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STOCHASTIC PROJECTIONS FOR WATER RESOURCES PLANNING

1. PROJECT OBJECTIVES

Evaluation of the future benefits and costs of water resources

projections have traditionally been based on unique projections of

key variables such as population and interest rates.. Recognising:

that the actual changes or trends that will occur in the future will

be somewhat different from the theoretical projections, there is a

fundamental need to evaluate the differences in benefits and costs

that will occur if different trends occur. Also, the more compre—

hensive nature of water resources planning that is required today

involves projections of many variables and, in projecting these vari—

ables, the interrelationships must be taken into consideration.

The objective of the research project reported on herein is to

develop a technique for evaluating a range of projections of several

types of variables that are involved in water resources planning and

to develop techniques for using these projections effectively and

efficiently. Variables used for illustration are economic, demographic

and hydrologic. Only successive annual values are considered, since the

project study is not concerned with seasonal variations. Only mathemati-

cal projection techniques are considered, since it is the technique of

projecting sequences that is of concern to this project, and not develop-

ing cause—effect relationships wherein the projection of one variable

can be used in deducing the projection of a second variable. Further, it

is not an objective of this study to determine or develop best mathemati—

cal functions for projecting specific types of variables, but to suggest

procedures, techniques and criteria for assessing the entire range of

future potential as contrasted with the single most likely future.

2. BASIC CONSIDERATIONS

Of primary importance in most water resources planning studies, in



r ega rd  to projections of pertinent va r i ab l e s ,  is the projection level

that will be reached at some specified time in the future. 0f secondary

importance are variations that occur along the line of projection. In

most past studies, single projections of each pertinent variable have been

made, and this ordinarily represents a smooth function that arrives at the

most likely projection levels at various future times. considering the

uncertainty that available data on past quantities adequately represent

future potential, and considering the virtual certainty that the actual

future variations will not coincide with the most likely projections,

water resources studies should consider alternative projection studies

that can occur consistently with past variations of the particular

variable being projected and considering our knowledge of how frequently

and severely unexpected variations from indicated trends have occurred

fi l m e p w t .

As in the formulation of any mathematical model, the degree of

complexity of a projection model must be adequate to represent variations

of the phenomenon being studied with a degree of accuracy necessary for

the particular applications anticipated. On the other hand, the model

must b e  simple enough so that it can be calibrated satisfactorily with

available data. Often it is not possible to meet both of these require—

ments, in which case the latter requirement would normally control, since

there is little point in having a model that cannot be adequately calibrated.

When this occurs, extreme caution must be used in interpreting the predictions

that are made with the model.

Projection models described below have been restricted to a modest

degree of complexity because of the limitations of data for calibration.

Nevertheless, they include two types of variation that have not been used

in traditional projection studies. These consist of a range of projections

that adequately represent future possibilities and their associated proba—

bilities, and variations Within each projection that represent differences

in trends that can be expected to occur from time to time. A small number

of such projections covering the entire range of future expectations can

be used separately to evaluate the accomplishments of proposed water

resource projects, and expected project benefits can be computed by adding

the cross products of the benefits obtained for each projection and the

associated probability attached to that projection.



3. SINGLE-VARIABLE PROJECTION TECHNIQUES

Time series definitions. Some terms of special relevance to this report

are defined as follows:

1.

2.

Time Series. A time series is a set of observations generated

sequentially in time.

Stochastic Process. A stochastic process is a statistical pheno—

menon that evolves in time (or space) according to probabilistic

laws. The time series to be analyzed may then b e  thought of as

one particular realization, produced by the underlying probabil—

ity mechanism, of the system under study.

Stationary Time Series. A time series is said to be stationary

if the imbedded stochastic process of the time series remains in

equilibrium about a constant level. Statistically, an nth—order

stationary series requires that the first n moments of its distri—

bution function be constant. For example, a.second—order station—

ary series must have constant mean and constant variance.

Backward Shift Operator B. The backward shift operator B on a

variable 2 is defined by the equation: BmZt = Z t a m '

Backward Difference Operator V. The backward difference operator

V on a variable Z is defined in terms of B as: V = (1-3); hence

VZt = Zt - Z t — l '

Differences of a Time Series. Differences of a time series are

obtained by successively subtracting the previous value from the

current one, and this can b e  repeated to obtain differences of

higher order. The degree of differencing is designated d. Using

,the backward difference operator V, the dth difference of a time

series Z can be represented as VdZ. For example, V22 = V(VZ)  = 2 t —

Z Z t - l  + Z
t—2

Stationary Stochastic Models. Three categories of stationary stochastic

models used in the description of stationary time series are autoregressive,

moving average, and mixed autoregressive and moving average. These are

defined as follows:

1. Autoregressive Models (AR). In these models, the current value



of the series is expressed as a finite, linear aggregate of the previous

values plus a random component, at. Denoting the values of a time series

at equally spaced times t ,  t+l, ...., by Zt,Z ...., and denoting the
t+1 ’

deviation from u, the mean value of the time series, by Z t ’  " " Z t + l '

Then the p—th AR model has the form

n
u = ( Z  Zt) / n,

t=l

' “ . - - ( 3 .1 )
= Z + + . . . . +  +Z t  ¢1 t-l ¢2 Z t - 2  ¢ p  Zt—p a t

where ¢1, ¢2,....¢p, are p's autoregressive parameters. The model contains

p+2 unknown parameters, u ,  ¢1,...é, ¢P and 0:, to b e  identified from the

data. The additional parameter G a  is the variance of the white noise

process or random component, at. The stochastic AR model can be useful

in the representation of certain practical series. For instance, the first

order and second order Markov models frequently used in streamflow synthesis

are AR models.

2. Moving Average Models (MA). In these models, the current value

of the series, Z t ’  is expressed as a finite weighted sum of q previous random

terms at. Thus the qeth MA model has the form

t—2 -....- eq a t — q  ( 3 .2 )

N
!

I
I

a — 61 a — a
t t 92t—l

where 01, 02,...., Oq are q's moving average parametersé This model con—

tains q + 2 unknown parameters u ,  6 1 ,  62,...., Oq and G a  to be estimated

from the data. Although this is called a moving average model, it is

conceptually an infinite—term autoregressive model of specific form. The

MA model is of practical importance in the representation of observed

time series.

3. Mixed Autoregressive and Moving Average Models (ARMA). To achieve

greater flexibility in fitting of actual time series, it is sometimes ad—

vantageous to include both autoregressive and moving average terms in one

model. This leads to the mixed ARMA model. An ARMA(p,q) with p auto—

regressive terms and q moving average terms has the form,



+....+ + —
1 . ¢p Zt—p a t  (1’1 at—l

N
I

n N
I

t (#1 
t _

—....- q a t - q  ( 3 .3 )

The ARMA(p,q) model requires p+q+2 unknown parameters to be estimated —

from the data. It should be noted that the ARMA(p,q) model becomes an

AR(p) model if q is set to zero and an MA(q) model if p is set to zero.

Nonstationary Stochastic Models. There are an unlimited number of ways

in which a time series can be nonstationary. In fact, many time series

in industry, business, and economies are better represented as nonstation-

ary. Frequently, however, the nonstationary time series being analyzed .

exhibit a particular kind of homogenous nonstationary behavior. (i.e. the

series exhibits homogeneity in the sense that, apart from the local level,

or local level and trend, one segment of the series behaves much like

any other segment). Differences of a nonstationary series of this kind can

usually be expected to be stationary. Given the condition that the d—th

difference of a nonstationary series is stationary, the autoregressive—

integrated moving average model (which is a modified form of the ARMA

model), can be used to describe the nonstationary series.

Autoregressive—Integrated Moving Average Models (ARIMA). The stochastic,

nonstationary ARIMA model (with p autoregressive terms and q moving average

terms) which describes a nonstationary series that is stationary in its

dth difference has the form,

_ _ _ P = _ _ _ q( l  ¢ 1 B  . . . .  ¢pB ) Wt 60 + ( 1  6 1 B  . . . .  GqB ) a t  ( 3 . 4 )

with W = V d Z  if d>0
t t’

= Zt—u, if d=0



where  Z i s  t he  series t o  be  mode led ,

W i s  t he  d th  d i f f e r ence  o f  t he  s e r i e s  Z ,

90  i s  the  long  term t r end  f ac to r .

I t  should  be  no t ed  that  the ARIMA(p ,d ,q )  model  becomes  an AR(p )

model  i f  q and d a re  ze ro  and an MA(q) model  i f  p and d a re  ze ro  and

an ARMA mode l  i f  d i s  z e ro .

Spec i f i c  Models  S tud i ed .  Seven mode l s  were  s e l ec t ed  fo r  cons ide ra t i on

under  t h i s  p ro j ec t .  They  a r e

l .  Second~0rde r  L inear  Markov Mode l .

2 = a0  2 -1 + (l—a) C (3.5)t 1 t ZZt-Z

where a i s  t he  weight ing  f ac to r ,  C1  and C2 a re  random va r i ab l e s ;

= + : 2  ZCl  Zt /Z t—l  b i t  and C2 t /  t—2+ bz t  and bland b2  a r e  s tochas t i c

l i nea r  r eg re s s ion  coe f f i c i en t s ,  and t i s  t ime .  The va lues  o f  b1  and b2

fo r  fo recas t i ng  a r e  e s t ima ted  s tochas t i ca l l y  a s  a f unc t ion  o f  S tuden t ' s

t d i s t r i bu t ion  f rom the  known h i s to r i ca l  da t a .

2 ;  Second—Orde r  Non l inea r  Markov Mode l .

1 ( l—a)CZt—Z 2 (3 .6 )

Thi s  mode l  i s  t he  non - l i nea r  ve r s ion  o f  mode l  1 .  By  taking logar i thms

of  the  va r i ab l e ,  we have

= + —- .1nzt aCl  ln  Zt—l  ( l  a )  C2 1n Zt—Z’  (3  7 )

th i s  equat ion has the  same form as that  o f  mode l  1 excep t  that  the  logar i thms

of  the  t ime  se r i e s  Z a r e  u sed  in s t ead  o f  t he  t ime  se r i e s  i t s e l f .  As  in

model  1 ,  C l  and C2 are  e s t ima ted  s tochas t i ca l l y .



3. Nth~0rder Linear Markov Model.

= + + + +zt aclzt_l bCZZt_2 cc3zt_3 dcazt_4

Z f < . 3.8eC5 t—5 or N_5 ( )

The factors a ,  b ,  c ,  d ,  and e provide for weighting of the independent

variables. The linear coefficients C C4, and C are random
1’ C 2 ’  C 3 ’  5

variables and are distributed according to certain probability functions.

For the purposes of this study, these coefficients were assumed to be

normally distributed and defined by the equation

C. s Z t / Z  ., i = l, 2, 3, 4, 5 ( 3 .9 )

When the model is being used for forecasting, the values of the linear

coefficients are estimated stochastically from the historical data.

4. Nth—Order Nonlinear Markov Model.

aCl bC2 cC dC e0
2 = z , z . z . z 4 . z 5 (3.10)
t 12-1 12-2 t-5

This model is the nonlinear version of model 3. By taking logarithms

of the variable, the resulting equation has the same form as that of model 3.

5. Decade and Annual Ratio Autocorrelation Model. This model takes

advantage of the availability of 10—year census data and the relatively

accurate estimates of annual data that have been obtained using census

techniques and omitting annual data obtained by mathematical interpolation.

This permits the most effective use of early census information when only

decade values are available. The model consists of a lag~l Markov chain of

the logarithms of the ratios of successive decade values and an interpolation

routine using a similar Markov chain for annual logarithms where annual ob-

servations are available. When generating successive sequences, random

values of average decade ratios are used for each sequence rather than

sample values.



6. Decade Regression and Annual Autocorrelation Model. This model

is similar to the preced ing  model excep t  that a linear regression on the

logarithms of the decade ratios is used instead of autocorrelation, and a

new random value of the regression coefficient is used for each generated

sequence.

. 7. The ARIMA(p,d,g). The ARIMA model includes three classes of

models previously described: the AR, the MA, and the ARMA. It can be

applied to both stationary and nonstationary time series. The degree of

differencing, d, and the number of parameters, p and q, are identified

first, then values of parameters are estimated by the least mean square

errors method. .

The first six models are essentially special cases of the AR process

and they all experienced forecasting problems in some applications,

particularly in the nature of forecasting unreasonable quantities. Thus,

the ARIMA model was chosen as the standard forecasting model because

of its flexibility and adaptability to various types of time series, thus

providing means of avoiding unreasonable forecasts.

4. THE ARIMA MODEL

ARIMAQp,d, q) Model Building, To fit a series by an ARIMA(p,d,q) model,

the model building process is ordinarly based on available observations.

Computationally, the model building includes three steps: identification,

estimation, and diagnostic checking. The order of differencing, d, the

number of autoregressive parameters, p, and the number of moving average

parameters, q, are identified in the identification step; values of para~

meters are then estimated in the estimation step; and the adequacy of

the model in describing and projecting the series is checked in the

diagnostic step.

According to Box and Jenkins (1970), no pure mathematical approach

can be adopted in the model building process. Graphical methods and

judgment are needed throughout because of the trial—and—error nature

ofthe process. Following their basic ideas, a systematic noniterative

algorithm is developed for model building, and although the algorithm is

conceptually an exhaustive trial—and—error approach, operationally it is

automatic. All possible models from the general ARIMA family of limited

8



order are examined,  and the best model is selected such that four pro—

posed performance criteria are either satisfied or maximized. These

performance criteria are established to measure the goodness of fit

and reasonableness of projections.

1. Identification of the Order of Differencing d. The failure of

the autocorrelation function to die out quickly is taken as an indication

that the underlying stochastic process of the series 2 is nonstationary,

but the process of its first or higher order differences may be stationary.

Therefore, it is assumed that the degree of differencing, d, necessary to

achieve stationarity has been reached when the autocorrelation function

of Wt = d t  dies out quickly. In practice, d is generally 0, l, or 2,

and it is usually sufficient to inspect the first 20 (or so) estimated

autocorrelations of the original series and of its first and second

differences. According to Box and Jenkins (1970), to judge whether or

not the autocorrelation function dies out quickly is completely sub—

jective, as no standard judging criterion is available. The following

method was found to be an effective way of detecting the speed of decay

of the autocorrelation function and identifying the order of differencing, d.

Given a series of n elements and denoting the lag i autocorrelation

coefficient by r1, the Chi—square statistic, x3, of the first 24 auto~

correlation coefficients can be calculated as

x: = n - :I r2 , (4.1)
i=l

Where d can be 0, l, or 2 to stand for, respectively, the Chi—square

statistic of the original series, of its first difference, or of its

second difference. Let R1 and R2 be the ratios of

2
l (4.2)

2 2 2
R1— x l / x 0 , a n d R 2 — x 2 / x

In general, R1 and R2 are less then one. These ratios give the relative

decay speed of the autocorrelation function of the series and its dif—

ferences. For example, if R = 0.2, then the Chi-square statistic of the
l



first difference is only 0.2 times that of the original series. This

indicates that the speed of decay of the autocorrelation function of

the first difference is five times faster than that of the original

series. Based on this argument, the following rule can be used to

select the degree of differencing d for the model:

Select d = 0, if Rl > e and R2 > e;

d = 1, if Rl < e

d = 2, if Rl > e and R2 < 8.

The criterion, 5 ,  is set from experience and judgment. A value of 0.4

was used in identifying d for all sample series in this study.

Parameter Estimation. Once it has been determined what the degree of

differencing should be, values of parameters in all the member models of

the general ARIMA family are next estimated. In the general order of

decreasing complexity, the fourteen most used members of the ARIMA(p,d,q)

family'(listed by their (p,d,q) values).are: (2,d,3), (3,d,2), (l,d,3),

(2,d,2), (3,d,l), (0,d,3), (l,d,2), (2,d,l), (3,d,0), (O,d,2), (l,d,l),

(2,d,0), (0,d,1), (l,d,O). Box and Jenkins suggest that several of the

models most likely to best describe the time series can be identified

by comparing the shapes of their autocorrelation and partial autocorrela-

tion functions with those of certain established theoretical patterns. The

best model is then selected by a detailed study of the residuals. For the

following reasons, however, it is believed that the following approach

is more attractive and easier to apply than thatof Box and Jenkins:

1. From the experience of modeling 30 sample series, it was found

that in most cases, the autocorrelation and partial autocorrelation functions

of the appropriatelydifferenced series fail to show any pattern to yield

a meaningful conclusion in selecting p and q in accordance with the findings

of Box and Jenkins.

2. In some cases, models with different values of p and q can be

fitted equally well to a given series and yield equally high levels of

significance in the diagnostic checking step. This in turn suggests that

10



co r r e spondence  between the selection of p and q of an ARIMA(p,d,q) model

and the shape of autocorrelation and partial autocorrelation functions is

not unique.

3. There is no definite trend in either direction between the

complexity (number of parameters used in a model) of a model and the

performance (to be discussed in the model screening step) of the model.

In other words, no selective search technique, rather than an exhaustive

search of all possible models, can be developed to find the best model.

4. No plot of the autocorrelation and the partial autocorrelation

function is required for the selected approach.

5. No intermediate subjective feedback is needed in the course of

selecting the best model bytfimacurrent approach; hence an automatic

computer search procedure is possible.

The estimation of autoregressive and moving average parameters for

an ARIMA(p,d,q) model is based on the Marquardt algorithm for nonlinear

least—square parameter estimation. Computer programs based on this

algorithm are available from the IMSL (International Mathematical and

Statistical Libraries) program library 3 (for CDC Cyber 70/6000/7000),

in which'FTARPS and FTMAPS (both in FORTRAN) were used in this study to

estimate the autoregressive and moving average parameters, respectively.

After estimating the parameters of an ARIMA(p,d,q) model, the residuals,

at, are computed by the equation

at = Wt — W t ’  (4.3)

where Wt is the fitted value of the time series and Wt the observed value.

Model Screening. Four criteria for selecting the best model to describe

a time series are used:

1. Goodness of Fit. The goodness of fit of an ARIMA model to a

time series is measured by the level of significance of the Chi—square

test for the residual, at, in relation to white noise (randomness). The

Chi-square statistic of the residual at for t = 1,2, ...,n—d, is calculated

using the formula,

11



x = (II—d)? 17.2 (4.4)
i=1 1

where ri is the ith autocorrelation coefficient of series at, and m

is the number of autocorrelation coefficients used in the computation

of the statistic. With m—p—q degrees of freedom, the significance level

assaciated with X'2 can be found from a Chi-square test table. The com-

puter program MDCH of IMSL was used to find this level. The resulting

residuals, at, should not significantly differ from a white noise process,

if the time series of interest is fitted by an adequate ARIMA model. Thus,

a minimum level of significance can be set to reject inadequate models. A

minimum level of 0.01 was used in this study.

2. Model Stability. There exists an admissible region of parameters

for every ARIMA(p,d,q) model which will ensure the stationarity and invert—

ibility of the model (see chapter 3 of Box and Jenkins, 1970). Models

with parameters outside this region will be dropped from further consider—

ation. The region can be expressed implicitly as:

a. For Autoregressive Parameters. The roots of the polynomial

(l—¢1B—¢232 —....— ¢gp) which is formed by taking all autoregressive

of the.ARIMA(p,d,q) model (i.e. left hand side of equation 3.4) when solved

for B, must be greater than one.

b. For Moving Average Parameters. The roots of the polynomial

(l—GlB—GZBZ —....— O q ) ,  which is formed by.taking all moving average

terms of the ARIMA(p,d,q) model (i.e. right hand side of equation 3.4), when

solved for B, must be greater than one.

3. Reasonableness of Forecasting. A model that can be fitted to a

series adequately in the sense of passing the minimum level of significance

in the goodness of fit test might nevertheless give unreasonable future

projections, such as interest rates of 1000 percent. This is especially

true when split-record tests are performed on a U—shaped or a W—shaped

series. Therefore, a well—fitted model with a high level of significance

is not necessarily a good projection model for the purpose of planning. A

projaction—reasonableness test is used as a supplementary criterion to the

level of significance in selecting a model. A physical range and/or lower

and upper bounds for the future are established based on available informa—

tion and basic characteristics of the series. In this study, the bounds

12



are established at a distance of 50 times the range of values within

the record from each extreme of record in terms of the transformed

variable (logarithm, usually). A model is said to have projection

reasonableness with respect to a series if projections of the series

made by this model can satisfy all the designated range limitations.

In this test, five independent projection sets, each with five times

the record length, are generated randomly by the model. A model which

cannot pass this test will be discarded.

4. Simplicity of Model. According to the principle of parsimony

in using parameters, one should not try to overfit a time series with

a complicated model when a simpler model can fit the series adequately.

Thus, a trade—off between the performance ( measured by the level of

Significance in the goodness of fit test) and the complexity (measured ~

by the total number of parameters used) of models is desirable in select—

ing the best model for practical uses. The trade—off can be achieved

by employing a discount factor, i, to the level of significance, a ,  such

that a is reduced exponentially according to the complexity of the model.

Mathematically, let (p+q) be the degree of complexity of an ARIMA (p,d,q),

then the discounted level of significance, a’, is computed as

+ .—

or = a(l—i)P q l (4.9)

In selecting a value of 1, personal judgment must be exercised. A value of

0.3 was used in this study, and this represents a high degree of discrimina—

tion against the more complex models.

Following the above four model screening steps, the best model can

be selected simply by choosing the model which has the highest discounted

significance level.

Applications of the ARIMA(p,d,q) Model. The ARIMA(p,d,a) model can be used

to fit, to forecast, and to simulate a given time series.

1. Fitting a time series. Let Wt be the fitted value of the ob-

served time series Wt and at be the residual of fitting Wt to Wt at time t.
A

The first fitted value of Wt to be computed using the fitted ARIMA model

is because the first p values of Wt are not used in the estimationWp+l ’

13



of autoregressive parameter ¢p. Thus for tip, we have

wt = Wt _ (4.5)

at = 0 (4 .6 )

and for t >  p, we have
A A A

= + . . . .  —W ¢ 1 W t — l  + ¢ W + 9 0  918.p t—p — O a ( 4 .7 )t — l  —I. l .  q t — q

( 4 .8 )

and in equation ( 4 .7 ) ,  the random noise term, aj with negative lag j

is set to zero. It should be pointed out that W is the dth difference

of the original observed series 2. Let 2 t  be the fitted value of the

observed Zt at time t, then th: functional relationship of Zt can be

derived by substituting Wt = V Zt into equation ( 4 .7 ) .  Upon substi—

tuting and collecting similar terms, we have

p+d AN qz. = iglwizti+eo~3 9,. W
l A

where wis;are coefficients of Z. For example, if W is the first difference
A

of Zt (1.e. Wt = VZt = Zt - Z t - l ) ’  then, by substituting Wt = Zt * Z t — l

into equation ( 4 .7 ) ,  we have

zt-zt_l = ¢1(zt_l—zt_2) +¢2(zt_2-zt_3) +. . . .+

z — + ._ __,,,_ .¢ p ( t_p zt_p_1) eo elat_l eqat_q, ( 4  10)

collecting similar terms,

Z t  = (1—4”) Z t - l  + (Chg-$1) Z t — Z  + . . . . +  (—¢p)

A

Z + O -@ —....—t—p-l o 1 a t - l  eqat—q (4°11)

or, in terms of w ,

> "U
+ H

,0

z = z w, 2 . + e — 2 e a (4'12)



2. Forecas t ing  and Simulation. Let fit+s be the forecast of

the series Wt at lead time s from the origin t. It can be shown

(Box and Jenkins, 1970 ,  Chapter 5) that: (a) the forecast for Wt+s

using minimum mean square error estimation is the conditional expecta—

tion of W at time t+s; (b) the expected forecast error of fit+s is equal

to zero, hence the forecast is unbiased; and (c) the one-step—ahead

forecast error is equal to at (the residual at time t), hence the Chi—

square significance test of at can be used as an effective indicator

of the goodness of fit of the ARIMA model for the series being modeled.

The forecasting equation for Wt+s is
A A

W +9 “918.Wt+s = ¢ i w t + s - l + " " + ¢ p  t+s—p o t+s-l_ (4.13)“ e q a t + s - q

A

where Wt = Wt, if t_: n-d,

= W£, if t > n—d,
a t  ’2 a t ,  if t i n — d 3

= E(at) = 0, if t>n€d and E(at) is the expected value
of the white noise at.

A A

And similar to the derivation of the fitted value i t  from W t ’  the fore—
A

casting function for Zt+s can be shown to be

2 = z +.'...+ _t+s $1 t+s—l lpp+d Zt+s-p-d + 6 o  Olat+s—l ( 4 ' 14 )

—.. . .~  eqatts~q

where Zt = Et’ 1f t_:n

= Zt, if t > n ,  and

at = at, if tgén

= 0 ,  if t >n.

The forecast Z represents the most likely projection level fort+s
lead time s in the future. For reasons mentioned before, alternative

projections are needed and can be generated by simulation using the

fitted ARIMA model with random.components.

Each independent set of simulated projections is generated using a
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stochastic trend factor B and a white noise term b t "  The stochastic

trend factor B is obtained by assuming that the trend factor, 6 0 ,  used

in forecasting, has a Studentnt distribution. The white noise term

bt is generated by a random variable generator using the known variance

of the white noise at. That is

b = at if t_:n

‘ / 2  .q 0 a  , 1f t>n ( 4 .15 )

q is a normally distributed variable with zero mean and unit variance.

Then, the simulation function of Zt is
+s

ZAt+s = w l z t + s ~ l  + " "  Ipp+d Zt+s—p—d +8 _01 bt+s--l

"=' “ eqbt+s—q, (4.16)

where'ZAt = Et if t.:n

= = Zt if t >n.

5. MULTIVARIATE PROJECTION MODEL

General Approach. For variables that are interrelated, an acceptable

model should project every variable simultaneously so as to preserve

the interrelationship among projections of all variables. There is no

specific multivariate projection technique, but principal-component

analysis can be used where data for all variables exist for the same

period, in order to form uncorrelated variables (principal components),

each of which is expressed as a linear function of the original variables.

Then the new variables can be projected independently and transformed to

form projections of the original variables. The principal—component tech—

nique was selected for convenience in this study as an illustrative pro—

cedure. Other multivariate techniques, such as multiple linear regression,

can be used if desired.

16



Principal-Component Analysis. Principal-Component analysis is a striaght—

forward method of transforming a given set of variables into a new

set of composite variables (or principal components) that are mutually

orthogonal (uncorrelated). The first principal component represents

the single best summary of linear relationships exhibited in the data.

The second component is defined as the second best linear combination

of variables that accounts for the most residual variance after the

effect of the first component is removed from the data. Subsequent

components are defined similarly until all the variance in the data

is exhausted. Unless at least one variable is perfectly determined

by the remaining variables in the data, the principal—component solution

requires as many components as there are variables. Let Z j ’  j=l, 2 ,  ...,

m be the m original variables; Fk, k=1, 2 ,  ...., m be the m principal _

components; Ajk’  j=l, 2 ,  ...., m and k=1, 2 ,  ...., m be the component—

pattern coefficients, and b jk ’  j=l,2,...,m and k=l,2,...,m b e  the component—

estimation coefficients. Then the principal component F can be computedk
from the values of the m original variables Z as

F =13 z + b  2 +....k kl 1 k2 2 + Bkm Z m ’  k = l, 2, ..., m (5.1)

and the original variable Zj can be described by the m principal components

F as

N I! D
> + D
>

'1
1 .
+

‘
+

D
>

(—
1 I! l, 2, ..., m. (5.2)

I t  should b e  noted that a reduction in the number of principal components

used in equation 5.2 is possible if a certain percentage of unexplained

variance of the m original variables Z is allowed. For example, if the

first ml (mi<m) principal components account for 98 percent of the variance

(hence 2 percent unexplained variance) in the m original variables, and

if a 2 percent unexplained variance in expressing the m original variables

is allowed, then only the first ml principal components are needed in

describing the m original variables. The value of ml is dependent on
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t he  value of  m and the  maximum pe rcen t age  o f  unexpla ined var iance

of  the  or ig ina l  var iab les  a l lowed.  The r educ t ion  in the number o f

pr inc ipa l  components  u sed  f rom m to  m r ep re sen t s  a way o f  reduc ingl
the s i ze  o f  t he  mul t ivar ia te  p ro j ec t i on  mode l ,  s ince  only p ro j ec t i ons

o f  ml  p r inc ipa l  componen t s  a r e  needed  to  ca l cu l a t e  p ro j ec t i ons  o f  m

or ig ina l  va r i ab l e s .  In  t he  demons t ra t ion  examples he re in ,  no  r e -

duc t ion  in  va r i ance  was  a l l owed ,  hence  m1 = m in  t he se  ca se s .

Mult ivar ia te  P ro j ec t i on  Mode l .  Simultaneous p ro j ec t i on  o f  a s e t  o f

or ig ina l  va r i ab l e s  can  be  ob ta ined  by the  fo l lowing s t eps  us ing  t he

principal—component analys is  a l l i ed  wi th  the s ingle—variable  p ro j ec t i on

mode l ,  ARIMA(p ,d ,q ) :

1 .  Find the  component—pat te rn  coe f f i c i en t s ,  Ajk’  and component—

es t imate  coe f f i c i en t s ,  b jk ’  by p r inc ipa l—componen t  ana lys i s .  (Fo r  t he

pu rpose  o f  th i s  s t udy ,  t he se  coe f f i c i en t s  were  ca l cu l a t ed  by the  computer

p rog ram BMDOlMZ which  i s  wr i t t en  in  FORTRAN and ava i l ab l e  f rom Biomed ica l

Computer Programs (BMD) developed a t  UCLA fo r  IBM system 360/370 . )

2 .  Cons t ruc t  a t ime  se r i e s  fo r  each  o f  m p r inc ipa l  componen ts  by

subs t i t u t i ng  values  o f  t he  m o r ig ina l  var iab les  in equa t ion  5 .1 .

3 .  Apply  the  ARIMA(p,d,q)  mode l  a s  de sc r ibed  in  s ec t i on  4 t o  p ro j ec t

fu ture  values o f  the  mos t  l ikely p ro j ec t i on  level and o f  a number o f  sim—

u la t i on  s e t s  fo r  each  o f  m p r inc ipa l  componen t s  i ndependen t ly .

4 .  Compute  p ro j ec t i ons  o f  t he  mos t  l ikely  p ro j ec t i on  level  and

s imu la t i ons  o f  t he  m o r ig ina l  va r i ab l e s  by  subs t i t u t i ng  p ro j ec t i ons  o f

pr inc ipa l  components  in equat ion  5.2.
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6. TEST TECHNIQUE

Split—Record Tes t ing .  In order to develop some degree of confidence

that projections using techniques studied herein would in fact repre-

sent the entire range of future possibilities, or at least to evaluate

the degree to which they do represent the future range and possibly to

develop correctional criteria, the split—record type of testing has been

employed in this study. This consists of calibrating the projection models

on the basis of one part of the record (usually half) and examining the

range of projections in comparison with the actual variations that occured

in the remainder of the record. This technique has been particularly

favored, because it conforms to the exact manner in which projections are

employed in water resources planning. In the test procedure, the first -

half of the record might represent all of the record that would be avail—

able at the time of planning the project, and the second half of the

record would represent what occurs during the operation of the project.

Thus, in concept, the test would show how the various projections made

in project planning would actually compare to events that really occurred

during the project life.

The split—record technique should be evaluated on the basis of a

substantial number of variables. It is possible that a particular tech—

nique might accidentally show exceptional results when applied to one or

two variables, but it is not likely that consistently superior results

will be accidentally obtained as the number of variables increases. Even

when a substantial number of test variables are used, care must be exercised

that a great many techniques are not arbitrarily tested and the best selected,

because, if sufficient alternatives are tried, there is an increasing

probability that one will accidentally show favorable results.

When records are studied in halves for the purpose of testing, it is

often possible to make more efficient use of available data by reversing

the halves and repeating the test procedure. Thus, a model calibrated on

the first half could be used for projecting through the period of the

second half, and a model calibrated in reverse on the second half could be

used for projecting in reverse through the first half of the record. Depend—

ing on the nature of the trends, this double use of the data could actually
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double the effectiveness of the test, but in caseswhere the trends

are consistently upward or downward,  this double use of the data

might not contribute greatly to the test results insofar as they

would apply to those particular variables. In order to maximize the

similarity of the tests to actual application, halves were not reversed

in this study.

It should b e  recognized that, even though the test procedures

are limited to calibration of the model using only half o f t h e  data,

actual projections for water resources planning studies should be based

on models calibrated using all available data.

Sample Time Series. To facilitate the test, 31 time series of 17 economic,

10 population, and 4 hydrologic variables were collected and listed in

table 1 .

Selection of Representative Projections. In each split—record test, 5 1

stochastic projections were made. These projections are numbered in the

order of magnitude of the final value at the end of the projection (end

of the Second half of the record). In order to illustrate the range of

projections and, in fact, to represent the entire set of projections with

a small number of projections, projection numbers 2, 8 ,  26, 44 and 5 0  were

selected. These are illustrated in figures 1 to 37. In each figure, the

heavy line represents the observed data, theline connecting the symbol.-¢n

represents the most likely projection level, and the other five plots

represent the five selected representative projections. On the basis of

the variables used in this study, it appears that variations can occur in

the future with a substantial probability (in the order of once in 50 pro~

jections) that differ in magnitude from the extreme projections computed

in this study by an amount exceeding the range of projections computed and

illustrated herein. In order to take these "maverick" possibilities into

account properly, it is proposed that the following weights be assigned to

the five representative projections:
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Representing
Projection no. Projection Probability

l — 3 .06

8 4 — 12 .18

26 13 — 39 .50

44 4O — 48 .18

50 49 — 51 .06

Total _j§§

Two more projections, to be assigned .01 probability each, can be obtained

by utilizing projections numbers 2 and 50 to obtain extreme projections A

and B such that values for each year are defined as:

A 222 ' 250N l
l

Zb = 22 - 2 2 5 0

This gives 2 new (maverick) projections that differ from projections 2 and

50 by the difference between 2 and 50 values for each respective year in

terms of the transformed variable, Z. The maverick projections would each

have a weight (probability) of .01, thus completing the range of probability

represented in the above tabulation. Figures 38 and 39 are used to demon—

strate the use of these extreme projections for the variable Man-Hours in

Farming and variable Construction Cost, respectively. In each chart,

projection A is represented by a single line connecting the symbol, *, and

projection B by a single bold line.
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7. STUDY RESULTS

Analysis of Economic Variables. 0f the 17 economic variables (Fig l

to Fig 17), observed quantities at the end of the projection period

were outside of the range of projection in 5 cases (Figures 6 ,  7 ,  8 ,

13, and 17). If the projection techniques adequately represented all

future probabilities, only one of these would be expected to be outside

the range (an expected frequency of 4 out of 5 2  random projections would

lie outside the range of the second—largest and second—smallest of 5 1

projections).

A careful review of these projections will indicate that, while

different types of models would have greatly improved the projections

in individual cases, no systematic model will satisfactorily represent

what actually happened in all cases. Likewise, once a person sees the

outcome of an observed variable, it is often possible to explain the

variations, usually in terms of related factors, but it should b e

remembered that this study is concerned only with statistical means of

projecting a stochastic variable or a set of interrelated stochastic

variables.

I t  becomes obvious, therefore, as has been generally recognized,

that the probabilistic range of projections should include provision

for possible radical changes not indicated by the model calibration data.

This is partly due to the fact that no model simple enough to be cali—

brated satisfactorily can adequately represent the complex factors involved

and partly due to the likelihood that factors of potentially major impact

are not adequately reflected in a particular sample of data.

Analysis of Demographic Variables. Population projections were made

individually for all 10 cases (Fig 18 to Fig 27), and then 6 cases (Fig 28

to Fig 33) were projected jointly. Models selected by the computer program

are as follows:
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Principal-component No. ARIMA(p,d,g) model

1 0, l, 1

2 l, 1, O

3 l, 1, 0

4 0, 1, 1

5 2, l, 0

6 0 1 lw 0

In the joint pro j ec t i ons ,  selection of extreme projections was based

on the weighted total population at the end of the sequence, giving

equal weight to each variable, and simultaneous projections for all

variables were used. Thus, the second highest of 51 projections for

the weighted total population was not necessarily the second highest

projection for each variable. In fact, it would tend to be less ex—

treme in most or all cases, thus reducing the range of projections for

each variable below that obtained in the independent projections.

Whether the projections should be made jointly or independently would

depend on the application, and it isjust as vital that they be made

independently for independent applications as it is that they be made

jointly for applications where their simultaneous impact is of primary

concern.

Of the 10 independent projections, observed values at the end of

the projection peiod lie outside the projection range in 2 cases, which

is at least twice the expected frequency. Thus, again it is necessary

to account for greater variation in potential projections than a

reasonably simple model indicates.

Analysis of Streamflow Variables. In the cases of natural streamflows,

projections (Fig 34 to Fig 37) appear to be reasonable in relation to
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observed variations during the period of projection, except for the

Columbia River, where much lower quantities occurred in some years

than were projected to any year. There is a strong downward trend

through the early years and until 1935 ,  after which a period of 20

years showed a strong resurgence of streamflows. The model used for

streamflows is based on steady—state projection, because this gives

best results for streamflows in general. If the model using d = 1

(first differences projected were used), it is apparent that the

flows from 1935 to 1955 could fall well above all projections. It

is difficult to determine whether the selected model is inapplicable

or the observed data represent rare occurences. There is a tendency

to jump to the conclusion that actual events that conform to a fore—

casted projection "prove" the projection to be acceptable and that

when actual events do not conform, the projection was in error. This,

of course, is an over—simplification.

It is pertinent to recognize that the streamflow model determined

to be most suitable is a steady—state model (d=0), and that the more

general.and extensively tested monthly streamflow simulation model

developed in the Hydrologic Engineering Center of the Corps of Engineers

is more suited for generation of sequences of this type of variable.
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8. APPLICATION

General. In discussing the application of techniques studied under

this project, it must be remembered that the techniques are meant to

be applied to basic variables that cannot be derived directly from

other variables that are more easily predictable. That is, the

extrapolation is strictly statistical, as it must be in the case of

many variables.

In making such extrapolations, natural or physical.bounds must

be recognized. The natural lower asymptotic bound of zero is taken into

account in this study by transforming the variable to a logarithm, which

i s  then unbounded at the lower end. If a variable is asymptotically bounded

only on the upper end, taking the logarithm of the difference between the

upper limit and the variable would remove that bound. If there are both

lower and upper asymptotic bounds, the following transform can be used:

B-AZ = log(log iii?

where B is the upper bound, A the lower bound, X is the observed variable,

and Z is the transformed variable. Other transforms might be devised and

perform better under specific circumstances, but this one will at least

assure that impossible values are not predicted. The transformed variable

is projected, and resulting values are transformed back to the original

variable needed in the contemplated study.

When more than one variable are needed in the study and where these

are interdependent, it is necessary to perform a principal—component

analysis of the transformed variables and to project these components,

then recombine them into the transformed variables before transforming back

to the original variables.

All of the above provisions are incorporated into the computer program

described herein.

Water Resource System Simulation. Because of the complexity of water resources

planning and management studies, the most acceptable general procedure for

analysis consists of postulating a system and operation rules, and simulating

the operation of the system under anticipated system demands and system inputs.

Traditionally, system demands have been projected as a most likely sequence of
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demands ,  and system inputs have been  assumed similar t o  pa s t

exper i ence ,  ad jus t ed  fo r  fu tu re  changes in  con t ro l l ing  cond i t i ons

( such  a s  u rban iza t i on  and r e se rvo i r  cons t ruc t i on ) .  I t  i s  the  t he s i s

o f  t h i s  s tudy tha t  a range o f  demands and inputs  should  be  cons ide red

and tha t  app rop r i a t e  we igh t s  shou ld  be  a s s igned  to  the  r e su l t s  o f

d i f f e ren t  p ro j ec t i ons .  The technique  desc r ibed  above fo r  computing

51 p ro j ec t i ons  and se l ec t i ng  5 of  t he se  p lu s  2 "maverick" p ro j ec t i ons

i s  intended to  r ep resen t  the fu l l  range o f  fu ture  p robab i l i t i e s  wi th

a minimum o f  compu ta t i ona l  e f fo r t .

Computer programs such  a s  EEC—3, "Reservoir  Sys t em Analys is  fo r

Conse rva t ion" ,  deve loped  in t he  Hydro log i c  Engineer ing  Cen te r  o f  the

Corps  o f  Engineers ,  a re  very u se fu l  in performing the  de t a i l ed  simulation

s tud i e s  neces sa ry  fo r  eva lua t ing  sys t em pe r fo rmance  unde r  each  combina t ion

o f  p ro j ec t i ons  o f  t he  pe r t inen t  input and demand va r i ab l e s .  I n  t he  ca se

o f  hyd ro log i c  va r i ab l e s  such  a s  S t r eamf low,  r a in fa l l  and evapora t i on ,

where the  p roces s  can be  t r ea t ed  a s  s ta t ionary  and where s tochas t i c

va r i a t i ons  f rom month  t o  month a r e  impor t an t ,  they  shou ld  be  p ro j ec t ed

us ing  a model  such a s  EEC—4, "Monthly Streamflow Simula t ion" .

In t eg ra t ion  o f  s imulat ion ou tpu t s .  To  the  extent  that  any o f  the  input and

demand va r i ab l e s  a r e  independent  o f  each  o the r ,  i t  w i l l  be  neces sa ry  t o

give spec i a l  cons ide ra t i on  t o  the  manner in  which the d i f f e r en t  sequences

o f  t he  va r ious  va r i ab l e s  a r e  combined .  In  ex t reme case s ,  i t  may be

neces sa ry  t o  pe r fo rm s imulat ions  co r respond ing  to  a l l  combinat ions  o f

sequences ,  bu t  i t  i s  hoped  tha t  t h i s  w i l l  no t  be  neces sa ry  in o rd ina ry

app l i ca t i ons .  Fo r  example ,  p r inc ipa l  var ia t ions  in phys i ca l  r e su l t s  o f  a

plan  o f  ope ra t i on  may depend  a lmos t  en t i r e ly  on  hyd ro log i c  s equences ,  in

which case  the de ta i l ed  water  resource  simulation s tud i e s  need be  made

only once  fo r  each hyd ro log i c  s equence .  Eva lua t ion  o f  t he  r e su l t s  in  t e rms

of  economic ou tpu t  would r equ i r e  i n t eg ra t i on  o f  many combinat ions  o f  t he se

ou tpu t s  w i th  the  va r ious  economic  p ro j ec t i ons .  The  expec t ed  sys t em ou tpu t

would then be  the  sum o f  the  c ros s  p roduc t so f  the ou tpu t  fo r  each simulation

t imes  the  p robab i l i t y  a s soc i a t ed  w i th  t he  pa r t i cu l a r  i npu t .  The  p robab i l i t y

a s soc i a t ed  w i th  any pa r t i cu l a r  input  when a combination o f  independent  inputs
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is used  equals the product of the probabilities associated with

the independent inputs. It must be assured that probabilities

associated with all simulations add to 1 .0 .

Illustrative Projections. For illustration purposes, projections of

sample variables to year 2020 were obtained by using the projection

techniques and computer programs developed in this study. These are

illustrated in figures 40  to 61.’ Variables which are considered to

be interdependent are projected by use of the multivariate projection

model. These are:

1. Per capita GNP, industrial production index, gross nonfarm

product, and gross farm product (shown in figures 40, 41, 42, ‘

43, respectively).

2. Output per unit of labor input index, and output per unit of

capital input index (shown in figures 44, 45 respectively)

3. Wholesale price index and consumer price index (shown in figures

46 and 47  respectively).

4. Manhattan Island real estate mortgage rates, stock exchange call

loan rates and commercial paper rates (shown in figures 48, 49,

and 50, respectively).

5. Population of New England, Middle Atlantic, East North Central,

West North Central, South Atlantic, and East South Central

divisions (shown in figures 51, 52, 53, 54, 55, 56 respectively).

Variables projected by single—variable projection models.are man-hours in

manufacturing, man—hours in farming, number of operating business, un-

employment rate, applications for patents, and construction cost index,

and projections are shown infigures57 to 62, respectively. It should be

noted that projections illustrated herein are used only to demonstrate

the projection techniques developed in this study and should not be used

as a formal projection of those variables.

Computer Programs. Algorithms described herein are combined for convenient

use into two computer programs —— one for single-variable projections,

described in Appendix A, and one for multivariate projections, described in

Appendix B.
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9. CONCLUSION

Comparison of actual sequences  of demographic and economic

variables demonstrates that no projection technique can be depended

upon to yield acceptable results if only a single sequence is pro-

jected. It is not possible to predict variations accurately, so it

is essential that a range of projections be considered if errors of

projection are important to a proposed study.

A model used for projecting such variables must be flexible

enough to define variations reasonably, yet simple enough to be

calibrated satisfactorily with available data. The two requirements

are often unobtainable, and it becomes necessary in those cases to

conform with the latter requirement. As a consequence, estimated

errors of projection are usually smaller than true errors, and it has

become necessary to expand the range of possible projections as described

herein.

The autoregressive—moving—average family of projection models

described herein provides a range of models from which one can be

selected on the basis of goodness of fit to observed data and reason—

ableness of projection as described herein. The selected model can

then be calibrated on the basis of all available data, and a set of

projections generated to constitute input and demand data for any water

resource system simulation study. Computer programs for accomplishing

this are described in appendices A and B. The weighted average accomplish—

ments of any proposed plan of development or management can then be computed

as described herein, for the purpose of evaluating the plan under the

complete range of future possible projections and computing and evaluation

that should be far superior to any obtainable by conventional methodology

based on single projections of each variable.
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APPENDIX A

DESCRIPTION OF COMPUTER PROGRAM SVPROJ

INTRODUCTION

1 .  Origin of  P rog ram.  This prog ram was  developed by  Shin Chang o f

the  Cen te r  fo r  Resea rch  in Wate r  Resou rces ,  t he  Un ive r s i t y  o f  Texas

a t  Aus t in  under  t he  supe rv i s ion  o f  Leo  R .  Bea rd ,  Techn ica l  D i r ec to r .

Subrout ines  obta ined f rom o ther  sou rces  a r e :

a .  FTARPS, FTMAPS, FTAUTO, FTCAST, FTGENI, MDCH and the i r

suppor t i ng  subrou t ines  FTFUNC, GGNOR, GGUI,  LEQTIF, LUDATF,

LUELMF, MERF, MERFI, MGAMMA, UERTST, VABMXF and ZSYSTM. Al l  '

a re  i nc luded  in  the  In t e rna t iona l  Ma themat i c s  and S t a t i s t i c a l

L ib ra ry  (IMSL) compute r  package .

b .  PLOT was developed by  Mr.  David Ford  and Mr .  David Lo t t  o f

t he  Cen te r  fo r  Rasearch  in Wate r  Resou rces ,  The  Un ive r s i t y

of  Texas a t  Aus t in .

2 .  Capab i l i t y  o f . t he  SVPROJ P rog ram.  SVPROJ i s  capab le  o f  pe r fo rming

t he  fo l l owing  jobs :

a .  I den t i f i ca t i on  o f  t he  deg ree  o f  d i f f e r enc ing ,  d ,  and number o f

parameters  p and q o f  the  bes t—f i t  ARIMA(p,d ,q)  model  fo r  t ime

se r i e s  o f  a s i ng l e  va r i ab l e .

b .  Est imation of  parameters of an ident i f ied  ARIMA(p,d,q) model.
c .  Gene ra t i on  o f  51  independen t  s e t s  o f  p ro j ec t i ons  u s ing  t he

bes t—f i t  ARIMA(p,d ,q)  mode l  fo r  a s ing le  va r i ab l e .

d .  P lo t t i ng  o f  up t o  7 se l ec t ed  p ro j ec t i ons  on  one  cha r t .

3 .  Hardware and Sof tware  Requ i remen t s .  Th i s  program has  been  deve loped

and t e s t ed  on the  CDC 64 /6600  computer  sy s t em.  No t apes  o r  d i sks  are

r equ i r ed .  The For t ran  IV compl i e r  and the  IMSL l i b r a ry  a r e  u sed .

DESCRIPTION OF PROGRAM

4.  Program Organ iza t i on .  The SVPROJ program cons i s t s  o f  a main program

and 23  sub rou t ines ,  o f  which 18 a r e  subrout ines  f rom IMSL. Al l  input

A—l



da ta  and input control parameters a re  read  in  the  main  p rogram f rom

punched ca rds .  The  p rogram wi l l  make a normal  exit (unless e r ro r s

occu r )  on ly  in the  main p rogram.

5 .  Method of  Compu ta t i on .  The  compu ta t i ona l  p rocedure s  and equa t ions

used  in  t h i s  p rog ram a re  desc r ibed  in chap te r  4 o f  t he  main r epo r t  under

the title ”Use o f  the ARIMA Mode l . "

6 .  Desc r ip t i on  o f  Subrou t ines  and Var i ab l e s .  The func t ion  o f  each  sub—

rou t ine  and the  de f in i t i ons  o f  va r i ab l e s  in each  sub rou t ine  a re  given in

the  p rog ram l i s t i ngs .

PROGRAM USE

7 .  D imens iona l  L imi t a t i ons  o f  t he  P rog ram.  Fo r  p rac t i ca l  pu rpose ,  t he

fo l lowing  l imi t a t i ons  a r e  s e t  in  t he  p rog ram:

Var i ab l e  S i ze  Def in i t i on

LSPLIT 150  length  o f  ca l i b r a t i on  s e r i e s

LPROJ 100  length  o f  p ro j ec t i on

NSET 51  Se t s  o f  independent  p ro j ec t i ons

These  d imens ions  can  be  ea s i l y  ex t ended  by  inc reas ing  t he  d imens ion

spec i f i ca t i on  in  r e l a t ed  a r r ays ,  howeve r ,  u l t ima te  l im i t a t i ons  a r e  de t e r -

mined by the  ava i l ab l e  cen t r a l  memory o f  t he  compu te r  sy s t em used .

8 .  Con t ro l  Pa rame te r s  fo r  Op t iona l  Jobs .  The fo l lowing  pa rame te r s  a r e

used  to  con t ro l  t he  execu t ion  o f  ce r t a in  op t iona l  j obs  in  t h i s  p rog ram.

IBOND: Con t ro l s  t he  execu t ion  o f  lower and /o r  uppe r  bound on the

va lues  o f  p ro j ec t i ons

ISPLIT: Cont ro l s  t he  execu t ion  o f  t he  sp l i t - r eco rd

ISPY: Cont ro l s  t he  execu t ion  o f  t he  mode l  parameter  i den t i f i ca t i on

fo r  t he  ca l i b r a t i on  s e r i e s

LOGX: Con t ro l s  t he  execu t ion  o f  na tu ra l  l oga r i t hmic  t r ans fo rma—

t i on  o f  t he  ca l i b r a t i on  s e r i e s .

NPRINT: Cont ro l s  t he  execu t ion  o f  t he  p r in t ed  ou tpu t  o f  t he  s e l ec t ed

pro j ec t i ons  (7  s e t s )



NPUNCH: Controls the execution of the punched—card output

of the selected projections (7 sets).

NPLOT: Controls the execution of the plotted output of the

selected projections (7 sets sets, or 5 sets).

9. Preparation 0f Input Variables.

Variable

IBOND: - l

(Requires LOGX=l)

2

ID integer

IP integer

IQ integer

ISPLIT l

ISPY

0

IYRB

IYRE

IYRP

LOGX 1

NPLOT o

2

Description

a nonzero lower bound control is used

a zero lower bound is used

a zero lower bound and a nonzero upper
bound is used

both nonzero lower and upper bounds are
used

degree of differencing, d, in an ARIMA ~
(p,d,q) model
number of autoregressive parameters, p,
in an ARIMA (p,d,q) model

number of moving average parameters, q,
in an ARIMA (p,d,q) model

split—record test of the calibrated—
ARIMA model is desired,

not desired

identification of ID, IP, and IQ for
an ARIMA model by the program is desired

ID, IP, IQ are provided by the user through
input.

beginning year of record of the calibration
series

ending year of record of the calibration
series

ending year of record of the projection
series

natural logarithmic transformation of
the variable is desired,

no plot is desired as output

plots of data and 7 projections depicted in
one chart are desired \

plots of data and 7 projections, and data
and 5 projections, depicted in 2 charts are
desired

A-3



lO.

3 plots of data and 5 projections depicted
in one chart are desired

NPRINT l 7 sets of projections of the variable
being analyzed will be printed as output

not desired

NPUNCH l 7 sets of projections of the variable
being analyzed will be punched as output

0 not desired

NV integer number of variables to be analyzed se-
quentially in a multiple job run

YLABEL (8) character name of the variable

Z ( 150 )  real a vector of N elements containing data
of the calibration series, and N is
computed internally as IYRE—IYRB + l

ZLO real lower bound of the variable being analyzed

ZUP real upper bound of the variable being analyzed

Preparation of Input Cards. The following eight types of input cards

are required.

Card Format Variable(s)

A 1615  NV

B 8AlO YLABEL

C 1615 IYRB, IYRE, IYRP
D 8AlO IFMT

E IFMT Z
F 1615  ISPLIT,  LOGX,  ISPY,  IBOND, NPRINT, NPUNCH,

NPLOT

G 1615 IP, ID, IQ

H 21320.4 ZUP, ZLO

It should be noted that the G card is not required if ISPY = l, and the H

card is not required if LOGX = 0 or IBOND = 0.

ll. Arrangement of Input Cards.

a. Arrangement of the input deck for a single job is:

A.B,CQD,E .E ' - -E ,F ,G ,H
\_".ml W m ;

b. Arrangement of the input deck for a multiple job (maximum 14 jobs)

A,B,C,D,E,~-E,F,G,H, B,C,D,E,---E,F,G,H y J
‘ v—A" I Av 1 V

lst job 2nd job 3rd job



12. Overview of Output. The following printed output is shown for each

job:

a. IP, ID, IQ of the identified ARIMA (p,d,q) model.

b. a , the significance level of goodness of fit

c. estimated parameters (60 ,  Vi and 9i) of the ARIMA (p,d,q) model

Printed and punched values of 7 sets of projections, and their plots in
one curve are optional outputs.

13. Program Listing. Scurce program listing for SVPROJ and all its
subroutines are shown in the following pages.
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APPENDIX B

DESCRIPTION OF COMPUTER PROGRAM MVPROJ

INTRODUCTION

1 .  Or ig in  o f  P rog ram.  This prog ram was developed by Shin Chang o f

The Center  fo r  Research in  Water  Resou rces ,  The Univers i ty  o f  Texas

a t  Austin under  the  supe rv i s ion  o f  Leo  R.  Bea rd ,  Technical Direc to r .

Subrou t ines  ob t a ined  f rom o the r  sou rces  a re  BMDOIM of  Biomedica l

Compu te r  Programs  (BMD) and a l l  t hose  sub rou t ines  u sed  in  P rogram

SVPROJ.

2 .  Capab i l i t y  o f  t he  MVPROJ P rog ram.  MVPROJ i s  capab le  o f  per forming

t he  fo l l owing  jobs :

a .  Cons t ruc t ion  o f  t he  p r inc ipa l  components  o f  a s e t  o f  o r ig ina l

va r i ab l e s .

b .  Fo r  each  o f  t hese  pr inc ipa l  components :

1 .  I den f i c i a t i on  o f  p ,  d ,  and q o f  the  bes t—f i t  ARIMA(p,d,q)

model  fo r  each  p r inc ipa l  component  be ing  ana lyzed .

2 .  Es t ima t ion  o f  parameters  fo r  the mode l s  i den t i f i ed  in l .

3 .  Generat ion o f  51  independent s e t s  o f  p ro j ec t i ons  fo r  each

pr inc ipa l  componen t .

c .  Computat ion o f  51  p ro j ec t i ons  fo r  each o f  the o r ig ina l  var iables

as  func t ions  o f  p ro j ec t i ons  o f  a l l  p r inc ipa l  components .

d .  P lo t t i ng  up to  7 se l ec t ed  p ro j ec t i ons  o f  each  o f  t he  o r ig ina l

va r i ab le s  in  one cha r t  f o r  each  va r i ab l e .

3 .  Hardware and Sof tware  Requi rements .  Th i s  program has  been  developed

and t e s t ed  on the  CDC 64 /6600  computer sy s t em.  Thi r teen  d i sk  f i l e s  are

r equ i r ed .  The Fo r t r an  IV compl ie r  and the  IMSL l ibrary a re  u sed .

DESCRIPTION OF THE PROGRAM

4.  Program Organ iza t i on .  The MVPROJ p rog ram cons i s t s  o f  a main p rogram

and 25  sub rou t ines .  A l l  input da t a  and input con t ro l  pa rame te r s  a r e  read

B—l



in the main program from punched cards. The prog ram will make a

normal exit (unless errors occur) only in the main program.

5. Method of Computation. The computation procedures and equations

used in this program are described in Chapter 5 of the main report

under the title "Multivariate Projection Model."

6. Description of Subroutines and Variables. The function of each

subroutine and the definitions of variables in each subroutine are

given in the program listings. However, subroutines used in SVPROJ

are not repeated here.

7. Dimensional Limitations of the Program. For practical purpose, the

following limitations are set in the program:

Variable Size Definition

NV 12 number of variables

LSPLIT 150 length of calibration variables

LPROJ 100 length of projection

NSET 51 sets of independent projections

These dimensions can be easily extended by increasing the dimension spec—

ification in related arrays, however, ultimate limitations are determined

by the available control memory of the computer system used.

8. Control Parameters for Optional Jobs. The following parameters are

used to control the execution of certain optional jobs in the program.

ISPLIT = controls the execution of the split—record test

LOGX = Controls the execution of the logarithmic (base 10)

transformation of the original variables

NPRINT = Controls the execution oftheprinted output of the

selected projections (7 sets)

NPUNCH = Controls the execution of the punched—card output of the

selected projections ( 7  sets)

NPLOT = Controls the execution of the plotted output of the

selected projections ( 7  sets or 5 sets)



9. Preparation of Input Variables.

Variable

IFMT

ISPLIT

IYRB

IYRE

IYRP

LOGX

NPLOT

WT (12)

YLABEL (8)

x ( 1 5 0 ,  12)

character

1

O

integer

integer

integer

l

integer

real

character

real

Preparation of Input Cards.10.

required.

Card

A

Format

Description

variable format for input data x

splitwrecord test is desired,

not desired

beginning year of record of the calibration series

ending year of record of the calibration series

ending year of projection

logarithmic (base 10) transformation of

the variables is desired

not desired

no plot is desired as output

plots of data and 7 projections depicted in

one chart are desired

plots of data and 7 projections, and data and

5 projections, depicted in 2 charts are desired

plots of data and 5 projections depicted in

one chart are desired

number of variables

relative weights to be applied to the last

member of projection of each variable for

ranking the 51 sets of projections.

name of variable to be appeared in the chart

input data of calibration series, the first

dimension refers to time and the second dimen—

sion refers to variables, (X(j,i) = jth record

of ith variable)

The following types of input cards are

Variable(s)

1615 NV, IYRB, IYRE, IYRP, LOGX, ISPLIT, NPRINT,
NPUNCH, NPLOT
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m
n
w
m
d
o
w

12F5.0 WT

8AlO IFMT

IFMT X

———— job card for BMDOlM

———— label card for BMDOlM

IFMT data format card for BMDOlM

8AlO YLABEL

Preparation of E and F cards of BMDOlM:

E card (Job card):

col.

col.

col.

col.

col.

col.

col.

col.

col.

col.

col.

F Card (Labels card):

col.

col.

c o l .

col.

col.

1—6

7—12

13 ,14

15—17

18—20

21—23

24—28

29—30

31—68

68—70

71,72

1-6

7—10

11—16

17—20

21—26

Problem (mandatory)

Alphanumeric job code

Number of original variables (ZSNVn)

Length of calibration variables (35LSPLIT5150)

Blank

Yes

Blank

Number of variables to be labeled

Blank

07 (data input is from logical BCD Tape 7)

K Number of Variable Format Cards (lEKEIO)

LABELS (mandatory

The number of the variable to be named. The number

must b e  right—justified

The corresponding alphanumeric name

The number of another variable

The corresponding alphanumeric name.

B4



col. 67—70 The number of another variable

col. 71-76 The corresponding alphanumeric name

(up to 7 per card)

Example = The following Labels Card (F Card) is prepared for

the case of Labelling X( j ,2 )  as name 01 and X( j ,5 )

as name 02.

LabelsOOOZNAMEOlOOOSNAMEOZ.

Note 1. The number of a variable is i if the variable to be labeled is

the ith variable of the input vector X(j,i).

2. More than one labels card can be used.

3. The number of labels appearing on all the labels cards must

equal to the number of labels specified on the job card.

11. Arrangement of Input—deck. The following sequence of the input deck

is used:

A B C D D D . . .D  E F G H H H . . .H
W W W

X YLABEL

12. Overview of Output. The following printout will be shown:

a. Normalized and transformed (LOGX = 1) input data

b. Correlation coefficient matrix

c. Eigenvalues

d. Eigenvectors

e. For each principal component, a summary table showing the best—

fit ARIMA (p,d,q) model, estimations of parameters, level of signi—

ficance.

Optional printed and/or punched output of the 7 sets of projections and

chart (3) of projections will be shown upon the specification of related output

control parameters.

BS



13. Program Listing. Source program listing for MVPROJ and its

subroutines are shown in the following pages. Note that subroutines

shared by both programs SVPROJ and MVPROJ will be shown in appendix

A only.
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