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ABSTRACT

DATA-DRIVEN COMPUTATIONAL METHODS FOR
QUASI-STATIONARY DISTRIBUTION AND SENSITIVITY
ANALYSIS

FEBRUARY 2023

YAPING YUAN
B.Sc., INNER MONGOLIA UNIVERSITY
M.Sc., INNER MONGOLIA UNIVERSITY
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Yao Li

The goal of the dissertation is to develop the computational methods for quasi-stationary-
distributions(QSDs) and the sensitivity analysis of a QSD against the modification of the
boundary conditions and against the diffusion approximation.

Many models in various applications are described by Markov chains with absorbing
states. For example, any models with mass-action kinetics, such as ecological models, epi-
demic models, and chemical reaction models, are subject to the population-level randomness
called the demographic stochasticity, which may lead to extinction in finite time. There
are also many dynamical systems that have interesting short term dynamics but trivial long
term dynamics, such as dynamical systems with transient chaos [28]. A common way of
capturing asymptotical properties of these transient dynamics is the quasi-stationary distri-

bution (QSD), which is the conditional limiting distribution conditioning on not hitting the

vi



absorbing set yet. However, most QSDs do not have a closed form. So numerical solutions
are necessary in various applications.

This dissertation studies computational methods for quasi-stationary distributions (QSDs).
We first proposed a data-driven solver that solves Fokker-Planck equations for QSDs. Moti-
vated by the case of Fokker-Planck equations for invariant probability measures, we set up
an optimization problem that minimizes the distance from a low-accuracy reference solution,
under the constraint of satisfying the linear relation given by the discretized Fokker-Planck
operator. Then we use coupling method to study the sensitivity of a QSD against either
the change of boundary condition or the diffusion coefficient. The 1-Wasserstein distance
between a QSD and the corresponding invariant probability measure can be quantitatively
estimated. Some numerical results about both computation of QSDs and their sensitivity
analysis are provided.

This dissertation also studies the sensitivity analysis of mass-action systems against their
diffusion approximations, particularly the dependence on population sizes. As a continu-
ous time Markov chain, a mass-action system can be described by a equation driven by
finite many Poisson processes, which has a diffusion approximation that can be pathwisely
matched. The magnitude of noise in mass-action systems is proportional to the square root
of the molecular count/population, which makes a large class of mass-action systems have
quasi-stationary distributions (QSDs) instead of invariant probability measures. In this the-
sis we modify the coupling based technique developed in [15] to estimate an upper bound of
the 1-Wasserstein distance between two QSDs. Some numerical results for sensitivity with

different population sizes are provided.
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CHAPTER 1
INTRODUCTION

Many models in various applications are described by Markov chains with absorbing
states. For example, any models with mass-action kinetics, such as ecological models, epi-
demic models, and chemical reaction models, are subject to the population-level randomness
called the demographic stochasticity, which may lead to extinction in finite time. There
are also many dynamical systems that have interesting short term dynamics but trivial long
term dynamics, such as dynamical systems with transient chaos [28]. A common way of
capturing asymptotical properties of these transient dynamics is the quasi-stationary distri-
bution (QSD), which is the conditional limiting distribution conditioning on not hitting the
absorbing set yet. However, most QSDs do not have a closed form. So numerical solutions
are necessary in various applications.

Computational methods for QSDs are not very well developed. Although the relation
between QSD and the Fokker-Planck equation is well known, it is not easy to use classical
PDE solver to solve QSDs because of the following two reasons. First a QSD is the eigen-
function of the Fokker-Planck operator whose eigenvalue is unknown. The cost of solving
eigenfunction of a discretized Fokker-Planck operator is considerably high. Secondly the
boundary condition of the Fokker-Planck equation is unknown. We usually have a mixture
of unbounded domain and unknown boundary value at the absorbing set. There are some
literatures about Monte Carlo sampling from a QSD, which usually include regenerating
samples from an empirical distribution once hitting the boundary [5,6,8,9,43]. However the
efficiency of the Monte Carlo simulation is known to be low. To get the probability density

function, one needs to deal with undesired noise associated to the Monte Carlo simulation.



Methods like the kernel density estimator and the variable kernel density estimation can
smooth the solution but also introduce undesired diffusions to the solution, especially when
a QSD is highly concentrated at the vicinity of some low-dimensional sets.

We are particularly interested in studying the dynamics of mass-action networks, as many
of them admits QSDs instead of steady states. A mass-action network is a system of finite
many species and reactions whose rule of update satisfies the mass-action law. Mass-action
network covers a large number of chemical reaction network, epidemiology models, and
population models. At the molecular level, reactions in the mass-action network are random
events that modify the state of the network according to the stoichiometric equations. The
time of these random events satisfy mass-action laws. Therefore, a mass-action network can
be mathematically described by a continuous-time Markov process, which is driven by finite
many Poisson processes.

The randomness in updating the network is called the demographic noise in population
and epidemiology models. It is well known that demographic noise leads to finite time
extinction in a very large class of population models (see for example the discussion in
Section 5.1). This is because the magnitude of the demographic noise is proportional to the
population size. As a result, when the population is small, in many mass-action systems,
the noise could become the dominate term and leads to finite time extinction with strictly
positive probability. Therefore, the asymptotic property of the mass-action network with
finite time extinction is usually described by the quasi-stationary distribution (QSD), which
is the conditional limiting distribution conditioning on not hitting the absorbing set yet. As
discussed in [32], when the extinction rate is low, the quasi-stationary distribution can be
well approximated by the invariant probability measure of a modified process that artificially
"pushes” the trajectory away from the extinction.

It has been known for decades that when the population size is large, the continuous-
time Markov process converges to the mass-action ordinary differential equations (ODEs).

In addition, by setting up a martingale problem, one can show that the re-scaled differ-



ence between the continuous-time Markov process and the mass-action ODE converges to a
stochastic differential equation. Therefore, at any finite time, the continuous-time Markov
process of a mass-action network is approximated by a stochastic differential equation. This
is called the diffusion approximation of a mass-action network. We refer [2,18] for further
details.

The first goal of this dissertation is to extend the data-driven Fokker-Planck solver [14]
to the case of QSDs . Similar to [14], we need a reference solution v generated by the
Monte Carlo simulation. Then we discretize the Fokker-Planck operator in a numerical
domain D without the boundary condition. Because of the lack of boundary conditions,
the discretization only gives an underdetermined linear system, denoted by Au = 0. Then
we minimize ||[v — u|| in the null space of A. As shown in [15], this optimization problem
projects the error terms of v to a low dimensional linear subspace, which significantly reduces
its norm. Our numerical simulations show that this data-driven Fokker-Planck solver can
tolerate very high level of spatially uncorrelated error, so the accuracy of v does not have to
be high. The main difference between QSD solver and the Fokker-Planck solver is that we
need a killing rate to find the QSD, which is obtained by a Monte Carlo simulation. We find
that the QSD is not very sensitive against small error in the estimation of the killing rate.

The second goal of this dissertation is to study the sensitivity of QSDs. We are inter-
ested in two different kinds of sensitivities of QSDs, the one against modifying boundary
condition and the one against diffusion approximation. Some modifications of either the
boundary condition or the model parameters can prevent the Markov process from hitting
the absorbing state in finite time. So the modified process would admit an invariant prob-
ability measure instead of a QSD. It is important to understand the difference between the
QSD of a Markov process and the invariant probability measure of its modification. For
example, many ecological models do not consider demographic noise because the population
size is large and the QSD is much harder to study. But would the demographic noise com-

pletely change the asymptotical dynamics? More generally, a QSD captures the transient



dynamics of a stochastic differential equation. If we separate a domain from the global dy-
namics by imposing reflecting boundary condition, how would the local dynamics be different
from the corresponding transient dynamics? All these require some sensitivity analysis with
quantitative bounds. Our approach is to regenerate from QSD after exiting. The process
with regeneration admits the QSD as its invariant probability measure. So the approach of
sensitivity analysis for invariant measure can be applied.

The last goal of this dissertation is to study the sensitivity of QSDs against the diffusion
approximation. We are interested in how the QSD of the Markov process and its diffusion
approximation differs from each other. The motivation is that an exact simulation at the
molecular level is usually computationally expensive even if the stochastic simulation algo-
rithm (SSA) is implemented optimally [19,30,40]. It is even harder to numerically compute
the QSD when the number of molecules is large. On the other hand, the simulation of a
diffusion process is much easier. The technique of computing the invariant probability mea-
sure or QSD of a stochastic differential equation is also well developed [14,45]. Hence it
is important to have a quantitative upper bound of the difference between the QSD of a
mass-action system and that of its diffusion approximation. The way of sensitivity analysis
is developed from on the coupling-based method in [15]. We need both finite time trunca-
tion error and the rate of contraction of the transition kernel of the diffusion process. The
finite time error is given by the KMT algorithm in [36]. With the explicit construction of
coupled trajectories of the Poisson process and the diffusion process, the finite time error up
to fixed time T can be computed. The rate of contraction is modified from the data-driven
method proposed in [31]. We design a suitable coupling scheme for the modified diffusion
process that regenerates from the QSD right after hitting the absorbing set. Because of the
coupling inequality, the exponential tail of the coupling time can be used to estimate the
rate of contraction. The sensitivity analysis is demonstrated by several numerical examples.
Generally speaking, the distance between two processes is much larger for smaller volume

(i.e., molecular count).



The organization of this dissertation is as follows. Beside a preliminary about Quasi-
stationary-distribution(QSD), stochastic differential equations, connection to the Fokker-
Planck equation, we also provide basic settings and properties about the mass-action sys-
tems, Poisson processes and diffusion processes in Chapter 2. Chapter 3 is about the first
goal of this dissertation. We introduce the data-driven solver for QSD and some numerical
results are provided as well. The sensitivity analysis of Quasi-stationary-distribution(QSD)
against modification of boundary condition or diffusion coefficients are presented in Chapter
4. Chapter 5 is about applications of Quasi-stationary-distribution(QSD) in mass-action
systems and the introduction to the algorithms for computing the finite time error and the
rate of contraction in two different cases. All explicit expressions of Poisson process and

Wiener process are shown in the appendix.



CHAPTER 2
PRELIMINARY

2.1 Quasi-stationary-distribution(QSD)

We first give definition of the QSD and the exponential killing rate A of a Markov process
with an absorbing state. Let X = (X; : ¢t > 0) be a continuous-time Markov process taking
values in a measurable space (X, B(X)). Let P'(z,-) be the transition kernel of X such that
Pi(x,A) =P[X, € A| Xy = z] for all A € B. Now assume that there exists an absorbing set
0X C X. The complement X := X\0X is the set of allowed states.

The process X, is killed when it hits the absorbing set, implying that X; € 0X for all
t > 7, where 7 = inf{t > 0 : X; € OX'} is the hitting time of set dX. Throughout this thesis,
we assume that the process is almost surely killed in finite time, i.e. P[7 < 00| = 1.

For the sake of simplicity let P, (resp. P,) be the probability conditioning on the initial

condition x € X (resp. the initial distribution p).

Definition 2.1.1. A probability measure pu on X is called a quasi-stationary distribu-
tion(QSD) for the Markov process X; with an absorbing set OX, if for every measurable
set C C X

P,[X, € Clr > t] = u(C), t >0, (2.1.1)

If there is a probability measure p exists such that
tlim P, X, € Clt > t] = p(C), Vo € X°. (2.1.2)
—00

in which case we also say that u is a quasi-limiting distribution(QLD).



Remark 2.1.1. When p satisfies (2.1.2), it is called a quasi-limiting distribution (QLD), or
a Yaglom limit. A QLD must be a QSD. Under some mild ergodicity assumptions, a QSD
is also a QLD [11].

In the analysis of QSD, we are particularly interested in a parameter A, called the killing
rate of the Markov process. If the distribution of the killing time P,.(7 > ¢) has an exponential
tail, then A is the rate of this exponential tail. The following theorem shows that the killing

time is exponentially distributed when the process starts from a QSD [10].

Theorem 2.1.1. Let i be a QSD of stochastic process X. Then

I N = A(u) such that P,[r >t] =e ™ Vt >0,

where X is called the killing rate of X.

Throughout this thesis, we assume that X admits a QSD denoted by p with a strictly

positive killing rate .

2.2 Stochastic differential equations
2.2.1 Stochastic differential equations

Consider a stochastic differential equation (SDE)

dX, = f(X,)dt + o(X,)dW,, (2.2.1)

where X, € R? and X, is killed when it hits the absorbing set 0X C R% f : R — R? is
a continuous vector field; ¢ is an d x d matrix-valued function; and dW; is the white noise
in R?. The following well known theorem shows the existence and the uniqueness of the

solution of equation (2.2.1).



Theorem 2.2.1. Assume that there are two positive constants C7 and Co such that the two
functions f and o in (2.2.1) satisfy

(1) (Lipschitz condition) for all x,y € R? and t
[f(@) = f)I +lo(z) — o(y)* < Colz —yf%;
(2) (Linear growth condition) for all x,y € R and t
[f @) + lo(@)]* < Ca(1 + [2]*).

Then there ezists a unique solution X (t) to equation (2.2.1).

There are quite a few recent results about the existence and convergence of QSD. Since
the theme of this thesis is numerical computations, in this thesis we directly assume that
X; admits a unique QSD g on set X'* that is also the quasi-limit distribution. The detailed

conditions are referred in [17,24,38,41,42].

2.2.2 Connection with Fokker-Planck equation
The Fokker-Planck equation is the equation governing the time evolution of the proba-

bility density of a stochastic process. For a stochastic differential equation(SDE)
dX; = f(Xp)dt + o(Xy)dW,

the probability density u of the random variable X, satisfies the Fokker-Planck equation

d d

w = Lu = — Z(fzu)xl + % Z(Diju)xixj’

i=1 ij=1

T

with diffusion tensor D = oo'. wu(xz,t) denotes the probability density at time ¢, and

subscripts t and x; denote the partial derivatives with respect to time ¢t an location x. In



this dissertation, we focus on the quasi-stationary-distribution (QSD), whose density function

u satisfies [3]
d d

i=1 ij=1
where D = 0%, and ) is the killing rate. The operator £ is the infinitesimal generator.

For simplicity, we only consider cases when D;; are constants in this dissertation.

2.2.3 Numerical Scheme
2.2.4 Basic settings

For simplicity, we introduce the algorithm for n = 2, specifically, we solve u in equation
(2.2.2) numerically on a 2D domain D = [ag, bo] X [aq, b1]. Firstly, we construct an N x M
grid on D with grid size h = IWT‘LO = bl*Tal Each small box in the mesh is denoted by
Oi; = lag + (i — 1)h,ap + ih] x a1 + (j — 1)h,a1 + jh]. Let u = {u”}:ziVJ]::lM be the
numerical solution on D that we are interested in, then u can be considered as a vector in
RN*M " Each element u; ; approximates the density function u at the center of each O, ;, with
coordinate (ih+ag—h/2, jh+a; —h/2). We consider u as the solution to the boundary-free
partial differential equation (2.2.2) and discretize the operator £ on D with respect to all
(N —2)(M —2) interior boxes. The discretization of the Fokker-Planck equation with respect

to each center point is given by the following Finite Difference Methods.

2.2.4.1 Finite difference method

In numerical analysis, finite difference method is a numerical technique for solving dif-
ferential equations by approximating derivatives with finite difference. Finite difference
representations of derivatives are derived from Taylor series expansions. The basic philoso-
phy of finite difference methods is to replace the derivatives of the governing equations with
algebraic difference quotients. This will result in a system of algebraic equations which can
be solved for the dependant variables at the discrete grid points. Let u; ; approximates the

density function u at the center of each O; ;. Note that we assume u; ; represent a smooth



function, meaning that we can differentiate the function several times and each derivative is
well-defined bounded function over O; ;. It is not hard to see that u; ; is immediately related
to the function value at its right side u;4;,; and to the function value at its left side w;_; ;.

By Taylor series expansion, we have

ou 0%*u h? Pu h?
Ujp1,j = Ui j + <%) A ‘h + (@)i’j 5 + (@)m E + - (2.2.3)

17]

If terms of order h? and higher are neglected, then equation (2.2.3) is reduced to

ou
Uip1j R Ui+ (52| h
x ),

therefore, the first-order forward difference is defined as

ou U,y — Uy
(O

Similarly, the first-order backward difference is defined as

ou U5 — Wi—1,5
— = 4 O(h ,
(ax)m’ h tOW)
And the second-order central difference for the derivative (g—:) at the gird point (7, 7) is

defined as

oz oh

For second-order partial derivatives, the central difference of second derivative is

(8u> _ Wiy Uiy O(h?).
1,J

a2u U'+1j—2U‘j+U‘_1j
guy Z te b TULT L op2).
(8I2>¢,j h? + o)

With all derivatives approximations above, we have the discretization of the Fokker-Planck
operator £, which is an (N —2)(M — 2) x (N M) matrix. More precisely, row (i — 1) * (N —

2) 4+ j — 1 is the discretization of £ at the center of box (i, 7), which is given by
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- ﬁ (fi-l—l,jui-i-l,j - fi—l,jui—l,j + fi,j+1ui,j+1 - fi,j—lui,j—l) +

% (i1 + Wit + Wijy1 + w1 — 4w j) = —Auyj

2.2.4.2 Sampling

In order to compute the QSD, one needs to numerically simulate a long trajectory of X.
Once X, hits the absorbing state, a new initial value is sampled from the empirical QSD. The
re-sampling step can be done in two different ways. We can either use many independent
trajectories that form an empirical distribution [4] or re-sample from the history of a long
trajectory [6]. In this dissertation we use the latter approach.

Let X = {Xf“ n € Z,} be a stochastic process that samples the “numerical QSD”.
When Xg e X, X simply approximates the time-o sample chain of X;, i.e., X,5. The
approximation uses either Euler-Maruyama scheme or the Milstein scheme. The Euler-

Maruyama numerical scheme is given by
X1 = X0+ F(XD6 + 0 (X0) Wiy — Was). (2.2.4)

where X8 = X,, Wins1ys — Was ~ N(0,01dg), n € Zy is a d-dimensional normal random

variable. A more accurate scheme is the Milstein scheme, which reads
X0 = X2+ F(X2)0 + (X (Wins1ys — Was) + (X)L,

where [ is a d x d matrix with its (7, j)-th component being the double It6 integral

(n+1)d  ps2 ‘ '
L, - / / AV (51)dW (s3),
nd nd
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and L € R is a vector of left operators with i-th component

Under suitable assumptions of Lipschitz continuity and linear growth conditions for f and
o, the Euler-Maruyama approximation provides a convergence rate of order 1/2, while the

Milstein scheme is an order 1 strong approximation [25].

To deal with the situation when X hits the absorbing set, in addition to Xg, we also need

to update a temporal occupation measure
1 n—1
=~ Oxg-
k=0

If the numerical scheme gives Xg 41 € 0X, we immediately resample )A(fb 41 from p,,. More
precisely, let the transition kernel of the numerical scheme of X (without resampling) be Q.
Then @ has an absorbing set, i.e., Q(@X ,0X) = 1. The transition kernel of Xg is modified

from Q such that
PIXE,, € A| XS = 2] = Ola, A) + Oz, 0X) 1a(A)

We have the following convergence result from [6].

Proposition 2.2.1 ((Theorem 2.5 in [6])). Under suitable assumptions about X, the occu-

pation measure (i, converges to the QSD p as n — oo.

The assumption in Proposition 2.2.1 about X is that X must be Feller, the absorbing set
is accessible, X admits a “weak small set”, and that the killing rates from different initial
values are uniformly controlled. It is easy to check that these assumptions are satisfied by the
numerical scheme of most ergodic SDEs. Since this thesis focuses on numerical algorithm,

throughout this thesis, we assume that all assumptions in Proposition 2.2.1 are satisfied.
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2.3 Monte-Carlo method for QSD

In line with the basic settings, we solve u in equation (2.2.2) numerically on a 2D domain
D = [ag, bo] X [ay1,by]. Firstly, we construct an N x M grid on D with grid size h = bO_T“O =
boa1 Fach small box in the mesh is denoted by O;; = [ag + (i — 1)h, ag + ih] X [a1 + (j —
1)h,a; + jh]. Let u = {uw}i]lvf::lM be the numerical solution on D that we are interested
in, then u can be considered as a vector in R¥*M_ Each element u;; approximates the
density function u at the center of each O, ;, with coordinate (ih + ag — h/2, jh+ a1 — h/2).
Generally speaking, we count the number of X falling into each box and set the normalized

value as the approximate probability density at O; ;. The detail of the simulation is shown

in Algorithm 1 below.

Algorithm 1 Monte Carlo for QSD

Input: Equation (2.2.4) and the grid
Output: A Monte Carlo approximation u = {u; ;}. Sample size N;.
Pick any initial value Xy ¢ OX in D
for n =1to N, do
Use X? and equation (2.2.4) to compute XgH

Record the coordinates of the small box O; ; where X’,‘i 41 stands, say ", j*

if X, ¢ OX then
ui*,j* <— ui*,j* + ]_

else
X’g = X ‘fU*n I where U is a uniformly distributed random variable
end if
end for

Return w; j/Nsh? for all 4, j as the approximation solution.

Sometimes the Euler-Maruyama method underestimates the probability that X moves
to the absorbing set, especially when X; is close to 0X. This problem can be fixed by
introducing the Brownian bridge correction. We refer to [6] for details. For a sample falling
into a small box which are closed to 0X, the probability of them falling into the trap 0X is
relatively high. In fact, this probability is exponentially distributed and the rate is related
to the distance from 0X. Let B = W, — £ W7 be the Brownian Bridge on the interval [0, T7.

In the 1D case, the law of the infimum and the supremum of the Brownian Bridge can be

13



computed as follows: for every z > max(z,y)

t 2

Pl sup (¢ + (y — 2)= + 6B) < 2] = 1 — exp(— s (2 — 2)(= — 1)), (2.3.1)
+e[0,T] T T¢

where 2 = X9 € X% y = X2, € X% and ¢ = ¢(X?) is the strength coefficient of Brownian

Bridge. This means that at each step n, if Xg 41 € X% one can compute, with the help of

the above properties, a Bernoulli random variable G with the parameter

p="P3t € (nd,(n+1)8),X; € dX|zr = X%,y = X2,] (If G = 1,the process is killed).

2.4 Coupling
2.4.1 Coupling Method

The coupling method is used for the sensitivity analysis of QSDs.

Definition 2.4.1. (Coupling of probability measures) Let v and v be two probability
measures on a probability space (X,B(X)). A probability measure vy on (X x X, B(X)xB(X))

15 called a coupling of p and v, if two marginals of v coincide with p and v respectively.

The definition of coupling can be extended to any two random variables that take value
in the same state space. Now consider two Markov processes X = (X; : ¢ > 0) and
Y = (Y; : t > 0) with the same transition kernel P. A coupling of X and Y is a stochastic
process (X™,Y™) on the product state space X x X such that

(i) The marginal processes X™ and Y™ are Markov processes with the transition kernel
P;

(ii) If X" =Y™, we have X;" =Y;" for all t > s.

The first meeting time of X;* and Y;™ is denoted as 7¢ := inf;5o{X;" = Y;/"}, which is
called the coupling time. The coupling (X™,Y™) is said to be successful if the coupling time
is almost surely finite, i.e. P[7¢ < co] = 1. Here the super index m stands for the marginal

distribution, which is dropped when it causes no confusion.
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In order to give an estimate of the sensitivity of the QSD, we need the following two

metrics.

Definition 2.4.2. (Wasserstein distance) Let d be a metric on the metric state space V
equipped with distance d(-,-). For probability measures p and v on V', the Wasserstein

distance between p and v for d is given by

dw(p, v) = Inf{E,[d(z,y)] : v is a coupling of 1 and v.}

(2.4.1)
= inf{/ d(x,y)y(dz,dy) : v is a coupling of pu and v.}

In this thesis, without further specification, we assume that the 1-Wasserstein distance

is induced by d(z,y) = min{l, ||z — y||}, where ||z — y]| is the Euclidean norm.

Definition 2.4.3. (Total variation distance) Let i and v be probability measures on (X, B(X)).

The total variation distance of i and v is

|1 =vllrv = sup |u(C)—v(C)|.
CeB(X)

Lemma 2.4.1. (Coupling inequality) For the coupling given above and the Wasserstein

distance induced by the distance given in (2.4.1), we have

Plr > 1] = PIX{" #Y["| > du(P'(x,), P'(y,"))-

Proof. By the definition of Wasserstein distance,

¢AP%zw%P%%J)Sh/d@awPKX?%Km>€(¢mdw]

_ / PP € (dndy)

IN

B PIX", Y™) € (dx, dy)]

— B[X]" £ V"),
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The lemma follows because P[7¢ > t] = P[X[" # Y;"| by definition. O

Consider a Markov coupling (X,Y), where X = {X® :n e N} and Y = {Y? : n € N}
are two numerical trajectories of the stochastic differential equation described in (2.2.4).
Theoretically, there are many ways to make stochastic differential equations couple. But
since numerical computation always has errors, two numerical trajectories may miss each
other when the true trajectories couple. Hence we need to apply a mixture of the following
coupling methods in practice.

Independent coupling. Independent coupling means the noise term in the two marginal

processes X and Y are independent when running the coupling process (X' , Y) That is

X0y = X0+ f(XD)8+ (Wi — W)
Vi =V 4+ fV+ WD s = W),

— W'y and (W

1)
where (W( (15

(n+1)5 - WTE?) are independent random variables for each n.

Reflection coupling Two Wiener processes meet less often than the 1D case when the
state space has higher dimensions. This fact makes the independent coupling less effective.

The reflection coupling is introduced to avoid this case. Take the Euler-Maruyama scheme
of the SDE

as an example, where o is a constant matrix. The Euler-Maruyama scheme of X; reads as

Xz-‘rl = X;SL + f(Xz)é + U(W(n+1)§ - Wn5>7

where W is a standard Wiener process. The reflection coupling means that we run )A(fl as

X2 = X2+ F(X2)3 + o(Wintnys — Ws),
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while run Yf as
Y2, =Y+ f(VD)8 + 0 P(Winins — Was),

where P = I — 2¢,el is a projection matrix with

Nontechnically, reflecting coupling means that the noise term is reflected against the hyper-
plane that orthogonally passes the midpoint of the line segment connecting )A(fl and Y,f . In
particular, e, = —1 when the state space is 1D.

Maximal coupling Above coupling schemes can bring Xg moves close to Y,f when
running numerical simulations. However, a mechanism is required to make XfL = }Afn‘s 1
with certain positive probability. That’s why the maximal coupling is involved. One can
couple two trajectories whenever the probability distributions of their next step have enough
overlap. Denote p®(z) and p¥)(z) as the probability density functions of X2, and Y},
respectively. The implementation of the maximal coupling is described in the following

algorithm.

Algorithm 2 Maximal coupling

Input: X‘S and Y‘s
Output: XnJrl and Yn+1, and 7¢ if coupled
Compute probablhty density functions p( (2) and pW¥)(2)
Sample X? .1 and calculate r = Up(® (X9 +1), where U is uniformly distributed on [0,1]
if r < pW )(X5 ,) then
Vi =X, m={n+1)s
else
Sample Y, 1 and calculate r' = = Vpl (YéS 1), where V' is uniformly distributed on [0,1]
while 7’ < p( (Yjﬂ) do
Resample Y9 2, and V. Recalculate 1’ = VpW (V9 1)
end while
7¢ is still undetermined

end if

For discrete-time numerical schemes of SDEs, we use reflection coupling when X? and Y;?

are far away from each other, and maximal coupling when they are sufficiently close. The
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threshold of changing coupling method is 2v/§||¢|| in our simulation, that is, the maximal

coupling is applied when the distance between Xg and }Aﬁf is smaller than the threshold.

2.5 Mass-action network

2.5.1 Stochastic mass reaction networks

We consider a mass action network of K reactions involving d distinct species, Sy, -« - , Sy,
d d
i=1 i=1

where ¢; and ¢}, are non-negative integers that denote the number of moleculars of species
S; consumed and produced by reaction k, respectively. Let V' be the volume of the reaction
system. Let X (t) = (z1(t), - ,24(t)) € R? be the state of the mass action system at time
t, such that the i-th entry of X (¢) represents the concentration of species S;, i = 1,--- ,d.
In other words the number of moleculars of S; is Vx; := N;. Let A\, be the rate at which the
kth reaction occurs, that is, it gives the propensity of the k-th reaction as a function of the

concentrations of moleculars of the chemical species.

2.5.2 Rates for the law of mass action
The law of mass action means the rate of a reaction should be proportional to the number

of distinct subsets of the participating moleculars. More precisely, the rate of reaction k reads

d N,
Mo = [1G™ = Vi),
i=1

where kj is a rate constant, and N; be the number of molecular of the ith species in the
system. Let At < 1 be a very short time period. More precisely, given all information of

the system up to time t, we have

P[ reaction k occurs in [t,t + At)] = My At + O(At?).
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2.5.3 Poisson process
We use Poisson counting process to represent X (¢), because X (t) is a continuous time

discrete state Markov chain. Let X;(¢) be i-th entry of X (¢), then
1
Xit) = Xi(0) + 1 D Ri(t)(dhy — o),
k

where Ry (t) is the number of times the reaction k has occurred by time ¢ and Ry(0) = 0.
Because the number of moleculars of species changes with time, R(t) is an inhomogeneous

Poisson process that is given by

Rt =RV [ R (X (s))ds), (25.2)

where Py(-) is a unit-rate Poisson point process. It is well known that Py(-) satisfies the
following three properties: (1) P,(0) = 0, (2) Px(-) has independent increments, and (3)

Pi(s 4+ t) — Py(s) is a Poisson random variable with parameter t. And the whole system is

given by
l t
X(t) = X(0)+ > LRV / Fu(X(5))ds) (25.3)
k 4 0
where Py(t), k ={1,---, K} are independent unit-rate Poisson processes, and [, = ¢}, —ci €

R? denotes the coefficient change of moleculars at reaction k.

2.5.4 Diffusion process
When V is large, a Poisson process can be approximated by a diffusion process. The

follow lemma in [26,27] gives the strong approximation theorem for Poisson processes.

Lemma 2.5.1. A unit Poisson process P(-) and a Wiener process B(:) can be constructed

so that
P(Vt) -Vt 1 log(VtV 2)
S = @7
VV

where T is a random variable such that E(el) < oo for some constant ¢ > 0.

L,
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Remark 2.5.1. By the scaling property of Wiener process, \/LVB(Vt) s also a standard

Wiener process.

With the lemma above and Ito’s formula, we have the diffusion approximation

p (v [ pexenas) =v [ Roxenas+ [ VVRKGIaBG)

v s fmon)

This gives the diffusion approximation of the mass action system X (¢):

0 b [ e o )]

In the chemical literature, Y is known as the Langevin approximation for the continuous
time Markov chain model. Theoretically, the distance between these two approximations is

bounded as follow theorem in [36].

Theorem 2.5.2. Let X (t) be a Poisson process represented by (2.5.3), let Y (t) be a diffusion
process with initial condition satisfying X (0) = Y (0) and solves the following stochastic

differential equation

+Zlk[ /fk dHBk( /fk )} (2.5.4)

where the Bi(-) are independent standard Wiener processes. As V. — oo,

sup [X (1) — V()| = O (loffv) | (2.5.5)

logV
\%4

The error of diffusion approximation is proportional to , which converges to 0 as
V' — oo. In macroscopic chemical reaction system V' is at the magnitude of Avogadro’s

number. Therefore, the entire diffusion term can be safely ignored. However, in many

20



ecologic systems or cellular chemical reaction systems, the effective volume cannot be simply
treated as infinity. This motivates us to consider the sensitivity of the quasi-stationary-
distributions (QSDs) against the diffusion approximation. For any finite capacity V, the
finite time error of the diffusion approximation can be explicitly simulated. Paper [36] gives
the constructive procedure to generate discretized trajectories of the two processes X (t) and
Y'(t) on the same probability space that they stay close to each other trajectory by trajectory

with probability one. We apply the algorithm to compute the finite time error in Chapter 3.

2.5.5 Paired trajectories of Poisson process and of the diffusion process

Recall that according to Lemma 2.5.1 a unit-rate Poisson process has a strong diffusion
approximation. Hence equation (2.5.3) also has a strong approximation given by equation
(2.5.4). As the processes Py(-) and By(-) are continuous time processes, we apply the 7-

leaping approximation for equation (2.5.3) with the same step size h. This gives

A 5 [
Xn+1:Xn+ZVk
k

P, (m i fk(f(m)> — P, <Vh nz_l fk(f(m)>] (2.5.6)

with X, = X,. Similarly, the discretized approximation of equation (2.5.3), or the Euler-

Maruyama method reads

<

. R l R
Yorr = Yo+ > =(Vafi(V)
k

3 ZV’C B, <Vh > fk(ffm)> — By (Vh z_: fk(f/m)>

k

(2.5.7)

_|_

with initial condition f/{) =Y.

The paired trajectories of Py(t) and By(t) can be numerically generated by applying the
KMT algorithm. The KMT algorithm actually generates a sequence of standard Poisson
random variables {P,} and a sequence of standard normal random variables {W,}, such

that ij:l P, is approximated by N + 22;1 W,, for each finite N. Then after a re-scaling,
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one obtains a pair of discretized trajectories of Py (t) and By(t) respectively. We refer [36]

for a detailed review of the KMT algorithm.
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CHAPTER 3
DATA-DRIVEN SOLVER FOR QSD

Recall that QSD solves the equation —A\u = Lu where £ is the Fokker-Planck opera-
tor defined in (2.2.2). The QSD solver consists of three components: an estimator of the
killing rate A, a Monte Carlo simulator of QSD that produces a reference solution, and an

optimization problem similar as in [29].

3.1 Estimation of )\

Let X = {Xg, n € Z4} be a long numerical trajectory of X; as described in Algorithm
1. Let 7 = {7, }M_, be recordings of killing times of the numerical trajectory such that X;
hits 0X at 19, 79+ 71, 7o+ 71 + T2, - - - when running Algorithm 1. Note that 7 is an 1D vector
and each element in 7 is a sample of the killing time. It is well known that if the QSD u
exists for a Markov process, then there exists a constant A > 0 such that

Pur >t =e.

Recall that the killing times 7 be exponentially distributed and the rate can be approximated

by
A= ot
One pitfall of the previous approach is that Algorithm 1 only gives a QSD when the
time approaches to infinity. It is possible that 7 has not converged close enough to the

desired exponential distribution. So it remains to check whether the limit is achieved. Our

approach is to check the exponential tail in a log-linear plot. After having 7, it is easy to
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choose a sequence of times to,t1,- - ,t, and calculate n; = [{7,, > t;|0 < m < M}| for each
i =0,---n. Then p; = n;/M is an estimator of P,[r > ¢;]. Now let p? (resp. p.) be the

upper (resp. lower) bound of the confidence interval of p; such that

u ~ p = N p D
pi=p+2/=(1=p) (resp. p;=p—2/=(1=p)),

where z = 1.96, 7; = n; + 2% and p = ni(nz—l—é) [1]. If pt < e < p¥ for each 0 < i < n, we

accept the estimate A. Otherwise we need to run Algorithm 1 for longer time to eliminate

the initial bias in T.

3.2 Data driven QSD solver.

The data driven solver for the Fokker-Planck equation introduced in [29] can be modified
to solve the QSD for the stochastic differential equation (2.2.1). We use the same 2D setting
in Section 2.3 to introduce the algorithm. Let the domain D and the boxes {O”}Zj[ jflM be

the same as defined in Section 2.3. Let u be a vector in RY*M

such that u;; approximates
the probability density function at the center of the box O;;. As introduced in [14], we
consider u as the solution to the following linear system given by the spatial discretization

of the Fokker-Planck equation (2.2.2) with respect to each center point:
Apu = \u, (3.2.1)

where Ag is an (N — 2)(M — 2) x (NM) matrix, which is called the discretized Fokker-
Planck operator, and A is the killing rate, which can be obtained by the way we mentioned
in previous subsection. More precisely, each row in Ag describes the finite difference scheme
of equation (2.2.2) with respect to a non-boundary point in the domain D.

Motivated by [29], we need the Monte Carlo simulation to produce a reference solution

v, which can be obtained via Algorithm 1 in Chapter 2. Let X = {X’}N  be a long
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numerical trajectory of time-0 sample chain of process X; produced by Algorithm 1, and

i=N,j=M

let v.={v;;},—; /=, such that
| X
_ } : >
Uivj - Nh2 o 1Oi,j (Xn)

It follows from the convergence result in Proposition 2.2.1 that v is an approximate solution
of equation (2.2.2) when the trajectory is sufficiently long. However, as discussed in [29],
the trajectory needs to be extremely long to make v accurate enough. Noting that the error
term of v has little spatial correlation, we use the following optimization problem to improve

the accuracy of the solution.

min [[u — v|? (32.2)

subject to Agu = Au.

The solution to the optimization problem (3.2.2) is called the least norm solution, which
satisfies u = v — AT(AAT)"1(Av), with A = Ag — \L. [29)]

An important method called the block data-driven solver is introduced in [14], in order
to reduce the scale of numerical linear algebra problem in high dimensional problems. By
dividing domain D into K x L blocks {Dkl}zi}{ll::lL and discretizing the Fokker-Planck

equation, the linear constraint on Dy is
Kl oy kl
Ak7111 = \u s

where Ay, is an (N/K —2)(M/L —2) x (NM/KL) matrix. The optimization problem on
Dk,l is
e = — AL (AAL) Ak Vi + Vi,

k.1

where v®' is a reference solution obtained from the Monte-Carlo simulation. Then the

numerical solution to Fokker-Planck equation (3.2.1) is collage of all {ukl}zz}(liL on all
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blocks. However, the optimization problem ”pushes” most error terms to the boundary
of domain, which makes the solution is less accurate near the boundary of each block.
Paper [14] introduced the overlapping block method and the shifting blocks method to reduce
the interface error. The overlapping block method enlarges the blocks and set the interior
solution restricted to the original block as new solution, while the shifting block method
moves the interface to the interior by shifting all blocks and recalculate the solution.

Note that in Section 3.1, we assume that A is a pre-determined value given by the Monte
Carlo simulation. Theoretically one can also search for the minimum of ||u— v||? with
respect to both A and v. But empirically we find that the result is not as accurate as using
the killing rate A from the Monte Carlo simulation, possibly because v has too much error.

One natural question is that how the simulation error in A would affect the solution
u to the optimization problem (3.2.2). Some linear algebraic calculation shows that the

optimization problem (3.2.2) is fairly robust against small change of .

Theorem 3.2.1. Let u and uy be the solution to the optimization problem (3.2.2) with

respect to killing rates X\ and Ay respectively, where |\ — \i| =€ < 1. Then

[ —w | < 2s,5,€]l vl + O(?),

min

where Sy 1S the smallest singular value of A.

Proof. Let E = [el(y_aym—2)|0] be an (N — 2)(M — 2) x (NM) perturbation matrix. Let
A=A+E B=AT(AAT) A and B=AT(AAT)'A. Since u = v — Bv and u; =

v — ]§v, it is sufficient to prove
IB - B| < 2s_Le+ O(?).
Note that

AAT = (A+E)(A+E)T = AAT + AET + EAT + EE”.
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Since |EET| is O(e2), we can neglect it when we consider the inverse matrix of AAT. This

means

(AAT) ' ~ (AAT)' — (AAT)"Y(AET + EAT)(AAT) 1.

Without considering the high order term O(€?), we can see

AT(AAT) A ~ (AT + ET)((AAT)' — (AAT)"Y(AET + EAT)(AAT) )(A + E)
= AT(AAT) A + (ET(AAT)TA — AT(AAT) L (AET)(AAT)1A)
+ (AT(AAT)'E — AT(AAT) HEAT)(AAT)A)
=B+ [ET - AT(AAT) Y (AET)](AAT) A

+ AT(AAT)YE — (EAT)(AAT)'A].

Consider the singular value decomposition(SVD) of matrix A, i.e. A =uSvT, wherein
S1 0
S = c | is an (V — 2)(M — 2) x (NM) matrix and both u €

s(N-2)(mM-2) | 0
RW-DM=2)x(N=2)(M=2) 'y, ¢ RINM)X(NM) are orthogonal. Then AT(AAT)™*A =vD;vT,

Iin_oyp—oy O
where D; = (N=2)(M=2) , and

0 0
(NM)x(NM)
(ET — AT(AAT)'AET) = (ET — vD,vTET)
= vD,vTET, where Dy =1 — D;.
E — (EAT)(AAT) A =E -EAT(AAT)'A
= E — EvDyv?

= EvD,vT.

Note that ||[vDavTET|| < ¢ [|[EvD2vT| < e. Since AT(AAT)™! and (AAT)" 1A are two

generalized inverse of A,
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AT(AAT)™! = vS*TyT, (AAT) A = uS"v,

where
= 0
S* = (3.2.3)
— 1 o
S(N—2)(M—2)
and |[AT(AAT) | = [(AAT)1A| = —, hence we conclude that
IB — B|| < 25 e+ O(e2).
[

Remark 3.2.1. It is very difficult to estimate the minimum singular value of matriz A ana-

lytically, even for the simplest case when the Fokker-Planck equation is just a heat equation.

-1
min

But empirically we find that s} is usually not very large. For example, s\ for the gradient

flow with a double well potential is Section 4.3 is 0.4988, and s for the “ring example” in

min

Section 3.3 is only 0.2225.

3.3 Numerical Results

The first SDE example is the Ornstein—Uhlenbeck process :

where # > 0 and o > 0 are parameters, u is a constant. In addition, W; is a Wiener process,
and o is the strength of the noise. In our simulation, we set # = 1,u = 2,0 = 1 and the
absorbing set 0X = (—o00,0] U [3,00). In addition, we apply the Monte Carlo simulation
with 512 mesh points on the interval [0, 3].

We first need to use Algorithm 1 to estimate the survival rate A\. Our simulation uses

Euler-Maruyama scheme with § = 0.001 and sample size N = 10° and N = 10® depending
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on the setting. All samples of killing times are recorded to plot the exponential tail. The
mean of killing times gives an estimate A = 0.267176. The exponential tail of P[r > t] vs. t,
the upper and lower bound of the confidence interval, and the plot of e are compared in
Figure 3.1. We can see that the plot of e=*! falls in the confidence interval for all t. Hence

the estimate of X is accepted.

slope = -0.267176
0 T T T T

T
—P[r > 1]
——Confidence interval
Confidence interval
——Straight line fitting

15 | | | | | | |

Figure 3.1: Plot of P(7 > t) vs. ¢, confidence interval(upper bound and lower bound) and
function y = e~

Furthermore, we would like to show the robustness of our data-driven QSD solver. The
QSD is not explicit given so we use very large sample size (10'° samples) and very small
step size (107*) to obtain a much more accurate solution, which is served as the benchmark.
Then we compare the numerical solutions obtained by the Monte Carlo method and the
data-driven method for QSD with N = 10% and N = 108 samples, respectively. The result is
shown in the first column of Figure 3.2. The data-driven solver performs much better than
the Monte Carlo approximation for N = 10° samples. It takes 10® samples for the direct

Monte Carlo sampler to produce a solution that looks as good as the QSD solver. Similar
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as the data-driven Fokker-Planck solver, our data-driven QSD solver can tolerate high level
error in Monte Carlo simulation that has small spatial correlation.

It remains to check the effect of Brownian Bridge. We apply different time step sizes
§ = 0.01 and § = 0.001 for each trajectory. We use 107 samples for 6 = 0.001 and 10°
samples for 6 = 0.01 to make sure that the number of killing events (for estimating the
killing rate) are comparable. When § = 0.001, the error is small with and without Brownian
bridge correction. But Brownian bridge correction obviously improves the quality of solution
when 6 = 0.01. See the lower left panel of Figure 3.2. This is expected because, with larger

time step size, the probability that the Brownian bridge hits the absorbing set dX gets

higher.
Monte Carlo estimation vs. data-driven solver estimation QSD with Brownian Bridge, ¢=0.001
08 sample size N=1 08 sample size N=1 o’
’ True solution True solution p TN
Monte Carlo estimation /;N,X»WN\‘ 06— QSD without Brownian Bridge 7’
—~06"F QsD <ol o, — QSD with Brownian Bridge
X X
z 5045
=04 = y
c o /
[} [}
o2 © 0.2
0= : 0 : : : : :
0 0.5 1 15 2 0 0.5 1 1.5 2 25 3
X X
QSD with Brownian Bridge, §=0.01 Monte Carlo estimation vs. data-driven solver estimation
sample size N=1 08 08 sample size N=1 08
0.6 True solution ’ True solution
. — QSD without Brownian Bridge Monte Carlo estimation g
— QSD with Brownian Bridge —~06F QsD N
X X
Y Y
047 =04
‘@ ‘@
5 5
- 0.2 ERP)
0 0

0.5 1 0 0.5 1 1.5 2 25 3

o

Figure 3.2: Upper panel:(Left) Monte Carlo estimation vs. data-driven solver estimation
for sample size N = 105 (Right) Effect of Brownian Bridge for sample size N = 107
and time step size 0.001. Lower panel: (Left) Effect of Brownian Bridge for sample size
N = 105 and time step size 0.01. (Right) Monte Carlo estimation vs. data-driven solver
estimation for sample size N = 10%.
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3.3.1 Wright-Fisher Diffusion
The second numerical example is the Wright-Fisher diffusion model, which describes
the evolution of colony undergoing random mating, possible under the additional actions of

mutation and selection with or without dominance [22]. The Wright-Fisher model is an SDE
dXt == —Xtdt + Xt<1 - Xt)th,

where W; is a Wiener process and 0X = {0} is the absorbing set. By the analysis of [22],

the Yaglom limit, i.e., the QSD, satisfies
tlim PIX, € dy|t > t] = 2(1 — y)dy.
—00

The goal of this example is to show the effect of Brownian bridge when the coefficient of
noise is singular at the boundary. Since the Euler-Maruyama scheme only has an order of

accuracy 0.5, in the simulation, we apply the Milstein scheme, which reads

R . - - 1 R
X2 =X = X026+ 1/ X3(1 = X3) (Wins1)s — Was) + 1(1 — 2X)[(Winsnys — Was)? = 6]

One difficulty of using the Brownian bridge correction in this model is that the coefficient
of the Brownian motion is vanishing at the boundary. Recall that the strength coefficient
of Brownian bridge is denoted by ¢. Larger ¢ means X; has higher probability of hitting
the boundary. Since the coefficient of the Brownian motion is vanishing at the boundary,
the effective strength coefficient ¢ becomes dramatically smaller when X, gets closer to the
boundary. As a result, it is not a good idea to still approximate X; by a Brownian motion.
And the original strength coefficient ¢ = 1/ X9(1 — X?) can dramatically overestimate the
probability of hitting the boundary. Estimating the hitting probability of this diffusion
bridge is a difficult problem that is well beyond the scope of this thesis. To the best of our

knowledge, it is not possible to explicitly calculate the conditional distribution of the diffusion
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bridge that starts from x := X,ﬁ and ends at y := )A(,,‘i +1- Instead, we use an empirically found
strength coefficient ¢? = 1 min{z(1 —z),y(1 —y)} can fix this problem. We note that this is
not a simple ad-hoc solution because in a stochastic differential equation, the diffusion plays
a dominate role in a very short time interval. Hence a similar modification of the Brownian
bridge should work for many stochastic differential equations with v/X,dB; noise terms. In
particular, the vanishing coefficient /X,dB, also appears in many ecological models. We

will implement this modified Brownian bridge correction when simulating these models.

25 T T 25 T T
— Analytical QSD — Analytical QSD
——Monte Carlo without Brownian Bridge ——QSD without Brownian Bridge
Monte Carlo with original Brownian Bridge QSD with original Brownian Bridge
——Monte Carlo with modified Brownian Bridge ——QSD with modified Brownian Bridge
2 b 2
1.5 1.5
2 2
7] 7]
c c
o) o)
° °
1 1
0.5+ 1 0.5+
0 - 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 3.3: Effect of Brownian Bridge and a correction of Brownian Bridge. Left: Monte
Carlo approximations without Brownian Bridge correction, with original Brownian Bridge
correction, and with modified Brownian Bridge correction, in comparison to the analytical
QSD. Right: Result from the data-driven QSD solver using the Monte Carlo simulation
data from Left panel.

The effect of Brownian bridge is shown in the left side of Figure 3.3. We compare the
solutions obtained via Monte Carlo method and the data-driven method with Brownian
Bridge by running 10" samples on [0, 1] with time step size § = 0.01. The Monte Carlo
approximation is far from the true density function of Beta(1,2) near x = 0, while the use
of the original Brownian Bridge only makes things worse. The modified Brownian Bridge

solves this boundary effect problem reasonably well. The output of the data-driven QSD
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solver has a similar result (Figure 3.3 Right). Let z = )A(T‘i and y = Xgﬂ. One can see
that the numerical QSD is much closer to the true distribution if we replace the strength

coefficient of the Brownian bridge ¢? = x(1 — x) by the modified strength coefficient ¢* =

% mjn{x(l — x), y(l - y)}

3.3.2 Ring density function

Consider the following stochastic differential equation:

dX = (—4X(X?*+Y? = 1) + Y)dt + edW;*

dY = (—4X(X* +Y? — 1) — X)dt + edW/,

where WX and W} are independent Wiener processes. In the simulation, we set the strength
of noise € = 1.

We first look at the approximation obtained by Monte Carlo method with 256 x 256 mesh
points on the domain D = [—1.5,1.5] x [—1.5,1.5]. The simulation uses step size § = 0.001
and N = 108 samples. (See upper left panel in Figure 3.4). The Monte Carlo approximation
has too much noise to be useful. The quality of this solution can be significantly improved
by using the data-driven QSD solver. See upper right panel in Figure 3.4.

The simulation result shows the estimated rate of killing A = —0.176302. We use this
example to test the sensitivity of solution u against small change of the killing rate. We
compare the approximations obtained by setting the killing rate be A, 1.1\ and 0.9\ respec-
tively. Heat maps of the difference between QQSDs with “correct” and “wrong” killing rates
are shown in two middle panels in Figure 3.4. It shows that difference brought by “wrong”
rates is only ~ O(107%), which can be neglected. This result coincides with the analysis in
Theorem 3.2.1 in this dissertation.

Finally, we would like to emphasis that the data-driven QSD solver can tolerate very
high level of spatially uncorrelated noise in the reference solution v. For example, if we

use the same long trajectory with 10® samples that generates the top left panel of Figure

33



3.4, but only select 105 samples with intervals of 10% steps of the numerical SDE solver, the
Monte Carlo data becomes very noisy (Bottom left panel of Figure 3.4). However, longer
intermittency between samples also reduces the spatial correlation between samples. As a
result, the output of the QSD solver has very little change except at the boundary grid
points, because the optimization problem (3.2.2) projects most of error to the boundary of
the domain. (See bottom right panel of Figure 3.4.) This result highlights the need of high
quality samplers. A Monte Carlo sampler with smaller spatial correlation between samples

can significantly reduce the number of samples needed in the data-driven QSD solver.
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Monte Carlo approximation with b samples Data-driven QSD solver with f0? samples

Error from larger A Entor from smaler ) art

r.

)

5

s

45 1 05 0 05 1 15t

Data-driven QSD solver with 1t samples

Figure 3.4: (Ring density) Upper panel:The approximation by Monte Carlo simula-
tion(left) and the algorithm in Section 3.2(right) with 256 x 256 mesh points and 10® samples.
Middle panel: Sensitivity effect of small change to killing rate \. Lower panel: The ap-
proximation by Monte Carlo simulation with smaller samples(left) and the output of the
data-driven QSD solver(right).
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CHAPTER 4
SENSITIVITY ANALYSIS OF QSDS

A stochastic differential equation has a QSD usually because it has a natural absorbing
state. For example, in ecological models, this absorbing state is the natural boundary of
the domain at which the population of some species is zero. Obviously invariant probability
measures are easier to study than QSDs. One interesting question is that if we slightly modify
the equation such that it does not have absorbing states any more, how can we quantify the
difference between QSD and the invariant probability measure after the modification? This
is called the sensitivity analysis of QSDs.

In this chapter, we focus on the difference between the QSD of a stochastic differential
equation X = {X;,t € R} and the invariant probability measure of a modification of X,
denoted by Y = {V;,t € R}. For the sake of simplicity, this thesis only compares the QSD
(resp. invariant probability measure) of the numerical trajectory of X (resp. Y'), denoted by
X ={X°%neZ.} (resp. Y = {Y? n € Z,}). Denote the QSD (resp. invariant probability
measure) of X (resp. }7) by fix (resp. fiy) and the QSD (resp. invariant probability measure)
of the original SDE X (resp. Y') by ux (resp. py). The sensitivity of invariant probability
measure against time discretization has been addressed in [15]. When the time step size of
the time discretization is small enough, the invariant probability measure py is close to the
numerical invariant probability measure fiy. The case of QSD is analogous. Hence d(fix, fiy)
is usually a good approximation of d(px, iy ).

We are mainly interested in the following two different modifications of X.
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4.1 Modification of X
4.1.1 Case 1: Reflection at 0X

One easy way to modify the numerical trajectory X to eliminate the absorbing state is
to add a reflecting boundary. This method preserves the local dynamics but changes the
boundary condition. More precisely, the trajectory of X follows that of Y until it hits the
boundary 0X. Without loss of generality assume OX is a smooth manifold embedded in R
It Y,f = X,‘i € X but X2+1 ¢ X% then Y,fH is the mirror reflection of Xg+1 against the
boundary of X. Denote the intersection of X and the line segment from X% to X? 41 by

X,. Denote the unit normal vector of 0X at X, by n. Then some simple calculations give

~

Ve =X, + (Id —2nn") (XS — X,).

In most ecological and epidemiological models the natural boundary is 0X = {(xy, -, z,) | z;
0 for some 1 <i <mn,z; >0 forall 1 <j <n}. In this setting f/TfH has an easy expression

A

Y3, = abs(X?,,), where abs(-) means element-wise absolute value of a vector.

We remark that this reflection of the numerical trajectory is not consistent with the
stochastic differential equation with reflecting boundary conditions, which solves a Skoro-
hod’s equation [39]. The problem is that the noise vanishes at 9X for most ecological models.
Hence 0X remains to be absorbing even if the stochastic differential equation has reflect-
ing boundaries. The “reflection” we use here is only for the numerical trajectory. It can
be interpreted as a small random number of individuals are artificially added immediately
after the extinction of this species happens. The goal is to show that sometimes the quasi-

stationary distribution is not very sensitive against a change of the boundary condition. See

the summary at the end of Section 4.2.

4.1.2 Case 2: Demographic noise in ecological models.
We would also like to address the case of demographic noise in a class of ecological models,

such as population model and epidemic model. For the sake of simplicity consider an 1D
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birth-death process with some environment noise
dY; = f(Y)dt + oY dW; (4.1.1)

where Y; € R. Note that for the birth-death process model, {0} is an absorbing state. It
is known that for suitable f(Y;), the probability of Y; hitting zero in finite time is zero [21].
However, if we take the demographic noise, i.e., the randomness of birth/death events, into

consideration, the birth-death process becomes

dX, = f(X)dt + o' X, dWD + e/ X dW,? (4.1.2)

where € < 1 is a small parameter that is proportional to —1/2-th power of the scale of the
population size, ¢’ is the new parameter that address the separation of environment noise
and demographic noise. For example, if the steady state of X; is around 1, we can choose
o' =02 — €

Different from equation (4.1.1), the magnitude of random perturbation in equation (4.1.2)
near the boundary is much larger. As a result, equation (4.1.2) could hit the boundary in
finite time with strictly positive probability. (For example dX; = rX;dt + v/ X;dW; has
strictly positive extinction probability in finite time whenever € > 0. This can be checked
by applying the 1t6’s formula to a test function 1/X; then take the expectation. Whether
equation (4.1.2) has finite time extinction depends on details of f(x) and e. But most
ecological model has f(X;) ~ O(1) x X; when X; is small in order to model the intrinsic
growth of the population. That fits the setting of the example above.) Therefore, it is
common for equation (4.1.1) to admit an invariant probability measure while equation (4.1.2)
has a QSD. One very interesting question is that, if € is sufficiently small, how different is the
invariant probability measure of equation (4.1.1) from the QSD of equation (4.1.2)? This is
very important in the study of ecological models because theoretically every model is subject

a small demographic noise. If the invariant probability measure is dramatically different from
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the QSD after adding a small demographic noise term, then the equation (4.1.1) is not a

good model due to high sensitivity, and we must study the equation (4.1.2) directly.

4.2 Methodology

We roughly follow [15] to carry out the sensitivity analysis of QSD. Here we slightly
modify )A(g such that if X,f € 0X, instead of sampling from the occupation measure, we
immediately re-sample Xg from the QSD fix. This new process, denoted by X’fb, admits an
invariant probability measure jix. Now denote the transition kernel of f(g and er by Px

and Py respectively. The following Proposition is motivated by [23].

Proposition 4.2.1. For any T > 0, if there exists a constant 0 < a < 1 such that

dw(ﬂXP},l;’ /lYP}CF) S Oéd?ﬂ(:aXa /:LY> )

then we have
dw(ﬂXP§v ﬂXP}j;)
1—a ’

dw(fix, fry) <

Proof. Let dy(-,-) be the 1-Wasserstein distance defined in Section 2.4. We can decompose

dy(f1x, fiy) via the following triangle inequality:
du(fix, fiy) < dw(fix Py, fix PY) + duw(jfix Py, iy Py ).
Since the transition kernel P} has enough contraction such that
d(fix Py, iy PY) < ady(jix, fiy)

for some a < 1, after some simplification, we have

dw(fix P, fix Py
1—a ’

dw(fix, fly) <
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Therefore, in order to estimate d,(fix, fly), we need to look for suitable numerical esti-
mators of the finite time error and the speed of contraction of PE. The finite time error can
be easily estimated in both cases. And the speed of contraction o comes from the geometric

ergodicity of the Markov process Y. If our numerical estimation gives

dy(pPE, vPY) < Ce T, (4.2.1)

then we set @ = e™77. As discussed in [15], this is a quick way to estimate a. In fact, in
all examples that we have tested, when starting from fix and jiy, the prefactor C of the
coupling probability in equation (4.2.1) is not far away from 1. Hence in practice it does not
differ from the “true upper bound” very much. The “true upper bound” of « in [15] comes

from the extreme value theory, which is much more expensive to compute.

4.2.1 Estimation of contraction rate

Motivated by [31], we use the following coupling method to estimate the contraction rate
a. Let Z0 = (YY) be a Markov process in R? such that Y;' and Y2 are two copies of
Y. Recall that 7¢ is the coupling time, which is also the first passage time to the “diagonal”

hyperplane {(x,y € R?*?)|y = x}. Then by Lemma 2.4.1

dw(ﬂXP;7ﬂyP}€) < P[Tc > t]

As discussed in [31], we need a hybrid coupling scheme to make sure that two numerical
trajectories can couple. Some coupling methods such as reflection coupling or synchronous
coupling are implemented in the first phase to bring two numerical trajectories together.
Then we compare the probability density function for the next step and couple these two
numerical trajectories with the maximal possible probability (called the maximal coupling).

After doing this for many times, we will have many samples of 7¢ denote by 7¢. We use the
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exponential tail of P[7¢ > ] to estimate the contraction rate a. More precisely, we look for
a constant 7 > 0 such that
—y = tlgglo % log(P[7¢ > t])

if the limit exists. See Algorithm 3 for the detail of implementation of coupling. Note
that we cannot simply compute the contraction rate start from ¢ = 0 because only the tail
of coupling time can be considered as exponential distributed. In practice, we apply the
same method as we compute the killing rate in section 3.1. After having 7¢, it is easy to
choose a sequence of times tg, t1, - - ,t, and calculate n; = [{75, > t;|0 < m < M}| for each
i =0, ---n. Then p; = n;/M is an estimator of P,[7¢ > ;. Now let p* (resp. p!) be the

upper (resp. lower) bound of the confidence interval of p; such that

u_ s p - . .
pi =Ptz (1=p) resp. pf=p—z/=—(1-5),

n; 7

where z = 1.96, n; = n; + 2% and p = ﬁ%(nz + %) Let t,, be the largest time that we can still
collect available samples. If there exist constants C' and iy < n such that p! < Ce¥’ < p¥ for
each 79 < ¢ < n, we say that the exponential tail starts at ¢ = ¢;,. We accept the estimate
of the exponential tail with rate e™7* if the confidence interval P — pﬁo is sufficiently small,

i.e., the estimate of coupling probability at ¢ = dt;, is sufficiently trustable. Otherwise we

need to run Algorithm 1 for longer time to eliminate the initial bias in 7¢.

4.2.2 Estimator of error terms
It remains to estimate the finite time error d,,(fix P¥L, ixPL). As we mentioned in the
beginning of this section, we will consider two different cases and estimate the finite time

errors respectively.

4.2.2.1 Case 1: Reflection at o0&
Recall that the modified Markov process Y reflects at the boundary X when it hits the

boundary. Hence two trajectories
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Algorithm 3 Estimation of contraction rate «

Input: Initial values z,y € K
Output: An estimation of contraction rate «
Choose threshold d > 0
for i =1 to N, do
7, =0,t=0, (z17}%€2) = (m,y)
Flag =0
while Flag=0 do
if |Y,! — Y| > d then
Compute (Y;},,Y2,) using reflection coupling or independent coupling
t+t+1
else
Compute (Y}, Y?2,) using maximal coupling
if coupled successfully then
Flag=1
TS =1
else
t+t+1
end if
end if
end while
end for
Use 7{,--- , 7§, to compute P(7¢ > t)
Fit the tail of logIP(7¢ > t) versus ¢ by linear regression. Compute the slope 7.
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Xoi1 = Xo+ F(X2)8 + 0 (X0) Winsnys — Was)

n+1
Vi =Y+ (VD)6 + oY) (Wintnys — Was)

are identical if we set the same noise in the simulation process. X only differs from Y when
X hits the boundary dX. When X and Y hit the boundary, X is resampled from fix, and
Y reflects at the boundary. Hence the finite time error d,(jix P¥, fix PL) is bounded from
above by the killing probability within the time interval [0, 7] when starting from fix.

In order to sample initial value x from the numerical invariant measure fiy, we consider
a long trajectory {X?}. The distance between X and the modified trajectory Y is recorded

after time 7. Then we nm j m)let ¥ = XJ = x;,; and restart the simulation, where

Xit1 = )N(% from the i—th iteration. See the Algorithm 4 for the detail.

Algorithm 4 Estimate finite time error for Case 1

Input: Initial value x;
Output: An estimator of d,,(jix PL, ix PL)
for i =1 to Ny do
Using the same noise, simulate X and Y with initial value x; up to T
if 7 < T then
Regenerate X as its empirical distribution
end if
Let x;11 = )N(%
end for
Return N% SN d;

When the number of samples is sufficiently large, x1, - -- ,xn, are from a long trajectory
of the time-T skeleton of X7. Hence they are approximately sampled from jiy. The error
term d; = d(X25,Y2) for X§ = Y = x; estimates d(X7, V7). Let i% be the probability
measure on R? x R? that is supported by the hyperplane {(x,y) € R¢x R? |z = y} such that
3 ({(z,z) |z € A}) = fix(A) for any A € B(X). Since the pushforward map ji% (P¥ x PL)
is a coupling, it is easy to see that the output of Algorithm 4 gives an upper bound of

dw(fix P, fix PY).
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From the analysis above, we have the following lemma, which gives an upper bound of

the finite time error d,,(jix P¥, ix Py ).

Lemma 4.2.1. For the Wasserstein distance induced by the distance given in (2.4.1), we

have

duliix P PY) < [ Balr < Thj(do)
Rd

where x is the initial value with distribution jy .

Proof. Note that p3 (PL x PL) is a coupling of uxP% and puxPL. From the definition of

Wasserstein distance, we have

d(z,y)iix (Px x P})(dzdy)

dwRd

E (s, [ (X7, Y7)]fix (d)

d

dw(ﬂXP§7/lXP$> <

P.(r < T)d(X7,Y7)fix (dx)

d

< /]Rd P.(t < T)ix(dx),

I
—

the inequality in the last step comes from the definition d(z,y) = max(1, ||z — y||). O

4.2.2.2 Case 2: Impact of a demographic noise e/X,dV,

Another common way of modification in ecological models is to add a demographic noise.
Let X be the numerical trajectory of the SDE with an additive demographic noise ey/X;dW,.
Let X be the modification of X that resample from jix whenever hitting 0X so that it
admits fix as an invariant probability measure. Let Y be the numerical trajectory of the
SDE without demographic noise so that Y admits an invariant probability measure. We
have trajectories

X0y = X0 FDS + (R0 Wonsrys = Was) + e KoWiys — Wi

Vo, =Y 4+ FY2)8 4+ 0" (V) (Winsrys — Wis) -
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Here we assume that Y has zero probability to hit the absorbing set X  in finite time.
Different from the Case 1, we will need to study the effect of the demographic noise. When
estimating the finite time error d,,(fix P%, fix PL), we still need to sample the initial value
x from fix and record the distance between these two trajectories X and Y up to time 7.
The distance between X and Y can be decomposed into two parts: one is from the killing
and resampling, the other is from the demographic noise. The first term is the same as in
Case 1. The second term is due to the nonzero demographic noise that can separate X and
Y before the killing. In a population model, this effect is more obvious when one species has
small population, because /= > x when 0 < z < 1. See the description of Algorithm 5

for the full detail.

Algorithm 5 Estimate finite time error for Case 2

Input: Initial value x;
Output: An estimator of d,,(uxP%, ux Py)
for i =1 to N, do
Using the same noise, simulate X and Y with initial value x; up to T
Set Flag =0, d; =0
if 7 <T then
Regenerate X as its empirical distribution
i = d(X%, YZ(“S)

Flag =1
else
end if

d; = 0; + 1{F~1ag:1}(77i — ;)
Let Xi+1 = X%

end for

Return Nis SN d;

When Nj is sufficiently large, x4, - - - , XN, are from a long trajectory of the time-7" skeleton
of Xr. Hence they are approximately sampled from jix. The error term d; for Xg = YO‘s = X;
estimates d(Xr,Yr). A similar coupling argument shows that the output of Algorithm 5 is
an upper bound of d,,(jixP%, ix PL).

For each initial value x € R%, denote

45



0, = B [d( X0, Y2)| X, =Y = 2,7 > T]. (4.2.2)

Similar as in Case 1, the following lemma gives an upper bound for the finite time error

dw(px Py, ux Py).

Lemma 4.2.2. For the Wasserstein distance induced by the distance given in (2.4.1), we

have
du(ix PL ix PE) < / P, (r < T)jix(dz) + / 0. fix (de),

where x is the initial value with distribution fix and 6, .

Proof. Note that i3 (P x P) is a coupling of jix P¥ and jix P¥. From the definition of the

Wasserstein distance, we have

duliy Py P < [ dla,y)id (P x PP)(dady

R4 x R4

~ [ B O V)i ()

— /Rd P,(r < T)d(X3, V) jix (dz) +/ P, (1 > T)d(X3, Y7)jix (dx)

R4

< / P.(7 < T)px(dx) +/0xﬂx(dx)
Rd
according to the definition of 6,. n

In summary, the sensitivity of QSD depends on both mixing rate of the modified process
and the killing probability. Both higher mixing rate and lower killing probability per unit
time lead to a more robust QSD that is not sensitive against small change of the dynamics
or the boundary condition. More precisely, let T" be the constant time we choose and « be

the contraction of operator PL.

(1) If the modified process Y only differs from X with a reflection, then we have

duljis ) < (1= ) [ Bufr < i),

R4
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(2) If the demographic noise is removed from Y, then

du(fix. fiy) < (1 — )" { [ Bulr <Dt + |

R4

Qxﬂx(dx)} )

d

where 6, is defined in equation (4.2.2).

4.3 Numerical Results
4.3.1 Sensitivity of QSD: 1D examples

In this section, we use 1D examples to study the sensitivity of QSDs against changes on
boundary conditions. Consider an 1D gradient flow of the potential function V' (z) with an

additive noise perturbation

Let (—o0, 0] be the absorbing state of X;. So if V(0) < oo, X; admits a QSD, denoted by pix.
If we let the stochastic process reflect at x = 0, the modified stochastic process, denoted by
Y;, admits an invariant probability measure denoted by py. We will compare the sensitivity
of ux against the change of boundary condition for two different cases whose speed of mixing
are different, namely a single well potential function and a double well potential function.
We choose a single well potential function Vi(z) = (z — 1)? and a double well potential
function Vy(z) = 2* — 4v/22° + 1022 — 44/2z + 1. The values of minima of both V; and V5
are zero. The values of V| and V5 at the absorbing state are 1. And the height of the barrier
between two local minima of V5 is 1. The strength of noise is ¢ = 0.7 in both examples.
See Figure 4.1 middle column for plots of these two potential functions. In both cases, the
QSD and the invariant probability measure are computed on the domain D = [0,3]. To
further distinguish these two cases, we denote the QSD of equation (4.3.1) with absorbing
state = 0 and potential function V;(x) (resp. Va(z)) by pk (resp. p%) and the invariant
probability measure of equation (4.3.1) with reflection boundary at (—oo,0] and potential

function Vi(z) (resp. Va(z)) by pi- (resp. u?). Probability measures p and ui (resp. p%
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and p? ) are compared in Figure 4.1 right column. We can see that the QSD and the invariant
probability measure have small difference for the single well potential function V. But they
look very different for the double well potential function V5. With the double well potential
function, there is a visible difference between probability density functions of p3 and 3.
The density function of QSD is much smaller than the invariant probability measure around
the left local minimum z = 1 — /2 because this local minimum is closer to the absorbing set,
which makes killing and regeneration more frequent when X; is near this local minimum. In
other words, the QSD of equation (4.3.1) with respect to the double well potential is very
sensitive against the change at the boundary.

The reason of the high sensitivity is illustrated by the coupling argument. We first run
Algorithm 3 with 8 independent long trajectories with length of 10 and collect the coupling
times. The slope of exponential tail of the coupling time gives the rate of contraction
of PLt. The P(7¢ > t) versus t plot is demonstrated in log-linear plot in Figure 4.1 left
column. The slope of exponential tail is v = 2.031414 for the single well potential V;, and
v = 0.027521 for the double well potential case. Then we run Algorithm 4 to estimate
the finite time error d,(ux P, uxPL) for both cases. Since the single well potential case
has a much faster coupling speed, we can choose T" = 0.5. The output of Algorithm 4
is dy(uxPE, ux PE) ~ 0.00391083. This gives an estimate d,(ux,py) =~ 0.0061. The
double well potential case converges much slower. We choose T' = 20 to make sure that the
denominator 1 — e~ is not too small. As a result, Algorithm 4 gives an approximation
dw(pux PE, px PL) =~ 0.06402, which means d,,(ux, pty’) &~ 0.1512. This is consistent with the
right column seen in Figure 4.1, the QSD of the double well potential is much more sensitive

against a change of the boundary condition than the single well potential case.

4.3.2 Lotka-Volterra Competitive Dynamics
In this example, we focus on the effect of demographic noise on the classical Lotka-

Volterra competitive system. The Lotka-Volterra competitive system with some environ-
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slope = -2.031414 Single well potential function QSD vs invariant probability density function

log P[rC > 1)

time t

slope = -0.027521 Double well potential function

— P

log P[rC > 1)

Figure 4.1: (Single well vs. Double well potential function) Left column: P(7¢ > ) vs. t.
Middle column: Single well and double well potential functions. Right column: QSD vs.
invariant density function.

mental fluctuation has the form

dYi(t) = Yi(t)(ly — a1 Yi(t) — a1oYs(t))dt + ot Y1 (t)dW (),
(4.3.2)

dYs(t) = Ya(t)(lo — asYi(t) — anYi(t))dt + ohYa(t)dWa(2).

Here l; > 0 is the per-capita growth rate of species ¢ and a;; > 0 is the per-capita competition
rate between species ¢ and j. More details can be found in [21]. Model parameters are chosen
tobely =21y =4,a11 = 0.8,a10 = 1.6,a91 = 1,a99 = 5. Let OX be the union of x-axis and
y-axis. For suitable ¢} and o}, Y7 and Y5 can coexist such that the probability of (Y7, Y5)
hits X in finite time is zero. So equation (4.3.2) admits an invariant probability measure,
denoted by puy.

As a modification, we add a small demographic noise term to equation (4.3.3). The

equation becomes
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Xm(t) = Xl(t)<l1 — alle(t) — angg(t))dt + 0'1X1 dW1 + €4/ X1 dW/ (4 )
3.3

dXQ(t) = Xz(t) (lg — CL22X1<t) — a21X1 (t))dt + O'QXQ dW2 + €4/ X2 dW/

It is easy to see that equation (4.3.3) can exit to the boundary 0X'. It admits a QSD, denoted
by fix.

In order to study the effect of demographic noise, we compare py, the numerical invariant
measure of equation (4.3.2), and px, the QSD of equation (4.3.3). In our simulation, we fix
the strength of demographic noise as € = 0.05 and compare px and py at two different levels
of the environment noise o; = 09 = 0.75 and o7 = 09 = 1.1 respectively. The coefficient
o) and o} in equation (4.3.2) satisfies o} = /02 + €2 for i = 1,2 to match the effect of the
additional demographic noise. Compare Figure 4.2 and Figure 4.3, one can see that uy has
significant concentration at the boundary when o1 = 05 = 1.1.

The result for 0y = 09 = 0.75 is shown in Figure 4.2. Left bottom of Figure 4.2 shows
the invariant measure. The QSD is shown on right top of Figure 4.2. The total variation
distance between these two measures are shown at the bottom of Figure 4.2. The difference
is very small and it just appears around boundary. This is reasonable because with high
probability, the trajectories of equation (4.3.3) moves far from the absorbing set dX" in both
cases, which makes the regeneration events happen less often. This is consistent with the
result of Lemma 4.2.2. We compute the distribution of the coupling time. The coupling time
distribution and its exponential tail are shown in Figure 4.2 Top Left. Then we use Algorithm
5 to compute the finite time error. To better match two trajectories given by equations
(4.3.2) and (4.3.3), we separate the noise term in equation (4.3.2) into o.Y;(t)dW;(t) =
o Y () AW (1) + eY; () dW P (¢) for i = 1,2, where WV () and W (¢) use the same Wiener
process trajectory as W;(t) and W/(t) in equation (4.3.3) for i = 1,2. Let 7' = 4. The
finite time error caused by the demographic noise is 0.01773. As a result, the upper bound
given in Lemma 4.2.2 is 0.02835. Note that as seen in Figure 4.2, this upper bound actually

significantly overestimates the distance between the invariant probability measure and the
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QSD. The empirical total variation distance is much smaller that our theoretical upper
bound. This is because the way of matching o/Y;dW;(t) and o, X;(t)dWi(t) + e/ X (t)dWi(t)
is very rough. A better approach of matching those noise terms will likely lead to a more
accurate estimation of the upper bound of the error.

The results for 0; = 09 = 1.1 are shown in Figure 4.3. The total variation distance
between these two measures are shown at the bottom of Figure 4.3. It is not hard to see
the difference is significantly larger than case o = 0.75. The reason is that trajectories of
equation (4.3.3) have high probability moving along the boundary in this parameter setting.
This makes the probability of falling into the absorbing set X much higher. Same as
above, we compute the distribution of the coupling time and demonstrate the coupling time
distribution (as well as the exponential tail) in Figure 4.3 Top Left. The coupling in this
example is slower so we choose T' = 12 to run Algorithm 5. The probability of killing before
T is approximately 0.11186 and the total finite time error caused by the demographic noise
is 0.06230. As a result, the upper bound given in Lemma 4.2.2 is 0.1356. This is consistent

with the numerical finding shown in Figure 4.3 Bottom Right.

4.3.3 Chaotic attractor
In this section, we consider a non-trivial 3D example that has interactions between chaos
and random perturbations, called the Rossler oscillator. The random perturbation of the

Rossler oscillator is )

de = (—y — z)dt + edW}

dy = (z + ay)dt + edW} (4.3.4)

dz = (b+ z(x — ¢))dt + edW},

\

where a = 0.2,b = 0.2,¢ = 5.7, and W, W} and W} are independent Wiener processes.
The strength of noise is chosen to be € = 0.1. This system is a representative example of

chaotic ODE systems appearing in many applications of physics, biology and engineering.

We consider equation (4.3.4) restricted to the box D = [—15,15] x [—15,15] x [—1.5, 1.5].
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Figure 4.2: (Case 01 = 09 = 0.75) Upper panel: (Left) P(7¢ > t) vs.t. (Right) QSD with
demographic noise coefficient € = 0.05. Lower panel: (Left) Invariant density function for
o = 0.75. (Right) Total variation of QSD and invariant density function.

Therefore, it admits a QSD supported by D. In this example, a grid with 1024 x 1024 x 128
mesh points is constructed on D.

It is very difficult to use traditional PDE solver to compute a large scale 3D problem. To
analyze the QSD of this chaotic system, we apply the blocked version of the Fokker-Planck
solver studied in [14]. More precisely, a big mesh is divided into many “blocks”. Then we
solve the optimization problem (3.2.2) in parallel. The collaged solution is then processed
by the “shifting block” technique to reduce the interface error, which means the blocks are
reconstructed such that the center of new blocks cover the boundary of old blocks. Then
we let the solution from the first found serve as the reference data, and solve optimization
problem (3.2.2) again based on new blocks. See [14] for the full details of implementation. In

this example, the grid is further divided into 32 x 32 x 4 blocks. We run the “shifting block”
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Figure 4.3: (Case o1 = 03 = 1.1) Upper panel: (Left) P(7¢ > t) vs.t. (Right) QSD with
demographic noise coefficient € = 0.05. Lower panel: (Left) Invariant density function for
o = 1.1. (Right) Total variation of QSD and invariant density function.

solver for 3 repeats to eliminate the interface error. The reference solution is generated by a
Monte Carlo simulation with 10 samples. The killing rate is A = —0.473011. Two “slices”
of the solution, as seen in Figure 4.4, are then projected to the xy-plane for the sake of easier
demonstration. See the caption of Figure 4.4 for the coordinates of these two “slices”. The
left picture in Figure 4.4 shows the projection of the solution has both dense and sparse
parts that are clearly divided. An outer "ring” with high density appears and the density
decays quickly outside this "ring.” The right picture in Figure 4.4 demonstrates the solution

has much lower density when z-coordinate is larger than 1.
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Figure 4.4: (Rossler) Projections of 2 "slices” of the QSD of the Rossler system to the xy-
plane. z-coordinates of 2 slices are [-0.0352, 0.2578], [1.1367, 1.4297]. The solution is obtained
by a balf-block shift solver on [—15, 15] x [—15,15] x [—1.5, 1.5] with 1024 x 1024 x 128 mesh
points, 32 x 32 x 4 blocks, and 10° samples.

4.4 Conclusion

In this chapter we provide some data-driven methods for the computation of quasi-
stationary distributions (QSDs) and the sensitivity analysis of QSDs. Both of them are
extended from the first author’s earlier work about invariant probability measures. When
using the Fokker-Planck equation to solve the QSD, we find that the idea of using a reference
solution with low accuracy to set up an optimization problem still works well for QSDs. And
the QSD is not very sensitively dependent on the killing rate, which is given by the Monte
Carlo simulation when producing the reference solution. The data-driven Fokker-Planck
solver studied in this dissertation is still based on discretization. But we expect the mesh-
free Fokker-Planck solver proposed in [14] to work for solving QSDs. In the sensitivity
analysis part, the focus is on the relation between a QSD and the invariant probability
measure of a “modified process”, because many interesting problems in applications fall

into this category. The sensitivity analysis needs both a finite time truncation error and a
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contraction rate of the Markov transition kernel. The approach of estimating the finite time
truncation error is standard. The contraction rate is estimated by using the novel numerical
coupling approach developed in [31]. The sensitivity analysis of QSDs can be extended
to other settings, such as the sensitivity against small perturbation of parameters, or the
sensitivity of a chemical reaction process against its diffusion approximation. We continue

to study sensitivity analysis related to QSDs in next chapter.
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CHAPTER 5
SENSITIVITY ANALYSIS OF MASS-ACTION SYSTEMS

5.1 Poisson processes and diffusion processes
Let X = {X(¢)} and X = {X,,} (resp. Y = {Y(t)} and Y = {V,}) be the stochastic
process given by (2.5.3) (resp. (2.5.4)) and a numerical approximation with step size h,

respectively. Recall that two approximations are

X(t)=X(0)+ ) ZV’“Pk(V/O fu(X(s))ds)

and
lk t t
Y(t) = Y(0) *ZV {v/ Fu(Y(s))ds + By, <v/ fk(Y(s))ds)}
- 0 0
where where Py(t), k = {1,---, K} are independent unit-rate Poisson processes, and [, =

c, — ¢ € R? denotes the coefficient change of moleculars at reaction k and the By(-) are
independent standard Wiener processes.

Needless to say a diffusion process is much easier to study than a Poisson process with
jumps. One natural question here is that how much the long time dynamics of X is preserved
by its diffusion approximation. This problem is more complicated than it looks because both
X and Y have natural domain R‘i. When the number of moleculars of one species reaches
0, the process exits from its domain due to extinction. It is common for equation (2.5.3)
or equation (2.5.4) to have finite time extinction. To see this, consider the 1D version of
equation (2.5.4):

1
dY (t) = f(Y(t))dt + W«/f(Y(t))dBt. (5.1.1)
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Let H(z) = 27! be a test function. Applying Ito’s formula then take the expectation, we

have

d

2 1
RO =100 (i - )

If f(Y(t)) =cY(t) for a constant ¢, we have

SB[ (Y (1) 2 20 (BLHY (1))
which blows up to oo in finite time. Hence Y'(¢) has strictly positive extinction probability
in finite time. The calculation above fits the setting of many mass-action systems.
Therefore, to prevent finite time extinction, usually one needs constant influx of each
species. That is why often we need to study the quasi-stationary distribution (QSD) instead
of the invariant probability distribution. Below we introduce the QSD and its sampling
method only for X, as the case of Y is analogous.
Let 0X = R*\ R% be the absorbing set of X. The quasi-stationary distribution (QSD)
is an invariant probability measure conditioning on X has not hit the absorbing set yet. We

further define

T=1inf{t > 0: X(t) € 0X}
as the first passage time to 0X.

Remark 5.1.1. If the first passage time of X to OX is oo with probability one, {T > t} is the
full probability space. As a result, QSD in equation (2.1.1) becomes the invariant probability
measure and QLD in equation (2.1.2) becomes the limiting probability measure (which is also
invariant). Therefore, when the mass action system admits an invariant probability measure

instead of a QSD, all our arguments and algorithms still apply.

When we define the numerical processes (2.5.6) and (2.5.7), we need to specify the rule of

regeneration such that they both sample from QSDs as the time approaches to infinity. To
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sample from QSD, we need to regenerate a sample once it hits the absorbing set. Therefore,

in addition to X'n, we also need to update a temporal occupation measure

If the numerical scheme gives XnH € 0X, we immediately regenerate Xnﬂ from p,. More
precisely, let the transition kernel of the numerical scheme of X, (without resampling) be
Q. Then Q has an absorbing set X such that Q(@X ,0X) = 1. The transition kernel of X,

is the sum of Q and the regeneration measure such that

P[Xpi1 € A| X, = 2] = Q(z, A) + Q(z,0X) i (A) .

The following convergence result follows from [6].

Proposition 5.1.1 (Theorem 2.5 in [6]). Let fi be the QSD of the numerical process X,,.
Under suitable assumptions about Xn, the occupation measure i, converges to the QSD [i as

n — 0Q.

To study the sensitivity of diffusion approximation, we also need a theoretical process
X = {X,} that directly regenerate from the QSD /i once exit to the boundary. Recall that

Q is the transition kernel of X, (without resampling). The transition kernel of X is

P(l’, ) = Q(xu ) + Q(xu 8X)ﬂ()

for all z € RZ. Note that X,, is not a Markov process (but (X, u,) is a Markov process).
But X is a homogeneous Markov process with an invariant probability measure p. The
case of Y(t) is analogous. We denote the numerical process that resample from a temporal
occupation measure by Y = {)A/n}, and the Markov process that directly resample from QSD
by Y = {Y,}.

o8



5.2 Decomposition of error term

Let Px and PX be the transition kernels of X (¢) and X'n respectively. Let Py and ]5y
be that of Y(¢) and Y,, respectively. Denote the QSDs of X (t), X, Y (t) and Y, by 7x, fx,
Ty, and 7y, respectively. The quantity that we are interested in is d,, (7x, wy).

Let T be a fixed constant. Motivated by [23], the following decomposition follows easily

by the triangle inequality and the invariance.

dw(ﬂ'X,ﬂ'y) S dw(ﬂx,ﬁ'x) + dU,(ﬁ')(,ﬁ'y) + dw(ﬁ'y,ﬂ'y) (521)

The sensitivity of invariant probability against time discretization has been addressed in [15].
When the time step size of the time discretization is small enough, the invariant probability
measure 7y is close to the numerical invariant probability measure 7y. The case of QSD is
analogous. Hence the third term d,,(7y, Ty ) is proportional to step size h. The estimation

of the first term d,(mx,7x) can be obtained by some linear algebraic calculation.

Theorem 5.2.1. Let X(t) be a continuous time Markov chain with finite state space and X
be its T-leaping approrimation with step size h. Suppose that m and 7 be the true QSD and
the numerical approzimation of QSD respectively. Let h be the time step size of numerical

process. 1If the generating matriz of X (t) is irreducible, then

I = #l[ ~ O(h)

for0 < h < 1.

Proof. This proof follows the standard argument of eigenvector perturbation result. The

case of stationary distribution is proved in [34]. Here we follow the argument in [12] to prove
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a similar result for QSDs. Let @ be the generating matrix of X (). Because 7 is true QSD

and 7 is the numerical approximation of QSD, we have

77 = AT 771 + hQ) = Ai”,

where A and \ are simple eigenvalues. Define a function

A(t) 1+ hQ + tR(R),

where R(h) is an O(1) matrix given by the Taylor expansion e"? = I + hQ + h?R(h). Then
we have A(0) = I + h@ and A(h?) = e"?. Note that A(0) is irreducible for all sufficiently
small h because @ is also irreducible. Let 7(¢) be the first eigenvector of A(t) normalized to

1 in /3 norm. Then the sensitivity of 7 is reduced to the derivative of A(t).

Since 7 is normalized to 1 in /; norm, it follows from [12] Section 3 that
7'(0) = S*A’(0)m(0),
where S = A\ — A(0), and S* is the group inverse of S. (We refer [12] for further discussion
of the group inverse and derivative of Perron vector.)
When h is small, we have 1 — A = O(h). Hence S =1 —O(h) — I — hQ is an O(h)
small matrix. This means S* = O(h™1). In addition 4’(0) = R = O(1) by definition. Hence
7/(0) = O(h™'). Since 7t = 7(h?), we have

|7 — 7| = O(h™) x O(h?) = O(h).

This completes the proof.
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Therefore, we have that d,(7x,7x) = O(h) and d,(7y,7y) = O(h), which make the
second error term be the key part. The second error term is the difference between numerical

Poisson process of a mass-action system and its corresponding numerical diffusion process.

Proposition 5.2.1. Let T' > 0 be a fized constant. We can decompose d,(7x,7y) via the

following inequality:

do(Tx,7y) < du(Rx PE, #x PL) + dy(7x PL, #y PL) (5.2.2)

The term dy,(7x PL, 7x PL) is the finite time error and the term d,,(7x PL, 7y PL) can be
bounded by coupling methods.

There are two different ways to think about the distance d,,(7x,7Ty). One method is
considering 7y and 7y as conditional distributions on set R% /90X, i.e. 7ix(A) = {X € Alt <
7x} and @y (A) = {Y € Alt < v}, where 7x and 7y are the killing time for processes X
and Y, respectively. The other way is to use the X and Y that regenerate from QSDs. No
conditioning is needed as jix and fiy are now the invariant probability measures of X and
Y respectively. There are some fundamental difficulty when computing the finite time error
because it is hard to couple Xn and }Afn when one regenerates while the other does not. Hence

we choose to use X and Y instead.

5.3 Finite time error

We consider the modified processes X and \?, which are regenerated from the corre-
sponding QSDs when they hit the boundary. Let 7x and 7y be the invariant measures of
X and Y. Let I(dz,dy) = 7% (PL x PY), where #% is the coupled measure of 7x on the
”diagonal” of R? x R? that is supported by the hyperplane {(x,y) € R*|y = z} such that
# ({(z,2)]z € A})

processes are X and Y respectively. The following proposition follows easily.

7x(A), and ]5)7; X f’g is any coupled process such that two marginal
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Proposition 5.3.1. Let (X,,,Y,) be a coupling of X,, and Y, with transition kernel PL x P
then

dw(ﬁXP§’ 7ATX]5}:C) < Eﬁx [d<XT7 ?T)] :

Proof. By the definition of Wasserstein distance

dulix L 7x PY) < / d(z, y)i% (PL x PL)(dz, dy)

R4 xR

= /d E(x,x)d(XT, }N/T)’ffx(d.ilj) = Eﬁ'X [d(XT, Y/T)] .
R

O

The key of estimating the finite time error effectively is to create a good coupled process
(X'n,f/n). That is why we need to use the KMT algorithm to generate matching Wiener
process and Poisson processes. Here it remains to define how X, and Y, couple when
they regenerate from QSDs. Since we do not have QSD in priori, we will use X, and
Y, to approximate X,, and Y,. In other words, we regenerate samples from the temporal
occupation measure. To minimize error during sample regeneration, we define the following
coupled process (X, 1¥) and (Y, 1Y), such that X, and Y, follows equations (2.5.6) and
(2.5.7) respectively by using paired processes By(t) and Py(t) for each k, and pX, uY are
two occupation measures. S = (Z,---,Zn) (N is large enough) is a finite sequence of
uniform random variables on (0,1). Let Nx and Ny are the total number of regenerations
up to time n. In other words when Xnﬂ enters OX at step n and needs regeneration, we
increase Nx by one and choose the Nx-th element of S, Zy, to regenerate Xn+1, by letting
Xyt = XLZNXHJ' Then it is easy to see that (X, uX) and (Y, 1Y) is a Markov coupling
and the marginal processes (X,,Y,) is a coupling of equations (2.5.6) and (2.5.7).

Details of computation are shown in Algorithm 6. When N is large, initial values

X!, XM in Algorithm 6 are from a trajectory of the time-T skeleton of X7. Hence
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Algorithm 6 Estimate finite time error

Input: Initial value Xo
Output: An estimator of d, (7% PL, #L PF)
Set initial value X} = V}!
Generate a sequence of uniformly distributed random variable S
for m =1 to M do
Using the KMT algorithm to generate paired trajectories { Py} and { By}
If m # 1, reset initial value X = Ym Xm !
Let NX = Ny =0
for n =1to T do
Update e and Y, ", using equations (2.5.6) and (2.5.7) respectively

if Xm i1 € OX then

NX = NX +1
Let X;Z}rl = X[}NX n)
end if
if le € 0X then
Ny = Ny +1
Let Y| = YngYn |
end if
end for
Let d(X, Ys") = min(1, | X7 — Y77
end for

return MZM d( X, Ym)
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X ll,X 2. ,X{W are approximately sampled from 7x. The error term d()A({,?, Yj’ﬁ) evolved

from the initial value pair X = Y™ = X711 is recorded. Therefore,

| M
Z d(X, Ym) (5.3.1)
m:l
i1s an estimator of
Ex [d(XT, f/'T)] , (5.3.2)

which is an upper bound of d, (7% P¥, 7% PL).

5.4 Coupling inequality and contraction rate
Similar to the coupling inequality of the total variation norm, the distance d we use in this
thesis also satisfies the coupling inequality. Let (Zt(l), Zt(z)) be a coupling of two stochastic

processes and let 7, be the coupling time. The following Lemma follows easily.

Proposition 5.4.1. For a Markov coupling (Zt(l), Zt(2)), we have
(1) (2)
dw(law(Zy"), law(Z77)) < ( D Z N =P(r. > T).

Proof. By the definition of the Wasserstein distance,

d,,(law(Zp)), law(Z57)) < / d(&,mP((Z5, Z7") € (d, dn))
- /# d(&,nP((2y”, 27) € (d&, dn))
< / P((2), Z§) € (dg, dn))

#n

= P(Zy) # 2.
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Proposition 5.4.2. Assume that d,,(7x,7x) and d,(7y,7y) are in order O(h), then the

error
. BT~ BT
dyw(Tx Py, 7Tx Py)

11—«

dy(Tx, Ty ) <

+ O(h),

where o < 1 is the contraction rate of the transition kernel PL and d(7x PL, 7xPE) is the

finite time error.

Proof. By the triangle inequality,

dy(mx,my) < dy(mx, Tx) + dy(Tx, Ty ) + dw(Ty, Ty ).

Because both d(7x,7x) and d,(7y,7y) are O(h), we only need to estimate the second

term d,(7x, Ty ). By the triangle inequality again, we have

do(Tx, 7y) < do(ix PE, 7x PL) + dy(7x PL, #ty PL).

If the transition kernel P¥ has enough contraction such that

dy(7x PL, 7y PL) < ad,(7x, 7ty)

for some a < 1, then we have

dy(7x P, 7x PT)

dy (7, 7ry) < e (5.4.1)
Hence
dy(7x PT. #x PT
do(mx,my) < DEXPCTXDY) |6,
1l—«
Il

Therefore, in order to estimate d,(7x, Ty ), we need to look for suitable numerical es-

timators of the finite time error and the speed of contraction of P{. The finite time error
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can be easily estimated by Algorithm 6. And the speed of contraction o comes from the
geometric ergodicity of the Markov process Y is approximated by that of Y. If our numerical
estimation gives

do(7x PL #x PL) ~ dy(7x PL, 7ty PY) < Ce™ 7,
then we set a = ¢ 7. Similar as in [15], we use the following coupling method to estimate
the contraction rate a. Let Z = (}7(1),?(2)) be a Markov process in R2¢ such that Y
and Y® are two copies of Y. Let the first passage time to the ”diagonal” hyperplane

{(x,y) € R¥|y = x} be the coupling time. Then by Proposition 5.4.1
dy(7x PE, 7ty PY) < P(7, > T).

As discussed in [31], we need a hybrid coupling scheme to make sure that two numerical
trajectories couple. Under the condition that two trajectories coupled before extinction time,
some coupling methods such as reflection coupling or synchronous coupling are implemented
in the first phase to bring two trajectories together. Then we compare the probability density
function for the next step and couple these two numerical trajectories with the maximal
possible probability (called maximal coupling). After doing this for many times, we have
many samples of 7. denote by 7.. We use the exponential tail of P(7. > t) to estimate the

contraction rate . We look for a constant v > 0 such that

1
—v = lim - log(P
v = lim ~ log(P(r. > 1)
if the limit exists. See Algorithm 7 for the details of implementation of coupling. Note that
we cannot simply compute the contraction rate start from ¢ = 0 because only the tail of
coupling time can be considered as exponential distributed. Our approach is to check the
exponential tail in a log-linear plot. After having 7. , it is easy to choose a sequence of

times to,t1,-- - ,t, and calculate n; = [{77* > ;|0 < m < M}| for each i = 0,--- ;n. Then
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p; = n;/M is an estimator of P;, [7. > t;]. Now let p* (resp. p!) be the upper (resp. lower)

bound of the confidence interval of p; such that

u ~ ﬁ = 9] ]5 D
P :p—|—z~/5(1—p) (resp. pl=p— 2 5(1—]9)),

where z = 1.96, 7; = n; + 2% and p = ~(n; + é) [1]. If pl < e < p for each 0 < i < n, we
say that the exponential tail starts at ¢t = ¢;,. we accept the exponential tail with rate e=77
if the confidence interval pj; — pi-o is sufficient small. Otherwise we need to run Algorithm 7

for longer time to eliminate the initial bias in 7.

Algorithm 7 Estimation of contraction rate «

Input: Initial values z,y € X'/0X
Output: An estimation of contraction rate a
Choose threshold d > 0
for m =1 to M do
' =0,t =0, (f/()(l)? Y/O(Q)) = (ZL’, y)
Flag =0
while Flag=0 do
if V' and v, € X /0X then
if [V, —=¥,”)| > d then
Compute ( At(ﬂ, fft(ﬂ) using reflection coupling or independent coupling
tt+1
else
Compute (Yt(ﬂ, Yt(ﬂ) using maximal coupling
if coupled successfully then

Flag=1
T =1
else
t«—t+1
end if
end if
end if
end while
end for
Use 71+, 7M™ to compute P(7, > t|t < min(ryq), Ty@))

Fit the tail of logIP(7. > t|t < min(7ya), Ty )) versus ¢ by linear regression. Compute
the slope 7.
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5.5 Numerical Examples
5.5.1 SIR model

Consider an epidemic model in which the whole population is divided into three distinct
classes S(susceptible), I(infected) and R(recovered), respectively. After non-dimensionalization,

the ODE version of an SIR model reads

ds

2 = (o~ BST - u5)

% = (BST = (u+p+)1) (5.5.1)
dR

o (vI — pR)

where « is the birth rate, u is the disease-free death rate,p is the excess death rate for the
infected class,y is the recover rate for the infected population,and ( is the effective contact
rate between the susceptible class and infected class [13]. Note R completely depends on S
and I. So we just consider the evolutions of S and I.

Now we let V' be the total population and consider the corresponding stochastic mass
action network. There are four reactions are involved in this network. The stochastic mass

action network can be defined by a Poisson process X,,.
(5.5.2)

Applying the numerical representation in (2.5.6), we have the approximate rate functions

of Poisson process X,,:

n—1 n—1
qin = Z Vth, q2,n = Z Vhﬁsm[n"w
m=0 m=0

n—1 n—1
Gn =Y VhiSum, qan=Y_ Vhip+p+7)ln.
m=0 m=0
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Let P;,i = 1,2,3,4 be independent unit rate Poisson processes. Then X, is driven by
the discrete approximation of {P;}?_,. The rule of update of the numerical approximation
X, follows

~ Sn Sn 1 f Pa"'7P7q,n7"'7q,n
X = |7 = RN EA e ) , (5.5.3)

I I, v Fo(Pry - s Pr i, Qan)
where f; and fo comes from discrete approximation in equation (2.5.6). To improve the
readability of the present thesis, we move detailed expressions of f; and f5 to the appendix.
As described in Section 2.1, each Poisson processes P;,i = 1,2,3,4 is path-wisely ap-
proximated by a Wiener process B;,1 = 1,2, 3,4. Further, the discrete approximation X, is

pathwisely approximated by a Euler-Maruyama scheme Y, reads

~ Sn+1 Sn 1 gl(q17n7 e 7q47n) 1 Ul(Bla T B47 in, 7Q4,n)
Yot = = + % + % ;
It I, 92(Gims s Qan) 02(B1, -+, Ba,Gins 5 Qag)
(5.5.4)

where functions g;, g2, 01, and o5 follows the expression in equation (2.5.7). We refer the
appendix for the detailed form of these functions.

By the stationary increments property of standard Wiener process, we know that every
finite difference of B; is normally distributed. In addition Wiener processes B;,i = 1,2, 3,4

are independent. Therefore, equation (5.5.4) can be simplified to:

W
~ Sn Sn 1 g Qiny " s q4n 1 W
Vo= |7 = + = o ) + M ? (5.5.5)
Ina I, 92(qin, - Qan) Wi
W,
where W;,i = 1,--- |4 are independent standard normal random variables, and M is a matrix

that depends only on S,, and I,,. We refer readers to the appendix for the full expression of

M.
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In order to estimate the distance between two QSDs, we need to find the contraction
rate « for diffusion process Y above. However, the diffusion matrix M in Y is not square,
which makes a reflection coupling be difficult. Here we define an equivalent diffusion process
that is driven by a 2D Wiener process but has the same law as Y. In our simulation, we
compute the 2 by 2 covariance matrix N = M M7, and set the square root of N to be the

new diffusion matrix. Then Y can be re-written as

~ Sn 1 gl(Ql,na e 7q4,n)
Yoi1 = + %
[n g?(ql,Tw e aq4,n)
(5.5.6)

1 |44}
(N + det(N)Id) ,

_|_
V() + 2,/det(N) W

where tr(N) is the trace of N and det(NN) is the determinant of N, and Id is the identity
matrix. It is easy to see that the diffusion process Y in equations (5.5.5) and (5.5.6) are
equivalent. Hence we do not change its notation here. The modification of Y allows us to
run Algorithm 7 to compute the coupling time distribution.

It remains to compute the finite time error. Let X be the union of x-axis and y-axis.
The model parameters are set asa =7, =3, u = 1,p = 1,7 = 2. Processes X and Y admit
QSDs 7y and 7y, respectively. Long trajectories P(i1A) and B(iA) for i = {1,--- ,2%°} and
A = 0.01 are constructed when we consider the trajectory-by-trajectory behaviour of two
processes. The time step size is A = 0.001 and the fixed time is set as T' = 0.5.

The result for V' = 1000 is demonstrated in Figure 5.1. Left bottom of Figure 5.1 shows
the QSD of diffusion process Y. The QSD of the Poisson process is shown on right top of
Figure 5.1. The difference of these two QSDs is shown at the bottom of Figure 5.1. We
can see that the total variation distance between two QSDs is 0.0901, which is considered to
be small. This is reasonable because with high probability, the trajectories of both Poisson

process and the diffusion process moves far away from the absorbing set 0X’.
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volume V' | finite time error | contraction rate v | dy,(7Tx, Ty)
1000 0.0026 1.2853 0.0054
400 0.0079 1.2418 0.0170
100 0.0279 1.1613 0.0634
10 0.1748 1.0912 0.3639

Table 5.1: SIR model. Numerical results for different volumes

The total variation distance between two QSDs is consistent with the prediction developed
in this thesis. We first use Algorithm 7 to compute the distribution of the coupling time,
which is shown in Figure 1 Top Left. Then we use Algorithm 6 to compute the finite time
error. The finite time error is 0.0026 for V' = 1000. As a result, the upper bound given in
equation (5.4.1) is 0.0054 for V' = 1000, which is smaller than the empirical total variation
error 0.0901 in this case.

Then we carry out similar computations for V' = 10. The result is shown in Figure 5.2. To
compare with the case for V' = 1000 on the same mesh, we re-scaled the probability density
function obtained from the Monte-Carlo simulation. The probability density in one bin in
the coarse mesh is evenly distributed into many bins in the refined mesh. The difference
between two QSDs are shown at the bottom of Figure 5.2. It is not hard to see the total
variation distance becomes significantly larger when the volume gets smaller. Same as above,
we use Algorithm 7 to compute the distribution of the coupling time distribution ( Figure
5.2 Top Left) and use Algorithm 6 to compute the finite time error. The finite time error is
0.1748 for V' = 10. As a result, the upper bound given in (5.4.1) is 0.3639 for V' = 10. This
is consistent with the numerical finding shown in Figure 5.2 Bottom Right.

As we consider the effect of the capacity volume, the finite time error and the contraction
rate for different volumes are compared in Table 5.1. The last column d,,(7x, 7y ) is computed
using (5.4.1). Being consistent with Theorem 2.5.2, the 1-Wasserstein distance between two

QSDs is smaller as V' getting larger.
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slope — -1.2853
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Figure 5.1: (Case V = 1000) Upper panel: (Left) P(7. > t|7 < t) vs.t. (Right) QSD of
Poisson process. Lower panel: (Left) QSD of diffusion process. (Right) Total variation of
two QSDs.

5.5.2 Oregonator system
In this example, we consider a well known example of chemical oscillator called the
Belousov-Zhabotinsky (BZ) reaction model or ”Oregonator” [7,16,20]. The ODE version of

an Oregnator system is given by

dd—stfl = 3132 — 028152 + 0381 - 2045%
d

% = —C’152 — 025152 + C5hS3

dS

d_153 = 205351 — C555.

We refer Figure 5.3 Top Left for a sample trajectories of the Oregonator on R%. The
parameter values are chosen as C7 = 2560,Cy = 800000,C5 = 16000,Cy; = 2000,C5 =

9000, 0 = 0.4.

Let V' be the volume. Six reactions in this process are shown as following.
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Figure 5.2: (Case V' = 10) Upper panel: (Left) P(7. > t|7 < t) vs.t. (Right) QSD of
Poisson process. Lower panel: (Left) QSD of diffusion process. (Right) Total variation of
two QSDs.

52%51, S1+52%®, S; £ 25, + 29,

29, 29, 5, X g, 5, CEVy

Applying the numerical representation in (2.5.6), we have the approximate rate functions of

Poisson process X,, = (S1.n, S2.n, S3.n):

n—1 n—1 n—1
qin = Z Vh0152,m, qo.n = Z VhCQSl,mSZ,mu q3n = Z VhCZ&Sl,mv
m=0 m=0 m=0

n—1 n—1 n—1
G = > VhCiST,., @sn =Y VhC5683m, Gsn =Y _ VhC5(1—8)Ssm.

We remark terms S ,, is the numerical value of species S at time step m, and cases of other

terms are analogous. Hence the Poisson process X of the Oregonator model can be written

as
Sl,n+1 Sl,n fl(Ph”' apﬁaQL’ru"' aq&’n)
N 1
Xnpp1 = S2,n+1 = S2,n + V .f2(P17 T 7P67Q1,n7 ce 7QB,n) )
SS,n+1 S3,n f3(P1, s ,Pﬁ,ﬁh,m te aQG,n)
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where P;,i = {1,--- ,6} are independent unite rate Poisson processes. fi, f2 and f3 comes
from discrete approximation in equation (2.5.6). To improve the readability of the present
thesis, we move detailed expressions of f;, fo and f3 to the appendix.

The diffusion approximation Y can be written as

Stn+1 Sin 91(qin, 5 Qo) o1(B1, B, qiny 5 G6,n)
Vo1 = Somy1 | = | Sam +é 92(q1ns -+ 1 G6n) +% o2(B1, -+, Bs, Gin, 5 Qon)
S3,n+1 SS,n 93(Q1,n, T aQ6,n> 0'3(31, -+, Bg, qin, " >Q6,n)

(5.5.7)

where B;,i = {1,---,6} are independent standard Wiener processes, functions g;, g2, gs,

01, 02 and o3 follows the expression in equation (2.5.7). We refer the appendix for the
detailed form of these functions.
By the stationary increments property and independence of Wiener processes B;,i =

{1,---,6}, equation (5.5.7) can be simplified to:

Wi
W
Sl,nJrl Sl,n gl<q1,n7 e 7q€3,n)
N 1 1 W3
Yn+1 = S2,n+1 = S2,n t+ 92<q1,na e 7Q6,n) + —M (558>
1% V W
4
S3n+1 S3m 93(quins Qo)
Ws
Ws
where W;,i =1, --- ,6 are independent standard normal random variables, and M is a matrix

that depends only on S, and I,,. We refer readers to the appendix for the full expression of
M.

Let X be union of x-axis, y-axis and z-axis. Processes X and Y admit QSDs #y and
Ty, respectively. Long trajectories P(:A) and B(iA) for i = {1,---,2%°} and A = 0.001 are
constructed when we consider the trajectory-by-trajectory behaviour of two processes. The

time step size is h = 107® and the fixed time is set as 7' = 0.0002. Large rate coefficients C;

74



make the numerical results easily to beyond the length of long trajectory B(iA), so we pick
small time step size h and the fixed finite time 7.

Figure 5.3 Top Left shows the solution of the ordinary differential equation. For any initial
point, the trajectory eventually converges to the limit cycle. In terms of thermodynamics,
the oscillation is induced through dissipation of energy and is often called a self-sustained
oscillator [35]. The trajectories of Poisson process and the diffusion process up to fixed time
T = 0.0002 are shown on the Top Right and Bottom Left. It looks that the trajectories are
close and this is reasonable because with high probability, the trajectories of both Poisson
process and the diffusion process moves far away from the absorbing set 9X. There are only
a few regeneration events (the lines crossing the limit cycle). We compute the distribution
of the coupling time. The coupling time distribution and its exponential tail are shown in
Figure 5.3 Top Left. Then we use Algorithm 6 to compute the finite time error. The finite
time error is 0.0057 for V' = 1000. As a result, the upper bound given in (5.4.1) is 0.0116 for
V' =1000. For V = 10, the finite time error is 0.4531 and the upper bound given in (5.4.1)
is 0.4531.

To compare the different situations for volume V' = 1000 and V = 10, we plot the
trajectories for both processes for each species. Trajectories for V' = 1000 is shown in the
upper row of Figure 5.4 and lower row shows the case for V' = 10. It is not hard to see
the Poisson process is quite close to the diffusion process when V' = 1000. But when the
volume is too small, not much Poisson jumps can be observes in the Poisson process, while
significant noise can be seen in the diffusion approximation. As a result, the finite time error
for V= 101is 0.0563, which is around ten times larger than that for V= 1000. Same as above,
we compute the contraction rate 7 of the coupling time distribution to be 2.0927 x 10°. This
is due to the large magnitude of noise in the diffusion approximation. As a result, the upper
bound given in (5.4.1) is 0.4531 for V' = 10. We conclude that the diffusion approximation

does not approximate the QSD well when the volume is not large enough.
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Figure 5.3: (Case V' = 1000) Upper panel: (Left) ODE trajectories. (Right) Trajectories
of Poisson process. Lower panel: (Left) Trajectories of diffusion process. (Right) P(7, >
t|T < t) vs.t.

volume V' | finite time error | contraction rate 7 | dy,(7Tx, Ty)
1000 0.0057 3.3616*10° 0.0116
400 0.0205 2.0599*10% 0.0208
100 0.1322 6.0150*10* 0.1322
10 0.4531 2.0927*10° 0.4531

Table 5.2: Oregonator model: Numerical results for different volumes

As we consider the effect of the capacity volume, the finite time error and the contraction
rate for different volumes are compared in Table 5.2. The last column d,,(7x, 7y ) is computed
via (5.4.1). It is not hard to see that upper bound of d,,(7x, Ty ) is quite larger when V' = 10.
This is consistent with Theorem 2.5.2, the supreme distance between two processes will be

smaller as V' is getting larger.

5.5.3 4D Lotka-Volterra Competitive Dynamics
Originally derived by Volterra in 1926 to describe the interaction between a predator

species and a prey species [33] and independently by Lotka to describe a chemical reaction
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Figure 5.4: (V' = 1000 vs. V = 10) Upper panel: (Left) Trajectories of Poisson process
for V'=1000. (Right)Trajectories of diffusion process for V' = 1000 . Lower panel: (Left)
Trajectories of Poisson process for V' = 10. (Right) Trajectories of diffusion process for
V =10.

[44], the general Lotka-Volterra model is widely used in ecology, biology, chemistry, physics,
etc [37]. In this example we consider here a chaotic system in which 4 species with whole

population V' compete for a finite set of resources. The ODE version of the system reads.

das;
dt

= TzSz(]. - Zaiij), 1= ]., 2,3,4.

J=1

Here 7; represents the growth rate of species ¢ and a;; represents the extent to which species

7 competes for resources used by species 7. The parameter values are

1 1 109 152 0
4 0.72 4 0 1 044 1.36
r=(ri)i_ = , A= (aij)i,jzl -
1.53 233 0 1 047
1.27 1.21 051 035 1
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For ¢ =1,--- ,4, all reactions in this system are shown as follows.
S; =25, S14+8; "B S, Sy 48 B S, S5+ 5; S, 8,45 S,
The corresponding rate functions are

n—1

qi’l = VhT’iS@m
m=0
n—1

o = Z VhriainSy,mSim

m=0
n—1

Q?g = Z Vh?”iamsz,msi,m

m=0
n—1

'y = VhriaisSsmSim

m=0
n—1

Q% = Z Vh?”iaz‘454,msi,m

m=0

As three zeros appear in coefficient matrix A, this system actually include 17 reactions.

Therefore, the Poisson process X = (S1m5 S2.m5 S3.nsSa,n) can be written as

Sl,nJrl Sl,n fl(Pb o 5P177QZ17 e 7QZ5)
N S2.n+1 Son 1| fo(Pr,- - 7P17>Q?,1> T ,QZs)
Xn+l = - +V )
S3,n+1 S3,n f3(P17 e ,P17,q21, o 7q25)
547714_1 54,71 f4(P17 T 7P17>qiﬂ;17 o aqir,LS)

where i =1,--- ,4, Pj, j ={1,---,17} are independent unit rate Poisson processes, f1, fa,
f3 and f; comes from discrete approximation in equation (2.5.6). To improve the readability

of the present thesis, we move detailed expressions of f; to f4 to the appendix.
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The diffusion approximation Y can be written as

Sl,n+1 Sl,n gl(Qz‘Tfla 7q?75) Ul(Bla"' aB177qinl>'” 7%‘75)
~ 52,n+1 SZ,n 1 g2(QZ17"' 7qZ5) 1 0-2<Bl7"' aB177QZ17'” 7QZ5)
Yn-‘rl - - +V +V ,
S3mt1 S3.n 93(6121a 7%7?5) o3(By, - ,31776]217--. 7QZ5)
S4,n+1 S4,n 94(Q21a ’ ,CJ%) 04(317" ’ aBl’?ann,la' o aq:f5)
(5.5.9)
where i =1,--- .4, B;, j ={1,---,17} are independent standard Wiener process, functions

g1, g2, g3, g4, 01, 02, o3 and o4 follows the expression in equation (2.5.7). We refer the
appendix for the detailed form of these functions.
By the stationary increments property and independence of Wiener processes B;,i =

{1,---,6}, equation (5.5.9) can be simplified to:

Wi
Sl,nJrl Sl,n
W
~ S n S n 1 gilqi, ¢ 1
Yo = Al |7 + v 1 ) + VM : (5.5.10)
S3n41 S3n g2(q1, Q)
Wig
S4,n+1 S4,n
Wiz
where W;,2 = 1,--- ,17 are independent standard normal random variables, and M is a

matrix that depends only on S, and I,. We refer readers to the appendix for the full
expression of M.

Let X be union of 4 axes. Processes X and Y admit QSDs 7y and #y, respectively.
Long trajectories P(iA) and B(iA) for i = {1,---,2?*} and A = 0.01 are constructed when
we consider the trajectory-by-trajectory behaviour of two processes. The time step size is
h =0.001 and the fixed time is set as 7" = 1.

Figure 5.5 Top Left shows the solution of the ordinary differential equation projected
onto x1xox3 space. The trajectories of Poisson process and the diffusion process are shown

on the Top Right and Bottom Left. It looks that the trajectories are close and this is
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reasonable because with high probability, the trajectories of both Poisson process and the
diffusion process moves far away from the absorbing set dX. We compute the distribution
of the coupling time. The coupling time distribution and its exponential tail are shown in
Figure 5.5 Top Left, that gives the contraction rate v = 0.0849. Then we apply Algorithm
6 to compute the finite time error. The finite time error is 0.0030 for V' = 1000. As a result,
the upper bound given in (5.4.1) is 0.0375 for V' = 1000.

To compare the different situations for volume V' = 1000 and V' = 10, we plot trajectories
of each species for V"= 1000 in Figure 5.6, and the case for V' = 10 is shown in Figure 5.7. It
is not hard to see the trajectory-by-trajectory behavior between Poisson process and diffusion
process is quite remarkable when V' = 1000. However, more regeneration happens in Poisson
process when V' = 10. So it’s not surprised us that the finite time error for V' = 10 is 0.1286,
that around 40 times larger than the case for V' = 1000. Trajectories of the Poisson process
have high probability moving along the boundary in this case. Same as above, we compute
the contraction rate v of the coupling time distribution to be 1.7905. As a result, the upper
bound given in (5.4.1) is 0.1543 for V' = 10.

ODE trajectory Diffusion process

Possion process slope = -0.0849

log Pl7. > t|r > ]

time t

Figure 5.5: (Case V' = 1000) Upper panel: (Left) ODE trajectories. (Right) Poisson
process. Lower panel: (Left) Diffusion process. (Right) P(7. > t|7 < t) vs.t.
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volume V' | finite time error | contraction rate v | dy,(7Tx, Ty)
1000 0.0030 0.0849 0.0375
400 0.0110 0.1831 0.0659
100 0.0502 0.3110 0.1878
10 0.1286 1.7905 0.1543

Table 5.3: 4D Lotka-Volterra model: Numerical results for different volumes
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Figure 5.6: (Case V' = 1000) Poisson trajectories and diffusion trajectories for 4 species .

As we consider the effect of the capacity volume, the finite time error and the contraction
rate for different volumes are compared in Table 5.3. The last column d,,(7x, 7y ) is computed
via (5.4.1). It is not hard to see that upper bound of d,,(7x, Ty) is quite larger when V' = 10.
This is consistent with Theorem 2.5.2, the supreme distance between two processes will be

smaller as V' is getting larger.

5.6 Conclusion
we develop a coupling-based approach to quantitatively estimate the distance between
the QSD of a stochastic mass-action process and that of its diffusion approximation. The

dependence of QSDs in terms of the volume of the mass-action system is studied. To address
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Figure 5.7: (Case V' = 10) Poisson trajectories and diffusion trajectories for 4 species.

the challenge of QSDs, we use the idea of regeneration from QSDs after exiting to construct
a process with stationary distribution. This is the the main change from our previous
work [15,31]. Both the coupling algorithm and the path-wise matching of a stochastic mass-
action system and its diffusion approximation need to be adapted to the regeneration from
QSDs. We compare the finite time error and the rate of contraction for different population
size V. All numerical results shows that the distance between two QSDs is smaller for larger
population. In general, the effect of demographic noise must be seriously addressed when
the population is small.

The study of path-wise approximation of stochastic mass-action systems by diffusion
processes and the coupling of diffusion processes motivates a very interesting question. All
our existing work relies on the reflection coupling of diffusion processes, which is known to be
highly effective. Then how can one effectively couple two continuous-time Markov processes
on a lattice? A successful coupling of two trajectories of a mass-action system will extend our
framework of sensitivity analysis to many more applications. We believe it is very difficult to

couple the exact stochastic mass-action system because random events occur at continuous
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time. However, there may be some way of building a ”discrete reflection” and coupling two
tau-leaping trajectories, i.e., two trajectories of equation (2.5.6) effectively. This will be

addressed in our future work.
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APPENDIX

EXPRESSIONS OF MASS-ACTION SYSTEMS AND THEIR
DIFFUSION APPROXIMATIONS

To improve the readability, we put the explicit formulas of the Poisson approximation

and the diffusion approximation for each model in this section.

A.1 SIR model

There are four reactions are involved in the SIR system, so we have 4 pairs of Poisson
process P; and Wiener process B; appear in the evolution of each class. The rule of update

of the numerical approximation X,, follows

> S
Xnt1 = ( ntl

Ipnt1
_ (Sn) 1 ([Pl(q1,n+1) — P1(q1,n)] — [P2(92,n41) — P2(q2,n] — [P3(a3,n+1 — Pa(q3,n)])
I, % Pa(q2,n41) — P2(‘12‘n)‘ﬂ> — [P4(qa,n11) — Pa(qa,n) ’
— (Sn)Jri(fl(le-' v Pa,qin, ,q4,n))
’ I, v \F2(P1, -+, P4,q1,ns " s94,n

where P;,i = {1,2,3,4} are independent unit rate Poisson processes.
The rule of update of the numerical approximation Y,, follows

N 1 _ — _ _ S
Vg1 = (Sn+1> _ (irz) i = ([ql,n+1 q1,n] — [92,n+1 — 92,n) — [43,n+1 %,n])

Inya laz,n+1 — a2,n] — [@4,n+1 — q4,n]
4 1 ([31(Q1,7l+1) — Bi1(q1,n)] — [B2(92,nt+1) — B2(a2,n)] — [B3(43,nt1 — Bs(%,ﬂ)
\% [B2(92,n+1) — B2(g2,n)] — [Ba(qa,n+1) — Ba(qa,n)) ’
— (Sn +i 91(q1,n," " s q4,n) +i o1(B1, s Ba,q1,n: " ,q4,n)
In v \92(q1,n, " 1 94,n) v \o2(B1, -+, B4,q1,n, " sq4,n)) "’

where B;, i = {1,2,3,4} are independent standard Wiener processs.
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As two classes S,, and I,, and four reactions are considered in this SIR model, the corre-
sponding diffusion matrix M should be a 2 x 4 matrix. Specifically, the diffusion matrix M
reads as

Vo= Snt1) — (Sn) 4 1 a1,n+1 — 91,n] — [92,n41 — 92,n] — [@3,n+1 — 93,n]
nt Int1 In v 2,n+1 — 92,n] — [@4,n+1 — @4,n
Wy
4 1 ( 91,n+1 —d1,n  —+/42,n+1 —92,n  —/43,n+1 — 43,1 0 ) Wo
\% 0 Vaz,n+1 — a2,n 0 —V4,n+1 — q4,n W3
Wy
_ (Sn 1 ( Vha — VhBSpIn — VhuSy
I, v \VhBSpIn — Vh(u+p+v)In
Wi
" 1 (\/Vha —VVhBS, I, —/VhuS, 0 ) Wa
\% 0 VVhBSp T, 0 —V/Vh(u+p+)In MW/3
1

Wy
Sn 1 (g1(q1,n, -+ »qa,m) 1 Wy

= = , ; —M
(In) + v <g2(q1m,,~- ) q4,m) + v W3

where W;, i ={1,2,3,4} are independent standard normal distributed random variables.

A.2 Oregnator model

For the Oregnator model, there are six reactions involved. So we have 6 pairs of Poisson
process P; and B; in the approximations. The rule of update of the numerical approximation

Xn follows

R S1,n41 S1,n
Xn+1 = |S2,nt1 | = | S2,n
S3,n+1 S3.n

1 ([P1(a1,n+1) = P1(q1,n)] = [P2(a2,n+1) — P2(q2,n)] + [P3(a3,n+1) — P3(q3,n)] — 2[Pa(qa,n+1) — Pa(qa,n)]
—[P1(q1,n+1) — P1(q1,n)] — [P2(q2,n+1) — P2(q2,n)] + [P5(a5,n+1) — P5(a5,n

v 2[P3(a3,n+1) — P3(a3,n)] — [Ps5(a5,n+1) — P5(a5,n)] — [Ps(a6,n+1) — P6(q6,n)]
Si,n 1 [f1(P1,-- , P6,q1,n, " 146,n)
= | S2.n +; f2(P1, -+, P6,q1,n> " 146,n)
S3,n f3(P1, -, P6:q1,ns " 1 46,n)

where P;,i = {1,---,6} are independent unite rate Poisson processes.
The diffusion approximation Y can be written as

N S1,n+1
Ynt1 = | S2,n+1
S3,n+1
<51,n> 1 ([q1,n+1 —q1,n] = [92,n+1 — 92,n] + [@3,n+1 — a3,n]) — 2[q4,n+1 — 114,n]>

=[S2n |+ v —[q1,n4+1 — 41,n] — [@2,n+1 — 92,n] + [d5,n4+1 — 95,n]

3,n 2[g3,n+1 — a3,n] — [a5,n+1 — 45,n] — [96,n+1 — g6,n]

1 [[B1(q1,n+1) — B1(q1,n)] — [B2(92,n+1) — B2(92,2)] + [B3(a3,n+1) — B3(q3,n)] — 2[Ba(q4,n+1) — Ba(q4,n)]
+ v —[B1(q1,n+1) — B1(q1,n)] — [B2(a2,n+1) — B2(a2,n)] + [B5(q5,n+1) — B5(a5,n)]
2[B3(a3,n+1) — B3s(a3,n)] — [Bs5(a5,n+1) — Bs(a5,n)] — [B6(a6,n+1) — Be(a6,n)]

S1,n 1 {91(q1,ns " 1 q6,n) 1 (o1(B1, -+, B6,q1,n," " 196,n)
= [S2n | +—=(92(@1,n, - sa6,n) | + = | o2(B1, - ,B6:91,n> " 496,n) | »

S3,n 93(q1,ns " 1 96,n) V \es(B1, -+ ,Bs,q1,n: "+ »46,n)

where B;,{i = 1,--- ,6} are independent Wiener processes.
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As we focus on three classes S, S2,, 53, and six reactions, we can confirm that the

diffusion matrix M is a 3 x 6 matrix. Specifically, the diffusion matrix M is defined as
follows.

R S1,n+1
Ynt1 = [ S2,n+1

S3,n+1

S1,n 1 (lar,n+1 — a1,n] = [@2,n+1 — 92,n] + [43,n+1 — a3,n] — 2[q4,n+1 — q4,n]
=|S2n |+ v —[a1,n+1 — q1,n) — [92,n+1 — 92,n] + [a5,n+1 — a5,n])
S3.n 2(q3,n+1 — a3,n] — [a5,n+1 — 45,n] — [96,n+1 — 96,n]
Wi
1 91,n+1 — d1,n —V42,n+1 — 92,1 Va3,n+1 — 43,0 —/2la4,n+1 — q4,n] 0 0 gQ
+ v | VA - an —Va2,n+1 — 942,n 0 0 Va5,n+1 — 45,1 0 WZ
0 0 2[q3,n+1 — q3,n] 0 —Va5,n+1 —d5,n  —/46,n+1 — 96,1 Wi
We
Si,n 1 [VhCiS2,n — VhC2S1,nS2,n + VhC3S1,n — 2VhC4ST ,
= Soim | + = VhC1 S35 — VhC281 1 Sa.m + VhC56S3.5
S3,n v 2VhC351,5 — VhC58S3,n — VhC5(1 — §)S3,p,
Wi
VVRC1S2,,  —\/VRC351 nS2.n VhC3S1,n, 2,/VhC4S?,, 0 0 W2
+ v —/VhC1S2,  —/VhC251 nS2.n 0 0 VhC5653,n 0 %ﬁ
0 0 2,/VhC551 0 —/ViC5653.,, —+/VhC5(1—08)S3.,) | Wy
We
Wiy
%%
S1,n 1 (91(q1,ns" " 1 q6,n) 1 W?J,
= | S2m | + = |92(q1,ns - s d6m) | + M|y |
S3.n 93(a1,ns " ,46,n) v +
s 3’ ERLd W5
We

where W;, {i = 1,--- ,6} are independent standard normal distributed random variables.

A.3 4D Lotka-Volterra model

For the 4D Lotka-Volterra system, there are 17 reactions involved, so we have 17 pairs of
Poisson process P; and Wiener process B;. The rule of update of the numerical approximation

X », follows

S1,n+1 S1,n
> So n+1 Sa .,
e _ 1| n

ntl S3,n+1 S3,n

Sa,n+1 Sa,n

[P1(q1,n+1)—P1(a1,n)]—[P2(a2,ny1)—P2(a2,n)]—[P3(q1 n+1)—P3(q1,n)]—[Pa(a4 nt1)—Palaa,n)]
1 [P5(a5,n+1)—P5(a5,n)]—[Pe(a6,n+1)—P6(a6,n)]—[P7(a7 nt1)—P7(a7,n)1—[P(a8 nt1)—Pslag,n)]
[Pg (a9, n+4+1)—Pg(a9,n)]—[P10(a10,n+1)—P10(a10,n)]—[P11(q11,n+1)—P11(q11,n)]—[P12(q12 nt+1)—P12(q12,n)]
[P13(a13,n+1)—P13(913,n)]—[P14(914,n+1) = P14(914,2)] = [P15(915, n+1) — P15(915,n)] = [P16 (916,n+1) — P16 (916,n)] — [P17(917 nt+1) — P17(a17,n)]

S1m F1a(Pi, - Pir,aity, 0 5 4505)
_ | s2.n 1 | f2(P1, - Pir,aiq, 0 5 4505)

S3,n v | fa(Pi,- Piryagy, s ais) |

S4,n fa(Pi, -, Pi7,4i 1, ,4di5)

where ¢ = 1,---,4 and P;,{j = 1,---,17} are independent unit rate Poisson processes.
The diffusion approximation Y can be written as
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S1,n41 S1,n la1,n4+1—91,n]— 92, n4+1—92,n]— (43, n+1—93,n]—[94,n4+1—94,n]

Vo= Sont+1 | _ [ S2n n 1 las,n+1—95,n1—1496,n+1-96,n] =97 nt1—97,n]—[a8 nt+1—48,n]
n+ S3,n+1 S3,n v a9, n+1-99,n]—[910,n+1—210,n]—[911,n+1—911,n)— (912, n+1—212,n]
Sa,n+1 Sa,n

, [a13,n+1—913,n)— (914, n+1 914, 0]~ (915, n+1—915,n)—[916,n+1—916,n] — (917 n+1—917,n]
[B1(a1,n+1)—B1(a1,n)]—[B2(a2 n41)—B2(a2,n)]1—[B3(a3 n+1)—B3(a3,n)]—[Ba(aq n+1)—Balaan)]
L [B5(a5,n+1)—Bs(a5 n)]1—[Be(a6,n+1)—Be(a6,n)]—[B7(a7 n+1)—B7(a7 n)]—[Bg(ag, nt+1)—Bg(ag,n)]
[B9(99,n+1)—B9(99,n)]1—[B10(910,n+1)—B10(910,n)]—[B11(911,n+1) —B11(a11,n)]—[B12(912,n+1)—B12(q12,n)]
[B13(913,n+1)—B13(q13,n)]1—[B14(914,n+1)—B14(914 n)]1—[B15(915,n+1) —B15(915,n)]—[B16(916,n+1) —B16(q16,n)]1—[B17(917, n+1) —B17(q17,n)]

S1,n 91(ai' 1, 5 47s) o1(B1,- -+, Bi7,4}1, - ,4}5)
S2,n 1 | g2(ais 5 4its) X o2(B1, -+, B17,40 15,4} 5)
S3,n v |93(air 5 4is) v (o3(B1, -, Bi7, 471, 1 455) |’
Sa,n 9a(aiiy, - 4i'5) o4(B1, -+, B17,45 1, 1 455)

where ¢ =1,--- 4, B;,{j =1,---,17} are independent Wiener processes.
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