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a b s t r a c t

An experimental study is presented to measure the elastic, yielding, and crushing properties of individual
particles under compression using substrates made of aluminum alloy, stainless steel, and sapphire.
Carefully selected, highly spherical individual Ottawa sand particles of 0.75e1.1 mm in nominal diameter
were compressed between two smooth substrates, and the loadedeformation curves were analyzed by
Hertz elastic contact theory to derive their reduced modulus and Young’s modulus as well as yielding
and crushing strengths, which vary significantly with the type of substrate materials. Further analysis of
the yielding and plastic deformation at the particle-substrate contact shows that the yield strength or
hardness of the substrate materials dominates the local contact behavior and hence affects the measured
apparent yielding and crushing strengths. The two softer substrates (aluminum alloy and stainless steel)
actually lead to underestimated apparent shear yield strengths of quartz particles by 60.4% and 54.2%,
respectively, which are actually the yielding of substrates, while the true particle yielding occurs in the
sapphire-particle contact. Moreover, the two softer substrates cause much overestimated crushing
strengths of the quartz particles by 50.4% and 36.4%, respectively. Selection of inappropriate substrate
materials and inappropriate interpretation of the particle-substrate contact can lead to significant errors
in the measured yielding and crushing strengths. It is recommended that single particle compression
testing uses substrates with yield strength greater than that of the tested particles and result interpre-
tation also considers the elastic and yielding behaviors of the substrates.
� 2021 Institute of Rock and Soil Mechanics, Chinese Academy of Sciences. Production and hosting by
Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

1. Introduction

Significant advances in the micromechanics of granular ma-
terials such as sands and other crushable particles have been
achieved over the past few decades, which have generated much
new knowledge and improved understanding of the behavior of
granular materials at the microscale or particle level (Antonyuk
et al., 2005, 2010; Rahmanian et al., 2009; Hibare et al., 2011;
Peng et al., 2014; Druckrey et al., 2016; Pejchal et al., 2017). In fact,
the development of micromechanics has been spurred and

facilitated by two major scientific and technological advance-
ments: discrete element method (DEM)-based numerical simu-
lations that deal explicitly with the particle-to-particle
interactions (e.g. interparticle contact forces, and particle crush-
ing) at the microscale, and experimental measurements of indi-
vidual particles’ properties such as crushing behavior (particularly
particle crushing strength) used as necessary input parameters
(e.g. the bonding strength for adhering together numerous small
rigid spheres to make up a large agglomerate modeled as a large
“parent particle”) for DEM simulations. As such, obtaining highly
accurate mechanical properties (e.g. crushing strength, elastic
modulus, and possible yield strength) of individual particles as
input parameters plays a key role in DEM simulations as well as in
understanding and prediction of stressestrain-strength behaviors
of granular materials. Actually, one limitation of the DEM simu-
lations is the omission or exclusion of purely plastic yielding
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phenomenon in the loadedeformation behavior of individual
particles, although particle crushing is explicitly considered by the
adoption of aforementioned “parent particle” concept. Moreover,
the particle-to-particle contact stiffness used in most DEM sim-
ulations is an averaged parameter derived via inverse analysis
from the overall mechanical response of a particle assemblage, but
not directly measured from particle contact experiments. These
two limitations of DEM simulations make it worthy to further
study the elastic and yielding behaviors of individual particles of
interest, in addition to crushing strength.

On the other hand, the crushing behavior of sand particles and
its pertinent role in the micromechanics of soils and other gran-
ular materials have also been extensively studied in recent years.
To date, it is widely recognized that particle crushing is a micro-
scopic mechanism governing a wide range of macroscale defor-
mation and strength characteristics of granular materials. First,
particle crushing contributes to the one-dimensional (1D)
compression behavior, particularly at high stresses (Zhang et al.,
1990; Chuhan et al., 2003; Chester et al., 2004; Wu et al., 2004;
Brzesowsky et al., 2011). In fact, it is agreed that, during 1D
compression of granular materials such as sand, the yielding
marks the onset of particle crushing and the macroscopic yielding
stress of a sand assemblage is closely related to the single particle
crushing strength (McDowell and Harireche, 2002; Cil and
Alshibli, 2012; Yoshimoto et al., 2012), while the normal
compression (i.e. the post-yielding deformation) is mainly due to
the particle crushing (McDowell et al., 1996; Cil and Alshibli,
2012). A similar concept is the “limiting compression curve
(LCC)” defined in one of the most rational and sophisticated
models, the “MIT-S1” model (Pestana and Whittle, 1995). This
concept actually attributes the normal compression deformation,
particularly at high stresses, to particle crushing that dominates
the deformation behavior, including volume change characteris-
tics. Second, due to particle crushing, a sand assemblage or other
granular material can experience continuous deformation under
high stresses, resulting in the conversion from a coarse-grained
material into a fine-grained one accompanied by significant
changes in the material’s particle size distribution. In other words,
the volumetric change of a sand under high stresses originates
from primarily particle crushing and secondarily particle rear-
rangement to new positions (Santamarina and Cho, 2004; Müller
et al., 2013; Pejchal et al., 2017; Todisco et al., 2017). Finally,
numerous experimental and microstructural investigations have
indicated that the brittle crushing strength is an important
parameter controlling the compaction behavior of sand at high
stresses (Bagherzadeh et al., 2011; Cil and Alshibli, 2012, 2014;
Druckrey et al., 2016). As particle crushing changes the particle
size distribution of a brittle particulate material such as sand, it
directly affects the mechanical properties, such as the dilation or
contraction behavior and internal angle of friction at high stresses
(Bolton, 1986).

Classical soil plasticity models cannot describe well the consti-
tutive behavior of granular materials, due to their incapability of
considering particle crushing. To date, advances in continuum-
based breakage mechanics such as the MIT-S1 model (Cheng
et al., 2007) as well as others (Einav, 2007a, b) have enabled the
incorporation of particle breakage into the constitutive models.
Inspired by the idea of a scalar breakage index, other elastoplas-
ticity models have also been proposed for crushable granular ma-
terials (e.g. Daouadji and Hicher, 2010; Kikumoto et al., 2010). In
fact, this is different from the treatment of classical soil plasticity
models where the plastic deformation of granular materials was
modeled within the framework of frictional energy dissipation and
hardening plasticity (Roscoe et al., 1958; Roscoe and Burland,1968).
With regard to the microscale failure modes, prior petrographic

studies have revealed that the dominant particle failure mecha-
nisms leading to single particle crushing and particle assemblage
compaction are the development of intra-particle and trans-
particle tensile cracks at the particle contacts resulting from point
loading (Chuhan et al., 2002; Chester et al., 2004). Numerically,
single particle crushing has been studied using DEM simulations
(McDowell and Harireche, 2002; Cheng et al., 2003; Cil and Alshibli,
2012) and fractal theory (McDowell et al., 1996). Wang et al. (2015)
examined the statistics of single particle crushing strengths using
fractal theory and developed theoretical formula for particle
crushing strength by considering the characteristics of crushed
particle size distributions and evaluating particle crushability.
Kwag et al. (1999) carried out a series of single particle compression
tests and discussed in detail the crushing mechanisms of three
kinds of particles with different shapes. A representative particle
crushing stress which reflects the single particle strength was
found to correlate well with the crushability. Lee (1992) examined
the crushing strengths of limestones from different geographical
origins and found that the crushing strength of a single particle
generally increases with decreasing particle size (Chuhan et al.,
2002; McDowell and Harireche, 2002), which is in accordance
with the observation that, with increasing particle size and hence
the number of microstructural defects, the particle becomes
weaker (Zhang et al., 1990; Karner et al., 2005).

More recently, naturally occurring sands (e.g. Ottawa sand)
and artificially manufactured ceramic, sand-sized particles
have been widely used as proppants added to hydraulic frac-
turing fluids to facilitate and enhance the recovery of oil and
gas from tight reservoir formations such as shales and even
sandstones (Nakata et al., 2001; Cheshomi et al., 2015; Haki
et al., 2017; Du et al., 2018). Knowledge of the mechanical
properties (e.g. crushing strength, yield strength, and elastic
modulus) of these highly spherical proppants is of key
importance for their performance under high geostatic
compressive stresses in deep Earth. After being hydraulically
injected with fracturing fluids into the fractures of the rocks,
proppant particles are subjected to compression loading and
may experience elastic and plastic deformations and even
crushing. Traditionally, although numerous experiments have
been conducted to study the crushing strength of individual
particles, the elastic and yielding behaviors of individual par-
ticles are less well understood. In fact, as pointed out earlier,
the DEM-based micromechanics of sands have failed to
explicitly incorporate plastic yielding in numerical simula-
tions, even though particle stiffness and crushing are consid-
ered in the particle contact models.

In summary, the mechanical properties of individual particles
are of significant importance for the micromechanics of sands and
other granular materials as well as the performance of proppants
injected into the fractures of rocks, and experimental measure-
ments are usually required to obtain their mechanical properties.
This paper aims to evaluate how the varied properties of substrates
used in the tests affect the measurements of elastic, yielding, and
crushing behaviors of individual particles via single particle
compression and crushing testing. To facilitate the analysis and
interpretation of experimental results, highly pure and highly
spherical Ottawa quartz sand was chosen as the representative
granular material studied, together with three different types of
substrate materials, i.e. aluminum alloy, stainless steel, and sap-
phire. It is expected that such a study can shed light upon the ac-
curatemeasurements of individual particles’mechanical properties
and the prudent assessment of previously published data in the
literature on individual particles’ elastic, yielding, and crushing
behaviors, some of which have been widely used as required input
parameters in DEM-based numerical simulations.
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2. Materials and methods

2.1. Materials

The standard American Society for Testing andMaterials (ASTM)
20/30 (i.e. the sand particles can pass the #20 but retain on the #30
sieve meshes) Ottawa silica sand (US Silica Company, Ottawa, Illi-
nois, USA) was used in this study. It occurs naturally as round or
spherical particles and consists exclusively of pure quartz minerals
with a Mohs scale harness of 7. Only those highly spherical parti-
cles, as observed under an optical microscope, were carefully
selected for testing (Fig. 1a). Each selected particle was also imaged
by the optical microscope (Fig. 1b), and its maximal and minimal
diameters, designated as Dmax and Dmin, respectively, were then
carefully measured with the circumscribing and inscribing circles
to the particle’s outer boundary. The average of these two

measurements, Dmax and Dmin, was reported as the nominal
diameter (D) of each particle studied.

Three different pairs of highly-polished, flat substrates made of
aluminum alloy, stainless steel, and single-crystal sapphire (Ted
Pella, Inc., Redding, California, USA) with the Mohs scale hardness
of 2.5e3, 5.5e6.3 and 9, respectively, were used for particle
crushing testing (Table 1 and Fig. 2). While the two aluminum
alloy and two stainless steel substrates were thick and bulky, with
a thickness of greater than 2 cm, the two sapphire substrates were
thin plates with dimensions of 1 cm � 1 cm � 0.2 cm. Therefore,
each of the sapphire substrates was glued to a bulky stainless steel
cylinder that was preheated on a hotplate surface to 130 �C using a
high-strength thermoplastic mounting adhesive, CrystalBond 509
(Aremco Products, Inc., USA), with a flow or melting point of
121 �C or 250 �F (Fig. 2c), resulting in a composite substrate.
Nevertheless, the tested sand particle was in direct contact with

Fig. 1. The natural Ottawa sand particles studied: (a) An optical micrograph showing the geometry and transparency; (b) A nearly spherical particle; (c) A scanning electron
microscopy (SEM) micrograph showing a particle’s geometry and rough surface; (d, e) SEM micrographs showing the details of surface roughness; and (f) An SEM micrograph
showing the smooth fractured surfaces with sharp edges.
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the hard sapphire, but not the stainless steel cylinder. Some basic
mechanical properties of these substrate materials are summa-
rized in Table 1.

2.2. Compression of individual particles

Particle compression tests were performed by placing a selected
spherical sand particle between two highly-polished substrates
made of the same material (i.e. aluminum alloy, stainless steel, or
sapphire) in an automated GeoJac loading frame (Trautwein Soil
Testing Equipment, Inc., USA) with a maximum loading capacity of
220 N and a load resolution of 0.1 N (Fig. 2a). Load was mono-
tonically increased at a constant displacement rate of 0.01 mm/min
until the particle was broken or crushed, as indicated by a sharp
dramatic drop in the loadedeformation curve that was continu-
ously monitored during the entire loading process. For each pair of
substrates made of the same material, a group of more than 20
particles was tested to obtain statistically meaningful averages of
the individual measurements on a single particle to account for the
size variability and other heterogeneity (e.g. shape or geometry,
surface roughness) of individual sand particles, and hence a total of
more than 60 particles was tested for the three pairs of substrates.

Because of the high sphericity of the tested particles, their loade
deformation curves were analyzed using the Hertz elastic contact
theory that deals with the contact between an elastic sphere and an
elastic flat half-space. For a smooth contact between two elastic

bodies such as the quartz particle and substrate, the reduced
modulus Er of the particle-substrate contact can be obtained by
fitting the initial elastic response of the experimental loade
deformation curve with the following equation developed for a
Hertz elastic contact between a sphere and a flat surface (Johnson,
1985; Zhang et al., 2013):

Er ¼ 3P�
Dd3

�1=2 (1)

where P is the load applied on the particle in the elastic regime, and
d is half of the total compressive deformation (because of two
symmetrical particle-substrate contacts of a particle compressed
between two flat substrates). In fact, Er is the initial linear slope of
the Hertz elastic contact line in the compression curve plotted by
3P=D1=2 versus d3=2.

On the other hand, the reduced modulus Er of the contact be-
tween a spherical particle and the flat substrate is given as
(Johnson,1985; Pharr et al., 1992; Fischer-Cripps, 2011;Müller et al.,
2011; Zhang et al., 2013; Song et al., 2017, 2018):

1
Er

¼ 1� v21
E1

þ 1� v22
E2

(2)

where E1 and E2 are the Young’s moduli of the particle and sub-
strate, respectively; and v1 and v2 are their corresponding Poisson’s
ratios. Prior work demonstrates that the errors in the assumed
Poisson’s ratio for the tested material (i.e. quartz particle in this
paper) have little or no significant influence on the calculation of its
Young’s modulus (Men�cík and Swain, 1997). Therefore, a constant
Poisson’s ratio of 0.3 is assumed for all tested Ottawa sand particles.

Through the above curve fitting, the yielding of the particle-
substrate contact can also be evaluated. The point where the
experimental loadedeformation curve deviates from the theoret-
ical Hertz elastic contact line marks the onset of plastic yielding,
which can be used to determine the yielding load Py. Thus, using
Tresca’s yielding criterion, the shear yield strength sy of the contact
is computed as (Antonyuk et al., 2005; Zhang et al., 2013):

sy ¼ 0:31pmax ¼ 0:31

 
24PyE2r
p3D2

!1=3

(3)

where pmax is the maximum contact pressure at the onset of plastic
yielding, and Py is the load at which the first yielding takes place
near the contact interface. It is noteworthy that the first yielding
can occur in either the sand particle or the substrates, depending on
their respective yield strength or hardness. Nevertheless, the above
equation is used to calculate the shear yield strength of either of the
two contact objects.

Because of their high sphericity, the nominal crushing strength,
sf, of quartz particles is defined by the following equation
(Hiramatsu and Oka, 1966; Jaeger, 1967; Shipway and Hutchings,
1993a, b; Luscher et al., 2007; Cavarretta et al., 2010, 2012):

sf ¼
0:9Pmax

D2 (4)

where Pmax is the peak or failure load of the entire compressive
loading process. In fact, the determination of nominal crushing
strength of sand particles has always been controversial. Therefore,
the above equation includes a correction coefficient of 0.9 to ac-
count for the effects of imperfect particle geometry and surface
roughness.

2.3. Statistical analysis

To account for the variability of the three kinds of mechanical
properties (i.e. Young’s modulus, shear yield strength, and crushing

Fig. 2. Experimental setup for single particle crushing testing: (a) The GeoJac loading
frame; (b) The stainless steel and aluminum alloy substrates; (c) The thin sapphire
plates glued onto the surface of a stainless steel surface used as composite substrates;
and (d) Schematic illustration of the contact between a spherical particle and
substrates.

Table 1
Basic mechanical properties of the substrate materials.

Material Mohs scale
hardness, H

Young’s
modulus,
E (GPa)

Poisson’s
ratio, v

Tensile yielding
strength, sy (MPa)

Aluminum alloya 2.5e3 70 0.34 386
Stainless steelb 5.5e6.3 210 0.29 615
Sapphire 9 379 0.28 e

a 7075 aluminum alloy.
b AISI type 304 stainless steel.
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strength) caused by both intrinsic crystal defects and geometry (e.g.
size and shape) of the tested quartz particles, the experimental data
(i.e. mechanical properties) obtained by the aforementioned
compression testing were further analyzed to obtain the averages
using two different statistical approaches for the purpose of com-
parison: simple arithmetic average and Weibull statistical mean.
For the latter, a random variable x, such as the Young’s modulus,
yield strength, or crushing strength of individual sand particles, is
described by the Weibull law, with its cumulative distribution
function (CDF) as (Weibull, 1951; Zhang et al., 2013):

Fðx; l; kÞ ¼ 1� exp
h
� ðx=lÞk

i
(5)

where x � 0 is a random variable; k > 0 is the shape parameter or,
for the distribution of material strength, the Weibull modulus; and
l> 0 is the scale parameter or nominal value x0. In general, k can be
used to describe the variability of the measured material properties
(e.g. strength of brittle materials). It is typically considered as a
measurement of the distribution of physical flaws (e.g. crystal de-
fects, joints in rocks, or dislocations) or weak links in a material
(Jayatilaka and Trustrum,1977; Danzer et al., 2007). A larger k value
indicates that the flaws are more evenly distributed, and hence the
material behaves more uniformly, and its properties are less scat-
tered. On the other hand, if flaws are grouped or associated non-
evenly or non-uniformly, the material exhibits highly variable
properties. As such, the resulting k value is relatively small.

The statistical mean or characteristic value of the Weibull vari-
able X is

EðXÞ ¼ lG

�
1þ1

k

�
(6)

where G is the gamma function.
The variance of the Weibull variable X is

varðXÞ ¼ l2
(
G

�
1þ2

k

�
�
�
G

�
1þ 1

k

��2)
(7)

This equation indicates that the mean value of the Weibull
variable X depends on both k and l ¼ x0, with the former expressed
through the gamma function.

Eq. (5) can be re-arranged into

lnf�ln½1� FðxÞ�g ¼ k lnðx = lÞ ¼ k lnðx = x0Þ (8)

Thus, by fitting the experimental data points plotted by ln{eln
[1eF(x))] vs. ln(x/x0) with a straight line, its slope is the value of k.
The nominal value x0 corresponds to a failure probability of 63.2%
or a survival probability of 36.8%. The survival probability F of the
particles is determined by the median rank method:

Fi ¼
i� 0:3
nþ 0:4

(9)

where n is the total number of data points, and i is the rank of the
considered data point.

In the subsequent analyses, four different parameters, including
the reduced modulus Er, Young’s modulus of sand particles E, yield
strength of the contact interface sy, and particle crushing strength
sf, are considered as Weibull random variables and hence are dis-
cussed in the replacement of a general variable x.

2.4. Surface characterization

Examination of particle surfaces was conducted in a Zeiss Evo 50
scanning electron microscopy (SEM) (Cambridge, UK) operated at
15 kV and 100 mA. Both original sand particle and selected particle
fragments from crushing testing were observed to compare the
surface features. A thin layer of conductive carbon coating of
w12 nm in thickness was applied on the examined particles in an
Edwards AUTO 306 vacuum coater (Edwards Company, Burgess
Hill, UK) before SEM scanning. Micrographs were acquired using
both secondary electron (SE) and backscattered electron (BSE)
signals.

3. Analysis of results

3.1. Extraction of mechanical properties

As expected, the size of more than 60 tested particles selected
from the ASTM 20/30 silica sand varies slightly. The nominal
diameter (D) of all tested particles ranges from 0.75 mm to 1.1 mm.
Table 2 summarizes the size and shape of all studied particles sub-
grouped by three different substrates. While the nominal diameter
D of each sub-grouped particles are 0.845 mm, 0.887 mm, and
0.932 mm for aluminum alloy, stainless steel, and sapphire sub-
strates, respectively, and the shape of these particles is described by
three different parameters, including Dmax e Dmin, (Dmax e Dmin)/D,
and sphericity. The sphericity is defined as the ratio of diameter of
the inscribing circle (i.e. Dmin) to that of the circumscribing circle
(i.e. Dmax). The inscribing and circumscribing circles’ radii are the
shortest and longest distances from the contour of the particle to its
gravity center, respectively. The sphericity of the tested particles
ranges from 79.16% to 80.42%, close to a sphere with a sphericity of
1; while the (Dmax e Dmin)/D values are nearly 21%e23%. Of course,
these particles are not ideally spherical, and the effect of their
imperfect shape will be discussed later.

Fig. 3 shows some loadedeformation curves obtained from the
single particle compression testing. Fig. 3a plots the loade
deformation curve in the original P-d plots for an arbitrary sand
particle to show the curved theoretical Hertz elastic contact line,
the yielding point where the Hertz elastic contact line deviates
from the experimental measurements, the peak or crushing load
Pmax, and multiple crushing events after the peak load. Fig. 3b il-
lustrates the existence of the linear sections (i.e. the theoretical
Hertz elastic contact line) in the loadedeformation curves replotted
in the transformed axes (Eq. (1)), without showing the post-
crushing or post-failure sections, and compares the three elastic
contact lines from three different sand particles compressed be-
tween three different substrate materials (i.e. aluminum alloy,
stainless steel, and sapphire), respectively. It is noteworthy that the
three sand particles shown in Fig. 3b have nearly the same diam-
eter, D ¼ 0.85 mm, 0.89 mm and 0.93 mm, respectively, but their
elastic contact lines have different slopes. As pointed out earlier, the
slopes of the linear lines used to fit the data points in Fig. 3b are the
reduced modulus Er of the particle-substrate contact for three
different substrate materials, respectively. In addition, other
important features are also observed:

Table 2
Summary of the size and shape of all tested particles for each substrate (each value is represented by an arithmetic mean of one time the standard deviation).

Substrate Nominal diameter, D (mm) Dmax e Dmin (mm) (Dmax e Dmin)/D (%) Sphericity, Dmin/Dmax (%)

Aluminum alloy 0.845 � 0.053 0.196 � 0.063 23.21 � 7.21 79.16 � 5.76
Stainless steel 0.887 � 0.057 0.193 � 0.065 21.82 � 7.58 80.31 � 6.32
Sapphire 0.932 � 0.058 0.202 � 0.07 21.68 � 7.96 80.42 � 5.6
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(1) Although the tested sand particles are of all quartz mineral,
the slope of the Hertz elastic contact line or the reduced
modulus of the particle-substrate contact increases from
aluminum alloy, to stainless steel, and finally to sapphire
substrates, indicating that the measurements are affected by
the substrate material.

(2) The yielding load also varies with different substrate mate-
rials: sapphire gives the highest yielding load, while the
aluminum alloy indicates the lowest one.

(3) The peak failure points are affected by the substrate material
as well: the particle crushed between sapphire substrates
has a much lower peak load than the one crushed between
aluminum alloy ones, while the sand crushed between
stainless steel substrates has the intermediate peak load.

To further illustrate the above observations, Fig. 4aec shows all
individual loadedeformation curves with transformed axes (Eq.
(1)) sub-grouped by different substrates, respectively, together
with their averaged loadedeformation curves based on the results
from 20 particles tested in each substrate. Fig. 4d also compares the
averaged loadedeformation curves for the three substrate mate-
rials. Although certain scattering and dispersion of these loade
deformation curves can be observed for each group of 20 parti-
cles, the overall trends of the averaged curves shown in Fig. 4d are
consistent with those observed in Fig. 3b. While it is redundant to
repeat the same features observed in Figs. 4d and 3b, it is prudent to
point out that averaging the 20 individual loadedeformation
curves obtained from each pair of substrates tends to cause the
disappearance of a well-defined linear section of the curves rep-
resented by the Hertz elastic contact as well as the well-defined
yielding point. Therefore, as described in the following section,
each individual loadedeformation curve, but not the averaged
curve, is analyzed to estimate themechanical properties of the sand
particles or the sand-substrate contact.

For each of the 60 tested particles, the reduced modulus Er,
yielding load Py, and crushing load Pmax are obtained from its
pertinent loadedeformation curve. Because of the variations in
particle size as well as the randomly-occurring crystal defects in the
polycrystalline quartz particles, the crushing strength sf varies
significantly with the nominal diameter D as well as the substrate
material (Fig. 5a). For the tested Ottawa sand particles with sizes
ranging from 0.75 mm to 1.1 mm, their crushing strength ranges
from w30 MPa to w220 MPa, and the results for different

substrates are all randomly mixed and scattered (Fig. 5a). In fact,
similar phenomena were reported for other silica sands (Lee, 1992;
Nakata et al., 2001). In Fig. 5b, the crushing strengths of four
different silica sands ranging fromw5MPa tow500MPa (i.e. over a
range of two orders of magnitude) are highly scattered, although
they generally decrease with the particle size D. Even for one
particular type of sand, its crushing strength is also highly scat-
tered. Moreover, the size variation of these sand particles has a
much wider range from w0.1 mm to w2 mm. For the studied
Ottawa sand, the size range is much smaller (i.e. from 0.75 mm to
1.1 mm). Therefore, to differentiate explicitly the effect of different
substrate materials on sand crushing testing, statistical analyses of
the experimental data are performed, and results are discussed in
the next section.

3.2. Statistical analyses

Fig. 6 plots the Weibull distribution of the three measured
mechanical properties, including the reduced modulus Er, the shear
yield strength sy, and the crushing strength sf. For each property,
the data are subdivided into three groups according to each specific
substrate material. Clearly, all of measured data can be fitted well
by a straight line described by Eq. (8). Both the k values (i.e. the
slope of the fitting straight line) and coefficient of determination R2

are included in the plots. The R2 values are all greater than 0.955,
indicating the data’s consistency. With regard to the mechanical
properties of materials, k is also termed Weibull modulus. All k
values are much greater than 1. Moreover, the higher the k value,
the lower the variation of the measurements. For example, a higher
k value for the shear yield strength obtained with the sapphire
substrates indicates a lower variation in the measurement, which
can be likely caused by the highly smooth surface (i.e. no scratches
or surface contamination) of the single-crystal sapphire substrates,
because rough, contaminated surfaces of two contact bodies
introduce additional friction or adhesion, making the contact
behavior deviate from the idealized Hertz elastic contact (i.e.
smooth and non-adhesive contact) theory. Furthermore, using Eq.
(6), the Weibull mean values for each group of sand particles tested
on a specific substrate can be obtained from these plots, which are
further discussed below.

As pointed out earlier, since the tested sand particles fall in a
very narrow size range, they can be considered as one particular
size group (e.g. ASTM size 20/30). Two different statistical methods,

Fig. 3. Load-deformation curves from single particle compression testing: (a) The Hertz elastic contact line in the P-d plot (inset shows the test configuration); and (b) Fitting the
Hertz elastic contact lines to experimental data plotted in the transformed axes for three different substrates (inset shows the test setup for the sapphire substrates, and part of the
post-crushing section is not shown).
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including the simple arithmetic mean and Weibull mean, were
used to obtain the averages of these mechanical properties. Table 3
summarizes the nominal value (i.e. x0) and mean value (E(x)) of the
three mechanical properties, including the reduced modulus, shear
yield strength, and crushing strength obtained by Weibull analysis.
As expected, all mean values are less than the respective nominal
values, which correspond to a failure probability of 63.2%. Themean
values also differ with different substrate materials. As discussed
later, some of these values are actually the apparent or “false”
representation of the true behaviors of the quartz sand particles,
depending on the local particle-substrate contact behavior.

3.3. Effects of different substrate materials

Fig. 7 compares the mean values of reduced modulus Er of the
contact, Young’s modulus E, shear yield strength sy, and crushing
strength sf of the sand particles obtained from different particle-
substrate contacts or based on different substrate materials. In
these plots, the two averages (the arithmetic mean and Weibull
mean) are also included for comparison. The error bars represent
one standard deviation of each respective set of data. Surprisingly,
there is no great difference between the two mean values for each
specific substrate material, although sometimes the standard

Fig. 4. Individual and averaged loadedeformation curves with transformed axes from single particle compression testing: (a) Aluminum alloy substrates; (b) Stainless steel
substrates; (c) Sapphire substrates; and (d) Comparison of three averaged curves for three different substrates. All error bars denote one standard deviation.

Fig. 5. Variation of particle crushing strength with particle size: (a) The studied Ottawa quartz sand tested by three different substrates; and (b) Some silica sands reported in the
literature (after Lee, 1992; Nakata et al., 2001).
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deviations may vary more significantly. The most likely reason is
that the size ranges of the tested particles are very small and hence
each subgroup of tested particles can be regarded as one size or a
uniform particle group. Otherwise, the two mean values may differ

considerably. Therefore, in the subsequent discussion, no effort is
made to differentiate the two different mean values, since each set
of mean values is nearly the same as the other.

In Fig. 7a, the sapphire substrates obtain the highest reduced
modulus, while the aluminum alloy ones have the lowest one, and
the reduced modulus obtained from the stainless steel ones is in
the middle. This observation concurs with the elastic contact the-
ory described by Eq. (2). If the tested individual Ottawa sand par-
ticles have the same Young’s modulus, which should be expected,
then the reduced modulus Er of the particle-substrate contacts can
be substantially affected by the Young’s modulus of the substrate
material. This can be verified by the results shown in Fig. 7b where
the average Young’s modulus of quartz sand calculated from the
reduced Young’s modulus is nearly the same, around 72e75 GPa. As
such, the elastic modulus of the sand particles can be concisely
obtained only if the substrate materials’ elastic properties
(including Young’s modulus and Poisson’s ratio) are explicitly
considered in the particle-substrate contacts. In Fig. 7c, the
“apparent” shear yield strength, computed from Eq. (3) based on
the compression curves for different substrates, differs significantly
from each other. In fact, the aluminum alloy substrates have the
lowest apparent shear yield strength, while the sapphire has the
highest one. To understand this large discrepancy in the apparent
shear yield strength, the particle-substrate contact behaviors for
different substrate materials need to be analyzed.

In general, when two objects are brought into contact with each
other, initial elastic deformation occurs at small loads, followed by
the transition to some local yielding and plastic deformation upon
increasing load. Although both objects experience elastic defor-
mation during the entire loading process, yielding and plastic
deformation always occurs first in the object with a lower hardness
or yield strength. When the load continues to increase, yielding
may then occur in the other one with a higher hardness. Unfortu-
nately, identification and assessment of the yielding event occur-
ring in the second harder object are usually difficult, as it is masked
by the plastic deformation that has already occurred in the softer
one. As shown in Table 1, the Mohs scale hardness values of the
three substrate materials, i.e. aluminum alloy, stainless steel, and
sapphire, are 2.5e3, 5.5e6.3 and 9, respectively, while quartz has a
Mohs scale hardness of 7. Therefore, during the compression of
individual quartz particles, occurrence of the first yielding events
needs to be assessed in conjunction with the hardness of both the
tested material (i.e. quartz sand) and substrates. As shown in
Fig. 8a, for aluminum alloy and stainless steel substrates,
compression of a quartz particle between two substrates leads to
the first yielding occurring in the aluminum alloy or stainless steel
substrates, but not in the particle. Upon the occurrence of the first
yielding, the experimental loadedeformation curve starts to
deviate from the theoretical Hertz elastic contact line. However, the
first yielding occurs in the quartz particle when sapphire is used as
the substrate material (Fig. 8b). Therefore, the apparent shear yield
strengths directly interpreted from the loadedeformation curves
using Eq. (3) do not represent the true yielding of the tested quartz
particles. In fact, in Fig. 7c, only sapphire or another material with
hardness greater than that of quartz can be used as substrates to

Fig. 6. Weibull distributions of (a) reduced modulus, (b) particle crushing strength,
and (c) shear yield strength, subdivided based on different substrate materials.

Table 3
Apparent reduced modulus, shear yield strength, and crushing strength obtained from Weibull statistical analyses.

Substrate Reduced modulus, Er (GPa) Shear yield strength, sy (MPa) Crushing strength, sf (MPa)

Mean Er0 Mean (sy)0 Mean (sf)0

Aluminum alloy 39.1 38.9 265 267 119.7 133.7
Stainless steel 55.8 56.3 306.7 382 108.6 121
Sapphire 65.9 65.4 669.5 876 79.6 89.1
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accurately measure the true shear yield strength of the tested
particles in the single particle compression and crushing testing.
The apparent shear yield strengths obtained for the two other
substrates (i.e. aluminum alloy and stainless steel) are actually the
yield strengths of the substrate materials, but not the tested quartz
particles. This observation demonstrates the importance of select-
ing an appropriate material as substrates for particle compression
testing. In summary, the shear yield strength obtained for the
sapphire substrates is the true yielding occurring in the tested
particles. The two softer substrates (aluminum alloy and stainless
steel) provide apparent yield strengths of the substrates, which are
60.4% and 54.2% smaller than the actual yield strength of quartz,
respectively. It is also interesting to compare the measured
apparent shear yield strengths with the true tensile yield strengths
of the substrate materials. Table 1 also shows the uniaxial tensile
yield strengths (sy) of the aluminum alloy and stainless steel. In
general, the shear yield strength sy ¼ (0.5e0.57)sy. The measured
shear yield strengths of the two softer substrates actually agree
well with the uniaxial tensile yield strength, validating that the
apparent yielding actually occurs in the two softer substrates (i.e.
aluminum alloy and stainless steel).

While yielding of individual sand particles may not be so
important in DEM modeling, the crushing strength of individual
particles is of great importance for DEM simulation and for un-
derstanding and predicting the DEM-simulated mechanical
behavior of granular materials. Fig. 7d compares the crushing
strength of the sand particles measured for different sets of sub-
strates. An interesting observation is that the trend is opposite to
that of the shear yield strength shown in Fig. 7c. The softest
aluminum alloy substrates give the highest crushing strength,

while the sapphire ones obtain the lowest strength, despite that the
tested quartz particles were all randomly selected from the same
batch of Ottawa sand sample. In fact, the crushing strengths of the
aluminum alloy and stainless steel substrates increase by 50.4% and
36.4%, respectively, when compared with that of sapphire ones.
Again, the process of contact deformation needs to be analyzed to
further assess the true crushing strength of individual sand
particles.

When two objects with different hardness or yield strengths are
brought into contact, yielding and plastic deformation will occur
first in the one with a lower hardness. In the case of a spherical
quartz particle in contact with an aluminum alloy or stainless steel
substrate, local yielding occurs first around the contact point in the
metal substrates, but not in the quartz particle, because the hard-
ness of aluminum alloy and stainless steel is smaller than that of
quartz (Table 1). With increasing load, the local yielding is then
followed by indentation or penetration of the quartz particle into
the aluminum alloy or stainless steel substrate. As such, once the
quartz particle starts to penetrate into the substrate, the contact
area increases significantly (i.e. a conversion from point contact to
curved surface contact), resulting in certain lateral confinement to
the top and bottom parts of the sand particle (Fig. 8a), which are the
locations for splitting the particle. Such a lateral confinement acts as
a kind of additional lateral stress that can actually increase the level
of stress for particle breakage or splitting. When the two sets of
softer substrates (aluminum alloy and stainless steel) are compared,
certainly the depth of penetration and hence the amount of lateral
confinement are higher in the softer aluminum alloy than those in
the intermediate stainless steel substrates, and more lateral
confinement means higher crushing strength. Therefore, the

Fig. 7. Weibull statistical mean and arithmetic mean values of (a) reduced modulus, (b) Young’s modulus, (c) shear yield strength, and (d) crushing strength.
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apparent crushing strength obtained for the aluminum alloy sub-
strates is even higher than that for the stainless steel ones. For
sapphire with a hardness even greater than that of quartz, the
contact between the quartz particle and sapphire substrate causes
quartz particle to first yield locally in the vicinity of contact, but not
in the sapphire substrate (Fig. 8b). As such, during compression, no
extra lateral confinement is generated and applied to the spherical
quartz particle, and the measured crushing strength is actually the
true value of the quartz particle. Therefore, sapphire substrates can
successfully capture the contact behavior and brittle fracture of
Ottawa sand particles. In summary, in individual particle crushing
testing, using substrateswith hardness lower than that of the tested
particles tends to cause extra lateral confinement before particle
crushing, and hence overestimates the true crushing strength.
Instead, a substratewith the hardness greater than that of the tested
particles should be used in individual particle crushing testing.

4. Discussion

4.1. Effects of particle shape and size

The above analysis assumes that the tested particles are ideal
spheres. However, as shown in Fig. 1aec, their shape deviates from
ideal spheres to a certain extent. Such imperfect particle shapes are

also reflected by the particle dimensions shown in Table 2. As
shown in Fig. 8c, an actual quartz particle with the nominal,
maximal, and minimal diameters (D, Dmax, and Dmin) is being
compressed between two flat substrates. Due to the imperfect
shape, the actual contact radius R0 can be different from D/2, Dmax/
2, or Dmin/2. However, unless the contact occurs between two flat
planes (or a flat plane) and a cylindrical surface, the initial contact
always starts with a point, and the actual local contact surface of
the particle can always be approximated by a part of an ellipsoidal
or spherical surface (Johnson, 1985). As such, the imperfect spher-
ical particle shape can definitely affect the measurements of elastic
properties, but the degree of influence is limited, due to the very
small contact area at the elastic deformation regime. On the other
hand, the effect of particle size (D) is explicitly considered in the
Hertz elastic contact theory, and the experimental data can be
normalized by Eq. (1) to eliminate the absolute effect of particle
size.

In general, the elasticity of a material is mainly controlled by the
type of atomic bonds, but not too much by crystal defects or their
size. Ideal low quartz crystals consist of silica tetrahedra ([SiO4]4e) as
the basic units that share the four corner oxygen atoms with an
adjoining tetrahedron to form a framework structure. As a naturally
occurring material, quartz crystals must contain certain defects such
as dislocations, isomorphous substitutions, and joints, among others.
However, these crystal defects do not affect the majority of atomic
bonds. Therefore, the Young’s modulus of quartz sand particles does
not vary significantly with their size or shape. Single particle
crushing testing definitely involves the use of substrates and hence
the particle-substrate contacts. Since the elastic deformation of the
particle-substrate contact is usually very small or does not involve
local yielding, the reduced modulus of the contact only depends
upon the elastic behaviors of the particle and substrates. As shown in
Fig. 6b, as long as the elastic properties of the substrates are explicitly
considered in the data analysis, the experimentally obtained Young’s
modulus of the sand particles does not vary too much with the
substrate materials, nor their size or shape.

On the other hand, yielding is the onset of plastic deformation,
and the plastic behavior of a solid continuum is mainly controlled
by dislocations and other microstructural defects or features (e.g.
grain boundaries in metals). Defects usually occur in crystal for-
mation or when previously subjected to external mechanical forces.
According to previous findings (Nakata et al., 2001; Qian et al.,
2019), the larger the sand particle, the more the number of crys-
tal defects. In addition, the size of defects or flaws also increases
with particle size. As such, the yield strength of quartz sand par-
ticles can vary with particle size or shape, and usually a larger-sized
sand particle exhibits lower yield strength. Fortunately, the tested
sand particles fall in a very narrow range of sizes, and hence their
yield strength may not be highly affected by their size variation.
However, as shown in Fig. 8c, the deviation of the particle shape
from the ideal spheres may lead to significant errors in the local
contact behavior (e.g. overestimated or underestimated contact
radius). Therefore, both particle size and shape can affect the ac-
curate measurements of the shear yield strength. For the studied
batch of Ottawa sand with nearly a uniform size range, the particle
shape may be the dominant factor causing the variations in the
shear yield strength.

Finally, similar to the yield strength, the crushing strength of
sand particles is significantly affected by particle size, because the
larger the particle, the more the defects. Prior work finds that the
density of defects increases with particle size (Nakata et al., 2001;
Wenzel and Nirschl, 2015). It is well known that the particle
crushing strength decreases with increasing particle size (Fig. 9).
Moreover, if the particle is not spherical in shape, several early
crushing events may take place in relatively small and sharp

Fig. 8. The local contact behavior for different substrates: (a) Yielding of the softer
substrates such as aluminum alloy and stainless steel; (b) Yielding of the particle in
sapphire substrates; and (c) Effect of imperfect particle shape.
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angular sections of the particle and hence lower crushing strength
may be obtained. On the other hand, a spherical particle with more
uniform surface curvature or less angularity may exhibit only one
unique crushing event with a higher crushing strength. Therefore,
both particle size and shape can significantly affect the particle
crushing strength. In fact, such an effect of particle shape is also
implicitly considered in the calculation of crushing strength by
including a correction factor of 0.9, as shown in Eq. (4).

In summary, particle size does not affect the elasticity of sand
particles, but can directly affect the yielding and crushing strengths
of the tested quartz sand, owing to the fact that the dimensions and
densities of crystal defects within a particle increase with size. With
respect to the measurements, the imperfect particle shape may have
limited effect on the measured Young’s modulus, as the local elastic
contact area is usually small. The effect of imperfect particle shape on
crushing strength is implicitly considered by a correction factor of 0.9
in the calculation of particle crushing strength. As such, without an
appropriate correction method, the yield strength of the particles is
more prone to errors caused by the imperfect particle shape.

4.2. Effects of surface roughness and cleanness

The estimation of the particle Young’s modulus and yield
strength is based on the Hertz elastic contact theory, which as-
sumes clean, smooth, nonconformed contact between two elastic
bodies where no friction or adhesion should exist in the contact
interface. Surface cleanness or contamination may cause the sur-
faces to be either rough (such as solid dust microparticles) or ad-
hesive (e.g. greasy finger prints or soft rubbery films). In this case,
either friction or adhesion may generate as two contaminated
surfaces approach each other into contact. In the preliminary
testing of this study, attempts were made to reduce the potential
friction by applying a thin layer (e.g. a fewmicrometers) of vacuum
grease coating on substrate surfaces. As a result, although interfa-
cial friction in the contact surfaces was reduced, it was difficult to
obtain the initial Hertz elastic contact line in the recorded loade
deformation curves as well as the first yielding point, because the
first yielding occurred at even very small load or displacement due
to the soft nature of the vacuum grease. As such, subsequent testing
did not use vacuum grease coating at all, and the interfacial friction
was reduced or minimized by highly polishing the substrate sur-
faces. Nevertheless, as shown in Fig. 1cee, the tested sand particles
do not possess smooth surfaces, and hence the interfacial contact

friction may cause overestimation of the particle Young’s modulus,
shear yield strength, and crushing strength. As such, a general
recommendation for single particle crushing testing is that lubri-
cating substrate surfaces should be performed for the crushing
strength measurement, but should be avoided if the sand particles’
Young’s modulus and yield strength are desired.

Careful observations of the surfaces of tested quartz particles
under SEM (Fig.1d and e) found that the surface of the particles is not
smooth and the roughness is characterized by flat plateaus, but not
by sharp asperities (Fig. 10). The studied Ottawa sand is a naturally
occurring material that has undergone extensive and prolonged
transport and movement during which interparticle collision and
abrasion as well as dissolution take place continuously. As a result,
the sharp asperities or angular spikes, if any is presented previously
on the surfaces, have beenworn away gradually, resulting in a rough
surface characterized by relatively flat plateaus separated by narrow
and shallow groves (Fig. 1d and e, and 10b). This is in contrast to the
smooth surface observed in the crushed sand fragments with sharp,
angular edges (Fig.1f). Although the actual particle surface is far from
the ideal smooth surface assumed by the Hertz elastic contact theory
(Fig. 10a), the effect of surface roughness on the particle crushing
testing is expectedly much smaller than the one with sharp asper-
ities (Fig. 10c). Moreover, friction is a complex concept, and it de-
pends upon the shape and size, as well as the stiffness and yielding of
the asperities on the rough surfaces. More accurate assessment of the
effect of surface roughness requires more information on surface
roughness, actual contact areas (or the ratios of the actual asperity
contact area to the projected contact area), and sophisticated contact
models. Such a quantitative evaluation is out of the scope of this
paper.

Finally, the rough surface may have a more significant effect on
the crushing strength. As shown in Fig. 10c, due to stress concen-
tration in the evenly reduced contact area, sharp asperities can
easily indent and penetrate into a softer substrate, or crush pre-
maturely when contacting a harder substrate. In either case, the
crushing strength is likely to be affected by the surface roughness.
Fortunately, the surfaces of the studied Ottawa sand particles do
not possess sharp asperities, but are characterized by the relatively
flat plateaus. As such, the effect of surface roughness on the
crushing strength is limited.

4.3. Comparison with previous data

In the literature, there is a great number of data on the crushing
strength of sand particles with a wide variety of mineralogy (e.g.
quartz, silica, carbonate, diatom, and alumina). While DEM simu-
lations can yield some of these data, most results were obtained
from single particle crushing testing involving compressing indi-
vidual sand particles between two flat substrates. Because of the
irregular shapes of some tested sand particles, few studies tried to
evaluate the elastic or yielding behavior. As a result, most studies
were reported on the crushing strength. However, some of these
studies did not include the details of substrate materials or failed to
recognize how the substrate materials affect the accuracy of the
measurements. While the importance of local yielding in the vi-
cinity of particle-substrate contact has been noticed in some pub-
lications (e.g. hardened steel instead of regular steel was chosen as
the substrates for the crushing tests of quartz sands (Yamamuro
et al., 1996; Hibare et al., 2011; Pejchal et al., 2017)), effort made
to use even harder substrates such as sapphire has not been re-
ported in the literature. Therefore, caution should be taken in
referencing previously reported data on the elasticity, yield
strength, and crushing strength of individual sand particles. If
possible, the experimental details such as the substrate material
and its surface roughness should always be checked and compared.

Fig. 9. Effect of particle size on single particle crushing strength. Data are from this
study and previous work (Lee, 1992; Nakata et al., 2001).
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As pointed out earlier, substrates made of materials with hardness
smaller than that of the tested sand particles tend to yield an
overestimated crushing strength (e.g. sometimes as high as 50%)
and, if the local yielding in the particle-substrate contact is not
considered, an underestimated yield strength and elastic modulus.

Fig. 9 compares the crushing strengths of the studied Ottawa
sand with those published data for other sands (e.g. silica, quartz,
and limestone). At the specific size (i.e. about 1 mm), Ottawa sand
particles have the highest crushing strength, most likely due to
their round or spherical shapes. Premature crushing or breakage
may occur in angular or irregular particles, and hence these sands
may possess lower crushing strength. A more in-depth comparison
should further examine the substratematerials used to obtain these
measurements before the data can be used correctly as inputs for
DEM modeling.

5. Conclusions

This paper presents an experimental study to investigate the
effects of different substrate materials on the evaluations of elastic,
yielding, and crushing behaviors of individual sand particles.
Although the tested material is Ottawa sand consisting of naturally
occurring nearly spherical particles, similar phenomena and results
can be expectedly extended to other sands with irregularly-shaped
particles. Based on the above analysis and discussion, the following
conclusions can be drawn:

(1) Despite the very small size range of the tested particles, their
yielding and crushing strengths vary significantly. However,
the statistical distributions of these properties can be well
described by the Weibull law.

(2) Using Hertz elastic contact theory, the reduced modulus Er
that is related to the elastic properties of both the quartz
particles and substrates varies with different substrates. As
long as the elastic properties of the substrates are consid-
ered, the true Young’s modulus of the sand particles can be
determined and is hardly affected by the substrates.

(3) Both the apparent yielding and crushing strengths obtained
by the substrates with a hardness less than that of the tested
particles can be misleading. In fact, softer substrates lead to
an underestimated apparent yield strength of harder sand
particles, but an overestimated apparent crushing strength.
In fact, the apparent crushing strengths of quartz particles
obtained by softer aluminum alloy and stainless steel sub-
strates increase by 50.4% and 36.4%, respectively.

(4) For individual sands’ compression and crushing testing,
particularly for the measurements of yielding and crushing
strengths, the best practice is to use substrates with a
hardness or yield strength greater than that of the tested
particles.
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