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Abstract

In epidemiology, herd immunity refers to the population level of immunity required to

prevent a large disease outbreak or extinguish an outbreak. Previous work shows that herd

immunity level in models with homogeneously mixing assumptions and without demographic

structures may be different from that in heterogeneous models. With the COVID-19 pandemic

in Ontario as a case study, a comprehensive deterministic mathematical model of disease

spread with age and contact pattern variations was developed to examine the required herd

immunity for different variants and compare with the theoretical values obtained using

homogeneous assumptions. The effects of non-pharmaceutical (testing/isolation of silent

infections) interventions and vaccination on epidemic progression and herd immunity were

investigated. It was found that with the inclusion of age and contact pattern structures,

the resulting herd immunity level required to end an epidemic under the assumptions of

long-term protection (i.e., without re-infection) is lower than theoretical values, even for more

transmissible variants. Moreover, while waning immunity and eventual re-infection results

in an oscillation in herd immunity levels in the population, subsequent epidemic peaks are

less amplified, suggesting that even with increased variant transmissibility, infections of any

variant allow for the rise of immunity in the population, leading to an endemic state.
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Chapter 1

Introduction

1.1 The novel coronavirus disease (COVID-19)

Since the first identified case in Hubei Province, China in November 2019 [1], the novel

coronavirus disease (COVID-19) has caused significant public health toll in terms of infections,

hospitalizations and deaths worldwide, with over 500 million cases and 6.3 million deaths

reported [2].

As of September 24, 2022, there have been over 4 million cases of COVID-19 and more

than 45,000 deaths in Canada, with the majority of cases occurring in Ontario (1,444,227

cases and 14,312 deaths) and Québec (1,196,164 cases and 16,680 deaths) [3]. In the absence

of pharmaceutical preventive measures such as vaccination in the early stages of the pandemic,

countries worldwide used numerous non-pharmaceutical interventions in order to quell the

spread of the disease. On a national or provincial scale, such interventions included border

closures and lockdowns of various strengths [4]. Meanwhile, measures that were mandated by

public health agencies for individuals to follow included physical distancing and self-isolation

upon experiencing symptoms of COVID-19 [4, 5].

Over the course of the pandemic, several variants of concern (VOCs) of SARS-CoV-2
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1.1 THE NOVEL CORONAVIRUS DISEASE (COVID-19)

have emerged identified [6], with distinct and varying degree of transmission, disease severity,

and lethality compared to the original strain (Wuhan-I). The Alpha (B.1.1.7) variant, first

identified in the United Kingdom in September 2020 [7], raised concerns due to its increased

severity and mortality. Relative to the original variant, there were reported 43–90% increase

in transmissibility [8], and 61% increase in risk of death among those infected with the

Alpha variant [9]. Later, in April 2021, a new variant of concern, named Delta (B.1.617.2),

emerged. This variant was first documented in COVID-19 patients in India [7]. Similar to

the Alpha variant, Delta exhibited an increased transmissibility, with studies reporting an

even greater (76—117%) increase relative to the original strain [10]. Moreover, analysis of

hospital admission in Ontario found that the Delta variant was associated with 108% increase

in the risk of hospitalization and 132% risk of death due to severe disease [11].

The most recent variant of concern, Omicron (B.1.1.529), presumably emerged in South

Africa in November 2021, but was also detected in multiple countries around the same time

[7]. While Omicron exhibited far greater transmissibility than the previous variants, studies

in England and South Africa found that it was associated with a lower risk of severe disease

and hospitalisation [12, 13]. However, it was rapidly discovered that the Omicron variant

carries mutations that can escape neutralizing antibodies generated by prior infection or

vaccination, causing a significant number of reinfections and the largest pandemic wave

in affected countries [14, 15]. Since its emergence, numerous subvariants of Omicron have

evolved with greater degree of immune escape, further hindering efforts to control COVID-19

pandemic based on the existing levels of population immunity generated by natural infections

or currently available vaccines.

2



1.2 MOTIVATION AND OBJECTIVES

1.2 Motivation and objectives

In mathematical epidemiology, herd immunity Hc is defined as the population level of

immunity required to prevent a large disease outbreak or extinguish an ongoing outbreak

[16]. In simple, homogeneous models of disease spread in the population [17, 18], there is a

well-established relationship between the herd immunity and the basic reproduction number

R0, defined as the average number of new infections caused by an infected individual in

an entirely susceptible population [19]. This relationship, given by Hc = 1 − 1/R0 [16],

determines the type and intensity of interventions required to curb a disease epidemic. For

example, in the context of vaccination with 100% protection against infection, if vaccines are

distributed uniformly and a p-proportion of the population is vaccinated, the reproduction

number is expected to reduce to (1 − p)R0 [20], which in turn would affect Hc. Thus, in

classical models, reducing R0 to below 1 leads to epidemic control [17], suggesting that the

required level of herd immunity has reached.

In realistic settings, however, no population mixes homogeneously and no vaccine can

provide full protection to all vaccinated individuals due to host factors and vaccine properties

[21–23]. Thus, the required level of herd immunity or the proportion of population to be

vaccinated for disease control may differ from the theoretical assertion by models under

the assumption of homogeneous mixing [24]. Since, in most cases, recovery from infection

increases herd immunity in the population, understanding the required threshold of population

immunity for disease control is critically important for the application of other intervention

measures in the absence of vaccination.

Early studies on the effect of heterogeneity on herd immunity, specifically for the COVID-

19 pandemic, involved implementing age stratification and contact variations among these

age groups [24, 25]. On top of the different contact rates per age group, social activity of

individuals were also varied by scaling these contact rates to represent low, moderate, or

3
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high activity [24]. As lockdown measures were the primary non-pharmaceutical intervention

during the early stages of the pandemic, the effect of imposing lockdown with varying

strength and duration onto the population was explored [24]. Similar to the social activity,

lockdown strength was implemented by scaling down contact rates across all age groups,

with lower contact rates resulting from greater lockdown strength. It was found that with

these variations in age and contact structures, the herd immunity level required to prevent a

second wave of COVID-19 infections was 43% for R0 = 2.5 [24] and 53% for R0 = 2.3 [25],

lower than the value obtained using homogeneous assumptions (60% for R0 = 2.5, 56.5%

for R0 = 2.3). However, this study assumed that the the scaling of contact rates for both

social activity and lockdown strength act proportionally for all individuals regardless of age

group or disease stage [24]; it did not consider that infected individuals can be identified

and isolated at any stage of infection, leading to a reduction in contacts during the course of

isolation. Moreover, the model used in this study did not categorise infectious individuals as

either in the asymptomatic or symptomatic stages; this can influence epidemic dynamics,

and thus herd immunity, due to differences in transmissibility of infections [26–29].

In this thesis, I propose a modelling framework for disease spread to account for het-

erogeneities in the population by considering two main factors of age and contact patterns

among individuals. Using this framework, first I will show how the herd immunity level is

affected by these factors and quantify its divergence from the theoretical expression, which is

based on simple homogeneous assumptions. Then, I will implement interventions to evaluate

how control measures affect the level of herd immunity. For diseases that may be subject to

multiple epidemic waves, such as COVID-19 pandemic, I will investigate how the intermittent

intensity of interventions can influence the ultimate level of herd immunity that may depend

on the prevalence of infection at the time of relaxing measures. Finally, I will integrate an

imperfect vaccination into the model to explore the heterogeneous effects of vaccine protection

on the creation of herd immunity in the context of other intervention measures.

4



Chapter 2

Background

2.1 Timelines of COVID-19 in Ontario

The first case of COVID-19 in Ontario was recorded on January 25, 2020, from a patient

who arrived in Canada from Wuhan, China [30]. Case counts started to rise, and on March

11, 2020, the first death caused by COVID-19 was confirmed: a 77-year-old man with prior

close contact with an infected person [31]. The provincial government declared a state of

emergency on March 17, 2020, starting the mandatory closure of schools and non-essential

workplaces, and effectively putting the province in a lockdown [32]. Majority of the cases

recorded in this early stage came from long-term care homes (LTCH), with the first outbreak

being declared on March 20, 2020 in Bobcaygeon, Ontario. Within 20 days, there were 29

resident deaths tallied [33]. Towards the end of the first wave in July 2020, there were close

to 6000 cases and 390 outbreaks in LTCHs in Ontario, with 32.6% of those cases resulting to

deaths [34].

Case counts in Ontario began to rise again as the fall season approached, and by September

28, 2020, a new high of 700 new cases per day were reported, which was more than the

previous high of 640 cases recorded during the first wave [35]. Still, likely many more cases

5



2.1 TIMELINES OF COVID-19 IN ONTARIO

were not documented due to limited testing, and lack of clinical symptoms for may infected

individuals. While there was still concern for the elderly population, it was noted that 60%

of those new cases were among individuals under 40 years of age [35]. New cases continued to

rise during the second wave with previous single-day new case records being broken almost

every day. At the peak of the second wave on January 7, 2021, 3,519 new cases were recorded,

despite the COVID-19 vaccines already being available for distribution to key vulnerable

populations [36].

Apart from the increasing number of new cases, the emergence of new COVID-19 variants

of concern (VOCs) further exacerbated the effect of the pandemic on the province. The first

known case of the Alpha variant in Ontario was identified on December 26, 2020, from a

couple in Durham, Ontario with no known history of international travel or exposure to

infected individuals [37], suggesting that the virus was already circulating in the population.

While other variants have been detected since then, such as the Beta (B.1.351) and Gamma

(P.1) variants [38], Alpha accounted for majority of the identified known VOC cases in Ontario

over the second wave owing to its higher transmissibility. As of March 28, 2021, over 92% of

the cases were caused by the Alpha variant [39]. This dominance trend of Alpha in Ontario

carried on towards the third wave, with an alarming 4,736 new cases recorded at its peak in

April 15, 2021 [40].

While case counts in the province have lowered after this third wave, reaching as low as 306

new cases in October 2021 [41], the domination of the more transmissible Delta (B.1.617.2)

variant, as well as the gradual re-opening of the province and lifting of public health measures,

have caused a new wave of infections to be recorded. On November 15, 2021, it was reported

that the Delta variant comprised an estimated 99.3% of the recorded cases in Ontario [42].

The first recorded cases of the Omicron (B.1.1.529) variant in the province, which is the

most recent VOC, were identified on November 28, 2021, and attributed to two people from

Ottawa, Ontario who have travelled to Nigeria [43]. Because of its even higher transmissibility,
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2.2 VACCINATION STRATEGIES AND TIMELINES

Table 2.1: The three-stage vaccination strategy implemented in Ontario. [47]

Phase 1 (High-risk populations) Phase 2 (Mass delivery) Phase 3 (Steady state)

December 2020 – March 2021 April 2021 – June 2021 July 2021 onwards

Seniors in congregate living Adults aged 55 and older, in decreasing increments

All remaining eligible Ontarians

Health care workers People in shelters/group homes (high-risk congregate)

First Nations, Metis, Inuit adults Individuals with certain health conditions

Adults aged 80 and older

Certain essential caregivers

People living in hot spot communities

People who cannot work from home

Omicron has quickly taken over Delta as the dominant variant and spearheaded the fifth wave

of the pandemic, infecting an estimate of 3.5 times more individuals in a two-month span

compared to Delta [44]. On December 31, 2021, a record 18,445 new cases were recorded,

with more cases potentially not recorded due to changes in testing availability [45]. Cases

have been declining throughout the year after the Omicron BA.1 variant, and despite cases of

new Omicron variants being discovered in the province, reported case counts have not reached

the level of the initial Omicron wave. Currently, the Omicron BA.5 variant is expected to

dominate COVID-19 cases in Ontario, with immunity generated by previous infections or

vaccination being weaker than earlier variants [46].

2.2 Vaccination strategies and timelines

Table 2.1 shows the three-stage vaccination strategy that the Ontario government developed

and implemented in order to rise the population immunity against COVID-19 [47]. Ontario

started COVID-19 vaccine roll-out in December 2020, focusing on high-risk populations such

as LTCH residents, front-line healthcare workers, chronic home care recipients, First Nations,

Métis, and Inuit adults, and adults aged 80 years and older [47].

Vaccines against COVID-19 that were approved for distribution in Ontario fall under
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2.2 VACCINATION STRATEGIES AND TIMELINES

Table 2.2: Timeline of vaccine eligibility for different age groups in Ontario (excluding high-risk populations and those living in
“hot-spot” regions). [47, 49]

Age Group Date (Pfizer-BioNTech) Date (Moderna) Date (AstraZeneca)

80+ 15 March 2021 15 March 2021 22 March 2021

75-79 22 March 2021 22 March 2021 22 March 2021

70-74 27 March 2021 27 March 2021 22 March 2021

60-69 02 April 2021 02 April 2021 22 March 2021

55-59 30 April 2021 30 April 2021 03 April 2021

50-54 06 May 2021 06 May 2021 20 April 2021

40-49 13 May 2021 13 May 2021 20 April 2021

18-44 18 May 2021 13 May 2021 NA

12-17 23 May 2021 NA NA

two different categories: messenger RNA (mRNA) and non-replicating viral vector vaccines

[48]. The Moderna and Pfizer-BioNTech vaccines, approved by Health Canada in December

2020, are both mRNA, and administered in two doses with a 28-day and 21-day time interval

between the first and second doses, respectively. While both vaccines employ the same

mechanism, there were differences in efficacy estimates against infection, symptomatic disease,

and severe disease. The Astra-Zeneca vaccine, approved for distribition later in March 2021,

falls under the viral vector category. While it also follows a two-dose schedule for full vaccine

effectiveness, the authorised interval between doses is longer, ranging from 4 to 12 weeks [48].

Despite early authorisation by Health Canada, the initial limited supply of mRNA vaccines

in Canada prompted the Ontario government to prioritize the most vulnerable population,

in order to reduce COVID-19 hospitalisations, ICU admissions, and deaths among high risk

individuals [50]. The vaccine roll-out for the rest of the population was then followed in a

decreasing order of age groups, and patterned after the scheduled delivery of vaccine supply
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2.2 VACCINATION STRATEGIES AND TIMELINES

to Canada [47]. Table 2.2 shows the timelines of vaccine eligibility for different age groups [47,

49], which did not apply to people who were part of the high-risk populations as mentioned

earlier, nor those who resided in areas where the province deemed as “hot-spots” for which

timelines were accelerated [51].

Cases of vaccine-induced prothrombotic immune thrombocytopenia (VIPIT), or rare

blood clots, among women below the age of 55 who received the Astra-Zeneca COVID-19

vaccine have been reported in Europe in March 2021 [52], at the time when Canada was able

to procure supply of the vaccine. With the likelihood of VIPIT occurrence ranging from 1 in

26,500 to 1 in 127,300 first doses administered [53], the National Advisory Committee on

Immunization (NACI) recommended the pause of administering the Astra-Zeneca vaccine to

individuals younger than 55 years of age as a precautionary measure on March 29, 2021 [54].

On April 20, 2021, Ontario lowered the age eligibility for the Astra-Zeneca vaccine from 55

years to 40 years, following a statement by Health Canada not restricting administration of

the vaccine by age or sex [55]. Finally, on May 11, 2021, it was decided that Ontario will

no longer provide the first dose of the Astra-Zeneca vaccine to the public, and that those

who require the second dose would be allowed to be vaccinated with either of the mRNA

vaccines available as of June 1, 2021 [55, 56]. Due to this interruption in Astra-Zeneca vaccine

distribution in Canada, we focus on mRNA vaccines in this thesis.

As mentioned previously, the recommended interval between doses of the Pfizer-BioNTech

and Moderna vaccines in primary series are 21 and 28 days, respectively. However, due to

inadequate supply, and to allow a greater percentage of the population with partial immunity

against COVID-19, this interval was extended to up to 4 months [57]. On June 21, 2021, with

the province achieving a 75% first-dose coverage of the eligible population and an increased

supply of vaccines being shipped, the second dose administration was then changed to follow

the recommended intervals based on clinical trials, allowing partially-vaccinated individuals

to receive the second dose on schedule [58].
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2.2 VACCINATION STRATEGIES AND TIMELINES

With the rise of more transmissible SARS-CoV-2 variants, and with studies showing

potential waning immunity after vaccination [59, 60], the province began to distribute vaccine

booster doses (third dose) on November 6, 2021, targeting the same high-risk population

identified during the first stage of vaccine distribution in 2021 [61]. Booster eligibility was

again expanded on a decreasing age group basis, and on December 20, 2021, all fully-vaccinated

adults (18+ years old) became eligible to receive the booster dose, provided that it a minimum

of 180 days (6 months) had elapsed since the second dose of primary series [62].

Tables 2.3 and 2.4 show the efficacies of Moderna and Pfizer-BioNTech vaccines against

infection, symptomatic disease, and severe disease for each of the SARS-CoV-2 variants

considered in this thesis. For both vaccines, the efficacy against symptomatic disease is

conditional on the individual becoming infected (i.e. coming from the latent stage), and the

efficacy against severe disease is conditional on the infected individual exhibiting symptoms

(i.e. coming from the pre-symptomatic stage).
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Table 2.3: Moderna vaccine efficacy against select variants. Unless values are assumed, 95% confidence intervals are given in parentheses. [63, 64]

Vaccine Efficacy (Moderna) Days after the first dose Days after the second dose

Original strain 1-14 >14 1-14 >14

Infection None 84 (66, 93) 84 (assumed) 96 (91, 99)

Symptomatic disease None 63 (47, 74) 70 (51, 81) 96 (85, 99)

Severe disease None 66 (43, 80) 70 (41, 85) 97 (78, 100)

Alpha 1-14 >14 1-14 >14

Infection None 90 (83, 94) 90 (assumed) 98 (97, 99)

Symptomatic disease None 82 (80, 84) 83 (80, 85) 92 (88, 95)

Severe disease None 80 (76, 84) 82 (77, 86) 95 (92, 97)

Delta 1-14 >14 1-14 >14

Infection None 77 (61, 87) 77 (assumed) 87 (84, 89)

Symptomatic disease None 70 (64, 76) 69 (62, 75) 95 (91, 97)

Severe disease None 90 (82, 94) 91 (83, 95) 98 (93, 99)
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Table 2.4: Pfizer-BioNTech vaccine efficacy against select variants. Unless values are assumed, 95% confidence intervals are given in parentheses. [64–67]

Vaccine Efficacy (Pfizer-BioNTech) Days after the first dose Days after the second dose

Original strain 1-14 >14 1-14 >14

Infection None 46 (40, 51) 46 (assumed) 86 (82, 89)

Symptomatic disease None 63 (56, 68) 65 (58, 71) 93 (88, 95)

Severe disease None 77 (67, 84) 88 (79, 94) 98 (90, 99)

Alpha 1-14 >14 1-14 >14

Infection None 29 (23, 35) 29 (assumed) 89 (86, 92)

Symptomatic disease None 67 (65, 68) 70 (69, 72) 89 (87, 90)

Severe disease None 82 (81, 84) 87 (85, 88) 96 (94, 97)

Delta 1-14 >14 1-14 >14

Infection None 41 (assumed) 41 (assumed) 85 (79, 90)

Symptomatic disease None 57 (53, 61) 59 (54, 63) 92 (90, 94)

Severe disease None 81 (76, 85) 81 (76, 85) 97 (96, 98)
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Chapter 3

Methods

3.1 Model description

The transmission of SARS-CoV-2 was modelled by extending an age-structured SEIR (Sus-

ceptible, Exposed, Infectious, Recovered) model, including additional compartments of

asymptomatic, pre-symptomatic, mild/severe symptomatic, and isolation of infected individ-

uals (Figure 3.1). Vaccination dynamics and the potential for reinfection after recovery are

also implemented in the model. The total population was divided into seven age groups of

0-4, 5-11, 12-17, 18-49, 50-64, 65-79, and 80+ years old, with demographics of births and

non-COVID-19 deaths omitted assuming a constant population size.

3.1.1 Model assumptions

The following key assumptions were made in constructing the model:

• Asymptomatic and mildly symptomatic individuals do not require hospitalisation.

• Severe cases that are not hospitalised will remain in self-isolation until recovery.
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3.1.1 Model assumptions 3.1 MODEL DESCRIPTION

Table 3.1: Description of the basic model state variables. Variables corresponding to individuals identified and isolated directly
from latency are denoted with X̂ , while those identified and isolated during the infectious period (A,P, Im, Is) are denoted with
X̂ .

Variable Description

Sa susceptible in age group a

Sra susceptible in age group a (reinfection/waning immunity)

V1a vaccinated in age group a (1st dose)

V2a vaccinated in age group a (2nd dose)

Ea exposed in age group a (without vaccination)

EV 1a exposed in age group a (vaccinated, 1st dose)

EV 2a exposed in age group a (vaccinated, 2nd dose)

Aa asymptomatic in age group a

Pa pre-symptomatic in age group a

Ima mild symptomatic in age group a

Isa severe symptomatic in age group a

Ha hospitalised in age group a

Da dead in age group a

Ra recovered in age group a

Na population size of age group a

Ma,j contact rate for non-isolated individuals in age groups a and j

M̃a,j contact rate for isolated individuals in age groups a and j
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3.1.2 Susceptible and vaccinated individuals 3.1 MODEL DESCRIPTION

Figure 3.1: A basic schematic diagram of the model dynamics.

• Infected individuals who are identified and isolated (regardless of disease compartment)

will remain isolated until recovery, with reduced daily contacts M̃a,j.

• Hospitalised individuals are assumed to be perfectly isolated and are not included in

the force of infection Ja.

• Only hospitalised individuals are at risk of death.

3.1.2 Susceptible and vaccinated individuals

Without any immunity (prior infection or vaccination), individuals are susceptible to con-

tracting COVID-19. Once infected, individuals move to the exposed (latent) class Ea, for age

group a. The transmission of disease depends on whether susceptible individuals come in

contact with infected individuals before or during the isolation period. The force of infection

Ja, or the rate at which susceptible individuals in age group a become infected, is obtained

as follows:
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3.1.2 Susceptible and vaccinated individuals 3.1 MODEL DESCRIPTION

Ja = β
6∑

j=1

Ma,j

(
Pj + αAj + κImj + ζIsj

Nj

)

+ β
6∑

j=1

M̃a,j

(
P̂j + αÂj + κÎmj + ζÎsj + P̂ j + αÂj + κÎmj + ζÎsj

Nj

)
,

(3.1)

where Pj, Aj, Imj and Isj are the infected individuals in age group j described in Table 3.1,

P̂j, Âj, Îmj and Îsj are the infected individuals who were identified and isolated during the

latent period, and P̂ j, Âj, Îmj and Îsj are the infected individuals who were identified and

isolated during their respective infectious periods. The contact rates between individuals in

age groups a and j are denoted by Ma,j for non-isolated individuals, and M̃a,j for isolated

individuals (see section 3.3.2 for Contact Matrices). The parameters β, α, κ and ζ are related

to transmissibility of infections, and are described in Table 3.2.

Vaccination was implemented in the model as a two-dose strategy. The first dose of the

vaccine was administered to susceptible individuals (Sa) at a rate of ξa, moving to the V1a

class. These newly vaccinated individuals then obtain partial immunity against infection and

disease 14 days after vaccination. The second dose of the vaccine was administered 1/ν days

after the first dose (which depended on the type of vaccine), moving individuals to the V2a

class. 7 days after obtaining the second dose, vaccinated individuals will obtain full immunity.

Individuals can also be infected after vaccination, and will then move to the exposed class,

similar to those unvaccinated who acquire infection. Moreover, waning immunity can occur

in fully-vaccinated individuals; these individuals will not go back to Sa, but rather have their

own susceptible class Sra (see Section 3.1.8). We denote the average duration of protection

by 1/λ (days). The dynamics of these classes are described by the following equations:

S ′
a = −SaJa − ξaSa (3.2)
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3.1.3 Infected, latent stage 3.1 MODEL DESCRIPTION

V ′
1a = ξaSa − V1aJa − νV1a (3.3)

V ′
2a = νV1a − (1− ϵ2)V2aJa − λV2a (3.4)

3.1.3 Infected, latent stage

Susceptible, partially-vaccinated, and fully-vaccinated individuals who are infected remain

in the latent stages of Ea, EV 1a and EV 2a, respectively, for an average duration of 1/σ days.

During this period, it is also possible for a fraction qa of these individuals to be identified

and isolated for the duration of the disease, denoted by Êa, ÊV 1a, and ÊV 2a.

E ′
a = (1− qa)SaJa − σEa (3.5)

E ′
V 1a = (1− qa)(1− ϵ1)V1aJa − σEV 1a (3.6)

E ′
V 2a = (1− qa)(1− ϵ2)V2aJa − σEV 2a (3.7)

Ê ′
a = qaSaJa − σÊa (3.8)

Ê ′
V 1a = qa(1− ϵ1)V1aJa − σÊV 1a (3.9)

Ê ′
V 2a = qa(1− ϵ2)V2aJa − σÊV 2a (3.10)

3.1.4 Asymptomatic stage

A proportion pa of infectious individuals who are not identified during the latent stage

(Ea, EV 1a, EV 2a) and those identified and isolated during the latent stage (Êa, ÊV 1a, ÊV 2a)

exhibit no symptoms over the course of infection, and therefore move to asymptomatic classes

Aa and Âa, respectively. These individuals remain infectious for an average duration of

1/η days before recovery. It is also possible to identify a proportion ga of asymptomatic

individuals with a delay of 1/δ days from the start of the asymptomatic stage, and thus

isolate them (denoted by Âa) for the remainder of their infectious period, which is (δ− η)/δη
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3.1.5 Pre-symptomatic stage 3.1 MODEL DESCRIPTION

days on average. Thus,

A′
a = paσEa + ρ1aσEV 1a + ρ2aσEV 2a − (1− ga)ηAa − gaδAa (3.11)

Â′
a = paσÊa + ρ1aσÊV 1a + ρ2aσÊV 2a − ηÂa (3.12)

Â
′
a = gaδAa −

(
δη

δ − η

)
Âa (3.13)

3.1.5 Pre-symptomatic stage

A proportion (1− pa) of infectious individuals who are not identified during the latent stage

(Ea, EV 1a, EV 2a) and those identified and isolated during the latent stage (Êa, ÊV 1a, ÊV 2a) enter

the pre-symptomatic stage Pa and P̂a, where symptoms do not manifest until an average

duration of 1/θ days. Similar to the asymptomatic case, it is also possible to identify a

proportion ga of pre-symptomatic individuals 1/δ days from the start of the pre-symptomatic

stage, and thus isolate them (denoted by P̂ a) for the remainder of their infectious period,

which is (δ − θ)/δθ days on average. Thus, we get

P ′
a = (1− pa)σEa + (1− ρ1a)σEV 1a + (1− ρ2a)σEV 2a − gaδPa − (1− ga)θPa (3.14)

P̂ ′
a = (1− pa)σÊa + (1− ρ1a)σÊV 1a + (1− ρ2a)σÊV 2a − θP̂a (3.15)

P̂
′
a = gaδPa −

(
δθ

δ − θ

)
P̂ a (3.16)

3.1.6 Infectious stage with mild illness

After the pre-symptomatic stage, a proportion ma of individuals will enter the infectious

class with mild illness (Ima), and remain infectious for an average period of 1/γ days before

recovering. Those who belong in the isolated pre-symptomatic stages (P̂a, P̂ a) remain isolated

as they enter this stage, denoted by Îma. We assume that a proportion of individuals fa who

have not been identified or isolated during the earlier stages of infection (Îma) will self-isolate
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3.1.7 Infectious stage with severe illness 3.1 MODEL DESCRIPTION

within 1/τ days of symptom onset, and will remain isolated for an average of (τ − γ)/τγ

days until recovery. The dynamics are therefore governed by

I ′ma = (1− ga)maθPa − faτIma − (1− fa)γIma (3.17)

Î ′ma = maθP̂a +ma

(
δθ

δ − θ

)
P̂ a − γÎma (3.18)

Î
′
ma = faτIma −

(
τγ

τ − γ

)
Îma (3.19)

3.1.7 Infectious stage with severe illness

After the pre-symptomatic stage, a proportion (1−ma) of individuals will enter the infectious

class with severe illness (Isa). We assume that a proportion ha of these individuals will be

hospitalised (Ha) with an average time of 1/ω days after symptom onset. The remainder of

these cases are assumed to self-isolate within 1/τ days of symptom onset (denoted by Îsa)

for an average time of (τ − γ)/τγ days until recovery.

Those who belong in the isolated pre-symptomatic stages (P̂a, P̂ a) also remain isolated

as they enter this stage, denoted by Îsa. Similar to those coming from non-isolated pre-

symptomatic stages, a proportion ha will be hospitalised 1/ω days after symptom onset, while

the remaining proportion will continue to self-isolate for an average period of 1/γ days until

recovery. This gives:

I ′sa = (1− ga)(1−ma)θPa − (1− ha)τIsa − haωIsa (3.20)

Î ′sa = (1−ma)θP̂a + (1−ma)

(
δθ

δ − θ

)
P̂ a − (1− ha)γÎsa − haωÎsa (3.21)

Î
′
sa = (1− ha)τIsa −

(
τγ

τ − γ

)
Îsa (3.22)
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3.1.8 Waning immunity and reinfection 3.1 MODEL DESCRIPTION

Figure 3.2: A basic schematic diagram of the model dynamics with waning immunity and reinfection.

3.1.8 Waning immunity and reinfection

We also consider a scenario in which immunity wanes over time with an average of 1/λ days

for the duration of protection after beging fully vaccinated or recovered from infection (Figure

3.2). These individuals are considered to have the same immunity level as those in the V1a

class, and whose disease dynamics for reinfection are described as follows:

S ′
ra = λV2a + λRa − (1− ϵ1)SraJa (3.23)

In this scenario, equations (3.6) and (3.9) for exposed individuals will be modified to

include reinfections:

E ′
V 1a = (1− qa)(1− ϵ1)(V1a + Sra)Ja − σE1a (3.24)

Ê ′
V 1a = qa(1− ϵ1)(V1a + Sra)Ja − σÊ1a (3.25)
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3.1.9 Hospitalisation, death, and recovery3.2 MODEL EXTENSION: MULTIPLE VARIANTS

3.1.9 Hospitalisation, death, and recovery

For both primary infections and reinfections, a proportion ha of individuals with severe illness

require hospitalisation (Ha), where a proportion da eventually die (Da) after an average of

1/ϕ days. The remaining cases (1− da) recover after an average of 1/ψ days. Other infected

individuals eventually recover in the class Ra, with the dynamics as described below:

H ′
a = haωIsa + haωÎsa − (1− da)ψHa − daϕHa (3.26)

D′
a = daϕHa (3.27)

R′
a = (1− ga)ηAa + (1− fa)γIma +

(
τγ

τ − γ

)
(Îma + Îsa) + ηÂa

+

(
δη

δ − η

)
Âa + γÎma + (1− ha)γÎsa + (1− da)ψHa − λRa (3.28)

In summary, equations (3.2) to (3.28) comprise the entire model dynamics for each

age-group.

3.2 Model extension: multiple variants

In the case where there are two variants of the same disease present in the population, with

different transmissibilities β1 and β2, the force of infection Ja (equation 3.1) will then be

modified to account for the interaction with infectious individuals with different variants

(with subscripts 1 and 2 corresponding to the variants):

J1a = β1

6∑
j=1

Ma,j

(
P1j + αA1j + κIm1j + ζIs1j

Nj

)

+ β1

6∑
j=1

M̃a,j

(
P̂1j + αÂ1j + κÎm1j + ζÎs1j + P̂ 1j + αÂ1j + κÎm1j + ζÎs1j

Nj

) (3.29)
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3.3 MODEL PARAMETERS

J2a = β2

6∑
j=1

Ma,j

(
P2j + αA2j + κIm2j + ζIs2j

Nj

)

+ β2

6∑
j=1

M̃a,j

(
P̂2j + αÂ2j + κÎm2j + ζÎs2j + P̂ 2j + αÂ2j + κÎm2j + ζÎs2j

Nj

) (3.30)

Equations 3.2 to 3.4 are then slightly modified, with Ja = J1a+J2a. For each variant, the

model dynamics for the exposed and infectious (asymptomatic, pre-symptomatic, symptomatic

mild/severe) classes are similar to those in equations 3.5 to 3.22.

3.3 Model parameters

3.3.1 Disease parameters

Parameter values corresponding to COVID-19 dynamics were taken from previous published

studies. Parameters that do not vary with age groups are outlined in Table 3.2.

22



3.3.1
D

isease
param

eters
3.3

M
O

D
E

L
PA

R
A

M
E

T
E

R
S

Table 3.2: Description of the model parameters and their values.

Parameter Description Value Reference

β Transmission rate during pre-symptomatic period 0.06 calibrated to R0 = 2.5

α Relative transmissibility of asymptomatic infection 0.26 [26]

κ Relative transmissibility of mild symptomatic infection 0.44 [27, 28]

ζ Relative transmissibility of severe symptomatic infection 0.89 [27, 29]

1/σ Mean latent period 2.2 days [68]

1/η Mean infectious period of asymptomatic infection 5 days [69, 70]

1/δ Time to identification of silent infections 0.8-2.8 days Assumed

1/θ Mean duration of pre-symptomatic stage 2.3 days [28]

1/τ Mean time to self-isolation post-symptom onset 1 day Assumed

1/γ Mean infectious period post-symptom onset 3.2 days [70]

1/ω Mean time to hospitalisation 3.5 days [71]

1/ψ Mean hospitalisation period without death 12.4 days [71]

1/ϕ Mean hospitalisation period with death 8 days [71]

1/λ Mean duration of immune protection against reinfection 90-180 days Varied
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3.3.2 Contact matrices 3.3 MODEL PARAMETERS

Table 3.3: Description of the disease-related age-specific model parameters.

Parameter Description

qa Proportion of infected individuals identified during latent period

pa Proportion of infected individuals that are asymptomatic

ga Proportion of individuals identified during asymptomatic/pre-symptomatic stages

fa Proportion of symptomatic cases who self-isolate

ma Proportion of infected individuals that are mild symptomatic

ha Proportion of severe infected individuals who are hospitalised

da Proportion of severe infected individuals who die

Table 3.4: Values of the disease-related age-specific model parameters.

Parameter 0-4 5-11 12-17 18-49 50-64 65-79 80+ Reference

qa 0–1 Varied

pa 0.467 0.467 0.467 0.321 0.321 0.197 0.197 [72]

ga 0–1 Varied

fa 1.0 Assumed

ma 0.95 0.95 0.9 0.85 0.6 0.2 0.2 [29]

ha 0.001 0.001 0.01 0.1 0.2 0.4 0.8 [29]

da 0.0013 0.0013 0.13 0.13 0.26 0.52 0.78 Assumed

3.3.2 Contact matrices

In order to implement heterogeneity in contacts among age groups, two age-specific daily

contact matrices were used: a regular contact matrix M for non-isolated individuals, and

a reduced contact matrix M̃ for isolated individuals. The (a, j)th entry of these matrices

correspond to the average number of contacts that an individual in age group a has with
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3.3.2 Contact matrices 3.3 MODEL PARAMETERS

individuals in age group j. These matrices were based on a previous study [72] which involves

heterogeneous contact patterns within the community [73] and with control measures in place

such as isolation [74].

M =



0− 4 5− 11 12− 17 18− 49 50− 64 65− 79 80+ Age

1.7364 0.5926 0.1851 1.9849 0.6267 0.1761 0.0186 0− 4

0.6939 2.8578 0.9209 2.6959 0.6223 0.2326 0.0258 5− 11

0.1120 0.4993 3.7604 2.9697 0.7460 0.2812 0.0514 12− 17

0.5103 0.5888 1.3325 6.5946 1.8369 0.7097 0.1560 18− 49

0.3360 0.2824 0.7439 3.9394 2.4118 1.1464 0.3701 50− 64

0.0739 0.0802 0.1792 1.0953 0.8241 1.3806 0.2967 65− 79

0.0197 0.0230 0.1047 0.6479 0.7185 0.8967 0.5795 80+



,

M̃ =



0− 4 5− 11 12− 17 18− 49 50− 64 65− 79 80+ Age

0.4500 0.2001 0.1100 1.0101 0.2200 0.1400 0.0098 0− 4

0.4101 0.5800 0.3800 1.0100 0.1800 0.2000 0.0299 5− 11

0.0653 0.2841 0.9606 0.7874 0.2415 0.1408 0.0304 12− 17

0.3291 0.3359 0.4478 1.1559 0.3071 0.1737 0.0705 18− 49

0.2454 0.1452 0.4338 0.8613 0.7440 0.3921 0.1782 50− 64

0.0493 0.0549 0.1060 0.3334 0.1989 0.6781 0.1294 65− 79

0.0100 0.0199 0.0599 0.1900 0.3100 0.3700 0.3101 80+
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3.3.3 Vaccine parameters

The vaccine-related parameter values used in the model are based on the timelines and types

of vaccines distributed in Ontario, as discussed in Chapter 2.

Table 3.5: Description of the vaccine-related model parameters.

Parameter Description

ξa Vaccination rate, calculated to achieve a specific coverage after one year

1/ν Time between doses

ϵ1 Vaccine efficacy in preventing infection (14 days after the first dose)

ϵ2 Vaccine efficacy in preventing infection (7 days after the second dose)

ρ1a Probability of becoming asymptomatic after infection (after the first dose)

ρ2a Probability of becoming asymptomatic after infection (after the second dose)

Values used for ρ1a and ρ2a were calculated as follows, with values for pa and VEsymp

taken from Table 3.4 and Tables 2.3-2.4 respectively:

Probability of being symptomatic = 1− pa

Vaccine efficacy against symptomatic disease (after infection) = VEsymp

Probability of asymptomatic disease for age a = 1− (1− pa)(1− VEsymp) = ρa

3.4 Non-standard method for numerical solutions

A first-order nonstandard method of discretisation was used to solve the model numerically,

as outlined in [75]. This method was chosen in order to mitigate problems which can occur

with more standard approaches. In particular, since each equation in the model deals with

populations, the solutions must be positive for each iteration, which is guaranteed by using

the non-standard method.
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Table 3.6: Values of the vaccine-related model parameters.

Parameter Value (Moderna) Value (Pfizer-BioNTech)

1/ν 28 days 21 days

ϵ1 (Original strain) 0.84 0.46

ϵ1 (Alpha) 0.90 0.29

ϵ1 (Delta) 0.77 0.41

ϵ2 (Original strain) 0.96 0.86

ϵ2 (Alpha) 0.98 0.89

ϵ2 (Delta) 0.87 0.85

ρ1a pa ≤ ρ1a ≤ 100% pa ≤ ρ1a ≤ 100%

ρ2a pa ≤ ρ2a ≤ 100% pa ≤ ρ2a ≤ 100%

The following rules are applied in discretisation [75]:

(a) all negative terms of the variable x being approximated should be written in the

advanced time-step (ti+1 = ti + h) factored out, where h is the step size;

(b) for negative terms of x with order n > 1 (i.e. xn = x·xn−1): order 1 x is approximated in

an advanced time-step ti+1 (i.e. x(ti+1)), and the remaining xn−1 will be approximated

at the current time-step ti (i.e. [x(ti)]
n−1);

(c) every other variable not x in the equation is approximated in the current time-step ti.

Applying the rules to each equation in the model, and setting x(ti+1) = x(ti + h) for a fixed

time-step h, the discretised form of equations (3.1) to (3.28) for each age group is given by:

Ja(ti) = β

6∑
j=1

Ma,j

(
Pj(ti) + αAj(ti) + κImj(ti) + ζIsj(ti)

Nj

)
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3.4 NON-STANDARD METHOD FOR NUMERICAL SOLUTIONS

+ β

6∑
j=1

M̃a,j

(
P̂j(ti) + αÂj(ti) + κÎmj(ti) + ζÎsj(ti) + P̂ j(ti) + αÂj(ti) + κÎmj(ti) + ζÎsj(ti)

Nj

)

Sa(ti+1) =
Sa(ti)

1 + hJa(ti) + hξa

Sra(ti+1) =
Sra(ti) + hλV2a(ti) + hλRa(ti)

1 + h(1− ϵ1e)Ja(ti)

V1a(ti+1) =
V1a(ti) + hξaSa(ti)

1 + hJa(ti) + hν

V2a(ti+1) =
V2a(ti) + hνV1a(ti)

1 + h(1− ϵ2)Ja(ti) + hλ

Ea(ti+1) =
Ea(ti) + h(1− qa)Sa(ti)Ja(ti)

1 + hσ

EV 1a(ti+1) =
EV 1a(ti) + h(1− qa)(1− ϵ1)(V1a(ti) + Sra(ti))Ja(ti)

1 + hσ

EV 2a(ti+1) =
EV 2a(ti) + h(1− qa)(1− ϵ2)V2a(ti)Ja(ti)

1 + hσ

Ê(ti+1) =
Êa(ti) + hqaSa(ti)Ja(ti)

1 + hσ

ÊV 1a(ti+1) =
ÊV 1a(ti) + hqa(1− ϵ1)(V1a(ti) + Sra(ti))(ti)Ja(ti)

1 + hσ

ÊV 2a(ti+1) =
ÊV 2a(ti) + hqa(1− ϵ2)V2a(ti)Ja(ti)

1 + hσ

Aa(ti+1) =
Aa(ti) + hpaσEa(ti) + hρ1aσEV 1a(ti) + hρ2aσEV 2a(ti)

1 + h(1− ga)η + hgaδ

Âa(ti+1) =
Âa(ti) + hpaσÊa(ti) + hρ1aσÊV 1a(ti) + hρ2aσÊV 2a(ti)

1 + hη

Âa(ti+1) =
Âa(ti) + hgaδAa

1 +
(

δη
δ−η

)
P1a(ti+1) =

P1a(ti) + h(1− pa)σEa(ti) + h(1− ρ1a)σEV 1a(ti) + h(1− ρ2a)σEV 2a(ti)

1 + hgaδ + h(1− ga)θ

P̂a(ti+1) =
P̂1a(ti) + h(1− pa)σÊa(ti) + h(1− ρ1a)σÊV 1a(ti) + h(1− ρ2a)σÊV 2a(ti)

1 + hθ

P̂ a(ti+1) =
P̂ a(ti) + hgaδPa(ti)

1 + h
(

δθ
δ−θ

)
Ima(ti+1) =

Ima(ti) + h(1− ga)maθPa(ti)

1 + hfaτ + h(1− fa)γ
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Îma(ti+1) =
Îma(ti) + hmaθP̂a(ti) + hma

(
δθ
δ−θ

)
P̂ a(ti)

1 + hγ

Îma(ti+1) =
Îma(ti) + hfaτIma(ti)

1 + h
(

τγ
τ−γ

)
Isa(ti+1) =

Isa(ti) + h(1− ga)(1−ma)θPa(ti)

1 + h(1− ha)τ + hhaω

Îsa(ti+1) =
Îsa(ti) + h(1−ma)θP̂a(ti) + h(1−ma)

(
δθ
δ−θ

)
P̂ a(ti)

1 + h(1− ha)γ + hhaω

Îsa(ti+1) =
Îsa(ti) + h(1− ha)τIsa(ti)

1 + h
(

τγ
τ−γ

)
Ha(ti+1) =

Ha(ti) + hhaω(Ima(ti) + Isa(ti))

1 + h(1− da)ψ + hdaϕ

Da(ti+1) = Da(ti) + hdaϕHa(ti)

Ra(ti+1) =
1

1 + hλ

[
Ra(ti) + h(1− gaηAa(ti) + h(1− fa)γIma(ti) + h

(
τγ

τ − γ

)
(Îma(ti) + Îsa(ti))

+ hηÂa(ti) + h

(
δη

δ − η

)
Âa(ti) + hγÎma(ti) + h(1− ha)γÎsa(ti) + h(1− da)ψHa(ti)

]

These equations were implemented in MATLAB© in order to simulate the model and

obtain the results.
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Chapter 4

Scenarios and Results

4.1 Scenarios

The model was simulated for a number of scenarios to reflect the timelines of COVID-19

outbreaks in Ontario, Canada as of November 1, 2021. Note that while there are other

variants of concern that have been identified during this time period since emergence of

SARS-CoV-2, this thesis only focused on the variants that dominated pandemic “waves”. The

summary of these scenarios are provided in Table 4.2.

1. Scenario 1 (S1): Original Wuhan-I strain. Moderna and Pfizer-BioNTech vaccines are

administered to the eligible population (ages 12+). Second dose of the vaccine is given

either on schedule (4 weeks for Moderna, 3 weeks for Pfizer-BioNTech after the first

dose) or with a delay of 8 or 12 weeks.

2. Scenario 2 (S2): the Alpha variant with 50% increased transmissibility relative to

original. Same vaccines and second dose schedule as S1.

3. Scenario 3 (S3): the Delta variant, with 30% increased transmissibility relative to the

Alpha variant and (a) 20%, (b) 50%, or (c) 80% reduction in vaccine effectiveness.
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4.2 INITIAL CONDITIONS FOR SIMULATIONS

Vaccines were administered in the same schedules as S1.

4. Scenario 4 (S4): Comprises the Alpha (S2) and Delta (S3) scenarios, with a gap of

120 days between the introduction of each variant into the population. Vaccines were

administered in the same schedules as S1.

4.2 Initial conditions for simulations

All simulations were conducted in a synthetic population of 10,000 individuals, which are

divided by age groups based on Ontario demographics. At the start of each simulation, one

pre-symptomatic infection per age group was introduced, for a total of seven infections in

the population. We also run the scenario with different initial conditions (See Appendix A).

The pre-existing immunity level (prior to the start of vaccination), which is comprised of

previously-infected and recovered individuals, was also fixed before starting the simulations.

This level was set to 10% in each scenario unless specified otherwise. Vaccination was then

introduced per age group, with the timelines for the first dose shown in Table 4.2. All

simulations were run for one year (365 days) for scenarios without re-infection, and two years

(730 days) for scenarios with re-infection, with a time step of h = 0.2 days (i.e., 4.8 hours).
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Table 4.1: Description of simulated scenarios. The last column shows the percentage reduction of vaccine effectiveness.

Scenario Variant type Increase in transmissibility Vaccine type Time between doses Reduction in VE

S1 Original –

Moderna On schedule

–
Pfizer-BioNTech

Delayed (8 weeks)

Delayed (12 weeks)

S2 Alpha 50% relative to original same as S1 same as S1 –

S3.0

Delta 30% relative to Alpha same as S1 same as S1

0% (no vaccination)

S3.1 20%

S3.2 50%

S3.3 80%

S4.0

Alpha + Delta same as S2, S3.0-S3.3 same as S1 same as S1

same as S3.0

S4.1 same as S3.1

S4.2 same as S3.2

S4.3 same as S3.3
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4.3 RESULTS

Table 4.2: Timeline of introduction of vaccine to each age group in the model.

Age Group Day from start of simulation

80+ 30

65-79 37

50-64 48

18-49 89

12-17 99

4.3 Results

4.3.1 Effect of heterogeneity (no control measures)

In the case wherein there are no control measures applied to the population (no vaccination

or testing), the herd immunity generated at the end of the epidemic would be determined by

the level of pre-existing immunity and the overall attack rate, which is the percentage of the

susceptible population that have been infected during the course of the epidemic:

Herd immunity = Pre-existing immunity + Overall attack rate.

Note that this relation is valid only in the absence of re-infection (i.e., with long-term

protection induced by primary infection). Figure 4.1 shows the effect of varying pre-existing

immunity to the overall attack rate for each of the three variants. It could be seen that

without any level of immunity at the introduction of the disease (0% pre-existing immunity),

the overall attack rate was at 47% for the original strain, 57% for the Alpha variant, and 60%

for the Delta variant. Meanwhile, using the classical herd immunity equation for homogeneous

populations [16], the classical herd immunity values obtained were 60% for the original strain
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Figure 4.1: Effect of pre-existing immunity on the overall attack rate in the absence of control measures.

(R0 = 2.5), 73.3% for the Alpha variant (R0 = 3.75), and 79.5% for the Delta variant

(R0 = 4.875).

For the scenario with pre-existing immunity, a similar trend can be observed. For example,

for the original variant with 20% pre-existing immunity, the overall attack rate was 20%

of the susceptible population. Therefore, the overall herd immunity at the end of a single

outbreak was 40%, which was still lower than the classical herd immunity value derived from

homogenously mixing population models. In general, higher pre-existing immunity resulted

in a lower overall attack rate. Thus, the obtained herd immunity values in this model for all

variants were at most at the level of herd immunity calculated for the original strain (lowest

transmissibility) with population homogeneity.
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Figure 4.2: Effect of varying pre-existing immunity of specific age groups on overall attack rate of the original (A), Alpha (B),
and Delta (C) variants of COVID-19.
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4.3.2 Effect of testing and isolation 4.3 RESULTS

To investigate the effect of age-specific pre-existing immunity on the overall attack rate

(Figure 4.2), the level of pre-existing immunity for one age group was varied, while leaving

the remaining age groups with no pre-existing immunity. We observed that for all variants

investigated, the greatest effect was associated with providing pre-existing immunity to the

18-49 age group. This is owing to the size of this age group in the population as compared

to other age groups, and their daily number of contacts per individual with other age

groups. However, the significance of this effect on the overall attack rate was reduced as the

transmissibility of the variant increases. For example, Figure 4.2-C shows that with a 70%

pre-existing immunity for the 18-49 age group, the overall attack rate remained several times

higher with the Delta variant than with the original strain at the same level of pre-existing

immunity (Figure 4.2-A).

4.3.2 Effect of testing and isolation

When the only control measure applied is identification and self-isolation of infections, the

resulting overall attack rate was affected by both the level of identification and the time

to identification from infection. For all three scenarios simulated, the sharpest declines in

attack rate occured when individuals were identified within 2-3 days after infection, while

still in the exposed (non-infectious), early asymptomatic, or early pre-symptomatic stages.

Longer delays in testing significantly reduced the effect of this measure. Moreover, the

identification coverage required to reduce the overall attack rate below a certain level would

increase significantly with higher transmissibility of the variant. For example, while a delay of

4 days would result in an overall attack rate of 5% with 60% of the original strain infections

identified within 4 days of infection (Figure 4.3-A), the overall attack rate with Alpha and

Delta variants were reduced yet remained above 5% even with 100% identification level within

4 days of infection (Figure 4.3-B,C).
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Figure 4.3: Effect of varying identification coverage and time to identification of pre-symptomatic infection on overall attack
rate of the original (A), Alpha (B), and Delta (C) variants of COVID-19, with 10% pre-existing immunity in the population.
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Figure 4.4: Effect of administering (A) Moderna and (B) Pfizer-BioNTech vaccines on the overall attack rate, with 10%
pre-existing immunity in the population.

4.3.3 Effect of vaccination

With vaccination as the only control measure, the herd immunity generated at the end of

a single outbreak would be determined by the overall vaccination coverage, modifying the

expression in Section 4.3.1 to:

Herd immunity = Pre-existing immunity

+

[
(Vaccination coverage of susceptible, previously uninfected individuals)

× (Efficacy of vaccines against infection)
]

+ Attack rate.

Note that this relation holds only when the protection conferred by primary infection (or

vaccination according to its efficacy) prevents re-infection.
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Figure 4.5: Incidence (A) and cumulative incidence (B) of the original variant, with 10% pre-existing immunity, and vaccines
administered to the population.

Figure 4.4 shows the resulting overall attack rate with varying vaccination coverage, and

a fixed pre-existing immunity of 10%. It could be seen that in both vaccines, vaccinating

even just 20% of the population with Moderna vaccines resulted in a significant reduction

in the attack rate, leading to 6.4% attack rate for the original variant, 20.8% for the Alpha

variant, and 27.3% for the Delta variant. With Pfizer-BioNTech vaccines, the attack rates for

the original, Alpha, and Delta variants were 6.8%, 21.2%, and 27.4% respectively. However,

variations in vaccine escape do not result in a large difference in attack rates generated.

Assuming 20% of the population was fully-vaccinated with Moderna vaccines, for example,

resulted to an overall herd immunity of 35.6% for the original variant, 50.4% for the Alpha

variant, and 54.7% for the Delta variant. Meanwhile, with Pfizer-BioNTech vaccines, the

resulting herd immunity was 34.0% for the original variant, 49.0% for the Alpha variant, and

54.4% for the Delta variant. These values were still lower than what would be obtained using

homogeneous assumptions, in line with what was observed in Section 4.3.1.

39



4.3.3 Effect of vaccination 4.3 RESULTS

0 100 200 300
Time (days)

0

10

20

30

40

50

60

70

80

In
ci

de
nc

e

No vaccine
Moderna, on schedule
Moderna, delayed (8 weeks)
Moderna, delayed (12 weeks)
Pfizer, on schedule
Pfizer, delayed (8 weeks)
Pfizer, delayed (12 weeks)

Time between doses

0 100 200 300
Time (days)

0

500

1000

1500

2000

2500

3000

3500

4000

4500

C
um

ul
at

iv
e 

In
ci

de
nc

e

A B

Figure 4.6: Incidence (A) and cumulative incidence (B) of the Alpha variant, with 10% pre-existing immunity, and vaccines
administered to the population.

Figure 4.5 shows the effect of administering the Moderna and Pfizer-BioNTech vaccines

to eligible age groups in the population with the original variant being the source of infection,

and varying timelines between the two doses. Owing to the high vaccine efficacy against

infection, vaccinating the population with Moderna vaccines reduced the total incidence by

59.0–59.7% compared to without vaccines; with Pfizer-BioNTech vaccines, 49.6–54.8% of the

total incidence without vaccination was reduced. When changing the time between doses, the

effect was more pronounced with the Pfizer-BioNTech vaccines than with Moderna vaccines.

One reason for this is the higher efficacy of Moderna vaccines compared to Pfizer-BioNTech

vaccines. Another reason could be that the recommended schedule between doses for Pfizer-

BioNTech vaccines is 3 weeks; delaying the second dose to 8 weeks extends the duration of

susceptibility of the population vaccinated with the first dose to infection. Figure 4.6 shows

a similar trend, albeit less pronounced, in the reduction of total incidence with the Alpha

variant. The obtained total incidences with Moderna and Pfizer-BioNTech vaccines were
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Figure 4.7: Incidence (A) and cumulative incidence (B) of the Delta variant, with 10% pre-existing immunity and 20% reduction
in vaccine effectiveness.

63.2–63.5% and 73.2–78.5% of the total incidence with no vaccines respectively, due to the

lower vaccine efficacy against infection compared with the original variant.

With the Delta variant, the different degrees of vaccine escape influence the effect of

vaccination on the total incidence. While the total incidence still decreased significantly

compared to no vaccine scenario, the effect of delaying the second dose becomes less pronounced

as the vaccine escape increases. Figures 4.7-4.9 show that there is little change in the

total incidence. Meanwhile, Pfizer-BioNTech still has a considerable difference between

administering doses on-time and delaying to 8 weeks.

The effect of vaccination on the epidemic dynamics with multiple variants was also

considered. Here, the Delta variant was introduced in the population 120 days after the start

of simulation, where the first prevailing variant was Alpha. In comparing the incidence peaks

for Alpha and Delta infections (Figures 4.10-4.15), we observed that Delta generated more
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Figure 4.8: Incidence (A) and cumulative incidence (B) of the Delta variant, with 10% pre-existing immunity and 50% reduction
in vaccine effectiveness.
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Figure 4.9: Incidence (A) and cumulative incidence (B) of the Delta variant, with 10% pre-existing immunity and 80% reduction
in vaccine effectiveness.
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4.3.4 Effect of re-infection 4.3 RESULTS

infections due to its higher transmissibility, in addition to having a shorter time period for

generation of new infections compared to Alpha. This is evidenced by the steeper increase for

cumulative incidence for Delta compared to Alpha, which occurs for all the vaccine scenarios

explored.

Compared with delivering vaccines on schedule, delaying the Moderna vaccine second

dose by 8 weeks resulted in 120 more infections when there is 20% reduction of vaccine

effectiveness (Figure 4.10-D), 116 more infections with 50% reduction in vaccine effectiveness

(Figure 4.11-D), and 110 more infections with 80% reduction in vaccine effectiveness (Figure

4.12-D). With 12 weeks between doses, these values increased from the 8-week values by

50-60 more infections (Figures 4.10-F, 4.11-F, 4.12-F). For the Pfizer-BioNTech vaccines, an

8-week delay between doses caused an increase of 371 cases when there is 20% reduction in

vaccine effectiveness (Figure 4.13-D), 223 cases with 50% reduction in vaccine effectiveness

(Figure 4.14-D), and 95 cases with 80% reduction in vaccine effectiveness (Figure 4.15-D)

as compared to on schedule 3-week time-interval between doses. A longer delay of 12 weeks

caused an additional 90 to 264 infections from the 8-week values (Figures 4.13-F, 4.14-F,

4.15-F). For scenarios dealing with only the Delta variant, the greatest influence of delaying

the second dose of the vaccine occurs with the lowest reduction in vaccine effectiveness, with

the Pfizer-BioNTech vaccines having a more significant difference in outcomes than Moderna

vaccines.

4.3.4 Effect of re-infection

As expected, introducing re-infection to the model would result in a second peak in incidence

corresponding to secondary infections (Figure 4.16), which is smaller than the peak corre-

sponding to primary infections. The timing of these peaks depends on the transmissibility of

infection, as well as the average duration of protection conferred by primary infection. For
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Figure 4.10: Incidence and cumulative incidence graphs for Scenario 4.1 (Alpha and Delta, with 10% pre-existing immunity
and 20% reduction of vaccine effectiveness), with Moderna vaccines administered on schedule (A, B) and with delays of 8 weeks
(C, D) and 12 weeks (E, F) between doses.
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Figure 4.11: Incidence and cumulative incidence graphs for Scenario 4.2 (Alpha and Delta, with 10% pre-existing immunity
and 50% reduction of vaccine effectiveness), with Moderna vaccines administered on schedule (A, B) and with delays of 8 weeks
(C, D) and 12 weeks (E, F) between doses.
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Figure 4.12: Incidence and cumulative incidence graphs for Scenario 4.3 (Alpha and Delta, with 10% pre-existing immunity
and 80% reduction of vaccine effectiveness), with Moderna vaccines administered on schedule (A, B) and with delays of 8 weeks
(C, D) and 12 weeks (E, F) between doses.
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Figure 4.13: Incidence and cumulative incidence graphs for Scenario 4.1 (Alpha and Delta, with 10% pre-existing immunity
and 20% reduction of vaccine effectiveness), with Pfizer-BioNTech vaccines administered on schedule (A, B) and with delays of 8
weeks (C, D) and 12 weeks (E, F) between doses.
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Figure 4.14: Incidence and cumulative incidence graphs for Scenario 4.2 (Alpha and Delta, with 10% pre-existing immunity
and 50% reduction of vaccine effectiveness), with Pfizer-BioNTech vaccines administered on schedule (A, B) and with delays of 8
weeks (C, D) and 12 weeks (E, F) between doses.
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Figure 4.15: Incidence and cumulative incidence graphs for Scenario 4.3 (Alpha and Delta, with 10% pre-existing immunity
and 80% reduction of vaccine effectiveness), with Pfizer-BioNTech vaccines administered on schedule (A, B) and with delays of 8
weeks (C, D) and 12 weeks (E, F) between doses.
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a given average duration of protection, increasing the transmissibility results in a shorter

time interval between peaks. On the other hand, fixing the variant involved, increasing the

average duration of protection delays the second peak, as well as a period between peaks in

which incidence is relatively low.

A similar trend can be observed in the case of multiple variants with no control measures

implemented (Scenario 4.0). Figures 4.17-4.20 show that with the introduction of the more

transmissible Delta variant into the population, the Alpha variant is out-competed and

therefore does not cause re-infection. With shorter duration of protection (Figures 4.17 and

4.18), there is still a short period where Alpha re-infections occur, but does not lead to

another peak. In this case, the third peak is solely caused by Delta infections.

Figures 4.21 and 4.22 show the comparison between identifying and isolating asymptomatic

and pre-symptomatic individuals in the absence of vaccination, while varying the average

duration of protection. For these cases, increasing the average duration of protection allows

for a delayed appearance of re-infection peaks, similar to what was observed with no control

measures. However, a noticeable difference lies in the number of incidence peaks generated

within the two-year span. It could be seen that for the asymptomatic case, even though the

peak heights decrease with increasing identification, there are still three peaks generated

within the same time frame, corresponding to Alpha, Delta, and secondary Delta infections.

On the other hand, in isolating pre-symptomatic individuals, the Alpha peaks die down

with increasing identification. However, this does not prevent Delta infections from occurring,

and oscillations in incidence are still observed. Identifying and isolating a larger proportion

of Alpha infections in the pre-symptomatic stage comprises 53.3% to 80.3% of the infected

population (see Table 3.4). In the absence of vaccination, and with infection being the only

contributor to the rise of herd immunity, this causes a decreased chance of generating herd

immunity while the Alpha variant is still dominant. Thus, with the introduction of the more

transmissible Delta variant, susceptibility of the population is still high, leading a larger
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Figure 4.16: Incidence and total recovered of original variant (A, B), Alpha variant (C, D), and Delta variant (E, F), with 10%
pre-existing immunity, no control measures, and varying average duration of protection.
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Figure 4.17: Incidence (A) and total recovered (B) graphs for for Scenario 4.0 (Alpha and Delta, with 10% pre-existing
immunity and no control measures introduced), and an average of 90 days for duration of protection after recovery from infection.
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Figure 4.18: Incidence (A) and total recovered (B) graphs for for Scenario 4.0 (Alpha and Delta, with 10% pre-existing
immunity and no control measures introduced), and an average of 120 days for duration of protection after recovery from
infection.
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Figure 4.19: Incidence (A) and total recovered (B) graphs for for Scenario 4.0 (Alpha and Delta, with 10% pre-existing
immunity and no control measures introduced), and an average of 150 days for duration of protection after recovery from
infection.
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Figure 4.20: Incidence (A) and total recovered (B) graphs for for Scenario 4.0 (Alpha and Delta, with 10% pre-existing
immunity and no control measures introduced), and an average of 180 days for duration of protection after recovery from
infection.

53



4.3.4 Effect of re-infection 4.3 RESULTS

epidemic wave.

Lastly, the effect of vaccination (without identification and isolation) on re-infection with

multiple variants was examined. Figures 4.23 to 4.26 illustrate the case wherein Moderna

vaccines were administered on schedule, identification and isolation of infected individuals

were not implemented, and vaccine effectiveness towards the Delta variant was reduced by

20% (Scenario 4.1), while Figures 4.27 to 4.30 show the case wherein Pfizer-BioNTech vaccines

were used, with the rest of the conditions kept the same as the Moderna case. As with

the previous re-infection scenarios, the average duration of protection after recovery from

infection was varied from 90 days to 180 days.

Similar to the scenario with no control measures (S4.0), the third peak corresponds to

re-infections generated solely by the Delta variant. As with the case of no re-infection,

vaccination lowers the peak incidence over the course of the epidemic. However, it could also

be seen that vaccination delays the appearance of the third peak, which is further amplified

by increasing the average duration of protection. This is observed for both Moderna and

Pfizer-BioNTech vaccines.

As a concluding remark for the results observed here, we note that while waning immunity

causes a decrease in herd immunity, the potential for re-infection allows for herd immunity

to build up again, leading to oscillatory behaviour. However, the epidemic will not become

extinct regardless of the variant characteristics, identification and isolation of cases, or vaccine

scenarios, but rather will reach a steady state over time.
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Figure 4.21: Total incidence graphs for Scenario 4.0 (Alpha and Delta, with 10% pre-existing immunity and no vaccines
introduced), with identification of asymptomatic infections with a 2-day delay, and 90 days (A), 120 days (B), 150 days (C), and
180 days (D) average duration of protection after recovery from infection.
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Figure 4.22: Total incidence graphs for Scenario 4.0 (Alpha and Delta, with 10% pre-existing immunity and no vaccines
introduced), with identification of pre-symptomatic infections with a 2-day delay, and 90 days (A), 120 days (B), 150 days (C),
and 180 days (D) average duration of protection after recovery from infection.

56



4.3.4 Effect of re-infection 4.3 RESULTS

0 200 400 600

Time (days)

0

10

20

30

40

50

60

70

In
ci

de
nc

e

Alpha
Delta
Both Strains

0 200 400 600

Time (days)

500

1000

1500

2000

2500

3000

T
ot

al
 R

ec
ov

er
ed

A B

Figure 4.23: Incidence (A) and total recovered (B) graphs for Scenario 4.1 (Alpha and Delta, with 10% pre-existing immunity
and 20% reduction of vaccine effectiveness), with Moderna vaccine administered on schedule, and an average of 90 days for
duration of protection after recovery from infection.
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Figure 4.24: Incidence (A) and total recovered (B) graphs for Scenario 4.1 (Alpha and Delta, with 10% pre-existing immunity
and 20% reduction of vaccine effectiveness), with Moderna vaccine administered on schedule, and an average of 120 days for
duration of protection after recovery from infection.
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Figure 4.25: Incidence (A) and total recovered (B) graphs for Scenario 4.1 (Alpha and Delta, with 10% pre-existing immunity
and 20% reduction of vaccine effectiveness), with Moderna vaccine administered on schedule, and an average of 150 days for
duration of protection after recovery from infection.
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Figure 4.26: Incidence (A) and total recovered (B) graphs for Scenario 4.1 (Alpha and Delta, with 10% pre-existing immunity
and 20% reduction of vaccine effectiveness), with Moderna vaccine administered on schedule, and an average of 180 days for
duration of protection after recovery from infection.
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Figure 4.27: Incidence (A) and total recovered (B) graphs for Scenario 4.1 (Alpha and Delta, with 10% pre-existing immunity
and 20% reduction of vaccine effectiveness), with Pfizer-BioNTech vaccine administered on schedule, and an average of 90 days
for duration of protection after recovery from infection.
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Figure 4.28: Incidence (A) and total recovered (B) graphs for Scenario 4.1 (Alpha and Delta, with 10% pre-existing immunity
and 20% reduction of vaccine effectiveness), with Pfizer-BioNTech vaccine administered on schedule, and an average of 120 days
for duration of protection after recovery from infection.
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Figure 4.29: Incidence (A) and total recovered (B) graphs for Scenario 4.1 (Alpha and Delta, with 10% pre-existing immunity
and 20% reduction of vaccine effectiveness), with Pfizer-BioNTech vaccine administered on schedule, and an average of 150 days
for duration of protection after recovery from infection.
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Figure 4.30: Incidence (A) and total recovered (B) graphs for Scenario 4.1 (Alpha and Delta, with 10% pre-existing immunity
and 20% reduction of vaccine effectiveness), with Pfizer-BioNTech vaccine administered on schedule, and an average of 180 days
for duration of protection after recovery from infection.
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Chapter 5

Discussion

During the early stages of the COVID-19 pandemic, with only non-pharmaceutical inter-

ventions available as prevention measures against further spread of disease, the goal in

implementing these measures was to suppress the outbreaks, and reduce health burden. With

the introduction of vaccines, although imperfect in conferring full protection against infection,

several key questions have come up, such as the minimum vaccination coverage required for

pandemic control, or which target demographic should be prioritised given limited vaccine

supply. All of these in turn relate to the concept of achieving herd immunity. This thesis

aimed to identify how heterogeneity in the population affects the herd immunity required

to curtail an outbreak, and how control measures such as identification and isolation of

infected individuals, and vaccination of susceptible individuals, influence the progression of

the epidemic in the population, both in single- and multiple-variant infections, and with the

case of transient protection and re-infection as observed recently.

The results of this thesis show that even in the absence of any control measures, and

without any pre-existing immunity in the population, age and contact heterogeneity in

the population are key drivers of the disease spread, leading to attack rates lower than

what is expected using homogeneous assumptions [24]. Provided there is no potential for
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re-infection, as was the prevailing idea during the early stages of the pandemic, it can be

concluded that there is no need to allow for a larger percentage of the population to be

immune (through infection) for an epidemic to end, with only 47-60% required depending

on the variant transmissibility estimated for the COVID-19. Vaccinating eligible age groups

in the population allows for another avenue of increasing herd immunity that does not rely

on infecting the population, ending the epidemic with a lower overall attack rate. In the

case where there is more than one variant of the virus present in the population, and with

vaccines available, the extent to which the population is infected depends on the vaccine

efficacy against these variants.

With re-infection, the interpretation of ending the COVID-19 pandemic may be modified,

based on the fact that immunity generated by either prior infection or vaccination wanes

over time. However, it was observed that peaks corresponding to secondary infections in

all scenarios are significantly lower than those of primary infections, which means that the

number of new infections generated is not as alarming due to partial immunity. This trend

was also observed in the case of multiple variants, with Delta infections being lower despite

being more transmissible than the Alpha variant. In this case, the “end" of the pandemic is

not the complete eradication of new cases, but a steady state of new infections caused by the

balancing-out of waning immunity and re-infection effects.

In this thesis, some assumptions were made in the model that would influence the results

obtained. Since a deterministic model was used, the results do not account for stochasticity

in disease transmission and variations in the duration of disease stages. It would prudent to

extend the model and examine whether adding randomness to the system further decreases

the herd immunity level required. Moreover, the community and household contact matrices

used in determining the force of infection does not discriminate between unique contacts and

repeated contacts. It is then possible for an individual to have repeated contacts and infect

another individual, or have a higher contact rate due to interaction with different individuals
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with lower rate of infection. Using an agent-based model would allow for these variations in

contacts per individual to be implemented, generating an ensemble of results from possible

outcomes.

This thesis involves only two doses of Moderna and Pfizer-BioNTech vaccines; as of

September 2022, first and second booster shots (also referred to as third and fourth doses)

have been distributed in Ontario in order to counter loss of immunity and protect against

new variants such as Omicron [76]. Extending the model to include these booster doses, as

well as their corresponding vaccine effectiveness [77, 78] would allow for a more accurate

picture of disease dynamics in the population caused by different variants.

While this thesis has largely focused on COVID-19 pandemic, the model can be adapted

to other emerging infectious diseases with similar disease characteristics, while updating

disease-specific parameters. Understanding the level of herd immunity required for disease

control would allow for appropriate intervention measures to be implemented in order to

prevent the epidemic from progressing further and prevent re-bound.
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Appendix A

Simulations with different initial

conditions

In this section, the variations in simulated results caused by changing initial conditions will

be illustrated. Recall that for the results obtained in this thesis, one individual with pre-

symptomatic illness was introduced in each age group, with a total of seven initial infections.

With the same number of total initial infections, these were introduced into simulations in

different disease stages of and age groups, as presented in Table A.1.

Figure A.1 shows varying the distribution of the 7 initial infections based on age groups

insignificantly changes the course of the epidemic over time, in terms of both the peak

amplitude, and the peak timing. Introducing infections among children appears to cause a

slightly faster epidemic growth.
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Table A.1: Different initial conditions considered for simulations and comparing results.

Initial Conditions Stage of disease Number of initial infections per age group

IC1 Pre-symptomatic stage

1 per age group

2 (18-49), 2 (50-64), 2 (65-79), 1 (80+)

2 (0-4), 2 (5-11), 3 (12-17)

7 (18-49)

IC2 Asymptomatic stage same as IC1

IC3 Latent stage same as IC1
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Figure A.1: Incidence (A) and cumulative incidence (B) of the original variant (S1), with 10% pre-existing immunity, no
control measures, and varying initial pre-symptomatic infections (IC1).
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Figure A.2: Incidence (A) and cumulative incidence (B) of the original variant (S1), with 10% pre-existing immunity, no
control measures, and varying initial asymptomatic infections (IC2).

In changing the stage in which the initial infections are introduced, a more noticeable

effect can be seen, especially in terms of epidemic growth rate. As shown in Figure A.2,

the shift in the incidence peak is more apparent as asymptomatic individuals become the

initial source of infections in the population. Within the same disease stage, varying the

ages of these initial infections resulted in similar effect but less pronounced (Figure A.2).

With the introduction of latent infections instead, as shown in Figure A.3, similar trends

were observed, albeit with a minimal shift in incidence peak compared to the introduction of

initial infections in the asymptomatic stage.
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Figure A.3: Incidence (A) and cumulative incidence (B) of the original variant (S1), with 10% pre-existing immunity, no
control measures, and varying initial latent infections (IC3).
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