∫h(t)

0

k
B(z, t)

τ

E(t)

Ka + E(t)

3
2
W(t)

KW +W(t)
dz−

(
R+ RW

KW

W(t) + KW

)
h(t), (2.11)

where KW is the critical water stress threshold for algae biofilm growth. The term W(t)
KW+W(t) repre-

sents the water stress on algal biofilm growth, KW

W(t)+KW
represents the water stress on algal biofilm

death, and RW is the extra death rate. The governing equation for W(t) is proposed as follows

dW(t)

dt
= −γw1Γ(t)

W(t)

KW +W(t)
− γw2

(
1− Γ(t)

)(
W(t) − 1

)
, (2.12)

where γw1 is the water evaporation rate and γw2 is the absorption rate from the wastewater.

2.2 Results

The flexibility of the laboratory setups allows us to design specific experiments to investigate

algae biomass areal productivity and nutrient uptake rates, which are then used to refine the mathe-

matical models for predicting theoretical results. In this section, we summarize our experimental and

theoretical findings, with a focus on key parameters of interest, such as biomass areal productivity

and nutrient uptake efficiency.

Autotrophic Index. Results of AI testing over a two-week experiment shown in Figure

2.1 are summarized in Table 2.1 and indicate that autotrophs (microalgae) dominated the biofilm

compared with heterotrophs (bacteria) present in the biofilm.
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Table 2.1: Autotrophic Index values for biofilm samples in different duty cycles.

Days of Testing Duty Cycle = 0.50 Duty Cycle = 0.75 Duty Cycle = 1.00

Initial 33± 1.08 40± 1.18 25± 0.23

7 29± 0.63 35± 1.57 20± 0.43

14 20± 0.49 26± 0.69 16± 0.23

Microalgae characterization. Microscopic characterization of the predominant microalgae

that were present in the biofilms is shown in Table 2.2. There were no qualitative differences among

the individual replicate RABRs.

Table 2.2: Microscopic characterization of algae biofilm. This table summaries the identified algae
and Cyanobacteria.

Appearance Name

Single Chlorella

Single Chloroccum

Filamentous Ulthorix

Filamentous Lyngbya

Filamentous Odogonium

Diatom Gomphonema

Energy content of algae biofilm. Table 2.3 presents the results of the bomb calorimetry

analysis conducted to determine the energy content of the algae biofilm.

Table 2.3: Areal energy content of biofilm microalgae (kJ/m2)

Duty Cycle = 0.50 Duty Cycle = 0.75 Duty Cycle = 1.00

250 305 360

Biomass areal productivity. The areal productivity was calculated for each sample by

dividing the dried algae biomass by the elapsed time and plan view area in the experiment shown in

Figure 2.2. The collected data is summarized in Figure 2.4. We find that the growth rate k = 5×10−5

is a reasonable choice by fitting the model with the experimental data. As shown in Figure 2.4, the

model prediction agrees well with the experimental data.
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Figure 2.4: This figure shows the areal productivity of the four rotating algae biofilm reactors
(RABRs) over an 11-day experiment, measured in units of g/(m2d). The experiment involved a
change in anaerobic digester effluent on day 6. The confidence intervals (95%) were constructed
using the triplicate measurements obtained on each day. A parameter study on the growth rate k
indicated that k = 5× 10−5.

Nutrient uptake. After 30 days to attain steady state operation, approximately 25 days

were selected to measure the effluent of the nine RABRs. The influent and effluent samples were

measured for ammonia levels during the experiment, as shown in Figure 2.5. Each effluent sample

was measured in triplicates and then averaged.

Figure 2.5: A timeline of the ammonia effluent levels throughout the experiment. Black dotted
lines correspond to a replacement of anaerobic digester effluent, and the red line corresponds to the
parameter change of 700 µmol/(m2s) to 1000 µmol/(m2s).

The ammonia samples were grouped by their sampling time relative to the most recent re-
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placement of influent to condense and synthesize the data. Additionally, previous testing in our

lab demonstrated that factor levels of the duty cycle had no obvious correlation with the dependent

variables studied. We grouped all factor levels of the duty cycle for our nutrient data. Let Day 0 rep-

resent the day on which anaerobic digester effluent is replaced for each RABR. Day N is the Nth day

after the most recent influent replacement in which the effluent was measured. Additionally, data

was initially split into two parts, as this corresponded to an adjustment of 700 to 1000 µmol/(m2s)

for incident light. The visualization of the regrouped data is shown in Figure A.2. Since there is no

significant difference in the trends of nutrient depletion for 700 and 1000 µmol/(m2s), we combine

all the ammonia data by taking the average of the ammonia concentration on the Nth day for all

light regimes. Similar to ammonia, the phosphorus data values were grouped by their relative sam-

pling time from the most recent influent replacement while ignoring factor levels of PPFD and duty

cycle. The data are presented in Figure A.2.

For E0 = 283.1mg/L (ammonia) to reach less than 1mg/L (the value for the half-saturation

constant of ammonia) in 8 hours, we select γa1 to be 1470 mg/(Ld) for ammonia. For E0 = 14.1mg/L

(phosphorus) to approach below 0.04mg/L (the value for the half-saturation constant of phosphorus)

in 8 hours with our conditions, we select γa1 to be 73mg/(Ld). Figure 2.6 shows that the model

prediction agrees well with the experimental data.

(a) Ammonia (b) Phosphorus

Figure 2.6: This figure shows the total nutrient depletion over time for ammonia (a) and phosphorus
(b). Parameter fittings for the total nutrient depletion rate γT indicates that γT = 8.47 × 109d−1

for ammonia, and γT = 1.764× 1010d−1 for phosphorus.

Although both ammonia and phosphorus are present in the algae biofilm on the RABR, it is

phosphorus that limits the growth of algae. While the nitrogen-to-phosphorus molar ratio for algae

is 16:1, the ratio in the anaerobic digester effluent is 22:1, indicating an excess of nitrogen relative
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to phosphorus. Therefore, in the subsequent sections of this paper, we focus on phosphorus as the

limiting nutrient and use nutrient parameters specific to phosphorus in our simulation results.

Numerical studies of the operation parameters and nature conditions. Eight hun-

dred sixty-one simulations were conducted as a parameter study for peripheral velocity and PPFD

to investigate their effects on the RABR’s function. The parameters used to produce these figures

are taken from the parameter tables in the supplemental materials. First, the algae biofilm thickness

on the RABR over time is summarized in Figure 2.7. The supplemental materials in Figure A.7

summarize a different visualization using contour plots.

Figure 2.7: This figure displays the growth of algae biofilm over time under varying peripheral
velocity (RPM) and photosynthetic photon flux density (PPFD) conditions. The algae biofilm
heights over time at t = 12, 23, 36, and 48 hours are shown.

The algae biofilm areal productivity of the RABRs is recorded through the eight hundred

sixty-one simulations as well. Areal productivity is calculated as the change of yield in equation

(2.5) over the elapsed time in the simulation. The results are summarized in Figure 2.8. A different

visualization using contour plots can be found in the supplemental materials in Figure A.8.
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Figure 2.8: This figure presents snapshots of algae biofilm areal productivity at 12-hour intervals
over time. It shows the effects of varying peripheral velocity (RPM) and photosynthetic photon flux
density (PPFD) on algae biofilm areal productivity through a parameter study.

Along with biomass areal productivity, nutrient uptake efficiency from the wastewater is

another crucial factor in the RABR design and operation. We simulate the nutrient uptake under

various peripheral velocities and PPFD conditions in the same setting. The results are summarized

in Figure 2.9. The supplemental materials in Figure A.9 summarize a different visualization using

contour plots.
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Figure 2.9: This figure illustrates the changes in nutrient concentration over time under different
peripheral velocities (RPM) and photosynthetic photon flux density (PPFD) conditions, as deter-
mined by a parameter study.

Next, we conduct several numerical investigations on energy efficiency. Our goal is to identify

the effect of duty cycle and peripheral velocity on energy efficiency, thus identifying the optimal

operating parameters to maximize energy efficiency. Another parameter study of eight hundred sixty-

one simulations determining the energy efficiency under different light intensities with 700, 1000,

2000, and 3000 PPFD are summarized in Figure 2.10.
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Figure 2.10: This figure shows the energy efficiency plotted against duty cycle and velocity, with a
duty cycle period of 60 seconds, utilizing parameters provided in the tables.

To better visualize the results above, we conduct another eight hundred sixty-one simulations

and plot several cross-section views for the energy efficiency under various light intensities as shown

in Figure 2.11. Specifically, we fixed the duty cycle as 0.2 and 0.8, then we investigate the energy

efficiency under various peripheral velocities, and then we fixed the peripheral velocity to values of

−0.5 log10 and 0.5 log10 RPM, to investigate the energy efficiency under various duty cycles.
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(a)

(b)

Figure 2.11: This figure shows the energy efficiency at various operational settings. Here we fixed
duty cycle period as 60 seconds and use the same parameters provided in the tables.

Additionally, one notices that the duty cycle alone can’t uniquely determine the operational

settings. An extra freedom is the duty cycle period, i.e. the period for each cycle. Hence, we further

conduct a numerical study for the energy efficiency under different duty cycle periods in a total of

eight hundred sixty-one simulations. The numerical results are summarized in Figure 2.12.
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Figure 2.12: This figure shows the energy efficiency under various duty cycle periods. All the
parameters are the same as in the previous study except for the duty cycle period.

2.3 Discussion

RABRs present a promising technology for sustainable algae-based production systems, with

potential applications in biofuel production, wastewater treatment, and aquaculture. In addition

to their applications, RABRs also present several challenges and limitations. One challenge is

optimizing the system’s design and operation for maximum areal productivity and nutrient uptake

while minimizing energy consumption and environmental impact. To address this question, we have

developed a unified experimental and theoretical approach by designing lab-based experimental

setups accompanied by computational mathematical models.

The laboratory experiment shown in Figure 2.1 enabled us to measure the energy content of

the algae biofilm and the nutrient consumption rate of the RABR under various operational and

environmental conditions. The results presented in Table 2.3 demonstrate that the energy content

of the biofilm increases with duty cycle value, likely due to higher areal productivity with longer

exposure times to light energy.
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Meanwhile, it is worth pointing out that the rapid decrease of concentrations shown in Figure

2.6 for both ammonia and phosphorus is due to nutrient uptake from the algae biofilm. In addition,

for pH values greater than 9.3, such as the environment of the RABR, ammonia can volatilize and

be removed from the anaerobic digester effluent in the RABR [14]. For phosphorus, removal in the

water phase can occur in the form of struvite precipitation in basic environments.

Our numerical study shows that one must carefully select an optimal value for PPFD to

maximize algae-based biomass over time. For instance, at t = 36 hours in Figure 2.7, one can

see several regions with weak, medium, and strong light intensities. Figure 2.8 also indicates an

optimal PPFD value for areal productivity and reflects three light regimes as well. In particular,

with the lack of incident light, the algae biofilm growth is limited. With the incident light strong,

the peripheral velocity plays a crucial role, as illustrated in Figure A.3. The algae biofilm has

little time to be overexposed and is always near a recovery time in the water with a fast velocity.

These findings indicate that maximal areal productivity depends both on light intensity and RABR

peripheral velocity. They also indicate that a velocity of around 10 rotations per minute would lead

to relatively good areal productivity.

Meanwhile, we observe a positive correlation between peripheral velocity and algae biomass

growth and areal productivity. When velocity is slower than one rotation every 90 minutes, the effect

of water evaporation will limit or completely stop biofilm growth, as the algae biomass will be dry

and run out of present water and nutrients. On the other hand, a faster velocity will correspond with

an increase in algae biomass regardless of the light regime. The reason for this strong correlation

lies within the activated state (B state) values of the algae biofilm. Recall that one of the main

factors determining algae biofilm growth rate is the average value of the activated state (B state)

within the algae biofilm. To justify this hypothesis further, we present the proportion of algae within

the activated state (B state) for two choices of RABR velocity in Figure A.3. We observe that the

average activated state values among the biofilm are recorded for a ”slow” velocity of 0.0375 RPM

and a ”fast” velocity of 375 RPM. When the RABR biofilm is within the media, the algae has no

access to sunlight, so the activated state present converts to the reactive state (A state). However,

when spinning quickly, the biofilm within the activated state has little time to convert to the reactive

state by the time the RABR biofilm is again exposed to the incident light in the air regime, causing

the proportion of algae in the activated state to stay relatively high. This effect is more or less

pronounced depending on how fast or slow the RABR rotates.

Our results indicate that maximal areal productivity depends on light intensity and RABR

peripheral velocity. Interestingly, we observe that nutrient uptake as a function of peripheral velocity
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and PPFD differs greatly from the areal productivity results. Figure 2.9 shows five regions of interest

to consider. The first two areas to examine are those with little to no nutrient uptake occurs. This

happens in both regions I and II in Figure 2.9. For velocities slower than one rotation every 90

minutes (region I), mechanics such as water evaporation and mass transport will limit algae biofilm

growth. When the RABR spins too slowly, evaporation inhibits growth, and/or the algae biofilm

runs out of nutrients and starves. The other area with little to no nutrient uptake occurs when

PPFD is near 0 µmol/(m2s), labeled as region II. With no incident light, algae biofilm growth

does not occur. For both areas in which the velocity of incident light is too little, as algae biofilm

growth is limited or stopped, the rate of nutrient uptake in (2.10) becomes 0 as the biofilm height

approaches zero. Region III is the area where velocity is greater than one rotation every 90 minutes

and light intensity is greater than 2500 µmol/(m2s). Within this region, algae biofilm growth is

present but limited by photoinhibition. Due to this reduced potential of algae biomass, the nutrient

uptake is present but not optimal. The next region consideration is where areal productivity/algae

biomass growth is optimized, denoted as region IV. As discussed earlier in Figures 2.7 and 2.8, this

region is where incident light is between 1000 and 2000 µmol/(m2s) and velocity is greater than 10

rotations per minute. This region has better nutrient uptake than the previously discussed regions,

as the algae biomass is greatest within this region.

The final and most interesting region to consider is region V where PPFD is in an optimal

range, but velocity is slower and approximately one rotation every 90 minutes. By comparing the

results in Figure 2.8 and 2.9, our results indicate that the region of optimal nutrient uptake does not

correspond with optimal algae biofilm growth. An additional consideration of an optimal velocity

must be accounted for in determining optimal nutrient uptake. Further, for any light regime, the

optimal nutrient uptake does not lie where velocity is maximized.

The driving mechanism for slower velocities corresponding to faster nutrient uptake is the term

(E− ET ) found in (2.10). When the RABR spins slowly, there is a lot more time for mass transport

and digestion of the nutrient to occur within the algae biofilm, so when reintroduced into the media,

the difference in nutrient concentrations between the algae biofilm and media is large. Compared to

a faster velocity, this large discrepancy then drives a relatively quicker nutrient depletion within the

media. With our assumptions of first-order kinematics, this discrepancy widens much quicker than

a faster velocity can compensate. For illustration purposes, Figure A.4 demonstrates this difference

between two simulations: 375 RPM and 0.0375 RPM.

Next, we discuss our findings regarding energy efficiency. As illustrated in Figure 2.10, the

optimal energy efficiency significantly deviates from the optimal operational factors for areal produc-



24

tivity. We observe a distinct nonlinear crescent shape representing optimal efficiency, which shifts

and compresses under different light conditions. We posit the general shape is that of a crescent as

we assume linear increases in velocity and duty cycle correspond to quadratic and linear increases in

energy costs, as demonstrated in equation (A.4). For higher velocities, a lower duty cycle is optimal

for energy efficiency as the increased rotational velocity compensates for the periods of inactivity of

the RABR and allows the algae to survive. Conversely, as velocity decreases, a higher duty cycle

is required for optimal efficiency, as slower speeds demand higher duty cycles to prevent the algae

biofilm from dying. At -0.5 log10 RPM (approximately one rotation every three minutes), a duty

cycle of 1 is necessary since anything less becomes lethal to the algae biofilm, and the reduced en-

ergy costs would not compensate for the reduced algae biofilm yield. Beyond a certain point, if the

peripheral velocity is too slow, no duty cycle can keep the algae biofilm alive. As velocity increases,

energy efficiency decreases. The algae biomass yield gains from faster velocities do not increase as

rapidly as the associated energy costs. For any given velocity, an optimal duty cycle exists, and

for any duty cycle, an optimal velocity exists. The discrepancies in the magnitude of efficiency

across the four subfigures in 2.10 primarily stem from varying algae biofilm yields. Among them,

a light intensity of 1000 and 2000 PPFD produce the best algae biofilm yield, as 700 PPFD limits

photosynthesis and 4000 PPFD accelerates photoinhibition within the algae biofilm.

The results presented in Figure 2.11 allow us to examine the differences in energy efficiency

across various light regimes. First, let us fix velocity at a relatively slow velocity at -0.5 log10 RPM,

or approximately one rotation every 3 minutes. As shown in the left figure in subfigure (a), for all

studied light regimes, the optimal duty cycle is 1. For light regimes suboptimal to biofilm growth

(PPFD less than 1000 or greater than 2000), duty cycle becomes more sensitive to determining the

optimal energy efficiency. In contrast to these findings, when fixing peripheral velocity to a relatively

fast velocity at 0.5 log10 RPM, or approximately 3 RPM, the parameters of duty cycle and PPFD

matter little to optimizing energy efficiency. At these speeds, any tuning of duty cycle and PPFD

will not compensate for the high energy costs of rotating the RABR.

Next, observe subfigure (b) of Figure 2.11 in which duty cycle is fixed and velocity and PPFD

are varied. Similar to when fixing peripheral velocity at 0.5 log10 RPM, fixing duty cycle at 0.2

lends to peripheral velocity and PPFD having little effect on energy efficiency. With the exception

of needing to keep velocity faster than 1 RPM, the energy efficiency is relatively constant among

the observed variables as at such a low duty cycle, biomass growth is stagnated. A much more

interesting relationship between peripheral velocity and PPFD occurs when one fixes duty cycle to

be 0.8. At a higher duty cycle, optimal energy efficiency occurs at a velocity of -0.5 log10 RPM.



25

Anything slower will be lethal to the biofilm and energy efficiency is 0. For PPFD values below 1000,

not enough light is present in the system, and biomass growth is limited or nonexistent, leading to

0 energy efficiency. As PPFD increases, the corresponding peripheral velocity that optimizes energy

efficiency increases.

Observed from Figure 2.12, when the duty cycle period increases, the energy efficiency becomes

more sensitive to duty cycle. As the duty cycle period increases, the time in which the RABR is not

spinning when turned off by the duty cycle increases, making such occurrences more punishing for

algal growth. Therefore, for high duty cycle periods, one must keep duty cycle close to 1. To have

more flexibility on duty cycle, the duty cycle period must be small.

We point out that there are several limitations to our model. We don’t consider inertia and

related algae biofilm sloughing in our current model, which will rule out selections of unreasonably

fast velocities. Furthermore, cell death due to environmental constraints such as strong heat and

its effects on mass transport is not considered in this current model. These issues will be further

addressed in our later research projects.

Another limitation of our model is the methods by which we calculate energy costs for the

RABR. Our energy calculations are based on the moment of inertia of a hollow cylinder and a

constant overhead energy cost independent of the duty cycle or peripheral velocity. Within our

calculation, mass is assumed to be constant, and friction between the anaerobic digester effluent

and substratum is assumed to be 0. Additionally, we do not consider the energy costs to toggle the

power of the RABR, leading to identical energy costs for all choices of the duty cycle period. For

future implementations of our model, we recommend developing one’s own function for energy costs

that are tailored to the specific design at hand. We argue that one will find similar trends when

optimizing energy efficiency along the variables of peripheral velocity, PPFD, duty cycle, and duty

cycle period.
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CHAPTER 3

EXPLORING MICROALGAE GROWTH IN HETEROGENEOUS ROTATING ALGAL

BIOFILM REACTORS (RABR) THROUGH COMPUTATIONAL MODELING

Despite the significance of spatial heterogeneity in RABR systems, there is limited research

exploring its impact on biomass productivity, which serves as the motivation for this study. Specif-

ically, our objectives include advancing the theoretical capabilities of the photosystem model from

our previous work, integrating a spatial component into biofilm modeling to highlight the algae

variability across the growth substratum surface, simulating non-uniform environments and stimuli

affecting the biofilm, and contrasting the effects of natural sunlight and laboratory LED photosyn-

thetic photon flux density (PPFD) on biofilm cultivation.

3.1 Mathematical Model Formulation

In this section, we provide a detailed derivation for the mathematical model following the

inclusion of spatial heterogeneity. Since light is the primary factor in algae biofilm productivity,

we utilize the photosynthetic system introduced in [40]. The algae biofilm alternates between two

distinct regimes (Figure 3.1). The first regime is the water regime, where we assume that algae

biomass will be converted to the open (A) state. The second regime is the air regime in which

biomass will generally be converted either to the closed (B) state or inhibited (C) state.
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Figure 3.1: A schematic illustration of the rotating algal biofilm reactors (RABR) and the photo-
synthetic system. This figure illustrates the proposed computational model for the rotating algal
biofilm reactor (RABR) on the left.

3.1.1 Photosynthetic kinetics with spatial heterogeneity

Consider a substratum with length L. We introduce the spatial variable x, 0 ≤ x ≤ L to

represent the spatial location of the substratum. We introduce the notations A(x, z, t), B(x, z, t)

and C(x, z, t) to represent the volume fractions of A, B, C states at location x and height z, where

z ∈ [0, h(x, t)] with h(x, t) the thickness of biomass at location x and time t.

The original RABR model [4, 40] can be extended as

∂tA(x, z, t) = DaAxx − σI(x, z, t)A(x, z, t) +
B(x, z, t)

τ
+ krC(x, z, t), (3.1a)

∂tB(x, z, t) = DbBxx + σI(x, z, t)A(x, z, t) −
B

τ
− kdσI(x, z, t)B(x, z, t), (3.1b)

∂tC(x, z, t) = DcCxx − krC(x, z, t) + kdσI(x, z, t)B(x, z, t), (3.1c)

where x ∈ [0, L), z ∈ [0, h], and Da, Db, and Dc represent the passive diffusion between the A,B,

and C states. Here I(x, z, t) represents the light intensity that will be elaborated on later. The

parameters σ, kr, kd controls the rates between the three states [40, 4].

Due to the incompressibility, we have the constraint

A(x, z, t) + B(x, z, t) + C(x, z, t) = 1, ∀(x, z, t) ∈ [0, L]× [0, h(x, t)]× [0, T ],

which leads to

∂t

[
A(x, z, t) + B(x, z, t) + C(x, z, t)

]
= 0.
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Adding the equations in (3.1), it leads to DaAxx +DbBxx +DcCxx = 0. For simplicity, we assume

that Da = Db = Dc in this paper.

3.1.2 Light mechanism

As the RABR rotates, a proportion of the surface will be exposed to the sunlight, while the

rest will be immersed underwater. Recall L represents the circumference of the RABR (the length of

the substratum). We denote l∗ the exposed length. We denote the peripheral velocity of the RABR

as v and the period of the RABR as T . Then the peripheral velocity v, length L, and period T have

the relation:

T =
L

v
. (3.2)

Since the substratum is a closed loop, ideally, the spatial variable could be defined in real

space with a period of L. Define the flag function

Γ(x, t) = f
(
mod(x+ vt, L)

)
, f(x) =

1

1+ e−
x−r0L

ε

. (3.3)

Here f(x) is the logistic function, ε controls the transition thickness of the S curve, and r0 is the

ratio of substratum exposure to the air. Γ function is the flag to mark whether the location x at

time t is exposed to the air when Γ(x, t) = 1, or not when Γ(x, t) = 0.

Then, we model the surface light intensity. The actual light intensity can be modeled by a

square wave defined as

Î(x, t) = Î0(t)Γ(x, t), (3.4)

with Î0(t) the maximum light intensity. There are several approaches to approximate Î0(t). For our

model, we utilized existing light intensity data on April 25th, 2018, collected from the Sustainable

Waste-to-Bioproducts Engineering Center (SWBEC). The light intensity is measured as photosyn-

thetically active radiation (PAR) every 15 minutes for 24 hours. We then fit the PAR data with a

smooth function Î0(t) as shown in Figure 3.2 for a range of one day. Moreover, we let t = 0 within

our simulations correspond to 8:00 AM with the function, and we assume each day has the same

light pattern when simulating for a more extended period.
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Figure 3.2: Light intensity over time. The figure illustrates 24-hour PAR data as red points, with a
fitted continuous function represented by a blue curve. This continuous function will be employed
for subsequent simulations, starting at t = 8 hours for the interpolated function within the model
for simulations.

Incorporating biofilm thickness necessitates establishing a connection between light attenu-

ation and biofilm depth. Intuitively, as one delves deeper into the biofilm, the accessible light for

each cell’s photosystem diminishes. A widely adopted equation to represent this relationship, and

our chosen model, is Beer-Lambert’s law [4]. Denote the surface light intensity at time t and spatial

variable x as Î(x, t), and let b signify a constant denoting the light attenuation factor. Consequently,

the available light at time t and depth z can be expressed as

I(x, z, t) = Î(x, t)e−b(h−z), x ∈ [0, L) z ∈ [0, h]. (3.5)

3.1.3 Nutrient uptake mechanism

To accumulate biomass, the algae biofilm shall be regularly exposed to adequate nutrients,

which are then absorbed through nutrient mass transport. Let us denote E(x, z, t) as the nutrient

concentration in the biofilm with spatial element x and depth z at time t with 0 ≤ x < L and

0 ≤ z ≤ h. While the algae biofilm is within the air of the system, E(x, z, t) can be modeled as

∂tE(x, z, t) = DEExx +DEzz − γa
E(x, z, t)

Ka + E(x, z, t)
B(x, z, t), x ∈ [0, L) z ∈ [0, h] (3.6)

where DE is the diffusion coefficient of the nutrients in the biofilm along the x direction, D is the

diffusion coefficient of nutrients in the biofilm in the z direction, Ka is the half-saturation constant,

and γa is the nutrient consumption rate.
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To simplify the model, we assume that the nutrient concentration E(x, z, t) is homogeneous

at different depths of the algae biofilm, i.e., E is only a function of x and time. When the algae

biofilm is within the water, nutrients are replenished. Therefore, we have the governing equation for

the nutrient

∂tE(x, t) = DEExx−
γa1Γ(x, t)E(x, t)

Ka + E(x, t)

1

h(x, t)

∫h(x,t)

0

B(x, z, t)dz−γa2

(
1−Γ(x, t)

)
(E(x, t)−ET (x, t)),

(3.7)

where ET (x, t) is the average nutrient concentration in the water at location x and time t, and

γa1, γa2 control the nutrient uptake and intake rates.

Next, let us consider the finite nature of the nutrients available to the RABR. When the

RABR is within the water, nutrients are taken from the water into the algae biofilm. The uptake

rate is a function of the current mass of algae biofilm and the proportion of algae biofilm converting

itself into algae biomass in the B state. Let ET (x, t) denote the averaged nutrient concentration in

the water at time t. In this context, the nutrient could be phosphorous or ammonia [12]. Therefore,

we propose the governing equation for ET as

∂tET (x, t) = γTρSh
(
1− Γ(x, t)

)(
E(x, t) − ET (x, t)

)
, (3.8)

where γT is the effective nutrient consumption rate for the system.

3.1.4 Water evaporation mechanism

We introduce W(x, t) as the water saturation percentage. In the water, W(x, t) = 1, and

outside of the water, W(x, t) is a monotone decreasing function of time. The governing equation for

W(x, t) is proposed as follows

∂tW(x, t) = DWWxx − γw1Γ(x, t)
W(x, t)

KW +W(x, t)
− γw2

(
1− Γ(x, t)

)(
W(x, t) − 1

)
, (3.9)

where Dw is the diffusion coefficient of water saturation along the x direction of the biofilm, γw1 is

the water evaporation rate and γw2 is the absorbing rate from the wastewater.

3.1.5 Biofilm thickness

Next, we consider the thickness of the biofilm and its effect on light attenuation. We denote

the algae biomass concentration as X(x, t) with units g/m2. We propose the algae growth rate to
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be determined by the following equation [4]

∂tX(x, t) =
[ 1

h(x, t)

∫h(x,t)

0

µ(x, z, t)dz
]
X(x, t), (3.10)

where h(x, t) is the thickness of the biomass, and µ(x, z, t) is the net growth rate proposed as

µ(x, z, t) = k
B(x, z, t)

τ
− R(x, z, t), (3.11)

based on the photosynthetic mechanism as shown in Figure 3.1 with R(x, z, t) the respiration rate

and k a constant to scale the growth rate. We remark that k shall be determined with empirical

studies of algae biofilm growth rates in laboratory settings. We assume R(x, z, t) = R is a constant

for simplicity.

Due to the thin nature of biofilm and to reduce the model complexity, we assume that the

density of the algae biomass is uniform. This isotropic biofilm is assigned a density ρ, representing

the algae biofilm’s areal dry biomass density. Therefore, we can represent X(t) as

X(x, t) = ρh(x, t), (3.12)

with h(x, t) the height of the biofilm. Substituting (3.11) and (3.12) into (3.10), we obtain

∂th(x, t) =

∫h(x,t)

0

k
B(x, z, t)

τ
dz− Rh(x, t). (3.13)

Adding the effects of spatial diffusion, nutrient limitation, and the constraints due to water

evaporation, we finally obtain the complete version equation for algae biofilm growth as

∂th(x, t) = Dhhxx+

∫h(x,t)

0

k
B(x, z, t)

τ

E(x, t)

Ka + E(x, t)

3
2
W(x, t)

KW +W(x, t)
dz−

(
R+RW

KW

W(x, t) + KW

)
h(x, t),

(3.14)

where Dh is the diffusion coefficient of biofilm height along the x direction of the biofilm, and KW

is the critical water stress threshold for algae biofilm growth. The term W(x,t)
KW+W(x,t) represents the

water stress on algal biofilm growth at location x, and KW

W(x,t)+KW
represents the water stress on

algal biofilm death, RW is the extra death rate.
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3.1.6 Governing equations

Overall, we summarize the proposed models. When considering variables t and z, we have

the following system



∂th(x, t) = Dhhxx +

∫h(x,t)

0

k
B(x, z, t)

τ

E(x, t)

Ka + E(x, t)

3
2
W(x, t)

KW +W(x, t)
dz−

(
R+ RW

KW

W(x, t) + KW

)
h(x, t),

∂tB(x, z, t) = DBBxx + σI(x, z, t) − σI(x, z, t)C(x, z, t) −
(
σI(x, z, t) + kdσI(x, z, t) +

1

τ

)
B(x, z, t),

∂tC(x, z, t) = DCCxx − krC(x, z, t) + kdσI(x, z, t)B(x, z, t),

∂tE(x, t) = DEExx − γa1Γ(x, t)
E(x, t)

Ka + E(x, t)

1

h

∫h(x,t)

0

B(x, z, t)dz− γa2

(
1− Γ(x, t)

)
(E(x, t) − ET ),

dET (t)

dt
=

1

VL

∫L
0

γTSh(x, t)(1− Γ(x, t))(E(x, t) − ET )dx,

∂tW(x, t) = DWWxx − γw1Γ(x, t)
W(x, t)

KW +W(x, t)
− γw2

(
1− Γ(x, t)

)(
W(x, t) − 1

)
,

(3.15)

where x ∈ [0, L) and z ∈ [0, h(x, t)]. To better present the parameter choices, we summarize all our

model parameters in three tables, representing three types of model parameters. First of all, some

model parameters can be fixed based on existing literature [4, 19, 7, 18, 21]. These parameters are

summarized in Table 3.1.

Table 3.1: Parameter table with fixed parameter values.
Symbol Value Units Description

σ 1.9× 10−3 m2µmol−1 effective absorption rate

t0 0 s start of time period of simulated biofilm growth

τ 6.849 s turnover time of the electron transport chain

kd 2.99× 10−4 s−1 damage rate

kr 4.8× 10−4 s−1 repair rate

R 0.12 d−1 respiration rate

b 1400 m−1 light attenuation factor

ρ 140000 gm−3 dry algae biomass density

p 6 - number of simulated layers of algal biofilms

C0 0.2 - initial value for C state

KW 0.5 - critical threshold for water stress

γw1 2.5× 10−3 s−1 rate of evaporation

γw2 1 s−1 rate of water absorption

γa2 1 s−1 rate of nutrient absorption

RW 0.12 d−1 water stress on algal biofilm death

DA 10−6 m2s−1 diffusion constant of A amongst spatial element x

DB 10−6 m2s−1 diffusion constant of B amongst spatial element x

Dh 10−6 m2s−1 diffusion constant of h amongst spatial element x

DE 10−5 m2s−1 diffusion constant of E amongst spatial element x

DW 10−4 m2s−1 diffusion constant of W amongst spatial element x

Secondly, some parameters are based on realistic design parameters. These are summarized
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in Table 3.2.

Table 3.2: Parameter table with experimental parameter values.

Symbol Value Units Description

S 1 m2 surface area of the substratum on the RABR

h0 0.0005 m initial height of biofilm

L 7 m circumference of the substratum on the RABR

l∗ 4 m arc length of the RABR exposed to air

v 0.1555 ms−1 peripheral velocity of the RABR

T 45 s period of the RABR’s rotation

V 50 L volume of the tank of the RABR

k 0.0001 - growth rate

γa1 1575 mgL−1d−1 rate of the biofilm nutrient consumption

γT 1.54× 109 d−1 rate of the total nutrient depletion

Ka 1 mgL−1 half-saturation constant for nutrient

We provide the following elaboration on the decisions for some of the parameters found in

Table 3.2. The volume V has been selected such that the volume-to-surface area ratio between

the RABR media and substratum be 50:1. k has been chosen as 0.0001 such that the resultant

productivity values reflect those in existing literature [10]. γa has been selected such that the

biofilm will experience inhibition in growth if not replenished within approximately 8 hours. γT has

been chosen such that in laboratory conditions, the nutrient concentration of the media within the

system will be below Ka after 72 hours [21].

In addition, parameters with undetermined values are summarized in Table 3.3. Their values

will be specified in the corresponding numerical examples.

Table 3.3: Parameter table with undetermined parameter values.
Symbol Units Description

Î(t) µmolm−2s−1 light intensity

v ms−1 peripheral velocity of the RABR

E0 mgL−1 initial nutrient concentration within the biofilm

ET0 mg initial nutrient content in the 50-liter system

hharvest(x) m height of biofilm to be removed each harvest

tharvest s time lags between consecutive biofilm harvests

ttotal s total duration of time within simulation

3.1.7 Harvesting mechanism

As the biofilm grows to more considerable heights, the depth of the biofilm will prevent algae

on the bottom layers from receiving sufficient light, eventually leading to a stagnation of growth.

To mitigate this stagnation and to maximize productivity, regular harvesting of the algae biofilm

occurs in both laboratory and industrial settings to reduce the biofilm height.
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Within the context of algae biofilm harvesting, there are two primary parameters to study. The

first is the harvesting frequency, labeled as νharvest; the second is the residual height of harvesting,

labeled as hharvest. When performing a harvest, no harvest will occur if the biofilm height is

less than hharvest. Similar arguments apply to the residual height. Intuitively, biofilm harvested

too infrequently will experience light-limited stagnation, and biofilm harvested too often will not

experience log growth.

Additionally, when harvesting the algae biofilm, consideration must be made of how much

algae biofilm to remove. When hharvest is large, much of the algae biofilm will remain after a

harvest, implying harvesting will often occur to maintain a certain biofilm height. When hharvest

is small, a harvest will remove most of the algae biofilm and imply fewer, more extreme harvests.

To explore the spatial heterogeneity of the numerical model, we will apply several heteroge-

neous harvesting strategies along the spatial variable x. The methods explored within this paper

are listed below:

• Uniform harvest strategy. At the time of harvest, all biofilm along x will be harvested such

that h(x) = hharvest for all x.

• Checker harvest strategy. Suppose the substratum length L is divided into N uniform meshes.

Let j = 0, 1, ..., N − 1. If xj mod 2 = 0, h(xj) = hharvest and if xj mod 2 = 1, no biomass

shall be removed.

• Linear harvesting strategy. When j = 0, h(xj) = hharvest. When j = N − 1, no biomass is

removed. For 0 < j < N− 1, a linear interpolation is used to determine biomass removal.

• Quadratic harvesting strategy. For j = N−1
2

, no biomass shall be removed. For j = 0 and

j = N − 1, h(xj) = hharvest. Between j = 0 and j = N−1
2

and j = N−1
2

and j = N − 1, a

quadratic interpolation is used to determine the biomass removal.

For the aid of visualization, the following schematic of the discussed harvesting strategies is

presented in Figure 3.3.
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Figure 3.3: A schematic illustration of the harvesting strategies explored within this paper. The
areas shaded in red represent the mass that will be removed following the corresponding harvest
strategy. The minimum height that will be considered for removal during a harvest is set with
hharvest.

3.1.8 Numerical methods

The mathematics model proposed in (3.15) is a free surface problem. It is a coupled system

with integral differential equations. To solve (3.15) numerically, we discretize the spatial domain

x ∈ [0, L). We can discretize it into uniform meshes 0 ≤ x0 < x1 < x2 < · · · < xN−1 ≤ L, where

xj = (j + 0.5)∆ with ∆ = L
N
, j = 0, 1, · · · , N − 1. Next, we partition the algae biofilm depth

domain [0, h(xj, t)] into p intervals: 0 ≤ z1(xj, t) < z2(xj, t) < · · · < zp(xj, t) < h(xj, t) with

zi(xj, t) = i−1
p

h(xj, t). Notice that when N = 1, the model has the same form as that from [22].

Then, by approximating the dynamics with p layers and N segments, we obtain the following system

of differential equations to represent the dynamics in each layer and each section:



d

dt
hj = DhN

2hj+1 − 2hj + hj−1

L2
+

p∑
i=1

hj

p
k
Bij

τ

Ej

Ka + Ej

3
2
Wj

KW +Wj
−
(
R+ RW

KW

Wj + KW

)
hj,

d

dt
Bij = DBN

2Bi,j+1 − 2Bij + Bi,j−1

L2
+ σÎij(t) − σÎij(t)Cij −

(
σÎij(t) + kdσÎij(t) +

1

τ

)
Bij,

d

dt
Cij = DCN

2Ci,j+1 − 2Cij + Ci,j−1

L2
− krCij + kdσÎij(t)Bij,

d

dt
Ej = DEN

2Ej+1 − 2Ej + Ej−1

L2
− γa1Γ(t)

Ej

Ka + Ej

1

p

p∑
i=1

Bij − γa2

(
1− Γj

)
(Ej − ET ),

d

dt
ET =

L

VN

N−1∑
j=0

γTρSh(xj, t)(1− Γj)(Ej − ET ),

d

dt
Wj = DWN2Wj+1 − 2Wj +Wj−1

L2
− γw1Γj

Wj

KW +Wj
− γw2

(
1− Γj

)(
Wj − 1

)
,

(3.16)
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where i = 1, 2, · · · , p and j = 1, 2, · · · , N − 1. In (3.16), Bij(t) and Cij(t) represent the value at

(zi, xj), and the light intensity at the ith layer and jth section is approximated by

Îij(t) =
p

h(xj, t)

∫zi+1

zi

I(xj, z, t)e
−b(h(xj,t)−z(xj))dz, i = 1, 2, · · ·p, j = 1, 2, · · ·N− 1.

Since the initial state is unknown, we assume C0 = 0.2 for all our numerical simulations.

Then, we initialize our values of A, B, and C by (A0, B0, C0) =
(

1−C0

1+τσI
,
τσI(1−C0)

1+τσI
, C0

)
, making it

compatible with the steady-state solution of the model in [4].

Then, the semi-discrete system in (3.16) is an ODE system. To numerically solve it, we

employ the built-in numerical time-integration solver in the SciPy package from Python. We chose

the “BDF” method with a maximum time step of 0.1.

3.2 Results

Seven simulations were conducted to explore the inclusion of empirical PPFD values and the

spatial variable x for our model. The parameters used to produce these figures are taken from the

parameter tables in the previous section. For all simulations utilizing Figure3.2, we use t = 8 hours

for the data at the beginning of the simulation to mimic a start at 8:00 AM for the PPFD.

Biofilm growth in a nutrient-limited environment. First, we simulate a seven-day

simulation in a nutrient-limited environment using the light data found in Figure 3.2. The numerical

results are summarized in Figure 3.4. The oscillations in biofilm height follow the diurnal cycle of the

PPFD light data in Figure 3.2. During the times in Figure 3.2 that correspond to daytime, the PPFD

is nonzero and encourages biomass growth. At night, when PPFD = 0µmolm−2s−1, no biomass

growth occurs, and the biofilm dynamics are driven by cell respiration. For 0 < t < 6 days, the

biofilm experiences net growth. By t = 6 days, ET approaches 0mg/L and inhibits biofilm growth.

The lack of nutrients within the media inhibits this growth for the remainder of the simulation,

reflecting a net decrease of biomass for all values of x from t = 6 days to t = 7 days.
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Figure 3.4: This figure displays the biofilm height along the spatial variable x over a seven-day
simulation within a nutrient-limited system. At Day 6, ET approaches 0 and stalls biofilm growth.

Biofilm growth with a RABR deactivation. Next, we perform the following seven-day

situation. First, assume the biofilm resides in a nutrient-rich system. Between days 0 and 3, the

biofilm resembles that of Figure 3.4 and is homogeneous along the spatial variable x.

Then suppose that on day 3, a mechanical error occurs, and the RABR is deactivated (i.e.,

v = 0m/s) for 24 hours. During those 24 hours, as v = 0m/s, a proportion of the biofilm along the

RABR is fixed within the air regime (Γ(x, t) = 1), and the remainder is within the water regime

(Γ(x, t) = 0). Recall that from our parameter selection in Table 3.2, 4 meters of the substratum is

exposed to the air regime, and 3 meters are exposed to the water regime of the RABR. At t = 3 days,

Γ(x, t) = 1 for 6.5 < x < 7 and 0 < x < 3.5. During this period in which v = 0m/s, the different

mechanisms for biofilm growth and death are exaggerated between the water and air regimes. For

the biofilm within the water regime for t = 3 days (3.5 < x < 6.5), the biofilm experiences zero

growth from the lack of PPFD. It slowly diminishes, being driven by cell respiration and metabolism

mechanisms. For the biofilm within the air regime for t = 3 days (6.5 < x < 7 and 0 < x < 3.5),

while the biofilm is exposed to PPFD, over time, the mechanisms of nutrient depletion and water

evaporation accelerate the death of the biofilm. Compared to the water regime, the biofilm within

the air regime experiences more stress and creates a heterogeneous biofilm along the spatial variable

x.

Then, suppose on day 4, the RABR is repaired and rotates appropriately for the remainder

of the simulation. Over the remaining days of the simulation, biofilm recovery occurs. Driven by

the diffusion terms found in 3.15, the biofilm slowly becomes homogenous along the spatial variable

x. By t = 5 days, the biofilm is uniform.
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Figure 3.5: This figure displays the biofilm height along the spatial variable x over a seven-day
simulation in which v = 0 between days 3 and 4. The lack of spinning creates a heterogeneous
biofilm and recovers into a more homogeneous structure after day 4.

Impact of the harvesting patterns on biomass productivity. We will now explore the

effects of non-homogeneous harvesting strategies on the height and productivity of biofilm. We will

explore five strategies: no harvesting, uniform harvesting, checker harvesting, linear harvesting, and

quadratic harvesting. The details for the harvesting strategies are found in the previous section.

Figure 3.6 shows the results of no harvesting on the biofilm, similar to those discussed in Figure 3.4.

This is shown as a control.

Figure 3.6: This figure displays the biofilm height along the spatial variable x over a four-day
simulation. The biofilm resides in a nutrient-rich system, and no harvesting occurs. This is shown
as a control compared to the results in Figure 3.7.

The numerical results with various harvesting strategies are summarized in Figure 3.7, with

a harvest occurring at t = 2 days and using a value of hharvest = 0.005 = h0. For 0 < t < 2 days,

the biofilm heights within all subfigures of Figure 3.6 and that of Figure 3.6 are identical. After
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performing a harvest at t = 2 days, the biofilm becomes heterogeneous along the spatial variable x

for the checker, linear, and quadratic harvesting strategies. Within 24 hours of the simulation, the

biofilms from each harvesting strategy become homogenous along x. Of these strategies, the biofilm

following the checker harvest strategy becomes homogeneous the quickest, followed by the quadratic

harvest and linear harvest.

Figure 3.7: This figure compares four harvesting strategies for a RABR over four-day simulations.
At t = 2 days, a harvest is performed in each simulation. A different harvesting strategy is used in
each subfigure in which hharvest = 0.0005. See Methods for details on each harvesting strategy.

For a more thorough comparison of the strategies, the resultant productivity at t = 4 days

for Figures 3.6 and 3.7 are shown in Table 3.4:

Table 3.4: Final productivity values of selected harvest strategies.
Strategy Productivity g/m2d

No Harvest 9.6067

Uniform Harvest 8.6344

Checker Harvest 9.0981

Linear Harvest 9.1302

Quadratic Harvest 9.2451

When analyzing the results of Table 3.4, it appears that for the parameters chosen for Figure
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3.7, vharvest = 2 days is too frequent to be beneficial for biofilm growth. Notice that the strategy

that led to the highest algae biofilm productivity was not performing a harvest, having a resultant

productivity of 9.6067g/(m2d). The more biomass removed at t = 2 days, the smaller the resultant

productivity from the simulations performed in Figure 3.7. Of the simulations that perform a

harvest, the harvesting strategy that removes the least biofilm, the quadratic harvesting strategy,

had a resultant productivity of 9.2451g/(m2d). The strategy that removed the most biofilm at t = 2

days, the uniform harvesting strategy, had a resultant productivity of 8.6344g/(m2d).

Influence of harvesting frequency on biomass productivity. Alongside our investiga-

tion of harvesting strategies, we also briefly examine the effects of various harvesting frequencies on

biomass productivity. We perform four simulations over a 14-day period, selecting different values of

νharvest: 1 day, 2 days, 3 days, and 7 days. For these simulations, we utilize the checker harvesting

strategy and set hharvest = 0.0005. The outcomes of these simulations are depicted in Figure 3.8.

The simulation outcomes suggest that excessively frequent harvesting may hinder the algae biofilm

from achieving greater thickness. These findings imply that a 7-day harvest interval, or possibly

longer, could actually promote more robust algae biofilm growth.
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Figure 3.8: This figure presents a comparison of four harvesting frequencies in a RABR over a
series of fourteen-day simulations. In each subfigure, the checker harvest strategy is employed, with
hharvest = 0.0005. For further details on each harvesting strategy, refer to the previous section.

To facilitate the comparison of different vharvest values, we present the productivity results

at t = 14 days for Figure 3.8 in Table 3.5. In line with our findings from Table 3.4, the parameters

selected for the simulations in Figure 3.8 favor less frequent harvesting approaches. Among the

frequencies examined, the least frequent harvests (νharvest = 7 days) yielded the highest productiv-

ity at 13.0274g/(m2d), while the most frequent harvests (νharvest = 1 day) resulted in the lowest

productivity of 8.9354g/(m2d).

Table 3.5: Final productivity values of selected harvest frequencies.
νharvest Productivity g/(m2d)

1 day 8.9354

2 days 10.0793

3 days 10.9589

7 days 13.0274
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CHAPTER 4

CONCLUSION

We have developed a unified experimental and theoretical framework to investigate the algae

biofilm in wastewater treatment on rotating algae biofilm reactors (RABRs). Our unique efforts in

joining laboratory experiments and computational mathematical models provide a powerful tool for

evaluating and predicting treatment rates of algal nutrients and algae biomass areal productivity

utilizing algae biofilm technology at a laboratory scale. The approach combined experimental testing

of nutrient and algae biomass changes with mathematical modeling utilizing RABRs. To our best

knowledge, this is the first work in the literature to synthesize the algae-based biofilm model with

the experimental data generated on a RABR for addressing model parameters. This experimental-

theoretical platform could potentially help predict full-scale performance and operations within

industrial settings and provide guidance for up-scaled greenhouse and outdoor field testing at a pilot

scale site, which is our ongoing research project.

Furthermore, we have taken into account the photosynthetic mechanism and the spatial posi-

tioning of the substratum within the reactor. This extension of our model provides a robust surrogate

representation of the real-world RABR system. Through our research, we have demonstrated the

capabilities of our model in studying the effects of spatial heterogeneity on algae biofilm growth

in RABRs, offering valuable insights into the interplay between various factors and their influence

on biomass productivity. Our proposed mathematical model with spatial considerations serves as a

solid foundation for future studies, facilitating a deeper understanding of the factors governing algae

biofilm growth and productivity in the RABR. Furthermore, the spatial capabilities of the model we

have developed can be adapted and extended for various applications, including optimizing harvest-

ing strategies and understanding the role of environmental factors in the cultivation of microalgae

biofilms. This work contributes significantly to the field, paving the way for more efficient and sus-

tainable RABR systems, ultimately benefiting industries such as bioenergy production, wastewater

treatment, and bioproduct development.

Several avenues for future research to further improve and extend the presented model are
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being implemented. Our model in Chapter 3 can be extended beyond the 2D case to higher dimen-

sions, allowing for more accurate simulations of real-world RABR systems, which ultimately would

require incorporating light data and determining whether the algae are submerged. A more detailed

parameter study could be conducted to investigate the optimal time between harvests. This study

would help inform practical strategies for algae biofilm reactor management and harvesting strate-

gies. Research can be conducted to study how the hydraulic retention time (HRT) and the rate of

nutrient replacement affect algae growth, ultimately leading to improved reactor performance. The

developed model in both Chapters 2 and 3 and future improvements can contribute to ongoing efforts

at the Central Valley Water Reclamation Facility (CVWRF) to optimize and advance algae-based

wastewater treatment technologies.
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Appendix A
SUPPLEMENTAL MATERIALS FOR CHAPTER 2

A.1 AI procedure/method summary

• Area measurement: Remove 4 cm2 of biofilm from the cultivation surface and measure wet
weight.

• Ash-free dry weight measurement: Determine dry weight at 105oC and ash content at 550 oC
(Muffle Furnace) to determine ash-free dry weight (AFDW) for 4 cm2 biofilm area

• Chlorophyll-a extraction of 4cm2: to another biofilm sample add 5 mL acetone/MgCO3 solu-
tion and allow the mixture to react for 10 minutes in the dark (light can degrade chlorophyll)
using a motor and pestle; centrifuge samples at 500 rpm to remove solids (cells and other
debris) and collect supernatant containing chlorophyll-a.

• Chlorophyll-a concentration: Use a spectrophotometer to read absorbance at wavelengths of
664, 647, 750, and 630 nm and calculate chlorophyll concentration as mg/L using optical
density (OD) readings from the spectrometer and the equation:

Chl-a(mg/L) = 11.85(OD664−OD750)–1.54(OD647−OD750)–0.08(OD630−OD750)

Convert Chl-a (mg/L) to (mg/m2) using the equation:

Chl-a(mg/m2) =
[(Chl-a),mg/L][extract volume, L]

[sample area,m2]
=

mgChl-a

m2

• Calculate autotrophic index (AI):

AI =
AFDW biomass per sample area(mg/m2)

Chlorophyll-a concentration per sample area
=

AFDW,mg/m2

Chl-a,mg/m2

A.2 Bomb calorimeter procedure/method summary

• Weigh 1 g (dry weight) of biofilm sample

• Place the sample in the bomb vessel and seal

• Let 20 atm of oxygen into the bomb

• Place 2 L of water of know temperature into the holding bucket and lower the bomb into the
bucket

• Engage the ignition button to combust the sample and measure change in temperature of the
water to measure the heat of combustion

• Use the equation to calculate the heat of combustion of the sample and energy per g:

qs =
(Ccal)(∆K)(J/K)

ms(g)
=

J

g
,

where Ccal denotes heat capacity of the calorimeter, and ms denotes mass of the sample.
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A.3 Defining total power within simulations

To explicitly define the energy demand of the RABR for our simulations (expressed in units
kW), we center our calculations on the moment of inertia of a hollow cylinder, the assumed geometry
of the RABR. Let IRABR represent the moment of inertia of the RABR. So,

IRABR =
1

2
M
(
r21 + r22

)
, (A.1)

where M is the mass of the RABR and r1 and r2 are the outer and inner radii of the cylinder.
Next, recall the relationship between the moment of inertia and rotational energy, defined as ERABR:

ERABR =
1

2
(IRABR)ω

2, (A.2)

where ω is the angular velocity of the RABR. Then, substituting (A.1) for IRABR and writing
ω in terms of peripheral velocity v, we have

ERABR =
1

2

(
1

2
M
(
r21 + r22

))(2πv

L

)2

, (A.3)

where L is the circumference of the outer radius of the RABR. Then, as power P is a product
of energy and time, the rotational power throughout the simulation, denoted as RRABR, is

RRABR = (ERABR)δ(ttotal), (A.4)

where δ is the duty cycle of the RABR and ttotal is the total duration of the simulation,
measured in seconds.

Next, let us define overhead power O. When the RABR is not actively rotating, we assume
there exists a small, constant, energy demand on the RABR. To determine this overhead power O,
we assume that for every hour passed within our simulation, O is equal to the power required to
rotate the RABR once at velocity v. Therefore,

ORABR = ERABR

(
L

v

)(
ttotal

3600

)
. (A.5)

Therefore, when combining (A.4) and (A.5), we have

P =RRABR +ORABR

=(ERABR)δ(ttotal) + (ERABR)
L

v

ttotal

3600

=(ERABR)(ttotal)

(
δ+

L

3600v

)
=
ttotal

4

(
M
(
r21 + r22

)(2πv

L

)2
)(

δ+
L

3600v

)
.
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A.4 Governing equations

We summarize the proposed models. When considering variables t and z in (2.2), we have
the following system

dh(t)

dt
=

∫h(t)

0

k
B(z, t)

τ

E(t)

Ka + E(t)

3
2
W(t)

KW +W(t)
dz−

(
R+ RW

KW

W(t) + KW

)
h(t),

∂B(z, t)

∂t
= σI(z, t) − σI(z, t)C(z, t) −

(
σI(z, t) + kdσI(z, t) +

1

τ

)
B(z, t), z ∈ [0, h],

∂C(z, t)

∂t
= −krC(z, t) + kdσI(z, t)B(z, t), z ∈ [0, h],

dE(t)

dt
= −γa1Γ(t)

E(t)

Ka + E(t)

1

h

∫h
0

B(z, t)dz− γa2

(
1− Γ(t)

)
(E(t) − ET ),

dET

dt
= γT

Sh

V
(1− Γ(t))(E(t) − ET ),

dW(t)

dt
= −γw1Γ(t)

W(t)

KW +W(t)
− γw2

(
1− Γ(t)

)(
W(t) − 1

)
.

(A.6)

A.5 Parameters

To better present the parameter choices, we summarize all our model parameters in three
tables, representing three types of model parameters. Firstly, some model parameters can be fixed
based on existing literature [4, 19, 7, 18] and our best guess that is consistent with our laboratory
setups. These parameters are summarized in Table A.1.

Table A.1: Parameter table with fixed parameter values.
Symbol Value Units Description

σ 1.9× 10−3 m2µmol−1 effective absorption rate

t0 0 s start of time period of simulated biofilm growth

τ 6.849 s turnover time of the electron transport chain

kd 2.99× 10−4 s−1 damage rate

kr 4.8× 10−4 s−1 repair rate

R 0.12 d−1 respiration rate

b 2000 m−1 light attenuation factor

ρ 140000 gm−3 dry algae biomass density

p 10 - number of simulated layers within the algal biofilm,
as selected from the numerical study shown in Figure
A.6

h0 1.0× 10−4 m initial height of biofilm

C0 0.2 - initial value for C state

KW 0.5 - critical threshold for water stress

γw1 2.5× 10−3 s−1 rate of evaporation

γw2 1 s−1 rate of water absorption

γa2 1 s−1 rate of nutrient absorption

RW 0.12 d−1 water stress on algal biofilm death

Secondly, some parameters are based on our specific experimental setup for collecting the
ammonia and phosphorus data [29]. These are summarized in Table A.2. We note here the surface
area S is measured from one of the RABRs in Figure 2.1.
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Table A.2: Parameter table with experimental parameter values.

Symbol Value Units Description

Î(t) 700 or 0 µmolm−2s−1 light intensity

S 0.00770103 m2 plan view area of the RABR

M 1.5 kg the mass of the RABR, assumed to be constant for
energy calculations

r1 0.025265 m outer radius of the hollow cylinder of the RABR

r2 0.021475 m inner radius of the hollow cylinder of the RABR, as-
sumed to be 85% the length of r1.

L 0.15875 m circumference of the substratum on the RABR

l∗ 0.1 m arc length of the RABR exposed to air

V 1 L volume of the media that the RABR is suspended in

v 0.015875 ms−1 peripheral velocity of the RABR

δ 1.0 - duty cycle of the RABR

δp 60 s duty cycle period of the RABR

T 10 s period of the RABR’s rotation

ttotal 8 d elapsed days in simulation

E0 14.1 mgL−1 initial phosphorus concentration within the biofilm

ET0 14.1 mgL−1 initial phosphorus content in the 1-liter system

Ka 0.04 mgL−1 half-saturation constant for phosphorus

E0 283.4 mgL−1 initial ammonia concentration within the biofilm

ET0 283.4 mgL−1 initial ammonia content in the 1-liter system

Ka 1 mgL−1 half-saturation constant for ammonia

In addition, several free parameters must be determined, summarized in Table A.3. These
parameters are fine-tuned to make the model (A.6) agree with our experimental data.

Table A.3: Parameter table with tuned parameter values.

Symbol Value Units Description

k 5× 10−5 - growth rate

γa1 73 mgL−1d−1 rate of the biofilm phosphorus consumption

γT 1.764× 1010 d−1 rate of the total phosphorus depletion

γa1 1470 mgL−1d−1 rate of the biofilm ammonia consumption

γT 8.47× 109 d−1 rate of the total ammonia depletion

A.6 Parameter tuning

Table A.2 delineates the parameters used for the model that reflects experimental parameters
in [12]. There are a few considerations in determining this table. We assume a uniform PPFD
value in the simulation since we make no distinction between the nutrient data collected when
PPFD=700µmol/(m2s) versus PPFD=1000µmol/(m2s). Specifically, we let PPFD=700µmol/(m2s)
when the light is present in the simulated diurnal cycle. Additionally, we ignore the effects of the
duty cycle and do not incorporate them into the model. So, for simplicity, we assume our simu-
lated RABR is continuously spinning. Therefore, five parameters remain to be tuned to best fit the
empirical results of the experiments, which are summarized in Table A.3.

Growth rate k. First, we want to get a growth rate based on the experimental data. We
want the areal productivity of the model to be similar to the values we see in experiments. Setting
all the parameters found in Table A.1 and Table A.2, we then let γa1 = γa2 = 0 and γT = 0 to
ignore nutrient depletion effects on the system. Then using the numerical steps found in the previous
section and ttotal = 12 days and recording every 60 minutes, we get the following results for the
parameter study k in Figure 2.4.
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Biofilm nutrient consumption rate γa1. The selection of γa1 was derived as follows.
First, we initialize Γ = 0 to simulate the RABR not being in contact with the nutrients in the tank.
Then, the velocity of the RABR was set to 0 to ensure no nutrient replenishment occurred. Then,
using all the same parameters shown in Table A.1 and Table A.2 and k = 5×10−5, we tune γa1 such
that after approximately 8 hours, the values of E are less than their respective Michaelis Menten
constant for that nutrients.

Total nutrient depletion rate γT . Following the selection of k and the appropriate values
for γa1, we now tune γT in (A.6) to fit better the nutrient depletion data collected in previous
sections. The ideal value of γT for ammonia is 8.47× 109gm−1d−1 and γT = 1.764× 1010gm−1d−1

for phosphorus. The fit of these parameter values is shown in Figure 2.6.

A.7 Numerical methods

The mathematics model proposed in (A.6) is a free surface problem. It is a coupled system
with integral differential equations. In order to solve (A.6) numerically, we discretize the spatial
domain [0, h(t)] into p intervals: 0 ≤ z1(t) < z2(t) < · · · < zp(t) < h(t) with zi(t) = i−1

p
h(t).

The bottom position of each ith layer is used to represent zi to best penalize tall biofilm heights.
Alternatively, one can choose the midpoint of the layer. By approximating the dynamics with p
layers, we obtain the following system of differential equations to represent the dynamics in each
layer:

d

dt
h(t) =

p∑
i=1

h(t)

p
k
Bi

τ

E(t)

Ka + E(t)

3
2
W(t)

KW +W(t)
−
(
R+ RW

KW

W(t) + KW

)
h(t), (A.7)

d

dt
Bi = σÎi(t) − σÎi(t)Ci −

(
σÎi(t) + kdσÎi(t) +

1

τ

)
Bi, z ∈ [0, h], i = 1, 2, · · · , p, (A.8)

d

dt
Ci = −krCi + kdσÎi(t)Bi, z ∈ [0, h], i = 1, 2, · · · , p, (A.9)

d

dt
E(t) = −γa1Γ(t)

E(t)

Ka + E(t)

1

p

p∑
i=1

Bi − γa2

(
1− Γ(t)

)
(E(t) − ET ), (A.10)

d

dt
ET = γT

Sh

V
(1− Γ(t))(E(t) − ET ), (A.11)

d

dt
W(t) = −γw1Γ(t)

W(t)

KW +W(t)
− γw2

(
1− Γ(t)

)(
W(t) − 1

)
, (A.12)

where Bi(t) and Ci(t) represent the value at z = zi(t), and the light intensity at the ith layer is
approximated by

Îi(t) =
p

h

∫zi+1

zi

I(z, t)e−b(h(t)−z)dz, i = 1, 2, · · ·p.

We remark that we use the assumption that C0 = 0.2 for all of our numerical simulations in
this chapter. Also, in the rest of this chapter, we initialize our values of A, B, and C by

(A0, B0, C0) =
( 1− C0

1+ τσI
,
τσI(1− C0)

1+ τσI
, C0

)
,

For our numerical calculations. This is compatible with the steady-state solution for the model in
[4].

Then, the semi-discrete system in (A.7) is an ODE system. We introduce the notation

Φ(t) = [h(t) B1(t) B2(t) · · ·Bp(t) C1(t) C2(t) · · ·Cp(t) E(t) W(t) ET (t)]
T , (A.13)

and denote the ODE system in (3.16) as
d

dt
Φ(t) = F(Φ(t)),

Φ(0) = Φ0,

(A.14)
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with F the reactive kinetics. To numerically solve the system in (A.14), we employ the built-in
numerical time-integration solver in the SciPy package from Python. We chose the ”BDF” method
with a maximum time step of 0.1.

A.8 Supplemental figures

(a) (b)

Figure A.1: Ammonia data from Figure 2.5 grouped by their relative time since the most recent
influent replacement. Figure (a) visualizes the data for all sampling with 700µmol/(m2s), and (b)
shows the data with 1000µmol/(m2s). The concentration is measured by mg/L.

(a) (b)

Figure A.2: All phosphorus data grouped by epochs of influent replacement. The red dot is the
average for that day, and the blue lines are the 95% confidence intervals. The concentration is
measured by mg/L.
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(a) (b)

Figure A.3: The average value of the activated state (B state) of all algae biofilm layers over time,
measured every minute, and a total time of 3 days. In (a), we use 375 RPM, and in (b), we use
0.0375 RPM. The gaps of time in which the activated state (B) equals = 0 correspond to when
PPFD = 0µmol/(m2s) to mimic the diurnal cycle described in Section 2. The parameters used to
produce these figures are taken from the parameter tables A.1, A.2 and A.3.

(a) (b)

Figure A.4: The value of (E(t) − ET (t)) over time, measured every 60 seconds and a total time of 3
days. In (a), we use 375 RPM, and in (b) we use 0.0375 RPM. The gaps of time in which E−ET = 0
correspond to when PPFD = 0µmol/(m2s) to mimic the diurnal cycle described in Section 2. The
rest parameters used to produce these results are taken from parameters tables A.1, A.2 and A.3.
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Figure A.5: This figure displays the values of A, B, and C for all 10 layers in a simulation of 30
minutes with p = 10. All parameters used in the simulation are the same as those used to generate
the surface plots presented in Section 3, with the exception of the PPFD, which was held constant
at 700, and a RABR peripheral velocity of 1 RPM.
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Figure A.6: This figure illustrates a parameter study of the number of layers in the numerical scheme,
using the same parameters as those selected in Figure 2.6, with the exception of the PPFD, which
was held constant at 700, and a RABR peripheral velocity of 1 RPM. Panel (a) shows the results
at 8 hours, panel (b) at 1 day, and panel (c) at 72 hours. As the number of discretized layers in the
numerical scheme decreases, the biofilm height is underestimated.
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Figure A.7: This figure displays the contour plots to supplement the results in Figure 2.7.
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Figure A.8: This figure displays the contour plots to supplement the results in Figure 2.8.
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Figure A.9: This figure displays the contour plots to supplement the results in Figure 2.9.
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